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Abstract

We show that the Cauchy problem for the Camassa—Holm equation has a unique, global, weak, and dis-
sipative solution for any initial data ug € H L(R), such that u(, is bounded from above almost everywhere.
In particular, we establish a one-to-one correspondence between the properties specific to the dissipative
solutions and a solution operator associating to each initial data exactly one solution.
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1. Introduction
The Camassa—Holm (CH) equation, which reads
Up — Upex + 33Uty — 2Uxliyy — Ullyxy =0, (1.1
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was first studied in the context of water waves in [5,6]. Since then numerous works have been
devoted to the study of the CH equation due to its rich mathematical structure and many inter-
esting properties. For example, it has a bi-Hamiltonian structure [12], is formally integrable [9],
and has infinitely many conserved quantities [21].

One property of solutions to the CH equation has attracted particular attention: wave breaking.
That is, even for smooth initial data, classical solutions might only exist locally, since u, (¢, x)
might become unbounded from below pointwise within finite time. In addition, energy con-
centrates on sets of measure zero. This combination yields that weak solutions in H'(R) exist
globally, but might not be unique. If the latter is the case, there exist infinitely many ways of
prolonging the weak solution beyond wave breaking by considering pairs (u, i), where u is the
wave profile, while n denotes the positive Radon measure describing the energy distribution and
satisfying d jtac = (u” + u%)dx. The two most prominent solution concepts are the conservative
solutions [3,19,11], which preserve the energy (¢, R) and the dissipative solutions [4,18,14],
which lose all the energy which concentrates on sets of measure zero and is described by f4sing,
the singular part of 1. An interpolation between these two is given by the «-dissipative solutions
with o € [0, 1], where an o part of the concentrated energy is dissipated upon wave breaking
[15]. In addition, there exist also solutions, which are not covered by the concept of «-dissipative
solutions like the stumpons, which are traveling wave solutions, but not conservative, see [13].

In this article we focus on studying the uniqueness of weak dissipative solutions to the CH
equation. The existence of these solutions has been shown, see e.g., [4,18,15], by rewriting the
CH equation as a system of ordinary differential equations via a generalized method of charac-
teristics. The underlying idea is the following. Applying the inverse Helmholtz operator to (1.1),
the CH equation rewrites as

Up + Uy = —py, (1.2)

where

1
pv =5 f e +u2) (1, y)dy
R

and u(t, -) belongs to H 1(R). Under the assumption that u is a smooth solution in H'(R), the
time evolution of (u2 + u%)(t, X) is given by

W 4 u>) 4+ @@ +u?)), = @’ —2pu)y, (1.3)

and the solution to (1.2) and (1.3) can be computed by the classical method of characteristics and
is unique. Here, the characteristic y(t, &) satisfies the ordinary differential equation

yi(t, &) =u(t, y(t,§)). (1.4)

In the case of weak solutions to the CH equation, due to wave breaking, u(z,-) can only be
expected to be Holder continuous and hence the above differential equation might not have a
unique solution. Furthermore, u* + uﬁ)(t, X) turns into a positive, finite Radon measure dpu,
with dpae = (u? + u%)dx as wave breaking occurs. In the case of conservative solutions, cf.
[3,19], this measure would satisfy the transport equation
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[y 4 (up)y = W — 2pu),,

while in the dissipative case one has

e+ (up)x < (MS —2pu)y.

However, the latter inequality does not specify how much energy is dissipated upon wave break-
ing and in fact there is no (partial) differential equation known, which u satisfies. Thus to specify
how much energy is exactly dissipated upon wave breaking, the equation is reformulated via a
generalized method of characteristics in Lagrangian coordinates, where it is possible to define
the dissipative as well as the «-dissipative solution concept for any « € [0, 1], see [15].

For the dissipative solutions, the key idea behind the underlying change of variables is to
consider triplets (u, u, v) = (u, u?+ u%), v) instead of pairs (u, u) = (u, (u?+ u%)dx), where
u satisfies (1.2) and v satisfies the transport equation

v+ @)y = (@ —2pu)y, (1.5)

together with dv,. = (u? + u%)dx. Here, v(0), the measure at time ¢ = 0, can be any positive,
finite Radon measure such that dv,.(0) = (u(z) + u%yx)dx and hence is not unique. Nevertheless,
the choice of v has no influence on the resulting pair (u, i), cf. Lemma 4.2 and for any ¢ one has
dvae(t) = W? + u%)(t)dx. Furthermore, the system of equations (1.2) and (1.5) can be studied
using a generalized method of characteristics from [15], which we sketch next.

To any triplet (1, i, v) we can associate a quadruple of Lagrangian coordinates (y, U, V, H),
where y(t, £) denotes the characteristics, U (t, ) = u(t, y(t, £)) the solution along the charac-
teristics, Ve (¢, &) the energy of the particle & at time ¢ and H (¢, §) is related to v. Introducing
in addition, P(t,&) = p(¢, y(¢,&)) and Q(¢,&) = p, (¢, y(t, &)), the time evolution of the La-
grangian variables is then governed by the following system of differential equations

yl(tv'i:):U(tvE)’ (16)
Ui(t,8) =—0Q(1,8), (1.7
H(t,§) = (U —=2PU)(1,§), (1.8)
&
V(.8 = / (1 = e eqezn () He (¢, ), (1.9)
where
o, y£(0,6) =0,
T(§) = L , .
sup{t e R™ | ye(#', &) > Oforall 0 <¢" < ¢}, otherwise,

which is uniquely solvable.

The loss of the energy is encoded in the variable Vg (z,£). Indeed, along a characteristic la-
beled with &, wave breaking occurs at time 7(£), i.e., when yg (¢, §) becomes zero. When this
happens the energy of the particle &, given by V¢ (¢, &), drops to zero and remains zero thereafter.
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Thus at wave breaking the maximal amount of energy is dissipated, which is why one also char-
acterizes the dissipative solutions as those solutions which dissipate energy at the fastest possible
rate.

To prove the uniqueness of dissipative solutions the starting points is to identify properties
and constraints, which are solely satisfied by this class of solutions. Beside of u being a weak
solution, the two most prominent properties are

e u satisfies a one-sided Lipschitz condition,
o [lu(t, )y (R) is non-increasing.

In [18, Proposition 6.7] it has been proven that for almost every x and all # > 0

2
ux(t,x)5;+f2||uo||H1(R). (1.10)

As a consequence the differential equation (1.4) can be solved uniquely backwards in time. As-
suming that the backwards characteristics satisfy y(T, &) = & for £ € R, it cannot be expected
that

{@, y(,6) (1,5 €[0,T] x R}

covers all of [0, T] x R, see e.g. [1, Chapter 4]. This phenomenon is closely related to the loss
of energy. In particular, following characteristics backward in time has been used in [1] to prove
the uniqueness of weak solutions to transport equations like (1.5), where u satisfies a one-sided
Lipschitz condition. A result which also motivates why combining (1.2) and (1.5) and introduc-
ing equivalence classes with respect to v is favorable. On the other hand, inspired by [10], the
authors in [20] showed by following dissipative solutions backward along characteristics that
they coincide with the solutions constructed in [4] and hence they must be unique. The argument
is solely based on u and (1.2) and does not involve measures v at all, which complicates the
proof.

In this work, we again prove the uniqueness of dissipative solutions to the CH equation, but
our argumentation is not based on following solutions backward along characteristics. Instead,
we use, inspired by [2,17], a carefully selected change of variables, which forces us to introduce
equivalence classes with respect to v, together with a more exhaustive list of constraints, which
relies on a good understanding of the dissipative solutions constructed in [15], see Section 2.
While this seems to complicate the proof of the uniqueness of dissipative solutions at first glance,
the opposite is the case. Since the dissipation is very well encoded in the measure differential
equation for v, (1.5), we can immediately define a change of variables, which allows to deduce
that each dissipative solution must satisfy (1.6), which is uniquely solvable, see Theorem 3.1 in
Section 3. Thereafter, in Section 4, it is shown that the wave profile u is independent of v, see
Lemma 4.2, and hence unique.

Finally, we want to point out that this approach, with slight modifications, can also be used to
prove the uniqueness of dissipative solutions to the Hunter—Saxton (HS) equation. Another very
elegant proof for the HS equation, which inspired [20], can be found in [10].
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2. Characterizing dissipative solutions

In this section, we introduce the concept of weak dissipative solutions u for the Camassa—
Holm equation. To be more precise, we will characterize dissipative solutions # with the help of
equivalence classes for pairs (u, v). Thereafter, we will show that such pairs (u, v) exist.

The following set serves as a basis for introducing equivalence classes.

Definition 2.1 (Eulerian coordinates). The space D consists of all pairs (u, v) such that
e ue H!(R),
e ve MT(R),
o dvg = W*+ u%)dx,

where M ™ (R) denotes the set of positive, finite Radon measures on R and

Hu1 R)={f¢€ HI(R) | there exists D € R such that f/(x) < D for a.e. x € R}.

The measure v is a dummy measure. By this we mean that it contains no additional information
about the solution u. Therefore the choice of v should have no influence on the solution u, but
gives rise to equivalence classes.

Definition 2.2 (Equivalence relation). We say that two elements (11, v1) and (2, v2) in D belong
to the same equivalence class if u] = u5.

As a consequence also the definition of weak dissipative solutions u has to take these equiv-
alence classes into account. We therefore introduce first all constraints, which are necessary and
sufficient to guarantee the existence of pairs (u, v), which are weak dissipative solutions to the
Camassa—Holm equation in the following sense.

Definition 2.3. We say that (u, v) is a global weak dissipative solution of the Camassa—Holm
equation with initial data (#(0), v(0)) € D, if

(i) For each fixed t > 0 we have (u(¢), v(¢)) € D.
(ii) For any 0 < T < T, the function u : [T1, T»] x R — R is Holder continuous with Holder
exponent one-half and the map ¢ — u(¢, ) is Lipschitz continuous from [77, 7T>] into
L%’ (R).
(iii) There exists a constant D > 0 such that for each r > 0

uy(t,x) <D for almostevery x € R. 2.1

(iv) The function F(z, x) : RT x R — R, given by

F(t,x) = / W? 4+ u>)(t, y)dy, (2.2)

satisfies
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F(s,y)— F(t,x) forall (s, y) — (¢, x) such that s > r. 2.3)

(v) The function p(t, x) : Rt x R — R, given by

1 ,
p(t,x) = Z/e—lx—y'(zuz +u2)(t, y)dy, (2.4)
R
satisfies
p(s,y)— p(t,x) forall (s,y) — (¢, x) such that s >¢ 2.5
and
px(s,y) = py(t,x) forall (s,y) — (¢, x) such that s >¢. (2.6)

(vi) For any 0 < T} < T3, the function p(t, o (t)), where o : [T1, T»] — R is Lipschitz contin-
uous with Lipschitz constant L, is a function of bounded variation on [77, 77] and

T.V.(p(t, o) < B(L),

where B(L) denotes a constant which is only dependent on L.
(vii) For any 0 < Ty < T», the function u satisfies for any ¢ € C°([T7, T2] x R)

T
//(uqb; + %uz@ —pxqb)(t,x)dxdt :/uqb(Tz,x)dx — /uqb(Tl,x)dx. 2.7
i R R R

(viii) For any 0 < T < T», the pair (u, v) satisfies for any ¢ € C>°([T1, T>] x R)

T )

//(¢t +ugy)(t, x)dv(t)dt —//(u3 — 2pu) ¢, (t, x)dxdt

1 R 1 R
- f 6 (T2, x)dv(T>) — / 6 (Ty, 1)dv(T).
R R
(2.8)

(ix) The family of Radon measures {v(¢) | t € R*} depends continuously on time w.r.t. the
topology of weak convergence of measures.

