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Abstract
We exhibit large values of the Dedekind zeta function
of a cyclotomic field on the critical line. This implies
a dichotomy whereby one either has improved lower
bounds for the maximum of the Riemann zeta function,
or large values of Dirichlet 𝐿-functions on the level of the
Bondarenko–Seip bound.
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1 INTRODUCTION

Extreme values play a key role in the value distribution theory of 𝐿-functions. In [16], Soundarara-
jan introduced a versatile method for obtaining large values of 𝐿-functions in a variety of families.
Applied to the Riemann zeta function, this gave

max
𝑡∈[𝑇,2𝑇]

|𝜁( 1
2
+ 𝑖𝑡)| ⩾ exp ⎛⎜⎜⎝(1 + 𝑜(1))

√
log 𝑇

log log 𝑇

⎞⎟⎟⎠,
improving on previous results of Balasubramanian–Ramachandra [3]. By combining a mod-
ification of Soundararajan’s version of the resonance method along with the burgeoning
connections with GCD sums and insights of Aistleitner [1], the first and fifth authors showed [4]
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that

max
𝑡∈[0,𝑇]

|𝜁( 1
2
+ 𝑖𝑡)| ⩾ exp ⎛⎜⎜⎝

(
1√
2
+ 𝑜(1)

)√
log 𝑇 log log log 𝑇

log log 𝑇

⎞⎟⎟⎠.
The constant 1∕

√
2 was subsequently improved to 1 in [5] with the current best being

√
2 due to

de la Bretèche–Tenenbaum [9].
These techniques have since been applied in a variety of settings [2, 6–8, 18]. A severe constraint,

however, is that the𝐿-functions under considerationmust have positive coefficients. This excludes
many 𝐿-functions of interest and so, for instance, it is not known whether Dirichlet 𝐿-functions
exhibit such large values. Currently, Soundararajan’s resonance method gives the best known
bounds

max
𝑡∈[𝑇,2𝑇]

|𝐿(1∕2 + 𝑖𝑡, 𝜒)| ⩾ exp ⎛⎜⎜⎝(1 + 𝑜(1))
√

log 𝑇

log log 𝑇

⎞⎟⎟⎠
for non-principal Dirichlet characters 𝜒.
A plentiful source of 𝐿-functions with positive coefficients are provided by the Dedekind zeta

functions. In this paper, we consider the Dedekind zeta function 𝜁𝕂(𝑠) attached to a cyclotomic
field 𝕂 = ℚ(𝜔𝑞) with 𝜔𝑞 a 𝑞th root of unity for 𝑞 > 2. Of special interest is the factorisation

𝜁𝕂(𝑠) = 𝜁(𝑠)
∏

𝜒≠𝜒0 (mod 𝑞)
𝐿(𝑠, 𝜒′), (1)

where the product is over all non-principal Dirichlet characters𝜒modulo 𝑞 and𝜒′ is the character
that induces 𝜒 if 𝜒 is not primitive and 𝜒′ = 𝜒 otherwise. We will establish the following bound
which thus yields an assertion about the interplay between extreme values of the functions 𝐿(𝑠, 𝜒).

Theorem 1. Let 𝕂 = ℚ(𝜔𝑞) and 𝐴 be an arbitrary positive number. If 𝑇 is sufficiently large, then
uniformly for 𝑞 ≪ (log2 𝑇)

𝐴,

max
𝑡∈[0,𝑇]

|𝜁𝕂( 12 + 𝑖𝑡)| ⩾ exp ⎛⎜⎜⎝(1 + 𝑜(1))
√
𝜙(𝑞)

√
log 𝑇 log log log 𝑇

log log 𝑇

⎞⎟⎟⎠. (2)

Thanks to the extra factor
√
𝜙(𝑞) in the exponent on the right-hand side of (2), we obtain the

following consequence of Theorem 1 and the factorisation (1).

Dichotomy. Either there exist 𝐿(𝑠, 𝜒) for non-principal Dirichlet characters 𝜒 satisfying

max
𝑡∈[0,𝑇]

|𝐿(1
2
+ 𝑖𝑡, 𝜒)| ⩾ exp ⎛⎜⎜⎝𝑐

√
log 𝑇 log log log 𝑇

log log 𝑇

⎞⎟⎟⎠
for some sufficiently small 𝑐, or we can exhibit even larger values of |𝜁( 1

2
+ 𝑖𝑡)|.
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A DICHOTOMY FOR EXTREME VALUES OF ZETA AND DIRICHLET 𝐿-FUNCTIONS 2965

As an extreme possible event, if 𝐿(1
2
+ 𝑖𝑡, 𝜒) is less than exp(𝑐

√
log 𝑇∕ log log 𝑇) on [0, 𝑇] for all

non-principal Dirichlet characters 𝜒modulo 𝑞 and some prime 𝑞 ∼ 1

4𝑐2
log log log 𝑇, then we will

have

max
𝑡∈[0,𝑇]

|𝜁( 1
2
+ 𝑖𝑡)| ⩾ exp ⎛⎜⎜⎝

(
1

4𝑐
+ 𝑜(1)

