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ABSTRACT. This paper is devoted to investigate the robust duality and saddle
point characterizations of nonconvex multiobjective optimization with data un-
certainty in both the objective and constraints. Based on the robust necessary
optimality conditions, we introduce a mixed type robust dual model of the un-
certain multiobjective optimization problem, which covers the Wolfe type dual
model and Mond-Weir type dual model as special cases. The weak robust duality,
strong robust duality and converse robust duality between the robust dual model
and the robust counterpart of original problem are established under some suit-
able conditions. Moreover, we also obtain the robust saddle point type sufficient
and necessary optimality conditions for the uncertain multiobjective optimization
problem under the generalized convexity assumptions.

1. INTRODUCTION

Multiobjective optimization is also called multicriteria optimization which has
multiple objectives that are generally in conflict simultaneously. Multiobjective
optimization has been received an increasingly attention and extensively applied
in machine learning, engineering, economy, management and sircraft design; see
[1,2,3,4,5,6, 7, 8 and the references therein. However, the existing optimization
theory and algorithms on multiobjective optimization were mainly established in
the sense of accurate data.

In most practical applications, the data of parameters in optimization problem-
s are not known exactly, and solutions to optimization problems can be exhibit
remarkable sensitivity to perturbations in the parameters of the problem. So, it
is worthy to study multiobjective optimization with uncertainty. It is well-known
that robust optimization method is an important method to deal with uncertain
optimization problems in the worst case. Robust optimization problems were first
introduced by Soyster [9], and have been extensively studied in robust optimali-
ty, duality, error bounds and algorithms on various robust solutions for uncertain
optimization problems; see, e.g., [10, 11, 12, 13] and reference therein.

Chuong [14] studied necessary/sufficient optimality conditions for robust (weak-
ly) Pareto solutions of the a robust nonsmooth multiobjective optimization problem
in terms of multipliers and limiting subdifferentials of the related functions, and ex-
plored weak/strong duality relations between the primal one and its dual robust
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problem under the (strictly) generalized convexity assumptions. Chen et al. [15]
investigated a nonsmooth/nonconvex multiobjective optimization problems with
data uncertainty by using robust approach. The robust necessary and sufficient
optimality conditions as well as dualties for weakly robust efficient solution and
properly robust efficient solution of the uncertain multiobjective optimization prob-
lem are established under the convex-like and generalized convexity assumptions. It
is naturally proposed a question whether the robust necessary optimality condition-
s of uncertain multi-criteria optimization problem can be established without the
convex-like assumption in more general case. Ou et al. [16] studied the robust opti-
mality conditions as well as saddle point optimality conditions for uncertain multi-
objective optimization problems by using image space analysis. Recently, Chai [17]
introduced three kinds of robust dual problems, such as the robust augmented La-
grange dual, the robust weak Fenchel dual and the robust weak Fenchel-Lagrangge
dual problem, of the primal optimization problem by employing this weak conju-
gate function. By using Lagrangian functions, strong robust duality was given in
robust convex optimization in which all involved functions are convex-concave func-
tions in [18, 19, 20]. Thereafter, the robust duality and robust saddle point results
of uncertain multiobjective optimization problems were studied without convexity;
see [21, 22]. Very recently, Wang, Li and Chen [23] generalized the results in [24]
form differentiable cases to nondifferentiable cases under weaker assumptions, and
obtained KKT type robust optimality conditions for multiobjective optimization
problem with infinitely many uncertain constraints under the generalized convexity
assumptions. However, robust duality of the multiobjective optimization problem
with infinitely many uncertain constraints are not considered in [23]. Inspired by the
above works, this paper aims to study robust duality and robust saddle point char-
acterizations of the nonconvex multiobjective optimization problems with infinitely
many uncertain constraints.

The rest of this paper is organized as follows. In Section 2, we recall some basic
notations and several auxiliary results. Section 3 introduces a mixed-type robust
dual problem of uncertain optimization problems and deal with duality relations
between the primal-dual problems. A vector-valued Lagrangian function is con-
structed, and then we discuss saddle point results in Section 4. Finally, we give
some conclusions in Section 5.

