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A B S T R A C T

This paper analyses the Norwegian Power System through a sequence of models that represents dynamics
of the wholesale power market, distribution power network, end-users, and a coordination scheme between
Transmission System Operators (TSOs) and Distribution System Operators (DSOs). The models assess the impact
of end-user flexibility and TSO-DSO coordination on the power system’s operation, with an emphasis on two
research questions: the extent to which flexibility from end-users affects the power system’s operation under
the TSO-DSO coordination scheme, and the potential of the TSO-DSO coordination scheme in incentivizing
end-users’ flexibility. The paper presents three scenarios, involving varying degrees of coordination and end-
user participation that are modeled and applied to the entire Norwegian power system. The results indicate
that active end-user participation in the power market with a TSO-DSO coordination scheme could enhance
the flexibility of the power system and support redispatch, while attaining a 14.5% redispatch cost reduction
and 0.33% total system cost reduction. These findings offer insights for power system stakeholders concerning
the potential advantages and challenges associated with fostering end-user flexibility and further developing
TSO-DSO coordination schemes.
1. Introduction

As distributed power supply and demand, such as variable renew-
able energy (VRE) sources and electric vehicles, continue to expand, the
active management within the distribution power network will become
increasingly relevant for efficient power grid operation. In countries
where transmission system operators (TSOs) and distributed system
operators (DSOs) are separate entities, the necessity for coordination
between them arises to ensure the safe and reliable operation of the
power network at all levels.

To this end, TSO-DSO coordination have been proposed as a new
approach to support congestion management or to raise flexibility
services [1,2]. The introduction of these coordination schemes can give
incentives to new niches at the distribution power network, such as
active end-users who might be willing to participate in power markets
with TSO-DSO coordination schemes. These actors can influence the
operation and economic efficiency of the power system in return,
and therefore affect the coordination scheme in the first place [3].
While the potential role of active end-users has been acknowledged, a
comprehensive understanding of their impacts and resulting dynamics
on system cost and operation is essential for optimizing power sys-
tem operations, ensuring efficient resource allocation, and promoting
sustainable energy consumption [4].

∗ Corresponding author.
E-mail address: dung.b.yen@ntnu.no (D.-B. Yen).

As a starting point for studying the aforementioned dynamics, it
is worthwhile to investigate how the impacts will be if a TSO-DSO
coordination scheme is introduced and active end-users are allowed,
both from the system’s perspective and from the end-users’ perspective.
To this end, we explore the following questions:

• To what extent will flexibility from end-users affect the operation
of the power system under the TSO-DSO coordination scheme?

• How well will the TSO-DSO coordination scheme incentivize
end-users flexibility?

To address these questions, we developed four models for the Nor-
wegian power system, which corresponds to: (i) the end-users with
high spatial resolution (Section 3.2), (ii) the distribution power network
(Section 3.4), (iii) the Energy only Market (EOM) (Section 3.5.1), and
(iv) the operations of the transmission grid (Section 3.5.2). The central
underlying methodology of these models is based on mathematical
programming commonly used in energy systems research. In these
models, we implement three scenarios that cover various degrees of
TSO-DSO coordination and end-user participation. The study places
particular emphasis on the Norwegian power system, which is experi-
encing significant electrification across various sectors. This transition
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is characterized by a substantial increase in electricity demand, the
installation of VRE sources, and high Electric Vehicle (EV) integration.
The relatively comprehensive database of the power network sets Nor-
way in a more favorable position compared with other countries for
high spatial resolution power system modeling necessary to incorporate
end-users into the study.

We find that the participation of active end-users has impacts on
the costs in the power system. Specifically, during winter weeks, when
active end-users support grid redispatch operations, their participation
leads to a significant reduction in redispatch costs. By offering their
flexibility, these end-users help balance the system, alleviating the need
for costly interventions from other sources. However, it is important
to note that their active participation in the EOM, when possible,
introduces new dynamics. As active end-users change their demand
profiles, it results in increased costs in the EOM. During summer weeks,
end-users providing negative redispatch leads to an opposite direction
of dynamics, one where the redispatch costs increase but costs in
the EOM decrease, albeit to a lesser extent. Meanwhile, active end-
users that provide flexibility to the power system can also reduce their
average electricity prices in many parts of Norway. This is because
participation of active end-users can smooth out spatial and temporal
variations between supply and demand in the power system.

The findings offer a fresh outlook on the cost reduction and po-
tential enhancement of system resilience resulting from the active
involvement of end-users, thereby advocating for the implementation of
new TSO-DSO coordination schemes that incorporate end-user partic-
ipation. However, it is crucial for system operators and policymakers
to consider the distributional impacts on relevant stakeholders that
may arise as a consequence of these dynamics within the EOM and
redispatch processes if active end-users are part of the system.

The rest of the paper is organized as follows: in Section 2 we review
literature regarding TSO-DSO coordination and end-users’ participa-
tion in power markets. In Section 3 we introduce the framework and
methodology adopted for the model and the simulation. In Section 4
we present the results and insights. Section 5 concludes the paper and
discusses potential future work.

2. Related literature

Distributed resources have the potential to offer significant flex-
ibility services for the power system, including control reserve and
congestion management, when granted the opportunity to participate
in wholesale markets at the TSO level or local flexibility markets [5,6].
Traditionally the focus of distributed resources for these flexibility
services has been on VRE sources, utility scale battery energy stor-
age systems, and large energy consumers; end-users nevertheless can
also provide flexibility for the power system via various models and
strategies of demand side management [7,8].

TSO-DSO coordination schemes have emerged as a new mech-
anism to incorporate distributed resources into the existing power
market [9]. Effective TSO-DSO coordination enables utilization of dis-
tributed resources, facilitates grid integration of renewable energy
sources, and enhances the overall resilience and flexibility of the elec-
tricity grid [10]. However, the manner in which various TSO-DSO
/coordination schemes are implemented can influence the extent of
their market participation.

As examples, the SmartNet project has proposed five schemes for
TSO-DSO coordination [11], with some leading to a higher level of
involvement of DSOs in a local flexibility market while others assuming
the distributed flexibility resources would directly participate in the
transmission level flexibility market. In the study, the use of flexibility
resources was shown to enable more options for DSOs to solve network
issues, but liquidity might be a concern for local markets. [12] showed
possible coordination and operation models of DSO flexibility markets,
among which a Global and Local Ancillary Service Market platform
was proposed in the paper the assign flexibility resources to the system
2
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operator with highest priority. [13] formulated the bi-level optimiza-
tion problem between the DSO and balance service providers in a local
flexible market and calculated the reduction of balancing costs on a
test system. It was shown that the hierarchy model enabled both TSO
and DSO to utilize local resources, but the priority of DSO to use local
resources might lead to sub-optimal solutions. [14] investigated a bi-
level optimization problem between the TSO and the DSOs, and [15]
proposed both an explicit local flexible market and an implicit network
tariff for end-users to provide flexibility on the distribution grid. [16]
proposed a new agent (the ‘‘interface optimizer’’) at the interface
between DSOs and TSOs, so that it could optimize the coordination of
the system operators before the day-ahead EOM closed. [17] proposed
a coordination scheme between the TSO and the DSOs that could allow
distributed resources to provide both real and reactive power flexibility,
and showed that such coordination could reduce cost and increase
system strength against voltage collapse on a test system. [18] tested
an operational framework where TSO-DSO coordination can be carried
out, while [19] discussed how different active levels of end-users and
digitization levels of the distribution power network can result in
different possibilities for end-users to provide flexibility services at both
the distribution and the transmission levels.

Most of literature on TSO-DSO coordination focuses on the op-
eration strategies of the system operators at the distribution level,
which in many cases was simulated on a test system. Some noteworthy
exceptions to this trend are [20–22], and [9]. [20] showed how it
was possible operationally for end-users to contribute to the flexibility
required at both the TSO and DSO level due to the uncertainty of
VRE power output with a Building-to-grid (BtG) integration framework,
replacing some traditional reserve scheduling services without jeopar-
dizing the stability of the grid or violating thermal comfort constraints
of buildings. [21] provided field demonstrations for TSO-DSO-Customer
coordination in real world local flexibility markets, which successfully
alleviated network congestion, reduce system costs while keeping a
secure operation. It also highlighted engagement among stakeholders,
customer-friendly technical requirements, and timing of the market
as key factors for the success of local flexibility markets. Both [9,22]
showed the potential value of coordination between DSOs and TSOs at
a national level. [22] showed that DR programs, distributed storage
and other DERs together provided reduced total costs of the system
by 1%, half of which resulted from reduced number of start-ups and
shutdowns of conventional power plants. [9] showed that TSO-DSO
coordination for redispatch could become valuable in a renewable
energy dominated power system, saving up to 300 million Euros in
Germany in 2030. Nevertheless, to the best of our knowledge there is
a gap in the literature where a multi-level coordination between the
TSO, the DSOs, and the end-users is studied thoroughly. This was also
noted and observed in [23,24]. All in all, the work developed in this
paper has the following contributions to the literature:

• Developed multiple power system models that represent the
power market and grids. This includes modeling the day-ahead,
re-dispatch operations of transmission grid, distribution grids, and
end-user flexibility. These models are combined and simulate a
flow of decisions of the power system where TSO-DSO scheme
plays a central role. The literature has tended to focus on only
certain aspects when linking models or taken a single perspective
(e.g. the TSO, or DSO only), this has been noted as a current gap
in the field [10,25] .

• The model and analysis is applied to the entire Norwegian power
system. This is country wide representing all power market zones
and all the DSOs grids. The large implementation scale in a
real-life case study provides a fresh and tangible outlook on the
implications of TSO-DSO coordination as noted in [9]. More-
over, the data, models and implementation have been made open
source1.

1 The model and data are available at GitHub: https://github.com/
onyYenTWN/trEnD.

https://github.com/TonyYenTWN/trEnD
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• Implementing multiple models required significant methodolog-
ical advancements to attain a high level of granularity and ac-
curately represent end-users. For instance, achieving a spatial
resolution of 10 × 10 km involved the development of a Bayesian
maximum entropy method to calculate electricity demand across
the entire country. These meticulous details in crafting the rep-
resentation of the countrywide power system establish a robust
framework that can be applied to replicate TSO-DSO schemes in
other countries or settings.

