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Focused ultrasound has experimentally been found to enhance the diffusion of nanoparticles, our aim with this work is
to study this effect closer using both experiments and non-equilibrium molecular dynamics. Measurements from single
particle tracking of 40 nm polystyrene nanoparticles in an agarose hydrogel with and without focused ultrasound are
presented and compared with a previous experimental study using 100 nm polystyrene nanoparticles. In both cases we
observed an increase in the mean square displacement during focused ultrasound treatment. We developed a coarse-
grained non-equilibrium molecular dynamics model with an implicit solvent to investigate the increase in the mean
square displacement and its frequency and amplitude dependencies. This model consists of polymer fibers and two
sizes of nanoparticles, and the effect of the focused ultrasound was modelled as an external oscillating force field. A
comparison between the simulation and experimental results shows similar mean square displacement trends, suggest-
ing that the particle velocity is a significant contributor to the observed ultrasound-enhanced mean square displacement.
The resulting diffusion coefficients from the model are compared to the diffusion equation for a two-time continuous
time random walk. The model is found to have the same frequency dependency. At lower particle velocity amplitude
values, the model has a quadratic relation with the particle velocity amplitude as described by the two-time continuous
time random walk derived diffusion equation, but at higher amplitudes, the model deviates, and its diffusion coeffi-
cient reaches the non-hindered diffusion coefficient. This observation suggests that at higher ultrasound intensities in
hydrogels, the non-hindered diffusion coefficient can be used.
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I. INTRODUCTION

A major problem in cancer treatment based on chemother-
apy, is the low and heterogeneous drug uptake in tumors. En-
capsulating drugs into nanoparticles (NPs) increases their ac-
cumulation in the tumor due to its hyperpermeable capillar-
ies, and reduces toxic effects in normal tissue1. However, the
NPs are heterogeneously distributed and mainly located close
to the vessel walls in the tissue. After crossing the capillary
wall, the NPs have to penetrate through the extracellular ma-
trix, which consists of a collagen fiber network embedded in
a hydrophilic gel of glycosaminoglycans, constituting a ma-
jor barrier for successful delivery2,3. Various strategies have
been proposed to improve the delivery of drugs and NPs for
cancer treatment4. One approach is the use of focused ultra-
sound (FUS), which has been shown to improve the delivery
of drug-loaded NPs5.

Several mechanisms have been proposed to explain the im-
proved delivery4. One of these is ultrasound enhanced diffu-
sion, which is a rise in the diffusion coefficient when applying
FUS. We have recently observed this mechanism when exper-

imentally studying the transport of 100 nm sized polystyrene
NPs exposed to ultrasound in a hydrogel6. Several other re-
search groups have also observed an ultrasound-enhanced in-
crease in diffusion7–11.

The research team at the University of Vermont proposed
that the diffusion coefficient can be divided into two terms,
a molecular diffusion coefficient and an oscillatory diffusion
coefficient, which comes from the ultrasound forcing. In one
of their earlier papers9, a stochastic model proposed by Mar-
shall 12 was used to describe the oscillatory diffusion coeffi-
cient. The stochastic model assumes that the enhanced dif-
fusion can be explained by a combination of acoustic advec-
tion oscillations and random retention, caused by the steric
hindrance from the pore walls in a porous media, such as
the extracellular matrix of tumor tissue. In a more recent
publication11, the stochastic model proposed by Balakrishnan
and Venkataraman 13 is used to explain the oscillatory diffu-
sion coefficient. Balakrishnan and Venkataraman 13 consid-
ered the problem of a particle that randomly flips between two
states of either oscillation or a constant random walk and used
the continuous-time random walk (CTRW) theory to derive an
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equation for the oscillatory diffusion coefficient. In both mod-
els, anomalous diffusion was not considered. We observed
anomalous sub-diffusion from the mean square displacement
(MSD) data in our previous work6. Here, we investigate the
effect of FUS on both anomalous and normal diffusion in a
poroelastic medium. To achieve this, we conduct a compar-
ative analysis between our experimental findings and a non-
equilibrium molecular dynamics (NEMD) simulation in order
to better understand the underlying mechanism behind the en-
hanced diffusion.

