SPECTRAL SYNTHESIS FOR EXPONENTIALS
AND LOGARITHMIC LENGTH

ANTON BARANOV, YURII BELOV, AND ALEKSEI KULIKOV

ABSTRACT. We study hereditary completeness of systems of exponentials on an interval
such that the corresponding generating function G is small outside of a lacunary sequence
of intervals I;. We show that, under some technical conditions, an exponential system is
hereditarily complete if and only if the logarithmic length of the union of these intervals

is infinite, ie., Y, flk 1ﬁfz| = 0.

1. INTRODUCTION

Let {v,}nen be a complete and minimal system of vectors in a separable Hilbert space
H, that is, Span{v,} = H and Span{v, },.m # H for any m. For any such sequence there
exists its unique biorthogonal system {w, }nen such that (v,, w,,) = dum. In general, the
system {wy, }nen needs not be complete (e.g., consider v, = e; + e,41 in H = (*(N)), but
even if it is complete, it is possible that for some partition N = AU B, AN B = (), the
“mixed” system {v,}nea U {w,}nep is incomplete. If it is not the case for any partition
N = AUB, then we call the system {v,, }nen hereditarily complete. Hereditary completeness
can be understood as a weakest form of reconstruction of a vector f from its generalized

> wn)on,

neN

Fourier series

since it is equivalent to the fact that each vector f € H can be approximated by linear
combinations of the partial sums of its Fourier series. Clearly, if the Fourier series with
respect to the biorthogonal pair (v, w,) admit a linear summation method, then the system
{vn} is hereditarily complete.

Hereditarily complete systems are also known as strong M-bases or systems which admit
spectral synthesis due to the relation of this property to the structure of invariant subspaces

for certain classes of linear operators discovered by A. Markus [14]. Various geometrical
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Basic Research grant 20-51-14001-ANF-a.
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aspects of abstract hereditary complete systems were considered in [9, 10] while in [1, 12]

some interesting relations with operator algebras can be found.

1.1. Exponential systems. We are interested in the case when H = L?(—m,7) and v,
is a system of exponentials, v, = e for some set A = {\,},en € C. R. Young [19]
proved that in this case the biorthogonal system is always complete and there has been a
number of papers establishing hereditary completeness and existence of a linear summation
method for nonharmonic Fourier series under some additional hypothesis about the set A
(see, e.g., [7] or [17, 18]). Nevertheless, in [3] an example was constructed which shows that
in general hereditary completeness for exponential systems does not necessarily hold. This
result was extended to other functional systems (reproducing kernels in de Branges spaces
of entire functions, Gaussian Gabor systems) in [4, 5] (see also a survey paper [2]). It
should be mentioned that the synthesis for exponential systems fails with one-dimensional
defect only: each mixed system has codimension at most one [3].

The construction in [3] was ingenious, but it had very few “degrees of freedom”, i.e., free
parameters. Therefore, the structure of such examples remained rather mysterious. Our
aim is to give a larger class of examples. Moreover, under some regularity conditions we
are able to arrive to a certain qualitative characterization (finite logarithmic length) which
we believe is intrinsic for the phenomenon of nonhereditary completeness of exponential
systems.

It is well-known that if {e**'},c, is a complete and minimal system, then the following
canonical product converges in the sense of principal value, see, e.g., [13, Lecture 18,
Theorem 4],

2 _ 2
G(z):p.v.H(l—X) :1%520 H (1—X).
AEA AEA,A<R

The function G is called the generating function of the system {ei*},ca. Numerous prop-

erties of exponential systems can be expressed in terms of G, see, e.g., [7, 16].

1.2. Logarithmic length. We are interested in the case when the function G is small
outside some lacunary sequence of intervals {1},

(1.1) I = [px — di, pi + di, 20k < prr1, 1 <dp <0.1py.

We prove that under some additional restrictions the system of exponentials (reproducing
kernels of PW,) is hereditarily complete if and only if the total logarithmic length of these
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intervals is infinite, that is,

oy Pk

:OO,

see Theorems 2.1, 4.1. Theorem 2.1 gives sufficient conditions for the failure of hereditary
completeness, whereas Theorem 4.1 gives sufficient conditions for hereditary completeness;
these two results are in a sense converse to each other.

To illustrate this we present one example which immediately follows from Theorems 2.1
and 4.1.

Example. Let {\,} = A be a locally dense real sequence, i.e., sup,, |A\ni1 — \y| < 00 such

that the generating function G is of exponential type m, and

G(=)| 1
1.2 ———— =X max , Imz| <1,
(1.2) dist(z, A) ko] (dist? (2, 1) + 1) | |

where {1} is a lacunary system of intervals satisfying (1.1) and d/pr, < 1/k. Then the

system {e*} en is hereditarily complete if and only if > 1o, Z—Z = 00.

The existence of sequences A satisfying (1.2) can be deduced via standard atomization
technique, see, e.g., [6]. From [13, Lecture 18, Theorem 4] it follows that the system
{eiM}\cp is always complete and minimal in L?(—m, 7).