)√
log 𝑇

log log 𝑇
× log log log 𝑇

⎞⎟⎟⎠.
Perhaps more likely is that Dirichlet 𝐿-functions actually do obtain large values with an extra
power

√
log log log 𝑇, and that Theorem 1 is picking out simultaneous occurrences of this. Such

events have garnered attention previously and have been investigated for 𝐿-functions in the
strip 1∕2 < 𝜎 < 1, [12, 14]. More recently, simultaneous extreme values were demonstrated for
𝐿-functions on critical line [10], however the boundswere of size exp(𝑐

√
log 𝑇∕ log log 𝑇) for some

constant 𝑐.
Previously, large values of the Dedekind zeta function of a general field 𝕂 were given by Li in

[13, Theorem 1.1.1]. Her results guaranteed the existence of arbitrarily large 𝑡 such that

|𝜁𝕂( 12 + 𝑖𝑡)| ⩾ exp ⎛⎜⎜⎝𝑐
√
log 𝑡 log log log 𝑡

log log 𝑡

⎞⎟⎟⎠, (3)

where one could take any 𝑐 < 1∕
√
2 for Galois extensions and any 𝑐 < 1∕(

√
2[𝕂 ∶ ℚ]) in general.

However, with these bounds one cannot deduce our dichotomy.
Our improvement of the constant in (3) is afforded by the following observation. Note that by

(1) we may write 𝜁ℚ(𝜔𝑞)(𝑠) =
∑
𝑛⩾1 𝑎(𝑛)𝑛

−𝑠 where for primes 𝑝 ∤ 𝑞 we have

𝑎(𝑝) =

{
𝜙(𝑞) if 𝑝 ≡ 1 (mod 𝑞),

0 otherwise.

For the purposes of this discussion, we may ignore primes 𝑝|𝑞 because they are only finite in
number. On applying the resonance method we obtain a lower bound for the maximum that is
roughly of the form

∏
𝑝≡1(mod 𝑞)

(
1 +

𝜙(𝑞)𝑟(𝑝)

𝑝1∕2

)
,

where 𝑟 are the resonator coefficients. The fact that

𝜙(𝑞)
∑

𝑝≡1(mod 𝑞), 𝑝⩽𝑥
1 ∼

∑
𝑝⩽𝑥

1

means that this lower bound is essentially
∏
𝑝(1 + 𝑟(𝑝)∕𝑝

1∕2), that is, we are in the same situation
as for the Riemann zeta function and nothing seems to have been gained. However, the fact that
our resonator only needs to be supported on a smaller set of primes, 𝑝 ≡ 1(𝑚𝑜𝑑𝑞), allows us to
take it larger whilst still matching the other constraints of the argument. Precisely, we can take it
larger by a factor of

√
𝜙(𝑞). In order to balance this, we need to take larger primes than usual.
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2966 BONDARENKO et al.

It is likely that the methods of de la Bretèche–Tenenbaum [9] can improve the exponent on
the right-hand side of (2) by a factor of

√
2. However, this would not affect our dichotomy in any

essential way and so in the interests of keeping our exposition simpler we have not pursued this
line of inquiry.
We close this introduction by mentioning the possibility of extending our result to other

Dedekind zeta functions. To this end, let 𝐿∕ℚ be a Galois extension. Then the 𝑝th coefficient
of 𝜁𝐿(𝑠) is [𝐿 ∶ ℚ] if 𝑝 splits completely in 𝐿. The density of the primes that split completely in
𝐿 is 1∕[𝐿 ∶ ℚ] by Chebotarev’s density theorem. This should be thought of as the analogue of
1∕𝜙(𝑞) in the Siegel–Walfisz theorem in our case. It seems plausible then that one should be able
to establish a counterpart to ourmain theorem, with constant

√
[𝐿 ∶ ℚ] instead of

√
𝜙(𝑞) bymod-

ifying the resonator coefficients slightly. When 𝐿∕ℚ is Galois, 𝜁𝐿(𝑠) factors into a product of Artin
𝐿-function according to the decomposition of the regular representation of Gal(𝐿∕ℚ) into irre-
ducible representations. We could then get a similar dichotomy as in the cyclotomic case.
In particular, when Gal(𝐿∕ℚ) is abelian, Dirichlet 𝐿-functions would be replaced by Hecke
𝐿-functions. For the non-abelian case this is more subtle in general.
This paper contains two additional sections. We prepare for the proof of Theorem 1 in the next

section by developing the required novel extremal GCD-type sums. The actual proof of Theorem 1
is carried out in Section 3.
Wewill in what follows use the notations log2 𝑥 ∶= log log 𝑥 and log3 𝑥 ∶= log log log 𝑥, and we

will use the convention that

𝑓(𝑡) ∶= ∫ℝ 𝑓(𝑥)𝑒
−𝑖𝑡𝑥𝑑𝑥

for 𝑓 an integrable function on ℝ.

