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1. Introduction
1.1. The main results

Let (2n)nen C [0,1] be a sequence and k > 2 be an integer. Given a compactly
supported test function f : R¥=1 — [0, 00) we define the k —th order correlation function
of the sequence (x,),eN With respect to f to be
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Here ((x)) denotes the signed distance of 2 from the origin modulo 1 (see Section 1.4 for
a proper definition).
We say that the sequence (z,,),eN has Poissonian k —th order correlations if

A}i_r>noo Ri(f,N) = / f(z)dx for any f € C.(R*™1). (2)
RF-1

A discussion on equivalent definitions of Poissonian correlations appearing in the litera-
ture can be found in Appendix A. There we explain that a sequence has Poissonian k—th
order correlations if and only if (2) holds for any f which is the characteristic function
of some rectangle in R¥—1.

Having Poissonian k—th order correlations can be viewed as a pseudo-randomness
property of the sequence (z,),en in the following sense: when (Y},)n,en IS a sequence
of independent, uniformly distributed random variables in [0, 1], then almost surely, the
sequence (Y, (w))nen has Poissonian k—th order correlations (see Appendix B for a
proof).

The k—th order correlations of a sequence are a local asymptotic statistics of the gaps
of a sequence. Another closely related statistics is the asymptotic gap distribution of the
sequence [13]. It is known that when a sequence has Poissonian correlations of all orders
k > 2, then the asymptotic distribution of its gaps is also Poissonian; a proof can be
found in [13, Appendix A].

The term Poissonian comes from the fact that (2) is in accordance with the almost
sure statistical behaviour of gaps between random points coming from a Poisson process.
Originally, the motivation for studying the gap statistics of point sequences came from
theoretical physics, where the Berry — Tabor conjecture predicts that the spacings of the
energy eigenvalues of generic integrable quantum systems follow the Poissonian model
(see [16] for a survey in mathematical language). For some quantum systems the sequence
of energy eigenvalues follows a simple arithmetic formula, but establishing the correla-
tions to be Poissonian is usually a very substantial challenge (that often becomes more
and more difficult as the order of the correlations increases). For some contributions
concerning sequences of cognisable physical origin see for example [9,17,23]. However,
the subject has also gained significant interest on a purely mathematical level, where
the correlations of general sequences of arithmetic origin were studied; see for example
[2,3,20]. Most results only concern the case of correlations of order k¥ = 2 (known as
pair correlations), while correlations of higher order are combinatorially and analytically
more difficult to study and often out of reach; among the relatively few results in that
direction are [22] and [27].
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A topic of particular interest has been the connection of Poissonian pair correlations
with uniform distribution properties. Recall that a sequence (z,)nen C [0,1] is called
uniformly distributed if for any 0 < a < b < 1 we have

. 1
]\}E}nooﬁ#{ngN:aémn <bl=b—a.
To be more specific, it has been shown that when a sequence has Poissonian pair corre-
lations it is also uniformly distributed.

Theorem A. Let (z,,)nen C [0,1] be a sequence. If (x,)nen has Poissonian pair correla-
tions, then (Tn)neN @s uniformly distributed.

Theorem A was proved independently by Aistleitner, Lachmann and Pausinger [1]
and by Grepstad and Larcher [8]. Additional proofs were given later by Steinerberger
in [24] and, in a much more general setup, by Marklof [15]. These four proofs are all
essentially different.

The authors of [1] also prove a quantitative version of Theorem A that is interesting
in its own right. Before we present this version of Theorem A, recall that a function
G : [0,1] — R is called an asymptotic distribution function of a sequence (2, )nen C [0, 1]
if there exists a strictly increasing sequence of integers (IV;);en such that

1
G(z) = lim F#{ngNj:ngngx}, 0<z<1. (3)
J

Jj—oo

By the Helly selection principle, every sequence (2,,)nen C [0, 1] has at least one asymp-
totic distribution function (see e.g. [11, Ch. 1, Thm. 7.1]). Whenever G : [0,1] = R is
the unique asymptotic distribution function of the sequence (z,),eN, that is; whenever

G(z) = lim %#{ngN:ngngx}

N—oc0

holds for all z € [0, 1], we will simply refer to it as the asymptotic distribution function

of (xn)neN .
The quantitative version of Theorem A is the following statement.

Theorem B. Assume that the sequence (Zy)nen C [0, 1] has the unique asymptotic distri-
bution function G : [0,1] — R. Assume also that there is a function F :[0,00) — [0, 0]
such that

1 S
= 1 —_— < N — <— .
F(s)= lim ~#{k#L<N:lloe—wl < 5}, s3>0

Then the following hold:

(i) If G is not absolutely continuous, then F(s) = oo for all s > 0.
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(ii) If G is absolutely continuous, then

1
. F(s) 2
>
0

where g is the density function of the corresponding measure (that is, g = G’ almost

everywhere).

As a main result of this paper, we prove that Theorem A can be generalised to
sequences with Poissonian correlations of order k > 2: having Poissonian correlations of
any order k > 2 is a stronger property than uniform distribution.

Theorem 1.1. If the sequence (n)nen C [0,1] has Poissonian k —correlations for some
k > 2, then it is uniformly distributed.

In fact, with a little more effort than in the proof of Theorem 1.1 we are able to prove
a stronger result that can be viewed as a generalisation of Theorem B in the context of
k—th order correlations. In what follows, for s > 0 we shall write Ry (s, N) = Ry(fs, N)
where f is the test function fs = 1T[_; gr-1.

Theorem 1.2. Let (z,,)nen C [0,1], G : [0,1] — R be an asymptotic distribution function
of (Zn)nen and (N;)jen be a sequence as in (3). Then the following hold:

(i) If G is not absolutely continuous, then lim Ry(s,N;) = oo for all s > 0.

J]—00

(ii) If G is absolutely continuous, then

lim sup Ry (s, N;)

1
li I / 4
fm sup (25 g(x (4)
0

where g is the density function of the corresponding measure.

To see why Theorem 1.2 is indeed a stronger version of Theorem 1.1, observe that if
(Zn)nen has Poissonian k—th correlations but is not uniformly distributed, it will have
an asymptotic distribution function G whose density function g is not Constantly equal
to 1 (the existence of g follows from (i) of Theorem 1.2). Therefore fo r)*dzr > 1 and
(4) leads to a contradiction.

The reader might spot two subtle differences between Theorem B and its gener-
alisation, Theorem 1.2. First, in Theorem 1.2 we assume that G is an asymptotic
distribution function of (z,,),eN, not necessarily unique as in Theorem B. Second, we
do not require that the limit limy_ o, Ri(s, N) exists, but instead, we work with the
term lim sup,_, ., Rk (s, N;). The additional assumptions in Theorem B are not essential,
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and the proof in [1] can be easily modified under the slightly weaker hypotheses of The-
orem 1.2. These minor modifications also make Theorem B an actually stronger result
than Theorem A.

In the proof of both Theorems 1.1 and 1.2, we shall make use of several variants of the
correlation function Ry (f, N) that was defined in (1). To be more specific, given some

scales s1, Sa,..., k-1 > 0 we define the correlation function Ry(s1,...,sk-1,NV) by
1 ’L],,Zng Sr
sy Sk— == Dy, — @y <= (1<
Rusiseoosonnn ) = gt {0 0 S e —m < 5 < <n) 6

(where ||z|| denotes the distance of © € R to its nearest integer). Since we can write
Ry(s1,...,8k-1,N) as Rx (15, N) where B is the rectangle [—s1, $1] X ... X [—Sk—1, Sk—1],
it follows from (2) and an approximation argument that sequences with Poissonian k—th
correlations also satisfy

lim Rk(sl,. . .,Sk_l,N) = (281) s (23k—1) for all S1y---,86-1 >0

N —o0

(see also Appendix A for a discussion).
Furthermore, we define the correlation function R} (s1,...,sk—1,N) by

1 . ) Sp
RZ(Slv'”ask—laN): N#{Zla'”azk <N: ||xi1 _:CirJrlH < N (1<T<k)} (6)

That is, in the definition of Rj}(s1,...,Sk—1,N) we allow indices to be equal. We will
also make use of the appropriate averages of R; and R} defined as

Ck(Sl,...,Sk_l,N): /// Rk(O'l,...,Uk_l,N)dtTldO'Q...dO’k_l

B(Sl,...,skfl)
and
C,:(Sl, ey Sk,hN) = // . / R;;(O'l, e ,Uk;,hN) d0'1d02 .. .dak,l,
B(81,--,8k—1)
where B(s1,...,sk—1) denotes the rectangle [0, s1] X [0, s2] X ... x [0, sg_1]. Finally, when
the scales s1,...,s,_1 are all equal to s > 0 we write for simplicity
Ry(s,N) = Ri(s,...,s,N), R;(s,N) = Rj(s,...,s,N),
Ck(st) :Ck(S,...,S,N), Ck(s,N) :CI:(S"-',S,N)‘

We note that the definition of R(s, N) here agrees with the definition given right before
Theorem 1.2.
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1.2. Some consequences of the main results

In the course of the proofs of the stated theorems, we examine the relations between
the correlation functions of different orders for a given sequence. These relations enable us
to prove that when a sequence (z,,),¢eN fails to have Poissonian k—th order correlations
in a very strong sense, then it will also not have Poissonian correlations of any higher
order.

