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ABSTRACT: A model for the molecular ionization energy in an applied electric field is presented on
the basis of a perturbation expansion in the electric field. The leading term arises from the Frenkel
approach, which is the same for all molecules normally used in the Poole−Frenkel model for
conductivity in an electric field. For a set of test molecules, the quality of the results is comparable to
that of previous results using constrained density functional theory. We conclude that the Frenkel term
is dominant and sufficient at relatively low fields and that the dipole and polarizability terms, the
leading terms dependent on the properties of the individual molecule, make a significant contribution
only at high fields and for relatively large molecules. Because the presented model is analytical,
quantum chemical calculations are avoided for a variety of electric field strengths and molecular
orientations, and the model can therefore be applied directly in coarse-grained models for electronic processes in dielectric
condensed phases.

The ionization energy (ionization potential is an alternative
term, but ionization energy is preferred here) of

molecular systems in an external electric field is of general
interest in electrochemistry. Our interest in modeling this
property has mainly focused on molecules of interest for
dielectric liquids as electrically insulating materials in, for
example, transformers.1 We have previously developed a
method for the field-dependent ionization energy first based
on quantum chemical calculations of the cation interacting
with an electron described by a point charge in an electric
field.2,3 This method was later extended to describe the
electron as a spherically symmetric orbital by constrained
density functional theory (CDFT),4 and the results have been
presented for molecules used as base liquids and additives in
electrically insulating liquids.5,6 As discussed in the original
work,4 the calculations may be cumbersome because many
calculations are needed for each field strength and for each
orientation of the molecule in the field. In addition,
convergence problems in the CDFT calculations appeared
for some molecules and field strengths, leading to the
calculations being by no means automatic. A theoretically
more elaborate model for one- and two-electron systems has
previously been presented.7 In addition, related works
adopting quantum chemical calculations mainly discussing
the dependence of molecular and cation energies or orbital
energies and other molecular properties on the electric field
have recently been quite extensive.8−15

We here suggest a simpler method for calculating the
molecular ionization energy in an electric field as compared to
the CDFT approach that results in an analytical function that is
dependent on the electric field and on molecular properties
calculated without an electric field. We expect that the model

can be used directly in coarse-grained methods for electronic
processes in which the molecular ionization energy is needed.
For the ionization energy, we regard the following chemical

reaction for a molecule M

M M e++ _ (1)

In the gas phase and without an external electric field, the
energy for electron e_ is zero when it is infinitely far from
cation M+. Therefore, the ionization energy for this case is
calculated as the difference in energy between the cation and
the molecule. Here, the system interacts with an external
electric field, E, and therefore an energy contribution arises
from the interaction between the electron and the field.
Perturbation and response theory are standard techniques in
quantum chemistry for obtaining the properties of a response
to an electromagnetic field like molecular polarizabilities.16−18

The related approach for the field dependence of excited
electronic states is known as the Stark effect,19 but a
perturbation approach along these lines has not yet been
used for the ionization energy in an electric field. If a Taylor
expansion in the electric field is adopted, the energy for the
product side in the reaction in eq 1, the cation and the
electron, Vcat e+ _ , becomes (SI units are used in this work)
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V eR E E e
R

( )
1
2 4cat e 0

cat cat cat 2
2

0
= ++ _

(2)

where ε0cat, μcat, and αcat are the ground state energy, dipole
moment, and polarizability of the unperturbed (without an
electric field) cation, respectively, and e is the elementary
charge. We assume that the dipole moment is aligned with the
electric field so that the interaction energy is −μE, and
therefore the position of the electron, with a charge of −e, will
be at position −R resulting in a dipole moment of eR for the
electron. The last term is the Coulomb interaction between the
cation and the electron.
This energy has a maximum for a certain R because it

consists of a competition between two terms. The dipole term
becomes more important with an increase in R because
applying the external electric field results in a force in different
directions for the positively charged cation and the negatively
charged electron, respectively. On the contrary, the Coulomb
interaction between the cation and the electron becomes more
attractive with a decrease in R and attempts to keep the cation
and electron together. The maximum of Vcat e+ _ as a function of
R is therefore obtained as the balance between the dipole term
and the Coulomb term as