In Section 3 we apply these results to give an example of a nonhereditarily complete (i.e.,
complete and minimal but not hereditarily complete) exponential system which partially
answers a problem posed in [2]: which perturbations of integers can produce complete and
minimal systems of exponentials which are not hereditarily complete? Let A\, € R and
(1.3) d = sup |\, —nl.

nez
By the results of Kadets and Ingham any sequence with 0 < 1/4 generates a Riesz basis
of exponentials (see, e.g., [15, Part D, Chapter 4]). One can ask, however, for which
§ any complete and minimal system {e**"!} satisfying (1.3) is automatically hereditarily
complete.

Question. Find 0.4 which is the infimum of 6 > 0 such that there exists nonhereditarily
complete system {ent} with |\, —n| < 6.

The exact value of the synthesis constant 6. is not known. Theorem 3.1 shows that

such d..;; cannot exceed 1/2. Therefore,

S 5cm't S

el
N | —
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1.3. Paley—Wiener space. The classical approach to the study of the properties of ex-
ponential systems is to consider Fourier transform F of our system: in this case the Hilbert
space becomes the Paley—Wiener space PW, = FL?*(—m, ) (the space of all entire func-

iAnt

tions of exponential type at most m which belong to L?*(R)) and the functions e*! are

mapped to the reproducing kernels of PW, (cardinal sines)

sinm(z — A\,
ol = ST
corresponding to the points \,. In the case when the exponential system is complete and
minimal, its biorthogonal system {w, } is mapped to the functions G,, € PW, which vanish
on {\,,,m # n}. It is easy to see that
_ G(2)

G'(An)(z — An)

where G is the generating function of the system {e*'} (or, simply put, of the set A).

Gn(z)

The function G vanishes on A and has no other zeros, it is of exponential type 7 (with
the diagram [—mi, mi]). Clearly, G ¢ PW,, however G € L? (R, %) Thus, the spec-
tral synthesis problem for exponentials is equivalent to the same problem for systems of

reproducing kernels in the Paley—Wiener spaces. This equivalence will be frequently used.

Organization of the paper. In Section 2 we give a sufficient condition for an exponential
system to be nonhereditarily complete (Theorem 2.1, the case of finite logarithmic length).
In Section 3 we apply this result to give an explicit example of a nonhereditarily complete
system of exponentials whose frequencies are sufficiently small perturbations of integers. In
Section 4 we prove a converse result (Theorem 4.1) establishing hereditary completeness in
the case of infinite logarithmic length. Finally, in Section 5, we show that for an incomplete
mixed system its exponential part must be always sufficiently irregular and, in particular,
cannot be a part of Riesz basis of exponentials with some additional regularity.

Acknowledgement. The authors are grateful to the referee for numerous helpful remarks

and suggestions.

2. CASE OF FINITE LOGARITHMIC LENGTH

In this section we will need the following assumptions on A and G:
(a) dist(Z,A) > 0;
(b) A islocally dense on R, i.e., there exists some C' > 0 such that any interval [ C R,
|I| > C, contains at least one element of A;
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(c) |G (iy)| = o(e™), |y| — oo.

Recall that the family {K, },ez = {Siié(f;)") }nEZ

therefore, -, ., |9(n)]* = [|g]|72@) < oo for any g € PW;. We will often use this fact in

is an orthonormal basis in PW, and,

what follows.

On the other hand, note that the series _ _, |G(n)|? diverges for the generating function
G of any complete and minimal system satisfying condition (c¢). Indeed, otherwise we can
find a function F' € PW, such that F(n) = G(n), and by the Phragmén-Lindel6f principle
Fe)-GE) = (. This implies that F' = G, thus G € PW,, which contradicts

sinz

we have
completeness.

For our construction of nonhereditarily complete systems to work, we just need G(n) to
be an %-sequence on the most part of Z\ |JIz. But in some neighborhood of I, we want
G(n) to be slightly better than % (see condition (ii) below).

Theorem 2.1. Let G be the generating function of some complete and minimal system
{eiMYyen satisfying (a)—(c). Let I, be a system of intervals of the form (1.1) such that
dist(py, Z) > % for each k and G(py) #0. Put g = > G*(n), s = Vdrgrpr and

nely

i = Jg UJ = [pr — dx — 28, pre — di, — s U [pr + di + Sk, pr + di + 255].

Assume that the function G satisfies the following conditions:
(i) {G(n): neZ\U I} € ¢?
k
(i) D sk >, G*(n) < oo;
k

)
neJy
(iil) sp < 0.1pg;
: dk
(iv) > — < 0.
k Pk
Then the system {e™}rca is not hereditarily complete.

Proof. First, we note that to prove that the system {v,} = {e***'} is not hereditarily
complete it is enough to find a partition N = AU B and two vectors n,v € L?(—x, ) such
that n L {v,}nea and v L {w, }nep, but n and v are not orthogonal. Indeed, if the system
{vn }nea U{wy tnep were complete, then the vector v would lie in the span of {v,}nca and
n would lie in the span of {w, },ep and so they would be orthogonal.