Theorem 1.3. Let (zn)nen C [0,1] be a sequence and assume that for some scales

S1y.-+,8k—1 > 0 the k —th order correlation function Ry(s1,...,Sk—1,N) satisfies
limsup Rg(s1,...,8k—1,N) = 0.
N —o0

Then the sequence (x,)neN does not have Poissonian p —th order correlations for any
p=k.

Theorem 1.3 is one of the key ingredients we will use to derive new results on the
metric theory of Poissonian correlations: an increasing sequence A = (a,)neny C N is
fixed, and we study the Lebesgue measure of x € [0, 1] such that the sequence (a,)nen
has Poissonian correlations. As with the correlations of fixed sequences, most of the
metric results to date are concerned with the k = 2 case.

In the metric setup, the authors of [2] have established several statements on the
connection of Poissonian correlations with the notion of additive energy. Recall that the
additive energy of a finite set A is defined as

E(A) =#{a,b,c,de A:a+b=c+d}

(see [25, Chapter 2] for more details). Writing Ay = (an)ngn for the set of the first
N elements of A, Aistleitner, Larcher & Lewko [2] proved that whenever E(Ay) =
O(N37¢),N — oo for some € > 0, then the sequence (a,7),cn has Poissonian pair
correlations for almost all z € [0, 1]. Examining to what extent this bound on the additive
energy is optimal, Bourgain [2, Appendix] showed that if E(Ay) = Q(N?3), N — oo then
(anT)nen does not have Poissonian pair correlations for all = in a subset of [0, 1] of
positive Lebesgue measure, while on the other hand there exists a sequence A = (a,,) C
N with E(Ayx) = o(N3), N — oo such that (a,7),en does not have Poissonian pair
correlations for almost all z € [0, 1].

In the present paper, we are able to deduce an analogue of the first —mentioned result
of Bourgain, proving that when the additive energy of A is of maximal order of magni-
tude, then the sequence (a,x),cN fails to have Poissonian triple correlations (i.e. of order
k = 3) for Lebesgue almost all z. Further, as mentioned previously, we use Theorem 1.3
to generalise the second —mentioned result of Bourgain for k£ —th order correlations.



208 M. Hauke, A. Zafeiropoulos / Journal of Number Theory 243 (2023) 202-240

Theorem 1.4. (i) There exists a set A = (a,)52; € N with additive energy E(Ay) =
o(N3), N — oo such that for Lebesque almost all x € [0,1] the sequence (a,x)%_, does
not have Poissonian correlations of any order k > 2.

(ii) Let A = (an®)pneny € N be a sequence such that E(Ay) = Q(N?) as N — oo.
Then for all x in a set of positive Lebesque measure, (a,x)neN does not have Poissonian

triple correlations.
1.8. Poissonian correlations and the number of points in small intervals

As a final result of this paper, we seek to exhibit a connection of the property of
Poissonian k—th correlations with the number of elements of a sequence in sufficiently
small intervals. More formally, given s > 0 and N > 1 we define

F(t,s,N):#{ngN:Hxn—t||<%}, 0<t< 1. (7)
Heuristically, if ¢ is seen as a random variable uniformly distributed in [0, 1], then
F(t) = F(t,s,N) can be viewed as the number of points of the sequence (z,),eN in a
random interval of length s/N.
Our purpose is to establish a link between the property of Poissonian k —th correlations
and the asymptotic size of the k—th moment of F'(¢,s, N). For the k = 2 case, it is already
known that a sequence (z,,),eN has Poissonian pair correlations if and only if

1
lim [ F(t,s,N)>dt = s* + s for all s > 0.

N—o0
0

This is shown in [14] and also implicitly in [9, Thm 3(i)]. Regarding correlations of higher
orders, some relevant results are shown in [26] for the triple correlations of sequences of
the form (n?a),en and for values of the length s > 0 that lie in a range that depends
on N.

We hereby consider both the k—th moment of F'(¢,s, N) as well as its k—th factorial
moment. To be more specific, given s > 0, N > 1 and k > 2 we set

In(s,N)= [ F(t,s, N)(F(t,s,N)—1)---(F(t,s,N) — (k — 1)) dt,

I} (s,N)= [ F(t,s,N)*at.

o O~

We prove that the property of Poissonian correlations of k—th order is reflected in the
asymptotic behaviour of I (s, N) and I; (s, N).
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Theorem 1.5. Let k > 2 and I;,(s,N), I} (s, N) be as in (8). Assume the sequence (2, )neN
has Poissonian k —th correlations. Then the following statements hold:
(%) lim I (s, N) = s* for all s > 0.

(i) hmbup[ (s, N) = s* + O(s*71), s — .

(%it) If, in addztzon (n)neN has Poissonian € —correlations for all £ < k, then

lim I;(s,N) = s" + cpp_15" 71 + ...+ cras, (9)
N—o00
where ci,1=1,...,k — 1 denote the Stirling numbers of the second kind.

Theorem 1.5 provides further evidence for the connection between sequences with
Poissonian correlations on the one hand, and random variables that follow the Poisson
distribution on the other. It is known [19] that the k—th factorial moment of a random
variable following the Poisson distribution with parameter s > 0 is equal to s*, while its
k—th moment is equal to the polynomial on the right —hand side of (9) (this is called
the Bell polynomial of degree k, see also [5]).

1.4. Notation

Given two functions f,g : (0,00) — R, we write f(t) = O(g(¢)),t — oo, f(t) =
o(g(t)),t = oo and f(t) = Q(g(t)),t — oo when
1/ (®)] - f() ft)

< 00, lim —= =0 or limsup—= >0
5% g(t) e’ g()

lim sup
t—oo  |g(t)]

respectively. Any dependence of the value of the limsup above on potential parameters
is denoted by the appropriate subscripts in the O —symbol. Given a real number x € R,
we write {«} for the fractional part of x, ||z|| = min{|x — k| : k € N} for the distance of
x from its nearest integer, and

o sk if 0 < {2} <3
{ )){{x}—l, if 1< {z} <1

for the signed distance of x from the origin modulo 1. Further, we use the symbol { -}

{x}+:{m, ifxz>0

for the function

0, ifx<0.

Throughout the paper, we shall implicitly consider the unit interval [0, 1] equipped with
the topology induced by | - || because we deal with distribution of sequences modulo 1.
This is homeomorphic to the interval [0,1) with the same topology, so for convenience,
we will work interchangingly with [0, 1] and [0, 1).
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We use the standard notation e(z) = e*™*. We also write B(zg,7) = {z € [0,1] :
|z — zq|| < r} for the interval with centre z¢ and length 2r modulo 1. The characteristic
function of a set A is denoted by 1 4.

1.5. Directions for further research

We end this introductory part with some interesting questions that would shed more
light on the properties of sequences with Poissonian correlations of k—th order.

e In Theorem 1.1 we proved that when a sequence (x,),en has Poissonian k—th
correlations it is uniformly distributed, but we do not know whether the correlations of
orders m < k also follow the Poissonian model. Are Poissonian correlations of order k+1
a property stronger than Poissonian correlations of order k7 In other words, does any
sequence (&, )nen With Poissonian k—th correlations also have Poissonian correlations
of all orders 2 < m < k?

e We would like to know if some partial converse to Theorem 1.5 is true. Is it true,
for example, that whenever (9) holds, the sequence (z,),en has Poissonian correlations
of all orders up to k7

2. Properties of the functions Ry, R}

In the present section we prove several properties of the functions Rj, and R;, defined
in the introduction that will be used later in the proof of the main results.

We start by proving the inequality that will be the key ingredient in the proof of
Proposition 2.2.

Lemma 2.1. Let m > 1. For any M > 1 and for all non-negative real numbers
T1,%2,...,20p = 0 we have

1
R i M(zl +ao+ .. Fay)@ +al +. 4+ 2). (10)

Proof. Applying the Holder inequality with exponents p =m+1 and ¢ = (m+1)/m to
the M—tuples (z1,...,2p) and (1,...,1) we get

; m
1+ otz < (@ ) T M (11)

while the Holder inequality with the same exponents applied to the M—tuples (1,...,1)
and (27", ...,z7}) yields

x}”+x§”+...+x§;}<(m;”+1+...+x§(f1)m+le+1. (12)

Multiplying (11) and (12), we obtain (10). O
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The following proposition provides a relation between correlation functions of different
orders. This result will later have a key role in the proof of both Theorems 1.1 and 1.2,
while it straightforwardly implies Theorem 1.3.

