NTNU

Norwegian University of Science and Technology

Philosophiae Doctor

Thesis for the Degree of
Faculty of Information Technology and Electrical

Doctoral theses at NTNU, 2024:181
Athanasios Kouroupis
Aspects of Dirichlet series:

Composition operators, Bohr's
theorem and universality

Engineering

Department of Mathematical Sciences

NTNU

Norwegian University of
Science and Technology






Athanasios Kouroupis

Aspects of Dirichlet series:
Composition operators, Bohr's
theorem and universality

Thesis for the Degree of Philosophiae Doctor
Trondheim, May 2024
Norwegian University of Science and Technology

Faculty of Information Technology and Electrical Engineering
Department of Mathematical Sciences

NTNU

Norwegian University of
Science and Technology



NTNU
Norwegian University of Science and Technology

Thesis for the Degree of Philosophiae Doctor

Faculty of Information Technology and Electrical Engineering
Department of Mathematical Sciences

© Athanasios Kouroupis

ISBN 978-82-326-7954-6 (printed ver.)
ISBN 978-82-326-7953-9 (electronic ver.)
ISSN 1503-8181 (printed ver.)

ISSN 2703-8084 (online ver.)

Doctoral theses at NTNU, 2024:181

Printed by NTNU Grafisk senter



Acknowledgments

I would like to thank my supervisor Karl-Mikael Perfekt for his support and
guidance. Besides your mentoring that taught me how to be an independent
researcher, you were also there as a friend. Kalle, it was a pleasure working with
youl!

I wholeheartedly thank the Onassis Foundation for providing finacial support
for the last year of my Ph. D. studies.

I would like to extend my gratitude to Alexandru Aleman, Frédéric Bayart,
and Ole Fredrik Brevig for their hospitality during my research stays and for our
fruitful collaboration.

I would like to thank Dimitrios Betsakos and Aristomenis Siskakis for teach-
ing me most of the math that I know and showing me the path of research.

Next, I would like to thank all the graduate students, postdocs, and others
I have crossed paths with during these years, especially: Adrian, Andrii, Anna,
Carlos, Simon, Helge, Henry, Kostas. I want to also thank Alex, Joakim, and
Jorge for making my research stay in Lund «too easy». My friends from Greece
Mitsos, Eva, Ntin, Odysseas, Stelios, and Thanos should also be thanked for
being there for me all of those years.

Last, but not least, I would like to express my gratitude to my family for
their constant love and support.

Athanasios Kouroupis
Trondheim, 2024

—khko—






Dedicated to the memory of my friend, M. Manos.






Contents

Acknowledgments
Contents
Introduction

Bibliography

Part 1. Composition operators

Article 1: Composition operators on weighted Hilbert spaces of Dirichlet
series

Article 2: Composition operators and generalized primes

Article 3: Schatten class composition operators on the Hardy space of
Dirichlet series and a comparison-type principle

Part 2. Bohr’s theorem and Beurling primes
Article 4: A note on Bohr’s theorem for Beurling integer systems

Article 5: An extension of Bohr’s theorem

Part 3. Universality

Article 6: On universality of general Dirichlet series

iii

iii

22

25

27
63

83

115
117
133

139
140






Introduction

1. Dirichlet series

In the present thesis, we are interested in questions related to the classical
theory of Dirichlet series and the theory of Hardy spaces of Dirichlet series. A
Dirichlet series is a series of functions of the form

(1) fls) = iann_s, s =0 +it.
n=1

One of the most important and well studied examples is the Riemann zeta
function, which can be written as a Dirichlet series ((s) = Yo~ ; n~* for Res > 1.

For what follows we will assume that a Dirichlet series will converge in at
least one point s = ¢ + it in the complex plane. Such a series converges in half-
planes and we will be using the notation Cy to denote the half-plane of complex
numbers with Res > 6, 6 € R. We define the abscissa of pointwise, absolute,
uniform, and square convergence, [58]:

oc(f) = inf {a cR: f(s) = ) &= converges },

n>1

n>1

0a(f) = inf {0’ eR: f(s)= > ‘Z’;l converges } ,

S

oy (f) = inf {O’ eR: f(s)= > % converges uniformly in C, »,
n>1
oo(f)=inf{oeR: f(s)= > |Z§J,2 converges
n>1
A result of key importance for the classical theory of Dirichlet series is the
following theorem due to Bohr.

THEOREM 1. Let f be a Dirichlet series. If there is a real number 0 and a

bounded set ) such that f has an analytic continuation to Cy that maps Cy to
Q, then ou(f) < 0.



Queffélec and Seip [52] (see also [51, Theorem 8.4.1]) showed that the as-
sumption that €2 is a bounded set may be replaced with the weaker assumption
that Q is a half-plane. In Article 5 we extend this result in an optimal way to
hyperbolic domains, that is, to domains € that omit two distinct points in the
complex plane.

1.1. Spaces of Dirichlet series. The Hardy space H? of Dirichlet series,
which was first systematically studied by H. Hedenmalm, P. Lindqvist, and K.
Seip [35], is defined as

a 2
M= () = 30 I = Y lanf? < o0
n>1 n>1

It is a space of holomorphic function in the half-plane (C% and equipped with the
£2-inner product of the coefficients it is a Hilbert space.

(2) <ﬁg>H2::§:anE;

n>1

where f(s) = 3 %2 g(s)= Y Lo

n>1 n>1
For a point sg € C 1 the point evaluation linear functional Lg, : H? — C,
f + f(s0) is bounded. The reproducing kernels, K, of H? at points sy € (C%
are translations of the Riemann zeta function

Koy (s) = ((s +50) = )

n>1
(f(5):¢(s +50))2z = f(s0),  feH
The role of the Riemann zeta function as reproducing kernels illustrates its

importance in the theory of %2 and portends connections with the field of analytic
number theory.

1

nstso’

1.2. Hardy spaces on the infinite polytorus and the Bohr-lift. We
will make a short presentation of those topics and we refer the interested reader
to [26, 35, 51]. In the one dimensional case the Hardy space H?, 1 < p < o0
consists of all functions in LP(T, dm) with vanishing negative Fourier coefficients.
We will have a brief discussion on those space in Section 2.

The infinite polytorus T is the countable infinite Cartesian product of copies
of the unit circle T,

T ={x=(x1,x2,---): x; €T, j>1}.

As a compact abelian group it possess a unique Haar measure m., see for example
[18, 54]. We can identify the measure mq, with the countable infinite product



measure m X m X - --, where m is the normalized Lebesgue measure of the unit
circle.

The Fourier coefficient of a function g € L'(T°) at a sequence a = (a1, as,...) €
Z° is defined as

0 = [ 902" dmac (o),
’]I‘oo
where Zg° is the set of all compactly supported sequences with integer terms and

24 =225,
is the multi-index notation. Similarly, we will denote by Ng° the set of all com-
pactly supported sequences of non-negative integers.

In a similar manner to the unit circle, the Hardy space H?(T*°), 1 < p < oo is
defined as the subspace of LP(T°), which contains all the functions with vanishing
Fourier coefficients at sequences in Z3 \ N§°.

We will denote by {p,}n>1 the increasing sequence of prime numbers. The
fundamental theorem of arithmetics implies that T is isomorphic to the group of
characters of ((Q)4,-). Given a point x = (x1,X2,--.) € T, the corresponding
character x : (Q)4 — T is the completely multiplicative function on N such that
x(pj) = x;, extended to (Q); through the relation x(n=!) = x(n). From now on
we identify a point x = (x1,...) € T® with the corresponding character x(n).

