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Abstract—In linear system theory, the commutative algebra
of integrable functions under convolution does not have a unit
unless one includes the Dirac delta or impulse function. In the
broader context of nonlinear systems, such generalized functions
or distributions have played a more limited role. One exception
to this situation is the class of nonlinear input-output systems
that have a Chen-Fliess series representation. In this context, a
convolutional unit in the form of a distributional generating series
was introduced in the literature to characterize the algebraic
structures induced by system interconnections. What is missing
in this earlier work, however, is a clear description of what a
distributional generating series is in an analytic framework. The
goal of this paper is to describe this object precisely and show
how it interacts with more standard concepts in nonlinear control
theory.
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I. INTRODUCTION

A long established fact in linear system theory is that the
commutative algebra of integrable functions under convolution
does not have a unit unless one includes the Dirac delta or
impulse function. This object is not a function in the usual
sense but instead a generalized function or distribution, that
is, a continuous linear functional that behaves like the unit
element of convolution [23]. As the impulse response is the
primary characterization of a linear time-invariant (LTI) input-
output system in the time domain, the impulse function plays
an essential role in the theory [22].

In the broader context of nonlinear systems, distributions
have played a more limited role since this setting often leads
to working with products of distributions, which is analytically
a more delicate issue [6]. One exception to this situation,
however, is the class of nonlinear input-output systems that
have a Chen—Fliess series representation and thus can be
represented in terms of a noncommutative formal power series
or generating series [12], [13]. This class of systems is closed
under composition [10], [11] and induces a noncommutative
algebra on the set of formal power series with a locally
finite composition product. This product reduces to series
convolution in the LTI case and therefore also lacks a unit.
Analogous to the situation in linear system theory, a unit for
this algebra was introduced in [17] and found to be quite
useful in the analysis of system interconnections. As one might
expect, this unit is not a normal formal power series but instead
a type of generalized or distributional series, that is, a series
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analogue of the Dirac delta function. It was subsequently used
in many works by the authors and others to describe feedback
transformation groups on Chen-Fliess series [15], [16]. While
its algebraic role in these constructions is straightforward,
what is missing is a clear and precise description of what a
distributional series is analytically. Thus, the main goal of this
paper is to provide this missing mathematical framework.

The basic approach to defining a distributional generating
series is to first view a Chen—Fliess series as a linear function
of the Chen series representation of the input function [2]-[5],
[20]. This allows one to then define the notion of a test series
as an element of a topological vector space spanned by certain
polynomial components of all possible Chen series generated
by all inputs having a (not necessarily convergent) Taylor series
representation. Distributional generating series are then defined
to be continuous linear functionals on the space of test series
in a manner completely analogous with the classical notion
of distributions acting on test functions, albeit with a much
simpler underlying topology since function integration does
not play a direct role in this construction. Regular distributional
generating series are those functionals that can be written
explicitly in terms of actual generating series. The so called
Dirac generating series (not to be confused with a similarly
named concept in representation theory [1]) is shown to be
non-regular. Finally, the issue of how distributional generating
series interact with more standard concepts in control theory
is established. It is shown that the Dirac series as defined in
this analytical context is in fact the unit of the composition
product of generating series as expected. Identities concerning
the left-shift of the Dirac generating series are derived. The
Chen series representation of the Dirac delta function is also
computed in this context to establish a certain duality between
the Dirac delta function and the Dirac generating series.

The paper is organized as follows. In the next section, a few
important preliminaries are reviewed concerning Chen—Fliess
series and Chen series. Section III then develops the notion
of a distributional generating series. The concept is applied in
the next section to demonstrate how it interacts with existing
concepts used in control theory. The conclusions of the paper
are presented in the final section.