Proposition 2.2. Let (x,)nen C [0,1] be a sequence and m > 2. There exists a constant
Sm > 0 such that for any s > sp,, the inequality

Rm(f

6
3 N) < SR (s.N) (13)

holds for all N = Ny(s,m). Moreover, the values of the constants s, and Ny are inde-
pendent of the sequence (Zy)neN-

Proof. We partition the unit interval into pieces of size approximately s/N and count
points in each interval: we set

K =K(s,N) = [g

and for 0 < ¢ < K — 1 we define

ye=yels, N) = #{1<i < N e [%,952) n o, 1)},

Observe that

K-1

1

Rini1(s,N) 2 + > welye—1) .. (ye —m)

£=0

1 K-1

= N (yzn - Cmyé + Cm— 1y2n 1 St (_1)mcly5) (14)
£=0
with ¢; € N.

First, we consider the case when m is odd. Since yg +y1 + ...+ yx—1 = N, applying
inequality (10) to (14) we obtain

K—1
1 m
Runs1(s,N) > & DI = eyl + (Femor — em—2)y]" > + ..+ (Fea — eyl
=0
. N
Note that for any € > 0, we find that for NV sufficiently large I > (1—¢)s and therefore

Yyt + (1 —€)sem1 — cm—2)y," 24

=
3
t
cn
=2
\V4
| —
=
OMH
=
\
o
=
\
o
3

+ ((1 —€)sca — c1)yel.
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Similarly, for m even, we have

K-1

Z (1—€)s —cm)yd + (1 —€)sCm—1 — Cm—2)y)" >+ ...
=0

+ (1 —€)scs — ca)ys + crye)-

Rm+1 S, N

ZlH

Now let € > 0 be small enough such that s(1 — &) > s,, := 2max{c¢; : 1 < < m}. Then
all non—leading terms are positive and hence we can estimate

| Kl s 1 Ko
Rii1(s,N) = N (1 —¢e)s —cm)yp 5 N yy
£=0 =0
which implies that
K—1
1 2Rt (s, N)
— m e /mr e 15
N 2 Y s ( )

We now seek an upper bound for Rm(g7 N). For each 0 < £ < K — 1 consider the sets

st s(0+1)
N N

)7 A=At o A=A 2

Ae = [ 3N 3N

(where we understand the intervals modulo 1). Here we have essentially defined three
different partitions of the unit interval: the partition (Ag)f 61 we employed previously,
and the partitions (A})£ " and (A7)£ ! that we get by shlftlng the intervals of the first
partition by s/3N and 2s/3N respectlvely. Writing vy, y; for the number of points z; in

A} and Aj respectively, it is straightforward to show that an analogue of (15) holds for

(Wizo' and ()=

At this point, we need to employ the following Lemma, the proof of which we postpone
for later in the text.

Lemma 2.3. If the m —tuple (v;,,...,x;,) contributes something to the sum Ry, (5, N),
then there exists some 0 < ¢ < K — 1 such that the points x;,, Ti,, ..., T, belong all to

Ag orto Aj or to AJ.

Using Lemma 2.3 we finally obtain

Rm(g,N)g%;yM—n <ye—<m—1>>+%€_oyz<yz—1> (v~ (m — 1)
K—-1
b o 1) (m - 1))
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1 =

m m m 6
SN ; (W' + W)™ + W)™) < SBmaa(s,N). O

—

We now provide the proof of Lemma 2.3.

Proof of Lemma 2.3. Since the m —tuple (z;,,...,;,,) contributes to R,,(3, V), we have
for all j,k=1,2,...,m that

2s
iy =@l < llws, = iyl + lloa, —zall < 335 (16)
For each 0 < ¢ < K — 1 the set Ay can be written as a disjoint union
Ap= (AN AL ) U (AN A, U (AeN A7) (17)

where the three disjoint sets AyNA)_,, AyNA}J_, and A,N A} appearing are consecutive
disjoint intervals of length s/3N.

We may assume without loss of generality that the points z;,,%i,,...,2;, are in
increasing order; that is, the signed distances of differences of consecutive terms are
(@i, —@3,) =20forn=2,...,m—1.

We consider two different cases regarding the relative position of z;, with respect to
Ty I (i, —4,)) 2 0,1t 0 < £ < K—1 be such that z;, € Ap. Then z;, lies in one of the
three sets in the disjoint union in (17); assume without loss of generality x;, € A;NA)_;.
Since ||z, — x4, || < 2s/(3N) by (16) and the points z;,, %, . .., 2, are in increasing
order, they will all lie in A, N A)_; or A, N A}, and therefore they will all lie in A,.
Similarly, we see that if z;, € A, N A}, then all points lie in A} while if z;, € A, N A}
then they will all lie inside A}. If (z;, — 24,)) > 0, we repeat the same argument with
the point z;, in the place of x;,. The lemma is now proved. O

Remark. Proposition 2.2 provides an inequality involving the correlation functions
Ri(5,N) and Ryy1(s, N) only for values of the scale s > 0 that are large enough. This
is not a restriction that comes from the method of proof followed, but rather a genuine
obstruction, as can be seen by the following example. Define the sequence (z,,),eN by

Ty = L(2[ﬂ 71) whenever n =2 +k, m>0and 1 <k < 2™

n — 2m 2 - ) = ~ ~ .

That is, z1 = 22 =0, 23 = 14 = 1, w5 = 16 = 1, 27 = w5 = 2 etc. Then for the choice
of the scale s < 2 and for every integer of the form N = 2™ we have

Ry(s,N)=1 Dbut Rs(s,N)=0.

Using similar arguments we can define sequences for which R,,(s,N) = 1 and
Ry+1(s,N) = 0 for some given s > 0 and for infinitely many N > 1. The upshot is
that we cannot obtain an analogue of (13) that holds for all values of s > 0.



214 M. Hauke, A. Zafeiropoulos / Journal of Number Theory 243 (2023) 202-240

The next proposition connects the size of Ry(si,...,sg—1,/N) with the size of
R} (s1,...,85—1,N) when the scales s1,...,sy_1 are written in decreasing order.

Proposition 2.4. Let s1 > s2 > ... > sx—1 > 0. Defining Ri(s,N) =1 for all s > 0 and
N > 1, we have

k—1
Ri(s1,--,86-1, N) < Ri(s1, ., sk-1, N) + Y b R (1, -+, m—1, N),
m=1
where by, ...,bx—1 € N are constants depending only on k.
Proof. Observe that if a k—tuple (i1, ia, ..., i) consists of distinct indices 41, ...,i < N
then its contribution to R} (s1,...,sk—1, V) defined in (6) is the same as its contribution
to Ri(s1,...,Sk-1,N), however the situation is different when the indices i1, ..., are

not pairwise distinct.

Any k—tuple i = (41,42,...,i,) gives rise to a uniquely determined partition P; =
{J1,J2,. .., I} of [K] ={1,2,...,k} (where m < k) such that the following properties
hold:

(i) i =t & (j, £ € J; for some t < m)
(ii) min J; < min J;41, i=1,...,m—1.

Conversely, given a partition P = {Jy, Ja, ..., J, } of [k] with the property that min J; <
minJi4q for t = 1,2,...,m — 1, we define the correlation counting function Rf =
RE(Sl, ceeySk—1, N) by

51
N7...7

1
RE = #~ {1 € NI, P = P o, — 0l <

Sk—1
~ s, — il < 2T

N

That is, Rf is the variant of Ry that counts correlations only over indices i1, ...,ix < N
with partition P; equal to P.
Now if for a fixed partition P as above we set

Jr = min J,, r=12....,m

then we have that j, > r. Write J, = {t; < t2 < ... < ts} for one of the sets comprising
P. In view of the hypothesis that s; > sy > ... > sp_1, the inequalities

St,—
sy — @iy, || < ?V17

f=1,...,s

appearing in the definition of R], altogether imply that

Stp—1 Sti—1 _ Sj.—1 Sr—1 /=1
- )

||1.i1 - Z.’it[” < N S N - N S N
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Thus for the fixed partition P = {J1,...,Jn} as above, we have
Rf(sl,. . .,Sk_l,N) g Rm(sl, .. .,Sm_l,N).

Finally, for the counting function R}, summing over all possible partitions P of [k] we
deduce that

RZ(Slv" '7Sk*17N) = ZRE(SD"'?SIC*I)N)
P

Z RI(s1,...,80_1,N) + Z RI(s1,...,85_1,N)
PiIPI=k 1<m<k-1
P:|P|l=m

k—1
< Rk(slv <. '78k717N) + Z mem(817 .. wsmflaN)v
m=1

with by €N, m=1,....k—1. O

Remark. (i) Proposition 2.4 uses a combinatorial argument to derive a relation between
the pair correlation function Ry and R}, which is the corresponding sum over not nec-
essarily distinct indices. A similar argument can be found in [21, Chapter 4].