Note that {v(¢) | t € R™} provides a measure valued solution w to the linear transport equation
wy + (uw)y = W —2pu);.

Since u(t, -) and hence also p(¢, -) belong to H'(R) for all t > 0, one has v(¢, R) = v(0, R) for
all r > 0. Furthermore,
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(e, 1%, < / u? +ud)(t, x)dx <v(t,R) =v(0,R) (2.9)
R

and

Px (@ oo = P, oo = v(r,R) =v(0, R). (2.10)

In [15], weak dissipative solutions (u, v) have been constructed. A closer look at the construc-
tion therein reveals that the following theorem holds.

Theorem 2.4. For any initial data (u(0), v(0)) € D, the Camassa—Holm equation has a global
weak dissipative solution (u, v) in the sense of Definition 2.3.

In other words, all the properties stated in Definition 2.3 are satisfied by the dissipative solu-
tions constructed in [15]. However, some of them are better hidden than others. This is especially
true for Definition 2.3 (iii)—(vi), which we will show at the end of this Section.

Finally, we can define weak dissipative solutions u to the Camassa—Holm equation by using
the equivalence relation from Definition 2.2.

Definition 2.5. We say that u is a weak dissipative solution of the Camassa—Holm equation with
initial data u(0) € H! (R) if

(i) u(t,-) € H (R) forall t > 0.
(ii) For any (u1(0), v1(0)) and (#2(0), v2(0)) in D, such that

u1(0) = u(0) =u2(0),
the corresponding weak solutions (u1, v1) and (u2, v2) satisfy
u1(t) =u(t) =uy(t) forallr>0.

With the definition of a weak dissipative solution u in place, we can turn our attention to
showing that the dissipative solutions (u, v) constructed in [15] satisfy Definition 2.3 (iii)—(vi).

We start by outlining the construction of weak dissipative solutions from [15], which is based
on a generalized method of characteristics and hence involves a change of variables from Eulerian
coordinates (u, (u2 + u%)dx, v) to Lagrangian coordinates (y, U, V, H).

Definition 2.6 (Lagrangian coordinates). The set F consists of all tuples (y, U, V, H) such that

(i) UeL*R),

(i) (y—1d,U,V, H) e [WL®R)]*,
(i) (ye — 1, Ug, Ve, He) € [L*(R)]*,
@iv) 511111 V(S):O:Elirzl H(),

(v) ¢ 20, He > Vg 20 ae,
(vi) there exists ¢ > 0 such that y: + He > ¢ >0 ae.,
(vii) Uzysz + Usz =y: Ve ae,
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(viii) yg(§) =0 implies Ve(§) =0 a.e..

Note that there cannot be a one-to-one correspondence between Eulerian and Lagrangian coor-
dinates, since we have triplets (u, (u®+ ujzc)dx, v) which are related to quadruplets (y, U, V, H).
Instead, each element in Eulerian coordinates corresponds to a whole equivalence class of el-
ements in Lagrangian coordinates. These equivalence classes can be identified using so-called

relabeling functions.

Definition 2.7 (Relabeling functions). We denote by G the group of homeomorphisms f from R
to R such that

f—1d and f~' —Id both belong to W' (R),
fe — 1 belongs to L*(R),

where Id denotes the identity function.

Whether or not a function is a relabeling function can be checked using the following lemma,
which is taken from [19].

Lemma 2.8 (Identifying relabeling functions). If f is absolutely continuous, f —Id € W1 (R),
fe—1l¢ L%(R), and there exists ¢ > 1 such that % < fe < c almost everywhere, then f € G.

Let X1 = (y1, Uy, V1, Hy) and X = (y2, Uz, Vo, H>) in F. Then X and X, belong to the
same equivalence class if there exists a relabeling function f € G such that

Xiof=Mof,Uio f,Vio f,Hio f)=(y2, Uz, Vo, Hy) = X>.
Furthermore, let
Fo={(,U,V,H)e F|y+ H=Id}.

Then Fy contains exactly one representative of each equivalence class in F. Moreover, one has
that if X = (y, U, V, H) € Fo and f € G, then

vof+Hof=F.

This implies that for each X = (y, U, V,H) € F,onehas y + H € G.
In [15], one rewrites the Camassa—Holm equation in Lagrangian coordinates as the following
semilinear system of differential equations with discontinuous right hand side,

»(t, & =U(@¢§), (2.11a)
Ui(t,8) =—-0(.%), (2.11b)
H,(t,&) = (U? —2PU)(1, &), 2.11¢)
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£
V(t,é) = / (I = Ligje )<y () He (2, mdn, (2.11d)
—0o0
where
0, 0,8)=0,
(&) = e / ¥%(0,8) 2.12)
sup{t e R™ | ys(¢/,&) > Oforall 0 <t' <1}, otherwise,
1 E)—
P(1,6) = Zfe—‘ﬂ’f) YEDNU2ye + Ve)(t, m)dn, (2.13)
R
and
1 . _ .
0.6 =—7 / sign(§ — n)e Y COYED U2y, + Vi) (2, n)dn, (2.14)
R
respectively.

The function 7(£) in the above system associates to each £ the time at which wave breaking
occurs along the characteristic y (¢, §). The function V¢(¢, ), on the other hand, corresponds to
the energy of the particle £ at time ¢, which by definition vanishes from the system at time 7 (§),
as the differentiated version of (2.11) reveals, i.e.,

yéf,l(tsg):US(ts E)s (2153)
1

Usi(t,6) = 5 (Ve + (U =2P)ye)(t, &), (2.15b)

He:(1,8) = ((3U2—2P)U§ —20Uye)(t, ), (2.15¢)

Ve@,8) = — Ligre)<n ) He (2, 8). (2.15d)

That the system (2.11)—(2.15) is uniquely solvable in F has been shown, in [15], by consider-
ing the corresponding system of integral equations. Important properties of the solutions, which
play a key role for the remainder of this section, are the Lagrangian formulations of (2.9) and
(2.10), i.e.,

lim H(t,&) = lim H(0,&) = Hyo, (2.16)
E—>o00 E—o00
and there exists a constant C > 0, only dependent on Hy,, such that

U@, oo 19, oo, 1P, )loo =€ forallz=0. (2.17)
Finally it remains to introduce the mappings between Eulerian and Lagrangian coordinates.
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Definition 2.9. Let the mapping L : D — F be defined by L((u, v)) = (y, U, V, H), where

y(&) =sup{x | x +-v((—00, x)) < £},

H(E)=§—y(),
U€) =u(y()),
@) £
V) = /(u2+u§)(z)dz= / Lig)ye )20 Hg (mdn.

Definition 2.10. Let the mapping M : F — D be defined by M((y, U, V, H)) = (u, v), where

u(x) = U (&) for any & such that x = y(§),
W* + ud)dx = yy(Ved),
v = yy(Hgd§).

Now we are ready to show that the weak dissipative solutions constructed in [15] satisfy
Definition 2.3 (iii)—(vi).

2.1. uy satisfies Definition 2.3 (iii)
For t > 0 define
B(t) ={& € R | ye(t, &), Ue(t, §) are differentiable and y¢ (¢, £) > 0}.
Then y(¢, B(t)) has full measure and for almost every x € R there exists £ such that y(¢,&) =
x, ye(t,€6) > 0 and Ug(t,&) = uy(t, y(t,§))ys (¢, §). Furthermore, a closer look at the system

(2.15) reveals that yg (7, §) = 0 for some (7, ), implies yz (¢, &) = Uz (t,§) = Ve (t,§) =0 and
Hg (1,&) = He (1, &) for all t > 7. That means, if £ € B(0), then the function

U:(2,8)
a(t, &) =ux(t,y(t,8) = —=
! )
is well-defined for all ¢ such that 0 <t < 7(£). In addition, « satisfies the differential equation
1e_p2_
oz,—i—za =U P), (2.18)

where the right hand side can be uniformly bounded by a constant C > 0, cf. (2.17). Thus
1, 1 1
@ = —70*+C=(/C—Sla)(C+al,

where the right hand side is negative for |a| > 2+/C and therefore any solution to (2.18), must
satisfy

a(t) < max(x(0), 2+/C).
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2.2. F satisfies Definition 2.3 (iv)

By definition F(¢, x) satisfies

£
F(I,y(t,é))=V(l,$)=/Vs(fﬂ?)dn (2.19)
and by (2.15)
liinV§(s,E)=Vg(t,§‘) fora.e. &£ e R. (2.20)
st

Furthermore, it can be established, using Definition 2.6 and (2.15), that there exists a function
g€ L' (R) such that for every / € [z, 5]

0<Ve(l,§) <He(l,5) <g(§) foralmostevery & € R.

Thus the dominated convergence theorem yields

F(s,y(s,&)) — F(t,y(t,&)) foralls— ¢ suchthats>rt.

Since F(t,-) is absolutely continuous for every ¢ and y(¢, £) is continuous with respect to
both space and time, (2.3) follows.

2.3. p and py satisfy Definition 2.3 (v)

Comparing (2.4), (2.13), and (2.14), we observe that

plt,y(@,8) =P, &) and pe(r,y(,8)=Q(,8), 2.21)

which implies, since y(t, §), y¢ (¢, &), and U (¢, §) are continuous with respect to time and (2.20)
holds, that

p(s, y(s,8)) = p(t,y(t,§)) and  pi(s, y(s,8)) = px (2, y(t,§)) (2.22)

for all s — ¢ such that s > r.

Furthermore, y(, &) is continuous with respect to time and space and hence (2.5) and (2.6)
will be satisfied, if we can show that for each ¢ > 0 the functions p(¢, -) and p, (¢, -) are continu-
ous.

The function p(¢,-), given by (2.4), belongs to H L(R) and hence is continuous. As far as
px(t, ) is concerned, observe that u(t, -) € H'(R) and (2.3) imply that the function

X

F(t,x) = /(2u2+u§)(1,y)dy= f u>(t, y)dy + F(t, x)

—00 —0o0

484



K. Grunert Journal of Differential Equations 412 (2024) 474-528

is uniformly bounded and continuous with respect to x for each fixed ¢ > 0. Thus rewriting
px(t,x) as

X

1 y—x 2 2
Px(t,X)=—§ e Qut +uy), y)dy + p(t, x)

-0
| 1T
=3 F 0+ / & E @, )dy + plt.x)
—00

finishes the proof of (2.6).
2.4. p satisfies Definition 2.3 (vi)

Given a Lipschitz continuous curve o : [T1, To] — R with Lipschitz constant f,, we must
show that

T.V.(p(t,0(®)):=sup Y _|p(ti, o (t;) — plti—1,0 (1),

where the supremum is taken over all finite partitions {#;} of [T, T3] such that #; < #;11, is finite.
Let {t;} be a finite partition of [T, T»]. Then to every i there exists a & € R, not necessarily
unique, such that (¢;, o (t;)) = (¢, y(t;, &;)) and using the triangle inequality, we have

D Iptti o)) = pti, oD <D |pli y(ti.&)) — plti—1, y(ti1,&))]
+ D 1Pt y(tio1,8)) — plti1, y (i, £))]

+ > 1plti-1.0(t)) — pti1. 0 (ti-1)]
=851+ 85+ Ss.

