CURVATURE OF THE BASE MANIFOLD OF A MONGE-AMPERE

FIBRATION AND ITS EXISTENCE

XUEYUAN WAN AND XU WANG

ABSTRACT. In this paper, we consider a special relative Kéahler fibration that satisfies a
homogenous Monge-Ampére equation, which is called a Monge-Ampére fibration. There
exist two canonical types of generalized Weil-Petersson metrics on the base complex manifold
of the fibration. For the second generalized Weil-Petersson metric, we obtain an explicit
curvature formula and prove that the holomorphic bisectional curvature is non-positive,
the holomorphic sectional curvature, the Ricci curvature, and the scalar curvature are all
bounded from above by a negative constant. For a holomorphic vector bundle over a compact
Kaéhler manifold, we prove that it admits a projectively flat Hermitian structure if and only
if the associated projective bundle fibration is a Monge-Ampére fibration. In general, we can
prove that a relative Kahler fibration is Monge-Ampére if and only if an associated infinite
rank Higgs bundle is Higgs-flat. We also discuss some typical examples of Monge-Ampére
fibrations.
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INTRODUCTION

The curvature property of the moduli space of a holomorphic family of compact complex
manifolds is an important research topic in complex geometry. For the moduli space of curves,
there exists a classical Weil-Petersson metric, which is Kéhler [1, Theorem 4], and the Ricci
curvature, the holomorphic sectional curvature and the scalar curvature are negative |2, §10,
Theorem], the holomorphic bisectional curvature is also negative [20, Theorem 1.3]. There
are also other curvature properties for the Weil-Petersson metric, such as negative sectional
curvature [34, Theorem 5| [43, Theorem 4.5, strongly-negative curvature in the sense of Siu
[26, Theorem 1], dual Nakano negative [19, Theorem 4.1], non-positive Riemannian sectional
curvature operator [44, Theorem 1.1], etc. One can refer to [20| for the relations among
these curvature properties of the Weil-Petersson metric. Moreover, by deriving an explicit
formula for the curvature of the Weil-Petersson metric, S. Wolpert proved that the holomorphic
sectional curvature, the Ricci curvature, and the scalar curvature are all bounded above by a
negative constant [43, Lemma 4.6].

For the moduli space of compact Kéhler-Einstein manifolds, there is a canonical metric,
i.e., the generalized Weil-Petersson metric, which can be proved to be Kéahler [17, Theorem
12.3|. For the case of negative first Chern class, Y.-T. Siu [30] computed the curvature
of the generalized Weil-Petersson metric and obtained a criterion on the negativity of the
holomorphic bisectional curvature of the metric |30, Theorem 5.5]. In [27], G. Schumacher
considered the case of Kéhler-Einstein manifolds with nonzero Ricci curvature k& and also
gave an explicit formula [27, Theorem 1|. As an application, for & > 0, he proved that the
holomorphic sectional curvature and Ricci curvature of the generalized Weil-Petersson metric
are bounded from below by a negative constant [27, Corollary 1]. For the moduli space of
Calabi-Yau manifolds, G. Schumacher [25] and G. Tian [32] showed that the generalized Weil-
Petersson metric is Kdhler. A. Nannicini |24, proof of Theorem 1| and A. N. Todorov [33]
computed the curvature tensor of the generalized Weil-Petersson metric (two simple proofs of
the curvature formula were given by C.-L. Wang [37, Theorem 2.1] who also showed that both
the holomorphic bisectional curvature and the Ricci curvature are bounded from below by a
negative constant). In [22|, Z. Lu and X. Sun obtained an explicit formula for the curvature
of partial Hodge metric [22, Theorem 1.1]. In the case of the moduli space of Calabi-Yau
fourfolds, they proved that the holomorphic bisectional curvature of the partial metric with
a special factor (which is precisely the Hodge metric (up to a constant)) is non-positive, the
Ricci curvature and the holomorphic sectional curvature are all bounded above by a negative
constant [22, Theorem 1.2|. For the general case, Z. Lu constructed a Hodge metric and proved
that its holomorphic bisectional curvature is non-positive, the Ricci curvature and holomorphic
sectional curvature are negative away from zero by a constant number |21, Theorem 5.1]. For
other related results, one can refer to |8, 23, 28|, etc.

In this paper, we will study the curvature properties of the base complex manifold of a
Monge-Ampére fibration!, see Definition 1.8. In [10], D. Burns considered the curvature of a
Monge-Ampére foliation with only one-dimensional leaves (a local version of a Monge-Ampére
fibration) and obtained that the curvature is bounded from above by a negative constant [10,

1The name of the Monge-Ampére fibration was firstly given by Professor Bo Berndtsson.



CURVATURE OF THE BASE MANIFOLD OF A MONGE-AMPERE FIBRATION 3

Theorem 3.1]. A related negative curvature property for the space of all compatible almost
complex structures was proven by Smolentsev in [31]. Let p : (X,w) — B be a relative Kéhler
fibration. It is called a Monge-Ampére fibration if w™*! = 0, where n denotes the dimension of
each fiber. If the Kodaira-Spencer map is injective, then one can define two kinds of generalized
Weil-Petersson metrics on the base complex manifold B, i.e., wwp and wyyp, see Section 1.3
for their definitions. The generalized Weil-Petersson metric wyyp is defined by the w-Kodaira-
Spencer tensor x; without taking harmonic projection, so we always have wyyp > wwp. Our
main result is the following curvature formula for the generalized Weil-Petersson metric wyyp.

Theorem 0.1. Let p : (X,w) — B be a Monge-Ampére fibration with injective Kodaira-
Spencer map. Then the metric wyp is Kdhler and its curvature is given by

R = —(Fmbj, Fikr) — (KiFm, i) — (HE(Ly k), B (Ly,, k1)),

where k; is the w-Kodaira-Spencer tensor, see Definition 1.10; V; denotes the horizontal lift of

%, see (1.2); the operator L denotes the Lie derivative, H* denotes the orthogonal projection
from A%Y(Xy, Tx,) to Span{r;}=+.

By using the above curvature formula, one can obtain some immediate consequences on
various negativity results of different types of curvature.

Corollary 0.2. Let p : (X,w) — B be a Monge-Ampére fibration with injective Kodaira-
Spencer map. The holomorphic bisectional curvature of the generalized Weil-Petersson metric
wwp satisfies

REE 7)< — 21X, O wel?

for any two vectors n,& in TyB, where | X¢| = th “;T{,L denotes the volume of each fiber. In

particular, we have the following negativity results of curvature?:

(i) The holomorphic bisectional curvature is non-positive, and is negative if (n,E)wp # 0;
(ii) The holomorphic sectional curvature and the Ricci curvature are both bounded from
2

above by —2|Xy| 71, the scalar curvature is bounded from above by —2|X;|~! dim B.

Naturally, one may wonder what kind of relative Kahler fibration becomes a Monge-Ampére
fibration. In particular, for a holomorphic vector bundle over a compact complex manifold B,
there is a canonical relative Kahler fibration p : P(E) — B with each fiber a projective space,
where P(E) := (E — {0})/C* denotes the projectivization of E. A natural question is for
which holomorphic vector bundles E, the associated projective bundle fibration p : P(E) — B
is a Monge-Ampére fibration. For this question, we have:

Theorem 0.3. Let E be a holomorphic vector bundle over a compact Kdhler manifold B.
Then the following statements are equivalent:

1) E admits a projectively flat Hermitian structure;
2) p: P(E) — B is a Monge-Ampére fibration.