V
R

eE
e

R4
0cat e

2

0
2= + =+ _

(3)

which results in

R
e

E4max
0

=
(4)

Because

V
R

e
R

2
4

0
2

cat e
2

2

0
3= <+ _

(5)

it is apparent that eq 4 corresponds to a maximum and not a
minimum. If the result in eq 4 is included in eq 2, we arrive at

V e E E E2 4
1
2

R R
cat e 0

cat 3/2
0

cat cat 2max =+
=

_
(6)

The term behaving as √E is exactly the term derived by
Frenkel in his extension of the Poole model for conductiv-
ity,2,20 which in the literature is normally termed the Poole−
Frenkel model for conductivity.21 We will here refer to this
contribution as the Frenkel term, and it is noted that the
Frenkel term is universal in the sense that it does not depend
on any molecular properties. The corresponding energy for the
molecule, Vmol, is

V E E
1
2mol 0

mol mol mol 2=
(7)

so that the ionization energy, VIE, becomes

V V V e E E E

V e E E E

( ) 2 4 ( )
1
2

( )

2 4
1
2

R R

E

IE cat e mol 0
cat

0
mol 3/2

0
cat mol cat mol 2

IE
0 3/2

0
2

max= =

=

+
=

=

_

(8)

where VIE
E=0 is the ionization energy without an applied electric

field calculated as the difference between the energy of the
cation and the energy of the molecule. Here, we define the
differences in the molecular properties between the cation and
the molecule as Δμ = μcat − μmol and Δα = αcat − αmol,
respectively. We note that the equations are dependent on the
choice of the origin of the geometry of the cation. In eq 2, it is
reflected in the Coulomb term where distance R has to be
specified between a given but arbitrary point in the cation and
the position of the electron, whereas in eq 6, it appears in the
dipole moment of the cation, which is dependent on the origin.
The dipole term in eq 2 is, however, independent of the choice
of origin if the same origin is chosen for the calculation of the
dipole moment of the cation and distance R.
The ionization energy in eq 8 can also be rewritten as

V E E e E( ) ( ) 2 4IE 0
cat

0
mol 3/2

0= (9)

where the notation implies that quantum chemical calculations
are carried out for the cation and the molecule at various
external fields. Here, the origin dependence appears in that
ε0cat(E) is dependent on the origin when E ≠ 0.
In this study, we restrict the field strength to 0−100 MV/

cm, which is a range that is considerably larger than those in
some of our previous studies of molecules of interest for
electrically insulating liquids, where typically electric fields
considerably below 20 MV/cm are discussed.22,23 The reason
is that electrically insulating liquids traditionally are based on
essentially nonpolar hydrocarbons, whereas the molecular
electric field strength in polar liquids like water is ∼100 MV/

cm.24 In this context, it is important to note the distinction for
condensed phases between the applied field (voltage) and the
local electric field experienced by the molecules, for example,
modeled by molecular simulations and local field factors.25,26

In related work on mass spectrometry, field ionization and
thereby electric fields of ≤500 MV/cm have been consid-
ered.27,28

Let us first analyze the magnitude of the various terms in eq
8 by regarding the water molecule, which has been studied
before by us as a model system.4 The ionization energy for the
water molecule is presented in Figure 1, including only the first
two terms in eq 8, i.e., excluding the dipole and polarizability
terms. Thus, the only difference between different molecules is
the onset on the y-axis, i.e., the ionization energy in the gas
phase. As reference values for the discussion, the Frenkel term

Figure 1. Ionization energy, VIE, of the water molecule as a function
of electric field E. The only field-dependent term included in the
graph is the Frenkel term, and thus, the graph looks the same for all
molecules apart from the ionization energy at E = 0.
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lowers the ionization energy by −4.1 eV at 30 MV/cm and
−7.6 eV at 100 MV/cm, which is universal for all molecules
within a point charge model. Thus, there is no way that the
Frenkel term can be ignored in the calculation of the field-
dependent ionization energy by regarding only the field-
dependent energies of the molecule and cation in eq 9.
The ionization energy for a molecule in an external electric

field is characterized by distance Rmax given by eq 4 that gives
the maximum energy, i.e., the transition state for the ionization
process. Distance Rmax is plotted against electric field E in
Figure 2, and we note that the distance for most cases is

considerably longer than the intermolecular distances in
condensed phases. Because free electrons are very reactive, it
is likely that electron transfer processes between molecules
take place rather than a full dissociation process, for example,
as has been modeled for polymers.29,30