When deriving next an upper bound for each of the sums Si, S7, and S3, which is independent
of the partition {z;}, (2.11), (2.15), and (2.17) will play a major role. In addition, we will from
now on denote by C positive constants, which are independent of r and which might change from
line to line.

Estimate for S1: We split p(t, y(¢, £)) as follows

1 Clu(r BV 1 _ _
p(t, y(t,€) = Z/e [y(.8) y(t’")leyg(t, ndn + Z/e ly(,8) y(t"ng(t, n)dn
R R

=Pi(1,8) + P21, 6).
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To estimate Py, observe that for s > ¢, by (2.11a) and (2.17),

Iy(S,é)—y(t,E)lSfIU(l,%')IdliCls—tl- (2.23)
t

Furthermore, Definition 2.6 (vii) combined with (2.15) implies that

(e + He)i(1,8) = C(ye + He)(1,6),

and, applying Definition 2.6 once more, we have for all s > ¢

|Ug (5, )| < (ye + Vi) (5, &) < (v + He) (5, &) < O™ (ye + He)(1, ). (2.24)

Thus, using (2.17) and (2.24),

|U2ye (5, &) — UPye (1, £)| < / | —2QUys 4+ UUe|(L, §)dl
t

§C/(ys + Ho)(, £)dl
t

< Ce“C0 (yg + He)(t, )]s —1].

Recalling (2.23), we therefore end up with

1 . . _ _
P15, &) = Pi(t, §)] < 5 / e V&= _ o=y EO=YEMI 2y (5, )dy
R

1 _ y
+ / e OO 2y (5. 0) = UPye ()l

R

sc/UZysm,n)dms i
R

+CeC(TZ—Tl)/e—\y(f,f)_)'(t»ﬂ”(yé + He)(t, m)dnls — 1]
R
<CHsxls —t|+CeC DT (1 4 Hyo)|s — 1]
<CeCDT g g (2.25)

Here we also used Definition 2.6 (vii) and (2.16).
For P, the following inequality, which holds for any s > ¢, plays a key role

|Ve(t,8) = Ve(s,E)| < [He (1,8) — He (s, §)| 4 (v + He) (5, 8) Ligjr<o(6)<s) ().
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Combined with (2.15¢), (2.17), (2.23), and (2.24), the last inequality implies that

1 ! ! _ _
[Pa(s, &) = Pa(t, 8)] = / e Y=Y _ o=y EO=YEMI g (5, mydy
R

1 vt E)—y
+ Z/e W=D He (s, 1) — He (1, m)ldn
R
1 _ —y
+3 / e WERTED (e + He) (5, 1) Lig <o 620 (D
R

< c/ He (s, n)dnls — 1
R
+ Cec(s_t)/e_ly(t’g)_y(t’")‘(yg + He)(t, n)dnls — 1

_i_eC(thl)-/ef\y(Tué)fy(Tl,n)\(yé + He) (s, m)
R

X Lz < (&)<sy (Mdn
< CeC(Tz—T1)|S —1

_i_eC(Tszl)/ef\y(Tl,é)fy(Tl,n)\(ys + He)(Ty, )
R

X Ligjr<z@)<sy (mdn.

Recalling (2.25), we end up with the following upper bound for S;

S1=_Iplti, y(ti, &) = plti—1, y(ti-1, &)
<D PG &) — Piltion, &)+ ) IPa(ti &) — Pa(ti—1, &)

<CeCPTTIN s — |

1
eS0T Z[e_‘y(Tl’S)_y(Tl’n)‘(ys + He) (Tt ) g,y <e )<y (M
i
R

< CeC BTy 7y

_i_eC(TZ*Tl)/e*‘Y(Tle)*y(Tlsn)‘(ys + He)(Th, n)]l{EIT1<r(§)§T2}(’7)d77
R
<CePTI A 4T — T
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Estimate for S>: Observe that

|p(t, y(t,8)) — p(t, y(s, ENI < 1O, oo |¥(2,8) — ¥(s5,8)| = Clr — 5],

due to (2.21), (2.17), and (2.23), which implies

Sy = Z lp(tiz1, y(tiz1,8)) — p(ti—1, y(ti, §))| < CZ ti —ti1l = C|T2 — Th.
i i

Estimate for S3: Recall that o (-) is Lipschitz continuous with Lipschitz constant f,, ie.,
lo(t) —o(s)| <Lt —s| foralls,tel[Ty,T>].

Thus following the same lines as for S, we have

Sy= Y Ip(ti-1,0(t) = plti—1,0 (i) < C Y lo(t) —o (1) < CLITa — T

3. Uniqueness of weak dissipative solutions (u, v)

A closer look at (2.7) and (2.8) suggests that the most natural approach for computing weak
solutions (u, v) is to apply the method of characteristics, which yields a unique solution whenever
the differential equation for the characteristic is uniquely solvable. In our case, this equation reads

yi(t,§) =u(t, y(,§)), (3.1

which might have more than one solution, since u(¢, x) is only Holder continuous with exponent
one-half. Nonetheless, we will prove in this section the following result.

Theorem 3.1. For any initial data (ug, vo) € D the Camassa—Holm equation has a unique global
weak dissipative solution (u, v) in the sense of Definition 2.3, which coincides with the dissipative

solution constructed in [15].

Given a weak, dissipative solution (u, v), let

y(t,¢)=sup{x |x +G(t,x) < ¢}, 3.2)
where G(t, x) = v(t, (—00, x)). By construction, y(z,-) : R — R is non-decreasing and Lip-

schitz continuous with Lipschitz constant at most one, cf. the proof of [19, Theorem 3.8].
Furthermore, introduce

H({t,0)=¢ -5, 0). (3.3)

Since y(¢, -) is non-decreasing and Lipschitz continuous with Lipschitz constant at most one,
it follows that also H(z,-) : R — R is non-decreasing and Lipschitz continuous with Lipschitz
constant at most one. For later use, we define
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U, 0) =ult, 5. 0)), (3.4)
V(t.0)=F (.50, (3.5)
P(t,5)=p(t.5(t.0)), (3.6)
O(t.8) = px(t. §(t. ). 3.7)

Notation: Let T > 0 be a number to be specified at the end of this section. Furthermore,
we will for the remainder of this section denote by C positive, real constants, which are only
dependent on 7" and Hy,(0) and which might change from line to line.

3.1. The integral equation for the characteristics

The starting point for deriving (3.1) is the study of the inhomogeneous transport equation
satisfied by v, i.e.,

e+ )y = (u® — 2pu)y.

Clever choices of the test function ¢ in (2.8), the weak formulation of the above transport equa-
tion, make it possible to prove the following result.

Lemma 3.2. Let
G(t,x) =v(t, (=00, x)), (3.8)
then for any s, t € [0, T witht <s

G(s,x +ut,x)(s—1t)—M(s —1)/*) = N(s —1)>/?
<G(t,x) + /(u3 —2pu)(l, x 4+ u(t,x)(I —1))dl
t

<G(s,x +ult,x)(s —1) + M(s —1)**) + N(s —1)*/%,
where M and N denote positive constants which are independent of s and t.

Proof. We will only prove that there exist positive constants M and N such that
t
G(0,x) < G(t,x +u(0,x)t + Mt>/?) — /(u3 —2pu)(l, x +u(0, x))dl + Nt*/?, (3.9)
0

since the other inequalities follow using the same argument with slight modifications.

Step 1: Enlarge the set of admissible test functions ¢ in (2.8). Note that v(z, R) = D for all
t € R, since u(t, -) and p(t, -) belong to H! (R). In fact, as we will see next, given ¢ > 0, there
exists K > 0 such that
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v(t,(—K,K))>D —¢ forallt €[0,T]. (3.10)
Let § > 0 be a small number specified later, then there exists x5 > 0, such that
lu(t,x)| <8 forall (¢, x) € [0, T] x ((—o0, —x5) U (x5, 00)), (3.11)

since u is Holder continuous and satisfies u(¢, ) € H'(R) for all ¢ € [0, T]. Pick ¥ € C*®(R)
such that

V() =v@), Yloxg=1  Vlx+lo=0 and ¥’ |j00)=<0.

Then

G(t,xs)—G(t,—X5+)S/lﬂ(x)dV(t)SG(t,X5+1)—G(t, —xs — 14),
R

which, combined with (2.8), yields

G, xs+1)—G@t,—xs —14+) > f Y (x)dv(t)
R

1
=/1//(x)dv(0)+//u(l,x)1ﬂ’(x)dv(l)dl
R 0 R

t

—//(Lﬁ —2pu)(l, )y (x)dxdl
R

0
= G(0,x5) — G(0, —x5+)

t
+//u(l,x)1/f’(x)dv(l)dl
0 R

t

—//(Lﬁ —2pu)(l, )y’ (x)dxdl.
R

0

Since supp(¥') C (=1 — x5, —xs) U (x5, x5 + 1), (3.11), (2.9), and (2.10) imply

t
/[u(l,x)l///(x)dv(l)dl <8T DY oo
0 R

and
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t
L[/w3—meme%m¢m1saTw?+memw
0 R

Thus, choosing first § > 0 such that §7' (8% + 2D) ¥/ |lco < %8 and thereafter K > x5 +1>0
such that

v, (—(K-1),K-1)=G0O,K-1)-GO,—(K—-1)+)>D — %8

yields (3.10).

Let ¥ € C*°(R) be a monotone increasing function such that ¥’ € C°(R) and ¢ (x) — 0 as
x — oo. Furthermore, denote by ¢ (¢, x) € CL([0, T] x R) the unique solution to ¢; + go, =0
with initial data ¢ (0, x) = ¥ (x) for some glven continuous function g(z, x) to be specified later.
Then, the function ¢> ¢ — ¢ belongs to CY([0,T] x R) and ¢(t 4, ¢x (t,-) € Co(R) for all
t>0,if ¢ € C®([0, T] x R) such that

Y (—00) forx <—-1-K,

b >0 d ¢@,x)=
0x = an ot ) {O for — K <x.