• The paper adopts an end-user perspective as a central element to
comprehensively assess the impact of their participation in power
markets with TSO-DSO schemes. Unlike much of the existing lit-
erature, which predominantly focuses on mid-size distributed en-
ergy sources, this study places significant emphasis on analyzing
the intricacies and dynamics of end-user and EVs contributions to
grid operations.

For a comprehensive summary of the key findings of the relevant
iterature, readers may refer to Table 8 in Appendix A.

. Modeling framework

.1. Scenarios of TSO-DSO coordination

To study the effects of allowing end-users to participate in power
arkets with TSO-DSO coordination, we propose a simple TSO-DSO

oordination scheme that allows us to capture these effect in the model:
hile the market clearing in the EOM remains the same as status quo,

he TSO will be able to consider flexibility resources on the distribution
ower network during redispatch. To ensure that the activation of
hese distributed flexible resources will not violate physical constraints
n the distribution power networks, DSOs will validate whether the
istributed flexible resources can be considered in the redispatch once
he market clears in the EOM. Only the bids allowed by the DSOs can
hen be considered during redispatch by the TSO.

In essence, our TSO-DSO coordination scheme corresponds to a
ramework with a single, short-term, transmission level congestion
anagement sub-market as described in [26], if one considers the

edispatch process (further described in Section 3.5.2) as a sub-market.
e do not consider the validation process from the DSOs as a separate

ub-market since there is no monetary flow during it. However, since
he DSOs validate the submitted bids by checking whether constraints
re honored in an extreme operational condition (see Section 3.4.2),
his means that distributed flexibility resources are implicitly priori-
ized for local grid management. We choose this simple framework
hat guarantees secure system operation at the expense of economic
fficiency as an optimal but more sophisticated coordination scheme
s not necessary to study the effects of end-users participation in the
arket. The lack of advance resource allocation for the flexibility
eeded at transmission and distribution level is of course a limitation
f the study.

With this TSO-DSO coordination scheme, we simulate the power
arket and power network of Norway under 3 scenarios:

1. Reference: in this scenario there is no TSO-DSO coordination,
and end-users do not provide flexibility services to the power
network. Other distributed flexible resources enter redispatch
without security validation from DSOs. This is the scenario that
is closest to the status quo in Norway.

2. Partially Flexible: in this scenario there is TSO-DSO coordi-
nation. Some end-users, along with other distributed flexible
resources, enter redispatch after security validation from DSOs.
In this scenario it is assumed that these end-users can only
provide flexibility in redispatch, while their electricity demand
profiles in the EOM remain the same as in the reference scenario.
3

Table 1
The features of the flexibility assets considered. For smart appliances, the proportion
relative to the default electricity demand is shown.

End-user type Smart BESS EV
appliance BESS

Inflexible 0 0 kW/0 kWh 0 kW/0 kWh
Inflexible + EV 0 0 kW/0 kWh 2 kW/8 kWh
Active 0.1 1 kW/10 kWh 2 kW/8 kWh

Table 2
Relative proportion of end-user types under different scenarios.

Reference Partially Fully
Flexible Flexible

Inflexible 90% 90% 90%
Inflexible + EV 10% 10% 5%
Active 0% 0% 5%

3. Fully Flexible: in this scenario there is TSO-DSO coordination.
The TSO-DSO coordination scheme in this scenario is the same as
that in the Partially Flexible Scenario. As in the Partially Flexible
Scenario, some end-users, along with other distributed flexible
resources, enter redispatch after security validation from DSOs.
However, as opposed to the Partially Flexible Scenario, the end-
users can now provide flexibility both in redispatch and in the
EOM by changing their electricity demand profiles in the EOM.

The comparison between the Reference Scenario and the Partially
Flexible scenario allows us to investigate the impacts of allowing end-
users to provide flexibility in redispatch only (without affecting their
electricity demand profile in the EOM), and the comparison between
Partially and Fully flexible scenarios allows us to investigate the im-
pacts of allowing end-users to also change their electricity demand
profile in the EOM.

A schematic chart of the sequence of actions under the three sce-
narios can be seen in Fig. 1. As illustrated on the figure, TSO-DSO
coordination in the Partially and Fully Flexible Scenarios is accom-
plished by adding a DSO filtering step after the EOM clearing and
before the TSO solve the redispatch problem. The coordination scheme
is therefore embedded in an existing market framework, with one
sub-market for congestion management at the transmission level.

3.2. Modeling end-users

3.2.1. Different types of end-users
To investigate how different types of end-users will be affected

under the scenarios, end-users at each spatial point are categorized as:

1. Inflexible end-users: these end-users do not possess any flexibil-
ity assets. They represent the majority of the end-users today.

2. Inflexible end-users with EV: these end-users possess home-
charging EV, but they do not actively provide their flexibility
even if they are allowed to do so.

3. Active end-users: in addition to home-charging EV, these end-
users possess flexibility investments such as smart appliance and
battery energy storage systems (BESS), and also actively provide
their flexibility in the EOM or for redispatch when allowed.

A comparison between the inflexible end-users with and without EV
provides insights into the default impacts of the flexibility assets the
end-users possess to their electricity prices. The active end-users bring
insights to the additional values from the flexibility assets by providing
flexibility in the EOM and redispatch, whenever possible.

The flexibility features of the three types of end-users is categorized
in Table 1, and their relative proportion at each spatial point under the
scenarios is shown in Table 2. The storage capacity of the BESS is based
on industrial recommendations for end-users [27,28]. The storage ca-

pacity of EV BESS is set to 8 kWh to be able to cover the daily average
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Fig. 1. Schematic chart of the sequence of actions in the modeled Norwegian power market under different scenarios.
electric demand per capita for EVs. This value is estimated based on the
annual energy consumption from petroleum in the Norwegian transport
sector [29]. Acknowledging that this is an conservative constraint on
the storage capacity, we conduct an additional analysis by increasing
the storage capacity of EV BESS threefold to 24 kWh to reflect their
potential to provide more flexibility in Section 4. The proportion of
active end-users is chosen to both represent the early stage of the
transition in the types of end-users while also allow their collective
impacts to be observable in the model.

3.2.2. Electricity demand profiles estimation
To model the interactions between the end-users and the system

operators at different levels, electricity demand profiles of the end-
users with high spatial resolution and sufficient temporal resolution
is needed. Since to the best of our knowledge, there is no such data
4

available in the public domain for Norway, we have to estimate the
profiles based on both hourly electricity demand data in the five
power market bidding zones and high-resolution population density
data of Norway (see Appendix A for detailed methodology developed
to estimate the profiles). As a result, we obtain the electricity demand
profiles of the end-users with a 10 km × 10 km spatial resolution
(shown in Fig. 2).

3.2.3. Operational behaviors of end-users
Similar to [30,31], the operational behavior of end-users is modeled

via the following utility optimization problem:

max
𝑠 𝑑

∑

𝑀𝑠(𝑥, 𝑡)𝑈 𝑠
𝑖 (𝑡) −𝑀𝑑 (𝑥, 𝑡)𝑈𝑑

𝑖 (𝑡) ∀ 𝑖 ∈ {𝐸}(𝑥), 𝑥. (1)

𝑈𝑖 (𝑡), 𝑈𝑖 (𝑡) 𝑡∈𝑖
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Fig. 2. Schematic chart of how the electricity demand profiles of the end-users are estimated. Left: electricity demand (MWh) of a hour in the bidding zones of Norway. Center:
population density (ppl/km2) of Norway. Right: estimated electricity demand per capita (kWh/ppl).
Here 𝑖 is the foresight time interval of the end-user 𝑖, 𝑀𝑠(𝑥, 𝑡) and
𝑀𝑑 (𝑥, 𝑡) the expected procurement (retailer) price for electricity pro-
duction (demand) at spatial point 𝑥 and time 𝑡, 𝑈 𝑠

𝑖 (𝑡) and 𝑈𝑑
𝑖 (𝑡) the

scheduled production (demand) quantity of end-user 𝑖 whose values
they must decide upon, and {𝐸}(𝑥) the set of end-users at spatial point
𝑥. Note that all the notations for parameters and variables are described
in Table 9 (see Appendix). Other important assumptions to consider:

1. The expected procurement (retailer) price for electricity pro-
duction (demand) is assumed to be the same as the expected
market clearing price in the EOM, which is calculated by using
the merit order curves (see Section 3.3) and electricity demand
data (see Section 3.7). The demand is assumed to be inflexible
when calculating the expected market clearing prices.

2. For each spatial point, the 3 types of end-users indicated in
Section 3.2.1 are considered in {𝐸}(𝑥), and the individual end-
users are assumed to be homogeneous, with flexibility features
described in Table 1. At each spatial point, the relative propor-
tion of different types of end-users is the same, as indicated
in Table 2. The optimization problem described in Eq. (1) is
optimized for each type of end-users at each spatial point at the
beginning of 𝑖, although only the active end-users will have a
non-trivial feasible space for the decision variables that actually
requires computational effort to obtain a solution (for other
types of end-users 𝑈 𝑠

𝑖 (𝑡) will always be 0 and 𝑈𝑑
𝑖 (𝑡) will always

be their inflexible electricity demand).

Eq. (1) is subject to an equality constraint representing the balanc-
ing of demand and supply for end-user 𝑖 at time 𝑡:

𝑈𝑑
𝑖 (𝑡) − 𝑈 𝑠

𝑖 (𝑡) = 𝐷0,𝑖(𝑡) + 𝑈 𝑏
𝑖 (𝑡) + 𝑈 𝑒𝑣

𝑖 (𝑡) + 𝑈 𝑠𝑎
𝑖 (𝑡) ∀ 𝑖, 𝑡. (2)

Here 𝐷0,𝑖(𝑡) is the inflexible electricity demand of end-user 𝑖 at time 𝑡,
𝑈 𝑏
𝑖 (𝑡), 𝑈

𝑒𝑣
𝑖 (𝑡), and 𝑈 𝑠𝑎

𝑖 (𝑡) the electricity produced (consumed) from the
BESS, home-charging EV, and smart appliance owned by end-user 𝑖 at
time 𝑡.