Since the Fourier transform F is a unitary operator from L?(—m,7) to PW,, we can
pass to the equivalent problem and search for

f=Fn, g=7Fv
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G(z

)
z2—A })\EAQ ’ but

such that for some partition A = A; U Ay we have f L {Ky}ien, and g L {
f and ¢ are not orthogonal.

Step 1. Construction of f. We will construct a function f as a small perturbation of
the function G so that they will share most of their zeros and therefore f is orthogonal to
the most of K, , and then construct function g by the fixed point theorem so that it is
orthogonal to the remaining functions G,,.

It follows from (1.1) and (iii) that all intervals I, Jj, are pairwise disjoint. Also we can
assume without loss of generality that s, > 3C, where C is the constant from the local

density condition (b), and so there exists at least one zero of G' on each Ji. Indeed, if

oo

s < 3C < 3Cdy, then g, < 902;1—’;. Since the series > z—i converges, we can pass to a
k=1

smaller collection of intervals I}, by throwing away the intervals with s, < 3C' and condition

(i) still will be satisfied. Later we will throw away some extra finite set of intervals — it
also will not break our assumptions.

Let t,, € Ji. be a zero of G whose choice will be specified later. Put

where
T L2/
m = =7
k=1

It is easy to see from the lacunarity of py that this product converges locally uniformly on
C\{tx}, and since G(t;) = 0 we conclude that the function f is entire.

Step 2. f € PW,. We will select two candidates 15,6jE € %J,;t for tx (as always, by the
half of the interval we mean the interval with the same center and twice smaller length).
Subsequently we choose one of them in such a way that

N
123
2.1 0.001 < — <1000
(2.1) H o

for all N (we can always do so by (iii)). Note that in this case we have

2= Pk
Z—tk

Pk—1 T Pk

Pk + Prt1
) 2 *

(2.2) |m(2)] < 5

<z <

Therefore the function f is of exponential type at most 7 and |f(iy)| = o(e™!). Thus, to
prove that f € PW,, it is enough to show that {f(n)} € (*(Z).
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Trivially, {f(n)} € ¢*(Z\J(Ix U Ji.)) since |m(n)| < 1 for those n. For n € Ij we have
k

lz=px] < dk and, therefore,

|z—tg|
S 1 |2<z %o = z%«m

k=1 ’I’LG]k pk

For n € Jj, we have [m(n)| < %-. Let us divide LJ5 into 7, < sy, intervals of length C
and choose one root of G from each of them (there is always at least one by our assumption
(b)). Denote these roots in 3.J;" by A;, j = 1,...75. Since dist(A, Z) > 0, we have

S Y AN < g Y @,

=1 neJy neJy
whence there exists A; such that
s (n)
SIS ¥ 0 < o 6
neJy neJy ] neJy

with constants in < independent on k. We put ¢} = \;. Similarly, one can choose ¢, € %Jk_ .

By condition (ii), Y. > |f(n)|* < oo regardless of which of ¢, or ¢ we choose to satisfy
k neJdy

(2.1).

Step 3. Construction of the function ¢g. Put a, = (—1)"f(n). We are going to

construct a real sequence {b,} € ¢*(Z) such that > a,b, # 0 and the function
nez

S0 =3

ne”L

has zeros at each py.
Let us show that once such system {b,} is constructed, the functions f and

g(z):sinﬂwzzz_ —Z )by K (2)

nel

will achieve our goals. By construction, f is orthogonal to all K ,\n except for t; and
(f,9)pw, = >_ apb, # 0. It remains to prove that g is orthogonal to for all k whence

nez
G(2)
{K3}rea, U {z — )\}AGM

the mixed system
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with Ay = {tx}r>1, A1 = A\ Ag, is incomplete. Thus, we need to prove that

z — 1 n — ty

We are going to prove that

GS5() _ 5 (1'0.Gl0)

If we do so, then substituting z = t; we get (2.3) (note that f(¢x) # 0). Consider the
function
G(2)5(2) (=1)"bnG(n)

H(z) = 22235 ; —
Trivial computation shows that its residues at Z are zero and since G'S vanish in all zeros
of f we conclude that H is entire. On the other hand, by comparing indicator diagrams
of corresponding functions we see that H is of minimal exponential type. Finally, from
Im(iy)| < 1,y — oo and the definitions of f and S we see that |H (iy)| = o(1), |y| — oc.
Therefore, by the Phragmén—Lindelof principle, H = 0.

It remains to construct a sequence {b, },ez with the desired properties.

Step 4. Construction of the sequence {b,}. Put by = a—lo, b, = 0forn € Z\J Ix,n # 0,
and b, = L

S(px) = 0 for all k.
Consider the Banach space B of sequences {c}r>1 with the norm ||c||z = iup
>1

for some ¢,. We want to construct a sequence ¢, such that

Lexl

0 and

consider the following operator on it:

Sota) (hLE “"">

ron = (

nel, ik el PR
(S %) ( DI
(Cots) (r-XeX o)
neM(Pk n) ik nel, (px —n)(p; —n)

It is easy to see that if {c;} is a fixed point of this operator then S(px) = 0 for all k. Thus
it remains to prove that T is contractive.
Recall that (—1)"a, = f(n) = G(n)/m(n). We have

2 Gtn) N G g L
(2.4) > e—n) > m2(n)(pr —n)2 2 (tr—n)2 " st dipr

2
—n
nely pk ) nely nely
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On the other hand, for j # k, by (2.2),
2
L . 1
Z < Z Z G*(n)|p; _ n| < gjdé _ ‘
pr— 1) p] —n) ‘p] - n' nel, ’tj —n PES; PLPj

nel; ne[

Clearly, the operator T is the sum of a constant vector and some linear operator. Moreover,
by (2.4), this vector is in B. So it remains to prove that the linear part of T' is contractive.
Denoting it by T};, we have

|(Thinc)r| _ dipr ¢ d;
< E < lle E —.