2The negativity results of curvature are also obtained by Professor Bo Berndtsson independently using a
different method based on the holomorphic motion structure of the fibration (see [7]).
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For the case of dim B = 1, both are equivalent to the polystability of E.

In Section 4.2, we shall introduce a finite rank Higgs bundle structure associated with a
(non-proper) Monge-Ampeére fibration over the space J(V,w) of all w-compatible complex
structures on a symplectic vector space (V,w). This construction also suggests to introduce a
certain infinite rank Higgs bundle for a general relative Kahler fibration. Let A := {A;}en
be the space of smooth differential forms on X;. Denote by I' the space of all smooth sections
of A, see (3.18). With respect to the relative Kéhler form w, there exists a Lie derivative
connection V on (A,T), see (3.19), which induces a Chern connection D on (A,T"), see (3.20),
such that V — D = 60 + 6 for a Higgs field 6, where 6 := > dt/ ® ;. Denoting by (A,T, D, 0)
the associated Higgs bundle, we have:

Theorem 0.4. A relative Kdhler fibration p : (X,w) — B is a Monge-Ampeére fibration if and
only if the following associated infinite rank Higgs bundle

(AL, D,0)

is Higgs-flat (cf. Proposition 3.15), where each fiber A; denotes the space of smooth differential
forms on Xi.

We also discuss some typical examples of Monge-Ampére fibrations, which are also the
motivations for studying such kind of relative Kéhler fibration. For example, the family of
elliptic curves, finite rank Higgs bundle version of a (non-proper) Monge-Ampére fibration,
and various kinds of geodesics.

This article is organized as follows. In Section 1, we review some basic definitions and
facts on the relative Kéhler fibrations, Monge-Ampére fibrations, and two types of generalized
Weil-Petersson metrics. In Section 2, we will compute the curvature of the generalized Weil-
Petersson metric wyyp, and we will prove Theorem 0.1 and Corollary 0.2. In Section 3, we
will consider the existence of Monge-Ampére fibrations. In Section 3.1, we will show that a
holomorphic vector bundle admits a projectively flat Hermitian structure if and only if the
associated projective bundle fibration is a Monge-Ampére fibration, and prove Theorem 0.3.
In Section 3.2, we will prove that a relative Kahler fibration is Monge-Ampére if and only if an
associated infinite rank Higgs bundle is Higgs-flat, and prove Theorem 0.4. The last section
will give some typical examples of Monge-Ampére fibrations.

Acknowledgements. We would like to thank Bo Berndtsson and Ya Deng for several useful
discussions about the topics of this paper. We also would like to thank the anonymous
reviewers for their comments that helped improve the paper.

1. PRELIMINARIES

In this section, we will review some basic definitions and facts on the relative Kéahler fibra-
tions, Monge-Ampére fibrations, and two types of generalized Weil-Petersson metrics.

1.1. Relative Kéhler fibrations. Let X and B be two complex manifolds.
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Definition 1.1. We call a proper holomorphic submersion p : (X,w) — B between two
complex manifolds a relative Kdhler fibration if w is a real, smooth, d-closed (1, 1)-form on X
and w is positive on each fiber X; := p~1(t) of p.

Definition 1.2. Let p: (X,w) — B be a relative Kahler fibration. By vertical vector fields,
we mean vector fields on X that are tangent to the fibers, a vector field V on X is said to be
horizontal with respect to w if

w(V,IW) =0

for every vertical W.

The relative Kéhler form w defines a natural inner product (not semi-positive in general)
such that

(1.1) (V.W)o = w(V,JW),

where J denotes the complex structure on X'. We say that V' is orthogonal to W with respect
to w if (V,W), = 0. Thus a vector field is horizontal if and only if it is orthogonal to all
vertical vector fields.

Definition 1.3. Let p : (X,w) — B be a relative Kéhler fibration, and let v be a vector
field on B. A vector field V on X is said to be a horizontal lift of v with respect to w if V' is
horizontal and p.(V) = v.

For the horizontal lift of a vector field, we have the following proposition (see e.g. |8, Section
4.1]).

Proposition 1.4. FEvery vector field on B has a unique horizontal lift. Horizontal lift of a
(1,0)-vector field (resp. (0,1)-vector field) is still a (1,0)-vector field (resp. (0,1)-vector field).

Let {t/} be a holomorphic local coordinate system on B. Since p is a holomorphic fibration,
we can find ¢* such that {#/,(®} is a holomorphic local coordinate system on X. Since w is
a closed (1,1) form, we write it locally as w = i00¢ for some local real function ¢. Then we
know that each

0 - a3, O 0%¢
e 2 _aBa Y R d
is a horizontal lift of %, where ((Z)B"‘) denotes the inverse matrix of (¢,3) and ¢,5 = (%(?127;2—5,
n denotes the complex dimension of each fiber. Denote
n B dim B _
(1.3) i = Vi Vido =5 — Y 6,30" aps c(w) =1 Y cpdt! Adit.
o,B=1 Jk=1

We call ¢, the geodesic curvatures and c(w) the geodesic curvature form. A direct calculation
shows that

(14) W= 185¢ = C(UJ) + wWx/B, Wx/B = i Z qbaB(SCa N 6Eﬁa
a,B=1
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where 6¢%* = d(* + Zﬂ j gbngZ)BO‘dtj . The following proposition is a generalization of [39,
Lemma 6.1].

Proposition 1.5. Let {V;} be the vector fields defined in (1.2), dim X; = n. Then

(1) [V, Vil =
2) (w-— C(w))”+1 =0;
(3) [V}v ‘ka ( ’Xt> = (deE)’Xt;
(4) [V}, Vi] =0 for all j, k if and only if d(c(w)) = 0.
Proof. (1) By a direct computation, we know that [V}, V}] are vertical. Since w is non-
degenerate on fibers, it is enough to prove that [V}, Vi] |w = 0 on fibers. Notice
that

Vi, Vil Jw = (Lv; Vi) Jw = Ly; (Vi |w) = Vi | Lyw
and by (1.2) we have

dim B
(1.5) Vijw=1i Y cdf.
=1
By using the Cartan formula, we get
dim B dim B
(1.6) Vi Vil Jw =1 > (Vi ] deyg) dit =i Y (Vi | deyy) di.
=1 =1

Thus [V}, Vi] | w = 0 on fibers, and so [V}, Vi] = 0.
(2) From (1.4), one has
n n+1
(w—clw)" =wifp = | > 6,56 A 6CP = 0.
a,B=1
(3) Notice that

Vi, Vil Jw = (Lv; Vi) Jw = Ly; (Vi Jw) = Vi, | Ly,w

and combining with (1.5) we have

dim B dim B
Vi, Vil Jw =i degg —i Y (Vi deg)dt —i Y~ (Vi | deyp) dE.
=1 =1

Since [V;, V4] is vertical, so
Vi, Vil | (wlx,) = (Vi Vil Jw) [x, = i(dejp) |,

which proves (3).

(4) By (3), we know that dc(w) = 0 gives [V}, Vi] = 0. For the opposite direction, assume
that [V}, Vi] = 0 all for j, k, then by (3), we know that ¢ depends only on ¢ € B, thus
by (1) and (1.6), we have

dim B dim B

. dc
0=[V;, Vil Jw=1: > m’;ldtl Z 8]ldtl
=1
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which implies that ¢(w) is d-closed. Thus de(w) = 0.
g

Remark 1.6. From (1) and (4) in Proposition 1.5, the horizontal distribution of a relative
Kahler fibration is integrable if and only if each geodesic curvature ¢;j is constant on fibers,
which determines a differentiable trivialization of the fibration.