Suppose f(s) = > %= and x(n) is a character. The vertical limit function

n>1

fx is defined as
a
frls) = Z TTZX(”)
n>1
Kronecker’s theorem [15] justifies the name, since for any ¢ > 0, there exists
a sequence of real numbers {t;};>1 such that f(s+it;) — fy(s) uniformly on

(Co'u(fH’E'
Starting with a Dirichlet polynomial f(s) = > %= and mapping its prime
n>1
term to a new variable:
p;s = Xis 1€ Na

we define the Bohr-lift of f as
(3) B(f) =Y _ anx(n).
n>1

The Bohr-lift is an isometric isomorphism between HP [5, 16, 51] and
HP(T*°), p € (0,00]. By H> we denote the space of all bounded Dirichlet series
in Cy, equipped with the uniform norm. For 0 < p < oo, the Hardy space HP of



Dirichlet series is defined as the completion of Dirichlet polynomials under the
Besicovitch norm (or quasi-norm if 0 < p < 1)

1
P

1
— : i\ [P
[Pl = | Jtim 2T/IP(Nf)I di

For every f € H? the series B(f) := Y. anx(n) converges for almost every
n>1

character y € T, [36]. Thus, for every f € H2 and for almost every y € T,
we have that o.(fy) < 0, which is actually a result due to H. Helson [38], see
also [5] for an easy proof using the Rademacher-Menchov theorem.

1.3. The ergodic theorem. It is known [51, Section 2.2] that given a
sequence {a,, }nzl of QQ-linear independent real numbers, then the Kronecker flow
{T};}ter is ergodic, where

(4) Tt(Xl? X27 AR ) = (eiltalxl’ eiita2x27 AR )'
By Birkhoff-Khinchin ergodic theorem, we obtain the following.
THEOREM 2 (|24, 51]). If g € LY(T*), then for almost every xo € T,

T
(5) 1m.11/wnmwﬁ=/gummﬂm.

T—+oo 2T

If g is continuous, then (5) holds for every xo € T®.

Consequently, for every f € HP, 0 < p < oo and for almost every character
Xo(n)

(6) gﬂﬂfmwMt/wwmwy
2. Composition operators on Hardy spaces of the unit disk

We will make a very short presentation of the topic and we refer the reader
to [25, 57]. The classical Hardy spaces HP, p > 0 consist of all analytic functions
in the unit disk D with finite p-integral means

H? = ¢ f holomorphic in D : || f||%, := hm /’f — < 400

The H® space contains all bounded holomorphic function in the unit disk and
it is equipped with the uniform norm.



For p = 2, by Parseval’s formula we have the following equivalent definition
for the H? space:

H = 5(2) = S ane 1% = 3 laal? < 40

n>0 n>0

Every analytic self-map of the unit disk, ¢, induces a bounded composition
operator
Cy: H? — H?, f=fod on H?.
This result is a consequence of subharmonicity known as the Littlewood subor-
dination principle [46].
J. Shapiro in his seminal paper [56] characterized the compact composition
operator Cy in terms of the Nevanlinna counting function

1
No(z)= > log oy 7%

zi€6~1({2}) ’
We recall that an operator is called compact if it maps every bounded set to a
relatively compact one.

The composition operator Cy is compact on H?, p € (0,00) if and only if
N,

(7) im el

1
|z] =1~ logm

As the above characterization demonstrates compactness of the composition op-
erator Cy on HP? is independent of p > 0. This is actually a special case of the
fact that the Hardy spaces HP share the same Carleson measures [23], the mea-
sure in our case would be the pull-back measure induced by the symbol ¢, see for
example [25]. A positive Borel measure g in the unit disk is a Carleson measure
for H? if there exists a constant C' > 0 such that, for all f € HP,

/WMWMMS@W%.
D

In Article 3 we will consider Carleson measures on spaces of Dirichlet series.

From the previous discussion if we are interested in compactness of compo-
sition operators on Hardy spaces it is sufficient to only consider the case p = 2.
Two identities of key importance for our point of view that also illustrate why the
above characterization of compactness is natural are the Littlewood—Paley and
the Stanton’s formulae for the norm of a function f € H? and its image Cy(f),
respectively.

(®) 1 = FOF + = [ 1) 10w 7 dA).



2
9) ICo (NIl = 1 0 2O + = / |/ (2) N (2) dA(2),
D
where dA(z) = dx dy, z = x + iy, is the area measure.

3. Composition operators on spaces of Dirichlet series

Gordon and Hedenmalm [32] determined the class & of symbols which gen-
erate bounded composition operators on the Hardy space H2.

Cy : H? = H?, f— fou.

The Gordon—Hedenmalm class & consists of all functions ¥(s) = cos+¢(s), where
co is a non-negative integer, called the characteristic of ¥, and ¢ is a Dirichlet
series with the following mapping properties:

(1) If co = 0, then (Co) C Cy.
(2) If ¢o > 1, then ¢(Cy) C Cy or ¢ = it for some T € R.

We will use the notation &y and &>, for the subclasses of symbols that satisfy
(1) and (2), respectively.

For p > 1 [5, 51] the condition ¢ € & is necessary for the operator Cy
to be bounded on ‘H” and for the special cases ¢ € &> or p = 2n,n € N it
is also sufficient. Also, for 1 < p < 2, there exists a Dirichlet series symbol
¢ € B, such that C, is not bounded on H”. The characterization of bounded
composition operators with Dirichlet series symbols on H?, p ¢ 2N remains an
open question. In Article 3 we give geometric conditions that suffice boundedness
and compactness of C, on HP.

3.1. Compactness. Compact composition operators induced by Dirichlet
series symbols C,: H?> — H? were characterized by O. F. Brevig and K-M.
Perfekt in [21]. As in the disk case, this characterization involves a counting
function.

. . 7T
M,(w) = Ulggh 111_130 T Z Res, w € Ci\{p(+00)}.
s€p  ({w})
| Im s|<T
o<Re s<oo

It turns out that Cy, is compact if and only if

M
(10) m el _
Rew—)%+ Rew — 3

0.

Suppose ¢ € & and f a Dirichlet series in H2. The analogues of the
Littlewood—Paley and Stanton’s formulae are respectively:



(11)
I £ll5,2 = |f(+00)> + lim lim —//|f (o +it)|” o dt do, ou(f) <0.

00—0+ T—oo T
op —

(12) IC ()32 = 1f (p(+00))* + = / [ (w)[* My (w) dA(w),
3
for the proof of those formulas we refer to [21]. By f(+00) we denote the first
coefficient a; of the Dirichlet series f(s) = dn,
n>1

We apply the polarization identity in (12), yielding to

(13) {Co(f), Co(9)) = f(p(+00))g(p(+00)) + /f(w w) M (w) dA(w).

Ci
2

The above identity will play a crucial role when we investigate the existence of
composition operators in the Schatten classes.

Two key properties of the counting function M, (w) proved in [21] are the
submean value property and a Littlewood type inequality. Those are respectively:

1
(14) M, (w) < o / | M (2) dA(2),

for every disk D(w,r) C C, that does not contain ¢(+00), and

o(+o0)+w—1
15) () < log A

. weC\{p(+oo)

For 1) € &>; the characterization of compact composition operators remains
open. F. Bayart [8] gave the following sufficient condition for the composition
operator Cy, to be compact

Ny (w)

16 i =0
(16) ReulJ130+ Rew ’

where the Nevanlinna-type counting function N, is defined as

Ny(w) = Z Res.

sep ™ ({w})
Res>0

For ¢(s) = cos + p(s) € &, we set
Ux(s) = cos + @x(s),

7



then for every x € T* we have that

(17) (Cy(£))y = Fxeo © Py
The symbol ¢ has boundary values v, (it) = lim+ 1y (o +it) for almost every
o—0

X € T* and for almost every ¢t € R, see [20].
The Littlewood—Paley type formula [6] that is convenient to use when we
work on composition operators with symbols ¢ € &> is

(18)  IfI = If (+o0) > + l//:/u (o + i) o dt dordmes (),

’]1'°°O—T

where f € H? and T > 0.
Suppose ¥(s) = cos + ¢(s) € &>1, by a non-injective change of variables we
get the following Stanton’s type formula:

(19)  [Co(DI? = |f(+00)? + .// ! o (@)[* Ny, (w0, T) dimoo (x) dA(w),

Cq Tee

where the (restricted) mean counting function Ny (w,T') is defined as

m
Ny, (w,T) = T Z Res.
s€p ({w})

[ Im s|<T

Res>0
In Article 2 having as a starting point the above expressions for the norms in
H?, we give a necessary condition for composition operators Cy, ¥ € B> to be
compact on H? answering in this way a question posed by F. Bayart in [8].