II. PRELIMINARIES

An alphabet X = {x¢, 21, ..., 2} is any nonempty finite
set of symbols referred to as letters. A word 1 = x;, - - - T;, 1S
a finite sequence of letters from X. The number of letters in a



word 7, written as ||, is called its length. The empty word, (),
is taken to have length zero. The collection of all words having
length k is denoted by X*. Define X* = Ur>o X*_ which
is a monoid under the concatenation product. Any mapping
c: X* — R’ is called a formal power series. Often c is
written as the formal sum ¢ = 37 _v.(c,n)n, where the
coefficient (c,n) € R’ is the image of n € X* under c. The
support of ¢, supp(c), is the set of all words having nonzero
coefficients. A series c is called proper if O¢supp(c). The set
of all noncommutative formal power series over the alphabet
X is denoted by R*((X >> The subset of series with finite
support, i.e., polynomials, is represented by R?(X). Each set is
an associative R-algebra under the concatenation product and
an associative and commutative R-algebra under the shuffle
product, that is, the bilinear product uniquely specified by the
shuffle product of two words

(zim) W (x;8) = zi(nd(256)) + x5 ((win) LWE),

where z;,2; € X, n,§ € X* and with nd = in = n
[12]. For any letter x; € X, let z; ~1 denote the R-linear left-
shift operator defined by x; *(n ) = n' when n = z;n' and
Zero 0therw1se Higher order shifts are defined inductively via
(2:6)71(-) = ¢ 1o, (), where € € X*. It acts as a derivation
on the shuffle product.

A. Chen—Fliess series

Given any ¢ € R*((X)) one can associate a causal m-input,
{-output operator, F,, in the following manner. Let p > 1
and to < t1 be given. For a Lebesgue measurable function

t [to, ta] = R™, define [[uf|, = max{[ju[[, : 1 <1< m},
Where [[wil, is the usual Ly-norm for a measurable real-valued
function, u;, defined on [tg, t1]. Let Ly [to, t1] denote the set
of all measurable functions defined on [to7 t1] having a finite
[[l, norm and B*(R)[to, t1] := {u € L[to, ta] = [ull, <
R}. Assume Cltg,t1] is the subset of continuous functions in
LT"[to, t1]. Define inductively for each word n = z;77 € X*
the map E,, : LT"[to, t1] — C[to, t1] by setting Ey[u] = 1 and
letting

t

By alul (b to) = / ws(7) Enful) (7, o)
to

where x; € X, 7 € X*, and ug = 1. The Chen—Fliess series

corresponding to ¢ € R((X)) is

y(t) = Felu)(t) = Y (e.m) Bylul(t, to)

nex*

[12], [13], [21]. If there exist real numbers K., M. > 0 such
that

[(e,n)| < KM n|t, vy e X7, (1)

then F. constitutes a well defined mapping from B} (R)|[to,
to + T into BE(S)]to, to + T] for sufficiently small R,T > 0
and some S > 0, where the numbers p, q € [1,00] are conju-
gate exponents, i.e., 1/p+1/q = 1 [19]. (Here, |z| := max; | %]
when z € R’) Any series ¢ satisfying (1) is called locally
convergent. The set of all locally convergent series is denoted
by RL (X)), and F, is referred to as a Fliess operator. The
following theorem is proved in [24] (see also [14, Theorem
3.4).

Theorem 2.1: If ¢ € R} - ((X)) and u € By*(R)lto,to +
T], then y = F.[u] is differentiable a.e. on [tg, to+ 7] provided
R, T >0 are sufﬁciently small. In particular,

Zul (o lul )

B. Algebras on R{(X)) induced by system interconnections

Given Fliess operators F. and Fy, where ¢, d € R - (X)),
the parallel and product connections satisfy F,. + F; = F.14
and F.Fy = F,.,4, respectively [12]. It is also known that
the composition of two Fliess operators F,. and Fy with ¢ €
R{ - ((X)) and d € R ((X)) always yields another Fliess
operator with generating series ¢ o d, where this composition
product is given by

cod="Y" () ba(n)(1)

nex=

[10], [11]. Here 14 is the continuous (in the ultrametric sense)
algebra homomorphism from R({(X)) to the vector space
endomorphisms on R((X)), End(R({X))), uniquely specified
by ¢d(1‘ﬂ7) = Ya(;) o a(n) with Ya(x;)(e) = wo(d;Le),
i =0,1,...,m for any e € R({X)), and where d; is the
i-th component series of d (dg := 1 := 1(). By definition,
¥a(0) is the identity map on R((X)). Note in particular that
this composition product is left linear but in general not right
linear unless c is a linear series, that is, its support is contained
in the language L = {zy°z;x(" : no,n1 > 0, 7 # 0}.