To the best of our knowledge, there is only one study in
which molecular dynamics was used to specifically investi-
gate diffusion under ultrasound exposure. In this study, Yang,
Zhang, and Qiao 14 , investigated the diffusion of aluminum
and copper atoms at the interface during ultrasonic welding.
However, there appears to be no molecular dynamics study of
the impact of ultrasound on diffusion for a medical applica-
tion and in soft porous media. A better understanding of the
underlying mechanisms of the enhanced diffusion is essen-
tial in order to optimize the FUS-increased particle transport.
NEMD can advance this understanding by enabling the study
of a highly controlled system, facilitating the measurement of
the impact of individual mechanisms in isolation.

In this paper, we present experimental data for the MSD of
NPs in an agarose gel exposed to FUS. We simulated the effect
of FUS by adopting the method proposed by Zhang et al. 15 ,
in which we apply an external oscillating force that acts unidi-
rectionally on the particles. The choice of an oscillating force
is based on the proposition by Marshall 12 , suggesting that the
enhanced diffusion is primarily due to the combination of os-
cillatory flow and hindrance. We have used a model similar
to the one presented by Yu et al. 16 for the porous medium.
Our model is reparameterized for an implicit solvent, which
allows us to reach long time scales in our molecular dynam-
ics simulations. We study two different NPs of different sizes
(small and large) in our simulations. The small NP is used to
study normal diffusion, while the large NP (created by join-
ing 16 of the smaller particles in a globular shape) is used
to study anomalous diffusion. We show that NEMD can re-
produce the trends of experimental MSD results. We also
show that the theoretical model derived by Balakrishnan and
Venkataraman 13 agrees with the NEMD model for lower FUS
amplitudes. These findings support the usage of this model for
interpreting FUS experiments.

We begin our paper by presenting our experimental proce-
dure in section II and introducing our simulation model and
protocol in section III. This is followed by our results and dis-
cussion in section IV, where we compare our simulations to
the experiments and theoretical model.

II. EXPERIMENTAL

We performed single particle tracking (SPT) of 40 nm
polystyrene NPs during FUS exposure in an agarose hydro-
gel with added evaporated milk and compared our results to
our previous study of larger 100 nm particles in the same
hydrogel6. Briefly, agarose powder (Agarose, BioReagent,

for molecular biology, low EEO, Sigma-Aldrich, St. Louis,
MO, USA) was dissolved in 1 mM phosphate buffered saline
(PBS) (Phosphate buffered saline tablets, Sigma-Aldrich) at
boiling temperature and cooled to 50 ◦C. Next, evaporated
milk (Tørsleffs® condensed milk, unsweetened, Hvidovre,
Denmark) and 40 nm large, red fluorescent polystyrene NPs
from FluoSpheres® (580/605 emission range) with carboxy-
late surface-modification were added to a concentration of 2%
(w/v) agarose, 10% (v/v) evaporated milk and 0.25 ţgmL−1

NPs. The NPs were purchased from Thermo Fisher Scientific
(Waltham, MA, USA). The solution was cast in disk shaped
molds 9 mm in radius and 0.9 mm in height, and kept in 1 mM
PBS with 0.25 ţgmL−1 NPs at 4 ◦C until use within 24 h.

FIG. 1: Simplified illustration of the experimental setup for
confocal imaging of fluorescent NPs in a hydrogel sample

during FUS exposure. Focused ultrasound is sent by a
transducer through the hydrogel with NPs in a buffer filled

sample holder (not shown). Movement of NPs in the
hydrogel is captured using a confocal microscope before and
during ultrasound exposure. Created with BioRender.com.