Remark 1.7. If the geodesic curvature form ¢(w) depends only on the base B, then

whtt wg(/B_ (wlx)™ _
[ fo e n A et [ i

where | X;| := [ X, (wlrff)n denotes the volume of each fiber. Hence

1 wn—‘rl

=% fos mrDr

which is d-closed.

1.2. Monge-Ampére fibrations. In this subsection, we will give the definition of a Monge-
Ampeére fibration.

Definition 1.8. A relative Kéhler fibration p : (X,w) — B is said to be Monge-Ampére (we
say that w is a Monge-Ampére form) if w solves the homogeneous complex Monge-Ampére
equation, i.e.

W't =0,

where n denotes the dimension of the fibers. In general, a proper holomorphic submersion
p: (X,wx) = (B,wp) between two Kéhler manifolds is said to be Monge-Ampére if

(wy — prwp)" ™t =0,

(in which case we know wyx — p*wp is a Monge-Ampére form). A proper holomorphic submer-
sion p : X — B is called a Monge-Ampére fibration if there exists a Monge-Ampére form w
on X.

Remark 1.9. (1) By Proposition 1.5, for a relative Kéahler fibration p : (X,w) — B,
dw' = 0 if and only if [V}, Vi] = 0 all for j, k, where o’ = w — ¢(w). Thus ' is a
Monge-Ampére form if and only if the horizontal distribution associated with w is
integrable.

(2) A relative Kéhler fibration p : (X, w) — B is a Monge-Ampére fibration if and only if

n+1

0=w""" = (c(w) + wX/B)"'H

n+1
= (n+ Dwk /A c(w) + Z C’flﬂng/“é_i A c(w)?,
=2

which is equivalent to ¢(w) = 0.
(3) If p: (X,w) = B is a Monge-Ampere form, then the d-closed (1,1)-form fX/B wntl
vanishes.
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1.3. Generalized Weil-Petersson metrics. In this subsection, by using the relative Kéhler
form w, we shall define two types of generalized Weil-Petersson metrics on the base manifold
of a Monge-Ampére fibration.

Definition 1.10. Let p : (X,w) — B be a relative Kéhler fibration. Let V; (defined in (1.2))
be the horizontal lift of % with respect to w. We call
Kj = (EVJ)L}Q
the w-Kodaira—Spencer tensor on X;.
From the above definition, one sees that each w-Kodaira-Spencer tensor x; is a O-closed

Tx,-valued (0,1)-form on X;. By using the w-Kodaira-Spencer tensor, the generalized Weil-
Petersson metric can be given as follows, see [14, Definition 7.1].

Definition 1.11. Let p : (X,w) — B be a relative Kéahler fibration. We call the following
metric on B defined by

a 0 o hooh Wi o
<8tjvatk>wp (t) = /Xt<’£j7"ik>wt H? Wt ‘_W|Xt7

the generalized Weil-Petersson metric on I3, where /i? denotes the w; harmonic representative
of the Kodaira-Spencer class [x;].

On the other hand, one can take the L?-inner product of the w-Kodaira—Spencer tensors
k; directly (without taking the harmonic projection), which gives the following definition of
generalized Weil-Petersson metrics, see [14, Section §].

Definition 1.12. Let p : (X,w) — B be a relative Kéhler fibration. We can define another
kind of generalized Weil-Petersson metric on B by

o 0 wh
<8tj’8t’f>wp (t) = /Xt<ﬁj7ﬂk>wt nit!ﬂ Wy ::w|Xt7

where k; are w-Kodaira—Spencer tensors.

One may note that the generalized Weil-Petersson metric (-,-)),p is bigger than (-,-)ywp-
In particular, if the Kodaira-Spencer map is injective, then both kinds of generalized Weil-
Petersson metrics must be non-degenerated.

Remark 1.13. It is proved in [40] that if the relative cotangent bundle is (n—1)-semi-positive,
then the bisectional curvature of the generalized Weil-Petersson metric is semi-negative. But
in general, it is not easy to find such fibrations with (n — 1)-semi-positive relative cotangent
bundle. The main theme of this paper is to use the generalized Weil-Petersson metric (-, -),yp
to study the curvature properties of the base manifold of a Monge-Ampére fibration.

2. CURVATURE OF THE GENERALIZED WEIL-PETERSSON METRIC

Let p : (X,w) — B be a relative Ké&hler fibration, i.e., w is a real and smooth d-closed
(1,1)-form on X, and is positive on each fiber X; := p~!(t). By 0-Poincaré Lemma, there
exists a local weight, say ¢, such that

w = i004.
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Let {t/,(®} denote a holomorphic local coordinate system on X such that p(t,() = t. Then
w=1i <¢a3d§°‘ NdCP + ¢igdt? A dCP + dogdC® A dEF + ¢pdtd A dt_’“> ,
where ¢ 45 := 0405¢. In this section, we will use the summation convention of Einstein.

Recall the canonical horizontal lift of % is given by

0 3o O
T Y e [ S
‘/J T 8tj ¢]ﬁ¢ 8Ca7
and recall the w-Kodaira-Spencer tensor on X; is given by
Rj 1= (5‘/])|Xt

The generalized Weil-Petersson metric (-, -),p is then defined by

o 0 wit
<6tj’8t’f>wp (t) = /Xt<’{j”{k>wtnt!’ W :w‘Xt'

Denote

: i A g7 0o 0
wwp = i1Gjpdt? A dt*, Gip = <8tﬂ'7 875’“> .
WP

With respect to w, recall that the geodesic curvature form is given by
c(w) = icgdt! AdE*,  cjp = (V;, Vi)w = b5 — 6,50 dui-
If each fiber X; is compact, Fujiki and Schumacher [14] obtained the following expression on

the generalized Weil-Petersson metric wyyp, see also [36, Lemma 3.8 (3.43)] for its proof.

Theorem 2.1 ([14, Theorem 8.1]). The following identity holds
wn

(2.1) wyp :i/ RKX/B/\W—F/ pc(w) N —
X/B X/B

n! nl’

where REx/8 = §dlog det ¢, p = —gbaB@a@B log det ¢ is the saclar curvature, det ¢ := det(anB),
fX/B denotes fiber integration (see e.g. |28, Section 2.1| for fiber integration).

As a corollary, one has

Corollary 2.2. Ifp: (X,w) — B is a Monge-Ampére fibration, then

wn
(2.2) wwp = Z/ REx/8 A -
X/B n:
In particular, wwp is d-closed.
Now we will follow Schumacher’s method [27] to calculate the curvature of generalized Weil-
Petersson metric wyyp. Let Ty, denote the holomorphic tangent bundle of X;, and denote by
T;% = Tx, ® Tx, the complexified tangent bundle. For any two tensors

0 0
d = dpde® @ o U= Vide? ® 57 € ANX,, TS,) ~ AY(X3, End(T5,)),
where 24, 28 are taken {¢®, (%}. We define

$ U= Tr(dV) = dAUE.
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For any vector field V, we denote by Ly the Lie derivative along V. For the tensor ¢ =
dadaB g S Al(Xt, T%,), one has

)
(2.3) Ly® = (Ly®3) 5.4 ® daB,
where
ovA ove
Ly®4 = V(d4) — 0% oA
(2.4) ves =V(®5) = Py e + 2055

= Vi (94) — 5V VA + 04vpVe.