3.2. Weighted Hilbert spaces of Dirichlet series. For a < 1 we define
the weighted Hilbert space D, of Dirichlet series as

Gp 2 a
Dy =3 f(s) = o flle= jaa]* + ) lan|* log(n)* < oo

n>1 n>2

The condition that ¢ € & is necessary for a composition operator Cy, : D, — D,
to be bounded. In the Bergman case a < 0, this is also known to be sufficient
[3, 4].

Working in a similar manner with the Hardy case H? applying Carlson’s the-
orem [35, Lemma 3.2] one deduces the following Littlewood—Paley type formula:

l1—a
<m>wﬁ=uwwW+!L——mlmn—//uc+m|laﬁw

I'(2—a)oo—0tT—oo T
oo =T



where f € D, and o,(f) < 0.
The space D, is analogous to the weighted Hilbert space D,, consisting of
those holomorphic functions g on the unit disk such that

(21) oI, = o |2/M 2(1 - |5[2)* dA(2) < 00

By the results of [41, 50, 56], a holomorphic self-map of the unit disk ¢: D — D
induces a compact composition operator on D, o > 0, if and only if

()
(22) \&ru—m>‘“

where for o = 1, Ny is the classical Nevanlinna counting function Ny and for
a # 1, Ny o is the generalized Nevanlinna counting function

Noa(z)= Y (1—|zP)™
zi€¢~ ({2})

For ¢ € &¢, making a non-injective change of variables in (20) yields that

1—a
ICo (DI = | Flp(+00) P+ —me— mnmn/UWI o1—a(w,0, T) dA(w),

72 —a) oot T

m\»—A

where

M,o(w,0,T)= % Z (Res)*, w # @(+00).

s€p™ ({w})
[Im s|<T
o<Re s<oco

We introduce the weighted mean counting functions

My o(w,0) = Jim il Z (Res)”, w # (+00),

sep ({w})
[Im s|<T
o<Re s<oco

and

if these limits exist.

In Article 1 we work on composition operators on such weighted Hilbert
spaces of Dirichlet series. We prove the existence of the above weighted mean
counting functions and the associated Stanton’s formulae, we give a character-
ization of compact composition operators C,, ¢ € &, on Bergman spaces of
Dirichlet series in terms of those counting functions, and we investigate when
analogous conditions are sufficient or necessary.



3.3. Schatten classes. A compact operator T acting on a separable Hilbert
space H can be written as

(23) T(x) = Z Snlx, en)hn, r € H,

n>1

where {sp, }n>1 is the sequence of singular values and {e,}n>1 and {hy},>1 are
orthonormal sequences. In case T is self-adjoint, then e, = +h,, for all n > 1.
For p > 0 the S, Schatten class of compact operators T' on H is defined as

Sp = Sp(H) = { T compact on H : |[T|[§ = sh < oo

n>1

Equivalently (see [40]), for p > 1, a bounded linear operator T belongs to .S, if
and only if there exists a positive constant C' such that

Z [(Ten, en)” < C,

n>1

for every orthonormal basis (e, ). Furthermore, if T is self-adjoint, then

”T”gp = sup Z |<Ten’ en>|p7

n>1

where the supremum is being taken over all orthonormal bases of H.
A non-trivial result is that S, is a Banach spaces for p > 1, [42, Chapter 1.].
For a positive operator T on H we define the power TP, p > 0, as

TP(x) = Z sP (@, en)en, zr € H.

n>1

We observe that T' € Sp, if and only if 7?7 € S;. If T is not assumed to be
positive, we can still use that T € S,, if and only if |T|P = (T*T)?/? € S, if and
only if T*T € S, /5.

D. H. Luecking and K. Zhu [47] proved that a composition operator Cy on
the Hardy space H?(D) belongs to the Schatten class Sy, p > 0 if and only if

p
2

o) [ e

(1— |of2)2+2 dA(2) < +oo.

D

In Article 3 we study when the analogous condition is necessary and sufficient
for a composition operator on Hilbert spaces of Dirichlet series to exists in the
Schatten classes.

10



4. Conformally invariant quantities in the complex plane

At first sight, geometric function theory and potential theory may look irrel-
evant to the theory of Dirichlet series. Although, conformal invariant quantities
are crucial to the development of our results.

4.1. Hyperbolic metric. Let us recall the classical Schwarz—Pick for the
unit disk: Every holomorphic self-map of the unit disk ¢ : D — I satisfies the
following contractive inequality

O
L—p(2)P = 1= [2]*
Equality holds in (25) for a single point 2o € D, and consequently for every point
in the disk, if and only if ¢ is a holomorphic automorphism of the unit disk.

(25) z € D.

DEFINITION. The hyperbolic metric and distance in the unit disk are defined

respectively as
2

1= 2>

dD(Za w) - inf/)\]D)(C) |dC|7
v
Y

where the infimum is taken over all piecewise smooth curves v in D that join z
and w.

Ap(z) =

The Schwarz—Pick lemma has the following reformulation in terms of the
quantities defined above:

THEOREM 3. Let ¢ be a holomorphic self-map of the unit disk. Then it is a
contraction of the hyperbolic distance

(26) Ap(6(2))10'(2)] < A (2),
and
(27) dp(¢(2), d(w))) < dp(z, w),

where z, w € D. If equality holds in (26) for one point, or in (27) for a pair of
distinct points, then ¢ is a holomorphic automorphism of the unit disk, and thus
an isometry.

Using the conformal invariance of the hyperbolic distance, one can prove that

1+ |22 we
dp(z,w) = logﬁ = 2arctanh T
1- ‘1—@,2

Via the Riemann mapping theorem we can define hyperbolic metrics and
distances to any simply connected proper subdomain {2 of the complex plane.

11



Actually the domains where we can define such metrics are called hyperbolic,
which are domains that omit two distinct points in the complex plane, see for
example [13]. Let f be a Riemann map from Q onto the unit disk. Then

Aa(z) = Ap(f()If ()],

da(z,w) = do(((2), w)) = int [ Aa(0)ldC],
¥
where the infimum is taken over all piecewise smooth curves  in €2 that join z and
w. The quantities A\ and dq are independent of the choice of the Riemann map.
In the case of the right-half plane, considering the Riemann map f(z) = £ we
obtain that

1
Aco(2) = Rez’
and
14 Z*E’ _ >
tw (lz +w| + |z — wl)
d =1 =1
Co(z7w) og 1_ z:—% 0g 4Re 2z Rew )

where z, w € Cg.
The following Schwarz—Pick lemma for simply connected domains is a direct
consequence of the definition and the classical Schwarz—Pick lemma, see [13].

THEOREM 4. Suppose that 0y and Qo are simply connected proper subdo-
mains of the complex plane and that f : Q1 — Qo is a holomorphic function.
Then, for every z, w € Q,

(28) A, (FDIF'(2)] < Aa, (2),
and
(29) sz (f(z)v f(w)) < dQl (27 w)'

Furthermore, equality holds in (28) for one point, or in (29) for a pair of distinct
points, if and only if f is a biconformal map from Qq onto Q.