We imaged NPs using a confocal microscope (LSM 700,
Zeiss, Oberkochen, Germany) with a 40X dip-in objective (W
Plan Apochromat 40X/1.0 DIC M 27, Zeiss) in a 40 ţm ×
40 ţm imaging frame. The NP fluorophore was excited by a
555 nm laser, with detection above 559 nm. The agarose hy-
drogel sample was placed in a custom sample holder filled
with 1 mM PBS for NP imaging during FUS exposure in an
imaging plane parallel to the ultrasound propagation direction,
sketched in Figure 1. Due to the confinement by the hydrogel,
the NPs moved slowly compared to the expected motion in a
free buffer solution. The frame rate, was therefore, limited to
17.9 fps to capture NP movement in the hydrogel. The NPs
were imaged for 5 min before and during FUS exposure with
a 1 MHz focused transducer (center frequency 1 MHz, focal
depth 73.5 mm, diameter 60 mm, Precision Acoustics, Dorch-
ester, UK) excited by a signal generator (33500 B, Keysight
Technologies, Santa Rosa, CA, USA) through an amplifier (50
dB 2100L, E&I Ltd., Rochester, NY, USA). The hydrogel was
exposed to pulsed FUS of 20% duty cycle (DC) with a pulse
repetition frequency of 1 Hz. The FUS induced a slight shift
of focus in the sample, such that the particles were moved
out of the field of view while the ultrasound was on. The
DC was, therefore, limited to 20% to ensure sufficient track-
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ing of the particles between imaging frames. A peak negative
pressure of 1 MPa (ISPTA = 6.76 W/cm2) was applied, and the
pressure was assumed to be uniform within the imaging field.
The motion of NPs was followed using Trackpy17, where the
minimum tracking time was set to 0.5 s to filter out noise and
spurious particles. Three hydrogel samples were used to cap-
ture videos before and during FUS exposure, and the resulting
particle tracks were combined to calculate the ensemble MSD
of NPs without and during FUS exposure, respectively.

III. NEMD SIMULATIONS

A. Hydrogel System

Agarose hydrogels consist of cross-linked, semiflexible
fibers that are formed from self-assembled polysaccharide
chains. The thickness ranges from 20 to 30 nm, and the
lengths can reach several hundred nanometers, depending on
the concentration18. The NPs that were used in our experi-
ments ranged from 40 to 100 nm and a full-atomistic simula-
tion would thus be prohibitively computationally expensive.
We, therefore, use a coarse-grained NEMD simulation using
the LAMMPS software19. Our model, analogous to the work
established by Yu et al. 16 , comprised 10 NPs and 25 cross-
linked polymer fibers. Each polymer fiber was composed of
100 beads, each with an individual mass m = 8.5MDa and
a diameter σ = 30nm. The interconnections between these
beads were described by harmonic bond and angle poten-
tials. The respective spring and bending constants were set
to kb = 100ε/σ2 and kθ = 100ε , respectively; ε represents an
energy parameter with value ε/kB = 267K, where kB is the
Boltzmann constant. The bond length was set to r0 = σ , and
the equilibrium bond angle was set to θ0 = 2π/3 so that a rel-
atively coiled up structure mimicking the real network would
be obtained. We introduced two distinct NP sizes into our sim-
ulation setup. The smaller NP consisted of one particle with a
mass of 1m, while the larger NP was constructed by position-
ing 16 rigid particles on a face-centered cubic (FCC) lattice.
The arrangement yielded a globular NP density of 0.9/σ3.

TABLE I: Parameters (in LJ-units) used for the NEMD
equilibration step of the system with dimensions

30.5σ ×30.5σ ×30.5σ consisting of 10 NPs, 25 polymer
fibers and 22 500 solvent particles.

Particle 1 Particle 2 Potential Epsilon Sigma
NP NP WCA 0.5ε 1σ

Polymer WCA 0.5ε 1σ

Solvent LJ 1.5ε 1σ

Polymer Polymer WCA 1.0ε 1σ

Solvent LJ 2.0ε 1σ

Solvent Solvent LJ 2.0ε 1σ

The system was initiated by randomly placing both the
polymer chains and NPs into a simulation box and immersing
them in a solvent made of 22,500 solvent particles, each one

FIG. 2: A snapshot from the simulation of the system with
dimensions 30.5σ ×30.5σ ×30.5σ showing large NPs