Moreover it can be shown that (2.8) also holds for ¢3, since C2°(R) is a dense subset of Co(R),
and hence

/qs(z,x)dv(z)=/¢3(r,x)dv(t)+/¢3(r,x)dv(t)
R R R

:/&@xmw0+/$@Jﬂwm
R R

t t
+//(¢3,+u¢3x)(1,x)du(l)d1—/f(ﬁ—zpu)éx(l,x)dxdl
0 R 0 R

=f$mxmwn—/émwmwm
R R

t t
—/[(q%+u<;3x)(1,x)dv(1)dl+//(u3—2pu)q3x(1,x)dxd1
0 R 0

+ / ¢ (0, x)dv(0)
R

t
+//(¢t+u¢x)(l,x)dv(l)dl— //(u3—2pu)qu(l,x)dxdl.
0 R

0 R
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By (3.10) and (3.11), the terms depending on ¢(z, x) can be made arbitrarily small by increasing
K, so that

/¢mxmwn=f¢wwmwm
R R

t

t
+//(u — 9o, x)dv(D)dl —//(u3 —2pu)px (I, x)dxdl, (3.12)
0 R R

0

where we also used ¢; + g¢, = 0.
Step 2: Proof of (3.9) Let x € R. Since u is Holder continuous with exponent one-half, there
exists a constant D such that

lu(t,x) —u(s, y)| < D(|t — 5|+ |x — yD"/*  forall (¢,x), (s,y) € [0, TI xR,  (3.13)

and, in particular
ut,x) <u(0,%)+ D( +|x —x)'/* forall (¢,x) €[0,T] x R.
Choose g (¢, x) to be the Holder continuous function
g(t,x) =u(0,%) + D(t + |x — x)/%.
Then g > u onall of [0, T] x R and g(0, x) = u(0, X). Moreover, let v € C°°(R) be a monotone
increasing function such that ' € C2°(R) and ¥ (x) — 0 as x — co. Then, it has been shown in
the proof of [17, Lemma 3.3], that ¢ (¢, x), the unique solution to ¢, + g¢, = 0 with initial data
¢ (0, x) = ¥ (x), is given implicitly through
$(1,6(1,2) = $(0,£0,) = ¥ (2),
where £(¢, z) is the unique solution to
§=g.8), §0,2)=z
In addition, the function &(z, -) is strictly increasing, continuous, and satisfies for # > 0 and z = x
T4 u(0, %) <&@, %) <X +u0, X)) + M3 (3.14)

for some positive constant M, which does not depend on the particular choice of x. Furthermore,

/qb(t,x)dv(l)=—/qu(t,x)G(t,x)dx
R R

= —/dﬁx(t, §(1,2)G(t,5(t,2))5:(1, 2)dz
R
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(P(1,5(t,2)))G (1,5, 2))dz

Al

(¢(0 £(0,2))G (1, &(1,2))dz

Y (2)G(t, £(t, 2))dz,

Il
%\ mo— %\
&

and

t t
/ / W = 2pu)py (I, x)dxdl = / / W = 2pu)(l, £ D)W (dz.

0 R 0 R

In addition, ¢, (¢, x) > 0, which, together with g > u on all of [0, T] x R, implies

1
//(u —2)ox(l, x)dv(l)dl <O0.

0 R

Thus (3.12) turns into

t
/(G(O, 2) = Gt &t DNV (2)dz < — / f(u3 = 2puw) (1, £, )Y (2)dzdl.
R

0 R

Since ¥’ can be any positive function in CZ°(R), we have

G0,z£) =G(1,8(t,2)%) — /(u3 —2pu)(, &, z))dl,

where the integral on the right hand side is well-defined, since u is Holder continuous and p is
a function of bounded variation along the Lipschitz continuous path # — (¢, £(, 7)) in the sense
of Definition 2.3 (vi). Choosing z = x and recalling (3.14), we obtain

G(0,%) < G(t, % +u(0, %)t + Mt>?) — /(u3 —2pu)(, &, X))dl.

Using (2.9), (2.10), (3.13), (3.14), and that p(¢, -) is Lipschitz continuous once more, it follows
that there exists a constant N > 0, independent of x such that

t t
- /(u3 —2pu)(l,£(, %))dl < — /(u3 —2pu)(l, % 4+ u(0,¥)\)dl + Nt3/?,
0 0
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and hence
t
G(0,%) < G(t, % +u(0, %)t + Mt>?) — /(u3 —2pu)(, X +u(0,X)D)dl + N:*/*. O
0

Given T > 0, we are now ready to show that Lemma 3.2 implies that y(¢, ¢) is Lipschitz
continuous on [0, T] x R and hence differentiable a.e. on [0, T'] x R.
Let

I(s,t,x)= /(u3 —2pu)(l, x +u(t,x)({ —1))dl, (3.15)
'

which satisfies, cf. (2.9) and (2.10),
(s, t,x)| <Cls —1],

for some C > 0. Furthermore, for any ¢ > 0, introduce the strictly increasing function L(z, -) :
R — R given by

Lit,x)=x4+G(t,x), (3.16)
which satisfies, according to Lemma 3.2
L(s,x +u(t,x)(s —1) — M(s —1)>*) = N(s — 1)*/?

<L, x)+1(s,t,x)+u(t,x)(s—1)
<L(s,x+ult,x)s—1)+Ms—0"H+Nis -0 3.17)

In addition, by (3.2),
L(t,5(t,0) <¢ <L(t,y(t,¢)+), forall(s,¢) eRT xR, (3.18)
so that choosing x = y(¢, ¢) in the first inequality in (3.17) and using (3.4) yields
L(s,5(t,0) + 0. §)(s — 1) = M(s = )*?)

<CHIG, 63+ U6 —1)+ Nis — )32
<L(s,5(s, ¢ +I(s, 1,5, )+ U, O (s — 1) + N(s —)¥H)+),

which implies

.+ U@, 0)(s —1) — M(s —1)>?
<TG LA, 6,30+ U, O — 1)+ Nis —1)3?)
<3G, ¢+ 1G5, 1,56, 0)) + U, 0)(s — 1)+ N(s —1)*/?,
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since L(t,-) : R — R is strictly increasing and y(¢,-) is Lipschitz continuous with Lipschitz
constant at most one.
Following the same lines, but using this time the second inequality in (3.17), yields

F(s, ¢+ 1G5, 1,5, ONFU(E, ¢ (s — 1)) — N(s — 1)*/?
<FEO+UE O — 1)+ M(s —1)Y/2

Thus we have shown that there exists a constant C > 0 such that

15,0+ 0@, O —1) = F(s, ¢+ (s, 8,5, )+ U@, (s =) < Cls — 112 (3.19)

An immediate consequence of this estimate is that y(¢, ¢) is Lipschitz continuous on [0, T'] x
R and hence differentiable a.e. on [0, T'] x R. Indeed, using (3.19) together with y(z, -) being
Lipschitz continuous with Lipschitz constant at most one, u satisfying (2.9) and (3.4), we have
that there exists another constant C > 0, such that

5.0 = F6. I SO +TE O —0) = (s, ¢+ 15,1, 5, )+ U, (s — 1))
F15(s. ¢+ 1(s. 1, 5. O) + U, £)(s — 1) — §(s. 0]
+10@, O (s — 1)
<C(s—tl+1z —n.

Instead of identifying a differential equation for y(¢, ¢), the remainder of this section will be
devoted to identifying an integral equation of a relabeled version of y(¢, ¢). To be more precise,
we show that there exists a mapping k(¢, £) such that

(O, U, V,H)(t,&) = (5,0, V, H)(t, k(&) (3.20)

satisfies

s

V(. 8) = y(1.£) + / Ul &vdl.

t

To identify a suitable function k(¢, £), we have a closer look at (3.19) and in particular, at the
expression

C+ 1G5, 0,5, 0)+ U, (s —1), (32D
which is an approximation of the solution to the ordinary differential equation
fill,&) =@ =2PU +0)(, f,£), 1>t

with f(z, &) = £. Motivated by this observation, we choose k(z, £) to be, if it exists, the solution
to

ke(t,€) = (U> =2PU + U)(t,k(t,€)) with k(0,&) =&. (3.22)
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Lemma 3.3. The ordinary differential equation (3.22) has a unique solution k(t, &) fort € [0, T].
Moreover, the function k(t, &) is Lipschitz continuous on [0, T] x R. In addition, for any t €
[0, T'], the function k(t,-) : R — R is strictly increasing and there exists a constant C > 0 such
that for any &1 < &

e e — &) <k(t,8) —k(t, &) < e (&2 — &). (3.23)

Proof. Definition 2.3 together with the Lipschitz continuity of y(¢, ) guarantees that the as-
sumptions of Carathéodory’s existence theorem, see e.g. [7, Chapter 2, Theorem 1.1], are sat-
isfied and hence, (3.22) has for each fixed £ € R at least one solution, which is absolutely
continuous. It therefore remains to show that there exists at most one solution to (3.22). Our
contradiction argument is based on the fact that for fixed & € R solving (3.22) is equivalent to
solving the integral equation

t
k(t,£) =& + /(173 —2PU 4 U)(I, k1, &))dl. (3.24)
0

Given & € R, assume that there exist two solutions ki(¢,&) and k,(z,&) to (3.24) with
k1(0, &) =k2(0, £). If we can show that the function

f@t,0)=U>=2PU0 +0)(1,7) (3.25)
satisfies

|f@t,0)— f@, | <Clt—n| forall{,neRandt >0, (3.26)

then we have for fixed £ € R,

t t
Ikz—kll(t,E)S/If(l,kz(l,é))—f(l,kl(l,é))ldlSC/Ikz—kll(l,é)dl,
0 0

and using Gronwall’s lemma, we can deduce that k» (¢, £) = k1 (¢, &) for every ¢t € [0, T].

Since U and f’, given by (3.4) and (3.6), are uniformly bounded due to (2.9) and (2.10), it
suffices to prove (3.26) for f replaced by U and P. A closer look at (3.2), (3.3), (3.16), and
(3.18) reveals that

FE, O+ G, 5(t,0) <3, 0)+ H(t, o) <5, 0) + G, 5, 0)+),

which is equivalent to
G(t,5(t,0) <H(,§) <G, 3, 0)+)
and hence
H(t,0)=0Gt,5(t,0)+ (1 —0)G(t,5(t,0)+) forsome o € [0, 1].
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This means especially, given ¢ € R there exist ¢~ < ¢ < ¢ unique such that

yE, ) =51, 8) =3, ¢7),
Ht, ¢ )=G@, 5@, ¢) and  H(t,¢T) =G, 5(t,0)+).

By the definition of D, we then have for any ¢; < ¢, such that y(¢, ¢1) # y(z, &2),

1U(t, &) — U, )l = lut, 5(t, &) —ult, 5, D)

<36 5.

<76 = 5. GG 5. £) — G 5. £

<56 =5 gy A o) - Bag)

<& -1 <h-a,

since b0~th y(t,-) and H (¢, -) are Lipschitz continuous with Lipschitz constant at most one.
For P(t,-) we can use (3.6) combined with (2.10) as follows

1P(1,82) = P(t, )] < I pa(t, oo 1302, 82) = 31, &0 < Clea = Gl (3.27)

where C denotes a positive constant. This finishes the proof of (3.26) and hence (3.24) has exactly
one solution.
Next, note that for any £ and n € R, by (3.26),

t

k(t, &) —k(z,m| <& —nl +C/ k(. &) — k(I mldl, (3.28)

0
and, by Gronwall’s inequality,
k(t, &) — k(t,n)| < e“'|& — n| for any ¢ € [0, T). (3.29)

Furthermore, P and U are uniformly bounded due to (2.9) and (2.10), and hence there exists a
constant C such that

|k(t,&) —k(s,&)| <Clt—s| foralls,te€[0,T]and ¢ €R. (3.30)

Thus (3.29) and (3.30) imply that k is Lipschitz continuous and hence differentiable almost
everywhere on [0, T] x R.

We show by contradiction that for each ¢ € [0, T'], the function k(¢, -) is strictly increasing.

Assume the opposite, i.e., there exists 7 € [0, T] and & < & such that
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k(t,&) <k(t,&) forallte[0,f) and k(&) =k(, &).