Here V¢ denotes the covariant derivative along 0/02¢ with respect to some Hermitian metric.
Since Lie derivative commutes with contraction and satisfies Leibniz’s rule for tensors, so

Ly(®-V)=(Ly®) - V+ - (Ly¥).
Denote

_ Aoz dcﬁ

—95(pj597%).

0
ace’
By a direct calculation, one has
(2.5) A;YB = A7-¢" b, 5,

(see e.g. [36, (3.12)]). Then
(Kjs Kk = AGAT- 0" Poy = A% AL = Ky - T,

The first variation of the generalized Weil-Petersson metric is

ot~ ot i kn.

wn

(2.6) / (Ly;5) “?+/ L w?+/ FiLy
. — /i . ,{ — R . H — H . K | —
X Vit k n‘ X J Vil ’I’L' X J k VJ 77,'

_wi _wy
= /‘;{t(LVl/{,J) . ﬁk;t! + /‘;{t K‘j . L‘/l/ﬁknit!,
where the second equality follows from [28, Lemma 1], the last equality holds by |27, Lemma
2 (2)]. From [27, Lemma 2.3] or (2.3), (2.4), one has

0

Lt = 1 (A 0 22
_ 7§Bda 9 AV ﬂda 0 AﬁAadé
(2.7) = —(¢p)"adC ®37C5_ Ay dC ®8T7+ radi5dc’ @ ac8
=—(q )5d<a®acﬁ RIFE + Rk
Thus
/ Kj - LVlHk / AJB clk
(2.8) X

o3 Wi wy’
= / (A ) Cik t, _/ (VJP)CzE*t,a
X X n.
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where the last equality follows from
(455): L = (A55)i009™ = =0;5:50, 0707
= —(¢j6;a6 + Ra&rﬁ¢%5¢j8);v¢6a¢w
- (83 ¢a6);57¢6a¢%@ - (RaﬁTB(ﬁféqug) ;’Y¢6a¢7ﬂ
= —8;0,05 log det ¢ + (9,03 log det p6™ 5,67
= —9;p + 0,05 log det ¢0;¢"” + 0.0 log det p¢™ ¢, 567
+ (0-93 log det ¢) ;6™ ¢ ;567"
= —9;p + (0,05 log det ¢);;¢™ ;507" = ~Vjp.
On the other hand, by (2.3) and (2.4), one has

LVl"fj = (LVZKVJ) dC R = 8CO‘

(2.9)
= (01(A%) — G307 A%+ AT301567) AT @

0
ace”
By a direct calculation, one has
(2.10) (Lviry) = (Lvik )56, 5.

In fact, by (2.5), one has

(Lvikj)5 = O(AS5) — ¢17¢WA350 + A% 501707
az(Aj-;;) — AT 0,501 — (@WWAJMW%TB
0 AT 0,507 + AT 016,507 — (615677 AT5 )65
= (0(AT5) — iy077 ATs . + A%5010507 )0 6.5
(LVL"%) ¢6a¢757

which completes the proof of (2.10). Combining with (2.5), we have

wn
(2.11) /X (Lv;r;) "Tk;t, = (Lv;Fj, Kk)-
: !

= [ s

denotes the global L2-inner product. Substituting (2.8) and (2.11) into (2.6), we obtain

Here

Proposition 2.3. Let p: (X,w) — B be a relative Kahler fibration with compact fibers. The
first variation of the generalized Weil-Petersson metric is

0G 1, wi

ot = (Luion) + [ (Ve

X
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In particular, if p is a constant or w is a Monge-Ampéere form (i.e. ¢ =0), then

8G,; o wht
5th =<vaf<j»f%>=/ (Lwﬁj)-%knft!-

Xt

(2.12)

Now we compute the second variation of the generalized Weil-Petersson metric for a Monge-
Ampere fibration. Since [Ly, , Ly:] = Ly, ;) and by (2.12), so

— = — L ) '77t
otain ~ g Jy, Lvira) R

Xt
B ) _wp 0 ) _wp
(2.13) = /Xt Ly, v ey + 50 . Ly, kj Fr ¢
A wi'
—/ Ly, kj- LyFg ' +/ Ly,kj Lvm/Tk—'
X . X n.
wr wr
= —/Xt L\_/m’ij . L‘/llik?t! + /Xt Ly,kj - Lvmﬁknft!,
where the last equality holds by (2.8) and using [27, Lemma 2.6],
_ o 0 5 O
—_— — ’ — Yﬁ
[VTTU W] - _(Clm) aa<a + (Clm) 8557
which vanishes in the case of Monge-Ampére fibration.
From (2.7), one has
wy" wy"
[ Lo v = [ (o i) - (i + ) 2
X n: X n:
n
(2.14) = _/ (Tr(RmkjREkL) +Tr(nj@m;?k))w—t|
M n.
= —(Rm#j, Rikk) — (KjFm, KKRI)-
By (2.9) and (2.10), one has
__wy!
(2.15) Ly,k;j - L(,m/{k—' = (Ly,kj, Ly, Ki).
X n.
Substituting (2.14) and (2.15) into (2.13), we have
(2.16) aoform = <I€m/<&j, Rikk) + <I€j/€m, KLRy) + <LVlﬁj7 Ly, Ki).
Denote by H : A% (X, Tx,) — Span{x;} the orthogonal projection. By Proposition 2.3, one
has
_0G.:- 0G % _
(2.17) GrISCAT S — GO Ly, ) (s L) = (L), H(Ly 1))

From (2.16) and (2.17), we obtain
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Theorem 2.4. The curvature of generalized Weil-Petersson metric wwp for a Monge-Ampére
fibration is

2 _ _

Ry =G | qu0Cia 00

gktm otlorm ot orm
= —(Rmkj, Fikn) — (KFm, kxF1) — (HE(Ly,k;), B (Ly,, k1))

Here HY denotes the orthogonal projection from A% (X, Tx,) to Span{r;}+.

Remark 2.5. For a general relative Kéahler fibration, we can also obtain the curvature of
generalized Weil-Petersson metric (-, -),,». For more details, one can refer to [35, Section 4.

For any two vectors £ = fj%, n= nj% in TyB, we denote
kg = mjgj, Ky = mjnj.
From Theorem 2.4, the holomorphic bisectional curvature satisfies
R(§,E,n,7) = Ryt € n'p™
(2.18) < —(Ryke, Ryhie) — (ReF, Refon)
= = 2Ry, Fph)-
Note that

2
n

S 1 _ 1 2
(2.19) (Ryke, Fpke) 2 n Z(“ﬂ“é)g =0 | Tr(knFe)|” -
B=1

In fact, by taking a normal coordinate system around a fixed point, one can assume that
®o5 = Oap at this point. Hence

(Rptie, Foptic) = (Fyhie) }(1nig) o™ b

By (2.19), we have

. Wy
(Rntie, Fhic) :/ <"0n"f§”’"n"3£>%
X n:

(2.20) ‘

v
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where | Xy| := th %T denotes the volume of each fiber. From (2.18) and (2.20), we obtain

(221) REEmT) < X, Ehwrl?.

From (2.21), we obtain the holomorphic bisectional curvature of the generalized Weil-Petersson
metric is non-positive, and is negative if £ and n are not orthogonal to each other. The
holomorphic sectional curvature satisfies

R(§757§7E) —EX —1
T

The Ricci curvature satisfies

Ric(£,8) _ 2im1” R(.E ¢, 7))
1€ N>
S E e, Owpl?