In Article 1 we apply the results of this subsection proving a Schwarz—type
lemma for Dirichlet series. Our methodology leads to a new proof of the char-
acterization of bounded composition operators on Bergman spaces of Dirichlet
series. Furthermore, to prove an optimal extension of Bohr’s theorem in Article
5 we used a Schwarz-type lemma for hyperbolic domains. This lemma is the so
called Schottsky’s theorem, see [1]:

12



THEOREM 5. Let D(c,r) be the open disc with center ¢ and radius r > 0. If
f s analytic and different from 0 and 1 in D(c,r), then

(30) ()] < exp ( (7 + max(0, log lf(C)l))> 7

for all s € D(e,r).

r+|s—c|
r—|s—c|

4.2. Green’s function. A Green’s function [53] for a domain Q@ C C is a
function gqg : © x Q — (—00, +00] such that, for all w € Q, g(-,w) is harmonic in
O\{w}, ga(z,w) — 0 n.e as 2 — 9N and go(-,w) + log| - —w| is harmonic in a
neighborhood of w. If a domain admits a Green’s function then it is necessarily
unique. For instance, the Green’s function on the disk gp : D x D — (0, 00| has
the form

gn(z, w) = log

By conformal invariance we can easily define Green’s function on every simply
connected subdomain of the complex plane, for example

z+w

gc, (z,w) = log , z, w € Cy.

zZ—w

The class of domains D possessing a Green’s function gp is much larger than the
simply connected domains, see [53, Chapter 4]. Lindelof’s principle for Green’s
function (see for instance [14]) states that if f is a holomorphic function mapping
D1 to D5, where both of those domains possess Green’s function, then for zg € Dy
and w € Dy \ {f(20)}

(31) Z 9D, (szO) < ng(w7f(ZO))
zef 1 ({w})

In Article 3 we apply Lindel6f’s principle for Green’s function to establish suf-
ficient conditions for composition operators on HP spaces to be bounded, compact
or exist in the S, classes in terms of the geometric properties of their symbols.

5. Beurling primes

When we defined the correspondence (Bohr-lift) between Dirichlet series in
the Hardy spaces and functions in the Hardy spaces of the infinite polytorus
we only used the fact that monomials of the form p;® behave in some sense
like independent variables z,, n € N. Can we work with similar sequences of
"primes", which have the same behaviour but are in some sense more easy to
control?

Let us start doing that considering an increasing sequence ¢ = {¢,}n>1 of
real numbers and imitating the construction of the natural numbers through the
fundamental theorem of arithmetic.

13



We want the sequence g to behave like the increasing sequence of primes,
thus we assume that {log (In}nzl is linearly independent over Q and that

1< <qga<--- < @p— 0.

We will denote by Ny = {v,,},>1 the set of numbers that can be written as
finite products with factors from ¢, ordered in an increasing manner.

_ a._ a1 G2
Un=4q ‘=41 4"

This representation of the number v,, is unique since we assumed Q-linear iden-
pendence of the sequence {log gy }n>1.

The numbers ¢,, are called Beurling primes, and the numbers v,, are Beurling
integers. This sequence of Beurling integers corresponds to a class of generalized
Dirichlet series of the form

fs) = an,”.

n>1

This is actually a special case of generalized Dirichlet series

f(s) = Z ane s,

n>1

where A = {\,, },,>1 is an increasing and unbounded sequence of positive numbers
called the frequencies of the Dirichlet series. These series have similar convergent
properties as in the classical case A, = logn and the abscissas o, oy, and o, of
pointwise, uniform, and absolute convergence are defined in the same way, see
for example [34].

Our first motivation is to consider Hardy spaces of generalized Dirichlet series,
which are at least in a functional analytic point of view similar to the HP spaces,
meaning isometric isomorphic. In this way when we work on problems that do
not depend on the sequence of primes we will have the opportunity to transfer
our notions to a space where we may have better control, for example of the
reproducing kernels.

5.1. Hardy spaces of generalized Dirichlet series and Helson’s con-
jecture. Henry Helson [37] was the first who worked on spaces of generalized
Dirichlet series. For a Beurling system ¢ = {¢n}n>1 and N, = {v,}n>1, the
corresponding Hardy space 7—[3 of generalized Dirichlet series is defined as

Hy=Qf(s) =D any” : ||f||3{g = lan* < o0

n>1 n>1
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For the other values of p € [1,00) as in the classical case, we define HE as the
completion of Dirichlet polynomials under the Besicovitch norm

1
P

T
1
o s T 0\ |P
1Pl = | Jim 5 [ 1PGOP dt
=T

For p = oo, the space H;° will consists of bounded and convergent Dirichlet series
> anv,® in the right half-plane Cy equipped with the uniform norm.
n>1

As we have already mentioned, a result of key importance to the theory of
Hardy spaces of Dirichlet series is the correspondence, the Bohr lift, between H?
and the Hardy space HP(T°°) of the infinite polytorus. For p € (0, 00), this holds
also for the spaces H?, [27, 38]. The situation when p = oo is not the same [55].
In order to have that the Bohr-lift is an isometric isomorphism between H°(T>)
and HZ° we will require for the sequence of Beurling natural numbers to satisfied
the following condition:

There exist positive constants ¢; and co such that

(32) Ungl = Vn 2 C1V, (3

This condition is known as Bohr’s condition. Bohr was interested in frequencies
{An}n>1 for which the analogue of the Theorem 1 hold’s. Landau in [45] and
recently Bayart in 7] gave weaker conditions on the sequence of frequencies that
suffice the validity of Bohr’s theorem for generalized Dirichlet series of the form

3 ape s,

n>1

As in the classical case, if f € ’Hg, then f, (s) converges in C for almost every
x € T°°. This follows from the Carleson theorem for the infinite polytorus [36].
Helson in [38] proved the same result in a more general setting with the extra
assumption that the frequencies satisfy Bohr’s condition. In the same article
Helson posed a conjecture, which was a way (if correct) to disprove Riemann’s
hypothesis. In order to state the conjecture we first need to recall what an outer
function is.

DEFINITION. Let N, be a Beurling system as above. A function f € H§ is
said to be outer (or cyclic) if {fg 1 g€ quo} is dense in ’Hg.

Note that an outer function f € H? has no zeros in the unit disk, that is
a consequence of the fact that reproducing kernels in the classical Hardy spaces
are well defined in the whole disk. That is exactly what the conjecture states for
our setting:

CONJECTURE. If Ny is a Beurling system that satisfies Bohr’s condition and
is outer in H2, then never has any zeros in its half-plane of convergence.
i N y D g
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In the classical setting where ¢ is the ordinary sequence of primes, under
the Riemann hypothesis Helson’s conjecture fails. Let f = 1/((s + 1/2 + ¢),
under our assumption the function f is a convergent Dirichlet series in Cy, see
for example [59]. One can also prove that f, f2, 1/f, 1/f? € H?. Therefore,
there are polynomials p, which converge to 1/f in H*, so that

11 = pnflae < [ fllaesll1/f = pulls =0, n— o0

Thus 1/¢(s+ 1/2 + ¢) is outer. On the other hand, it has a zero at s =1/2 —¢.

In Article 4 we disprove Helson’s conjecture finding a Beurling system which
satisfies the analogue of Riemann hypothesis and Bohr’s condition. Furthermore,
Beurling primes were also used in Article 2 to extend our notions to a larger space
of Dirichlet series and establish a necessary condition for composition operators
of the form Cy, ¢ € B> to be compact on H?.

For an overview of the theory of Beurling primes from a number theoretical
point of view we refer to [28, 39)].

6. Universality

Universality refers to the phenomenon where an object, via a countable pro-
cess, yields approximations to all members of some collection of interest. In our
case this object will be a Dirichlet series, the collection will be a set of holomorphic
functions and the approximation will happen through the vertical translations of
this Dirichlet series.