% PEPj 5 P

As we mentioned in the beginning of the proof we can safely throw away any finite number

of intervals. Thus, we can assume that Z is as small as we like and so || Tjinc||s < ”C”B

] Pj
Therefore, T has a fixed point c.

It remains to prove that {b,} € ¢*(Z) and _ a,b, # 0. We have, by (2.4),

neE”L

Sl =l Sl 3 < oo 4 el S % < oo
) Pk

nes nely k

and, again using (2.4),

Zan n—l—f—chZ >1—||c||BdeZ — A5 ZZ

nely nEIk k

for some absolute constant A. We can once again throw away some intervals [I; so that
the expression in the right-hand side be positive (note that since ||T};,|| < 1/2, we can give

uniform upper bound for ||c[|s so it is enough to make } fj—z sufficiently small). g
k

Remark 2.2. We can replace condition (iii) by s < Cpy — just replace s, with esy for
sufficiently small ¢

Remark 2.3. Note that in the proof of Theorem 2.1 we actually need only that we have a
locally dense subset of the zeroes of G on UJ, C R\ U I} which has positive distance from
Z.

We will now use the Theorem 2.1 to construct a completely explicit example of a function
G which gives us a nonhereditarily complete system.

Theorem 2.4. Let A be the set of zeros of the entire function

o0

1 1 1
(2.5) G(x) = cosmx (x_1/2+k§1:0<x_2k+1/2_$_2k_1/2)>'
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Then the system {e}\ea is not hereditarily complete.

Proof. 1t is easy to see that G ¢ PW,, but G € PW, + zPW,. Moreover, |G(z)| 2
|z|7te™mzl for |z] = 2F 4+ 2¥-! and k € N is sufficiently large. Therefore, one cannot
multiply G by an entire function and remain in PW,. By [13, Lecture 18, Theorem 4] G
is the generating function of some complete and minimal system of exponentials.

Put pr, = 2% and d;, = p,lc/‘r). Conditions (a)-(c) and (iii), (iv) are easy to verify (for
conditions (a), (b) see Remark 2.3). Let us now verify conditions (i) and (ii). We begin
with the condition (i).

For |n| € [2E=1¥Pe PtPiil] we have from (2.5)

2 2
1 1 k 1 k

2.6 G| S——+ =+ ——— + —.
(26) G S s+ et S o
Therefore
) /1 K
n¢Ul, k=1 Nk
To prove (ii) note that g, = Y. G?*(n) < 1 and so s; < pz/5. By the bound (2.6) we get
nely
(27) a3 6 s 3w+ ) <0
k=1 neJy k=1 Sk

g

Note that the minus sign in (2.5) is absolutely essential to verify the condition (ii),
similar cancelation can be observed implicitly in the example from [3]. Moreover, if we
enumerate zeros of the function G in increasing order then for all n € Z we would have
(after shifting by 1) [\, —n| < 1 just as in [3] (one can check that all the roots of the
function G are real). The drawback of these examples is that they do not use the full
potential of the Theorem 2.1 — we could have chosen dj, as any positive power of p;, and
the analysis would still work. In the following section we will construct a more advanced

example which will break this barier and give us [\, —n| < 3 +¢.

3. EXAMPLE OF A NONHEREDITARILY COMPLETE SEQUENCE

In this section we give another explicit example of a sequence A satisfying conditions of

Theorem 2.1. Moreover, this system will be a sufficiently small perturbation of integers.

Theorem 3.1. For any § > % there exist G and A\ satisfying all conditions of Theorem
2.1 and such that A satisfies (1.3).
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Proof. We will start with the following auxiliary function. Let g € [1/2,1). Consider the
function

Go(2) = (=~ 1/2) [| (1 - ﬁ)

neN
It is well known that

|Go(z)] < (|z] + 1)_2‘5°dist(a:,ZGO)

(here and in what follows we denote by Zp the zero set of an entire function F'), whence
Gy € PW, and, in particular, |Go(iy)| = o(e™)), |y| — ooc.

Now let § € (dp,1). The idea is to shift a part of the zeros of Gy which belong to some
lacunary sequence of intervals Ay, = [px — di, pr. + di] back to the origin. Let p; be an
arbitrary sequence such that prp11 > 2p, > 0 and choose dj, so that

(3.1) At = pio.