2. PRELIMINARIES

Throughout of this paper, without special statements, let X be a Banach space
with its topological dual space X™*, Y be a metric space, ]RZ_ be the nonnegative

orthant of the [-dimensional Euclidean space R!. The symbol “% means the conver-
gence in the weak*-topology of X*. For each S C X, the topological interior, the
closure hull and the convex hull of S are denoted by intS, clS and coS, respective-
ly, while cl* B denotes by the weak® topological closure of B C X* and cl*coB is
weak*-closed convex hull of B € X*. The closed ball with the center x and the
radius ¢ is denoted by B(x,¢).
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We now consider the following uncertain constrained multiobjective optimization
problem (UMP):

min  f(x,u)
st. xe X, g(x,v) <0,VteT,

where f(z,u) = (fi(z,u1),..., filr,w)), fr : X x Uy > Rk € K :={1,2,...,1},
gt X xVy — R, u := (u1,ug,...,u) is an uncertain parameter with u; € U a
compact subset of Y for each k € K and v; is an uncertain parameter which belongs
to the compact set V; C Y,t € T an arbitrary index set.

Since robust optimization is an effective method for treating the uncertain prob-
lem, we adopt the robust optimization method proposed in [25] to deal with (UMP)
in the worst-case. The robust counterpart of (UMP) is defined as follows:

z€C \ u el wel;

(RMP) min ( sup fi(xz,u1),..., sup fl(x,ul)) ,

where C' = {x € X : g(x,v) <0, Vv, € Vi, YVt € T} is the so-called the robust
feasible region of (UMP).

For the simplicity, we denote Fy(z) := sup,, ey, fr(z,ur), F(z) := (Fi(z),..., Fi(x))
for x € X, Ug(z) = {ug € Uy : fr(x,ux) = Fr(x)} and v := (vy)er € V =
[L;er Vi, and for each t € T, Gi(x) := sup,,ey, ge(z,ve), Vi(z) == {vy € V; :
ge(x,ve) = Ge(x)}, G(x) == sup;er Ge(x) and T'(x) :={t € T : G¢(z) = G(x)}.

We also define a set-valued mapping V : T = Y as V(t) :=V, for all t € T, and
the graph of the mapping V is denoted by gphV := {(¢t,v;) : vy € Vi, t € T'}.

In order to deal with (RMP), we next recall some basic definitions and facts.

Let T be an arbitrary index set and |T| mean the hypervolume of T. RI7l is
defined as:

RITI:= {\ = (\\)ser : there only finite ¢t € T, \; # 0},
and the nonnegative orthant of RIZ! is defined by
RV .= {A eRITI: ), >0,V e T} .

Let the function ¢ : X — R is locally Lipschitz at £ € X. The generalized Clarke
directional derivative of ¢ at Z in the direction d € X is defined by
d) —
#°(z;d) := limsup e+ 7d) qﬁ(x)’

T—T T
T—0

and the one-side directional derivative of ¢ at Z in the direction d € X is defined by

¢ (z;d) := lim o+ 7d) — qﬁ(f)

T—0 T

The function ¢ is called regular at Z if ¢*(z;-) = ¢/(z;-).
The Clarke subdifferential of ¢ at z is defined by

0¢(z) = {a* € X* : (2*,d) < ¢°(7;d), Vd € X} .
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Definition 2.1. Let X be a Banach space, W be a compact metric space and a
function ¢ : X x W — R. The multifunction (z,w) = 0,¢(z,w) C X* is said to
be weak* closed at (z,w) if 2 € 0,¢(xn,wn) With (zn,w,) — (Z,@), and z} % z*
implies that x* € 0,¢(%,w).

Definition 2.2. Z € (' is called a local robust weakly efficient solution of problem
(UMP) if, there exists a neighborhood O of z such that

F(z) - F(z) ¢ —intR', V2 € CNO.

In particular, if C' C O, the local robust weakly efficient solution notion reduces to
the robust weakly efficient solution notion of (UMP).

Definition 2.3. [23] The robust Mangasarian-Fromowitz constraint qualification
(RMFCQ) holds at z € C' if

0 & cl*co{0z9:(Z,vt) v € Vi(Z),t € T(T)}.

Definition 2.4. [23] (fi, gt)kek ter is said to be generalized convex at € X if for
any ¢ € X, there exist d € X such that

fe(@,ur) — fr(Z,u) > (&, d), YV € Oufr(T,ur), Yuy, € Uy(2),k € K,
gr(x,ve) — g (T, v1) > (g, dy, Yy € 0pgi(T,v4), Yo € Vi(2),Vt € T(Z).