Let € be a vertical strip of the form {op < Res < o1} and f be a Dirichlet
series with an analytic continuation in §2. The Dirichlet series f is called universal
in Q if for every compact set K C ) with connected complement, for every non-
vanishing holomorphic function g, which is continuous in K and holomorphic in
the interior of K and for every € > 0, the set

D={t>0: [f(s+it)—g(s)|x <c s € K}

T
has positive lower density dens(D) := 1i:,gn inf & [ 1p(t) dt, where ||| denotes
— 00 0

the supremum norm on K. Furthermore, we say that f is strongly universal if
the restriction that g is non-vanishing can be eased.

Essentially, f is strongly universal or universal, if the vertical translations
f(- +it) can approximate every or every non-vanishing holomorphic function in
K, respectively. One of the most important results of this field, a key stone for
all the further developments, is the universality of the Riemann zeta function due
to Voronin [2, 60].

THEOREM 6. The Riemann zeta function ¢ is universal in the critical strip
{3 <Res <1}

16



The theory of universal Dirichlet series is connected to the properties of the
series in the domains where it is difficult to investigate their behaviour. An exam-
ple that illustrates the importance of universality is the following reformulation
of the Riemann hypothesis due to B. Bagchi [2]:

THEOREM 7. The Riemann hypothesis holds if and only if for every compact
subset K of the critical strip with connected complement and every € > 0, there
exists a subset D of the positive real numbers, such that:

(33) sup [((s +it) — ((s)] < ¢, teD, dens(D) > 0.
K

After the seminal work of Voronin, universality attracted the attention of a
lot of mathematicians. We refer the interested reader to the survey article of K.
Matsumoto [48] for further developments on the subject.

In Article 6 we set out to find examples of convergent Dirichlet series that
are (strongly) universal and to establish criteria for generalized Dirichlet series
> ane~*7% to be (strongly) universal. It is worth mentioning that at least in our
n>1
knowledge there are not many examples of universal objects that we can actually
"write down" (without an analytic continuation). The same phenomenon also
happens in other fields related to universality. For instance, it is still an open
question to find an example of a universal Taylor series, [33, 49].

One of the starting points of our work was the following question posed by
F. Bayart in [9]:

QUESTION. Is the alternating prime zeta function »_ (—1)"p;,;* strongly uni-

n>1
versal in {3 < Re < 1}?

Now, we will make a short sketch on how one can study generalized Dirichlet

series f(s) = Y. a,e~*** in terms of their universal properties. Normally, when
n>1

we try to prove that such a series is universal we split the proof into two parts.

The first part has to do with the density of the subspace generated by the terms

ane % of the Dirichlet series in a certain Hilbert space of holomorphic functions.

We start mentioning the following Hilbertian density criterion, [2, 12, 51]:

THEOREM 8. Let {zy}n>1 be a sequence of vectors of a complex Hilbert space
H such that:

(1) For every x* € H \ {0}, we have

> @, an)| = o

n>1

2
Z |zn]]” < oo.

n>1

(ii)
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N
Then, for any positive integer Ny, the set { S zp@y : |z =1, N € N} is
n=~Np

dense in H.

DEFINITION. We say that a Dirichlet series f(s) = Y. a,e™*»* belongs to
n>1

Dgens if for all a, 8 > 0, there exist C > 0 and zy > 1 such that, for all z > x,

Z lan| > Cel@e (N =Rz,

)\ne[r,m-&-w%]

Under some mild conditions, the existence of f € Dgens implies (i) of Theo-
rem 8, [9]. The Hilbert space in our case will be a Bergman space A%(U), where
U is a smooth Jordan subdomain of €).

A%(U) = { f holomorphic in U : Hf||,242(U) ::/\f(z)|2 dzdy < oo
U

The second part of the proof is related to how well the partial sums of the

series f(s) = Y. a,e”*»* approximate the function itself.
n>1

DEFINITION. We say that a Dirichlet series f(s) = > ane™*»* belongs to
n>1
Dy .a.(00), where o9 > oo(f), if it satisfies the following conditions:
(i) It has an analytic extension to {Res > oo, Ims > 0} UC,_(p).
(i) Tt is of finite order, that is: For all o1 > oy, there exist tg, B > 0 such that,
for all s = o + it with o > o1 and t > to, |f(o +it)| < 5.
(iii) For all oy > 01 > 0y,

T

1
sup sup — [ |f(o +it)|?dt < +oo.
o€loy,02] T>0 T |

(iv) The sequence (\,,) is Q-linearly independent.

For a probabilistic point of view of the value distribution for members of the
class Dy .. (00) we refer to [29, 30].

It is proven in [9] that membership in those two classes of Dirichlet series
suffices strong universality.

THEOREM 9. Suppose that the Dirichlet series f(s) = 3. ane™n* exists in
n>1
Dw.a.(00) NDyens- Then it is strongly universal in the strip {og < Res < a,(f)}-
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The main difficulty that we face trying to answer problems like Question 6
has to do with the order and the square moments of the corresponding Dirichlet
series, see (ii) and (iii) of Definition 6.

Classical and also recent results indicate that such problems, related to the
order of Dirichlet series, require techniques from the intersection of harmonic
analysis and analytic number theory, see for example how the method of non-
stationary phase or decoupling can be used to estimate exponential sums, [12,
17]. For series of the form f(s) = 3. a(n)e~*™* where the frequencies \(n) and

n>1
the terms a(n) are not regular enough, meaning non-smooth and not of bounded
variation respectively, those methods are not applicable. Although, we expect a
proper decay at least for the alternating prime zeta function, see Article 6.

In Article 6 we study in addition to the alternating prime zeta function,
generalized Dirichlet series of the form f(s) = > Q(n)(log(n))®[P(n)]~*, where

n>1

P and @ are polynomials. We provide a sufficient condition for such a Dirichlet
series f to be strongly universal. Our result can be applied for example to give a

new proof of the fact that the Hurwitz zeta functions > (n + «)~*%, where « is
n>1

transcendental, is strongly universal in {% < Res < 1}, see also [31, 48].

7. Overview of the thesis

Article 1 [44]. We study composition operators with Dirichlet series sym-
bols on weighted Hilbert spaces of Dirichlet series D,. For this purpose we demon-
strate the existence of the associated weighted mean counting functions M, ,, and
provide a corresponding change of variables formula for the composition operator.
This leads to natural necessary conditions for the boundedness and compactness.
For Bergman-type spaces, we are able to show that the compactness condition is
also sufficient, by employing a Schwarz-type lemma for Dirichlet series. Combin-
ing this Schwarz-type lemma and the techniques of [32] we give a new proof of
the characterization of bounded composition operators induced by symbols with
characteristic zero on D,, a < 0.

Article 2 [43]. O. F. Brevig and K-M. Perfekt [21] characterized compact
composition operators on H? with symbols in &¢. For symbols 1 (s) = cos +
©(s) € &>1, F. Bayart [8] proved that condition (16) suffices compactness of the
composition operator Cy, on H?. Our main result is that the following L*(T*)
analogue of condition (16) is necessary for such composition operators to be
compact on H2:

: Ny, (w) _
(34) Rgﬂo/ de‘”(") =0,

oo
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recall that the Nevanlinna-type counting function N, is defined as

Ny(w) = Z Res.
sey ™ ({w})
Res>0
To prove this result we extend our notions to a Hardy space H3 of generalized
Dirichlet series, induced in a natural way by a sequence of Beurling primes.