2 EXTREMAL GCD-TYPE SUMS

Wewill now construct the extremal versions of the sums that appear in the resonancemethod.We
follow the scheme of [4, section 2] closely, the main differences being that we need to account for
the coefficients of the Dedekind zeta function and that we are picking primes that are congruent
to 1 modulo 𝑞.
Let 0 < 𝛾 < 1 be a parameter to be chosen later and 𝑃𝑞 the set of all primes 𝑝 such that

𝑝 ≡ 1 (mod 𝑞) and 𝑒𝜙(𝑞) log𝑁 log2 𝑁 < 𝑝 ⩽ 𝜙(𝑞) log𝑁 exp
(
(log2 𝑁)

𝛾
)
log2 𝑁.

Here 𝑁 is a large integer to be chosen later as 𝑁 = ⌊𝑇𝜂⌋. For any 𝑐𝑞 ⩾ 1, we define the
multiplicative function 𝑓(𝑛) to be supported on the set of square-free numbers such that

𝑓(𝑝) =

{
𝑐𝑞

√
log𝑁 log2 𝑁

log3 𝑁

1√
𝑝(log 𝑝−log2 𝑁−log3 𝑁−log 𝜙(𝑞))

if 𝑝 ∈ 𝑃𝑞,

0 otherwise.

Eventually we will take 𝑐𝑞 =
√
𝜙(𝑞), but we keep it general for the time being. Let 𝑃𝑘,𝑞 be the set

of all primes 𝑝 such that

𝑝 ≡ 1 (mod 𝑞) and 𝜙(𝑞)𝑒𝑘 log𝑁 log2 𝑁 < 𝑝 ⩽ 𝜙(𝑞)𝑒𝑘+1 log𝑁 log2 𝑁
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A DICHOTOMY FOR EXTREME VALUES OF ZETA AND DIRICHLET 𝐿-FUNCTIONS 2967

for 𝑘 = 1,… , ⌊(log2 𝑁)𝛾⌋. Fix 𝑎 satisfying 1 < 𝑎 < 1∕𝛾. Let𝑀𝑘,𝑞 be the set of those integers having
at least 𝑎 log𝑁

𝑘2 log3 𝑁
prime divisors in 𝑃𝑘,𝑞. Also let 𝑀′

𝑘,𝑞
be the set of integers from 𝑀𝑘,𝑞 that have

prime divisors only in 𝑃𝑘,𝑞. Set

𝑞 ∶= supp(𝑓) ⧵ ∪[(log2 𝑁)
𝛾]

𝑘=1
𝑀𝑘,𝑞.

Lemma 1. We have |𝑞| ⩽ 𝑁 uniformly for 𝑞 ≪ (log2 𝑁)
𝐴.

Proof. Note that

|𝑞| ⩽ ⌊(log2 𝑁)𝛾⌋∏
𝑘=1

⌊ 𝑎 log𝑁

𝑘2 log3 𝑁
⌋∑

𝑗=1

(|𝑃𝑘,𝑞|
𝑗

)
.

By the Siegel–Walfisz theorem, we have

|𝑃𝑘,𝑞| ⩽ (1 + 𝑜(1))𝑒𝑘+1 log𝑁
provided 𝑞 ⩽ log𝐴(𝜙(𝑞)𝑒𝑘+1 log𝑁 log2 𝑁) that is satisfied for 𝑞 ≪ (log2 𝑁)

𝐴. The remainder of the
proof now follows directly that of [4, Lemma 2]. □

For 𝕂 = ℚ(𝜔𝑞), write

𝜁𝕂(𝑠) = 𝜁(𝑠)
∏

𝜒≠𝜒0 (mod 𝑞)
𝐿(𝑠, 𝜒′) =

∞∑
𝑛=1

𝑎(𝑛)

𝑛𝑠

so that, as mentioned above, if 𝑝 ∤ 𝑞 then

𝑎(𝑝) =

{
𝜙(𝑞)if 𝑝 ≡ 1 (mod 𝑞),

0 otherwise.

As our resonator only interacts with 𝑝 ≡ 1 mod 𝑞 we need not compute 𝑎(𝑝) on the ramified
primes 𝑝|𝑞. We now consider the quantity

𝐴𝑁,𝑞 ∶=
1∑

𝑛∈ℕ 𝑓(𝑛)
2

∑
𝑛∈ℕ

𝑓(𝑛)

𝑛1∕2

∑
𝑑∣𝑛

𝑎(𝑛∕𝑑)𝑓(𝑑)
√
𝑑

=
∏
𝑝∈𝑃𝑞

(
1 + 𝑓(𝑝)𝑝−1∕2(𝑎(𝑝) + 𝑓(𝑝)𝑝1∕2)

)
1 + 𝑓(𝑝)2

=
∏
𝑝∈𝑃𝑞

1 + 𝑓(𝑝)2 +
𝜙(𝑞)𝑓(𝑝)

𝑝1∕2

1 + 𝑓(𝑝)2
.
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2968 BONDARENKO et al.