For BESS, there are the following equality constraints representing
the law of energy conservation:

𝑈 𝑏
𝑖 (𝑡) =

1
𝜂𝑐ℎ,𝑏𝑖

𝑐ℎ𝑏𝑖 (𝑡) − 𝜂𝑑𝑐,𝑏𝑖 𝑑𝑐𝑏𝑖 (𝑡) ∀ 𝑖, 𝑡, (3)

𝑠𝑜𝑐𝑏𝑖 (𝑡) = 𝑠𝑜𝑐𝑏𝑖 (𝑡 − 1) + 𝑐ℎ𝑏𝑖 (𝑡) − 𝑑𝑐𝑏𝑖 (𝑡) ∀ 𝑖, 𝑡. (4)

Here 𝜂𝑐ℎ,𝑏𝑖 and 𝜂𝑑𝑐,𝑏𝑖 are the charge (discharge) efficiency for the BESS
owned by end-user 𝑖, 𝑐ℎ𝑏𝑖 (𝑡) and 𝑑𝑐𝑏𝑖 (𝑡) the charge (discharge) volume
of the BESS, and 𝑠𝑜𝑐𝑏𝑖 (𝑡) the state of charge (SOC) of the BESS.

For home-charging EV, the equality constraints representing the law
of energy conservation are almost identical to Eq. (3) and Eq. (4)

𝑈 𝑒𝑣
𝑖 (𝑡) = 1

𝑐ℎ,𝑒𝑣 𝑐ℎ
𝑒𝑣
𝑖 (𝑡) − 𝜂𝑑𝑐,𝑒𝑣𝑖 𝑑𝑐𝑒𝑣𝑖 (𝑡) ∀ 𝑖, 𝑡, (5)
5

𝜂𝑖
𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡) = 𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡 − 1) + 𝑐ℎ𝑒𝑣𝑖 (𝑡) − 𝑑𝑐𝑒𝑣𝑖 (𝑡) − 𝑑𝑒𝑣𝑖 (𝑡) ∀ 𝑖, 𝑡. (6)

Here 𝜂𝑐ℎ,𝑒𝑣𝑖 and 𝜂𝑑𝑐,𝑒𝑣𝑖 are the charge (discharge) efficiency for the EV
owned by end-user 𝑖, 𝑐ℎ𝑒𝑣𝑖 (𝑡) and 𝑑𝑐𝑒𝑣𝑖 (𝑡) the charge (discharge) volume
of the EV, 𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡) the state of charge of the EV, and 𝑑𝑒𝑣𝑖 (𝑡) the electricity
consumed for providing transportation service of the EV.

For smart appliances, assuming that their total electricity demand
is constant over 𝑖, the following equality constraints should hold:

∑

𝜏∈𝑖⊕[−𝛥𝑡,0]
𝑑𝑠𝑎𝑖 (𝜏, 𝑡) = 𝑈 𝑠𝑎

𝑖 (𝑡) ∀ 𝑖, 𝑡 ∈ 𝑖, (7)

∑

𝜏∈𝑖

𝑑𝑠𝑎𝑖 (𝑡, 𝜏) = 𝑑𝑠𝑎𝑖 (𝑡) ∀ 𝑖, 𝑡 ∈ 𝑖 ⊕ [−𝛥𝑡, 0] (8)

Here 𝑑𝑠𝑎𝑖 (𝑡1, 𝑡2) is the flexible demand shifted from 𝑡1 to 𝑡2 via smart
appliances by end-user 𝑖 and 𝛥𝑡 the maximum possible time shift, 𝑑𝑠𝑎𝑖 (𝑡)
the unfulfilled default demand profile of the smart appliances, and ⊕
the Minkowski sum operator.

The variables 𝑐ℎ𝑏𝑖 (𝑡), 𝑑𝑐𝑏𝑖 (𝑡), 𝑠𝑜𝑐𝑏𝑖 (𝑡), 𝑐ℎ𝑒𝑣𝑖 (𝑡), 𝑑𝑐𝑒𝑣𝑖 (𝑡), 𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡), and
𝑑𝑠𝑎𝑖 (𝑡1, 𝑡2) are subject to box constraints in the form of Eq. (9):

0 ≤ 𝑐ℎ𝑏𝑖 (𝑡) ≤ 𝑐ℎ𝑏𝑖 (𝑡) ∀ 𝑖, 𝑡, (9a)

0 ≤ 𝑑𝑐𝑏𝑖 (𝑡) ≤ 𝑑𝑐𝑏𝑖 (𝑡) ∀ 𝑖, 𝑡, (9b)

𝑠𝑜𝑐𝑏𝑖 (𝑡) ≤ 𝑠𝑜𝑐𝑏𝑖 (𝑡) ≤ 𝑠𝑜𝑐𝑏𝑖 (𝑡) ∀ 𝑖, 𝑡, (9c)

0 ≤ 𝑐ℎ𝑒𝑣𝑖 (𝑡) ≤ 𝑐ℎ𝑒𝑣𝑖 (𝑡) ∀ 𝑖, 𝑡, (9d)

0 ≤ 𝑑𝑐𝑒𝑣𝑖 (𝑡) ≤ 𝑑𝑐𝑒𝑣𝑖 (𝑡) ∀ 𝑖, 𝑡, (9e)

𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡) ≤ 𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡) ≤ 𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡) ∀ 𝑖, 𝑡, (9f)

0 ≤ 𝑑𝑠𝑎𝑖 (𝑡1, 𝑡2) ≤ 𝑑𝑠𝑎𝑖 (𝑡1)𝛱
(

𝑡1 − 𝑡2
2𝛥𝑡

)

∀ 𝑖, 𝑡1, 𝑡2. (9g)

Here an underline indicates the lower bound of a variable and an
overline indicates the upper bound of a variable. The lower and upper
bounds of 𝑠𝑜𝑐𝑏𝑖 (𝑡), 𝑠𝑜𝑐

𝑒𝑣
𝑖 (𝑡) are set to 0 for end-users that do not possess

BESS or EV. For 𝑐ℎ𝑒𝑣𝑖 (𝑡) and 𝑑𝑐𝑒𝑣𝑖 (𝑡), the upper bounds also depend on
the whether the EV is under idle mode at home at time 𝑡; the upper
bounds of these values are set to 0 if the EV is not at home. 𝛱 (⋅) is the
rectangle function.

Once the optimal scheduled production (demand) is determined, the
end-users bid accordingly in the EOM. The bids of the inflexible end-
users are modeled as inflexible demand, i.e. they bid with the highest
possible price when entering the EOM. The bids of the active end-users
are decomposed into an inflexible part and a flexible part. They bid
with the highest possible price for the inflexible demand part and with
the expected market clearing price for the flexible part.
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3.3. Other participants in the power market

The model currently includes hydro power plants and onshore wind
power plants in Norway. We generate a normalized merit order curve
for each bidding zone based on the actual EOM price and residual
demand data and assume that all hydro power plants in that bidding
zone bid according to the curve.

For onshore wind power plants, we estimate the capacity factor field
of the technology with the same methodology as in Section 3.2.2 with
wind power output and capacity data from each bidding zones. The
capacity factor field is constructed so that the aggregated wind power
output of a bidding zone matches the actual data. The onshore wind
power plants are modeled as inflexible supply and will submit bids with
the lowest possible price when entering the EOM.

In order to prevent load-shedding from inflexible demand due to the
constraints in the power network, we also added some slack gas power
plants at each spatial point in the model.2 The marginal operation cost
f these power plants are sufficiently high so they will not be able to
nter the EOM, but will be activated during redispatch whenever there
re no other available flexible resources at a certain node in the power
etwork.

.4. Distribution power network

.4.1. Power flow modeling
The power network data described in Section 3.7 contains 126,435

ower lines, almost all of which at the distribution level. While it might
e possible to model the distribution power networks exactly with all
hese power lines, for the scope of this paper there is no need to repre-
ent the distribution power networks with a spatial resolution greater
han that of the electricity demand profiles of the end-users. Instead,
stylized model for the distribution power networks is adopted based

n some statistical features of the power lines; the spatial resolution
f this stylized model corresponds to the regional distribution power
etworks [32] in the Norwegian context. See Appendix B for more
etails on the model.

.4.2. Optimization
In scenarios where TSO-DSO coordination exists and DSOs are

asked to filter submitted supply and demand bids of market partici-
ants within their responsible distribution power network during the
edispatch step, the DSOs will run 2 optimal DC power flow problems,
ne for the supply bids and the other for the demand bids, to determine
he merit order curves of supply and demand bids eligible for entering
he redispatch scheduling of the TSO. The optimal DC power flow
roblem for a DSO to determine eligible supply bids for entering the
edispatch scheduling of the TSO is

max
�̂�𝑠
𝑗 (𝑡)

∑

𝑖∈{𝐴}D

∑

𝑗∈{B}𝑖

(

𝐵max − 𝐵𝑠
𝑗 (𝑡)

)

�̂�𝑠
𝑗 (𝑡) ∀ D, 𝑡. (10)

Here {𝐴}D is the set of all the market participants in the operational
area of a particular DSO D. {B}𝑖 is the set of bids submitted by a
particular market participant 𝑖. 𝐵max is the maximum bidding price
in the EOM. 𝐵𝑠

𝑗 (𝑡) is the equivalent bidding price of supply bid 𝑗
considered in the DSO problem. �̂�𝑠

𝑗 (𝑡) is the quantity of supply bid 𝑗
allowed to enter the redispatch problem of the TSO at time 𝑡, whose
value the DSOs must decide upon.

Eq. (10) is subject to the following equality constraints representing
the physics in the distribution power network: Eq. (11) is the governing

2 The slack power plants are added to avoid model infeasibility. We assume
he techno-economic parameters of these power plants are those of gas power
lants, because in practice the majority of Norway’s few thermal power plants
re such. Of course, other flexibility supply options can be considered.
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equation relating phase angles and DC power flow, while Eq. (12) is the
power flow equation for DC power flow problems.