By (3.26),

n
—C/k(l, £) —k(l, E)dl +k(s, &) — k(s, &1) <k(T, &) — k(7, &),

forall 0 <s <17 and defining k(I, &) = k(f — [, &), it follows that

k(s, &) — k(s, &) < k(0, &) —1€<0,51)+C/1€<1,sz> —k(l, &),

0
for all 0 < s <. Applying Gronwalls inequality then yields
£ — & =k(f, &) — ki, &) (3.31)
< €L (k(0, &) — k(0, &1)) = e (k(7, &) — k(F, £1)) =0,

which contradicts the assumption &1 < &,. Thus, for each ¢ € [0, T'], k(¢, -) is a strictly increasing
function and (3.23) follows from (3.29) and (3.31). 0O

Thus, we have proven that k(z, &) defines a change of variables on [0, 7] x R through the
mapping

(t,8) = (1,0) = (1, k(1. £)),

which means that y, U, V, and H given by (3.20) are well-defined. Furthermore, we have, by
(3.24) and (3.15), for s > ¢,

k(t,8) +1(s,t,y(t,8) + U@, &) (s —1)

=k(s, &) — /(03 —2PU 4+ U)(1, k1, £))dl
t

N

+/<u3 —2pu) (L, (1, 8) + U, ) — D)l + U1, E)s — 1)
t

s

=k(s,§) —/u(l, y(l,8)) —u(t, y(z,§))dl

t

- / W —2pu)(l, y(1,&)) — (u® —2pu) (I, y(t, &) + U (t, &)(I — 1))dl.
t
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Recalling (2.9), (2.10), and (3.13) and observing that y(z, ) is Lipschitz continuous, since y (¢, ¢)
and k(t, £) are, we have

(2, &) — k(s, &)+ 1 (s, 1, y(t, &) + U (t,&)(s — )| < Cls — 1]¥/2, (3.32)

where C denotes a positive constant. Keeping (3.32) in mind and recalling (3.19) with ¢ = k(¢, &)
we end up with

N

|y<s,s)—y(t,s>—/U(z,s)du

t
<1y(s,8) =y, &) - U, §)(s —1)] +|/U(l,$) — U, §)dl|
t

<|y(s,k(s, ) — y(s, k(t,8) + 1(s,1,y(t,6) + U(1,§)(s — 1))
H 1y, k(. 8) +1(s, 1, y(1,8) + U, §)(s —1) —y(,8) —U(1,§)(s — 1)

+ Ifu(l, y(,8) —ult, y(,§))dl|
t

<Cls —t]’>. (3.33)

Thus for any Az > 0 such that NAr =s — ¢, we have, using (3.33),

s

ly(s,6) — y(,§) — f U, §)dl|
t
t+nAt

N
=Y brndn -~y +a-nane - [ vded
n=1 t+(n—1)At
N
<CY APP=CTAL'
n=1
Since we can choose any Af > 0, it follows that
S
ly(s,§) —y(,§) —fU(l,E)dll =0,
t
which means that y(z, §) satisfies for any £ € R the integral equation
S N
y(s,E)=y(t,$)+/U(l,€)dl=y(t,f§)+/u(l,y(l,$))dl- (3.34)
t t
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Here some observations are important. First, y(¢, &) is Lipschitz continuous and U (¢, §) is
Holder continuous with exponent one-half on [0, 7] x R. Thus we can write

y(t,85)=U,8) =ul, y,§)),

and in particular, y(¢, £) is a characteristic.
Second, introduce

P(t,€) = P(1,k(t,£)), (3.35)

so that k(z, £), given by (3.24) reads

t
k(. £) =& +/<U3 _2PU+ UYL, £)dl.
0

Then we can write, combining (3.3) and (3.20),

y(t,8)+ H(t,§) =k,§),

which yields, using (3.34) the integral equation,
s
H(s,é):H(t,$)+/(U3—2PU)(l,§)dl. (3.36)
t

3.2. The integral equation for U
Introduce
0(1,6) = 01, k(t, %)), (3.37)
where Q(t, ¢) and k(t, &) are given by (3.7) and (3.22), respectively. The goal of this section is
to show that

U(S,§)=U(t,$)—/Q(1,$)dl- (3.38)
t

According to Definition 2.3 (vii), one has for all ¢ € C°([t, s] x R) witht <s

N

//(u¢; + %uqux —pxqﬁ)(l,x)dxdl:/u¢(s,x)dx —/u¢(t,x)dx,
t R R R

but also here the set of admissible test functions can be enlarged. For example, the above equality
remains valid for
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1 JE) —
9(t.X) =~ (&)

&

where ¢ > 0 and v is a standard Friedrichs mollifier and hence belongs to C2°(R). Furthermore,
i [ (1. 00dx =utt (0.6) = UG5,
E—
R

and hence

UGs,§) - U, 8) = lir%/(mﬁs(s,X) —ude(t, x))dx
R

e—0

= lim / / (u¢g,z + %uqug,x — pxqﬁg)(l,x)dxdl, (3.39)
t R

where the above limit can be evaluated using the dominated convergence theorem.
Indeed, given ¢ > 0, introduce the function /, : [0, T] — R given by

1
1) = / s + 510 9ec — o) 0, V)dx
R

1
_ / s+ 51090, x)dx + / el x)dx
R R

= L1 () + L20).

Since ¥ is a standard Friedrichs mollifier, (3.34) and (2.9) imply that there exists a constant M,
independent of ¢, such that

supp ¢ (t,-) e [-M,M] forallt [0, T].

Recalling Definition 2.3 (ii), (2.9), and (3.34), we can therefore conclude that I 1(¢) is continu-
ous and hence measurable.

For I, »(t), on the other hand, we will show that it is a function of bounded variation on [0, T']
and hence measurable. Using Definition 2.3 (vi), (2.10), (2.9), and (3.34), we have for any finite
partition {#;} of [0, T] with #; < t;41,

M
D Mealt) = Iea(ti)| < Y| / (p(ti, x) = p(ti—1, X)) Pex (1i, X)dx|
i 0

i
M

+31 / P21 3) e (15.3) — e (1121 2))dx]

UV
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K. Grunert
<2, s TV
£ xe[—M ,M]
22 6 — 1.6
i
<C1+T).

Thus, I, is a measurable function on [0,T].
Next we compute the limit of I,(/) as ¢ — 0. Write

1
I.(I) = /(u¢s,t + Eu2¢a,x — pxe)(, x)dx
R

1 1 1.8)—
=5u<l,y(l,s))2/_2¢/(m> W
€ €
R
! 1 L)
- 5/(u(l,x> —ull, yU, &N =V’ (M) I
€ )
R

L (v -
) /(”*(”” — Py (MY (%) i
R

—px(,y(,8)
1 1,8) —
f(u(l,x) - u(l,y(l,g)))zg—zl// <¥) dx

1
2
1 [,&) —
- /(pxa,x) Pl Y E) Y (%) dx
R

—px(l,y(,§)).

For the first integral on the right hand side observe that F (I, -), given by (2.2), is absolutely
continuous and satisfies

lu(l, x) —u(l, y)| < |x —y|"2|Fl,x) - F{, )"/,
which implies

y(l’g)_x>dx
&

1
/(u(l,x) —u(l,y(l,&)))zg—zlﬂ/(
R

1
1
=2 U(w(l, Y, &) —en) —u(l, y(I, €)Y (mdn

1
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<|F(,y(I.,&) +e)—F, y(l,§) —¢)l

Since F (I, -) is absolutely continuous,

lim f(u(z,x> —ull, Y,y (M) dx| =0.
e—0 & &
R

For the second integral term on the right hand side, we can write

1 E) —
/(px(l’ﬂ — Pa(ly(t.ED) -y (W) i
R

1
= /(px(l, y(l,&) —en) — px(, y(I,E)) Y (mdn
1

< ?urf | [px(, y(L, &) +en) — pe (L, yU, §))I,
nel—1,

and, by (2.6),

1 JE) —
Sll_rg(l) /(px(l,X)—px(l,y(t,é)))?/f (W)dx =0.
R

Thus, recalling (3.37),
g%lg(l) =—px(l,y(1,8)=—0(,58).

A closer look at the above estimates reveals that we have shown in addition, that there exists
a constant M such that

|I,()| <M forall e >0and/el0,T].

Since T is finite, M can be seen as a dominating function and hence all assumptions of the
dominated convergence theorem are satisfied. Thus, by (3.39),

U(S,S)—U(t,§)=1in})/ls(l)dl=—/Q(l,é)dl,
t t

and the function Q(-, &) is integrable. Furthermore, we have due to (2.10)
[U@,§) —U(s,6)| <Clr —s|,

where C is a positive constant and recalling that U (t,-) and k(¢, -) are Lipschitz continuous, it
follows that U (¢, £) is Lipschitz continuous on [0, T'] x R.
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3.3. The integral equation for yg

So far we have shown that y, U, and H are solutions to the following system of integral
equations

t

V(t.8) = y(0.8) + / Ud, £yl (3.40a)
0

t
U, 8)=U(@0,8) — / 0. &)dl, (3.40b)

0

t
H(,&)=H(,&) + /(U3 —2PUY, £)dl. (3.40¢)

0

In addition, we have

V(1. 6) + H(t, &) = k(1. ), (3.41)

where k(z, &) is the unique solution to (3.22). As we will see next k(¢, £) does not only define
a change of variables on [0, 7] x R. In fact, for each r > 0 the function k(z, -) is a relabeling
function. Recalling Lemma 2.8 and Lemma 3.3 the claim follows if kg (¢, -) — 1 belongs to L%(R)
forall t € [0, T].

For x = (x1, x2, x3) € R3, denote by ||| the following norm on R3,

llxll = lx1] + |x2| + |x3].
Then, the vector Z = (y — Id, U, H) satisfies the following lemma.

Lemma 3.4. Given Z=(y —1d,U, H), & < é, and 0 <t <s <T, then

I(Z(s. &) — Z(s.8)) — (Z(1.8) — Z(1.))|
<O 1) |zt &) — 2@, 8)|

+ €SS [ U, )+ max UL, E) + P, &)+ P(,E)dlE — |, (3.42)
Eels.f)

where

1

P&)= / WOy 4 H (1, ). (3.43)

R
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Proof. Writing
1 ; £
01,6 - 0§ =—7 f (€708 — YN XD Uy + Vi) (1. )y
—00

o0
1 —
vy /(eya,@ OO (2 4 V(e
3

g
[(ey<r,n)—y<z,s> + ¥ EOYEMY (Uye 4 Vi) (2, n)dn,
£

ENI

and applying e’ — % < b (b — a) for a < b, yields
10(1,8) = Q(t, &) < (P(t,€) + P(1,8)|y(t, §) — y(t, 6)|

1 A - _
§€l§.8]

Furthermore, using (3.35) (3.27), and (3.20), there exists a constant C > 0 such that
|(U? =2PU)(t,&) — (U* = 2PU)(t, &)
<CIU@ &)y, &) — y(t,8)]
+ QU?(t, &) +2U(t,&) + P(t,ENU(t, &) — U(t, )|
<CUU@Eyt. &) -y, &)+ U, &) — Ut §)))

and hence, by (3.40),
|(Z(s,8) = Z(s,8)) — (21, &) — 21, )) |
s/sw(l,é) —UWHI+100,8) - 0,8
| —|—|(U3 —2PU)(I,§)—(U3 —2PU)(U, &)|dl

< c/ |2a.8) - za. &) al
t

s

+C [ U, &)+ max U*(1, &)+ P, &)+ P, &)dIE —&]
3 £]

’ €&,

<C|z@t.&)-z@.&|s—0
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+ C/ [(zW.&) —z(,8) — (Z@t, &) — Z(@t,€))| dl
t

s

+C [ U@ E|+ max U(1,E)+ P, &)+ P, E)dIE —&|,

. §€l§,8]

since
|yt &) =yt O < |(v(1.6) = &) = (v(t.6) = &) + € —&].
Applying to the above inequality a Gronwall type argument yields (3.42). O

In fact we have shown that each component of Z(s, -) — Z(¢, -) is Lipschitz continuous, and
hence we obtain as an immediate consequence the following corollary.