The contribution in eq 8 from the difference in the dipole
moment between the cation and the molecule, Δμ, is
illustrated in Figure 3. For example, a value of Δμ of ∼15 D

is required to give a contribution of −1 eV to the ionization
energy at an electric field of 30 MV/cm. For the water
molecule, the calculated Δμ is 0.25 D (μmol = 1.88 D, and μcat

= 2.13 D), leading to a contribution of −0.016 eV to the
ionization energy at 30 MV/cm, which gives a negligible
contribution compared to the Frenkel term also at 100 MV/cm
because the contribution from the dipole moment is linear in
the field.
In addition, the contribution from the difference in

polarizability, Δα, in eq 8 is illustrated in the same way in
Figure 4. The required Δα to give a shift in the ionization
energy of 1 eV (assuming that the cation is less polarizable
than the molecule) is 320 Å3 at 30 MV/cm and 29 Å3 at 100
MV/cm. Because the molecular polarizability is ∼1 Å3 for the

water molecule and the calculated Δα becomes −0.64 Å3 (αzz
mol

= 1.42 Å3, and αzz
cat = 0.78 Å3), adopting the αzz contribution to

the polarizability tensor (where the z-axis is along the dipole
axis), this contribution is negligible for the water molecule.
The field-dependent ionization energy of the water molecule
therefore seems to be described entirely by the Frenkel term, a
result supported by the similarity to the results for water using
CDFT.4

Two terms not included in eq 2 are the interactions between
the dipole moment and polarizability of the cation with the
electron. If we assume that these two terms are small compared
to the Coulomb interaction between the charge of the cation
and the electron so that the relation for Rmax in eq 4 is still
valid, we obtain

V
e

R
e

R
E E

4
1
2 (4 )

1
2

cat

0
2

cat 2

0
2 4

cat cat 2= =

(10)

where we used eq 4 in the second step. Consequently, the last
part of this equation is valid only at the Rmax. The magnitude of
these two contributions can also be evaluated by inspection of
Figures 3 and 4 by regarding μcat instead of Δμ and αcat instead
of Δα, respectively, on the y-axis in the graphs. For water, the
contributions to the ionization energy from μcat and αcat at 100
MV/cm are −0.44 and −0.03 eV, respectively, which for μcat

are significant but still small compared to the Frenkel term of
−7.6 eV.
The results for three other molecules studied by us before,

trichloroethylene3 and two unpolar aromatic molecules,
benzene2,5,6 and pyrene,6 are also included. For trichloro-
ethylene, a result similar to that of the water molecule at 100
MV/cm is found for a μcat of −0.32 eV (μmol = 0.90 D, and μcat

= 1.51 D), whereas the contribution from αcat is now
significant, −0.35 eV (the isotropic polarizability was used:
αmol = 10.1 Å3, and αcat = 9.9 Å3). The contribution from αcat

for benzene is −0.39 eV, and for pyrene, it is −1.50 eV at 100
MV/cm (the largest in-plane component of the polarizability
was used; for benzene, αmol = 11.9 Å3 and αcat = 11.3 Å3; for
pyrene, αmol = 42.0 Å3 and αcat = 43.1 Å3). For all molecules
apart from pyrene, the contribution from Δα is larger than
zero; i.e., the polarizabiltiy of the cation is smaller than the
polarizability of the corresponding molecule and is thereby not
decreasing the ionization energy with an increase in the electric
field. This contribution is, however, negligible for all molecules
with a contribution of <0.05 eV at 100 MV/cm for all
molecules. Because the molecular polarizability increases with

Figure 2. Distance Rmax as a function of electric field E.

Figure 3. Δμ = μcat − μmol as a function of E to give a contribution to
the ionization energy of −1 eV.