It is worth noting that if for each ug € U,k = 1,2,...,l,v; € Vi, t € T, fr(-, ug)
and g¢(-,v;) are convex, then (fx, g¢)kek et is generalized convex. Besides, if for

each w € U and v € V, f is Rﬁr—generalized convex and g = (g¢)ter is ]le‘—
generalized convex defined as [15, Definition 2.6], then (f, g:)kek ter is generalized
convex.

Lemma 2.5. [23, Theorem 3.1] Let x € X. Suppose that the following conditions
hold:

(i) For any given t € T, gi(x,v:) is upper semi-continuous (u.s.c) in vy € Vi,
and for any given v € V, gi(x,vy) is u.s.cint € T.

(ii) For any given t € T, gi(x,v:) is locally Lipschitz in x uniformly for v, € V4,
and for any given v € V, gi(x,v;) is locally Lipschitz in x uniformly for
tel.

(iii) For any given t € T, Opgi(x,vy) is weak™ closed in (x,vy) for each v, € Vi(x),
and for any given v € V, 0ygi(x,v;) is weak® closed in (x,t) for each t €
T(x).

(iv) gi(x,v) is regular in x for each vy € V; andt € T.

Then 0G(z) = cl'co{0zg:(z,vt) 1 vy € Vi(x),t € T'(z)}.

For the sake of brevity, we give the blanket hypotheses (see, e.g., [23, 25]):

(H1) For each k € K, fr(x,u) is u.s.c in uy € Uy.

(H2) For each k € K, fi(z,uy) is locally Lispschitz in = uniformly for uy € Uy,
namely, there exists L > 0 such that
ka(xl,uk) — fk(.%'g,uk)H <L Ha:l - HJQH , Vai,x9 € B(x,é), uy, € Ug.

(H3) For each k € K, the subdifferential 0, fi(x, uy) is weak* closed in (x, uy) for
each uy € Ug(x).
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(H4) For each k € K, fi(x,us) is regular in x for each uy € Uy, i.e., frl(x, up;-) =
e (@, ug; ).
The following necessary conditions for local robust weakly efficient solutions of
problem (UMP) can be obtained from [23, Theorem 4.1].

Lemma 2.6. (Necessary optimality conditions) Let T be a local robust weakly ef-
ficient solution of (UMP) and the (RMFCQ) hold at T. Suppose that fi(x,uy)
satisfies (H1)-(H4) for each k € K and the assumptions of Lemma 2.5 are fulfilled.
Then there exist 0 > 0,k € K not all zero, and X\ > 0 such that

0e Z O cl* co {0y fr.(ZT,ug) : up, € Ugp(ZT)} + Al co{0z9:(T,vt) = v € Vi(z),t € T(Z)},
keK

and Asup,, cy, ter 9t(%, v) = 0.

3. ROBUST DUALITIES

In this section, based on the robust Karush-Kuhn-Tucker optimality condition-
s, we formulate a Mixed type robust dual model of the uncertain multiobjective
optimization problem. Then we investigate the weak, strong and converse robust
duality results between the robust dual model and the original problem.

We first present the following robust mixed dual model (RMD) of (RMP):

maXL(z, )\7 ﬁ? U) = F(Z) + Z /\tgt(za vt)e'
teT
st.B: sup  gi(z,v) >0,
v eV teT
0e Z Orcl*co{0, fr(z,uk) : ux € Ux(2)}
keK
+ Z()\t + Bi)cl*co{0.g:(z,v¢) 1 v € Vi(2),t € T(2)},
teT
9k‘ > Oak € Ka)‘t > Oaﬁt > O,Ut € ‘/;fat € T7

where A := (\)ier € ]R'fl, B := (Bi)ter € RE', v:=(v)ter € Vie:=(1,1,...,1) €
R

We also denote the feasible set of (RMD) by Cp.

In particular, if g, =0, ¢t € T, (RMD) reduces to the following Wolfe type robust
dual problem (RMDw):

max L(z, A, B,v) = F(z) + Z Aegi(z, ve)e.
teT

6.0 € Y Opel*co{d. fr(z,ur) s up € U(2)}
keK

+ Z Acl*co{0,g1(z,vp) 2 v € Vi(2),t € T(2)},
teT
0, >0,ke K, > 0,0, € Vit eT.
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Besides, if Ay =0, t € T, (RMD) reduces to the following Mond-Weir type robust
dual problem (RMDm):

max L(z, A, B,v) = F(z).

s.t.0 € Z Orcl*co{0, fr(z,ug) : ux € Ug(2)}
keK

+ ) Bicl*co{0.gi(z,v1) s vy € Vil(2),t € T(2)},
teT

Bt sup gt(Z,'Ut) Z 07
vt €V, teT

0, >0,ke K,B: >0,v, € Vi, t €T
So, (RMD) unifies the Wolfe type robust dual model and Mond-Weir type robust
dual model.