€112

where {e;} is an orthonormal basis with respect to the generalized Weil-Petersson metric. The

2 2
< —Zix! = 21X
n n

scalar curvature satisfies
dim B 9
Z Ric(ej, &) < —=|X;|~ ! dim B.
n
j=1

In a word, we obtain

Corollary 2.6. For a Monge-Ampere fibration p : (X,w) — B, the holomorphic bisectional
curvature of generalized Weil-Petersson metric wyp satisfies

REE ) <~ 161, Owel

for any two vectors n,& in TyB, where | X| = th L;JT;: denotes the volume of each fiber. In
particular,
(i) Holomorphic bisectional curvature is non-positive, and is negative if (n,&)wp # 0;
(ii) Holomorphic sectional curvature and Ricci curvature are both bounded from above by
—%\thfl, the scalar curvature is bounded from above by —%|X1t|*1 dim B.

3. EXISTENCE OF MONCGE-AMPERE FIBRATIONS
In this section, we will discuss some existence results on the Monge-Ampére fibrations.

3.1. Projectively flat vector bundles. From [16, Corollary 1.2.7, Proposition 1.2.8], a
complex vector bundle F is projectively flat if it admits a projectively flat connection, i.e. the
curvature satisfies

(3.1) R =aldg

for some 2-form «. For a holomorphic Hermitian vector bundle (E, h), it is called projectively
flat if the Chern curvature of h satisfies (3.1) for some (1, 1)-form « (see e.g. the proof of [16,
Proposition 4.1.11] ).
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Definition 3.1. Let 7 : £ — B be a holomorphic vector bundle of rank r over a complex
manifold B, we say that the holomorphic vector bundle £ admits a projectively flat Hermitian
structure if there exists a Hermitian metric h such that (E,h) is projectively flat.

Let {sq}h_; denote a local holomorphic frame of E, r = rank F, and {s“}/_; denote the

dual frame of {sa}, h,5 = h(sa,ss) and (hP*) be the inverse matrix of (h°*). Then the
Chern curvature is given by

R = R 50 @s” @ dt) A di*
= h*Ryeip50 @ s° @ dt? A di*
= h1*(—=0;05hps + OjhpsOphryh )sq @ s @ dt? A dI* € AV (B,End E).
The Ricci curvature is given by
Ric := TrR = 001log det h,

which is a d-closed (1,1)-form on B. If (E,h) is projectively flat, i.e. it satisfies (3.1), by
taking trace to both sides of (3.1), then o = 1Ric. Thus, (E, k) is projectively flat if and only
if

1
(3.2) R = —Ric-1dp.

Let P(E) := (E — {0})/C* be the projectivization of the vector bundle E, and consider the
projective bundle fibration p : P(E) — B.

Proposition 3.2. If 7 : E — B admits a projectively flat Hermitian structure, then p :
P(E) — B is a Monge-Ampére fibration.

Proof. With respect to the local frame {s,}},_; of E, we denote by
(t;v) = (¢, - - (dimB. L )
the local holomorphic coordinates of the complex manifold F, which represents the point
v%sq € E. Then one can define a norm on E by
H(v) := h(v*sq,v7s5) = hagvo‘ﬁﬁ.
From |11, Lemma 1.3], one has

_ v . O0%log H
(33) 00 IOgH = _Raﬁjfc?dz] ANdzZ" + m
where v = dv® + vﬁhﬁo‘@jh/ﬁdt]‘. By condition, (E,h) is projectively flat, i.e. it satisfies
(3.2), so

S A 607,

1
(3.4) R, gpd2 N dtF = ~Ric- hyg.
Substituting (3.4) into (3.3), one has

- 1 2log H
(3.5) 09log H = — Ric + 2108 50 558,

T v oph
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Now we define the following d-closed real (1,1)-form on P(FE) by
= 1
w :=i(00log H + —Ric).
r

Then w is a relative Kéhler form. Indeed, for any ¢ € B, by taking a normal coordinates
system around ¢, h,5(t) = 0,3, then

. 1. e N
w|p(m,) = 1(001og H + ;RIC)’P(Et) = zﬁ@logz v¥)? > 0,

a=1

which is exactly the Fubini-Study metric on P(E;) = P!, so we conclude that w is relative
Kéhler. From (3.5), one has

0%logH _ 5
:ZW(S‘U /\57} N

which vanishes along the tautological direction, i.e. gziogﬁg 0P = 0. Tt follows that w” = 0.

Thus w is a Monge-Ampeére form, and p : P(E) — B is a Monge-Ampére fibration. O

Let p : (P(E),w) — B be a Monge-Ampére fibration over a compact Kéhler manifold B.
Denote by wp a Kéahler metric on B, by taking a large C' > 0, one concludes that w + Cp*wp
is a Kéhler metric on P(E), so P(E) is a compact Kéhler manifold. Let Op(gy(1) denote the
hyperplane line bundle over P(E). Then

Proposition 3.3. There exist a constant k € R and a d-closed real (1,1)-form o on B such
that

(3.6) [w] = ke1(Op(r) (1)) + [p"al.
Here [o] denotes the de Rham cohomology class.
Proof. Note that the de Rham cohomology class of P(FE) satisfies
Hip(P(E),R) = Hip(B,R)[z]/(z" + c1(B)2" ™" + - + o (E)),
where x = ¢1(Opg)(1)) (see e.g. [9, (20.7)]), so
Hip(P(E),R) = p*Hjr(B,R) & Ra.

Let Hjp(P(E),C) denote the de Rham cohomology with complex coefficients. By Hodge
decomposition theorem (see e.g. [42, Theorem 5.1]), one has

Hip(P(E),C) = Hy(P(E)) ® Hy' (P(E)) © Hy*(P(E))

where Hg*(P(E)) denotes the Dolbeault cohomology. Since z € H3,(P(E),R) ﬂHé’l(P(E)),
so

Hip(P(E),R) N Hy''(P(E)) = p* Hip(B,R) N Hy' (P(E)) ® Ra
= p*(Hip(B,R) N Hy' (B)) © R,
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where the last equality follows from the Hodge decomposition theorem for the compact Kéhler
manifold B. Since [w] € H3,(P(E), ]R)ﬂHg’l(P(E)), and note that any element in H7,(B,R)N

H é’l(B) is represented by a d-closed real (1,1)-form on B, so

W] = kz + [p*a] = ke1(Opg) (1)) + [P

for some k£ € R and some d-closed real (1,1)-form a on B. O

Since w is a relative Kéhler form, so k > 0. By the 0-lemma for compact Kéhler manifolds
(see e.g. [16, Proposition 1.7.24]), there exists a metric e~ on Op(g)(1) such that its curvature
satisfies

= 1
100y = E(w —pra).
By the condition w” = 0, the geodesic curvature form c(v)) satisfies

(3.7) o) = c(i0d) — —%p*a.