Lemma 2. Suppose that 𝑐𝑞 ⩽
√
𝜙(𝑞) and 𝑞 ≪ (log2 𝑁)

𝐴. Then

𝐴𝑁,𝑞 = exp
⎛⎜⎜⎝(𝛾𝑐𝑞 + 𝑜(1))

√
log𝑁 log3 𝑁

log2 𝑁

⎞⎟⎟⎠.
Proof. Note that if 𝑐𝑞 ⩽

√
𝜙(𝑞), then 𝑓(𝑝) = 𝑜(1) for all 𝑝 ∈ 𝑃𝑞. Thus,

𝐴𝑁,𝑞 = exp
⎛⎜⎜⎝(1 + 𝑜(1))

∑
𝑝∈𝑃𝑞

𝜙(𝑞)𝑓(𝑝)

𝑝1∕2

⎞⎟⎟⎠.
By the Siegel–Walfisz theorem along with partial summation, we have

𝜙(𝑞)
∑
𝑝∈𝑃𝑞

𝑓(𝑝)

𝑝1∕2
∼ 𝑐𝑞 ∫

𝜙(𝑞) log𝑁 exp((log2 𝑁)
𝛾) log2 𝑁

𝑒𝜙(𝑞) log𝑁 log2 𝑁

√
log𝑁 log2 𝑁∕log3 𝑁

𝑥 log 𝑥(log 𝑥 − log2 𝑁 − log3 𝑁 − log 𝜙(𝑞))
𝑑𝑥

=(𝑐𝑞𝛾 + 𝑜(1))

√
log𝑁 log3 𝑁

log2 𝑁
,

again, provided 𝑞 ≪ (log2 𝑁)
𝐴. □

Lemma 3. Suppose that 𝑐𝑞 ⩽
√
𝜙(𝑞) and 𝑞 ≪ (log2 𝑁)

𝐴. Then

1∑
𝑛∈ℕ 𝑓(𝑛)

2

∑
𝑛∈ℕ
𝑛∉𝑞

𝑓(𝑛)

𝑛1∕2

∑
𝑑∣𝑛

𝑎(𝑛∕𝑑)𝑓(𝑑)
√
𝑑 = 𝑜(𝐴𝑁,𝑞), 𝑁 → ∞.

Proof. We begin with

1

𝐴𝑁,𝑞
∑
𝑛∈ℕ 𝑓(𝑛)

2

∑
𝑛∈ℕ
𝑛∉𝑞

𝑓(𝑛)

𝑛1∕2

∑
𝑑∣𝑛

𝑎(𝑛∕𝑑)𝑓(𝑑)
√
𝑑

⩽
1

𝐴𝑁,𝑞
∑
𝑛∈ℕ 𝑓(𝑛)

2

[(log2 𝑁)
𝛾]∑

𝑘=1

∑
𝑛∈𝑀𝑘,𝑞

𝑓(𝑛)

𝑛1∕2

∑
𝑑∣𝑛

𝑎(𝑛∕𝑑)𝑓(𝑑)
√
𝑑

=

[(log2 𝑁)
𝛾]∑

𝑘=1

1∏
𝑝∈𝑃𝑘,𝑞

(
1 + 𝑓(𝑝)2 + 𝑓(𝑝)𝑝−1∕2

) ∑
𝑛∈𝑀′

𝑘,𝑞

𝑓(𝑛)

𝑛1∕2

∑
𝑑∣𝑛

𝑎(𝑛∕𝑑)𝑓(𝑑)
√
𝑑

⩽

[(log2 𝑁)
𝛾]∑

𝑘=1

1∏
𝑝∈𝑃𝑘,𝑞

(
1 + 𝑓(𝑝)2

) ∑
𝑛∈𝑀′

𝑘,𝑞

𝑓(𝑛)2
∏
𝑝∈𝑃𝑘,𝑞

(
1 +

𝜙(𝑞)

𝑓(𝑝)𝑝1∕2

)
=

[(log2 𝑁)
𝛾]∑

𝑘=1

𝐸𝑘,𝑞,

 14692120, 2023, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.12904 by N

tnu N
orw

egian U
niversity O

f S, W
iley O

nline L
ibrary on [07/06/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



A DICHOTOMY FOR EXTREME VALUES OF ZETA AND DIRICHLET 𝐿-FUNCTIONS 2969

say. For each 𝑘 = 1,… , ⌊(log2 𝑁)𝛾⌋,
𝐸𝑘,𝑞 ⩽

1∏
𝑝∈𝑃𝑘,𝑞

(
1 + 𝑓(𝑝)2

) ∑
𝑛∈𝑀′

𝑘,𝑞

𝑓(𝑛)2
∏
𝑝∈𝑃𝑘,𝑞

(
1 +

𝜙(𝑞)

𝑓(𝑝)
√
𝑝

)
.

By the Siegel–Walfisz theorem, for 𝑞 ≪ (log2 𝑁)
𝐴, we have

∏
𝑝∈𝑃𝑘,𝑞

(
1 +

𝜙(𝑞)

𝑓(𝑝)
√
𝑝

)

=
∏
𝑝∈𝑃𝑘,𝑞

⎛⎜⎜⎝1 +
𝜙(𝑞)

𝑐𝑞
(log 𝑝 − log2 𝑁 − log3 𝑁 − log 𝜙(𝑞))

√
log3 𝑁

log𝑁 log2 𝑁

⎞⎟⎟⎠
⩽ exp

⎛⎜⎜⎝
𝜙(𝑞)

𝑐𝑞
(𝑘 + 1)𝑒𝑘+1

√
log𝑁 log3 𝑁

log2 𝑁

⎞⎟⎟⎠ = exp
(
𝑜

(
log𝑁

log3 𝑁

)
1

𝑘2

)

with the latter bound following as 𝑘 ⩽ (log2 𝑁)𝛾 and 𝜙(𝑞) ≪ (log2 𝑁)
𝐴.