[]D[]TD{𝜃}D(𝑡) = {𝐼}D(𝑡) ∀ D, 𝑡, (11)

[𝑌 ]D{𝜃}D(𝑡) = {𝑆}D(𝑡) ∀ D, 𝑡. (12)

ere []D is the line admittance matrix of the distribution power
etwork in the operation area of a particular DSO D, []D the signed

incidence matrix of the network, {𝜃}D(𝑡) the phase angles at the nodes
f the network at time 𝑡, {𝐼}D(𝑡) the DC power flow on the power
ines of the network at time 𝑡, [𝑌 ]D the nodal admittance matrix of
he network, and {𝑆}D(𝑡) the power source (sink) at the nodes of the
etwork at time 𝑡. Note that [𝑌 ]D = []D[]D[]TD+[𝑠ℎ]D, where [𝑠ℎ]D
s the shunt admittance matrix of the nodes in D.

Eq. (10) is also subject to equality constraints in the form of Eq. (13),
inking the decision variables �̂�𝑠

𝑗 (𝑡) with the physical variables {𝑆}D(𝑡).

∑

𝑖∈{𝐴}𝑛

∑

𝑗∈{B}𝑖

�̂�𝑠
𝑗 (𝑡) = 𝑆𝑛(𝑡) ∀ D, 𝑛 ∈ {𝐍}D, 𝑡. (13)

ere {𝐍}D is the set of nodes in the DSO D, {𝐴}𝑛 the market partic-
pants at node 𝑛, and 𝑆𝑛(𝑡) the power source at the node 𝑛 at time
.

The variables �̂�𝑠
𝑗 (𝑡), {𝜃}D(𝑡), {𝐼}D(𝑡), and {𝑆}D(𝑡) are subject to box

onstraints in the form of Eq. (14).

0 ≤ �̂�𝑠
𝑗 (𝑡) ≤ 𝑄𝑠

𝑗 (𝑡) ∀ 𝑗, 𝑡, (14a)

{𝜃}D(𝑡) ≤ {𝜃}D(𝑡) ≤ {𝜃}D(𝑡) ∀ D, 𝑡, (14b)

{𝐼}D(𝑡) ≤ {𝐼}D(𝑡) ≤ {𝐼}D(𝑡) ∀ D, 𝑡, (14c)

−∞ < 𝑆𝑛(𝑡) ≤ 0 ∀ D, 𝑛 ∈ {𝐓}D, 𝑡. (14d)

Here an underline below indicates the lower bound of a variable and a
bar above indicates the upper bound of a variable (for example, 𝑄𝑠

𝑗 (𝑡) is
he submitted quantity of bid 𝑗). {𝐓}D is the set of nodes that connect
o the transmission power network in D. In order to have non-trivial
olutions for Eq. (10), we model the nodes in D which link to the
ransmission power network as current sinks with no upper limit on
he power drawn from the distribution power network.

By solving the optimization problem described with Eq. (10) to
q. (14), DSOs consider the extreme case where all the validated supply
re activated and only the connection node to the transmission power
etwork draws power from the rest of the distribution power network.
his ensures that when the TSO actually activates the validated supply
ids, they will not result in voltage or power flow violations on the
istribution power networks.

Similarly, the optimal DC power flow problem for a DSO to deter-
ine eligible demand bids for entering the redispatch problem of the
SO is

max
𝑄𝑑
𝑗 (𝑡)

∑

𝑖∈{𝐴}D

∑

𝑗∈{B}𝑖

𝐵𝑑
𝑗 (𝑡)𝑄

𝑑
𝑗 (𝑡) ∀ D, 𝑡. (15)

The equality constraints the DSO needs to consider when solving
q. (15) are also Eq. (11), Eq. (12), and Eq. (13), and the box con-
traints are similar to that of Eq. (14). The main differences are that
̂𝑠
𝑗 (𝑡) (𝑄𝑠

𝑗 (𝑡)) are now replaced with 𝑄𝑑
𝑗 (𝑡) (𝑄𝑑

𝑗 (𝑡)) (the only exceptions
re the slack gas power plants, which are kept in the optimal DC power
low problem so that inflexible demand will not be curtailed), and that
𝑛(𝑡) now lies in [0,∞) for 𝑛 ∈ {𝐓}D.

3.5. Power market and transmission system operator

3.5.1. Internationally-coupled market clearing of wholesale electricity
The wholesale power market of Norway is embedded in Nordpool, a

pan-European electricity exchange platform that allows participants in
Norway to trade electricity with their counterparts in the neighboring
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countries in a day-ahead EOM. Any model regarding the economic
dispatch scheduling at the transmission power network level in Norway
must therefore also take into account cross-border flows resulted due
to the exchange.

In our model, there exists an international market operator (IMO)
which plays the role of Nordpool and conducts market clearing of
the internationally-coupled EOM. The market clearing is performed by
solving an economic surplus maximization problem given by Eq. (16),

max
𝑄𝑑
𝑗 (𝑡), 𝑄

𝑠
𝑗 (𝑡)

∑

𝑧∈{𝑍}

∑

𝑖∈{𝐴}𝑧

∑

𝑗∈{B}𝑖

(

𝐵𝑑
𝑗 (𝑡)𝑄

𝑑
𝑗 (𝑡) − 𝐵𝑠

𝑗 (𝑡)𝑄
𝑠
𝑗 (𝑡)

)

∀ 𝑡. (16)

Here {𝑍} is the set of bidding zones involved in the internationally-
coupled EOM. {𝐴}𝑧 is the set of all the market participants in bidding
zone 𝑧. 𝐵𝑑

𝑗 (𝑡) and 𝐵𝑠
𝑗 (𝑡) are the participant-determined bidding price

of demand (supply) of bid 𝑗 at time 𝑡. 𝑄𝑑
𝑗 (𝑡) and 𝑄𝑠

𝑗 (𝑡) are the cleared
bidding quantity of demand (supply) of bid 𝑗 at time 𝑡 in the EOM,
whose values the IMO must decide upon.

The economic surplus maximization problem for the IMO is subject
to equality constraints in the form of Eq. (17), representing the law of
energy conservation for each bidding zones involved.
(

∑

𝑖∈{𝐴}𝑧

∑

𝑗∈{𝐵}𝑖

𝑄𝑑
𝑗 (𝑡) −𝑄𝑠

𝑗 (𝑡)

)

+
∑

𝜁∈{𝑍}
𝐹𝑧𝜁 (𝑡) = 0 ∀ 𝑧, 𝑡. (17)

Here 𝐹𝑧𝜁 (𝑡) is the cross-border flow from bidding zone 𝑧 to bidding
zone 𝜁 at time 𝑡, which is antisymmetric by construction (i.e. 𝐹𝑧𝜁 (𝑡) =
−𝐹𝜁𝑧(𝑡)).

The variables 𝑄𝑑
𝑗 (𝑡), 𝑄

𝑠
𝑗 (𝑡), and 𝐹𝑧𝜁 are subject to box constraints in

the form of Eq. (18), restricting them to physically-meaningful values.

0 ≤ 𝑄𝑑
𝑗 (𝑡) ≤ 𝑄𝑑

𝑗 (𝑡) ∀ 𝑗, 𝑡, (18a)

0 ≤ 𝑄𝑠
𝑗 (𝑡) ≤ 𝑄𝑠

𝑗 (𝑡) ∀ 𝑗, 𝑡, (18b)

𝐹𝑧𝜁 (𝑡) ≤ 𝐹𝑧𝜁 (𝑡) ≤ 𝐹𝑧𝜁 (𝑡) ∀ 𝑧, 𝜁 , 𝑡. (18c)

ere an underline indicates the lower bound of a variable and an
verline indicates the upper bound of a variable.

Once the IMO solves Eq. (16) for a specific time slice 𝑡, the values of
he cross-border flows 𝐹𝑧𝜁 (𝑡) will be passed on to the TSO as boundary
onditions when it solves the optimal power flow problem for its
edispatch scheduling. The resulting market clearing prices at each
idding zones will also be stored for calculations in the settlement part
f the model.

It should be noted that in the actual Norwegian power market,
fter the day-ahead EOM is cleared and before the TSO carries out
he redispatch, market participants can trade with each other in the
ntraday EOM to change their supply/demand schedule whenever nec-
ssary. In our model, we simplify the multistage process of energy-only
rades into one single stylized EOM that occurs just before redispatch,
epresenting the final resulting schedule in all the EOMs in real life.
he simplification of multistage energy trades into a stylized EOM
eglects the process of increasing information and decreasing uncer-
ainty/flexibility as the system approaches from day-ahead to real
ime.

.5.2. Redispatch of the TSO
The market clearing result in Section 3.5.1 does not consider the

etwork constraints within each bidding zone. To ensure that the
upply and demand schedules honor the physical constraints of the
ransmission power network, the TSO of the modeled bidding zones will
etermine the redispatch scheduling of bids submitted into the EOM.

To this end, the TSO will solve an optimal power flow problem
hat has a similar objective function as that in Eq. (16), with the only
ifference that {𝑍} now only covers bidding zones that are within the
ontrol area of the TSO:

max
˜ 𝑑 ˜ 𝑠

∑ ∑ ∑

(

𝐵𝑑
𝑗 (𝑡)Q̃

𝑑
𝑗 (𝑡) − 𝐵𝑠

𝑗 (𝑡)Q̃
𝑠
𝑗 (𝑡)

)

∀ 𝑡. (19)
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Q𝑗 (𝑡), Q𝑗 (𝑡) 𝑧∈{𝑍} 𝑖∈{𝐴}𝑧 𝑗∈{B}𝑖
ere Q̃𝑑
𝑗 (𝑡) and Q̃𝑠

𝑗 (𝑡) are the confirmed bidding quantity of demand
supply) of bid 𝑗 at time 𝑡 that the TSO must decide upon during
edispatch scheduling.