(ii) The constants ¢; = ¢;(m) appearing in the proof of Proposition 2.2 are the un-
signed Stirling numbers of the first kind and the numbers b; = b;(k) from Proposition 2.4
are the Stirling numbers of the second kind. This can be easily seen from (14) and the
definition of the b; as the number of partitions of [k] into ¢ nonempty subsets, respectively
(see [4] for more details).

Corollary 2.5. Let (x,,)nen C [0,1] be an arbitrary sequence. For all s > 0 large enough
we have

1
Ryi(s,N) < Rj(s,N) < Ri(s,N) + Oy (—RMS’“S,N)) , N — o0 (18)
s

If (xp)neN has Poissonian k—th correlations, we have for s sufficiently large
R;(s,N) = (25)" 1 + O(s"72), N — 0. (19)

Proof. (19) follows immediately from (18) under the assumption of Poissonian k—th
correlations. Also, the first inequality of (18) is obvious. For the second inequality of (18),
we use Proposition 2.2 and monotonicity of R (s, N) in s to deduce that for 1 <1 < k—1,

1 : 1
Ri(s,N) <ix = Re(3"7's,N) < =Rp(3"s,N), N — o0
sk~ s

for all s > 0 sufficiently large. Using Proposition 2.4, the result follows. O
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Corollary 2.5 shows us that for s large enough, we can work with R} instead of Rj.
The function Rj satisfies the following inequalities that will be used in the proofs of
Theorems 1.1 and 1.2.

Proposition 2.6. (i) For any s >0 and N > 1,
R3(s, N)*=* < Rj(s,N). (20)

(ii) Let s1,82,...,8t,—1 >0 and N > 1. Then
Ri(s1y. .. sk—1, N)* "L < Ri(s1,N)Ri(s2,N)--- R}(sp_1,N). (21)

Proof. For any s > 0 and N > 1 we define

zi(s,N) = #{j <N o — | < %}, 1 < N.
Under this notation, we observe that for £ > 2 and sy, $2,...,sk_1 > 0 we have
. 1
Rk(sl,...,sk_l,N):N Zi(Sl,N)'...'Zi(Sk_l,N). (22)
i<N

For (20), an application of the Holder inequality with p=k —1and ¢ = (k—1)/(k —2)
gives

Ry(s,N)F! = (% > zz-(s,N))lH < % > zi(s, N)F! = Ry (s, N).

i<N i<N

Applying the Holder inequality with exponents p;, = k — 1,(1 < i < k — 1) to (22) we
obtain (21). O

3. Proof of Theorem 1.1

Here we prove that sequences with Poissonian correlations of k—th order are uniformly
distributed. We argue as in the proof of [1, Theorem 2J: if the sequence (z,),en is not
uniformly distributed, then there exists some a € (0, 1) such that relation J\;im %#{n <

— 00

N : z; € [0,a]} = a fails, and by the Bolzano - Weierstrass theorem there exists a
sequence (N;)$2; and a number b # a such that

li L
m —
j—o0 Nj

#{n < N;j:z; € [0,a]} =D.

We need the following lemma, which tells us that under the assumption of Poissonian cor-
relations of k—th order, the proportion of points in a ball with sufficiently fast shrinking
radius has to be asymptotically zero.
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Lemma 3.1. Let k > 2. If (x,)neN 8 a sequence with Poissonian k —th correlations and
t € [0,1], then for any s > 0 we have

1 s
i — < : = U
M N#{” SNl =t < 2N} 0

Proof. Assume for contradiction that there exist ¢t € [0,1], s > 0 and 7 > 0 such that
1#{ <Nz, —t] < }> for inf N>1
NSV lzn - 5N n  for inf. many N >
For such values of N > 1 we have
1
Ri(s,N) > NUN~(77N—1)-...~(77N— (k—1))
n"NFTL 4+ O(NF2), N — oo,
which contradicts the assumption of Poissonian k—th correlations. O

We can now apply Lemma 3.1 with ¢ = a and ¢ = 0 to deduce that for ¢ > 0 small
enough, we have

1 s s 1
—#{nng:—ém ga_—}:—#{ngNﬁz'E[O,a]}
N; Tran; T 2N; N; o
N; R 2N;
1 S
_Fj#{ngNJ a—2—Nj<xn\a}
>b—c¢
and also
1 s s
-— <N — < §1*7}21*b*
N]#{” TN, S 2N, :

for all j > 1 sufficiently large.
For these values of j, if F'(t,s,N) is the function defined in (7), we see that

a

/F(tsN /an%,M) = > A(Blan, 53) N0.a))

0 0 n<N n<N

S S S
> <Ny i <o <0 )
N;

s(b—¢)

and similarly
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1
/F(t,s,Nj)dt >s(l—b—e¢).

a

Applying the Cauchy —Schwarz inequality we deduce that

1 a 1
/F(t,s,Nj)2 dt = /F(t,s,Nj)2dt+/F(t,s,Nj)2dt
0 0 a
a 2 1 2
> 1 /F(t Nydr | +— /F(t N,)dt
Z S5 V5 1—_a » S, 4V
0 a
52 s?
> (b—e¢)? 1—b—e¢)
(b ()
Since a # b, if we choose £ > 0 small enough we have
b—e)? 1—-b—¢)?
(b—¢) +( e) =1+¢6 for somed >0
a 1—-a
and therefore
1
/F(t, s, Nj)2dt > (1+0)s? (23)
0

for all j > 1 large enough. At this point, we present a simple fact that connects the
correlation functions R%(s, N) with the function F(t, s, N).

Lemma 3.2. For any s > 0, we have

S

1
/F(t,s,N)2dt: /R;(a, N)do. (24)
0

0

Proof. By definition of F(t,s, N), we see that

1
/F(t,s,N)th: > AMB@m 530) N Blan50) = D {%—mefxnn}ﬂ
0

m,n<N m,n<N

while the definition of R5(s, N) gives

S S

i 1 1 +
/RQ(J,N)dU:/N Z L[Ny —2n]l,00) (0) do = Nm;N{S—Nme—anH}

0 0 m,n<N
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and these two terms on the right —hand sides of the equations above are clearly equal. O

Combining (23) with (24) we get

/R;(a, Nj)do > (1+6)s?, (25)
0

and in turn using (25) with (20) and (19) we see that

(1+0)s* < /R;(U,Nj)da < /R;(U,Nj)ﬁ do =35>+ 0(s), j—
0 0

which is a contradiction for values of s which are sufficiently large.
4. Proof of Theorem 1.2

In this section we present the proof of Theorem 1.2, which generalises Theorem B in
the context of k—th order correlations. We first present the properties of the correlation
functions C (s, N) and C{ (s, N) that we use in the proof and then continue with the
proof itself.

4.1. The functions Cy, C}
For convenience, when N > 1 and 1 <4,5 < N we write
Aw(s5,7) = A(Blai 55) N B (w5 53)) (26)
N85, 0) = $172N mJ,QN .

As shown in the following proposition, the values of C}, and C} can be expressed explicitly
in terms of the numbers Ay (s;i, 7).

Proposition 4.1. The functions Cy, C}; satisfy

Cr(s1,--rs6-1, N) = N2 3" An(s13in,i2)An (s2371,43) - AN (k-5 71, %)

11,0k SN
distinct

and
C;(Sl,...,sk_1,N)=Nk72 Z /\N(Sl;il,ig))\N(SQ;il,ig).../\N(Sk_1;i1,ik).

11,0k SN

Proof. Note that for any i,7 < N and s > 0,

S

/]l[o,%](ﬂwz‘ —ajll)do = {s = Nz — 2;]}" = NAn(s;4,5)-
0
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Therefore,
8182 Sk—1
CZ(Sl,...,Sk_l,N)://"'/ RZ(O'l,...,O'k_l,N)dOdeQ...dO'k_l
00 0

N P H/ ((l21 = 2] do

i <N =17

— % Z l:IN)\N(Sj;i1,ij+1)

i1 eip SN j=1

=NF2 N An(sisin,da) AN (s2dn,d8) o AN (Sk—15 41, k).

i1yt SN

The proof follows similarly for Cg(s1,...,sx—1,N). O

The next proposition gives a lower bound for the size of C};. For convenience, when
we deal with Ay (s;4,7) as in (26) and the value of s > 0 is clear from the context, we
suppress the dependence on s and simply write Ay (¢, 7).