The local robust weakly efficient solution of (RMD) is defined similarly as in
Definition 2.2. In the rest of this paper, we use the following notations: for u,v € R/,

u<vev—ucint R ,u%v@v—u%in‘cRi.
Definition 3.1. (z,),3,9) € Cp is said to be a local weakly efficient solution
of (RMD) if, there exists a neighborhood O of (z, A, 3,v) such that there is no
(z, A, B,v) € Cp N O satisfying
L(z? 5\7 B? fl_j) 74 L(Z7 )\’ 67 U)'

In particular, if O := X, then the above local weakly efficient solution notion
reduces to the weakly efficient solution notion. We denote S% and S% by the set of
local weakly efficient solutions and the set of weakly efficient solutions of (RMD),
respectively.

The next theorem gives the robust weak duality between (RMP) and (RMD).

Theorem 3.2. (Weak robust duality) Let (fi, gt)kexter be generalized convez at
z. Then

(3.1) F(z) £ L(z,\, B,v), Yz € C, (2,\,8,v) € Cp.

Proof. For any (z,\, 5,v) € Cp, there exist 0, > 0,k € K not all zero, Ay > 0,
/Bt > 07 and

(3.2) 2 € cl*co{0, fr(z,ug) s up € Ug(2)}, k € K,
and
(3.3) x* € clco{d.gi(z,v) : vy € Vi(2),t € T(2)},
such that
(3.4) 0€ Y tzi+ > M+ B,

keK teT
(3.5) B sup gz, v) > 0.

v €V teT

Since 0 > 0,k € K are not all zero, without loss of generality, we assume that
Y orer O =1 and set 0 = (01,02,...,0;).
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Suppose to the contrary that there exists x € C such that
F(z) < L(z,\, B,v).
Then
<07F($) - L(Zv )\767 U)> <0.

Moreover, one has

(3.6) D O(Fi(x) = Fie(2)) = > Aegi(z,00) <0.

keK teT

From the generalized convexity of (fx, gt)kek ter, it follows that there exists d € X
such that

B7) fe(wur) = fulzun) > (Ek, d), Yk € 02 fi(z, up), Vup € Up(2),k € K,
(3.8) gi(x,v) — gi(z,v0) > (g, dy, Y € O,g1(2,v1), Vo, € Vi(2),Vt € T(2).
We conclude form (3.2) that there is a net
{z5}ren C co{0: fr(z,ug) - up € Ug(2)}.
such that z¥ 5 zF, where A stands for the directed set of this net. Then, for each

r € A, there exist a,; > 0,27 € 0. fr(2,urj), urj € Up(2),j = 1,...,k kK €N, and

» 2y
’

Z?Zl arj = 1, such that

kl
(3.9) =Y ozl
Jj=1

This together with (3.7) ensures that

K K
(3.10) (zr,d) = gz d) < an[fr(@, urg) = iz, urg))-
=1 =1

Since uy,; € Uk(2), fr(z,urj) = Fi(2) for j = 1,...,k. By the definition of Fy,
fr(@,urj) < Fi(z) for j =1,...,k". Using (3.10) yields that

(zr,d) < Fi(x) — Fi(2).
Passing to the limit with respect to r, one has

(z5,d) < Fi(x) — Fy(2).

Similarly, there is a net
{25} sen € co{0.g:(z,v¢) : v € Vi(2),t € T(2)}.

such that z* “5 z*. For each s € A, there exist LsiyTs; = 0,0 = 1,2,...,i/,j =
1,2,...,j/,i ,j/ e N, Zz;l s, = Z;;l Ts; = Lits;, € T(z), Ut,,, € Vts,-j (z) and

*
S
’