Corollary 3.5. Given Z=(y —1d, U, H) and 0 <t < s < T, then for almost every £ € R,
|Ze(5,8) = Ze @, 6)] < 7" = 1) || Ze,§) |

1 CeCl=D) / U, &)+ U2(Z,E) +2]3(I,E)dl,
1

where P is given by (3.43).

Since the above estimate holds pointwise almost everywhere, we obtain the following norm
estimates as a consequence.

Lemma 3.6. For p=2and p=00, 0<t <s <T, and f equal to y: — 1, Ug, or Hg, there
exists a constant C > 0 such that

1 G, ) = F 9, < CeC Dyt ) =1, + [ Us @, )], + | Her, )], + s = 1)
and
1@y < C(|ye©,) = 1], + U0, )], + [ He 0, )], +0).

Proof. Without loss of generality we assume that f = ys — 1 and r =0.
Observe that by (3.40c)

glim H(t,6) = lim HO,6)=v(0.R), (3.44)

and hence, by (3.41) and (3.24),
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A 1
0<P(.8) <5 / e EOYEDI g (¢, m)dn
R

5ezny(r,»—ldnoo/e—@—n\Hg(t,,,)dn
R

S62<uk(r,~>—1dn+Hoo>/e—h;*—mHg(t,Wl,}
R

< c/e—‘f—"'Hsa, ndn,
R

which implies that there exists a constant C > 0 such that
Hﬁ(t, )H <C, forallre[0,T]and p =2, 00, (3.45)
p
due to Young’s inequality. For U, (2.9), (3.41), (3.23) and (3.44) imply

1U, )13 < eC'(

Uy, + |02 ) e e ) e < €,
so that

U@ )Il, <C, forallze[0,T]and p=2,o00. (3.46)

Keeping these estimates in mind, Corollary 3.5 implies

[yets.) = 1], <3¢ (lye0.) = 1], + [Us 0.0, + | He 0. )] )
—i—CeCS/IIU(l, .)||,,+HU2(1,-)H +2Hﬁ(l, )H di
, p p

< Ce®([y:0.) =1, +[U£ 0. )], + [ He 0. )], +9).
and ys(s,-)—1¢€ L%(R). The other inequality follows now immediately from Corollary 3.5. O
Turning our attention back to k(¢, £), we have that for r =0, k(0,&) =& and k£ (0,-) — 1,
¥¢(0,) —1, U (0, -) and H (0, -) belong to LY2R)NL*®(R). Fort € [0, T], it now follows, from
Lemma 3.6 that ys (¢, ) — 1, Ug (¢, -), and He (¢, -) belong to L2(R) N L®°(R) and especially
ke(t,) —1=ye(t,)+He(t,")— 1€ L*R)NL>®(R) forallsel0,T].
Thus for every ¢ € [0, T'], k(¢, -) is a relabeling function and hence (y, U, V, H)(t, -) belongs
to F.
Finally, we can turn our attention towards the integral equation for y (7, §). Since y(7,§) is a

solution to (3.40a), we can write for any r < s and any & < £
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S

+/(U(l,§) —U(1LE) = U@ & —-U@§))dl,

t

which yields the following inequality, when applying (3.42), dividing the whole inequality by

& — & and taking the limit as § — &,

|ye (s, €) — ye(t, &) — Ug (1, €)(s — 1)
<6 (s — )| Ze(1, )|

+Cec(€—t)(s_t)/|U(l’s)|+U2(l’§)+2ﬁ(l,$)dly
t

which is valid for almost every & € R. We therefore have, using Minkowski’s inequality for
integrals, for p =2 and p = oo, Lemma 3.6, (3.45), and (3.46),

[vs(s.) = yet.) = U, ) s =), < C(s = 0)%. (3.47)

Using once more Minkowski’s inequality for integrals, we can also conclude that for any ¢ < s,

s

Ve(s, ) — ye(t,-) — / Us(l, )dl € L*(R) N L®(R).

t
Thus for any At such that NAt =s — ¢, we have, by Lemma 3.6 and (3.47),

s

yé(sv) _yé(t’ ) _/Uf(lf )dl

! P
N nAt
<> |y +nAt ) =yt + (= DAL — / Us(t +1,-)dl
n=1 (n—1)At

p

™M=

<) Iyt +nar ) =yt + (= DAL ) = AtUe(t + (n = DAL )|,

n=l1

N nAt
+Z / Us(t+1,-) = Us(s+(n—1)At, -)dl
n=11, 1A p
N nAt
<CTAt+) / |Vt +1,) = Ut + (0 = Dz, )| di
n=l, 1A
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<CAr.

Since we can choose any At > 0, it follows that

N

yg(s,)—yg(t,)—/Ug(l,)dl =0,

! p
which means that yg (¢, -) — 1 satisfies the following integral equation in L*(R) N L*®(R)

s

Ve(s.6) = ye (1, £) + / U, £)dl. (3.48)

t

3.4. The integral equation for Ug

Since U (¢, &) is a solution to (3.40b), we can write for any ¢ < s and any § < é,

U(s,§) = U(s,6) =U1,6) —U,8) — / 00,5 — 0, §)dl. (3.49)
t

Since we want to follow the same lines as for deriving (3.48), we need to have a closer look at
the integrand. Using integration by parts, Q(¢, &) can be written as

1 L[ _ _
Q&) =—3V(.6)+ / e PO QUUE + Vye) (¢t m)dn
R

_ _%va,@ + P8, (3.50)

We have shown earlier that the functions y, U, and H are Lipschitz continuous on [0, 7] x R,
which implies that yg, Ug, and Hg are measurable and belong to L°°([0, T'] x R). Thus, the set

S={(r,§) [0, T] xR yg(r,§) =0}

is Lebesgue measurable, which implies that 15(z, £), the indicator function of S, is measurable.
Thus also the function

Ve(r,8) =1sH:(1,6)

is measurable on [0, 7] x R. Moreover, according to Tonelli’s theorem, see e.g. [8, Proposition
5.2.1], the function

£ / Ve, §)dl
t
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is measurable and for all £ € R

& s s & s
/ng(l,n)dldn:/ f Vg(l,n)dndl=/V(1,£j)d1.
t —o0 t

—0o0 t

Consider now the function

E 5
g(6) = / / Vel mdidy = / VL&),

—00 t t

which is increasing and Lipschitz continuous, and hence differentiable almost everywhere with
derivative

s

ge(€) = / Ve(l, £)dl € L2(R) N L®(R),

t

so that we can write

N N

s i | i ) i )
/ 0.8 - 0. &)l =~ / VILE) - VU, E)dl + / PULE) - B, &)dl
t t t

S

| R v .
=—§(g(é‘)—g(é))+/P(l,$)—P(l,E)dl- (3.5

t
For the difference involving P, we use the following splitting

&
. - v 1 £
P(l,E)— P(,£) = Z(ey“f)—y(ff) - 1) / =D QU UL + Vye) (U, n)dy

—00

o
1 —
+ Z(E.V(I,E)—Y(I,E) -1 / ey(l’g)_y(l’")(ZUUg + Vye)(d, mdn
3

B—

£
+ /(62)’(1"7)—)’(175)—)1(1,5) _ l)ey(l’é)_y(l’n)(ZUUg + Vye)(d, mdn
&

3
1 WE By B yln)—

+ /(eya,sm(z,@_ey(r‘s) Y08 DY QU U + Vye) (L, n)dn
—0oQ
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o0
1 . . _
n Z/(ey<lf>—><lf) MBI YO QU 4 Vye) (L, n)dn.

&
(3.52)
Furthermore, for any ¢ € [0, T'], Definition 2.6 (vii) implies
[UU(t,8)| < Ve(t,6) < He(¢t,&) foralmostevery &£ e R (3.53)

and hence there exists C > 0 such that

41P(1,8)| < /e—‘ﬂ’f)—y(”")'(zﬂg +2Hye)(t, n)dn < C,
R

so that, by (3.49), (3.51), (3.52), (3.41), (3.23), and (3.42),
_ _ 1 _
(U(s,86)—U(s,8)— U@, 8) —-U,8)) — E(g(é) —g(&))

s &
1 —
+Z(ey(z,s>—y<t,5)_1)/ / DO QU + Vye)(, mydndl

t —o0

s 00
1 Ey_+
+ Z(e)’(ﬁé)—}'(ff) -1 //ey(l’g)_y(l’")(ZUUg + Vye) (I, n)dndl
)
&

s

:
< %//|62y<l,n)fy(1,s>fy(z,é) 11X O 2V, 4 V), )dndl
:

t

s &
1 (1 E z '
+Z/ / Y LOYLE _ e =yCD DO 2, 4 Hye) (T, m)dnd]

r —0o0

s o0
1 E . _
+Z//|e><z,s)—w,5)_eya.,s) YO COYID QO H, 4 Hye) (I, mdndl
/)
3

s £
5%//(y(l,g)_y(z,g))ey(”@*y(ls")(zvg+Vyg)(l,n)d'7dl
tog

+C f (1L E) = y(1. &) — ((1. ) — y(t. &) | et *EO—KTLE g
t
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<c / k(L. E) — k(l, )k DHCOGYE _ g
t

+Cs = 0@ — D)\ Z(1, &) — Z(1,)(|CEH

S

+C(s =06 [ U, &) + max U1 E)+ P(l.&) + P, E)dleCED|E — g,

’ §elé.£]

Dividing now both sides by & — £ and taking the limit as £ — £, we end up with

1 N
Ug(5,8) = Ue (1, 8) — 5 / Vel &)dl

t
1 S
-3 f / sign( — me” YEOYED QU UL + Vye) (U, n)dndlye (1, €)|
r R
< C(s — )2 Ze (1, )|

+C(s—t)eC(S_’)/|U(l,§)|~|—U2(l,§)+213(l,5)dl.
t

Furthermore, integration by parts yields

/ sign(& — me~ VO QUL + Vi) (1 mdn = 2(U% —2P) (1, €),
R
and we can write

S s

1 1
|Ug(s,8) — U (1, 8) — E/Vg(l,é)dl— E[(U2—2P)(l,5)dlyg(t,<§)l
t

t

<C(s — )% Ze (1, 8)|

+C(s —1)e€ / \U(, &)+ U, &)+ 2P, &)dl.
t

Taking the L? norm for p =2 or p = oo on both sides, applying the Minkowski inequality for
integrals and recalling Lemma 3.6, (3.45), and (3.46), we finally have

Ue(s, ) — Ug(t, -) — %/ Ve, )dl — %/(UZ —2P)(1, )dlys(t, )| <C(s —1)>.
t

t p
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Using once more Minkowski’s inequality for integrals, we can also conclude that for any ¢ < s,

N

Ue(s, ) — Ug(t, ) — %/ Ve(l, )dl — %/(U2 —2P)ys(l, )dl € L*(R) N L™ (R).
t t

Thus for any At such that NAt = s — ¢, we have using Lemma 3.6 once more

N S

1 1
Ue(s,) — Ug(t, ) — 3 / Ve, )dl — 5 /(U2 —2P)ye(l, -)dl
t t P
N
<D WUt +nAt, ) — Ut + (n — DAL, )
n=1
| nAt | nAt
-5 / Vet +1,-)dl — 3 / (U? =2P)ye(t +1,)dl|
(n—1)At (n—1)At
N
<Y WUt +nAt, ) — Ut + (n — DAL, )
n=1
! nAt ] nAt
-5 / Vet +1,-)dl — 5 / (U =2P)(t +1,)dlys (t + (n — DAL )|
(n—1)At (=D Ar
N nAt
+ Z 3 / (U2 =2P)(t 41, ) (et +1,-) — ye (t + (n — 1) At, -))dl
n=L1 A »
N nAt
< CTAt+CZ / [ve(t +1.) — ye(t + (n — DA, -)||pdl
n=lp 1)Ar
< CAt¢.
Since we can choose any Ar > 0, it follows that
1 1]
Ug(s,) = Ug(t,) = 5 / Ve(l,)dl — 5 /(zﬂ —2P)ys(l,)dl| =0,
t t

P

which means that Ug (¢, -) satisfies the following integral equation in L%(R) N L*®(R)

1 P 1 h
Lux@=%ma+5/%¢9m+§/wﬁam%@@ﬂ
t t
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3.5. The integral equation for Hg
Since H (t, £) is a solution to (3.40c), we can write for any s < ¢ and any £ < £,
N
H(s,) = H(s,§) = H(t,§) — H(1,§) + /(U3 —2PU)(,§) — (U? —=2PU)(1, §)dl
t

+(U(t,&) = U(t,£))

x f(U2<l, EY+UWEUWE) + U1, &) —2P(,E)dl
t
—2f<P<l,§> — P ENU,E)I
t

+/(U%L§)+U(L§)U(l,§>+U2(l,s) —2P(,&))
t

X (UL, §) —UW,8) —(U,§) = U, €)dl.