Of course, we may assume that dj < p;/100 for all k. Now put

= Go(z HHz—n+5 HH< %)

k neAg k neAg

Let z € [Pk—l""ﬁk’ Pk+§k+1] Then

2
> 2 Z It 32
m#k n€An, ’Q} B n - 50 m>k

Since Zk < 00, the corresponding product converges and, moreover,

0 + dg - Pk—1 1 Pk Pkt Pri1
I (0% a1 se | |
m— (n+ dp) 2 2

m#£k n€EA,

Also, let ng + dp and ny; — 9, ng, n1 € Ag, be respectively the zeros of Gy and G closest to
x. Then

1 (H&)‘ Sl k)[R N e NP0
neA, xr — (n + 50) |Z’ — (no + (50>| N r — (TL + 50)

|z — (px = di)| +1
|2 — (P + di)[ + 1

log

[ = (m —9)|
|z — (g + d))|

Thus, for z € [2=LTEE, p"'+§’°+l], we have

= log + (0 + o) In +O(1).

g dist(z, Z¢) |z — (pr, — di)| + 1 So+6
(3.2) |G ()] = [Go(x)] - dist(x7Z§)) ' (\x — (pr +di)| + 1) '
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We will show that G satisfies all conditions of Theorem 2.1 with intervals
I = [pr — 2dy, i + 2dj]

(note that there is a small change in notations since the length of I is 4dj, in place of 2dy).

Obviously, G is an entire function of exponential type 7 (with the diagram [—mi, 7i])
and |G(iy)| = o(e™!), y — oo, since |G (iy)| < |Go(iy)|. Thus, all conditions (a)—(c) are
satisfied.

Let us show that G is the generating function of some complete and minimal system of
reproducing kernels in PW,. It is clear from (3.2) that |G(z)| 2 (=] + 1) ®dist(z, Z¢),
x € R, for some K > 0. Thus, if GT € PW, for some entire function T" of zero exponential
type, then T is a polynomial. However, by (3.1), for any n € [px + dy, pr + di + 2] we have
|IG(n)| < p_2‘5°d§°+‘S 1. Thus, GT ¢ PW, for any polynomial T". By (3.2) we also have

|G ()] < (=] + 1)_25°dist(a:,Zg), x ¢ Uply,

and so {G(n) :n € Z\ Uply} € 2. Also,

e 1
1Sg=) |G < Sl
gl:k P gf: (In = (px + di)| + 1)+
It follows that = € PW; for any A € Zg and so G is the generating function of some

complete and mlnlmal system which satisfies (i) of Theorem 2.1.

Since gr = 1, G?*(n) < 1 we have s; = 2drgrpr < Vprdr < pr/100 for sufficiently
large k. It remains to verify (ii). Let Jy = [pr — 2dgx — 28k, px — 2d). — S| U [pr + 2dy +
Sk, Pr + 2dy + 2s,]. Then

1450
2 2 —46 6+6 5+5
EskgG <Eskpk°: pp 7O <E o
k

neJy

Since d > Jg, we conclude that the above sum converges.

Note that the constants 6 > dy > 1/2 were arbitrary and so Theorem 3.1 is proved. It
is clear from the last step of the proof that the condition dy > 1/2 is essential for this
construction. U

4. CASE OF INFINITE LOGARITHMIC LENGTH

Throughout this section the symbols I, px, di and g will have the same meaning as in
Section 2 (note that J; will denote a different object).
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For a statement which will be in a sense converse to Theorem 2.1 we need to somehow
formalize the statement “G is big on the intervals I;,”. This must include the following

two ingredients: first of all we do not want, for some k, the sum g, = > |G(n)|? to be
nely
significantly larger than the same sum for its neighbours because otherwise we will not

“feel” them in G and the total logarithmic length may become finite; secondly, we do not
want the main contribution to g be due to the values of G on a small part of I} because
in that case we will only “feel” this small part of I; and logarithmic length may again
become finite. These two parts corresponds to the assumptions (i) and (ii) of the following
theorem.

Theorem 4.1. Let G be the generating function of some complete and minimal system

{eM}yen such that AC C, ANZ =0 and
3 G(n)* +G(n)]

In| + 1

< 0
nel

Assume that there exists a constant C' > 0 such that for all k we have

: |G(n)|? Ik
oy SSWIE ok
® n%k In — pg dy,

i) /% < 0|G)], =€l
dy,
d
(iii) 3= = oo.
k Pk
Then the system {e™}rca is hereditarily complete.

Remark 4.2. Formally, Theorems 2.1 and 4.1 apply to different classes of functions G,
since condition (ii) of Theorem 4.1 is incompatible with the existence of any roots of G' on
I, (condition (b) in Theorem 2.1). However, for the Theorem 2.1 we do not need condition
(b) in full, but only its weaker form indicated in the Remark 2.3 which is consistent with
the assumptions of Theorem 4.1. Alternatively, we can weaken condition (b) and assume
that for every x € R there exists A € A with |x — A| < C. For example, a locally dense
subset A of (R + i) U (R — ) is compatible with the condition (ii). Thus, there exists a
class of functions G for which hereditary completeness depends only on finiteness of the
logarithmic length of the intervals Ij.

For the proof of Theorem 4.1 we need the following proposition.

