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Abstract

By showing the unitarity of the Bargmann transform between the Fourier sym-
metric Sobolev space # consisting of functions f € L2(R) such that ||f ||§[ =
fR If (O)12(1 + x*)dx + f]R If ()2(1 + £2)d& < oo and the corresponding Fock
space, we find an orthonormal basis of . This allows us to find the reproducing
kernel of H, which is expected to be useful in e.g. the area of Fourier interpolation.
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Chapter 1

Results

We define the Fourier symmetric Sobolev space Htobe H ={f : f,f €H LIf ||§_[ =
||f||§{l + ||f||§{1 }, where #, is the Sobolev space of functions f € L?(R) such that

If 15, = J (1+&2)If (E)PdE < oo,
R

and where f (t)= fR f(x)e 2™t dx. Note that the eigenfunctions for the Fourier

transform are given by the scaled Hermite functions e_"szn(VZTEx), where H,,
denotes the nth Hermite polynomial.

Lemma 1. H is a reproducing kernel Hilbert space.

Proof. The proof can be found in [1], but is repeated here for the reader’s con-
venience. For any x € R we define E, : H = R, E,(f) = f(x). Using the Fourier
inversion and the Cauchy—Schwarz inequality we see that

\ \ dg
Exf1=1f(x) JR 7 (E)ldE fR\/ 211 (&)l o
< Vallflly, < Vrllflis.

This proves that E, is bounded for any x € R, and so H is a reproducing kernel
Hilbert space by the Riesz representation theorem. O

Although the space H has occurred in some papers before (see e.g. [1], [2]),
the author did not find the reproducing kernel of this space in the literature. Thus,
this is the topic of this thesis.

Since a reproducing kernel can be expressed via an orthonormal basis, hence-
forth abbreviated ONB, we want to find a suitable ONB of #. We will show that
such a basis consists of scaled Hermite functions. We start with the main observa-
tion of the thesis, i.e. orthogonality of Hermite functions in H. For that, we first
need the following lemma.
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Lemma 2. If n>m+2, n,m > 0, then
f H,(«v 27tx)Hm(1/27'cx)e_2”x2(1 +x?)dx =0.
R

2 dan —x

2 . .
e and n integrations

Proof. The lemma follows by using H,,(x) = (—1)"e*
by parts:

f H,(V271x)H,,(vV271x)e 2™ (1 + x2)dx
R

—LJ H.(x)H (x)e_x2 (1+x—2)dx
T Vo ), e on

1 n d" 2 x2
:EJR(—l) (dx"e )Hm(x)(1+%)dx

1 dn X2 2
=— | [=H 1+ ]e>d
mfR(dx” m(x)( 2%))6 X
:O

as H,,(x) is a polynomial of degree m, and therefore %Hm(x) (1 + %) =0 for
n>m+2. O

Lemma 3. The Hermite functions H,, (v ch)e_“x2 are pairwise orthogonal in H.

Proof. We will use the fact that the Hermite functions are eigenvalues of the Four-
ier transform: H,(v27x)e~™x*(&) = (—i)”Hn(\/an)e_”gz. For any n,m > 0 we
have

(Hn(\/ﬂx)e_”xz, Hm(mx)e_“xz)H

= J Hn(\/ﬂx)e_”szm(\/%x)e—“xz(l + x2)dx
R

+ f Ho(VZrx)e ™ (E)Hy (VZrx)e = (E)(1 + E2)dE
R

= f H,(V27mx)H,,(vV271x)e 2™ (1 + x2)dx+
R

+ J (—i)"Hoy(V21E)e ™™ (£)(—1)mH, (V27E)e ™ (1 + E2)dE
R

= J Hn(\/ﬂx)Hm(mx)e_zmz(l +x2)dx(1 + (—)"™).
R

Note that if n,m differ by one, then H,H,, is an odd function, and so the in-
tegral is zero. If n,m differ by two, then (1 + (—i)"i™) = 0. If n,m differ by
more than two, then the integral is zero by Lemma 2. Thus, if n # m, then
(Hn(\/%x)e_”xz,Hm(mwe—”xz)% =0.

O
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As a next natural step, we find the norms of Hn(v2nx)e_"x2.