Now we denote

(3.8) L := Op(r)(1) ® Kpig) 3 = Opp)(r +1) @ p* det E,

where the second equality follows from [18, Proposition 2.2|. Since
ci(det B) = —pi (c1(Opg)(1))")

(see e.g. |13, Section 3.2]), so there exists a metric h; on det E such that

ra

_ L /2 T__ r caq \r—1 _ 'Y
39 aterm=- [ o (Soov) =g [ ot = 75

where the last equality follows from (3.7) and noting [ Xt(—Qir@éw)"";l = 1. From (3.8), the
t
induced metric on L is

e~? — o~ (r+1)¥ - p*hy.
The curvature of e~ is
(3.10) 90¢ = (r + 1)00¢ + p*0dlog hy.
By (3.7), (3.9) and (3.10), one has
c(¢) = (r+ 1)e(xp) + ip* 00 log hy

L, *
(3.11) = (r+ 1)(=pp"a) + 2mp*ei(det E, h)

]' *
=——pa.
kp

By [29, Lemma 5.37|, one knows that

E* = p(Op)(1)) = p«(L ® Kp(g)/B)-
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Following Berndtsson (cf. [4, 6]), one can define the following L?-metric on the direct image
bundle E*: for any u € Ef = H*(Xy, (L ® Kpg)/8)|x,), t € B, then

(3.12) Jull? = [ Jufee.
Xy

Note that « can be written locally as u = fdv A e = fdv' A--- A dv™ ® e, where e is a local
holomorphic frame for L|x,, and so locally

lu|2e™® = i""| f2|e|2dv A db = i | f|2e®dv A db.
Theorem 3.4 (|6, Theorem 1.2]). For any t € B and let u € E}, one has
(3.13) (iR u,u) = / c(d)|ulPe™® + (1 +0) Lk -, my, - widt? A di,
Xy

where RY" denotes the curvature of the Chern connection on E* with respect to the L? metric
defined above, here ) = V'NV'™* + V'*V is the Laplacian on L|x,-valued forms on X; defined
by the (1,0)-part of the Chern connection on L|x,.

Let {un},1 < a <7, be a local holomorphic frame of E*, and set

ot = |
Xt

By taking trace to both sides of (3.13) and using (3.11), we have
(3.14) iRic?" = —%a {1 +0O) k- ua, K- u5>GaBidtj A dEF > —%a,

where the above equality holds if and only if k; = 0 for all 1 < j < dim B. From (3.9), one
has

(3.15) [iRicP"] = 2mer (B) = [—%a] .
Combining (3.14) with (3.15) shows that iRic” = —Za and thus

(3.16) Kj=0

on P(E). Since the generalized Weil-Petersson metrics with respect to w and i90¢ are the
same, so wyyp = 0 on B. Substituting (3.16) into (3.13), we get

R e
X, k
which is equivalent to RF" = i%1dg~. Thus, with respect to the dual metric of the L?-metric
(3.12), the Chern curvature R¥ is given by
Q
R = —i—Idg,
1 2 E

which implies that E is projectively flat.

Theorem 3.5. If p : (P(E),w) — B is a Monge-Ampére fibration over a compact Kdihler
manifold B, then EE admits a projectively flat Hermitian structure, and wywp =0 on B.

From [16, (2.3.4), (2.3.5) and Proposition 2.3.1 (b)], we obtain
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Corollary 3.6. Ifp: P(E) — B is a Monge-Ampéere fibration over a compact Kdhler manifold
B, then

@) e(m) = (1+22);
(ii) ch(End(E)) = r2.

For the case of B is a compact Riemann surface, dim B3 = 1. Put

B = 5T

Recall that F is said to be stable (resp. semi-stable) in the sense of Mumford if for every
proper subbundle E’ of F, 0 < rank(E’) < rank(F), we have

(3.17) p(E") < u(E), (resp. p(E') < u(E)).

E is called polystable if £ = ¢ E; with E; stable vector bundles all of the same slope p(E) =
w(E;), see e.g. [15, Section 4.B|. Thus

Theorem 3.7. Let E be a holomorphic vector bundle over a compact Kihler manifold B. Let
P(E):= (E —{0})/C* be the projectivization of E. Then the following are equivalent:

1) E admits a projectively flat Hermitian structure;
2) p: P(E) — B is a Monge-Ampére fibration.

For the case of dim B = 1, both are equivalent to the polystability of E.

Proof. Now it suffices to prove the last part. Assume that dimB = 1, i.e. B is a compact
Riemann surface. By [16, Proposition 5.2.3|, (E, h) is projectively flat if and only if (E,h) is
weak Hermitian-Finstein , i.e. AwBRE = pldg for some function ¢. By a conformal change
(see e.g. |16, Proposition 4.2.4|), E admits a weak Hermitian-Einstein metric if and only if F
admits a Hermitian-Einstein metric. Thus, E' admits a Hermitian-Einstein metric if and only
if F admits a projectively flat Hermitian metric, which is equivalent to that p : P(E) — B is
a Monge-Ampeére fibration. All are equivalent to the polystability of E (see e.g. [15, Theorem
4.B.9]). The proof is complete. O

Remark 3.8. In [3], T. Aikou considered the projectively flat holomorphic vector bundle from
the view of complex Finsler geometry, and proved that E admits a projectively flat Hermitian
metric if and only if the projective bundle p : P(E) — B is a flat K&hler fibration (see [3,
Theorem 3.2]), where a Kéhler fibration p : X — B with a smooth family of Kéhler metrics
{I1, }.ep is said to be flat if, at each point z € B, there exists an open neighborhood U of z so
that we can choose Kéhler potentials for IT, which is independent of z € U, see |3, Definition
1.2|. Combining with Proposition 2.3 and Theorem 2.4, in the case that B is a compact Kéhler
manifold, the projective bundle p : P(E) — B is a Monge-Ampére fibration if and only if it is
a flat Kéhler fibration.

Remark 3.9. After our paper [35] was submitted to arXiv, by using the negativity of direct
image bundles [5, Section 3|, S. Finski [12, Theorem 5.1 obtained another kind of description
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of the projectively flat holomorphic vector bundles, i.e., F admits a projectively flat Hermitian
structure if and only if the class

L .
AE = (OP(E*)(I)) — ;p Cl(E)

is semi-positive. In fact, if F admits a projectively flat Hermitian structure, so is E*. By [35,
Proposition 6.2, (6.6)], one knows that Ag is semi-positive. Conversely, if Ag is semi-positive,
let o be a semi-positive form in the class Ag, then

/ o’ Aprult = / Ay Aprwi™t >0,
P(E%) P(E*)

where wyp is a Kéhler form on B, dim B = m. On the other hand,

[ apnrap = [ e (@pw @) At
P(E%) P(E%)
- / c1 (OP(E*)(l))T_l Ap*ei(B) Apfwy ™t
P(E*)

—/cl(E)/\wan_l—/cl(E)/\wgl_l o,
B B

which follows that a” A p*wg“l = 0 since « is semi-positive, which is equivalent to a" = 0,
i.e. ais a Monge-Ampére form. By [35, Theorem B| or Theorem 3.7, E admits a projectively
flat Hermitian structure.

3.2. Infinite rank flat Higgs bundles. Firstly, we will recall the notion of quasi-vector
bundles, and one can refer to an early version of [§].

Definition 3.10 (Quasi-vector bundle). Let A := {A;}1ep be a family of C-vector spaces
over a smooth manifold B. Let I be a C°°(B)-submodule of the space of all sections of A. We
call I" a smooth quasi-vector bundle structure on V if each vector of the fiber A; extends to a
section in I' locally near ¢.