The constraints for this optimal power flow problem are almost
dentical to the ones we encountered in Section 3.4.2, namely

]T[]TT{𝜃}T(𝑡) = {𝐼}T(𝑡) ∀ 𝑡, (20)

𝑌 ]T{𝜃}T(𝑡) = {𝑆}T(𝑡) ∀ 𝑡, (21)

∑

𝑖∈{𝐴}𝑛

∑

𝑗∈{B}𝑖

Q̃𝑠
𝑗 (𝑡) − Q̃𝑑

𝑗 (𝑡) = 𝑆𝑛(𝑡) + 𝜕𝑆𝑛(𝑡) ∀ 𝑛 ∈ {𝐍}T, 𝑡. (22)

ere the notation is almost equivalent to those in Eq. (11), Eq. (12),
nd Eq. (13), with the major difference being that we now consider
ariables within in the control area of the TSO (denoted as T). As
entioned in Section 3.5.1, cross bordered flows obtained in the market

learing by the IMO are boundary conditions the TSO needs to take into
ccount when solving its optimal power flow problem, which is denoted
s 𝜕𝑆𝑛(𝑡) here.

The variables Q̃𝑠
𝑗 (𝑡), Q̃𝑑

𝑗 (𝑡), {𝜃}T(𝑡), {𝐼}T(𝑡), and {𝑆}T(𝑡) are subject
o box constraints in the form of Eq. (23).

0 ≤ Q̃𝑠
𝑗 (𝑡) ≤ �̂�𝑠

𝑗 (𝑡) or 𝑄
𝑠
𝑗 (𝑡) ∀ 𝑗, 𝑡, (23a)

0 ≤ Q̃𝑑
𝑗 (𝑡) ≤ 𝑄𝑑

𝑗 (𝑡) or 𝑄
𝑑
𝑗 (𝑡) ∀ 𝑗, 𝑡, (23b)

{𝜃}T(𝑡) ≤ {𝜃}T(𝑡) ≤ {𝜃}T(𝑡) ∀ 𝑡, (23c)

{𝐼}T(𝑡) ≤ {𝐼}T(𝑡) ≤ {𝐼}T(𝑡) ∀ 𝑡. (23d)

Note that Q̃𝑠
𝑗 (𝑡) (Q̃𝑑

𝑗 (𝑡)) is constrained by either �̂�𝑠
𝑗 (𝑡) (𝑄𝑑

𝑗 (𝑡)) or 𝑄𝑠
𝑗 (𝑡)

(𝑄𝑑
𝑗 (𝑡)), depending on whether or not TSO-DSO coordination exists.
Note that in practice, redispatch is carried out during the activa-

tion of the tertiary control reserve in Norway, but in this model it
is simplified to be an adjustment to the EOM results. The implicit
assumption behind this simplification is that for market participants,
the difference between the bidding price and the market clearing price
of a bid in the EOM reflects their opportunity cost of redispatching
that bid, and therefore the market participants will bid accordingly
in the tertiary control reserve market. This is a direct result from the
simplification of multistage energy trades into a stylized EOM described
in Section 3.5.1. In reality, opportunity costs will usually increase
for market participants as the system approaches real time due to
decreasing flexibility, which will affect the bidding quantity and prices
market participants can provide during redispatch.

In addition, to guarantee that the redispatch results of the simula-
tion are indeed physically feasible and do not cause voltage collapse,
we run an AC power flow model (based on the methodology described
in [33]) on the results for validation. For the AC power flow model,
we assume that nodes on the transmission power network that are
connected directly with hydro-electricity power plants are PU buses
whose reference voltage magnitude is 1 per-unit.

3.6. Workflow of the model

The model used in this paper contains a simulation part and a
settlement part. In the simulation part, the operation of the power
market in Norway is modeled. In each time slice of the simulation, the
following steps are conducted:

1. Bid-submission step: in this step, the market participants submit
their bids to the IMO of the EOM with strategies described in
Section 3.2.3 and Section 3.3.

2. Market clearing step: in this step, all the submitted supply and
demand bids are sent to the IMO where an economic surplus
maximization problem is conducted (see Section 3.5.1), leading
to the market clearing result.
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Table 3
Cost in EOM (in million EUR), redispatch cost (in million EUR), and total cost (in million EUR) in the scenarios between (a) winter weeks and (b)
summer weeks.

(a)

Reference Partially Fully
Flexible Flexible

Cost in EOM 262.945 262.945 267.927
Redispatch Cost 42.021 41.785 36.438
Total Cost 304.966 304.730 304.365

(b)

Reference Partially Fully
Flexible Flexible

Cost in EOM 96.245 96.245 96.036
Redispatch Cost 53.684 53.588 53.888
Total Cost 149.928 149.833 149.924
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3. Redispatch step: in this step, the market clearing result from the
previous step is adjusted according to the physical constraints of
the power networks. In scenarios where TSO-DSO coordination
exists, DSOs will filter the submitted bids within their respective
operational area (see Section 3.4.2) before the TSO performs the
redispatch scheduling (see Section 3.5.2).

4. State update step: in this step, market participants update their
relevant states (e.g. the SOC of BESS or the unfulfilled demand
of smart appliances). Then the simulation moves on to the next
time slice and start from the bid-submission step altogether.

We choose two weeks in winter (01 Jan–14 Jan 2021) and two
eeks in summer (01 Jul–14 Jul 2021) as the time periods of our

imulation and carry out the steps above consecutively. These two time
eriods are chosen to represent two extreme operational conditions in
he power system in Norway - one with high electricity demand (the
inter weeks) and the other with high electricity supply surplus (the

ummer weeks).
In the settlement part, we define any value exchange between

he agents in the considered system (market participants and system
perators in Norway) to be the price of a service, and any value
enerated (lost) endogenously or during exchange with agents outside
he system to be the utility (cost) of a service. With this definition
e calculate different economic metrics from both the viewpoints of
arket participants and the entire system.

From the viewpoint of the entire system, we calculate the cost
ncurred in the EOM and during redispatch scheduling. From the view-
oints of the market participants, the cost of providing energy and flex-
bility services and the price of obtaining those services are calculated.
n particular, the redispatch price is calculated by dividing redispatch
ompensation by electricity demand for each bidding zone. The re-
ispatch compensation for market participants is assumed to be their
pportunity cost to provide redispatch as described in Section 3.5.2.

.7. Data collection

.7.1. Power market data
Power market data include actual electricity demand, generation,

ross-border flows, and day-ahead electricity prices. Most of the data
ome from ENTSO-E transparency platform [34], with the exception of
hose from Great Britain (which come from Elexon portal [35]). Data
ith higher temporal resolution are assimilated into a resolution of 1

ample per hour by averaging multiple sampling points within hourly
ntervals.

.7.2. Power network data
The power network data used in our model come from the Nor-

egian water resources and energy directorate (NVE) [36]. The ge-
graphic information system data from NVE contains line segments
epresenting the power lines in the power network. We cluster the
ine segments with voltage higher or equal to 132 kV into a single
omponent graph for the transmission power network model. The line
egments with lower voltage are used to extract the parameters 𝜌𝑁 and
8

in Appendix B. a
. Results and analysis

.1. System costs

In this section, we discuss the impacts of active end-users from the
ystem’s perspective, namely how they affect the operational cost of the
ower system and the market prices. Table 3 shows the operational cost
f the modeled power system for different scenarios. As described in
ection 3.6, the operational cost of the power system is divided into the
ost incurred in the EOM and during redispatch scheduling. The cost
n the EOM represents the operational cost of the power system based
n the market clearing results, while the redispatch cost represents the
ifference in operational cost when redispatch is taken into account.
he total cost is the sum of the cost in the EOM and the redispatch
ost.

As can be seen, the cost in the EOM in the Reference Scenario and
he Partially Flexible Scenario are identical, since active end-users do
ot change their electricity demand profile in the EOM in the latter
cenario (as described in Section 3.1). However, the redispatch cost is
educed in the Partially Flexible Scenario. This cost reduction primarily
rises from end-users utilizing their flexibility to replace conventional
ower plants by providing positive redispatch (increasing generation
r decreasing demand in response to local supply deficit) via BESS
ischarge. As opposed to the Fully Flexible Scenario, the flexibility
rovided by end-users in the Partially Flexible Scenario is constrained,
s they cannot change their electricity demand profile in the EOM.
onsequently, they can only balance the SOC of their BESS by providing
egative redispatch (decreasing generation or increasing demand in
esponse to local supply surplus) at other time periods. In the Fully
lexible Scenario, by charging (discharging) BESS and EV more in the
OM, end-users can provide more flexibility during positive (negative)
edispatch when there is a local deficit (surplus) in supply.

In the winter weeks, active end-users primarily contribute to posi-
ive redispatch in response to system needs. Thus, while the redispatch
ost decreases in the Fully Flexible Scenario compared with the Par-
ially Flexible Scenario, the cost in the EOM increases. The net effect is a
light decrease in the total cost. Overall, the redispatch cost in the Fully
lexible Scenario is 5.583 million EUR lower than that in the Reference
cenario, whereas the total cost is reduced by 0.601 million EUR.

In the summer weeks, active end-users provide both positive and
egative redispatch to a similar extent. The effect of negative redispatch
n the system cost is however greater in the Fully Flexible Scenario,
nd we can see a cost decrease in the EOM while a cost increase in
edispatch (compared with the Partially Flexible Scenario). Overall,
he Fully Flexible Scenario shows an increase of 0.204 million EUR
n redispatch cost compared to the Reference Scenario, whereas the
eduction in total cost is 0.004 million EUR. Note that since the charge
nd discharge strategies of active end-users are set individually and not
oordinated among each other (as described in Section 3.2.3), the total
ystem costs do not always improve as a result of more active end-user
articipation in the power market (as seen here between Partially and
ully Flexible Scenario).

The results of the Fully Flexible Scenario can also be explained by
ooking at the per capita net redispatch in the simulated periods of the

ctive end-users, illustrated in Fig. 3. As can be seen, in many populated
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Fig. 3. Per capita net redispatch of the end-users (kWh/ppl) in the Fully Flexible Scenario between (a) Summer weeks and (b) Winter Weeks.
regions in the south of Norway, end-users typically provide positive
redispatch on average during the winter weeks and negative redispatch
during the summer weeks. The aggregated behaviors of the end-users
in these regions dictates how the components in the system cost evolve
between the Partially and Fully Flexible Scenarios.