(blue) diffusing in the gel network (red). The system was
visualized using the OVITO software20.
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FIG. 3: Pore size distribution averaged over five different
initialized gel networks, calculated using a Monte Carlo

approach that employed the Voronoi decomposition to map
and characterize accessible void spaces. The analysis was

performed using the Zeo++ code21,22.

with a mass of 1m. All particle interactions were modelled
using either the Lennard-Jones (LJ) potential or the Weeks-
Chandler-Andersen (WCA) soft sphere potential23. The pa-
rameters used for equilibration are listed in Table I. To achieve
system equilibrium, we used a Nosé-Hoover barostat23 to
reach a reduced pressure of P∗ = Pσ3/ε = 0 and a Nosé-
Hoover thermostat23 to attain a reduced temperature of T ∗ =
T kB/ε = 1.1. These are the same state-variable values as the
ones used by Yu et al. 16 . Periodic boundary conditions were
applied in all spatial directions. Throughout all simulations,
a consistent time step, dτ = 0.007τ , where τ = σ(m/ε)1/2,
was used. During the equilibration phase, we allowed 10%
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of the polymer beads to cross-link when two beads from dif-
ferent polymer chains came within a distance of 1.5σ , same
as Yu et al. 16 . After equilibration, the solvent particles were
removed and the polymer fiber particles were individually
tethered to their initial positions using a spring constant of
kself = 20ε/σ2. An example of an equilibrated gel system is
shown in Figure 2. To characterize the equilibrated gel sys-
tem, we computed the pore size distribution through a Monte
Carlo approach that employed the Voronoi decomposition to
map and characterize the accessible void space. The analy-
sis was conducted using the Zeo++ code21,22. Figure 3 dis-
plays the pore size distribution averaged over five different
initialized gel systems. The distribution is Gaussian-like with
a mean pore size of ca. 200 nm, consistent with previously re-
ported experimental pore size distributions for agarose gels24.
There is, however, a second peak at ca. 350 nm suggesting
some heterogeneity in the structure, due to one larger pore.

Subsequent simulations were carried out in the canonical
NV T -ensemble with an implicit solvent using a Langevin
thermostat23. The Langevin damping parameter kdamp was set
to 3dτ , as a relatively low value was needed to keep the tem-
perature stable during the NEMD simulations.

Following the initialization of the system, we made ad-
justments to the interaction parameters governing the interac-
tions between the polymer fibers and the NPs. For the larger
NPs, we set the LJ cutoff value to rc = 2.5σ and adjusted the
well depth value to 0.9ε . This value was chosen so that the
large NPs would be sub-diffusive, but still able to occasionally
move freely during the simulation. Similarly, for the smaller
NPs, we set the cutoff value to rc = 2.5σ , while adjusting
the well depth value to 1.5ε . This choice was made to delib-
erately generate a discernible difference in the MSD plot be-
tween the non-hindered and hindered gel systems, while at the
same time avoiding that the small NPs become sub-diffusive.
A summary of all the interaction parameters utilized to obtain
the MSD data is presented in table II.

TABLE II: Parameters (in LJ-units) used to obtain the MSD
data of the system with dimensions 30.5σ ×30.5σ ×30.5σ

consisting of 10 NPs and 25 polymer fibers.

Particle 1 Particle 2 Potential Epsilon Sigma
Large NP Large NP WCA 0.5ε 1σ

Polymer LJ 0.9ε 1σ

Small NP Small NP WCA 0.5ε 1σ

Polymer LJ 1.5ε 1σ

Polymer Polymer WCA 1.0ε 1σ

B. Ultrasound implementation

Several groups have attempted to simulate the effect of
ultrasound using molecular dynamics15,25–33. Okumura and
Itoh 25 studied how ultrasonic cavitation disrupts the amyloid
fibrils of Alzheimers amyloid-β peptides using NEMD by ap-
plying a sinusoidal Andersen barostat. Man et al. used a
similar method in their work using a sinusoidal Berendsen