* *x T J *
T, € 021, (% Utsij) such that x5 =37, 15, > 54 Ts; O,
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Form (3.8), we deduce that

i i
@y =310 S lat, )
=1

i=1

W .
v J
S z : Lsi z Tsj (gtsi (1.7 Utsl-]- ) - gtsi (Z7 ’Utsij ))
i=1 =1

< Z ts; (G, (z) — Gy, (2))
< g(lx) — G(2).
Taking the limit with respect to s € A, we have
(3.11) (2%, d) < Glz) - G(2) < ~G(2),

because of x € C. Together (3.4), (3.5) with the definition of G(z), we have

0= Oulzr,d)+ > (A + Bi) (", d)

ke K teT

<D Ok(Fi(x) = Fi(2)) = > (M + B)G(2)
keK teT

<Y Or(Fr(z) — Fi(2) = > MG(2)
kEK teT

< O(Fr(w) — Fi(2) = Y Aegelz,v0),
keK teT

where contradicts with (3.6). It therefore implies that (3.1) holds. O

It should be pointed out that the generalized convexity of (fx, 9¢)ker ter in The-
orem 3.2 is indispensable; see Example 3.3.

Example 3.3. Consider the following uncertain biobjective problem:
min (—|z| — ur, —2% — u)
s.t. t2|z] — v, <0, Vt €T,

where uy, ug € Ug, Uy = U :=[0,1], and v; € V; :=[1,1 +¢] for t € T := [0, 1].
The robust counterpart of the uncertain biobjective problem is as follows:

min (7|1:],7x2)
st. |z —v <0, Yo, €V, YVt eT.

After calculation, we obtain that Gy(z) = t?|z|-1, G(x) = |z|—1, Vi(z) = {1}, U1 () =
Us(z) = {0}, T'(z) = {1}, C =R, 0z fi(z,u1) = [-1,1], Opfo(x,us) = —2z for
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ug,u2 € {0}, and

[-1,1], =0,
Opgi(z,v) = ¢ {1}, x>0,
{-1}, z<0.

::0,91:02::%,Bt:OandS\t:T)t::lforallteT,wehave

L(z,\, B,9) = (—1,-1).
However, there exists T := 2 € C such that
F(z) = (-2,-4) < (=1,-1) = L(z, A, 3,).

As a matter of fact, (fx, gt)kek ter is not generalized convex at z. For uy,us € {0},
taking (£1,&2) = (0,0) € 9, f1(Z,u1) X 0, f2(Z,u2), we get that for any d € R,

fi(Z,ur) — fi(Z,ur) = —2 < 0 = (£, d)
and -

fo(Z,u2) — f1(2,u2) = —4 <0 = (&2, d).

The following theorem declares strong robust duality relations (RMP) and (R~

MD).

Theorem 3.4. (Strong robust duality) Let T be a local robust weakly efficient solu-
tion of (UMP) and (RMFCQ) hold at . Assume that fi(x,uy) satisfies (H1)-(H4)
for each k € K and the assumptions of Lemma 2.5 are satisfied. Then there exist

N B,0) € R s RIT 5 v such that
(z,1,0,9) € Cp, F(z) = L(Z,\,0,0), and M\gi(z,0;) =0, t € T.
Furthermore, if (f, gt)kek teT 15 generalized convez, then (Z,,0,0) € S%.

Proof. It follows from Lemma 2.6 that there exist 0, > 0,k € K not all zero, and
A > 0 such that

(3.12)

0e Z Orcl*co{dy fiu (T, up) : up € Up(Z)} + Acl*co{dpgs(Z, v¢) : v € Vi(Z),t € T(Z)}
keK

and

(3.13) A sup g (Z,v) = 0.

v €V ,tET

If A\ > 0, then SUPy,ev; et 9¢(Z,v¢) = 0 and T(Z) # 0. For t € T, we let § =
(Be)er =0, A= () € Rf' and

h\ -
A if A =0,
T
(3.14) At = A I
——, ifteT(z), A >0,
T(z)|
0,ifteT\T(z), A>0.
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Then >,cr At = A and

0> Opcl*cofDu fi (T, ur) : ux € Ug(Z)}
keK

+ ) Mcl*co{Buge(Z, v1) 1 vy € Vi(T), 1 € T(T)},
teT
which implies that there exists v € V meeting v; € Vi(¥),t € T(Z) such that
(35, )\,0,17) € Cp and so,