In the event that ¢ € R((X)) is not locally convergent, and
thus the Chen-Fliess series may not converge in any sense,
it is still possible to define a formal Fliess operator using the
composition product [14], [20]. Namely, v — y = Fi[u] is
replaced with the always well defined mapping

co : R[[Xo]] = R[[Xo]], ey = ¢y = cocy, 3)

where Xo := {z0}, and R[[X(]] is the set of all commutative
formal power series on Xg. The following uniqueness theorem
will be essential.

Theorem 2.2: [14], [20] Let ¢,d € R*((X)). If coc, =
do ¢, for all ¢, € R™[[Xy]] then ¢ = d.

An immediate consequence of this theorem and the left
linearity of the composition product is that co ¢, = 0 for all
¢y € R™[[Xy]] if and only if ¢ = 0.

C. Topological vector spaces of formal power series

The space R¢((X)) of all formal power series is generated
as a vector space by the words in X *. Hence, it can be canon-
ically identified with the product [ nEX* R?. This product is a
Fréchet space (complete metric space) as a countable product
of finite dimensional vector spaces. The resulting topology on
R*((X)) is called the Fréchet topology, and convergence in this
topology corresponds to convergence of all the coefficients as
elements in R¢. The space R((X)) contains several interesting
subspaces. Consider the following interpretation of (1). Fix
M > 0 and define

[ e
Jell = s { e

for each ¢ € R*((X)). The set of all ¢ with [l¢[|, < oo,
written as oo a7 (X*,R), is a vector subspace of RY((X)).

neX }6[0,00} @)



The function [|-||,_ s a norm on /. a(X* RY). The
following assignment is an isometry of normed spaces:

* ¢ * L 76
Loo (X, RY) — Lo (X", RY), c — VZIET
where £oo(X*,RY) := {c: X* = R’ :sup,|(c,n)| < oo}
is the Banach space of all bounded functions from
X* to RY. Thus, for each fixed M > 0 the space
(boo a1 (X*,RE), [l ,,) is a Banach space. A series ¢ €
RE((X)) belongs to foo s (X*, RY) if and only if the bound
(1) holds for some K > 0 and the fixed number M. In fact,

the norm |lc[[,  is the smallest number K > 0 such that

(1) is satisfied. As EOO’M(X*,RE) is a Banach space, and, in
particular, a metric space, the topology of £ a7 (X*, R?) can
be recovered from convergent sequences, where a sequence
(¢j); in Lo ar(X*,RY) converges to ¢ € loo pr(X*,RY) if
and only if

tim fle; = cll,_,, =0.

In this case, Rpo((X)) = limyoo ZW7M(X*,RZ) is the
locally convex limit of the Banach spaces of bounded func-
tions. It is shown in [18] that the resulting space of all locally
bounded series is a Silva space. This space is a subset of
R{(X)), but its topology, the so called Silva topology, is finer
than the Fréchet topology. As shown in [18], the composition
product restricted to a product on Ry ((X)) is continuous
with respect to the Silva topology. The composition product
on R((X)) is also continuous under the ultrametric topology
and the Fréchet topology [7], [18].

D. Chen series

Let ¢, € R™[[Xy]]. Then the corresponding Chen series
P[u] is the exponential Lie series satisfying the linear ordinary
differential equation (ODE)

d m
%P To + Z Til; ], Plu)(0)=1, (5
where -
oy £
u(t) = > _(cu 26) (©)
k=0 :

is viewed as a formal input unless convergence conditions are
available. There is no general solution theory beyond ODEs on
Banach spaces, even for the linear case. Observe that R™ ((X))
is the direct product of copies of the Banach space R™ each
labeled by a word in X*. One can identify (5) with a system
of linear ODEs on these copies of R™. Note that in general
these ODEs depend on components of P[u] labeled by words
of shorter length. However, the linear ODEs on R™ can be
solved iteratively by starting with the shortest length words and
then inserting the solutions into the ODEs for longer length
words. This iterative procedure produces a solution for every
component in the collection and forms the unique solution to
(5) in the Fréchet space R™((X)) [9, $6].