Proposition 4.2. Let (zy,)nen C [0,1] be a sequence. For any s > 0,
Ci(s,N) > b1 forall N >1
Proof. By Proposition 4.1, we have

C;(S,N):Nk72 Z )\N(il,iQ))\N(il,ig)...)\N(il,ik).
’L‘l,...,ing

Using the Holder inequality with p = (k—1)/(k —2) and ¢ = k — 1, we get

k—1
c;(s,N)’f—1:< > )\N(il,ig)>

i1,i2 <N
N N k—1
gNk_QZ (Z/\N(il,lé)) =Cj(s,N).
i1=1 \iz=1
On the other hand, if F(¢,s, N) is the function defined in (7), by Lemma 3.2 we have

s 2

1
C;(S,N)=/R(UN :/FtsN /FtsN =52,
0

0

which implies that for any N > 1 we have C} (s, N) > s2*=1. 0
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For the proof of Theorem 1.2, we need to introduce a localised version of the correlation
functions Cj (s, N). For any s > 0 and any interval A C [0,1) we define the quantity

CZ(A,&N) = ]Vk_2 Z )\N<i1,’ig))\N(i1,i3)...)\N(ihik). (27)
1tk SN
:L‘il,...,rikGA

In view of Proposition 4.1, one can think of C}(A4;s, N) as a restriction of C} (s, N) on
A. We intend to use the obv10us fact that for any partition (A; ) 7, of the unit interval
we have

M
Ci(s,N) =Y Ci(Ajis,N). (28)
Jj=1

The following proposition generalises Proposition 4.2 for the localised versions of the
Ci(s,N) in the context of Theorem 1.2.

Proposition 4.3. Let G : [0,1] — R be an asymptotic distribution function of (xn)neN
and (Nj)jen be a sequence as in (3). Let k > 2, A C [0,1] be an interval, a := X\(A) be
its Lebesgue measure and b := pc(A) be its Riemann — Stieltjes measure with respect to
G. Then for all s > 0 we have

AT =
hjn_lﬂl)lgfck(A s,N;) > = (k=1),
Proof. Let s > 0 arbitrary and assume without loss of generality that A = [0,a]. Let
()52, denote the subsequence of (x,,)22; consisting of all terms that lie in [0, a] and
define the sequence (z,)neN by

1
Zn = axrn, n 2> 1.

We wish to establish a relation between C}:([0, a], s, V') defined in (27) and the correlation

counting function C}(s, N) relevant to the sequence (z,),eN. Since we need to specify to

which sequence the counting function refers to, from now on we write C}((2n)nen, s, N)

for the function Cj that refers to (z,)nen, and when we do not state which sequence

the correlation function C;} refers to, it will be understood that it refers to (z,)nen-
We define

Ky =#{i < N:z; €0,4a]}, N> 1
Let € > 0. By the definitions of a and b, there exists J > 1 such that for all j > J,

(b—e)N; < #{i <N;:2;€[0,a]} < (b+e)N;. (29)



222 M. Hauke, A. Zafeiropoulos / Journal of Number Theory 243 (2023) 202-240

Then for any s > 0 we have

CZ ([O,CL],S,N]‘):NJE_Q Z H )\(B(IE“,%)QB(‘T“,,%))
i1, <N; 2<p<k J J
Ty, Tip Sa

_ nk—-2 S S
_Nj ‘ Z H )\(B(G,Z“,m) ﬂB(azZ—p,Q—Z\]j)).
i1, KN, 2€<psSh

(30)

At this point, we notice that when Nj is sufficiently large, the measure of the intersections
appearing in the right-hand side of (30) is

)\(B(azil, ﬁ) mB(azi”’QiNj)) = aA(B(zZ-l, ﬁ) ﬂB(zip, ﬁ))

S (B D) (s, 22,

2aKy, " 2Ky,
Inserting this into (30) gives
* k-2 k-1 s(b—¢) s(b—¢)
b S T ) (e )
Zl,‘..,’LkgKNj 2<pLk J J
NE—2
= akil 2 'C;((zn)neN;s(b_€)a717KNj)

k—2
Ky
(29) aF—1

g (b+e)k—2 Ci ((zn)nen; s(b—e)a™h Ky, ).

We now use Proposition 4.2 for C}: ((zn)neN; (b—e)sa™1, KN].) to deduce that

ak—l (b _ E)Q(k—l) SQ(k—l)

Cr ([O,G],S,Nj) 2 (b+¢e)k=2 ' q2(k—1)

for all j > J. Since € > 0 can be chosen arbitrarily small, this finally implies

blc
liminf Cy, ([0, a], s, N;) = — 152(’“*1). |

Jj—o0 a

4.2. Proof of Theorem 1.2

For each r > 1 we define the intervals
i i+ 1
Lo ). o<i<2 -1 (31)

Bri = [_7—
) 2?" 21"
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Applying Proposition 4.3 and (28) to the partition (Bm»)f;al7 we deduce that for any
s>0

2" —1

imin ]S_z)(k & (s, N;) > Z or(k=1) (G( ;1) —G(%)) ) (32)

=0

We now consider two cases regarding the function G.

(i) If G is not absolutely continuous, there exists a fixed € > 0 such that for any § > 0,
there exist M = Ms € N many pairwise disjoint intervals Iy,...,Ip; € (0,1) with
I; = (aj,b5),5 =1,..., M such that

M

M
(bj—a;) <z, Y _(G(b;) —Glay)) > e.

j=1 j=1

N

For r € N, we define

[27a;] b (270, ]

T = v L = (ajr, by).

In other words, I;, is the smallest interval of the form (g%, 5+) with m,n € N that

contains I;. We choose r = r(d) > 1 large enough so that the intervals I ,, j=1,..., M
are still pairwise disjoint, contained in (0,1) and also 2" > 4M/§. We then have

> (b — aj.) Z( 2><g+g=6 (33)

Let Jr5 € {0,...,2" — 1} be the index set such that

M
U B, = U I,
i€Jrs j=1
Using (33), we see that
|Jrs] < 276. (34)
Additionally, since G is non-decreasing, we still have

> (65 -6(5)) > (35)

i€Jrs

Combining (3: ) with (35), applying the Hélder inequality in the form (), J:ci)k <
|J|F=1 3, e, @ and using (34) we obtain
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liminfj;?:_cl‘gj(s,N > o) 3 ( (z+1> G(;r))k

i€Jrs
_ . . k
> SE-66) >

As e > 0is fixed and § > 0 can be chosen arbitrarily small, we obtain that for any s > 0,
liminf;_ o C} (s, N;) = oo, or equivalently lim;_,o C}(s, N;) = co. By monotonicity of
R}, this immediately implies that also lim;_,o Rj(s, N;) = oc.

We will now show that lim;_,o Ri(s, N) = oco. Letting z; = 2;(s, V) be as in the proof
of Proposition 2.6, for all m < k and N > 1 we have

R, N) = o 32 (= Dz~ 2) - (i~ (m — 1)

i<N
1
=N Z (zi=1)-...- (2 — (m—1))
i<N,zi =k
1
ty 2 oD (= (m-1)
i<N,zi<k

1 m
<% Y -1 (z—(m=1)+k

i<,z >k

< Rk(S, N)+ k™.
Together with Proposition 2.4, this gives

k—1
Ri(s,N) < (L+be1+ ...+ b1)Ri(s, N)+ Y bk™. (36)

m=1

Since lim;_, o R} (s, N;) = 00, (36) immediately shows that also

lim Ry(s, N;) = oo,

j*)OO
as required.
(i) We now consider the case when G is absolutely continuous, and write g for the
function as in the hypothesis of Theorem 1.2. We follow the method used in [1] to prove
Theorem B. We first assume that ¢* is mtegrable For each r > 1, let F,. be the o —algebra
generated by the intervals B, ;, 0 < ¢ < 2" — 1 defined in (31). By the hypothesis, for
anyr > landi=0,1,...,2" =1 wehave

lim —#{n iy € By} = (i+ 1) — G(i> = / g(z)dx.

j—oo IN. 27 27
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Inequality (32) implies that for any s > 0

k

1
liminf;_,. C 2] ”
Srae e S| [ | < [R6Fw
0

B i

(Here the function E [g|F,] is the conditional expectation of g with respect to the
o —algebra F,., for the definition we refer to [6, p. 121].) At this point, we observe that

Fr C Frqq for all » > 1 and the o —algebra generated by U Fi is the Borel o —algebra

n [0,1]. Since g has a finite k—th moment, we can apply the martingale convergence
theorem [6, Thm 5.5] to deduce

so we obtain

1
liminf; , C¥(s, N;)
J;(k_lf J Q/Q(x)kdx. (37)
0

Applying Proposition 2.6, we see that

lim inf C}; (s, N;) < lim sup / Ry(t1,... tk—1,Nj)dty ... dtg—1
j—o0

Jj—o0
[0 s k 1
< limsup / Ry (t1, N. - Rj(tk—1, Nj )" Tdty...dtg1
j*}OO 0 9 k N
(38)
R k—1
= lim sup /R};(t,Nj)l/(k*l) dt
j—o0
We will first prove that
I Ri(s,N;) |
) imsup,_, Rj(s,N; A
lims d > d 39
im sup (25)1 /g(w) T (39)

and prove the same with Ry in place of R} later. Assume for contradiction that there
exists an € > 0 and some Sy = Sy(g) € N such that for all s > Sy,
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1
lim sup Rj (s, N;) < (25)F1 /g(m)k dz—¢]. (40)