9t(%,0) = Gy(T) = G(Z) = sup g (T, vy).
v €V teT

From (3.13), one has

Moosup gu(@,v) = Mge(T,0) =0, t € T(Z).
v €V, teT

It therefore follows from (3.14) that
j\tgt(j;a T)t) = 07 te T7

and

L(z,),0,0) = F(Z) + Y Mgi(Z, 01)e = F().
teT

Since (fx, 9¢)kek ter is generalized convex and z € C, we conclude from Theorem
3.2 that

L(z,\,0,0) = F(z) £ L(z,\, B,v), ¥ (z,\,8,v) € Cp.
Consequently, one has (:E, 5\,0,6) € Sh. O
Theorem 3.5. (Converse robust duality) Let (zZ,, A, 0) € Cp be a weak efficient
solution of (RMD) with z € C and \y = 0 fort € T\ T(Z). If (fx,9t)kek teT 1S
generalized convex at T, then T is a robust weak efficient solution of (UMP).
Proof. Since (Z,\,\,9) € Cp and \; = 0 for t € T\ T(%), one has

Mgi(Z,0) =X sup  gi(ZT,v) >0, t €T,
v €V, teT

and 80, ;e Aegt(Z,0) > 0. It follows from Theorem 3.2 that
(3.15) F(z) A L(z,\,\,0), Yz € C.
Taking x = T in above formula, we have
0£4 D Mgi(2,Br)e,
teT

ie., > er Mgi(Z,v¢)e ¢ int R, . Due to e = (1,1,...,1) € R}, one has
Z Mege(Z, ) < 0.
teT

Consequently, we obtain Y, Aeg¢(Z,7:) = 0 and F(Z) = L(Z, A, A, 0). Then (3.15)
implies that
F(x) A F(z), YVa € C,
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ie., F(z) — F(z) ¢ —intR) for all z € C. Thus, Z € C is a robust weak efficient
solution of (UMP). O

4. ROBUST SADDLE POINT CHARACTERIZATIONS
In this section, we present robust saddle point characterizations of (UMP) in the
sense of vector-valued Lagrangian function.

We now define the vector-valued Lagrangian function £ : R™ x V' x RE' — Rl as
follows

E(J?, v, )‘) = F(.T) =+ Z )\tgt(xv Ut)ev
teT

where X\ := (A\¢)er € RE', vi= (ve)eer €V and e := (1,1,...,1) € R,
Definition 4.1. A point (Z,9,)\) € X x V x le' is called a robust weak saddle
point of L(z,v, A) if,

L(z,0,0) £ L(E,5,X) £ L(E,v,\), ¥(z,0,\) € X xV xR,

The following theorem presents the saddle point type necessary robust optimality
conditions of (UMP).

Theorem 4.2. Let T be a robust weakly efficient solutions of (UMP) and (RM-
FCQ) hold at T. Assume that the assumptions of Lemma 2.6 are satisfied, and
(f&, 9t kek ter is generalized convex at T. Then there exist A= (A)eer € ]R'Il
v := (0¢)ter €V such that (T,v,\) is a robust weak saddle point of L(x,v,\).

and

Proof. It follows from Lemma 2.6 that there exist 0, > 0,k € K not all zero, and
A > 0 such that

0¢€ Z Orcl*co{ Dy fi (T, up) : up € Up(Z)} + Acl*co{pg:(Z, vy) : vy € Vi(2),t € T(Z)},
keK

and

(4.1) A sup  gi(T,v¢) = 0.
v €V, teT

Without loss of generality, assume that ), -, O, = 1.
If A =0, (4.1) implies that there exist v; € V4, t € T such that

(4.2) Z Aegi(Z,71) = 0,
teT
where \; := %‘,'
If X > 0, (4.1) implies that T'(Z) # 0 and for each ¢ € T(Z), there exists ; € V;(T)
such that

(4.3) B = S o) =0
ve €V teT
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Fort € T, we let

A . _
(4.4) A e W’ ift € T(z),

0, if t € T\ T(2).
Clearly, > cr At = A. Therefore, from (4.1) and (4.3), we derive

)\gt(x on) Z \egi(Z, ;) = A sup gt(Z,v) =0, t € T(x).
teT(3) v €V teT

Moreover, one has

(45) Z tht(.f‘, ’l_)t) =0
teT

Since = € C, then ¢(Z,v;) <0, vy € V; and

(4.6) S Age(@,0) <0, V(0,0) = (v, A)eer) € V x R,
teT

Combined (4.2), (4.5) with (4.6), we have

> Mg(@ ) <D Ngi(®, ).