Lemma 4. For every n > 0,

T

11
f Hrzl(«/ an)e_zm‘z(l +x?)dx = "3 p (n +2m+ 5) —.
R

Thus

1\1
I, (VZmx)e <, =2kt (4 274 3 ) 7
Y

—X

. X . . 2 gn 2 . X
Proof. Notice first, that using again H,(x) = (—1)"e* %e and n integrations

by parts we obtain

f x"H, (v 27tx)e_2“x2dx = (27t)_nT+1 J x”Hn(x)e_xzdx
R R

dn
dxn

2
e X dx

=@@J¥Jx%4r
R

= (27t)_nT+1 n! f e dx
R
= (2n)_%1n!ﬁ,

f x"2H (v 27x)e 2™ dx = (27t)_nT+3 J x”+2Hn(x)e_x2dx
R

R

=27 J x”+2(—1)”d—ne_x2dx
R dx

" !
= (27t)_T3 (n+2) J x2e ™ dx
R

2!
_ (27’[)_%3 (n+2)! ﬁ,
2 2

foranym <n

J x™H, (v 27rx)e_2"x2dx =0.
R

Combining this with the fact that H, can be written as

w2l qym
Hn(mx) =n! mZ:O m(me)”_zm,

we have
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f Hﬁ(v an)e_zm‘z(l + x2)dx
R

= f H,(V27)H,(V27x)e 2™ (1 + x2)dx
R

- f ((2«/%)%&1- n! (zmx)n—Z)Hn(mx)e—zﬂxzu+x2)dx
- (n—2)!

) (2@)“f X"H,(V2m0)e P dx 4 (Zﬁ)nf X"2H (V2mx)e 2™ dx
. R
_ @v2m)"2n! J CTH (VIR
(n—2)! R
(24/2m)"2n! a1
- W(Zﬁ) nlvn
= (2@)n(2n)_n_§3n!ﬁ(2n + (n+ 115“ +2) n(n4— 1))

1
= 2"(2n)_%n!ﬁ(n + 27+ E) )

O

Thus, we know already that { %H,&«/an)e‘”xz, n> 0} is an
272 n!(n+21‘t+%)

orthonormal set in H. It remains to show that it is also complete.
The idea of doing so is based on [2]. We link functions from our space to the
space of entire functions by the Bargmann transform:

21/4

AN — - = L 2tz—22—t2/2
B f - F(z) = (Bf)(z) ng/szf( m)e d.

If we let Bg be the space of all entire functions satisfying

1 B
IFI2 = | [F)Pe 2 (2n— = + 222 ) da,
Bg 2
C

where dA denote the Lebesgue area measure on C, then by [2] B is a unitary
linear operator from #-weighted L?(R) (meaning ||f]|? = % f g [f (X)]?dx) onto
By, and a bounded invertible mapping from # onto B;. We will actually improve
this result by showing that B is also a unitary operator from # onto 3;. Proving
that it sends an ONB of B, to the orthonormal set of Hermite functions mentioned

above will conclude the proof.

Lemma 5. The system of functions {4/ mz”, n = 0} form an ONB of B;.
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Proof. Orthogonality is a trivial computation, while completeness follows by ana-
lyticity of functions in B, (any f € B; can be written as f (z) = ano a,z", and so
(f,2™)p, = 0 for every m implies that a,, = O for every m). Now,

1
212 = | |z127e 2F (27— = + 2022 | dA
By c 2

o 1
:27'5[ p2ntl —2r? (27‘5—5 +2r2)dr
0

° 1 1 dt
:277:f (t/2)" ze ' (2m— = + t)
0

2 44/t)2
27

1
= t"eTt(2m— = + t)dt
4-2n |, 2

- 2721 ((27:— %)n! +(n+ 1)!)

oo

- ;g'l (n+2m+1/2),
which concludes the proof. O
Lemma 6.

B(H,(V27x)e ™™ )(z) = F“Z(zz)“,
and thus

on+1
DI \J ' 2" | = - i - Hn(v2nx)e_”x2.
nl(n+2n+1/2)xw 2n—§n!(n+2ﬂ:+§)

Proof. The first part follows by H,(x) = (—1)”e"2d@'l—;ne_"2 and n integrations by
parts:

214 [
B(H,(V2mx)e ™ )(z) = = | H, () 126262 gy
R
= %//Z Jr ((_1)nex2dd_nne—x2) eZXZ—ZZ—dex
T R X
21/4 ( . dn 2\ g
= 5 ) 0 (e ) e
= i/‘" r e_x2(zz)n62xz_zzdx
w32 g
21/4 .
= m(Zz)n JRe =22 45
_ 2n+1/4zn.