A Chen series can also be written as a formal function
oo

Pl = P () Q

where
P, (n)= Y n(noce,zy).
nex*

The following lemma gives an inductive way to compute
P, (n).

Lemma 2.1: For any ¢, € R™[[X]], the sequence P,, (n),

n > 0 satisfies
n
Pr (n41) = 20P, ( 9] ()

+Z~%Z (Cusr
=1

with P, (0) = 1.
Proof: Direct differentiation of (7) gives

> tn
=Y Peln+1). ®)
n=0
Substituting (7) in (5) yields
dP oo m tk
T x0+ZWz (B
k=0
oo m o0 tk+€
= Z x(]Pc k' + sz Z Cub,l‘o (k)] k!e!
k=0 i=1  k,0=0

= Z zo P, (n)%n‘ + Z x; Z [(cuss 25 ") P, ()]
n=0 ’ i

n\t"
(k> o ©)

The claim follows directly from comparing (9) against (8). B

The first few polynomials P, (n) when m = 1 are:
P, (0)=1

u

(woz1 + w120) (Cut, 0)+

(

P, (2) = x% + 21 (cu, o) +
0)

P. (3) = xo + z1(cy, 1’0) (zox1 + 2w120)(Cu, o)+

322 (cy, 0)(cu, o) + (zo21 + 2123 + 202120)

(Cus 0) 4 (022 + T1m0T1 + 2220) (Cuy 0)+

x?(cu, Q))S

Note that every P. (n) can be viewed as an element in a
finite dimensional R-vector space spanned by monomials in
X* which is independent of ¢, but dependent on n.

Since the composition product on R{(X)) x R{(X))
is continuous in both arguments in the Fréchet topology,
then limy o0 cu(k) = c, implies that limy o0 P,y (n) =
P., (n).

Observe that for any ¢ € R{(X))

Cy i=COCy

a2

(co ey, xy)xy

§ )(n o cuyzh)T)
ex*

(¢, P.,(n))xg.

3
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IIT. DISTRIBUTIONAL GENERATING SERIES

In this section, the notion of a test series is introduced
and then applied to define a distributional generating series.
The focus henceforth is on the single-input, single-output case.
Thus, X = {x, 21} and ¢ = 1. The Dirac generating series is
then given as a specific example of a non-regular distributional
generating series. This series is shown to be the unit of the
algebra on R((X)) under the composition product.

A. Test series

The linear dependence of (cy,23) = (c o cy,xf) =
(¢, P.,(n)) on P. (n) motivates the following definition.

Definition 3.1: Define for each n € Ny the finite dimen-
sional R-vector space

V,, = spang{ P, (n) : ¢, € R[[Xo]]}.

The set of test series V := P
direct sum of the V.

neNo V,, is the locally convex

Note that since every V,, is finite dimensional, there is only
one choice for a locally convex topology. As V is a locally
convex direct sum of finite dimensional spaces, the following
structural theorem applies.

Lemma 3.1: The space V is a Silva space isomorphic to
R™M) | the countable locally convex direct sum of copies of R.
Moreover, the summation mapping

YV = Rro((X)), (Pn)nen, — Z Pn

neNy
is continuous and linear.

Proof: Since V is the direct locally convex sum of the finite
dimensional spaces V,,, it is the limit of the inductive system
(Ey, := ®o<k<nVik)nen,, where the linking maps E,, — E,, 11
are the inclusion of finite dimensional subspaces. In particular,
all linking maps are compact operators, hence V is a Silva
space [25]. As every Vj, is isomorphic to R = EBZ’; 1R
for some natural number d,,, V is a countable direct sum
of finite direct sums. Reordering the summands one can thus
canonically identify V' with a countable direct sum of the reals
V = RM as a locally convex space.