Now, we examine the Fully Flexible Scenario with a less conser-
vative assumption of the storage capacity of EV BESS at 24 kWh
(referred to as the 3x EV Scenario hereafter) to investigate the impact
of additional flexibility capacity of end-users on the aforementioned
results. As seen in Table 4, in the winter weeks, the cost in the EOM
increases and the redispatch cost decreases compared with the Partially
Flexible Scenario in Table 3, which is consistent with the change
between the Partially Flexible Scenario and Fully Flexible Scenario
in the same time period, albeit to a greater extent. In the summer
weeks, the effect is the opposite: the cost in the EOM decreases and the
redispatch cost increases compared with the Partially Flexible Scenario
in Table 3. In both time periods, a threefold increase of storage capacity
of EV BESS for the active end-users results in the greatest total cost
reduction compared with the Reference Scenario. In the winter weeks,
this reduction in total cost is around 1 Million EUR, or 0.33% of the
total cost in the Reference Scenario; in the summer weeks this reduction
is 0.316 Million EUR, or 0.21% of the total cost in the Reference
Scenario.

In addition to changing the flexibility features of active end-users,
we also explored how the proportion of active end-users would affect
their overall impact on the power system. To this end we increased the
proportion of end-users with home-charging EVs at each spatial point
to 20%, and compared the relevant costs in the winter weeks when
all of them are Inflexible + EV end-users and when all of them are
9

Table 4
Cost in EOM (in million EUR), redispatch cost (in million EUR), and
total cost (in million EUR) in the 3x EV Scenario between (a) Winter
weeks and (b) Summer weeks.

Winter weeks Summer weeks

Cost in EOM 268.042 95.983
Redispatch Cost 35.927 53.628
Total Cost 303.970 149.612

Table 5
Cost in EOM (in million EUR), redispatch cost (in
million EUR), and total cost (in million EUR) in the
winter weeks for 3x EV Scenario with higher EV share.

20% 20%
Inflexible + EV Active

Cost in EOM 265.654 289.779
Redispatch Cost 41.993 15.910
Total Cost 307.647 305.689

active end-users. As seen in Table 5, the effect of increasing EOM costs
and decreasing redispatch costs when more active end-users participate
in the power market also exists, but now to a greater extent. The
total system cost reduction between 20% Inflexible + EV end-users and
20% active end-users rises to 1.958 Million EUR (a 0.64% reduction),
and the redispatch cost reduction rises to 26.083 Million EUR (a 62%
reduction).
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Table 6
Population density weighted median of average electricity prices (EUR/MWh) for different types
of end-users in different bidding zones in scenario 1 between (a) winter weeks and (b) summer
weeks.

(a)

Inflexible
Zones Inflexible + EV

#1 75.9 75.5
#2 78.8 78.3
#3 49.0 48.7
#4 37.0 36.5
#5 77.2 77.0

(b)

Inflexible
Zones Inflexible + EV

#1 73.2 73.8
#2 73.7 73.6
#3 38.0 37.9
#4 28.2 28.0
#5 68.8 68.6
Table 7
Population density weighted median of average electricity prices (EUR/MWh) for different types of end-users in different bidding
zones in scenario 3 between (a) Winter weeks and (b) Summer weeks.

(a)

Inflexible
Zones Inflexible + EV Active

#1 75.8 75.5 62.5
#2 78.8 78.3 66.4
#3 48.9 48.6 42.4
#4 36.6 36.2 32.1
#5 77.3 77.1 68.3

(b)

Inflexible
Zones Inflexible + EV Active

#1 72.9 74.3 64.5
#2 73.6 73.5 63.8
#3 38.0 38.0 32.1
#4 28.0 27.9 24.9
#5 68.4 68.3 58.0
The various 3x EV Scenarios presented here show that the effects
f active end-users reported in this section, though small, is consistent
nder changes of model parameters.

.2. Average electricity prices among end-users

We now turn our attention to the end-users’ perspective, namely the
verage electricity prices they have to pay during the two simulated
ime periods. Note that by the definition described in Section 3.6, the
lectricity price of an end-user is calculated as the sum of what they pay
or both wholesale electricity and redispatch services, minus the sum
f what they earn from the EOM and redispatch compensation. Their
verage electricity price is then obtained by dividing their electricity
rice by their electricity demand (excluding BESS charging) throughout
he time period.

Table 6 shows the population density weighted median of average
lectricity price of different types of end-users in different bidding
ones in the Reference Scenario (without TSO-DSO coordination). The
patial heterogeneity of the prices is clear: the average electricity price
or end-users in the north of Norway (bidding zones 3 and 4) is much
ower than that in the north of Norway (bidding zones 1, 2, and 5).
his is the result of both the market clearing prices in the EOM and
lso the redispatch prices.

Table 7 shows the population density weighted median of average
lectricity price of different types of end-users in different bidding
ones in the Fully Flexible Scenario, with TSO-DSO coordination and
ctive end-users. In the Fully Flexible Scenario, average electricity
rices for inflexible end-users remain almost the same as those in the
eference Scenario, while the average electricity prices of the active
nd-users is in general significantly lower than those of inflexible end-
sers. This reduction of price is greater in the south of Norway (bidding
ones 1, 2, and 5) than in the north of Norway (bidding zones 3 and 4).
he greater average electricity price reduction for active end-users in
he south of Norway can be explained by Fig. 3, as most of the end-user
articipation of redispatch occurred in that region.

Note that the observed price reduction for active end-users in Ta-
le 7 is primarily attributed to price arbitrage within the Energy
arket (EOM) and the avoidance of redispatch costs. However, it

s worth considering the potential for additional price reduction by
mplementing a more supportive price mechanism that allocates all the
ystem cost benefits presented in Table 3 to these active end-users.
ndeed, if we redistribute evenly the total cost reduction among the
10
redispatch quantity (positive and negative alike) provided by the active
end-users in the Fully Flexible Scenario, the active end-users would
receive an additional 3.707 EUR for every MWh of redispatch provided
in the winter weeks and 0.032 EUR/MWh in the summer weeks. On
average, an active end-user provide 0.451 MWh of redispatch in the
winter weeks and 0.360 MWh in the summer weeks, therefore this
redistribution will result in a further price reduction of 1.671 EUR in
the winter weeks and 0.011 EUR in the summer weeks. As a reference,
on average an active end-user has to pay 28.43 EUR for the electricity
services in the winter weeks and 16.16 EUR in the summer weeks in
the Fully Flexible Scenario.

4.3. Snapshots of tso’s and dsos’ operations

Fig. 4 shows the average operational conditions of the transmission
power network after redispatch in the Reference Scenario in the 2
simulated time periods. As can be seen, in the Reference Scenario,
the power network of Norway is more stressed in the winter weeks,
especially in the south where the city of Oslo and electricity exports to
neighboring nations result in transmission nodes with high electricity
demand (marked by red in Fig. 4). Many east–west bound transmission
lines in this region are also highly utilized. In the summer weeks,
the operation condition is less stressed and the phenomenon described
above is less pronounced.

Fig. 5 shows the difference (compared with the Reference Scenario)
in the operational conditions of the transmission power network after
redispatch in the Fully Flexible Scenario in the winter weeks. While
the inclusion of active end-users in redispatch does not significantly
affect the average operational condition of the entire simulation period,
they do smooth out some of the spatial imbalance between supply
and demand during times of peak electricity demand. The inclusion
of active end-users in redispatch also smooth out temporal variations
of the supply and demand profiles in some DSOs, as shown in Fig. 6;
while the effect is not substantial, the inclusion of active end-users
in redispatch does smooth out the residual demand (demand minus
supply) profiles and the variance of the residual demand decreases in
both of the DSOs.

As described in Section 3.5.2, the redispatch results were validated
with an AC power flow model and voltage collapse does not occur in
the simulated time frame. However, differences in operational condi-
tions in the Reference Scenario and the Fully Flexible Scenario during
times of peak electricity demand suggest that system strength against

contingency might increase with the participation of active end-users.
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Fig. 4. Operation conditions of the transmission power network after redispatch in the Reference Scenario between (a) Winter weeks and (b) Summer weeks. The utilization rate
of the transmission power lines is calculated based on the constraints of the DC power flow model of the TSO (as described in Section 3.5.2).
To conclude, for the TSO and DSOs, the participation of active
end-users in the power system not only can increase the economic
efficiency of redispatch, but they can also alleviate some of the extreme
operational conditions on the power network. TSO and DSOs can take
note on this benefit when determining the necessary conventional
flexibility resources needed for their operations.

5. Conclusion

In this paper, we investigate the economic values of end-users
participation in the power market with a TSO-DSO coordination scheme
and how this participation affect the operation of the power system.
To this end, we present a model for the power market in Norway
that incorporates TSO-DSO coordination with a detailed emphasis on
the distribution network and end-users. During the process, we model
the distribution power networks and end-users with a high spatial
resolution as well as model the entire Norwegian power system.

The findings demonstrate that the introduction of the TSO-DSO
coordination scheme, coupled with active end-user participation, yields
a modest reduction in the total operational cost of the system within the
simulated time periods. However, the effects on cost in the EOM and
redispatch counterbalance each other. As a result, active end-users, who
contribute flexibility to the system, can benefit from lower electricity
prices even without additional support schemes. Conversely, other
types of end-users do not experience significant changes in electricity
11
prices when active end-users provide flexibility for redispatch. More-
over, while the implementation of the TSO-DSO coordination scheme
and active end-users does not substantially impact average operational
conditions over the simulated time periods, it effectively mitigates
spatial imbalances between supply and demand at critical time slices
and reduces temporal variations in residual demand profiles within
certain DSOs.

These outcomes highlight the potential incentives for active end-
users and the benefits they can bring to the power system through their
participation in the power market with TSO-DSO coordination scheme.
Thus, the inclusion of active end-users may enhance social acceptance
among policy makers and system operators when introducing this
coordination scheme.

This paper investigated the operation of the power system with
representative weeks in summer and winter. Future research should
take a longer timescale. That is, end-users and power market players
should consider their investment and operational strategies according
to the behaviors of other agents and the general conditions in the power
system. Additionally, future research on TSO-DSO coordination should
encompass a thorough assessment of power system reliability, consider-
ing the increasing complexity of integrated grids and the need to ensure
reliable and secure operations even in the face of contingencies.