Observing that P and I3, given by (3.35) and (3.50), have the same structure, we can use a similar
splitting to the one for P in (3.52) and obtain, using (2.9), (2.10), Definition 2.6 (vii), (3.23), and
(3.42),

((H(s,§) — H(s,8) — (H(t,€) — H(t,§))

- (U, &) - U(hf))/(Uz(l,é) +UWLEUIE + U, E)—2P(1,&))dl
t
1 . r S
+ E(EY(T,%’)—)’(I,E) -1 / U, ) / ey(l,'?)—y(lw’,*)(U2yS + Ve)(l, n)dndl
t —00

s o0
1 £ ’ _y
+ 5(e-V<’~‘5>—y<”‘f> .0 / Ud, ) / O 2y 4 VYA, n)dndl|
i i
s

SfZ(Uz(l,é) +ULE +PLENUWLE -UAE) — U@, —UE,)ldl

1
s )

+C / f (&) =y, €0 EOYED W2y + Vi) (U, mdndl
[
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* C/ (1L E) = y(1. &) — (y(2. E) — (1., £))|™etsan *EEO—RTEN g
t

N

< C/ |(z.&) - za.8) — (2. &) - 2. £)) | al

t
s £
+C/(k(l,§)—k(l,é))/2V§(l,n)dndl
! £
e S R PACNI VAR

N

+CeCC (s —1) [ U &)+ max U1, E)+ P, &)+ P, E)dI|E —&|

£€lé.§]
t

s 3
+C /(k(l, ) —k(,£) / 2Ve (I, mdndl.
! 3
Dividing now both sides by & — £ and taking the limit as £ — £, we end up with

IHg(S,S)—Hg(t,é)—f3U2(l,E)—2P(l,$)dlUg(t,E)+2fQU(l,E)dlyg(t,E)l
t

t

<C(s—1)? |2z, 9|

+CeC(s—t)(S_t)/|U(l’§)|+U2(l’§)+2]3(l,.§)dl.
t

Taking the L? norm for p =2 or p = oo on both sides, applying the Minkowski’s inequality for
integrals, recalling Lemma 3.6, (3.45), and (3.46), we finally have

N

[te.6) = Hetr8) — [ 30%0.6) — 2P 01U,

t

s
2 [ ouapaio] <ce-n
J p
Using once more Minkowski’s inequality for integrals, we can also conclude that for any ¢ < s,
N
Hg(s,) — Hg (1, ) — /(SUZUE —2PUs —2QUys)(, )dl € L*(R) N L®(R).
t
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Thus, for any At such that NAr =t — s, we have using Lemma 3.6, (2.9), and (2.10) once

He(s,) — He (1) — /(3U2U§ —2PUs —2QUye)(l, )dl
t

p
N
= Z |Hg (t +nAt,-) — He(t + (n — DAz, -)
n=1
nAt nAt
- / (BU? —2P)Us(t +1,)dl 42 / QUys(t +1,-)dl]l,
(n=1)At (n—1)At
N
<> N He(t +nAt, ) — He(t + (n — DAL, )
n=1
nAt
— / BU? =2P)(t +1,)dlUs(t + (n — 1)At, -)
(n—1)At
nAt
+2 / QU(t +1,)dlys (t + (n — D)At, )|
n—1)At
N nAt
+20| [ GUP-2Pe W1 = UG+ = Dl
n=11, 1At »
N nAt
+Y 2 / QU(t 41, )(ye(t +1,-) — ye(t + (n — 1) At, -)dl
n=l o DHAr »
N nAt
<CTAt+CY’ / |yt +1,) =yt + (= DAL i
n=lg,_")ar
N nAt
+CZ / |Ue+1,) = U@+ (n—1)At, -)||pdl
n=l, 1A
<CAt.
Since we can choose any Ar > 0, it follows that
s
Hg(s,-) — He(t,-) — /(3U2Ug —2PU; —2QUye)(, )dl| =0,
t
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which means that H (¢, -) satisfies the following integral equation in LY(R) N L®(R)

He (s, &) = He (1, €) + /(3U2U§ —2PUs —2QUye)(1, £)dl.
t

3.6. The final step in the proof of Theorem 3.1

So far we have seen that (y, U, V, H) are solutions to the system of integral equations corre-
sponding to (2.11a)—(2.11c¢), (2.13), (2.14), and (2.15a)—(2.15¢) with

&
Vit é)= / LigeR|ye r.6)20y (M) He (2, m)d .

—00

Thus it remains to show that V (¢, &) satisfies (2.11d) on [0, T] x R, i.e.,

&
V(&)= f(l — Ligje )<y (M) He (2, m)dn. (3.55)

—00

Introduce
Q)={5 eR|ye(t,§) =0o0r y(z, &) is not differentiable},
then (3.55) holds if and only if
Q@) ={&| (&) <rtory(t &) is not differentiable}  for all ¢ € [0, T].
Furthermore, by (2.12), it suffices to show that for any s, ¢ € [0, T] with < s
& € Q(s) for almostevery & € Q(z).
The function f’(l, &), given by (3.50), can be written as p(z, y(z, £)), where

5 L QPR
P(t,x)=z e Cuuyx + F)(1, y)dy,
R

with derivative

v 1 . e
Dx(t,x) = ~2 / sign(x — y)e lx y'(2uux + F)(t, y)dy.
R

Moreover,

||, <v@E.R)<v(0,R)=C forallz€l0,T],
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which implies that for any £ < &
|P(t,E) = P(t,8)| = p(t, y(t,8) = p(t, y(t, )| < Cly(t, &) — y(t, &).
Thus, by (3.50)
_ 1 _ _
10, 8) = Q. §) + 5 (V(1.8) = V(. H)| = Cly(t. §) — y(. ). (3.56)
Next we establish that for any s > ¢,

U:(s,§) >0  for almost every & € Q(r).

Let & < & and recall the integral equation (3.40b), which combined with (3.56) yields

s

_ _ 1 _
—WUs.8) - U 8) =—UE§) - UE6)) -5 / V. &) =V, §dl
t

s

+C/y(1,§)—y(1,g)d1, 3.57)

t

where the first integral on the right hand side is negative.
Using once more (3.40a)—(3.40b) and (3.56), we obtain for any r <[ <s

VL E) = y(LE) = (1. B) = (1. E) + (= DU (1, E) — U1, )
I m
—//Q(n,§>—Q<n,s)dndm
t t
< (1 B) = y(1.8) + (= DU By = U1, 8))

I m
+%//V(n,§)—V(n,g)dndm
t ot

I m
+C//y(n,§)—y(n,§)dndm
t 1t
<y(t,&) =yt &)+ (s — DU, &) —U®E,§)

+ %(s —t)/ V(n, &) —V(n,&)dl
t

l
+C(s - t)/y(n,é) —y(n,&)dn,
t
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which implies, using Gronwall’s inequality,

YAE) =316 = eI (31, E) = (1. 6) + 6~ DU, E) — U, )
1 [ .,
+§(s—t)/V(n,$)—V(n,§) n).
t

Plugging now this very last inequality into (3.57), we end up with

~(U(s.8) ~ U(s.6) < —~(U.5) — U(t,§) + CeC (s =0 |U (1, 8) — U1, 6)]

+CeC (s — ) (y(t, E) — ¥ (£, )
- %(1 — CeCOD (5 t)z)/ V(,E)—V(l, &)dl
t

<—(UWE —U@1,5)+CeCO (s =2 |U G, E) = U 1,6)]

4+ CeCOD (5 — 1) (y(t, E) — y(t, £)),

if CeCl—1? (s — 1)? < 1. Dividing now both sides by & — & and taking the limit as & — &, we
finally have for almost every & € R,

—Ue(s,§) = —U:(1,8) + CeCo= (s — D((s = DIV (t, )| + ye (1, 8)).

For & € Q(t), the right hand side of the above inequality equals 0, and hence we have shown that

Us(s,€) >0 for almost every & € Q(z). (3.58)

Furthermore, by (3.40a), Definition 2.6 (vii), (3.41), and (3.23),

N

y(svg) _y(s,f) =)’(19§) _y(tvé)—i_/U(l’é) - U(lss)dl
t

N

<y(t,8) —y(@,§) +/k(l,§) —k(l,8)dl
t

N

sy(r,§>—y<r,s>+/eM’d1<é—s>

t
_ 1 _
=y(t, &) — y(t, &) + M“MS —eMhy(E —¢)

<y, &) —y(t,&) + (s —)eMT (£ —¢).
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Dividing now both sides by £ — £ and taking the limit as & — &, we finally have for almost every
£ eR,

Ve(s, &) < ye(t, &) + (s — )M,

Choosing now & € Q(¢) in the above inequality, we end up with

Ve(s,€) < (s — NeMT  for almost every £ € Q(t). (3.59)

Finally, we relate yg (¢, &) to the pair (u, v)(#). Therefore pick a relabeling function g, then
the mapping L, : D — F given by
V(&) =sup{x | x + v((—00, x)) < g()},
HE) =) = 5(&),
UE) =u3E)),

) H
Ve = [ rid@dz= [ feiesemmd
—0Q —0Q0

associates to each element (u, v) a quadruple (y, U , \7 H ). Furthermore, a closer look at Defi-
nition 2.9 reveals that

Lg((u,v)) = L((u,v))eg,

ie., L and L, map to the same equivalence class, but different representatives, in Lagrangian
coordinates. In addition, most of the properties of L carry over to L,. In particular, choosing
g(&) =k(t,&), we have Ly, ((u(),v(®)) = (y,U, V, H)(t). Furthermore, one can establish
as in the proof of [19, Theorem 3.8] that for almost every & either y:(¢,&) = U (¢,§) =0 and
Y(1.) € Supp(vsing (1)) or U (1. £) = u (1, y(1,§)) ¢ (1. £) and

(w51, y (1, E))ye (1, §) = ke (1, £). (3.60)

Moreover, one has for almost every & that u,(t, y(z,&)) > O implies Ug(z,&) > 0, while
uy(t,y(t,8)) <0 yields Ug(t,&) < 0. Recalling (3.60), Lemma 3.3, and (2.1), it follows that
if Ug(t,&) > 0, then either

—Mt

Vet £) =0 or y£(t,£)> ——— > 0. 3.61)

1+ D2

Comparing now (3.59) and (3.58) with (3.61) yields that all of them can only be satisfied if for
allt <s

ve(,6)=0 1implies y:(s,§)=0 for almostevery § € R,
which is equivalent to £ € Q(s) for almost every & € Q(z).
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To complete the proof of Theorem 3.1 one observation is important. When deriving a lower
bound on Ug(t, ) in this section, we encountered for the first time a condition on the choice

of T, namely CT2eCT” < 1, where C = v(0, R) and hence independent of time. Thus we have
so far only shown that on a small time interval [0, T] the solution (u, v) coincides with the
dissipative solution constructed in [15] and hence is unique. But the above argument can be

carried out on any interval [T}, T>], whose length T» — Tj satisfies C(T> — T1)2C M- _
so that considering the chain of intervals [0, T], [%T, %T], [T,2T], [%T, %T], ..., finishes the
proof of Theorem 3.1.
4. Uniqueness of weak dissipative solutions u

The set D of Eulerian coordinates equipped with the equivalence relation given by Defini-
tion 2.2 allows to identify each u € H} (R) with an equivalence class in D. If the solution operator
from [15], which associates to each pair (1g, vp) € D the corresponding unique weak dissipative

solution (u, v), see Theorem 3.1, respects this equivalence relation, the following result holds.