barostat26–28. Alternative methods, not reliant on sinusoidal
barostats, have also been proposed. FUS creates focused si-
nusoidal sound waves that pass through a medium of inter-
est. The particles in the medium will have a particle veloc-
ity, which is the physical speed of a parcel of the medium as
it moves back and forth in the direction the sound wave is
traveling34. Zhang et al. 15 applied this sinusoidal particle ve-
locity to the system to investigate the mechanism of heavy oil
viscosity reduction by ultrasound. Marshall 12 proposed that
the sinusoidal particle velocity combined with hindrance is
the main contributor to the enhanced diffusion of NPs. There-
fore, we opted for a method similar to Zhang et al. 15 , where
we added an external oscillating force field. The force field
F works on the particles in the x-direction and results in the
particle velocity v,

v = 2π f Acos(2π f t), (1)

where A is the amplitude of the velocity oscillation. A is pro-
portional to the ultrasound pressure, and f is the ultrasound
frequency. A video of the NEMD simulation during FUS ex-
posure can be found in Figure 8 of the supplementary material
(Multimedia view). The NEMD system has a length scale in
the order of 100 nm, which is small relative to the ultrasound
wavelength. The latter has a length scale in the order of 1 mm
given as c/ f , where c is the speed of sound. We, therefore,
assume that we can safely neglect the spatial variation of the
ultrasound field.

IV. RESULTS AND DISCUSSION

Here, we present the results from the experiments and the
NEMD simulations. We first compare the simulation results
with both the new 40 nm polystyrene NP MSDs and those for
100 nm, previously published6 with and without FUS. Sub-
sequently, we compare the results from the simulations with
the two-time CTRW theory by Balakrishnan and Venkatara-
man 13 . Finally, we summarize our observations and comment
on its implications for future work.

A. Comparison of MSD between NEMD model and
experiments

To obtain the MSDs, we performed simulations with the
small NPs for 200 million time steps and the large NPs for 2
billion time steps. The MSDs were calculated using the Ein-
stein relation combined with the order-n algorithm for sam-
pling via the LAMMPS plugin on-the-fly calculation of trans-
port properties (OCTP)35. We performed simulations with
and without FUS, where we tested various particle velocity
values. As explained in section II, a DC of 20% was used
during the FUS experiments, while the NEMD simulations
had effectively a 100 % DC. To compare the NEMD simula-
tions with the laboratory experiments, we made the following
assumption: We postulated that during the 80 % of the time
when the FUS is turned off, the NP MSD is equivalent to that
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of the NPs in the absence of FUS (MSDGel). Conversely, dur-
ing the remaining 20 % of the time, we assumed that the NPs
have an ultrasound enhanced MSD (MSDUS). This can be
formulated as follows:

MSDAV = DC×MSDUS +(1−DC)×MSDGel. (2)

Here, MSDAV is the experimentally measured MSD during
FUS exposure with a 20 % DC. This assumption is reason-
able at a low pulse repetition frequency and a high DC, as the
time it takes for the system to adjust between FUS being on
or off will be small compared to the time it stays in that state.
By rearranging Equation (2), we calculated the experimental
MSDUS by re-weighting the measured MSD data in the fol-
lowing way

MSDUS =
MSDAV − (1−DC)×MSDGel

DC
. (3)

The MSD results obtained from our single-particle track-
ing experiments are shown in Figure 4. In contrast to the
100 nm polystyrene NPs MSD, the MSD for 40 nm has a slope
in the log-log plot closer to one indicating a less anomalous
sub-diffusive behavior. Figure 4 shows that the application of
FUS increases the MSD of the particles in both cases. In the
short time scale regime, there is a larger difference between
the MSD with and without FUS compared to the longer time
scale, especially for the 100 nm particles. This could be due
to an increase in the static positional error in particle tracking
caused by FUS-induced vibrations in the experimental setup,
resulting in a positive shift of the MSD at short time scales36.
At longer time scales, the MSD of the 40 nm particles exposed
to FUS exhibits a steeper slope on the log-log scale, compared
to the case without FUS.
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FIG. 4: Experimentally measured MSD as a function of time
for 100 nm polystyrene NPs6 indicated as the solid lines and
for 40 nm polystyrene NPs indicated as the dashed lines. The