Article 3 [11]. We give necessary and sufficient conditions, in the same
spirit with the Schatten class conditions for the disk setting (24), for a composi-
tion operator with Dirichlet series symbol to belong to the Schatten classes .S, of
the Hardy space H? of Dirichlet series. For p > 2, these conditions lead to a chai-
acterization for the subclass of symbols with bounded imaginary parts. Finally,
we establish a comparison-type principle for composition operators exploiting the
connections between the mean counting function M, and the counting function
appearing in Lindelof’s principle (31). Applying our techniques in conjunction
with classical geometric function theory methods, we prove the analogue of the
polygonal compactness theorem for #? and we give examples of bounded com-
position operators with Dirichlet series symbols on HP, p > 0.

Article 4 [22]. Given a sequence of frequencies {\,},>1, a corresponding
generalized Dirichlet series is of the form f(s) = > o a,e”*"*. We are inter-
ested in multiplicatively generated systems, where each number e’ arises as a
finite product of some given numbers {g, }n>1, 1 < ¢, — 00, referred to as Beurl-
ing primes. In the classical case, where A\, = logn, Bohr’s theorem holds. We
prove, under very mild conditions, that given a sequence of Beurling primes, a
small perturbation yields another sequence of primes such that the corresponding
Beurling integers satisfy Bohr’s condition, and therefore the theorem. Applying
our technique in conjunction with a probabilistic method, we find a system of
Beurling primes for which both Bohr’s theorem and the Riemann hypothesis are
valid. This provides a counterexample to a conjecture of H. Helson.

Article 5 [19]. The following extension of Bohr’s theorem is established: If
a somewhere convergent Dirichlet series f has an analytic continuation to the
half-plane Cyp = {s = o + it : o > 6} that maps Cy to C\ {«, 8} for complex
numbers a # 3, then f converges uniformly in Cy . for any € > 0. The extension
is optimal in the sense that the assertion no longer holds should C\ {«, 5} be
replaced with C\ {«a}.

Article 6. [10] We establish sufficient conditions for a Dirichlet series in-
duced by general frequencies to be universal with respect to vertical translations.

Applying our methodology we give examples of universal Dirichlet series such as

20



the alternating prime zeta function Y (—1)"p; ¢, partially answering in this way
n>1
Question 6.
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COMPOSITION OPERATORS ON WEIGHTED HILBERT
SPACES OF DIRICHLET SERIES

ATHANASIOS KOUROUPIS AND KARL-MIKAEL PERFEKT

ABSTRACT. We study composition operators of characteristic zero on weighted
Hilbert spaces of Dirichlet series. For this purpose we demonstrate the ex-
istence of weighted mean counting functions associated with the Dirichlet
series symbol, and provide a corresponding change of variables formula for
the composition operator. This leads to natural necessary conditions for
the boundedness and compactness. For Bergman-type spaces, we are able
to show that the compactness condition is also sufficient, by employing a
Schwarz-type lemma for Dirichlet series.

1. INTRODUCTION

For a <1 we define the weighted Hilbert space D, of Dirichlet series as

D=3 £(5) =D 2 I} = larl? + Y lan[*log(n)" < o

n>1 n>2

The space Dy coincides with the Hardy space H? of Dirichlet series with square
summable coefficients, which was systematically studied in an influential article
of Hedenmalm, Lindqvist, and Seip [13]. For a < 0 we refer to D, as a Bergman
space and for a > 0 as a Dirichlet space, see [18].

By the Cauchy—Schwarz inequality, D, is a space of analytic functions in the
half-plane C1, where Cy = {s € C: Res > 6}. Therefore, if ¢ : C; — Cy is
an analytic function, the composition operator Cy(f) = f ot defines an analytic
function in C; for every f € D,. Gordon and Hedenmalm [12] determined the
class & of symbols which generate bounded composition operators on the Hardy
space H2. The Gordon-Hedenmalm class & consists of all functions v(s) =
cos + (), where ¢ is a non-negative integer, called the characteristic of 4, and
 is a Dirichlet series such that:

(i) If co = 0, then ¢(Co) C Cy.
(i) If ¢o > 1, then p(Cpy) C Cp or ¢ =it for some 7 € R.

We will use the notation &, and &>; for the subclasses of symbols that satisfy
(1) and (ii), respectively. In either case, the mapping properties of ¢ and Bohr’s
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theorem imply that the Dirichlet series ¢ necessarily has abscissa of uniform
convergence o, () <0, see [23, Theorem 8.4.1].

By what is essentially the original argument of Gordon and Hedenmalm, the
condition that 1 € & is necessary for a composition operator Cy : D — D, to
be bounded. In the Bergman case a < 0, this is also known to be sufficient [2, 3].
When 1) € &, the proof of boundedness of Cy, : D, = D, a < 0, due to Bailleul
and Brevig [3], has a rather serendipitous flavor. In Section 3 we will supply a
more systematic proof based on a Schwarz lemma for Dirichlet series, Lemma
3.4.

Beyond this, we will focus on composition operators induced by symbols ¢ €
®g. The compact operators Cy,: H? — H? were characterized only very recently
in [10], in terms of the behavior of the mean counting function

M,1(w) = Ulirgl+ Tlgréo z Z Res, w # p(+00).
s€p  ({w})
[ Im s|<T
o<Re s<oco
The main purpose of this article is to explore analogous tools and results in the
weighted setting.

From Carlson’s theorem [13, Lemma 3.2] one deduces the following formula of

Littlewood—Paley type,

&S
l1—a

T

2 . . 1 N2 l—a

(1) U2 = 15l + s tim i = [ [ 17+ i o= e
oo =T

valid for f € D, such that o,(f) < 0. From this point of view, the space D,
is analogous to the weighted Hilbert space D,,, consisting of those holomorphic
functions g on the unit disk such that

(2) lgll, = 19(0)[* + / l9'(2)]*(1 = [2]*)* dA(z) < oo,
D

where « = 1—a > 0 and dA(2) = dz dy, z = x +1iy. By the results of [16, 20, 26],
a holomorphic self-map of the unit disk ¢: D — D induces a compact composition
operator on D, a > 0, if and only if

(3) lim
where for a =1, Ny ;1 is the classical Nevanlinna counting function

No®) = Noale)= Y0 log i, 2#0(0),

zi€p—1({2}) &l
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and for a # 1, Ny o is the generalized Nevanlinna counting function

Noa(z)= D (1—|=P)™

zi€p~1({z})

A key step in the disk setting is to introduce a non-injective change of variables
in (2), resulting in what is known as a Stanton formula. In our setting, for ¢ € &,
making the change of variables in (1) yields that

ICo (NI = 1 (p(o00))

21—(1 ) ) , 9
*or e [ 1P ool T aAw)
C

[N

where

Q a
Mpa(w,o,T) =7 >, (Res)",  w#p(+00).
s€p™ ({w})
| Im s|<T
o<Re s<oo

For a Dirichlet series ¢ with abscissa of uniform convergence o,(p) < 0, we
therefore introduce the weighted mean counting functions

Mgo(w,o)=lim = 3" (Res)",  w# p(+00),

and

if these limits exist.

Jessen and Tornehave [15, Theorem 31] studied the unweighted counting func-
tion M, o(w, o) in the context of Lagrange’s mean motion problem. They proved
that the counting function exists for ¢ > 0 and w # ¢(+00), and that it satisfies

M@,O(waa) = _jg,gfw(OA»)’
where J qg_w(a“‘) is the right-derivative of the Jessen function,

T

. 1 .
(1) Toulo) = Jim o [ loglp(o+ it) — wl .

-T

On the basis of this and Littlewood’s lemma, it was demonstrated in [10] that
the weighted mean counting function M., ;(w, o) also exists for ¢ > 0 and w #
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©(400). Additionally, if ¢ belongs to the Nevanlinna class of Dirichlet series AV,
that is, o, (¢) < 0 and
T
1
limsup — [ log™ |¢(o + it)|dt < 400,
o—0t 2T

=T

then

My (w) = lirg+ To—w(0) —log |p(+00) — w| < +o0.
o—r

In Section 4 we will investigate the existence of the weighted mean counting
functions My 4.