Let p : (X,w) — B be a relative Kéhler fibration. Let E be a holomorphic vector bundle
over X with smooth Hermitian metric hg. We write

X, :=p '(t), Ei:=Ex,, hg, :=hgl|g,.
For each t € B, denote by AP?(FE;) the space of all smooth FEj-valued (p, ¢)-forms on X;. Put
AP = {APIED e
Denote by AP4(E) the space of smooth E-valued (p, ¢)-forms on X. Let us define
(3.18) P = {u:tu' € APYE):Fuec APYE), ulx, =u', ¥Vt B}

We call u a smooth representative of w € I'9. Since p is a proper smooth submersion, we
know that each I'P? defines a quasi-vector bundle structure on AP4. Consider

(Ak,l“k) .= @erq:k(Apﬂ’I“P»Q).
We know that the fiber of AF can be written as
AN (Ep) = @py =i APU(E),
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which is the space of all E-valued smooth k-forms on X;. For every u € I'*, let us define

(3.19) Vu:=Ydt/ @ [d7, oy, Ju+ Y di’ @ [d”, oy u,
where each V; denotes the horizontal lift of 9/0t/ with respect to w and
df =9+ 0F,

denotes the Chern connection on (E,hg).

Definition 3.11. In this paper we shall identify u with its smooth representative u. We call
V the Lie derivative connection on (A, T'*) with respect to w.

For each p,q with p 4+ ¢ = k, V induces a connection, say D, on (AP9, T'P?). For bidegree
reason, we have

(3.20) Du:=Y dt’ @ [0, 6y, Ju+Y dFf @[0,6pJu,  VuelP
The associated second fundamental form can be written as
(V-Dju=>)» df@r;-ut+) dt ®% - u,
where each
Kj:u— Kj-u,

denotes the action of the Kodaira—Spencer tensor x; on u.

Definition 3.12. We call
0 .= Z dt’ @ Kj,
the Higgs field associated to (AF, T*, w).
By Theorem 5.6 in [41] (or an early version of [8]), we know that
Proposition 3.13. D defines a Chern connection on each (AP, IP9) and each 7 = /1;.
The curvature of the Lie derivative connection is
(3.21) Viu="> (dt Adi*) @ [[d",6v,), [d7, 65, ) u.
For bidegree reason, it gives the following curvature formula for the induced Chern connection
(3.22) D*u = Vu — Z(dtj A dt*) @ [k, Rr] - u.
Together with the following Lie derivative identity (see Proposition 4.2 in [39])
(3.23) [[d7, 6v;), [d7, 635 [Ju = [d7, b1y, vy lu + ©F (Vj, Vi)u,
where ©F := (d¥)? denotes the Chern curvature of (F, hg), (3.22) and (3.23) imply
Theorem 3.14. For every u € I'P4, write
D2y = Z(dtj A dE") ® © jpu,
then the Chern curvature operators © . satisfy

(0,5u,u) = ([d®, Op;, v w) + (OF (V}, Vidu,u) + (kju, kru) — (Rru, Fju).
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Proposition 3.15. Let p: (X,w) — B be a Monge-Ampére fibration. If ©F =0 then
i) V2 =0;
ii) 62 = 0;
iii) D+ 6D = 0.
In particular, each (A*,T*, D, 0) is an infinite rank flat Higgs bundle.

Proof. Since the total degree of the Kodaira-Spencer tensor is zero, #2 = 0 is always true.

Moreover

D0+ 6D =0
follows from [V}, Vj] = 0, which is true for every relative Kéhler fibration. Assume further
that w is a Monge-Ampére form, then we have

Vi, Vi] =0
by Proposition 1.5, which gives
D%+ 9D% =0 i.e. 6 is holomorphic,
and (by (3.23) and (3.21))
VZ = (dt ndth) @ ©F(V;, ).
Thus V2 = 0 if one further assumes that ©F = 0. O

Theorem 3.16. A relative Kdhler fibration p : (X,w) — B is a Monge-Ampére fibration if
and only if the following associated infinite rank Higgs bundle

(A, T, D,0)
is Higgs-flat, where each fiber A; denotes the space of smooth differential forms on Xj.

Proof. By taking E to be a trivial bundle, then the bundle A is precisely &2 .A*. Thus if
p: (X,w) — B is a Monge-Ampére fibration, then Proposition 3.15 implies that A is Higgs
flat. On the other hand, since

2 j 7k
V2= (d A dTY) @ [d, 8y, ],
we know that if A is Higgs flat, then V2 = 0 gives
on fibers for all smooth form u on X. Take u to be an arbitrary smooth function, we get

which implies [V}, V] = 0. Thus w is a Monge-Ampére form by Proposition 1.5. The proof is
complete. 0

4. EXAMPLES OF MONGE-AMPERE FIBRATIONS

In this section, we will introduce some examples of Monge-Ampére fibrations, which are
also the motivations for studying such kinds of fibrations.



CURVATURE OF THE BASE MANIFOLD OF A MONGE-AMPERE FIBRATION 23

4.1. Family of elliptic curves. For each ¢ in the upper half plane H := {t € C: Imt¢ > 0},
consider the the following elliptic curve (one dimensional torus)

There is a canonical diffeomorphism from each X; to a fixed elliptic curve, say X;. In fact,
the R-linear quasi-conformal mapping f* : C — C defined by

(4.1) fray=1 f@=i

naturally induces a map, still denoted by f¢, from X; to X;. A direct computation gives

Now {f!}em defines a smooth trivialization of X := {X;};em ~ (H x C)/Z? as follows

frX=aHx X, [0 :=(tf(Q).

The natural Kéhler form ¢dz A dz on C induces a Kéahler form on X;, thus a relative Kahler
form, say w; on H x X;. Consider its pull back, say w := f*w;, on X', we have

Proposition 4.1. w is a Monge-Ampére form on the following canonical fibration
p: X = H, pXy):=t.

Proof. Notice that (i dz A dz)? = 0 gives w? = 0. Moreover, w can be written as the following
form:

w=1a A q,
where
T ] t—i > (=H(C—=9) t=0)(C=¢)
a:=f dz-t_t_dC—l-t_ZdC—i- (t— 02 dt + i1 dt,
we get
w:hfl—t(dgAd5+AdgAd£+Admd§+yA|2dmd£), A::%

Thus w is of degree-(1, 1) and positive on each fiber. Hence w is a Monge-Ampére form. O

Remark 4.2. The above fibration possesses a natural SLy(Z) action

SLQ(Z)B(Z Z):(t,C)H(at+b ¢ )

ct+d ct+d

which preserves w. Let I' be a congruence subgroup of SLy(Z), then each I' quotient of
the upper half-plane H can be compactified, thus the regular part induces a Monge-Ampére
fibration over a quasi-projective manifold. Similarly, one can also construct the Monge-Ampére
family of Abelian varieties, see Remark 4.4 for another approach.
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4.2. Finite dimensional Higgs bundles. Denote by gl,,(C) the space of n by n complex
matrices. Consider the following bounded symmetric domain of the third type

BSDyyy := {B € ¢1,,(C) : B= B, BBT < 1},

where BT denotes the transpose of B and BBT < 1 means all eigenvalues of BBT are less
than one. One may define a canonical holomorphic motion of C™:

(42) F : BSDyp x C™* — BSDyp x C™; F(B,Z) = (B,C), ( =2+ Bz,

where we think of z as a column vector and BZ denotes the matrix multiplication. The natural
metric i99|z|* on C" defines a relative Kihler metric, still write it as i99|z|?, on BSDyy x C™.
Then one can check that

Q= (F71)*(i00)2*)
is of degree (1, 1) with respect to the (B, () coordinate on BSDyp x C".