Proposition 4.3. Let t; € R be an increasing sequence (one-sided or two-sided) which is
separated, i.e., tjy1 —t, > 8 for some 6 > 0, and let py, > 0, {ux} € (1(Z). Let {~,} be an
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increasing separated sequence such that dist({v,}, {tx}) =d >0 and > %n = oo. Then, if

for the function

flo) =3

A Z—tk
we have {f(7,)} € (*(N), then uy = 0.

Proof of Proposition 4.3. Let us assume that sup{t;} = oo. Otherwise, f(z) < 27!, z —

0o, and the statement is trivial.

Clearly, f has a unique zero sj in each interval (¢, t;y1). It is known and not difficult
to show (see [3, Proposition 5.4]) that these zeros in a sense approach the “outer” ends of
the intervals (x,tg+1), namely,

Z tk;+18— Sk _ . Z Sk — g < oo
k

>0 £, <0 |kl

Put f(z) = f(z) — 37i5y and denote by 5 the unique zero of fin (g, tps1). Then we
also have
tkr1 — Sk
4.1 _ .
(4.1 DR
x>0

Consider first those 7, which belong to UiEy, where E, = (Si,tgr1). Since {v,} is
separated and dist({7,},{tx}) = d > 0, we conclude that for a fixed k the number of
points 7, € Ej does not exceed C(tgy1 — 8;) for some C' > 0 independent on k. In

particular, the interval Fj contains no points 7, if tk+1 — 8, < d. Hence,

SY sy

t>0 ’ynEEk tp>0

Thus, we may assume without loss of generality that -, ¢ Uy, ~o(tx, Sx) for all n. Since fis
decreasing on each interval (¢4, tps1) we have f(v,) > f(5;) = 0 whenever v, € (L, tis1),

and so
o ; 1
fom) =5——=+ /(w2 —
( ) 2(7n - tO) ( ) Tn
This contradicts the assumption that {f(v,)} € ¢*. O

In the proof of Theorem 4.1 we will need some auxiliary Hilbert space of meromorphic
functions in C \ Z. Put

H:{szG(> {b}eéz} <Z%Gf(”n),z Z_n> = bt

nez nez nez nez
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Recall that ANZ = (). Therefore, G(n) # 0, n € Z, and the inner product in H is well
defined. Tt is easy to see that H is a Hilbert space whose reproducing kernel at A € C\ Z

is given by Ky(2) = > % and, in particular,
nez

(4.2) 1A = Z B

n|2
nez

Next, consider the function

(4.3) Z'n_t-

Each interval (n,n + 1) contains exactly one root of the equation M (t) = 0. Pick those
roots which lie in J;, = %I k= [pr— %, Pr+ %’“] for some k£ and denote the resulting sequence

by {t,}.
Note that, for real z # w, we have

(K Ko) = Ku(z) = M(Z; - If\f(w)'

Since M (t,) = 0 for all n, the functions KC;, form an orthogonal system in H.

Lemma 4.4. There exist sets N, C NN J, and a constant C > 0 (independent of k) such
that |Ny| > di/2 and

g
(4.4) Ko ll3 < CFF

d_k’ ’M(n+%>’<0— n € Ny.

di’
Proof. Throughout the proof, symbol C' will denote different constants independent on k.

We have
Dol =) Z

neJy neJy mEZ

By condition (i) of Theorem 4.1,

Z Z 5 < Cgr,

neJy mgélk
while
1
22 oy = 2 [GmIP Y s < Ca
neJy melk méely neJg (n —m+ 5)
We conclude that > HICnJr%H%{ < Cgr, whence, for any € > 0, we have ||, 1|3, < Ce™ &

neJy

for n € Ni, where Ny, is a subset of NN J;, with |Ng| > (1 — ¢)d.
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Estimate for |M(n + 3)| is more delicate. First, we split it into the sums over I, and

7\,

(4.5) M(n+ %) = % + > M)_'l = Sy(n) + Sa(n).

mely, n—=3 mgjkm_n 2
For n € Ji, as above we can deduce from the assumption (i) that [S3(n)[ < C'45. Therefore
it remains to estimate Sy (n).
For a sequence = = (z,,) € (*(Z) consider the operator T' defined as
Lm
(4.6) (To)n =) —"—.

_n__
meEZ 2

It is well known that the discrete Hilbert transform 7' satisfies a weak-type (1,1) bound

Hl‘llel

(4.7) HneZ:|(Tx),| >1} <C

T >0,

where C'is an absolute constant.
Applying this bound to the sequence z,, = |G(n)|*xr, (n) with 7 = 100C g /dy we get

d
(4.8) [{n € Z:]S1(n)| > 100Cgy/di}| < 1.

Therefore for n € Jk and outside of this exceptional set we get the desired estimate.

Since |Ji| — 2=dp = 2xd), > d" the lemma is proved. O

100 100

Lemma 4.5. Let N be the sets from Lemma /.4. Then there exists € > 0 such that for
any k and for any n € Ny the zero t of the function M in the interval (n,n+ 1) belongs to
(n+en+1—¢).