Theorem 1.1. For a € R, let ¢ be a Dirichlet series such that o,(p) < 0
and ¢(+00) # w. Then the counting function My, (w,0) exists and is right-
continuous on o > 0. Furthermore,

(5) My o(w,0) = My o(w,0)0" + a/t“*1M¢70(w,t) dt.

For 0o, > 0 sufficiently large, depending on ¢ and w, we also have that

(6)
Mg o(w,0) — My o(w,0)0" =

ac® T pew(0) — ac’s log |p(+00) — w| — a(l — a) / t72 T (t)dt.

In Theorem 4.8 we will furthermore obtain the integral representation

Mo a(w) = /M¢X,a(w,0,1)dmm(x)
TOO

of the weighted mean counting function, where dm., denotes the Haar measure
on the infinite polytorus T*, and ¢, denotes the Dirichlet series ¢ twisted by
the character y € T, see Section 2. In the case that a > 1, we are from this
formula able to deduce that

My o(w) = Jim T Z (Res)*

for almost every xy € T°°. That is, it is almost surely possible to interchange the
T- and o-limits in the definition of M, ,(w). When a = 1, this partially resolves
[10, Problem 1].

In Section 5 we then prove the analogue of the Stanton formula.
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Theorem 1.2. Suppose that p € &y and that a < 1. Then, for every f € D,,

@) NI = 1l + == [ 1) Mps-aw)dAw)
Cy

2
If a <0, then My 1_q(w) exists and is finite for every w € (C% \ {e(+00)}.

Remark. For a > 1/2, the mean counting function M, 1_,(w) can be infinite
everywhere, see Example 4.6. In particular, both sides of (7) can be infinite.
When 0 < a < 1/2, we do not know if M, 1_,(w) is finite for every ¢ € & and

¢(+00) # w.

We use Theorem 1.2 to characterize the compact composition operators in the
Bergman setting.

Theorem 1.3. Let ¢ € &g. Then the induced composition operator C, is com-
pact on the Bergman space D_,, a > 0, if and only if

(8) fim  Mearalw)

Rew—)%+ (Rewf %)1“’& E

In addition to the change of variable formula, our Schwarz-type Lemma 3.4,
is essential to proving the sufficiency of (8). In this context, we note that Bayart

- s . Rep(s)—2
[5] recently showed that the condition lim —p=-=2
Res—0*t

not necessary, for the operator C,: D_, — D_, to be compact.

Finally, we consider the Dirichlet-type spaces D, for 0 < a < 1. We prove
that the analogue of (8) remains necessary for the composition operator to be
compact, and we give an analogous necessary condition for boundedness. In
Example 5.7 we observe that this condition is not sufficient for the operator to
be bounded, at least not when a > 1/2.

Theorem 1.4. Suppose that 0 < a < 1 and let ¢ € &y. If the operator C, is
bounded on the Dirichlet space D,, then for every § > 0 there exists a constant
C(6) > 0 such that

Mw,lfa(w)
(9) —— =
(Rew — %)

If Cy, : Dy — D, is compact, then

= oo is sufficient, but

< C(9), w € C1 \ D(p(+00),6).

Mso,lfa(w) _

Rew—3* (Rew — 1)1 7"

In the special case where the symbol ¢ has bounded imaginary parts and
the associated counting function is locally integrable, we can also prove that (9)
is sufficient for the composition operator Cy, to be bounded, and that (10) is
sufficient for a bounded composition operator C,, to be compact.

(10)
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Notation. Throughout the article, we will employ the convention that C denotes
a positive constant which may vary from line to line. When we wish to clarify
that the constant depends on some parameter P, we will write that C = C(P).
Furthermore, if A = A(P) and B = B(P) are two quantities depending on
P, we write A =~ B to signify that there are constants cj,ce > 0 such that
c1B < A < ¢y B for all relevant choices of P.

Acknowledgments. We thank Ole Fredrik Brevig for providing helpful com-
ments.

2. BACKGROUND MATERIAL

2.1. The infinite polytorus and vertical limits. The infinite polytorus is
defined as the (countable) infinite Cartesian product of copies of the unit circle
T

T :{X: (X17X27) Xj ET7] 2 1}
It is a compact abelian group with respect to coordinate-wise multiplication. We
can identify the Haar measure mq, of the infinite polytorus with the countable
infinite product measure m X m X ---, where m is the normalized Lebesgue
measure of the unit circle.

By the unique prime factorization, T is isomorphic to the group of characters
of (Q4,:). Given a point x = (x1,x2,.-.) € T, the coresponding character
x : Q1 — T is the completely multiplicative function on N such that x(p;) = x;,
where {p;};>1 is the increasing sequence of primes, extended to Q4 through the

relation x(n=1) = x(n).
Suppose f(s) = > %= is a Dirichlet series and x(n) is a character. The
n>1
vertical limit function f, is defined as

fuls) = 32 ),

ns
n>1

The name comes from Kronecker’s theorem [7]; for any ¢ > 0, there exists a
sequence of real numbers {¢;};>1 such that f(s +t;) — fy(s) uniformly on
Cou(h)+e-

If f € D,, then the abscissa of convergence satisfies o.(f,) < 0 for almost every
x € T°°. This is a consequence of the Rademacher-Menchov theorem [30, Ch.
X111, following an argument of [4]. Finally, we note that if 1/(s) = cos+¢(s) € &,
and we set

Px(s) = cos + @x(s),
then for every x € T* we have that

(1) (Colf)), = Feeo © ¥y
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2.2. The hyperbolic metric and distance. The classical Schwarz—Pick lemma
states that for every holomorphic self-map of the unit disk ¢ : D — D and for

any z € D,
¢ (2)] 1

(12) T o) < T

Equality holds in (12) for one point zy € D, and consequently for all points, if
and only if ¢ is a holomorphic automorphism of the unit disk. The hyperbolic
metric and distance in the unit disk are defined respectively as

2
Ap(z) = T-P

and

da(zw) = inf [ o(0)]dc].
¥
where the infimum is taken over all piecewise smooth curves v in D that join z
and w. The Schwarz—Pick lemma implies that every holomorphic self-map of the
unit disk is a contraction of the hyperbolic distance,

(13) Ap(6(2))[6'(2)] < Ap(2),
and
(14) dp(¢(2), 9(w))) < dp(z, w),

where z, w € D.

If equality holds in (13) for one point, or in (14) for a pair of distinct points,
then ¢ is a holomorphic automorphism of the unit disk, and thus an isometry.
Using the conformal invariance of the hyperbolic distance, one can prove that

1+ |2 wo
dp(z,w) = log — 7= 2 arctanh T
1= ‘ 1-wz

The Riemann mapping theorem allows us to transfer these notions to any
simply connected proper subdomain 2 of the complex plane. More precisely, let
f be a Riemann map from 2 onto the unit disk. Then

Aa(2) = An(f ()N (2)];

and

dolzyw) = dof f(2), w)) = inf [ Aa(©)1dC],
¥
where the infimum is taken over all piecewise smooth curves 7 in §2 that join z
and w. By the Schwarz lemma it is easy to prove that A\q and dg are independent
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of the choice of the Riemann map. In the case of the right-half plane, considering

the Riemann map f(z) = 25 we obtain that
1
A =—_——,
ca(2) Rez
and
L+ 5% (Iz + @ + |2 — w])?

de, (z,w) = log

| |=w|  ® " 4RezRew
z+w

where z, w € Cg.
The following Schwarz—Pick lemma for simply connected domains is a direct
consequence of the definition and the ordinary Schwarz—Pick lemma.