T
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This means that

—1lr,ny — n —nx?
B(z") = onr1/a’ H,(v2mx),
and thus
on+l1 on+l . )
DI I o
(q n'(n+27‘t+1/2)ﬂ:z ) \ nl(n+2ﬂ-+1/2)ﬂ_ 2n+1/4e n( fo)

= - T Hn(mx)e_”xz.
\ 2 int (n+27+ )

O

Theorem 1. The Bargmann transform is a unitary operator from H onto By. Thus

the system of functions ———H, (v ZTrx)e_”xz, n >0 forms an ONB
272 n!(n+2n+%)

of H.

Proof. Our lemmas prove that for any n,m > 0,

on+l n om+1 m
<\J n!(n+27t+1/2)71’z ’\J m!(m+2n+1/2)nz >B
_ -1 an+l n - om+1 m
B <% (\J n!(n+2n+1/2)nz )’% (Q m!(m+2n+1/2)nz )>H

Since {‘/ mz“,n > O} form an ONB of B;, this proves that B! is a
unitary transformation B3; — . By lemma 6, as a unitary map sends an ONB to

ONB, { %Hn(vmcx)e_“xz, n> 0} is an ONB for . O
22 n!(n+2n+%)

Remark. Referring to [2], one can easily show that it is the only other case
different than L?(R) — B, when the Bargmann transform is a unitary oper-
ator between corresponding Bargmann and Schwartz scales. Thus, the methods
of this thesis would not work for the spaces with different powers of x in the
norm (although one could work with norms defined by f g If ()P + x?)dx +

f R | f (£)12(1 + c&£2)d &, in which case appropriately scaled Hermite functions will
still be orthogonal, but the norm is no longer Fourier symmetric when ¢ # 1).

Having obtained an ONB we can now turn our attention to finding the repro-
ducing kernel of H.

Theorem 2. The reproducing kernel K,.(y) for H is given by

1 t21r—1/2 ZﬁZXYt_(Xeryz)tz

K (y) = v2me ™"+ e -2 dt.
Ly s
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Proof. Using the ONB of H we find that

K.(y)= i Hn(\/%x)e_“szn(my)e_"yzn

= 2n~2n! (n+ 21 + 1)

B i H,(v2rx)H,(V21y)
~ 2ml(n+2m+1/2) '

To get the integral representation we will use Mehler’s Hermite polynomial for-
mula [3],

2xyt7(x2+y2)t2
— 2 ——————
(1—f2) 1/Ze T 12

i HH(MX)Hn(m;/) o
s 2nn! B

Multiplying both sides by t2"~1/2 and then integrating from 0 to 1 gives

i H(V2u)H,(V2ry) _ (1 2772 ppmeitone
= e —t N
o 2npl(n+2m+1/2) 0o V1—t2

which concludes the proof. O

The Fourier transform of the kernel can be found in a similar way and is given
below for the sake of completeness.

Theorem 3. The Fourier transform of the reproducing kernel K,.(y) for H is given
by

1 t27r—1/2 2ﬂ_2)(},tl-4_(szr},2)t2

I?\(.V) = ‘/Ene—n(x2+y2) e 1+¢2 dt.
) o V1+t2
Proof. First, we will again use the facts that
oo
Ky (y) = V2me ™09 Z Hy(v2mx)H,(v2my) ,
~ 2nnl(n+2m+1/2)
and that
e~ Hy(V27x)(8) = (—i)'e ™ Hy(V27E).
This gives

H,(v2mx)H,(v2mry)
2nnl(n+27+1/2)

o
K(y) = v2me ™D ()
n=0

$27-1/2

Multiplying the Mehler’s Hermite polynomial formula by as before, but

now integrating from O to —i, we obtain

-t tZﬂ:_l/z 2ﬂ2xyt7(x2+y2)t2

— 2 2
K.(y) = V2me ™ HY)(—j)72r-1/2 e -2 dt
* o Vi—t2
1 21—1/2 oy tit (24722
— ﬁne_ﬁ(x2+y2)J t ezﬂ%dt,
0o V1+1t2
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where in the last equality we used the change of variable t — —it.
O

As mentioned in the abstract, we expect this result to be of relevance in the
area of Fourier interpolation. In a forthcoming paper, inspired by [4], we plan to
use this result to state and prove density theorems for Fourier interpolation for
the Fourier symmetric Sobolev space H and look for other possible applications.
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