Jj—o00
0

Raising both sides in (40) to the power of 1/(k — 1) and integrating, we see that for all
s > Sy we have

S S

/IimsupR,’;(o, Nj)k%lda = /limsupR};(o, Nj)ﬁda +0(1)
Jj—roo j—o0
So
1
1 k—1
< s? /g(a:)kdx—s +0O(1). (41)
0

The O(1) term here comes from the fact that limsup,_, ., R;(o, N;) is bounded in the
range (0,.Sp]. Combining (37), (38) and (41) and applying the reverse Fatou Lemma, we
obtain

1 =
s* /g(x)’“ da < lim inf G} (s, N;) &7
0

j—o0

S

< limsup/R’,;(a, N,V E=D 4o

j—o0
s

< /lim sup R (o, N;)V =D do

Jj—o0

a contradiction when s — oo.
To prove (39) with Ry, instead of R, we argue as follows: assume for contradiction
that

1
C limsupyp Ri(s, N)) )
h?isogp (@25)F1 < /g(x) dz. (42)
Combining (39) with (42), we deduce that there exists some 0 > 0 such that

1
lim sup R;(s,N;) — Rp(s, N

lim sup ;oo (il kii) k(s V) > 5/g($)kdx.

5—00 (25) )
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In view of (18), this implies that

y 1limsup;_, . Ry(3%s, N;
lfl:ip S (2s)k—1

) [
>M [ g(x)"da,
/

where the constant M > 0 depends on k; a contradiction to (42).
If g does not have a finite k—th moment, we approximate g by truncations

aele) = {gm, if g(x) < ¢

0, if g(z) > ¢.

We can apply the arguments from above to show that for any ¢ € N,

g(ﬂ?)k dz.

lim sup

1
limsup;_, ., Ri(s, N;) /
z [y
5§—00 (25)k_1

0

Since fol ge(z)* dz can be made arbitrarily large, the result follows.
5. Proof of Theorems 1.3 and 1.4

The proof of Theorem 1.3 follows straightforwardly from Proposition 2.2. Assume
S1,...,8k_1 > 0 are such that

limsup Rg(s1, .., 8k—1,N) = 00.
N —oc0

If p > k, then by (13) for any s large enough with respect to k and s1,. .., sx—1 we have
lim sup _, oo Rp(s, N) = oo. Therefore the sequence (z,),en cannot have Poissonian
correlations of order p.

Turning to Theorem 1.4, statement (i) follows by Bourgain’s construction in [2, Ap-
pendix] of a subset A = (a,),en of the positive integers such that E(Ay) = o(N3), N —
oo and for almost all 2 € [0, 1] the sequence (a,),cN satisfies

limsup Ra(1, N) = oc.
N—o0
By Theorem 1.3, for almost all « € [0, 1] the sequence (a,x)5; does not have Poissonian
correlations of any order k > 2.
For statement (ii), within the context of Theorem 1.4 we write Ry(s, N,z) for the
k—th correlation function Ry(s, N) of the sequence (a,2),en. Also given any finite set
A, we write

T(A) :=#{(a,b,c) € A®>:a—b=0b—c+#0}.
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We shall make use of a result in additive combinatorics, which states that whenever
the additive energy of a set A is F(A) > k1|A|? then T(A) > k2|A|?; the constant ka > 0
only depends on x; > 0. (see e.g. [18, Theorem 6.1]).

Therefore the assumption of Theorem 1.4 implies that

T(An) = cN? for infinitely many N > 1,

where ¢ > 0 is a constant.

Let (i,j,k) € A% be a 3—term arithmetic progression with distance d > 1. Then we
have ||ja —ia| < § and ||ka — ja|| < & if and only if ||da|| < 7, which happens for a
on a set of measure 2s/N, independent of the value of d > 1. Observe that for infinitely

many values of N > 1, we have

1 1
1
/Rs(SvN’a)dOf: ) /Nﬂ[l\ja—ialK%,Hka—jallé%](O‘)do‘
0

i,5,k€EAN [
distinct
1 2s T(.AN)
>N . % — = 2s N2 > 2sc.
2,7, is a

non-trivial 3-AP
For s sufficiently small, we have 2sc > 452, so

1
limsup/Rg(s,N, o) da > 4s°.

N—oc0

By the reverse Fatou Lemma,

1 1
limsup/R3(s,N,a) da < /limsupRg(s,N7a)da
0

N—o0 N—o00
0

which implies that there must be a set  C [0, 1] with positive Lebesgue measure such
that for a € Q,

lim sup R3(s, N, ) > 452,

N—o0

6. Proof of Theorem 1.5

In the proof of Theorem 1.5 we make use of the test functions ggk) :RF1 — R defined
for every k > 2 and s > 0 by

+
s (yla s 7y/€71> . S 112?§k{y1} 12?2{]@{ yz}
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Then ggk) € C.(R¥~1). The importance of the test functions ggk) is seen from the fol-

lowing lemma. For convenience, when s > 0 and N > 1 are fixed, given an index i < N

we write B; = B(:ci, %)

Lemma 6.1. Let s > 0, N > 4s be fixed. Consider the points x1,xs, ...,z € [0, 1], where
2< k< N. Then

k
(ﬂ 1) = o) (W (@ = 22). .o N = ). (43)

Proof. Let x;, and x;, be the first and last point modulo 1, that is, (z; — x;,)) = 0 and
(x4, — ;) =0 for all 1 <4 < k,i # i1,42. Then

/\( ﬁ Bj) = \NBy, NB;,) = {% = |lzs, —%H}Jr

+
s
o {N - 1<%?f<k(<mm - x"))}

and it remains to prove that

+
s
{5 = (o =) | = V= 2)oc Ny =) (09
We only need to show this for points x1,...,z; such that [|z; — 2| < £ < 1 for all

2 < ¢ < k — otherwise both sides of (44) are zero. For such points we have

(e —zj)) = (e — z1)) + (1 — zj)) forall 1 </,j <k. (45)
We further assume without loss of generality that the points xs, ...,z are in increas-
ing order, that is, (zn4+1 — @) = 0 for n = 2,...,k — 1. We first consider the case in

which z; is between x2 and xy, i.e. (1 — x2)) > 0 and (zr — z1)) > 0. Then

—
N
Ut

max (xm — xn)) = (xk — x2))

1<mn<k

(2, = 21)) + (21 = 22))

2r<n'r?§k:{ (21 =z} + 2I£a§k{(($1 —za)},

which proves (44). The proof is similar in all other cases regarding the relative position
of x1 with respect to zo,...,x,. O

In order to employ the test functions ggk) to deduce information for Poissonian k—th
order correlations, we first need to determine their integrals.
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Lemma 6.2. For any k > 2 and s > 0, we have

gt

Rk-1

(W1, Yk—1) dyr . dypoy = 5", (46)

Proof. Clearly supp(ggk)) C [~s,s]*~1. We partition the set [—s,s]*~1 as follows: for
each £ =0,1,...,k — 1 and each subset A C [k — 1] with |A| = ¢ we define

De(A) = {(y1, - yp—1) € [=5,8]" 114 >0 <= i€ A}

Then
k—1
/gﬁk)(yl,m,yk—l)dyl---dyk—l => Y 98 (yr, - gk—1) dyr - dyea
=0 AI%‘[Ik:fl] De(A)

Consider first the set Ag = {1,...,¢}. Then we can write

De(Ag) = |J De(Ao,i, )
1<i<t
0<j<k

where for each 1 <7 </ and £ < j < k we define

Dé(A07l7j) = {(y17 R ayk—l) S DZ(AO) Y= fg?i{éy’r'a Yy; = €<m7}2ky7‘} -

The sets Dy(Ayp,i,7) are almost pairwise disjoint (their intersections are sets of zero
(k—1)—dimensional Lebesgue measure). On the set Dy(Ag, 1,k —1) we have for 1 < ¢ <
k —1 that

9 Dy, yka1) = 5 — Y1+ Yro1
Thus
/ g™ = / // (s —y1 +yr—1)dys ... dyr—2dyr—_1dy
Dy(Ao,1,k—1) 0 —(s—y1) [0,y1])¢ ' X[yp—1,0]F—¢—2