black color is without FUS and the red color is with FUS.
The shaded areas shows the standard error in the

measurements. The gray dotted line is shown to illustrate a
slope of one in the log-log scale.
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FIG. 5: MSD of NPs in a gel as a function of time from the
NEMD simulations. The circles indicate the large NPs

without FUS (black circles) and with FUS: A = 0.15σ (red
circles), A = 0.30σ (blue circles) and A = 0.45σ (orange

circles). The diamonds indicate the small NPs without FUS
(black diamonds) and with FUS: A = 0.5σ (red diamonds),

A = 1.0σ (blue diamonds), and A = 3.9σ (orange diamonds).

Figure 5 shows the MSD of the particles derived from our
NEMD simulations. Consistent with the experimental find-
ings in Figure 4, the large NPs in the NEMD simulations
exhibit anomalous sub-diffusion, while the small NPs dis-
play normal diffusion within the error. This suggests that the
NEMD simulation effectively captures some of the diffusive
behavior of the NPs.

Upon applying a particle velocity, the MSD values show
an increase for both NP sizes, as depicted by the colors red,
blue, and orange in Figure 5. This is observed for particle
velocity amplitudes A = 0.15σ , A = 0.30σ and A = 0.45σ

for the large NPs and A = 0.5σ , A = 1.0σ and A = 3.9σ for
the small ones. Notably, the large NPs exhibit an anomalous
sub-diffusive behavior, although the effect is less pronounced
when A = 0.30σ and A = 0.45σ .

At time scales ca. in the order of 1/ f , which for Figure 5
will be in the order of 100 τ , the MSD values for the NEMD
simulation with a particle velocity display oscillations. This is
a known phenomenon37,38 which arises from the MSD sam-
pling consistently occurring at the same displacement during
time scales around the order of 1/ f , while over extended du-
rations, these displacements become effectively smoothed or
averaged. However, even at these extended time scales, a dis-
cernible rise in the MSD values persists and can be attributed
to the displacement force pushing the NPs away from the gel
fibers, facilitating freer movement. This effect intensifies with
increasing amplitude. However, the NEMD simulations for
the small NPs do not capture the steeper slope on the log-log
scale as seen for the 40 nm FUS exposed particles in Figure 4.
This is due to our NEMD model for the small NPs being al-
ready approximately Brownian, while the experimental 40 nm
particles are slightly subdiffusive. This means that exposure
to FUS in the NEMD simulations of the small NPs has an
inappreciable effect on the slope.
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In summary, our coarse-grained NEMD model qualitatively
captures the MSD behavior observed experimentally. The in-
troduction of a particle velocity to the particles increases the
MSD values and reduces the anomalous sub-diffusive behav-
ior, especially at higher particle velocity amplitudes. These
findings suggest that the particle velocity itself plays a signifi-
cant role as the primary contributor to the observed ultrasound
enhanced diffusion coefficient. In future studies, it would be
interesting to see if a more realistically parameterized model
can accurately predict the experimental results.

B. Comparison of diffusion coefficients from NEMD and
two-time CTRW theory

The two-time CTRW theory does not apply to anomalous
diffusion. We therefore used the case of small NPs for our
comparison, as they do not display anomalous sub-diffusion
as shown in Figure 5. The simulation time was set to 200 mil-
lion time steps. The two-time CTRW theory, developed by
Balakrishnan and Venkataraman 13 , assumes that the particles
randomly flip between two states, one of oscillatory motion
and the other of constant random walk. From this assump-
tion the following equation for the diffusion coefficient D was
derived:

D = D0 +
〈x2

A〉
2τ0

[
4π2τ2

0 f 2

1+4π2τ2
0 f 2

]
. (4)

where D0 is the diffusion coefficient when not in the oscillat-
ing state, τ0 is the average particle holding time in the oscil-
lating state and 〈x2

A〉 is the mean square displacement of the
particle in the oscillating state.