teT teT

So, one has

Z j\tgt(j,@t)e — Z )\tgt(:E,vt)e S Rl ,
teT teT

which implies that

If‘) + Z S\tgt(f, T;t)e — (F(i’) + Z )\tgt(:f,vt)e> ¢ —int Rl_i_

teT teT

Then we have
(4.7) L(z,0,)) £ L(T,v, )WvMGVxNﬂ
By the proof of Theorem 3.4, one has ( Z, ) € Cp and
L(z,0,)\) = F(z) = (a:,X,O,@).
Since (fr, 9t ) ke ter is generalized convex at z, we deduce from Theorem 3.2 that

F(z) £ L(z,v,)\), Vo € C,

and so,
(4.8) F(z)+dc(z)e £ L(z,0,\), Vo € X,
where dc(x) is the indicator function defined on C.
Suppose that there exist & € X such that £(%,9,\) < L(Z,9,\). Then
(4.9) +Z)\tgt z,0)e < F(Z —|—Z)\tgt z,v)e = F(Z).

teT teT
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Observed that

B)+ Y Mgi(@,v)e = F(&) + dc(a)e + (Z Aigi (2, Ty) — 50(92;))

terT teT

Combined (4.8) and (4.9), we have (Xier S\tgt(:i*l@t) —6c(2)) e € intRY and so,
Y oter M9i(2,9¢) > dc(2). Thus, 2 € C and ), A\g¢(2,7;) > 0, which contradicts
the fact that », A\egi(#,7;) < 0. Therefore, one has

(4.10) L(z,0,\) £ L(Z,0,\), Vo € X.

Consequently, it follows from (4.7) and (4.10) that there exist A := (\)ier € ]RLFT‘
and © := (0)ier € V such that (7,9,)) € X x V x ]RLFTI is a robust weak saddle
point of L(z,v, ). O

The following result presents the saddle point type sufficient robust optimality
conditions of (UMP).

Theorem 4.3. If (Z,7,\) € X xV xRE' is a robust weak saddle point of L(x,v,\),
then T € C' is a local robust weakly efficient solution of (UMP).

Proof. Since (Z,7,\) € X x V x RE' is a robust weak saddle point of L(z,v, ), we
have

(4.11) L(z,0,\) £ L(Z,0,)\), Vo € X
and

L(Z,0,N) £ L(Z,0,\), V(0,)) = (v, M)er) € V x RIT
So, one has

ST M@ e A3 Mgi(@,ve, ¥ (v,A) = (v, (Aeer) € V x R,
teT teT

i.e., for any (v,\) = (v, (M)er) € V X R‘f', we get
(4.12) Do Aeg(@,m) = Aege(,vr).
teT teT
For each t € T', set vy = vy, \y = 0 and Ny = 2)\; in (4.12), respectively, we obtain
0 > ZtET )\tgt(.f,’ljt) > 0, i.e., ZtGT )\tgt(ji,@t) =0. Thus, we have
(4.13) 3" Mege(@, o) <0, V(0,0 = (v, (Aer) € V x R,
teT

which implies that g,(Z,v;) <0 for all v, € V; and t € T and so, = € C.
Note that for any = € C, gi(z,v¢) <0 for all t € T and v; € V;. Then

(4.14) > Negi(a,v) <0, V(2,0) € C x V.
teT
Using (4.11) yields that
(4.15) F(z) = F(@)+ Y Mgi(z,tr)e ¢ —int R, Vo e X.

teT
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Suppose that for any neighborhood O of Z, there exists £ € C' N O such that
F(3) — F(z) € —int RY, . This together with (4.14) yields that

F(i) = F(z)+ > Agi(, vy)e € —int R, — R, € —int R,
teT

which contradicts with (4.15). Therefore, there exists a neighborhood O of Z such
that

F(x)— F(z) ¢ —intR,, Vz e CNO,
that is, Z is a local robust weakly efficient solution of (UMP). O

5. CONCLUSIONS

Based on the Karush-Kuhn-Tucker type robust necessary optimality conditions,
the mixed type robust dual model of uncertain multiobjective optimization problem
is proposed. The weak, strong and converse robust duality results between (RMP)
and (RMD) are derived. The robust saddle point type sufficient and necessary
optimality conditions for the (UMP) are presented under the generalized convexity
assumptions. For the future work, it is interesting to study robust optimality,
duality of (UMP) by the image space analysis like in [16] as well as robust stability.
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