Finally, the application of various power system models to the
entire Norwegian power system is itself interesting and noteworthy. For
readers who are conducting similar studies, here are some important
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Fig. 5. Change of operation conditions of the transmission power network after redispatch in the Fully Flexible Scenario (compared with those in the Reference Scenario) (a) at
11:00 12 Jan and (b) between 01 Jan to 14 Jan (averaged value).
Fig. 6. Residual demand profiles in the Reference Scenario and the Fully Flexible Scenario in winter weeks (a) DSO #2 in the model (in Oslo) and (b) DSO #46 in the model (in
Rogaland).
points in this paper that might be possible to generalize or compare
with other power systems:

• DSOs seem to not play an active role in enabling or deterring
end-use flexibility. In Norway (as of 2021), DSOs have some
distributed flexibility that is mainly useful for TSO operations.
12
That is, the DSO filtering occurrence is low in our results. Flexi-
bility needs for the distribution network could play a central role
on other power systems or undermine TSO-DSO coordination in
favor of local flexibility balance.

• The paper considers both EOM and redispatch operations. In an
active end-user paradigm, these actors will have the capability to
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participate and optimize their consumption on the EOM as well
as (later on) contribute to TSO-DSO coordination. This insight is
explored in the paper as it is overlooked in other paper and other
power systems cases.

• The Norwegian power system is characterized by the high share
of renewable power plants, and a less flexible conventional power
plant fleet may lead to even higher values for active end-users for
other power systems.

• The results in this paper suggest that the effect of active end-user
participation on the power system can vary between different sea-
sons. Active end-users contribute more to system costs reduction
in the winter weeks. This might be generalizable to places with
similar seasonal characteristics.
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ppendix A. Estimation of the electricity demand field per capita

In our model, the electricity demand per capita, 𝜇, is treated as a
patiotemporal field in a real 𝐿2 space. We estimate this spatiotemporal
ield by using the technique known as the Bayesian maximum entropy
ethod [37,38] in the literature. The assumptions we use for the

stimation of 𝜇 are

1. At each spatial point 𝑥 and 𝑡, 𝜇(𝑥, 𝑡) obeys a certain type of
probability distribution with non-negative support and finite
variance.

2. There exists a bijective mapping 𝑚 ∶ 𝜇(𝑥, 𝑡) ↦ 𝜈(𝑥, 𝑡) at each
spatial point 𝑥 and 𝑡 such that 𝜈(𝑥, 𝑡) obeys a standard normal
distribution. In addition, at each time 𝑡 the covariance function
of 𝜈(𝑡) between 2 spatial points, Cov(𝑥1, 𝑥2), is a known function
of the geodesic distance between 𝑥1 and 𝑥2. Time-dependency of
the covariance function and autocovariance of 𝜈(𝑥) at a spatial
point 𝑥 is not considered in the model but can be included in the
13

future.
3. At each time 𝑡, we have equality constraints 𝐶𝑘(𝑡) = ∫ 𝑐𝑘(𝑥)𝜇(𝑥, 𝑡)
𝑑𝑥 from measurement, where 𝑐𝑘 is the covector associated to
equality constraint 𝑘. In our case, 𝑐𝑘 is the population den-
sity field within bidding zone 𝑘 in Norway while 𝐶𝑘(𝑡) is the
aggregated demand of that bidding zone at time 𝑡.

Following [37], we can first infer the prior probability density
function of 𝜈(𝑡), 𝑝(𝜈(𝑡)), by using the principle of maximum entropy.
For a random variable field with known mean and covariance:

𝑝(𝜈(𝑡)) ∝ exp
(

−1
2 ∬ 𝜈(𝑥1, 𝑡)𝜈(𝑥2, 𝑡)Cov

−1(𝑥1, 𝑥2)𝑑𝑥1𝑑𝑥2

)

(A.1)

Cov−1 in Eq. (A.1) should be understood by virtue of eigen-deco-
position: suppose we have obtained the set of orthogonal eigenfunc-

ions for Cov via the Kosambi–Karhunen–Loève theorem, such that

∫ Cov(𝑥1, 𝑥2)𝜙𝑛(𝑥1)𝑑𝑥1 = 𝜅𝑛𝜙𝑛(𝑥2) (A.2)

here 𝜙𝑛 is the 𝑛th function in the set of eigenfunctions of Cov(𝑥1, 𝑥2);
onsequently, applying Cov−1 on 𝜙𝑛 will result in

∫ Cov−1(𝑥1, 𝑥2)𝜙𝑛(𝑥1)𝑑𝑥1 = 𝜅𝑛
−1𝜙𝑛(𝑥2) (A.3)

Then, at time 𝑡, we can infer the posterior probability density
unction of the entire random field 𝜈, 𝑝′(𝜈(𝑡)),:

′(𝜈(𝑡)) =
𝑝(𝜈(𝑡))

∫𝛺 𝑝(𝜈(𝑡))𝑑𝜈(𝑡)
(A.4)

ere 𝛺 is the set of 𝜈(𝑡) such that the equality constraints 𝐶𝑘(𝑡) =
𝑐𝑘(𝑥)𝜇(𝑥, 𝑡)𝑑𝑥 hold.

Finally, we can estimate 𝜇(𝑡) from the posterior of 𝜈(𝑡) and the
nverse mapping of 𝑚, 𝑚−1 ∶ 𝜈 ↦ 𝜇. Of all the statistic parameters
f 𝑝′(𝜈(𝑡)), the mode is perhaps the most simple one to compute. This
ill be equivalent to finding 𝜈(𝑡) that solves the following problem:

min𝜈(𝑡),𝜆(𝑡)
1
2 ∬ 𝜈(𝑥1, 𝑡)𝜈(𝑥2, 𝑡)Cov

−1(𝑥1, 𝑥2)𝑑𝑥1𝑑𝑥2

+
∑

𝑘 𝜆𝑘(𝑡) ∫ 𝑐𝑘(𝑡) 𝑚−1(𝜈(𝑥, 𝑡))𝑑𝑥
(A.5)

ere 𝜆𝑘(𝑡) is the Lagrangian multiplier for equality constraint 𝑘 at time
𝑡, which are found by solving the equality constraints:

∫ 𝑐𝑘(𝑡) 𝑚−1(𝜈(𝑥, 𝑡))𝑑𝑥 = 𝐶𝑘(𝑡) (A.6)

Once we obtain 𝜇(𝑥, 𝑡) with Eq. (A.5) and Eq. (A.6), we assume that
this is the default electricity demand per capita for all the end-users at
the spatial point 𝑥 at time 𝑡.

For simplicity, in our model we choose 𝜇(𝑥, 𝑡) to follow a Weibull
distribution with a probability density function of the form:

𝑓 (𝜇(𝑥, 𝑡);𝜇0(𝑥)) ∝ 𝜇(𝑥, 𝑡) exp

(

−
(

𝜇(𝑥, 𝑡)
𝜇0(𝑥)

)2
)

(A.7)

ere 𝜇0(𝑥) is a predetermined parameter field inferred from annual
ean values of the original electricity demand data. The mapping

etween 𝜇(𝑥, 𝑡) and 𝜈(𝑥, 𝑡) is done by pairing the values of 𝜇∗ and 𝜈∗ such
hat F𝜇(𝑥,𝑡)(𝜇∗) = F𝜈(𝑥,𝑡)(𝜈∗), where F𝜇(𝑥,𝑡) and F𝜈(𝑥,𝑡) are the cumulative
istribution functions for 𝜇(𝑥, 𝑡) and 𝜈(𝑥, 𝑡), respectively.

ppendix B. Stylized modeling of the distribution power networks

We model the distribution power network under the following
ssumptions:

1. The distribution power network lies in a 2 dimensional Eu-
clidean space 𝐑2.

2. At any spatial point 𝑥 in 𝐑2, the number density per unit area of
power lines in the distribution power network with 1 end located
at 𝑥 is 𝜌 .
𝑁

https://github.com/TonyYenTWN/trEnD
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Table 8
Summary of the key findings of the TSO-DSO coordination literature cited.

Literature Key findings

[9] TSO-DSO coordination for redispatch can save up to 300 million Euros in Germany in 2030.
[11] The use of flexibility resources enables more options for DSOs to solve network issues, but liquidity might be a concern for local

markets.
[13] A hierarchy model can enable both TSO and DSO to utilize local resources, but the priority of DSO to use local resources might lead to

sub-optimal solutions.
[14] A bi-level coordination mechanism can benefit transmission expansion by allowing TSO to postpone upgrades, so long as the power

exchange limits between the two levels are sufficient.
[15] With flexibility activated through spatio-temporally varying prices in local energy markets, certain barriers regarding standardization

can be overcome, but many barriers within end-users’ lifestyle and administrative categories still exist for adoption of local flexibility
markets.

[16] An interface optimizer acting as a leader in a Stackelberg game for the DSO and DSO-level flexible resources to follow and adopt
optimal day-ahead schedule accordingly can lead to social welfare close to optimal.

[17] In a novel TSO–DSO coordination mechanism enabling the procurement of ancillary services by TSO from its DSOs in day-ahead
operation, DSOs can provide substantial active and reactive power flexibility. TSO procures mostly downward flexibility from active
distribution systems.

[20] Demand-side flexibility provided by individual buildings were integrated into the traditional process of reserve scheduling. Some
traditional reserve scheduling services could be replaced under this Building-to-grid (BtG) integration framework, without jeopardizing
the stability of the grid or violating thermal comfort constraints of buildings.

[21] Flexibility from customers in field was demonstrated to successfully alleviate network congestion, reduce system costs while keeping a
secure operation. Engagement among stakeholders, customer-friendly technical requirements, and timing of the market were among the
key factors listed in the study for the success of these flexibility markets.

[22] DR programs, distributed storage and other DERs together provided reduced total costs of the system by 1%. Half of the decrease
resulted from reduced number of start-ups and shutdowns of conventional power plants.
t

t
n
b
o

A

3. At any spatial point 𝑥 in 𝐑2, the power lines with 1 end located
at 𝑥 are isotropic.

4. At any spatial point 𝑥 in 𝐑2, the probability density function of
the length of the power lines with 1 end located at 𝑥 obeys a
Pareto distribution with cumulative distribution function: 𝐹 (𝑙) =
1−

(

𝑙
𝑙m

)1−𝛼
, where 𝑙 is the length of the power lines, 𝑙m the cutoff

length of the power lines to be considered for the desired spatial
resolution, and 𝛼 > 1. Differentiate 𝐹 (𝑙) yields the probability
density function for 𝑙: 𝑓 (𝑙) = (𝛼 − 1)𝑙𝛼−1m 𝑙−𝛼 .