The diffusion coefficient was calculated for various parti-
cle velocity amplitudes by performing a linear regression at
time scales where the MSD becomes a linear function. The
diffusion coefficients as a function of particle velocity ampli-
tudes are shown in Figure 6. The black circles indicate the
diffusion coefficients from the NEMD simulations, the red
line indicates the diffusion coefficient in a buffer solution from
the NEMD simulations, and the black dashed line is the fitted
quadratic function,

D = D0 + cA2, (5)

where c is a fitted coefficient with a dimension of inverse time.
This is a simplification of equation (4) given by Balakrish-
nan and Venkataraman 13 , where Karki, Marshall, and Wu 11

noted that 〈x2
A〉1/2 will be proportional to the ultrasound am-

plitude, which we control through the particle velocity ampli-
tude A. The coefficient c was fitted to the NEMD diffusion
coefficients, ranging from zero particle velocity amplitude to
the final diffusion coefficient that yielded the smallest vari-
ance in the coefficient. Figure 6 shows that for lower values
of A, the diffusion coefficient has a quadratic relationship with
A. Karki, Marshall, and Wu 11 also obtained a similar agree-
ment with Equation 5 from their experiments. However, for
approximately A = 1.0σ , the trend deviates from a quadratic

0 1 2 3 4

A/σ

0.005

0.010

0.015

0.020

0.025

0.030

0.035

D
/
(σ

2
/τ

)

FIG. 6: Diffusion coefficients for small NPs in a gel as a
function of the particle velocity amplitude. The black circles
indicate the results from NEMD in a gel for different particle

velocity amplitudes. The red horizontal line indicates the
molecular dynamics diffusion coefficient in a non-hindered
system. The black dashed line is a fitted model based on the

equation from Balakrishnan and Venkataraman 13 . A
frequency of 1 MHz was used for all the simulations. Each
simulation was repeated three times (with different initial

velocities), and the uncertainties were estimated from these
three simulations. The uncertainties (error bars) are not

visible, since they are smaller than the data point symbols.

function, and the diffusion coefficient approaches the diffu-
sion coefficient of the system without polymer fibers for larger
amplitudes.

One possible explanation for this deviation is that at higher
particle velocity amplitudes, the attractive forces between the
NPs and the polymer fibers become negligible compared to
the acoustic force required to obtain the given particle veloc-
ity. At high particle velocity values, the acoustic force in our
NEMD model is one order of magnitude greater than the at-
tractive force between the polymer fibers and the NPs. Conse-
quently, the polymer fibers do not represent any hindrance and
increasing the particle velocity does not increase the diffusion.
Instead the NPs enters the regime of ordinary non-hindered
diffusion. The hindrance, as pointed out by Curran and Mar-
shall 39 in their comparison between their stochastic model for
oscillatory diffusion and the two-time CTRW theory, is es-
sential for the oscillatory motion to increase the diffusion. It
should also be mentioned that there was a slight increase in
the reduced temperature with the increasing amplitude of the
particle velocity. At the largest amplitude value of 3.9σ , the
reduced temperature increased from 1.1T ∗ to 1.26T ∗. This
observation indicates that at higher A values, the thermostat
is unable to maintain a constant reduced temperature value
of 1.1T ∗. In Figure 7, the diffusion coefficients, plotted as a
function of frequency, were calculated for the small NPs us-
ing a particle velocity amplitude of A = 0.9σ . The black cir-
cles indicate the diffusion coefficients from the NEMD simu-
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FIG. 7: Diffusion coefficients for small NPs in a gel as a
function of US frequency. The black circles indicate the

results from NEMD in a gel for different US frequencies.
The black dashed line is a fitted model based on the equation

from Balakrishnan and Venkataraman 13 . Each simulation
was repeated three times (with different initial velocities),

and the uncertainties were estimated from these three
simulations. The uncertainties (error bars) are not visible,

since they are smaller than the data point symbols.

lations, and the black dashed line is the fitted function,

D = D0 +
c1 f 2

1+ c2 f 2 . (6)