Proof. Assume that M(n+ 3) > 0. We have

Gm)P* _ 1G(n)P
M'(t) = | > .
(®) Z (t—m)? — (t—n)?
meZ

Since |G(n)|? > ¢4 and M(n+3) < C'9¢ there exists € > 0 (depending on C' but not
on k and n) such that M(n+¢) < M(n+ 3) — |G(n)|? f+5

€ (n+e,n+ 1) we have M(t) = 0.

In the case when M(n + 3) < 0, one shows by the same argument that the root of M
will lie in (n+ 3, n+1 —¢). O

= n2 < 0. Thus, for some
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Proof of Theorem 4.1. Assume that the system of reproducing kernels {K)} ca is not
hereditarily complete. Then there exists a nonzero function f € PW_,

f(2) = sinﬂwz Z (—1)”671’

Z—"N
neEL

and a set A; C A such that f is orthogonal to K for all A € Ay, and to G, = %
for all A € Ay = A\Ay. Then

< (),f>PWﬂ:ZM:o, A€ A

Z— A n—A

ne

Our first step is to prove the following equality'

(4.9) fa 3 2 oy 3o 1l

Indeed, note that f(n) = a, and so the residues at Z coincide. Since the left-hand side of
(4.9) vanishes at A € A, there is an entire function 7" such that

(4.10) ey “;f —L -Gy Z'“j'ﬂ G()T(2).

It is clear that T is of zero exponential type. Recall that % € PW, for any zero X of G.
Hence, the left-hand side of (4.10) is in the class PW, + zPW,. If T has at least one zero
¢, we conclude that G - % € PW,, a contradiction to the fact that G is the generating
function of a complete sequence of reproducing kernels. Thus, T'= ¢ € C and

ﬂz)ZaZ%(Z) - G<Z><C+Z Zcﬁgn>

It remains to exclude the case when ¢ # 0. Put Ey = Ji \ Upez(n — 1/10,n + 1/10).
Then, for x € Ek,

o

by (i). Thus,
J f<x>2—“;G_(Z>

as k — oo. Note also that Z

/Ek G x)(c+ZxCL_in)

Z’G |Z|g’can’ +Z|G |Z ]an] 5 S 9k

n¢l nelk

2
dv Sgr [ |f(2))Pdz = o(gy),
Ey

. Therefore, if ¢ # 0, then

2
dv 2 / G(z)dx 2 Tk dy, = o
o dy
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by (ii). This contradiction shows that ¢ = 0 and (4.9) is proved.

Now, put
a,G(n) a?
H(z) = h(z) = L.
@=X T =t
Since H € ‘H and {K:,} is an orthogonal system in #, we have {”g&(tﬁ;} € (%. Also,

{f(t.)} € £* by the classical Plancherel-Pélya inequality. Equality (4.9) yields
Gtn) _ H(tn)
1Kl e I3

Denote by {Z,;} the sequence of all zeros of M which belong to the intervals (n,n + 1)

h(ty,) f(t,) € £

for n € N, where the sets N, are constructed in Lemma 4.4. By Lemma 4.5 we have
dist({#;},Z) > ¢ > 0. Hence, if ¢; € (n,n + 1), then 17, 113/ I1C i1 I3, is bounded from
above and from below by some positive constants depending on ¢, since this is true for all
the summands in their definitions (see (4.2)). By Lemma 4.4 and (iii) we have

GE) =0y /2%, K< C,y /2
dy, dy,

for any t; € J,. We conclude that h(t;) € ¢*. Also, since |Ni| > dj/2 we have

1_ Lo IVl e
Zj:gj_zzgj/\z Pk ”\zk:pk >

k ijJk k
Applying Proposition 4.3 to h(z) = > % and ¢; in place of 7, we conclude that
n€Z: an#0
a, = 0 for all n. This contradiction proves the theorem. O

Remark 4.6. Theorem 4.1 can be extended to a wider class of generating func-

ez Gig") with

the following modification of the above method: we consider the function M(x) =

> nez GHn) (= + n;:-l) and on the interval I}, we will consider the points A, € (n,n+ 1)

which are the solution to the equation

(4.11) M@= Y nG(n)

n2+1"

tions. Namely, we can allow some functions G with divergent sum »_

n<p+dg
Although normalized reproducing kernels at the points \,, are not an orthonormal sequence
anymore, they come in big groups of pairwise orthogonal kernels corresponding to one
interval I. Thus, one can still prove that they form a Riesz sequence by examining the
Gram matrix and Riesz sequence is sufficient for our proof. This, in particular, allows us
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to consider |G| < 1 on [ and (with slight modifications) even non-lacunary case |G| < 1

on R. We leave the details to the interested reader.

5. A REMARK ON EXPONENTIAL PARTS OF INCOMPLETE MIXED SYSTEM

Assume that {e*} ¢, is a nonhereditary complete system of exponentials and the system
{K)}ren, U{ % }/\GAQ is incomplete for some partition A = A{UA5. We have seen in Section
3 that A can be a sufficiently small perturbation of integers. However, the system must
also have a certain irregularity. We will show that the exponential part {e**},ca, cannot
be a part of a Riesz basis of exponentials with some additional properties. E.g., A; cannot
be a subset of Z.