As every number in 𝑀′
𝑘,𝑞

has at least 𝑎 log𝑁

𝑘2 log3 𝑁
prime divisors and 𝑓(𝑛) is a multiplicative

function, for any 𝑏 > 1, we have

∑
𝑛∈𝑀′

𝑘,𝑞

𝑓(𝑛)2 ⩽ 𝑏
−𝑎

log𝑁

𝑘2 log3 𝑁
∏
𝑝∈𝑃𝑘,𝑞

(
1 + 𝑏𝑓(𝑝)2

)
.

Hence,

1∏
𝑝∈𝑃𝑘,𝑞

(
1 + 𝑓(𝑝)2

) ∑
𝑛∈𝑀′

𝑘,𝑞

𝑓(𝑛)2 ⩽ 𝑏
−𝑎

log𝑁

𝑘2 log3 𝑁 exp
⎛⎜⎜⎝

∑
𝑝∈𝑃𝑘,𝑞

(𝑏 − 1)𝑓(𝑝)2
⎞⎟⎟⎠.

Observe that by the Siegel–Walfisz theorem,

∑
𝑝∈𝑃𝑘,𝑞

𝑓(𝑝)2 =𝑐2𝑞
log𝑁 log2 𝑁

log3 𝑁

∑
𝑝∈𝑃𝑘,𝑞

1

𝑝(log 𝑝 − log2 𝑁 − log3 𝑁 − log 𝜙(𝑞))
2

⩽(1 + 𝑜(1))
𝑐2𝑞

𝜙(𝑞)

log𝑁 log2 𝑁

log3 𝑁 ∫
𝑒𝑘+1𝜙(𝑞) log𝑁 log2 𝑁

𝑒𝑘𝜙(𝑞) log𝑁 log2 𝑁

1

𝑘2𝑥 log 𝑥
𝑑𝑥

⩽
𝑐2𝑞

𝜙(𝑞)
(1 + 𝑜(1))

log𝑁

𝑘2 log3 𝑁
.
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2970 BONDARENKO et al.

Combining all these estimates, we find that

𝐸𝑘,𝑞 ≪ exp

((
𝑐2𝑞

𝜙(𝑞)
(𝑏 − 1) − 𝑎 log 𝑏 + 𝑜(1)

)
log𝑁

𝑘2 log3 𝑁

)
.

As 𝑐𝑞 ⩽
√
𝜙(𝑞) and 𝑎 > 1, on taking 𝑏 sufficiently close to 1 the exponent is negative giving the

result. □

3 PROOF OF THEOREM 1

We follow the setup from [4, section 3]. Let𝔍𝑞 be the set of integers 𝑗 such that[
(1 + 𝑇−1)𝑗, (1 + 𝑇−1)𝑗+1

]
∩𝑞 ≠ ∅.

Also let𝑚𝑗 be the minimum of [(1 + 𝑇−1)𝑗, (1 + 𝑇−1)𝑗+1] ∩𝑞 for all 𝑗 in𝔍𝑞. Set

′
𝑞 ∶=

{
𝑚𝑗 ∶ 𝑗 ∈ 𝔍𝑞

}
,

and for every𝑚𝑗 ∈′
𝑞 let

𝑟(𝑚𝑗) ∶=
⎛⎜⎜⎝

∑
𝑛∈𝑞(1−𝑇

−1)𝑗−1⩽𝑛⩽(1+𝑇−1)𝑗+2

𝑓(𝑛)2
⎞⎟⎟⎠
1∕2

.

We take our resonator to be

𝑅(𝑡) ∶=
∑

𝑚∈′
𝑞

𝑟(𝑚)𝑚−𝑖𝑡.

Set 𝑁 = [𝑇𝜂] for some 0 < 𝜂 ⩽ 1, and Φ(𝑡) ∶= 𝑒−𝑡2∕2 so that

Φ̂(𝑡) ∶= ∫ℝ Φ(𝑥)𝑒
−𝑖𝑡𝑥𝑑𝑥 =

√
2𝜋Φ(𝑡).

Lemma 4. Suppose that 1∕2 ⩽ 𝜎 < 1 and let 𝐾(𝑥 + 𝑖𝑦) be an analytic function in the horizontal
strip 𝜎 − 2 ⩽ 𝑦 ⩽ 0 satisfying

max
𝜎−2⩽𝑦⩽0

|𝐾(𝑥 + 𝑖𝑦)| = 𝑂(
1∕|𝑥|2), |𝑥| →∞.