Theorem 4.3. Put X := BSDyp x C", then the natural projection
p:(B,() = B,
defines a (non-proper) Monge-Ampére fibration p : (X,Q) — BSDyyy.
Proof. Notice that it is positive on the central fiber and symplectic on each fiber, thus € is

relative Kihler. Moreover, (i00|z|?)" = 0 implies that Q™ = 0. Thus © is a Monge-Ampére
form. O

Remark 4.4. Fix an abelian variety C"/Z?", the map F in (4.2) induces a natural Z?" action
on X, which gives a Monge-Ampére family of Abelian varieties X' /Z?" — BSDry.

4.2.1. Higgs bundles over BSDryr. For each ¢t € BSDiy, let us denote by A,’f the space of
translation invariant k-forms on p~*(t) = C". Then we have the following finite rank vector
bundle

Ak = {Af}tEBSDIII'

Notice that our holomorphic motion F' in (4.2) defines a flat connection

, . 0
— J J _ - il
(4.3) V=Y dt/ @ Ly, + Y _df @ Ly, vj._F*<8tj>,
on AF (since F' is linear on fibers, the above connection is well defined on the space of invariant
forms; flatness follows from [%, 8%’9] = [%, 8%’6] = 0). Denote by AP := {AP?}4cpsp,,, each

(p,q) component of A* ie. each AP'? is the space of translation invariant (p,q)-forms on
p~1(t). By the Cartan formula for the Lie derivative, we have

(4.4) LV} = [d, 5‘/].] = 1[0, 5Vj] + [0, 5\/j],

thus only [0, év;] preserve the bidegree, from which we know the induced connection on each
AP? can be written as

D =Y dt! ® Dygu + »_d¥ @ Dyppe, Dajori = [0,0v;), Dgjop = (0,65,
Moreover, we have

V-—D=60+0, 9::Zdtj®[5,(5vj].
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We call  the Higgs field on A*. We also need the following lemma, which is a special case of
Theorem 5.6 in [41].

Lemma 4.5. D defines a Chern connection on each AP? with respect to the metric defined

by Q, moreover [0, 0v;|* = [0,y ].
Proof. To show that the (0, 1)-part of D is integrable, it is enough to prove
[[57 5\7]]7 [57 5\7k]] =0,

which follows from [Ly, Ly, ] = Ly, y,) = 0. Now it suffices to check that D preserves the

metric and [0, dy;]* = [9,6y,]. The idea is to use the primitive decomposition and the fact
that V commutes with QA. Details can be found in [41]. O

Theorem 4.6. The above lemma implies that each (A*,0, D) is a flat Hermitian Higgs bundle.

4.2.2. Curvature properties of the space of complex structures. Let (V,w) be a 2n dimensional
real vector space V' with a symplectic form w. Denote by J(V,w) the space of w-compatible
complex structures on V. For each J € BSDy; and p 4+ ¢ = k, denote by /\Z’q the space of
J-(p, q)-forms in AF(C® V*). It is known that J(V,w) is isomorphic to BSDyyy, and the Higgs
bundle A* has the following description

AP = 1 = @y kP, HP = (AT e 7 (V)

Thus as in [38] one may define the associated Lu’s Hodge metric, say wyyp i, on J(V,w). One
may verify that all wyyp i are equal up to positive constants, i.e.

wwp i = c(k,n)wwp 1,

where c¢(k,n) depends only on k and n. In fact, wyyp 1 is just the generalized Weil-Petersson
metric in Definition 1.12 (up to a factor). Hence wyyp 1 is Kéhler on J(V, w) with non-positive
holomorphic bisectional curvature; moreover, its holomorphic sectional curvature is bounded
above by —2/n.

4.3. Geodesics.

4.3.1. Kdhler metric geodesics. Let (X,w) be a fixed n-dimensional compact Kéhler manifold.
Consider the following Mabuchi space of Kéhler potentials

K:={¢p€C®°X,R):w+idd¢p >0}
on X. Fix ¢g, ¢1 in K, if there exists a smooth function ¢ on a neighborhood of the closure of
X:=Hp1 xX, Hyi:={reC:0<Rer <1},
such that ¢(0,x) = ¢o(z) , ¢(1,2) = ¢1(x), ¢ does not depend on the imaginary part of 7 and
(w+1i00)" T =0o0n X, o¢(t, ) €K,

then we say that {&(t,-)}e[0,1] is a smooth geodesic in K connecting ¢, ¢1. Associated with
a smooth geodesic, the following trivial fibration

p: (X,w + 185¢) — H(]J

is a Monge-Ampére fibration.
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4.3.2. Convex function geodesics. If ¢ is a smooth, strictly convex function on R"™, then we
know that its gradient map

v¢ FT = (¢I1 (LE), e 7¢:cn (l‘))a ¢x]’ = aﬁb/a%,
defines a diffeomorphism from R” onto an open set
A¢ = V(]ﬁ(R”)
in R™. Moreover, one can check that Ay is convex in R".

Definition 4.7. Let A be a bounded open convex set in R. A smooth, strictly convex function
¢ on R™ is said to be of type A if Ay = A. We call denote by C4 the space of type A functions.

Note that C4 is not empty. In fact, if ¢ is a smooth, strictly convex function on A that
tends to infinity at the boundary of A, then its Legendre transform

Y*(x) :==supz-y—P(y), VzekR,
yeA

lies in C4. Agtyp = Ay + Ay implies that C4 is a convex set.
The Legendre transform of ¢ € C4 is defined by

¢*(y) :=supz -y —¢(z), Vyec A
z€eR

We know that ¢* is smooth and strictly convex on A. Moreover, if ¢g, 1 € Ca, then

(4.5) ¢ = (t,2) = (o1 + (1 = t)p)" (x)
satisfies
MA(¢) =0
on [0,1] x R™, where M A(¢) denotes the determinant of the full Hessian of ¢.

Definition 4.8. We call ¢ defined in (4.5) the geodesic between ¢g, ¢1 € C4.

Let X :=[0,1] x R® x R*""! ¢ C"*! be the natural complexification of [0,1] x R™. Think
of ¢ as a function on X', then

p:(X,i00¢) — B, B:=[0,1]xR CC,
is a (non-proper) Monge-Ampére fibration.

4.3.3. Hermitian form geodesics. Denote by H the space of Hermitian forms on C". Let {e;}
be the canonical basis of C™ then a Hermitian form, say w € H, can be written as

n
w=1 Z a;p € Aeg,
jk=1
where A := (a;;) satisfies
ajf = Gk
and ) ajlgﬁjf_k > 0 if £ # 0. Thus we can identify w with a Hermitian matrix A. Now let
A= {At}te[o,l]
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be a smooth family (smooth on a neighborhood of [0, 1]) of Hermitian matrices. We know
that A defines a smooth metric on the trivial bundle

p: X =B, X:=[0,1]xRxC" B:=[0,1]xRcC,
with Chern curvature
Ou(A)ej = Z(ajl_c,tal_d)tel = Z(ajl_c,tta’m - ajE,tapl?,taEpaql)ela

where (a*) denotes the inverse matrix of (a ;) and f¢ denotes the derivative of f with respect
to ¢t. Think of

Bt 2) == a(t)2 2"

as a function on X. Then i00¢ defines a relative Kihler form on X. A direct computation
gives

Proposition 4.9. O (A) = 0 if and only if (i09¢)" ™! = 0.
Now we know that if A is flat, then
p: (X,i00¢) — B
is a (non-proper) Monge-Ampére fibration.

Definition 4.10. We say that A is the geodesic between Ay and A if ©4(A) = 0.
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