Here, c1 and c2 are fitted coefficients. This equation has the
same frequency dependency as Equation (4), where A is as-
sumed constant. In this case, the NEMD simulations agree
well with the two-time CTRW theory. The same was the case
with the experimental work by Karki, Marshall, and Wu 11 .
At the particle velocity amplitude A = 0.9σ , the two-time
CTRW theory is expected to hold as shown in Figure 6, be-
cause at this point, the calculated diffusion coefficient is still a
quadratic function of the particle velocity amplitude. Thus,
the acoustic diffusion coefficient is in accordance with the
two-time CTRW theory for both the amplitude up to approx-
imately 1σ and frequency. Increasing the frequency above
0.6 MHz has a limited effect on the ultrasound-enhanced dif-
fusion, and the diffusion coefficient for non-hindered small
NPs is not reached. The maximal ultrasound-enhanced diffu-
sion coefficient is determined by the c1/c2 ratio, as seen from
Equation (6).

To summarize, the calculated diffusion coefficient from the
coarse-grained model has the same oscillation frequency de-
pendency as the two-time CTRW theory derived diffusion co-
efficient. For lower particle velocity amplitudes, the diffu-
sion coefficient from the coarse-grained model has the same
quadratic particle velocity amplitude dependency as the two-
time CTRW theory derived diffusion coefficient, but reaches
the diffusion coefficient of the non-hindered case at higher
amplitude values. This is due to the hindrance becoming neg-
ligible in comparison with the oscillation force at higher am-
plitudes. These observations are interesting when optimizing

ultrasound transducer settings for increased particle transport
in viscoelastic materials, as it suggests that at sufficient high
ultrasound intensities, the non-hindered diffusion coefficient
can be used. At higher amplitude values, other effects that are
not included in our model may become more dominant, such
as the increase in temperature, potential structural changes in
the gel network and ultrasound induced cavitation40. Future
studies on high intensity ultrasound induced diffusion should
incorporate these effects.

V. CONCLUSION

We have performed single particle tracking of 40 nm
polystyrene nanoparticles (NPs) in an agarose hydrogel with
and without focused ultrasound (FUS) and compared it to
our previous experimental study using 100 nm polystyrene
NPs6. In both cases, we observed an increase in the mean
squared displacement (MSD) during FUS. We have also cre-
ated a coarse-grained implicit solvent non-equilibrium molec-
ular dynamics (NEMD) model. This model consisted of poly-
mer fibers and two sizes of NPs, with the effect of the FUS
modelled as an external oscillating force field. Using this
model, we performed simulations for different particle veloc-
ity amplitude values on both the small and large NPs. The
MSD from these simulations was compared to the experimen-
tal MSD, and matching trends were observed. This suggests
that the particle velocity is a significant contributor to the ob-
served ultrasound-enhanced diffusion coefficient. The com-
puted diffusion coefficients from the presented coarse-grained
NEMD model were compared to the two-time continuous-
time random walk (CTRW) theory derived diffusion equation
by Balakrishnan and Venkataraman 13 and were found to have
the same oscillation frequency dependency. For the lower am-
plitude values, the simulated diffusion coefficients also had a
quadratic relation with the particle velocity amplitude, as de-
scribed by the two-time CTRW theory. At higher amplitude
values, the simulated diffusion coefficients diverged from the
quadratic trend, and they approached the non-hindered diffu-
sion coefficient value due to the hindrance interaction with the
polymer fibers becoming negligible compared to the oscilla-
tion force. We hope that our observations on the ultrasound-
enhanced diffusion can be used to optimize FUS enhanced
drug transport and that, in the future, a similar NEMD model
with more realistic parameters will be able to predict experi-
mental ultrasound-enhanced diffusion coefficients.

VI. SUPPLEMENTARY MATERIAL

See the supplementary material for a video file showing
an example of a simulation of small NPs (blue) in a gel
(red) system under FUS exposure with a particle velocity
amplitude of 0.9σ is included here.
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FIG. 8: (Multimedia view). An example of a simulation of
small NPs (blue) in a gel (red) system under FUS exposure
with a particle velocity amplitude of 0.9σ . Visualized using

VMD41.
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