Figure 4. Δα = αcat − αmol as a function of E to give a contribution to
the ionization energy of −1 eV.
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the size of the molecular system and to a good approximation
is additive,31 it is likely that the contribution from αcat in eq 10
is the contribution that in general has to be included first in
addition to the Frenkel term, which is supported by the fact
that the largest contribution in this work is the contribution for
pyrene from the interaction between the cation polarizability
and the electron.
To summarize and to generalize eqs 8 and 10 to any

orientation of the molecule in relation to the electric field, the
molecular ionization energy may be written as

V V e E E

E E

2 4 ( )
1
2

( )

E
IE IE

0 3/2
0

cat

cat

= +

+

=

(11)

where the subscripts α and β are the Cartesian coordinates x, y,
or z and the Einstein summation convention is adopted. We
still assume that the electron leaves the molecule along the
direction of the electric field.
In line with these findings, the molecules in our previous

work seem to have significant contributions to the field-
dependent ionization energy only from the Frenkel term and
show similar results, even if the details of the results of each
molecule should be investigated in more detail for example by
a comparison of eqs 8 and 9. That the Frenkel is dominant is
also in line with experimental work,32−35 and our original work
on field-dependent ionization energies in which a successful
parametrization was carried out with a field dependence
adopting only a √E term.2 We should, however, keep in mind
that the CDFT approach is also a relatively crude model for
the ionization energy.
Different ionization mechanisms in an electric field such as

impact ionization, photoionization, and field ionization have
been discussed in some detail elsewhere.2 The field depend-
ence is much stronger for the ionization energy than for the
molecular excitation energies,3 as one can understand from the
Frenkel term in eq 8, which is dominant for the ionization
energy but absent for excitation energies. At relatively high
electric fields, we will therefore only have a two-state system:
the electronic ground state and the ionized state. When the
ionization energy approaches zero, field ionization may appear
and may be interpreted as a tunneling effect,2 and one can
therefore not expect that field ionization can be treated by a
perturbation expansion around E = 0.
The model presented here may be extended beyond a one-

center multipole expansion by adopting atomic charges and
distributed polarizabilities in line with force fields for molecular
simulations,36 which will be required if Rmax is smaller than the
relevant intramolecular distances. Considering that only the
linear response to the electric field and polarizabilities but not
hyperpolarizabilities are normally included when polarizable
force fields are used in molecular simulations and that the
molecular electric field strengths in polar liquids are ∼100
MV/cm, the truncation of the Taylor expansions in eqs 2 and 7
should be justified, thereby assuming that the contribution
from the field dependence of the molecular polarizability is
relatively small.
A method for calculating the molecular ionization energy in

an electric field is presented on the basis of a perturbation
expansion in the electric field, consequently avoiding quantum
chemical calculations with a finite electric field. It is found that
the Frenkel term is dominant; thus, all molecules have a similar
dependence on the electric fiels, and the magnitudes of the

leading molecule-specific contributions, the dipole and polar-
izability terms, are discussed for some model systems. For
electric fields, well below the threshold for field ionization and
for molecules of modest size, the approach presented here is
valid, and in many cases, the universal Frenkel term is the only
term needed in a model.

■ DETAILS OF CALCULATIONS
The quantum chemical calculations have been carried out with
NWChem version 7.0.2,37 utilizing Kohn−Sham density
functional theory (DFT) with the CAM-B3LYP functional38

and the aug-cc-pVTZ basis set,39 which should give reasonable
results for a model study. The reason for using a long-range-
corrected functional as the CAM-B3LYP functional is that we
include calculations of molecular polarizabilities. Because some
of the calculations are carried out on cation radicals,
unrestricted DFT calculations are utilized for these systems.
The geometries have been optimized for both the molecule
and the cation; i.e., adiabatic (and not vertical) ionization
energies are presented, and thereafter, the dipole moment and
the molecular polarizability were calculated. Upon adoption of
eq 8, the effect of the electric field on the molecular geometry
is not included, but the model may be extended in this
direction by considering vibrational polarizabilities.40 The
dipole moment of a cation is dependent on the origin, and in
this work, the center of mass of the molecules has been used as
the origin in the calculations.
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