Then for all real 𝑡, we have

∫
∞

−∞
𝜁𝕂(𝜎 + 𝑖(𝑡 + 𝑢))𝐾(𝑢)𝑑𝑢 =

∞∑
𝑛=1

𝐾(log 𝑛)𝑎(𝑛)

𝑛𝜎+𝑖𝑡
+ 2𝜋Res𝑠=1𝜁𝕂(𝑠)𝐾(−𝑡 − 𝑖(1 − 𝜎)).
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A DICHOTOMY FOR EXTREME VALUES OF ZETA AND DIRICHLET 𝐿-FUNCTIONS 2971

Proof. This follows exactly as in [5, Lemma 1]. □

In [5], where the Riemann zeta function was considered, this was applied with 𝐾(𝑢) =

sin2(𝑢𝜖 log 𝑇)∕𝑢2𝜖 log 𝑇 that had the sufficient decay properties for large 𝑢. In our case, as the
Dedekind zeta function can potentially be much larger, we take

𝐾𝔫(𝑢) ∶=
sin2𝔫(( 1

𝔫
𝜖 log 𝑇)𝑢)

( 1
𝔫
𝜖 log 𝑇)2𝔫−1𝑢2𝔫

, (4)

with 𝜖 small and large𝔫 ∈ ℕ to be chosen.We summarise someproperties of the Fourier transform
in the following lemma.

Lemma 5. Let 𝐾𝔫(𝑢) be as above. Then 𝐾𝔫(𝑣) is a real, even function supported on |𝑣| ⩽ 2𝜖 log 𝑇
satisfying 0 ⩽ 𝐾𝔫(𝑣) ⩽ 𝐾𝔫(0) and being decreasing on [0,∞) with

|||| 𝑑𝑑𝑣𝐾𝔫(𝑣)|||| ⩽ 𝐾𝔫−1(0)
1

𝔫
𝜖 log 𝑇

. (5)

Furthermore, for large 𝔫 we have

𝐾𝔫(0) ∼

√
3𝜋

𝔫
. (6)

Proof. The support condition, the non-negativity and the monotonicity follow from the convolu-
tion theorem and the fact that the Fourier transform of sin 𝑥∕𝑥 is 1

𝜋
𝜒[−1,1](𝑡). For the bounds on

the derivative, we have

|| 𝑑𝑑𝑣𝐾𝔫(𝑣)|| ⩽ ∫ℝ
| sin2𝔫(( 1

𝔫
𝜖 log 𝑇)𝑢)|

( 1
𝔫
𝜖 log 𝑇)2𝔫−1𝑢2𝔫−1

𝑑𝑢 ⩽
1

1

𝑛
𝜖 log 𝑇 ∫ℝ

| sin2𝔫(𝑢)|
𝑢2𝔫−1

𝑑𝑢 ⩽
𝐾𝔫−1(0)
1

𝔫
𝜖 log 𝑇

.

Finally, for large 𝔫 and 𝑐 > 3 we have

𝐾𝔫(0) =∫ℝ
sin2𝔫(𝑥)

𝑥2𝔫
𝑑𝑥 = ∫|𝑥|⩽𝑐√log 𝔫∕𝔫

sin2𝔫(𝑥)

𝑥2𝔫
𝑑𝑥 + 𝑂(𝔫−𝑐∕3)

as sin 𝑥∕𝑥 is decreasing over the interval [0, 𝜋], sin2𝔫(𝑐
√
log 𝔫∕𝔫)∕(𝑐

√
log 𝔫∕𝔫)2𝔫 ≪ 𝔫−𝑐∕3 by

Taylor expansions, and the integral over |𝑥| ⩾ 𝜋 is≪ 𝜋−2𝔫. On applying Taylor expansions again,
we find that the above integral is

∫|𝑥|⩽𝑐√log 𝔫∕𝔫(1 − 1

6
𝑥2 + 𝑂(

(log𝔫)2

𝔫2
))2𝔫𝑑𝑥 ∼

1√
𝔫 ∫ℝ 𝑒

−𝑥2∕3𝑑𝑥 =

√
3𝜋

𝔫
.

□
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2972 BONDARENKO et al.

Lemma 6. For large 𝑇, 𝑐𝑞 ⩽
√
𝜙(𝑞), 𝔫 ≪ (log𝑁)1∕2−𝛿 with small 𝛿 > 0, and 𝑞 ≪ (log2 𝑇)

𝐴 we
have

∫
∞

−∞
|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡 ≪ 𝑇

∑
𝑛∈ℕ

𝑓(𝑛)2

and

∫
∞

−∞

(
∞∑
𝑛=1

𝐾𝔫(log 𝑛)𝑎(𝑛)

𝑛1∕2+𝑖𝑡

)|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡
≫ 𝐾𝔫(0)𝑇 exp

⎛⎜⎜⎝𝑐𝑞𝛾(1 + 𝑜(1))
√
log𝑁 log3 𝑁

log2 𝑁

⎞⎟⎟⎠
∑
𝑛∈ℕ

𝑓(𝑛)2.