Now since every polynomial gives rise to a locally bounded
series, the summation mapping is well defined (as a sum
of finitely many polynomials). As the space V is a locally
convex direct sum, it suffices to establish the continuity of
> on every component V,, of the sum. On these compo-
nents, the summation mapping simply becomes the inclusion
Vi = Rrco((X)). Since every polynomial is already contained
in each of the spaces oo ar(X*,RY), the inclusion factors
through these Banach spaces. The norm (4) of the Banach
space computes the weighted supremum of the series coef-
ficients. Since polynomials only have finitely many nonzero
coefficients, it is easy to see that the inclusion is continuous
with respect to these norms. ]

Note that as the Silva topology on the space of locally
bounded series is finer than the subspace topology induced
by the Fréchet topology on R{(X)), the summation map is
also continuous as a mapping into R({X)) with the Fréchet
topology. However, this summation mapping is not injective.

For example, it is easy to see that the monomial x; is contained
both in V7 and in V5.

Remark: It is clear from Lemma 3.1 that the strong dual of the
space V' can be identified as the direct product RN = [IxR.
Spaces of this kind are so called weakly complete spaces [8].
Note that the Fréchet topology on R{{X)) also turns the space
into a weakly complete space. These spaces and their duals
admit an easily accessible duality theory. As a consequence,
it follows that (derived here from first principles): Since
V is a locally convex direct sum, a linear map V' — R
will be continuous if and only if its restriction to every
summand V,, is continuous. However, since every linear
map from a finite dimensional vector space is automatically
continuous, every linear map on V' is automatically continuous.

B. Distributional generating series
The main definition is given first.

Definition 3.2: A distributional generating series ¢ is a
(continuous) linear functional

c: V-oR,p—e(p).

For brevity, such series will often be called distributional
series. From the remark above, the continuity of a distributional
series 1S automatic.

Example 3.1: Let ¢ € R{(X)) and define for any ¢, €
R[[Xo]] and n € Ny

¢: P, (n) = (¢, P, () := ) () (Pe, (n),m)
nex*
= (cocy,xy).

This uniquely defines a linear mapping on V and constitutes
a regular distributional series since ¢ can be written explicitly
in terms of an element ¢ € R((X)). In light of Theorem 2.2,
given any regular c, the generating series c is uniquely speci-
fied. But a systematic way to compute c is an open problem
except for the case where c is locally convergent [14], [24].

Example 3.2: Consider a linear map on V with the defining
property that
d: P.,(n)— (cu,zy)

for any ¢, € R[[Xy]] and n € Ny. The distributional series
6 will be called the Dirac generating series. To see that it
is not regular, suppose there existed a ¢ € R{(X)) such that
d(p) = (c,p) for all p € V. Then necessarily, 6(P., (n)) =
(cu,xy) = (¢, P, (n)) for all ¢, € R[[Xp]] and n € Ny. If
n = 1, then from Lemma 2.1 it follows that

(¢, Pe, (1)) = (cusx0) = (€,20) + (¢, 21)(cu, D).

Selecting ¢, = zq gives (c,x9) = 1, while if ¢, = x3 then
(¢, z9) = 0. Thus, no such ¢ exists. 0

As an application, define (8 o ¢y, zf) = 6(P., (n)) =
(cu, zy) for all n € Ny, or equivalently, d o ¢, = ¢y,
Lemma 3.2: For any ¢, € R[[X]], it follows that

cuo00=00c, =cy.



Proof: Using the associativity of the composition product, it
follows for all ¢, € R[[X(]] that

(cyod)oc, =cyo(docy)=cyocy.
Therefore, applying Theorem 2.2 it follows that ¢, 0 d = ¢,,.

Theorem 3.1: The Dirac series, 8, is the unit of the com-
position product on R{{X)).

Proof: For any ¢, € R[[Xy]], observe from Lemma 3.2 that
(cod)oc, =co(docy) =coc,.

Hence, from Theorem 2.2 it follows that c o § = c. Similarly,
(doc)oc, =80 (cocy) =coc,.