Theorem 5.1. Let {e}\cp be a complete and minimal system in L?*(—m,7), A C R.
Assume that Ay C A and there exists Ay C R such that {e™}yen,un, @5 a Riesz basis in
L?(—m, ) whose generating function F satisfies |F'(C)] S 1, ¢ € Zp. Let {wy}aea be the
system biorthogonal to {e*}ycn. Then the system

{e™ Frea, U{watrcas,
where Ay = A\ Ay, is complete in L*(—7, 7).
Proof. Since Riesz bases of exponentials are stable under small perturbations (even in
Euclidean metric) we can perturb slightly A, so that Ay N Ay = 0 and still |F(¢)] < 1,
¢ € Zr. We also assume in what follows that Ay and /~X2 are infinite (otherwise it is well

known that the corresponding mixed system is complete).

We pass again to the equivalent formulation for the Paley—Wiener space PW,. Put

Z=Zr=M\ UA2 Since { K¢ }cez is a Riesz basis, its biorthogonal system {F, F(z )}cez
also is a Riesz basis. Consider the Hilbert space
F(z) 2
ST e A R P
2P0
with the norm || f||% = ||(¢¢)|lez. Then H coincides with PW, with equivalence of norms

and the system {W}CGZ

that cc = f(Q), f € H).

Assume now that the system

is an orthonormal basis of reproducing kernels in H (note

{ExFaen, U{Grtren,, Gi(z) =
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is not complete in PW,. This means that there exists a nonzero function f € PW, such

that f|y, =0 and
fé Spanpwﬁ{GA P WS AQ} = SpanH{GA P WS AQ}.

Note that the system {G)}ren is biorthogonal also to the system of reproducing kernels
{[N(,\}AEA of H. Thus, there exists a function f € H = PW, such that

f L {K aea, U{Gr}rens
with respect to the inner product of H. Let f(2) = > . CC%. Recall that Z =
Ay U Ay whence ¢ = f(¢) =0, ¢ € A;. Also,

(5.1) (Gx, )y, = G’EA) Z C?f)? =0, A€ A,

A2

and so

Fi Y 9% _ o)

cez ° ¢
for some entire function 7. Comparing the indicator diagrams of the left and right hand
sides we see that T of zero exponential type. Since {E'%} € (2, the left-hand side of the
= €
PW_, a contradiction to the fact that G is the generating function of a complete sequence.
Thus, T = ¢ for some ¢ € C. Comparing the values at ¢ € Ay we get F'(Q)G(¢)ee = ¢G(Q)
and so |cc| = [F'(¢)|7¢| 2 1, ¢ € Ay, a contradiction. O

above equality belongs to PW, + zPW,. If T has at least one zero, say zg, then G

Condition [F'(()| S 1, ¢ € Zp, is essential and the result is no longer true as soon as
this condition is not satisfied. Note that the following example gives yet another method
to construct nonhereditarily complete systems of exponentials. As an example of a Riesz
basis of exponentials with growing |F’({)| one can take the system corresponding to Z =
{n —dsignn},ez with 0 < § < }1, which is a Riesz basis in L*(—m,7), e.g., by the Kadets
1/4 theorem [15, Part D, Chapter 4].

Example. Let F be the generating function of an exponential Riesz basis {€'} ¢z with
Z C R and supgcz | F'(¢)| = 0o. We show that there exists a partition Z = A; U Ay and a
set A = A; U A, such that {e*} ¢y is a complete and minimal system in L?(—m, ), but
the mixed system {e**},ca, U {wx}aen, is incomplete.

Choose Ay C Z, Ay = {(n, Fren, such that {|F'(C)|"'}.cx, € . Then

) F(2)
1e) =2 iFore—g € 7

CEAs
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(in this expansion c; = 1/F'((), ¢ € Ay, and ¢ = 0 otherwise). Without loss of generality
let {Cn, }ren be positive, increasing and ), ¢! < co. We construct A, as a perturbation
of Ag:
Ay = {Cny, + antren, 0<ar < Cuyy — Gy
Let G be the generating function of A = Ay U As, i.e.,
1 — Z/(an + ak)

G(2) :F(z)g DT

Note that if ap = 0, then G = F, while for ay, = (,,, — o, We have G(z) =

F(2)/(z = ¢u,) € PW,. Therefore, by a certain “continuity” argument one can always

find perturbations «; such that

G(Zy)’ =0, Z |G<C)|2 = 00, Z |G(C)| < 0.

F(iy) = P+l

We omit an elementary but tedious proof of this fact. From the two last conditions one

lim

Yy—00

easily deduces that G is the generating function of a complete and minimal system, while
the first one guarantees that the interpolation formula
o2 O~ SO0 S FOesg

ez CEAs
holds (the difference of the left and right hand sides is an entire function of zero exponential
type who tends to zero along the imaginary axis).

Now consider the Hilbert space H constructed from F' as in the proof of Theorem 5.1.
By construction, f is orthogonal to reproducing kernels { Ky} ea, in PW, and to {K) rea,
in H. It remains to show that f L {G,}rea, in H, which follows immediately from (5.2)
and (5.1).
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