Proof. The first part follows similarly to [5, Lemma 5]. For the second part, we have

∫
∞

−∞

(
∞∑
𝑛=1

𝐾𝔫(log 𝑛)𝑎(𝑛)

𝑛1∕2+𝑖𝑡

)|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡
=

√
2𝜋𝑇

∑
𝑚,𝑛∈′

𝑞

∞∑
𝑘=1

𝐾𝔫(log 𝑘)𝑎(𝑘)𝑟(𝑚)𝑟(𝑛)

𝑘1∕2
Φ

(
𝑇 log

𝑘𝑚

𝑛

)
.

We wish to lower bound this using positivity. From the properties of 𝐾𝑛(𝑣) given in Lemma 5, in
particular the derivative bound (5), we see that if 𝑐𝔫 ∶= 𝐾𝔫(0)∕𝐾𝔫−1(0), then𝐾𝔫(

1

2
𝑐𝔫 ⋅ 1

𝔫
𝜖 log 𝑇) ⩾

1

2
𝐾𝔫(0). By (6), we have 𝑐𝔫 ∼ 1 and hence on restricting the sum to log 𝑘 ⩽ 1

3𝔫
𝜖 log 𝑇, say, the above

is

≫ 𝐾𝔫(0)𝑇
∑

𝑚,𝑛∈′
𝑞

∑
𝑘⩽𝑇𝜖∕3𝔫

𝑎(𝑘)𝑟(𝑚)𝑟(𝑛)

𝑘1∕2
Φ

(
𝑇 log

𝑘𝑚

𝑛

)

by positivity.
We now lower bound by summing over those integers𝑚, 𝑛 ∈′

𝑞 such that |𝑘𝑚∕𝑛 − 1| ⩽ 3∕𝑇.
For such terms, we have Φ(𝑇 log(𝑘𝑚∕𝑛)) ≫ 1 and also, similarly to [5, eq. 21], we find∑

𝑚,𝑛∈′
𝑞 , |𝑘𝑚∕𝑛−1|⩽3∕𝑇 𝑟(𝑚)𝑟(𝑛) ⩾

∑
𝑚,𝑛∈′

𝑞 ,𝑘𝑚=𝑛

𝑓(𝑚)𝑓(𝑛).

This gives the lower bound

≫ 𝑇
∑

𝑚,𝑛∈𝑞,𝑘⩽𝑇
𝜖∕3𝔫

𝑘𝑚=𝑛

𝑎(𝑘)𝑓(𝑚)𝑓(𝑛)

𝑘1∕2
= 𝑇

∑
𝑛∈𝑞

𝑓(𝑛)

𝑛1∕2

∑
𝑑|𝑛,𝑑⩾𝑛∕𝑇𝜖∕3𝔫 𝑎(𝑛∕𝑑)𝑓(𝑑)𝑑

1∕2.

It remains to remove the restriction on the divisor 𝑑 since then the result will follow from Lem-
mas 2 and 3. Following [4, Lemma 3], we note that as 𝑓(𝑛) = 𝑓((𝑛∕𝑑)𝑑) = 𝑓(𝑛∕𝑑)𝑓(𝑑), the tail of
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A DICHOTOMY FOR EXTREME VALUES OF ZETA AND DIRICHLET 𝐿-FUNCTIONS 2973

this last sum is given by

∑
𝑛∈𝑞

𝑓(𝑛)2
∑

𝑑|𝑛,𝑑⩾𝑇𝜖∕3𝔫
𝑎(𝑑)

𝑓(𝑑)𝑑1∕2
⩽ 𝑇−𝜖𝛿∕12𝔫

∑
𝑛∈𝑞

𝑓(𝑛)2
∏
𝑝|𝑛

(
1 +

𝑎(𝑝)

𝑓(𝑝)𝑝1∕2−𝛿

)
.

As

𝜙(𝑞)

𝑓(𝑝)𝑝1∕2−𝛿
⩽

𝜙(𝑞)(log2 𝑁)
𝛾𝑝𝛿

𝑐𝑞
√
log𝑁 log2 𝑁∕ log3 𝑁

≪ (log𝑁)−1∕2+𝛿

for 𝑝 ∈ 𝑃𝑞 and there are≪ log𝑇∕ log3 𝑇 prime factors of any given 𝑛 in𝑞, the above is

≪
∑
𝑛∈𝑞

𝑓(𝑛)2 exp

(
− 𝜖𝛿

12𝔫
log 𝑇 + 𝑜

(
(log 𝑇)1∕2+𝛿

log3 𝑇

))

which is 𝑜(
∑
𝑛∈𝑞

𝑓(𝑛)2) when 𝔫 ≪ (log 𝑇)1∕2−𝛿 and hence certainly 𝑜(𝐴𝑁,𝑞
∑
𝑛∈ℕ 𝑓(𝑛)

2). □

Proof of Theorem 1. Note that

||||∫1⩽|𝑡|⩽𝑇 log 𝑇 ∫|𝑢|⩽𝑇1∕2 𝜁𝕂(1∕2 + 𝑖(𝑡 + 𝑢))𝐾𝔫(𝑢)|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡𝑑𝑢||||
⩽ 𝐾𝔫(0) max

𝑡∈[−𝑇 log 𝑇−𝑇1∕2,𝑇 log 𝑇+𝑇1∕2]
|𝜁𝕂( 12 + 𝑖𝑡)|∫ℝ |𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡. (7)

Thus, it remains to extend the integrals on the left to ℝ.
Consider the region |𝑡| ⩽ 1 first. By the hybrid convexity bound 𝐿(1

2
+ 𝑖𝑣, 𝜒) ≪ (𝑞(1 + |𝑣|))1∕4

(or better, see [11]) we have 𝜁𝕂(
1

2
+ 𝑖𝑣) ≪ (𝑐𝑞(1 + |𝑣|))𝜙(𝑞)∕4. This leads to a contribution

≪ 𝑞𝜙(𝑞)𝑅(0)2 ∫|𝑢|⩽𝑇1∕2(1 + |𝑢|)𝜙(𝑞)∕4𝐾𝔫(𝑢)𝑑𝑢 ≪𝑞𝜙(𝑞)𝑇𝜂 ∑
𝑛∈ℕ

𝑓(𝑛)2

on taking

𝔫 = 2𝜙(𝑞),

say. We next extend the 𝑢 integral to ℝ. Using that 𝐾𝔫(𝑢) ≪ 1∕𝑢4𝜙(𝑞) along with the convexity
bound gives

≪𝑞𝜙(𝑞) ∫|𝑡|⩽𝑇 log 𝑇 ∫|𝑢|⩾𝑇1∕2(1 + |𝑡 + 𝑢|)𝜙(𝑞)∕4𝐾𝔫(𝑢)|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑢𝑑𝑡
≪𝑞𝜙(𝑞)(𝑇 log 𝑇)𝜙(𝑞)∕4𝑇(1+𝜙(𝑞)∕4−4𝜙(𝑞))∕2 ∫ℝ |𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡
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≪𝑞𝜙(𝑞)𝑇−𝜙(𝑞)
∑
𝑛∈ℕ

𝑓(𝑛)2.

Finally, extending the remaining 𝑡 integral to ℝ gives an error

≪𝑞𝜙(𝑞) ∫|𝑡|⩾𝑇 log 𝑇
(
∫ℝ |𝑢|𝜙(𝑞)∕4𝐾𝔫(𝑢)𝑑𝑢) |𝑡|𝜙(𝑞)∕4|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡

≪𝑞𝜙(𝑞)𝑇𝜙(𝑞)∕4+1+𝜂Φ(1
2
log 𝑇)

∑
𝑛∈ℕ

𝑓(𝑛)2.

For 𝑞 ≪ (log2 𝑇)
𝐴 these errors are all 𝑜(𝑇

∑
𝑛∈ℕ 𝑓(𝑛)

2) and we find

∫1⩽|𝑡|⩽𝑇 log 𝑇 ∫|𝑢|⩽𝑇1∕2 𝜁𝕂( 12 + 𝑖(𝑡 + 𝑢))𝐾(𝑢)|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡𝑑𝑢
= ∫

∞

−∞ ∫
∞

−∞
𝜁𝕂(

1

2
+ 𝑖(𝑡 + 𝑢))𝐾(𝑢)|𝑅(𝑡)|2Φ(𝑡∕𝑇)𝑑𝑡𝑑𝑢 + 𝑜(𝑇 ∑

𝑛∈ℕ

𝑓(𝑛)2

)
.

Thus, on taking 𝑞 ≪ (log2 𝑇)
𝐴 the condition on 𝔫(= 2𝜙(𝑞)) in Lemma 6 is satisfied. Along with

Lemma 4 and (7), this gives

max
−𝑇 log 𝑇−𝑇1∕2⩽𝑡⩽𝑇 log 𝑇+𝑇1∕2

|𝜁𝕂( 12 + 𝑖𝑡)| ≫exp
⎛⎜⎜⎝𝑐𝑞𝛾(1 + 𝑜(1))

√
log𝑁 log3 𝑁

log2 𝑁

⎞⎟⎟⎠
+ 𝑜(Res𝑠=1𝜁𝕂(𝑠)) + 𝑜(1)

as

∫
∞

−∞
|𝐾𝔫(−𝑡 − 𝑖∕2)||𝑅(𝑡)|2𝜙(𝑡∕𝑇)𝑑𝑡 ≪ 𝑇𝜂+𝜖

∑
𝑛∈ℕ

𝑓(𝑛)2.

It is known from [15] that

Res𝑠=1𝜁𝕂(𝑠) ⩽
(

log |𝑑𝕂|
2(𝜙(𝑞) − 1)

+ 𝜅

)𝜙(𝑞)−1

,

where 𝜅 = (5 − 2 log 6)∕2 = 0.70824⋯. As the discriminant satisfies 𝑑𝕂 ≪ 𝑞𝜙(𝑞) (see [17, Propo-
sition 2.7]), we have

Res𝑠=1𝜁𝕂(𝑠) ≪ exp(log3 𝑇 log5 𝑇)

which is negligible.We now take 𝑐𝑞 =
√
𝜙(𝑞), 𝜂 < 1 and let 𝛾 → 1 to complete the proof. Note that

varying 𝑇 by a factor of a logarithm only affects the lower order terms in the exponential and so
the result holds for 𝑡 in [0, 𝑇], as stated. □
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