Thus, doc =c. [ |

IV. APPLICATIONS IN CONTROL THEORY

It is first confirmed that the composition product on
R((X)) is equivalent to function convolution in the context of
linear-time invariant systems. Such systems can be represented
in terms of a locally convergent Chen-Fliess series [, where
c=>;>olc,xhr1)xhx:. In which case, the impulse response
is defined to be

oo

h(t) = F[0](t) = Y (¢, xa1) By, [0](£,07)
i=0
:Z(c,xgxl)i—:, t>0t, (10)

s
I
o

where ¢ denotes the Dirac delta function. The input-output
map u — y is then also given in terms of the convolution
integral

(hxu)(t) :=
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—Z Z c, a:o xl)(cu,xg) o

k=1 | =0
tk
k!

|P”ﬂ8
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o tk
= Z(Cyvxo) k!

k=1
=y(b),
where the identity for integer sequences

‘L 1 ilj!
—1)k = i >0
Z<k>( )k+j+1 Grj+r1 "=

k=0

has been used, as well as the fact that the composition product
reduces to series convolution in the linear time-invariant case.
It is worth noting that the generating series for h in (10) is
ch = Y isolc, xhw1)xy € R[[Xo]], which is not computed in
terms of the Dirac generating series as one might expect from
(3) since co § = ¢ # cy,.

The next result illustrates a certain duality between the
Dirac delta function and the Dirac generating series in the
context of Chen—Fliess series assuming henceforth that ¢y =
0-.

Theorem 4.1: If ¢, € R[[Xo]], then

Fe, [0](t) = Fslul(t), t =07,
where u is given by (6).
Proof: First observe that integrating both sides of (5) and
setting u = & gives
t

Plol(t) =1 +/ (xo + 216(7)) P[8](7) dr

1t /(t 2o P[5](7) dr

t
:1+.’1?1+/ Zo

t
:1+x1+x0t+xox1t+m8/ /
o- Jo-

{1 +a+ / " o PlO)(7) dTg] i

P (5](7‘2) dTQ dTl

The bilinear structure of (5) provides a Volterra series repre-
sentation of this series, namely,

P[](t —emotl—&—Z/ / / @0 (t=7k) g0 0 (Th—Tk—1)

<10 O(1g) - 0(71) dry - - - dTyg

= exotaﬁ,

where 27 := 3.5 x8. Therefore, if ¢, € R[[Xo]], then
Fe, [6](t) = (cu, PO](1))



= Fs[u](?).
n

Consider next how to define distributional series for deriva-
tives of Chen-Fliess series. Observe that Fs[u] = uU, where
U denotes the unit step function

1:t
Ut) = { Ct
Therefore, in light of (2),

d du
Z Ry = — 5
su] dtU+u

dt
=F -1 [u] + uFy -1 [w].

NIV

0
0.

So it makes sense to define

du
Fmil((s) ['LL] = a
Fxfl((;) [u] = 5

To assign meaning to x5 '(d) and 27 *(8), it useful to start
with the known identify

151 (cod) = 25 (e) o d + di(zT(¢) 0 d)
a7 (cod) =0

for any ¢,d € R((X)). Substitute § for ¢ and set d = ¢, €
R[[X0]]- Then the only nontrivial equation is

x5 (8 oc,) =251 () ocy + cyli(z7(8) 0 cu).

Defining 2] (8) = 0, it would then follow that ;' (§oc,) :=
o 1(8)oc,. This defines a new distributional generating series
6’ := 25 (9) uniquely specified on V' by

6/(Pcu (n)) =

]
(=)
—_
—
=%
~
[e)
o
S
K
o3
~—

More generally, §%) := x5 " (8), k € Ny, with s (P, (n)) =
(curr,x). A corollary of Theorem 4.1 then follows directly
as given below.

Corollary 4.1: 1f ¢, € R[[Xo]], then for k € Ny
E., [0W])(t) = Fyu [u](t), t>0".

V. CONCLUSIONS

The notion of a distributional or generalized generating
series was introduced in the context Chen—Fliess series to
supply the missing analytic framework for such objects that
already appear in the literature. A distributional generating
series is simply any linear functional that is (automatically)
continuous on R™ as a locally convex topological vector
space. The Dirac generating series and its left-shifts were
given as specific examples. Next, it was verified that the Dirac
generating series is the unit of the associative algebra of formal
power series under the composition product. Finally, a certain
duality between this distribution and the classical Dirac delta
function was established.
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