(=D 2y T2 (s — y1 4 Y1) dyr—1di

@‘\;o @l\o

0

— /(—1)’67{7256271(8 _ .73) / yk7Z72 dydx
0 —(s—x)
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s 0
+ /(_1)k—é—2x€—1 / yk—é—l dy
0 —(s—x)
1 1 / _ .
- (k—ﬁ—l - k—z)/mé s —2)""da.
0

We now make use of the identity

1
~1
1 -1
/x"l(lz)mldx—(m+n ) , m,n > 1
m n—1
0

(see for example [7, p. 908, 910]) to deduce that

® _ 1 k *lsk
S k—Ok—C—1)f\E—¢ '
Dy(Ao,1,k—1)

Using a symmetry argument, one sees that the integral of ggk) has the same value on
any of the sets of the form Dy(Ag,1,7). Since there exist £(k — ¢ — 1) such sets, we have

1 ENY O 1/k—1\""
k) — = = - k 4
/ 9s k—f(k—f) k( ¢ ) o (47)
D¢ (Ao)

Another symmetry argument now shows that the value of the integral on any set Dy(A)
where A C [k — 1] has £ elements is the same as on the right hand side of (47). We have
proved this for £ =1,...,k—2, but the same result also holds when £ = 0 or £ — 1. Since
there exist precisely (kzl) such subsets of [k — 1], we have

gF) = i
s k
Dy
Finally, summing over the k possible values of the index ¢ we deduce (46). O
Armed with Lemma 6.1, we can proceed to the proof of Theorem 1.5.
Proof of Theorem 1.5. (i) Fix some s > 0 and N > 1. A counting argument gives that

for any 0 < ¢ < 1 such that F(¢,s,N) > k,

11,0k SN
distinct

F(t,s, N)(F(t,s,N) =1)...(F(t,s,N) = (k= 1)) = Y ]1<
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Note that this equality also holds when F'(¢,s, N) < k: since F is integer —valued, both
sides of (48) are then equal to 0. Integrating with respect to ¢t we get

k
Ls N = 3 (m 1,)‘1"; S 0B (N (@i, — 2i)s s N((@s, — 2,)

D1 yenes k<N Jj=1r iy, ik <N
distinct dlqtlnct

Since we assumed that (z,),en has Poissonian k—th correlations, it follows from
Lemma 6.2 that lim Ix(s, N) = s*.
N—o0

(ii) Using the well-known formula for Stirling numbers of the second kind

k
Y crgrle —1)- (@~ (j - 1) =a*
j=1

(see e.g. [4, Chap. 5.3]), we can write

Ii(s,N) = /lFtsN 3 A((k]Br,.,j)+
0

11,0, SN Jj=1
distinct

+ Cr k-1 Z )\(ﬂBwij)—i—...

i1yl —1 SNV j=1

distinct
+ek1 > ABa,,).
i <N
In view of (43), this implies that
Ii(s,N) = Re(¢F), N) + e o1 Ri—1 (gF "V, N) + ... (49)

+Ck71R2(g£2),N).
The main term in (49) is Rk(ggk),N) = Ix(s,N), and we have shown in (i) that

It(s,N) — s*, N — oo. For { < k, we see that gg) < slj_4 4¢-1 which implies by
monotonicity of Ry(-, N) that

Re(g{”, N) < sRy(s,N).
By Proposition 2.2, since (2, ),eN has Poissonian k—th correlations we have

limsup Ry(s, N) = O (s, s — 0.

N—o00

Combining (49) with these remarks, we see that
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limsup I} (s, N) = s* + Op(s"71), s — 0.
N—o0
(iii) Since (zn)nen has Poissonian ¢—correlations for all 2 < ¢ < k, by definition
J\}im Rg(ggz), N) = s'. Therefore in that case, (49) implies that
— 00

lim I}(s,N) = s*+ ck,k,lsk_l +...4cgis. O
N —o0
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Appendix A. Equivalent definitions of Poissonian correlations

We discuss the different definitions of Poissonian k—th order correlations appearing
in the literature.

The reader who is already familiar with the notion of Poissonian correlations might
compare the definition given in (2) with another common definition, where in the cor-
relation function Ry(g, N) the differences (zi, — x4,)), (i, — Tig)), -+ (@4, — %4,,))
appear instead of the differences (zi, — xi,)), (zi, — ®i5)) - .- (s, — x4,)) as in (1). This
is the definition used, for example, in the papers [12,13] that deal with the k—th level
correlations of quadratic residues modulo some integer @ > 1.

Here we explain that these two definitions are equivalent.

Proposition A. Let (x,,)nen C [0, 1] be a sequence. The following are equivalent:
(i) The sequence (xp)neN has Poissonian k —th order correlations.
(ii) For all test functions g € C.(R¥™1) we have

. 1
I\}lj}noo N Z g(N((mil _xiz))’N((xiz —$13)),...,N(($¢k71 _xlk))) = / g(x) dz.
e Ri

(iii) For all rectangles B = [a1,b1] X [ag,b2] X ... X [ag—1,bk—1], b; > a;, 1 <i< k-1,
we have

N—o0

where \ denotes the (k — 1) — dimensional Lebesgue measure.
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Proof. The proof of the equivalence of (i) and (iii) uses a standard approximation argu-
ment from analysis and is omitted. We show (i) = (ii), the direction (ii) = (i) can be
proven in a similar fashion. Let g € C.(R*~!) be an arbitrary test function, and define
f:RF1 5 R via

flz1,ze,. .., 26-1) = g(z1, 22 — 21, T3 — T2, ..., Th—1 — Th—2).

This definition implies that f € C,(R*~1),

and furthermore
g(Il,l‘g,...,.’L‘kfl) = f($1,331 +x9,..., 1 +ZT2+ ... —l—l‘k,l). (51)
. _N N1k-1 . s
Now when N > 1 is so large that supp(f) C [W’ ﬁ} and in addition

f (N((xh - xi2))7N((xi2 - CC@B)), RN N((:I"ik—l - xik))) 7A Oa

1
then for all £ < k we have ||z;,_, —;,|| < ——. Hence

2k
1
iy = Tia | + lliy = @il + -+ iy = 2all < 5
and thus
(iy —2i,) + (i — i) + o+ (@i, —20,) = (24, — 74,)). (52)
Using these considerations, we get
1
N Z g (N((xll — Ty ))a N((wlfz - xis))a s ?N((xik—l — Ly, )))
i1, <N
distinct
(51) 1
= N Z f(N((‘Tll - xiz))? N(((mll - xm)) + ((xm - wls))) ). )
i1t SN
distinct
(52) 1
= N Z f(N((‘Tll _miz))7N((mi1 _xi?,))?"'?N((xil _xik))) :Rk(f,N)
il,c.i..,ing
istinct

Combining this with (50), we see that under the hypothesis that the sequence has Pois-
sonian k—th correlations, statement (ii) is true. As noted, the implication
(ii) = (i) can be shown in a similar way. O
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At this point, we should also mention that for the specific case k = 2, sequences are
usually defined to have Poissonian pair correlations when

lim Ry(s,N) =2s for all s > 0, (53)
N—o0

where Ry(s, N) is the correlation function as in (5). We have already explained why a
sequence with Poissonian pair correlations automatically satisfies (53), but it turns out
that condition (53) is actually equivalent to (2) when k = 2. Indeed, assume (2,),eN I8
a sequence such that (53) holds. For the test function 1 4 (that is, the characteristic
function of the interval [0, s]) we have

1 1 .
RQ(]}.[(),S],N) = §R2(S,N) + N#{Z 75 7 < N:z; = {,Cj}. (54)
Since
1
0<N#{i#jgN:xi:mj}gRg(aN) for any € > 0,

the assumption on (x,,),eN implies that the rightmost term in (54) tends to 0. By this,
we deduce that limy oo R2(1jg,s), N) = s for all s > 0 and it follows that for any b > a
we have limy oo R2(1[q,), N) = b — a. In view of Proposition A (iii), relation (2) holds
for k = 2.

We also note that this equivalence cannot be generalised for correlations of higher
orders. The reason is that when k& > 3, we cannot employ the symmetry argument to
deduce a generalisation of (54), i.e. for the rectangle B = [0, s1] x ... X [0, sx_1], it does
not hold in general that

1\ k-1
Rk(ﬂB,N) = (5) Rk(sl,...,sk_l,N).

Appendix B. The k—th order correlations of random sequences are almost surely
Poissonian

We establish a fact that was alluded to in the introduction: whenever (Y,),en is a
sequence of independent and uniformly distributed random variables in [0, 1], then for
all k& > 2 the sequence (Y, (w))nen almost surely has Poissonian correlations of k—th
order. The method of proof we use is a standard mean —variance argument that appears
very often in the relevant literature. We refer the reader to [10] for a proof in higher
dimensions when k = 2.