Theorem 4.1. For any initial data ug € Hu1 (R) the Camassa—Holm equation has a unique global
weak dissipative solution u in the sense of Definition 2.5.

It therefore remains to prove the following lemma.

Lemma 4.2. Given two weak dissipative solutions (ua,v4) and (up,vp) with initial data
(40,4, v0,4) and (uo, g, vo,B) in the sense of Definition 2.3. If

uo,A = Uo,B, 4.1)
then
ua(t)=up(t) forallt=>0.
Proof. It suffices to prove the claim for dvp 4 = (u%’ a4t u% A,X)dx, which we assume from now
on.

Let L((uo.i, vo,i)) = (¥o,i» Uo.i, Vo.i» Ho,;) fori = A, B. We claim there exists an increasing
and Lipschitz continuous function g such that

(vo,a08,Upa0g,Vo408)=(y0.8,Uo5,VoB) 4.2)
Since Vo 4 = Hp, A,
¥0,4(8) + Vo,a(§)=¢& forall§ eR.
For Vp (&), on the other hand, we have that
Vo.8,6 (&) = Ligiyg pe @20y (E)Hops(§) forall§ eR, (4.3)
which implies that
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y0,8(8) + Vo,8(§) = yo,8(5) + Ho,p(§) + Vo,8(§) — Ho,p(§)

H
=& - / (1 = Lz )yg e )01 (M) Ho, Be (Mdn,

—00

where the function on the right hand side is increasing and Lipschitz continuous with Lipschitz
constant at most one. Introduce

&
g&) =& — / (1= Lie1y0 56120 () Ho, 5.6 (1), (4.4)
then
Y0.8) + Vo.p(8) = 8(6) = you(gE) + Vou(g(®) forall E€R.  (4.5)

Having identified a candidate for the function g we are looking for, it remains to show that
(4.2) holds. If yo,ao o g # yo.B, then there exists a & € R such that yp 4(g(§)) # yo,5(§) and
without loss of generality we assume

¥0,4(8(8) < yo,5(8). (4.6)
Definition 2.9 implies that
yo,i (§)
Vo.i(8) = / (uy; +uj,;)dx forallé eRandi=A,B,
—0o0

which combined with (4.1) and (4.5) yields

y0.8(5) y0.8(&)
/ (5,4 + 15,4, )dx = / g p + 5 p )dx = Vo p (&)
—00 —00
¥0.4(g())
<Voa@= [ Wha+idaoar
oo

Since the above inequality can only hold if yo g (é) < Y04 (g(é)), we end up with a contradiction
to (4.6). Thus yo,4 o g = y0.B, V0.4 0 § = Vo, B, and, by Definition 2.9,

Uo,a 08 =1u0,40y0,408=1uoaoYyo,5=1uosoy,s=Usg,
which finishes the proof of (4.2).
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Next, we show

(ya, Ua, Va)(t,8(8)) = (yp,Up, Vp)(t,§) forall§ eRand r =>0. 4.7

The function g, given by (4.4), is increasing and Lipschitz continuous, and hence differen-
tiable almost everywhere with derivative

0, ifeées,
=14+ W — H = 4.8
ge(§) Vo, B¢ 0,8.£)(&) 1. otherwise (4.3)

where

S={eeR|yope() =0} 4.9)

Furthermore, for every t > 0, the functions (y4 (¢, -), Us(t, -), HA (%, -)) are Lipschitz continuous,
which implies that also V4 (¢, -) is Lipschitz continuous, since

[Va(t,61) — Va(t,62)| < |Ha(2,61) — Ha(t,&2)|  forall §;,8 € R,

and hence

(a(t, g(E)))e = (Ua(t, g(E)))s = (Va(t, g(§)))e =0 for almost every & € 3.
Finally, by (4.9), (2.15), and Definition 2.6 (vii), we have
(ya(t,86)))e =0=yp:(,$§),

Ualt,8(8)) =0=Up(1,8),
(Va(t,8(6))e =0=Vpe(1,5),

for almost every & € S.
Next, introduce the set

Z=8U {& e R | yo,p or g are not differentiable},

which satisfies meas(Z) = meas(S). Then the definition of S and the fact that g is Lipschitz
continuous imply that meas(g(Z)) = 0. Furthermore, yg 4 is differentiable almost everywhere
on g(Z)¢ and hence

(v0.4(8(&))e = y0,4.5(8(6))8:(§) = yo..£(§)  for almost every § € Z¢.

To finish the proof of (4.7) a generalized relabeling argument as for showing [18, Proposition
5.4] can be used, which we do not repeat here.

Finally, we can apply the mapping M to go back to Eulerian coordinates as follows. Let
(t,x) e RT x R, then there exists £ € R such that
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ya(t,g6)) =x=yp(t,§),
and hence
ua(t,x)=Uxa(t,g&)=Up,§)=up(t,x). O
Data availability
No data was used for the research described in the article.
Appendix A. A peakon-antipeakon example
Over the last 20 years the so-called peakon-antipeakon solution has attracted a lot of attention,
since wave breaking occurs and the weak solution cannot be uniquely continued thereafter, see,
e.g., [22,15,16]. Moreover, this solution can be computed explicitly and hence is a rich source of
inspiration when developing analytical methods as well as numerical algorithms.
Given p(0) > 0 and ¢(0) <0, let
(0, x) = p(0)(e P 7ION — o ~h+a Oy, (A1)
and set
D* = p*(0)(1 — ¥ ).
Denoting by t* > 0 the time when wave breaking occurs, which is given by
1 0)+ D
t* e — ln & s
2D p0)—D
the dissipative peakon-antipeakon solution with initial data (A.1) reads

) p(0)(e7 P10l — e=lta®ly (7, x) €0, ) x R,
u(t,x) = .
0, otherwise,

where p(t) > 0 and g (¢) < O are given by

_D1+62D(t—z*) d _ 2eD(z—t*)
P =D ape=m  and g =In{ =55 |-

In particular,
lim u(t,x) =0 forallx eR
t—>t*

and u(z, x) is continuous on R™ x R (Fig. 1).
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Fig. 1. Plot of the function u(z, x) for r € [—1,1.5] with * =1 and D = 1. Note that the time axis has a different
orientation than usual.

The function

X

Ft.x) = / @ +u2)(t, )dy,

—00
which is given by
D2(1 — ¢24())e2(x=q(®) x<q(@),
2D? 4+ 2p2(1)e?® sinh(2x), g(t) <x <—q(t), tel0,t),
F(t, .X) = 2 2 2, _
4D? — D?(1 — 21 D)e=26+a@) - (1) < x,
0, 1 €1, 00),

is not continuous, since

0, 0,
limF(,x=1", >~
¥ 4D“, 0<x.

A closer look reveals that F (¢, x) is continuous on (R x R)\ H and F (¢, x) has a jump of height
4D? when crossing the half line H, which is given by H = {(¢t*, x) | x € [0, 00)}. In addition,
observe that for each t € R™, the function F(z, -) is absolutely continuous (Fig. 2).

Also the functions p(t, x) and p (¢, x) can be computed explicitly. For any ¢ € [0, *), the
function p(t, x) is given by
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Fig. 2. Plot of the function F(¢,x) for t € [—1,1.5] with t* =1 and D = 1. Note that the time axis has a different
orientation than usual.

L D px+q() _ 9p2—q(1) 4 3x—q(0))

420
—3(p*(1) — DHe* (sinh(q (1)) +sinh(Bq (1)),  x <q(1),
4

% p?(t) (e10—x 4 gxta(0)

p(t,x)= +3(p?(t) — D?)( —2cosh(2x) — 2
+cosh(x)(3e9) +2e4M) — 340)) - g(1) <x < —q(1),
D_4(e,x+q(t) — e 20x+q(0) 4 3ef(x+q(t)))’

—3(p*(t) — DHe™* (sinh(g (1)) + sinh(3g (1)), —q (1) <x,

while

p(t,x)=0 forall (¢, x) € [t*, 00) x R.

Furthermore,
lim p(z, x) = D?e X!,
tpe*

which implies that p(z, x) is continuous on (R* x R)\L and has a jump when crossing the
line L = {(t*, x) | x € R}. Observe that while F (¢, x) only has a jump along the half line H
starting at the point (t*,0), p(t, x) has a jump along the line L. Furthermore, for any € R™,
the function p(t, -) is continuous. Moreover, it can be shown that for each Lipschitz continuous
curve o (¢t) : [Ty, Tr] = R with 0 < T} < T, < T, the function g(¢) = p(¢, o (¢)) has at most one
jump at t =t* and is a function of bounded variation (Fig. 3).
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Fig. 3. Plot of the function p(¢, x) for t € [—1,1.5] with #* = 1 and D = 1. Note that the time axis has a different
orientation than usual.

For any ¢ € [0, t*), the function p, (¢, x) is given by

%pg_;)(exw(t) — 42040 4 354 (1))
—3(p*(t) = D?)e* (sinh(q(1)) + sinh(3q (1)), x <q(1),

I DY pq—x 4 pxtq()

0]
px(t,x)=1  +1(p*(t) — D*)(— 4sinh(2x)
+sinh(x)(3e 79" 4 267 — £31(1))), q(t) <x < —q(1),
4
! %(_e—xwm + 4o 20H4(1) _ 3o (xtqg(0)y,

+1(p2(t) — D?)e~* (sinh(q (1)) + sinh(3¢ (1)), —q (1) <x,

while
px(t,x)=0 forall (t,x) € [t*,00) x R.
Furthermore,

liTm pa(t, x) =sign(x)D?e I,
tr*

which implies that p, (¢, x) is continuous on (R™ x R)\ L and has a jump when crossing the line
L ={(t*,x) | x € R}. Again, observe that while F (¢, x) only has a jump along the half line H
starting at the point (t*,0), py (¢, x) has a jump along the line L. Furthermore, for any 1 € R™,
the function py (¢, -) is continuous.
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