5. The impedance per unit length of power lines in the distribution
power network is 𝑧.

Under the above assumptions, we can derive the power flow equa-
tion of the distribution power network:

𝛥𝐼(𝑥1) =
𝜌𝑁 (𝛼 − 1)𝑙𝛼−1m

∫
𝑉 (𝑥1) − 𝑉 (𝑥2)

2+𝛼
𝑑𝑥2 (B.1)
14

2𝜋𝑧 𝐑2⧵𝐁𝑙m (𝑥1) |𝑥1 − 𝑥2|
Here 𝛥𝐼(𝑥1) is the current source at 𝑥1 (if 𝛥𝐼(𝑥1) < 0, then there is a
current sink at 𝑥1), 𝑉 (𝑥1) and 𝑉 (𝑥2) the voltage values at 𝑥1 and 𝑥2
respectively, and 𝐁𝑙m (𝑥1) is a ball with radius 𝑙m centered at 𝑥1. Note
that in the limit where 𝑙m → 0, the right hand side of Eq. (B.1) can be
interpreted as a fractional Laplacian operator acting on the voltage field
in 𝐑2, up to some constant [39], assuming 𝜌𝑁 𝑙𝛼−1m is held fixed (which
leads to the reasonable implication that 𝜌𝑁 increases as we decrease 𝑙m
o achieve a higher spatial resolution).

Eq. (B.1) can be discretized with the desired spatial resolution
o obtain the nodal admittance matrices of the distribution power
etworks in the model. We assume there are no power line connections
etween distribution power networks, so the nodal admittance matrix
f each distribution power network can be modeled separately.

ppendix C. Summary of key findings in cited literature

See Table 8.
Table 9
Summary of symbols used in the paper. Sorted by order of first appearance.

Symbol Description

𝑖 The foresight time interval of the end-user 𝑖.
𝑀𝑠(𝑥, 𝑡), 𝑀𝑑 (𝑥, 𝑡) The end-users’ expected procurement (retailer) price for electricity production (demand) at spatial

point 𝑥 and time 𝑡.
𝑈 𝑠

𝑖 (𝑡), 𝑈𝑑
𝑖 (𝑡) The scheduled production (demand) quantity of end-user 𝑖.

{𝐸}(𝑥) The set of end-users at spatial point 𝑥.
𝐷0,𝑖(𝑡) The inflexible electricity demand of end-user 𝑖 at time 𝑡.
𝑈 𝑏

𝑖 (𝑡), 𝑈 𝑒𝑣
𝑖 (𝑡), 𝑈 𝑠𝑎

𝑖 (𝑡) The electricity produced (consumed) from the BESS, home-charging EV, and smart appliance owned
by end-user 𝑖 at time 𝑡.

𝜂𝑐ℎ,𝑏𝑖 , 𝜂𝑑𝑐,𝑏𝑖 The charge (discharge) efficiency for the BESS owned by end-user 𝑖.
𝑐ℎ𝑏

𝑖 (𝑡), 𝑑𝑐𝑏𝑖 (𝑡) The charge (discharge) volume of the BESS owned by end-user 𝑖 at time 𝑡.
𝑠𝑜𝑐𝑏𝑖 (𝑡) The state of charge (SOC) of the BESS owned by end-user 𝑖 at time 𝑡.
𝜂𝑐ℎ,𝑒𝑣𝑖 , 𝜂𝑑𝑐,𝑒𝑣𝑖 The charge (discharge) efficiency for the EV owned by end-user 𝑖.
𝑐ℎ𝑒𝑣

𝑖 (𝑡), 𝑑𝑐𝑒𝑣𝑖 (𝑡) The charge (discharge) volume of the EV owned by end-user 𝑖 at time 𝑡.
𝑠𝑜𝑐𝑒𝑣𝑖 (𝑡) The SOC of the EV owned by end-user 𝑖 at time 𝑡.
𝑑𝑒𝑣
𝑖 (𝑡) The electricity consumed for providing transportation service of the EV owned by end-user 𝑖 at time 𝑡.

𝑑𝑠𝑎
𝑖 (𝑡1 , 𝑡2) The flexible demand shifted from 𝑡1 to 𝑡2 via smart appliances by end-user 𝑖.

𝛥𝑡 The maximum possible time shift.
𝑑𝑠𝑎
𝑖 (𝑡) The unfulfilled default demand profile at time 𝑡 of the smart appliances for end-user 𝑖.

{𝐴}D The set of all the market participants in the operational area of a particular DSO D.
{B}𝑖 The set of bids submitted by a particular market participant 𝑖.
𝐵max The maximum bidding price in the EOM.
𝐵𝑠
𝑗 (𝑡) The equivalent bidding price of supply bid 𝑗 considered in the DSO problem at time 𝑡.

�̂�𝑠
𝑗 (𝑡) The quantity of supply bid 𝑗 allowed to enter the redispatch problem of the TSO at time 𝑡.

(continued on next page)
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Table 9 (continued).
Symbol Description

[]D The line admittance matrix of the distribution power network in the operation area of a particular
DSO D.

[]D The signed incidence matrix of the network in the operation area of a particular DSO D.
{𝜃}D(𝑡) The phase angles at the nodes of the network in the operation area of a particular DSO D at time 𝑡.
{𝐼}D(𝑡) The DC power flow on the power lines of the network in the operation area of a particular DSO D at

time 𝑡.
[𝑌 ]D The nodal admittance matrix of the network in the operation area of a particular DSO D.
{𝑆}D(𝑡) The power source (sink) at the nodes of the network in the operation area of a particular DSO D at

time 𝑡.
[𝑠ℎ]D The shunt admittance matrix of the nodes in D.
{𝐍}D The set of nodes in the DSO D.
{𝐴}𝑛 The market participants at node 𝑛.
𝑆𝑛(𝑡) The power source at the node 𝑛 at time 𝑡.
𝐵𝑑
𝑗 (𝑡) The equivalent bidding price of demand bid 𝑗 considered in the DSO problem at time 𝑡.

𝑄𝑑
𝑗 (𝑡) The quantity of demand bid 𝑗 allowed to enter the redispatch problem of the TSO at time 𝑡.

{𝑍} The set of bidding zones involved in the EOM.
{𝐴}𝑧 The set of all the market participants in bidding zone 𝑧.
𝐵𝑑
𝑗 (𝑡), 𝐵𝑠

𝑗 (𝑡) The participant-determined bidding price of demand (supply) of bid 𝑗 at time 𝑡.
𝑄𝑑

𝑗 (𝑡), 𝑄𝑠
𝑗 (𝑡) The cleared bidding quantity of demand (supply) of bid 𝑗 at time 𝑡 in the EOM.

𝐹𝑧𝜁 (𝑡) The cross-border flow from bidding zone 𝑧 to bidding zone 𝜁 at time 𝑡.
Q̃𝑑

𝑗 (𝑡), Q̃𝑠
𝑗 (𝑡) The confirmed bidding quantity of demand (supply) of bid 𝑗 at time 𝑡.

[]T The line admittance matrix of the transmission power network T.
[]T The signed incidence matrix of the network in the transmission power network T.
{𝜃}T(𝑡) The phase angles at the nodes of the transmission power network T at time 𝑡.
{𝐼}T(𝑡) The DC power flow on the power lines of the transmission power network T at time 𝑡.
[𝑌 ]T The nodal admittance matrix of the transmission power network T.
{𝑆}T(𝑡) The power source (sink) at the nodes of the transmission power network T at time 𝑡.
[𝑠ℎ]T The shunt admittance matrix of the nodes in T.
{𝐍}T The set of nodes in T.
𝜇(𝑥, 𝑡) The electricity demand per capita at spatial point 𝑥 at time 𝑡.
𝜈(𝑥, 𝑡) A bijective mapping from 𝜇(𝑥, 𝑡). Note that the alternative notation 𝜈(𝑡) refers to the spatial field at

fixed time 𝑡, while 𝜈(𝑥) refers to the time series at fixed spatial point 𝑥.
Cov(𝑥1 , 𝑥2) The covariance function of 𝜈(𝑡) between 2 spatial points at a fixed time.
𝐶𝑘(𝑡) Equality constraints the spatio-temporal field 𝜇 must obey.
𝑐𝑘 The covector associated to equality constraint 𝑘
𝑝(𝜈(𝑡)) The prior probability density function of 𝜈(𝑡).
𝜙𝑛 The 𝑛th function in the set of eigenfunctions of Cov(𝑥1 , 𝑥2).
𝑝′(𝜈(𝑡)) The posterior probability density function of 𝜈(𝑡).
𝛺 The set of 𝜈(𝑡) such that the equality constraints 𝐶𝑘(𝑡) = ∫ 𝑐𝑘(𝑥)𝜇(𝑥, 𝑡)𝑑𝑥 hold.
𝜆𝑘(𝑡) The Lagrangian multiplier for equality constraint 𝑘 at time 𝑡.
𝜇0(𝑥) A predetermined parameter field inferred from annual mean values of the original electricity demand

data.
F𝜇(𝑥,𝑡), F𝜈(𝑥,𝑡) The cumulative distribution functions for 𝜇(𝑥, 𝑡) and 𝜈(𝑥, 𝑡)
𝜌𝑁 The number density per unit area of power lines in the distribution power network with 1 end

located at 𝑥
𝑙m The cutoff length of the power lines to be considered for the desired spatial resolution.
𝑧 The impedance per unit length of power lines in the distribution power network.
𝛥𝐼(𝑥1) The current source at 𝑥1.
𝑉 (𝑥1) The voltage values at 𝑥1.
𝐁𝑙m (𝑥1) A ball with radius 𝑙m centered at 𝑥1.
Appendix D. Summary of symbols used in the paper

See Table 9.
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