Indeed, given such a sequence (Y, )nen and a, < b, (1 <7 < k), let

Rk(w,N) = l#

il,...,ikéN.a,, br
N

iy SYa@ YW sy (1< .
ij A uVj#FL N Vi, (W) Vi, (w) N (1 7”<k)}
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According to Proposition A it suffices to show that Ry (w, N) — (by—ay) -+ (bp—1—ag—1)
as N — oo almost surely.

We proceed to the calculation of the expectation and variance of Ry(-, N) viewed as a
random variable on [0, 1]. This will be done in several steps. In the estimates that follow,

the implicit constants in the asymptotic notations depend on the scales a1, ...,bx_1.
Step 1: We claim that for any m > 1 and for any distinct indices 41,149, ...,%m,> 1 the
differences

Alzyél_}/;é) A2:m1_}/;37 e Aerl:}/Z _Yém+2

are independent. For convenience, we only show this when m = 1 and for the random
variables

A=Y -Y, and A=Y, -Y3

(the proof is similar for any other choice of indices and for any m > 2). Writing fx for
the probability density function of a random variable X : [0,1] — R, we need to show
that

fag n, (@1, 22) = fa, (x1) fa,(z2)  for all x1, 20 € [0,1]. (55)

Note that in our context, addition and subtraction of the random variables is always
understood modulo 1. Thus for all i« € N we have fy,(y) =1, 0 < y < 1 and the density
functions of the differences A1, Ay are

fa,(0) = /fy1 (W) fr, (0 +y)dy =1
0

and similarly fa,(0) =1, for all § € [0, 1]. We start from the left —hand side of (55): the
theorem of total probability and the independence of {Y7, Ys, Y3} imply that

1 1
1, T,
fA1,A2(x17x2):/fAl,A2|Y1(x17x2‘y>dy:/fAl’AZ’YI( 1,22 y)dy
0 0 fyl(y)

1 1
Z/fAl,AZ,YI(CChxz’Z/)dy:/fy—y2($1)fy—yg($2)dy:1-
0 0

Step 2: We now claim that whenever each of the sets I = {iy,...,i,} and J =
{j1,---,jn} consists of pairwise distinct indices and #(I N J) < 1, then the differences
Y, =Y, Y, =Y, .. Y, =Y, Y, =Y, Y, =Y are independent random variables.
It follows by the previous step that the random variables ¥;, —VY;,,Y;, —VY;,,...,Y;, =Y,

are independent, and so are Y;, —Y,,...,Y; —Y; . If the sets I, J are disjoint, all of

37" m
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these random variables are immediately independent, so we deal with the case when
#(I N J)=1. We need to distinguish the following cases:
Case 1: i1 = j;. In this case, independence follows immediately from Step 1.
Case 2: i3 = jy or j; = iy with £ > 2: Then we can assume without loss of generality
that i1 = jo. The random variables we are looking at are

Yii =Y. Y =Y, .Y, =Y, =Y, Y, Y, =Y, Y Y,
and these are independent by an argument similar to the one used in Step 1.
Case 3: i, = jy with 7, £ > 2: Then we assume without loss of generality is = jo and we
are in a similar situation as in Case 2.

Step 3: Given k distinct indices i1, ...,i; < N, we write
X, .o =1 .1 ]
ot T RYs Y <R M QY Y, <)
We calculate the covariance Cov(Xi, .. i, Xj,, .. j.), Where 41,...,7, < N and ji,...,

Jr < N both consist of distinct indices. As seen above, when #{i1, ..., i }N{Jj1,...,Jr} <
1 the variables X;, . ;, and X; ;. areindependent and thus the covariance in question

is 0. We need to bound the covariance of X;, . ;, ,X; when

1,...’jk
#{il,...,ik}ﬂ{jl,...,jk}2522. (56)

If (i1,...,0k), (41, .-, Jk) fulfil (56), then
Cov(Xiy.in> Xjr i) = E[(Xiy i — E[Xy i) (X — E[XG )]
<E [Xium,ik ! th-u,jk]
E

FREEES Iy be1; |-
1~ Yip <] [ <Y, —Y5,. < "Nl]}

(57)

To find an upper bound for the right - hand side, we take a maximal subset J C
{jay ..., jr} such that #{iy,...,ix} N ({j1} UJ) < 1. By the discussion in Step 2, this
gives rise to 2(k — 1) — (¢ — 1) independent random variables among the factors in the
integral in (57), each of them having expectation O (%) The remaining differences ap-
pearing in (57) might not be independent, but can be trivially bounded from above by
1 since they are characteristic functions. We therefore conclude that

1
Cov(Xiy, s Xjrgi) = O(m)

Step 4: We fix a value of £ > 2 and we estimate

E COV(Xiun-,ik’ley---,jk)'
Dyt IV
J1y--Jk SN

) distinct
#{iv, i }0{d1,. gk b=
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We count how many choices of the sets {i1,...,ix} and {j1,...,jx} there exist such that
(56) holds. From a fixed set {i1,...,ir} we can choose ¢ elements that will be in the
intersection with {j1,...,jx} in (Iz) ways. The remaining k — ¢ elements of {j1,...,jx}
can be chosen in O(N*¥~*) ways. Since the set {iy,...,ix} can be chosen in O (N¥)
ways, we deduce that the different choices of the sets {iy,...,ix} and {j1,...,jx} with
precisely ¢ common elements are Oy o(N2*~*). Combining with Step 3, we obtain

_ 1
E Cov(Xiy.oins Xjrrgn) = Oke (N2 Zm) = Ok ¢(N).
11 yeens i IV
RSN

) distinct
#{i1,. i 0{d1,. gk =0

(58)
Step 5: We are finally in place to calculate the expectation and variance of Ry(-, N). The
expectation is

1
E[Ri(, N)] = + > Ellioy v, v, <y Mo gy, YI\bH]]
i1y in <N k
distinct
N ¥<N]E[]l[%<nl_n2<%]] E[n[ak 1<Y Ylk\kal]:I
isiimet

1
:(a1—bl)---(akfl—bkfl)—&-(’)(ﬁ), N — >

because (Y;,),en are independent (here we used the result from Step 1). For the variance

we have
L
Var[Bu( N)l = w5 > > Cov(Xiy,yins Xjrein)
£=0 0150t SN
Jir-Jk SN

distinct, (41,...,%%)F(G1,.2Jk)
#{i1,...,ik}ﬁ{jl,...,jk}=€

1
+m Z Var[ (<Y, —Yi, <] ]l[ak Loy, Y;k\kal]] (59)

11yt SN
distinct

In the first sum appearing in (59), the terms corresponding to £ = 0 or 1 are equal to 0.
Applying (58) for the terms corresponding to 2 < £ < k in (59), we obtain

Var[ Ry, (-, N)] v ;NVar[ﬂ[%@l,nzg%]- Mpmcs oy, y, o))+ O(5)
distinct

Since
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1
— Var|l,. by ey bl
N2 Z [ [RF<Yi, —Yi, <HF] [ ’”ngYil—Yikg%]]
U1yt SN
distinct

i1 i SN WS
distinct 2
E[ﬂ[%<Yi1—Yi2<%] ]1[“’“ 1LYy, sz\b"’l]] )
1 Z (01—b1 arp—1 — br—1 kl—[l(ar—br)z)
N2 - N N N
11 yeens i IV r=1
distinct
1
= Ok(5):
we deduce that
1

Var[Rk(,N)] = Ok( N — oo.

v
Consider now the sequence N, = |m!*7|,m > 1 where v > 0. Fix ¢ > 0 and let
An ={w € [0,1] : [Rg(w, N) = E[Rg(-, N)]| = €}, N > 1. By Chebyshev’s inequality, the
Lebesgue measure of Ay satisfies A(Ax) = O(1/N), N — oo. Then the Borel — Cantelli
lemma implies that

/\(limsupANm) =0,

m—o0

and since £ > 0 was arbitrarily chosen, we conclude that for almost all w € [0,1] we
have lim Rg(w,Ny) = (b1 —ay) -+ (bg—1 — ag—1). The fact that Rg(-, N;,) converges
almos?zﬁely to this limit for any choice of the scalars follows by an intersection over a
countable dense set of (a,...,bx_1).

It remains to prove that for the same values of w, Ry (w, N) will converge to the value
(b1 —a1) -+ (bg—1 — ag—1) for any choice of ay,...,bx_1. This will follow from the fact
that when N,,, < N < Np,4+1 we have

1
- 1 b -1 b
N2 Mo vei @) Lo vy s v ()
115050 SNm
’di;‘.tinct

< Rk(w7N)

1
< = 5 1 e Ny i, -V m+1]( ) T 1Nm+1 <Y, -V <Ph—1Nmy1 (W)
: Npy1 N = ‘2\Nm+1N (-~ mrlN Y i STN mt1N ]
01,0tk SNm41

distinct

and the fact that Np, /Ny, 11 — 1 as m — oo.
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