Theorem 2.1 ([6]). Suppose that Q1 and Qo are simply connected proper sub-
domains of the complex plane and that f : Q1 — Qs is a holomorphic function.
Then, for every z, w € {1,

(15) Ao, (F(2))If (2)] < Aa, (2),
and
(16) do, (f(2), f(w)) < dg, (z,w).

Furthermore, equality holds in (15) for one point, or in (16) for a pair of distinct
points, if and only if f is a biconformal map from 1 onto €s.

3. BOUNDED COMPOSITION OPERATORS ON BERGMAN SPACES OF DIRICHLET

SERIES
Consider the maps Tg(z) = ﬂh;j, B >0, and Sg(z) = 2+ 6, 8 > 0, taking

the unit disk D onto Cy and the half-plane Cy onto Cy, respectively. Following
[12], the space H?(Cg, 3) consists of those holomorphic functions on Cy such that
foSgoTs € H*(D), with norm

—+oo
B ) dt
Hf||§{3(c9,5) = |foSs OTﬁHip(D) == \f(9+“5)|2m~

We recall the following two lemmas.
Lemma 3.1 ([12, 22]). Let f € H? be such that o, (f) < 0. Then
ﬂli_{lgo 11l 22 co,8) = 1fllo -

Lemma 3.2 ([9]). For 3> 0 and f € H?,

2
e, o0 < mx{ 3,00+ )} 1.
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The Cauchy—Schwarz inequality shows that point evaluations in C 1 are bounded
on D,. We record the following statement for easy reference.

Lemma 3.3. Let a < 1 and § > 0. Then there exists a constant C = C(a,d)
such that for every s € (C%_M and f € Dy,

[F () < Cllfllg 12751

Our next goal is to establish a kind of Schwarz lemma for Dirichlet series.
Note that the Schwarz—Pick lemma for the hyperbolic distance implies that
1—

lim inf M >0

lz]—1— 1 —]z]
for any holomorphic self-map ¢ of D, see [8, Lemma 1.4.5]. The corresponding
inequality does not hold for all self-maps of the right half-plane. However, for a
Dirichlet series ¢ € By we will prove that
1

Rep(s) — 3

(17) lim inf Z=5>0.

Re s—0+ Res

This implies a quantitative version of [12, Prop. 4.2]. Namely, that for sufficiently
small € > 0,

P(C) C Ty

The key idea in proving (17) is to exploit the vertical translations of ¢ € & to
restrict the limit to a half-strip, where the quantity in (17) can be shown to be
uniformly bounded from below by virtue of Theorem 2.1.

Lemma 3.4. For every ¢ € & there ezists a constant C = C(p) > 0 such that
9 1
Res < C ((Re s)” + 1) (Recp(s) - 2) , s € Cy.

Proof. We consider the vertical translations ¢(s + it) = ¢y, (s), where x; =
n~% t € R. Observing that ¢,, € &g, we have

)\Co (Z) _ log Re Pxe (Z) - %
Ao (o (2) = 1) Rez
(z+1+]z—1)*

log

(loxe (2) + 2] + lox (2) = 3)

= log log

ARe 2 4(Re gy, (2) — 3)
+ 21og [P @ HH I () 3
|z + 1]+ |z — 1]

1 2
2 dey(2,1) = dey (9, (2) = 50 1) + 2log T
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By the Schwarz—Pick lemma and the triangle inequality for the hyperbolic dis-
tance, we find from here that

(18) log <Re‘p’“(M> > —dey (o, (1) — % 1)+ 2log <2> .

Rez lz+ 1]+ |z — 1]

The crucial step is to note that the quantity dc,(¢y,(1) — 3,1) is uniformly
bounded, since ¢ maps the line Rez = 1 into a compact subset of C; /5. Given

s € Cp, we can therefore choose z = Re s and t = Im s to obtain that

1

Res <€ [(+ 11+ |2 = 1] (Replo) - 3 )

which is the desired inequality. O

We next recall Littlewood’s subordination principle, which implies that any
holomorphic self-map of the unit disk generates a bounded composition operator
on the Hardy space H?(D).

Lemma 3.5 ([17, 27]). Suppose ¢ is a holomorphic self-map of the unit disk D.
Then, for every f € H*(D),

1+ |9(0)]
1f 0 0l g2 (my < T [6(0)] 11 2y -

We also borrow the following lemma from [12].

Lemma 3.6 ([12]). Let a < 1 and let {p;};>1 be the increasing sequence of

. . o s . o 1 .
primes. Then, the function f(s) = ng ap;p; s with ap; = s satisfies

the following:

(i) f €D, and o.(f) = 3.
(ii) oc(fy) =0, for almost every x € T°.

As promised in the introduction, we now provide a proof of the characterization
of the bounded composition operators on the Bergman spaces D,, a < 0, which is
new for Dirichlet series symbols. To do so, we will combine the original argument
of Gordon and Hedenmalm [12] with the Schwarz lemma for Dirichlet series.

Theorem 3.7 ([2, 3]). Fora > 0, the class & determines all bounded composition
operators on the Bergman space of Dirichlet series D_,.

Proof. Tt was essentially already proven in [12] that it is necessary that ¢ € ® in
order for Cy: D, — D, to be bounded. Indeed, by [23, Theorem 8.3.1], P o % is
a Dirichlet series for every polynomial P if and only if the symbol ¢ : C 1= C 1

has the form ¥(s) = cos + ¢(s), where ¢y is a non-negative integer and ¢ is a
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Dirichlet series. The mapping properties of ¢ are deduced from the composition
rule (11) and Lemma 3.6, noting that ¢(Co) = ¢, (Cy) for every x € T.
Conversely, suppose ¢ € &. Let u denote the probability measure du(c) =

rz(:) 0% 1e=27 do on (0, 0), observing that

1P, ~ / / / (o + i) dt dp(o) dma (x / £ 12 du(or)

where f, = f(-40). First we will consider the case when 1(s) = cos+¢(s) € &>1.
In this case the analogue of the Schwarz lemma is trivial: Res < Re(s). Fix
o > 0, for a Dirichlet polynomial f and a positive number 8 > 0, we define the
functions

Fs=fo0S8,0T,
and
gngJloS;101/)aoT5,
where 1 = ¢o(8 + o) — 0. Note that gz(0) — 0 as  — oo. By Lemma 3.1 and

Lemma 3.5, we have
ICo, (Pllg = Jim 1£ o allsa(co
, . 1+ |g5(0)]
= < _—
Bh_?;o”FB ° 98l g2y < ﬂll,ngo 1—1g95(0)] 18| 172 )
= nlLH;O | f oS, OTn||H2(D) = Hfa“O'

Therefore
I (NI, /ch” )2 du(o) /Ilfallodu ~ 1112,

which demonstrates that the composition operator is bounded in this case.

Suppose next that p € &(. Considering a vertical translation of the argument
f by Im p(+00), there is no loss of generality in assuming that o(4+00) > 1/2.
By Lemma 3.4 there exists a constant A = A(¢) > 0 such that

1
)\Renge<p(s)—§, 0<Res< 1.

In this case, for a Dirichlet polynomial f and a positive numbers g > 0, we define
the functions
F:foSAU_i_% oT,
and
98 = Tn_l o S;;_% 0, 0Tpg,
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where 7 = ¢(+00) — Ao — 1 and 0 < o < § 1= L2758

that limg_, gg(0) = 0, and

. Then we again have

1Ce0 (Do = Jim 1] 0 ollr2(c,. ) = Jim [0 gsll r2p)

. 1+ [gs(0)]
< hm Y o 2
= oo 1_ |g,8(0)| H ||H2(]D)) Hf)\ HH ((C1 )"

By Lemma 3.2 we conclude that there is a constant such that
1Co. (Nllg < Clifrclly,  0<o<d

For 0 > §, we simply note that ¢,(Cy) C Cy/94. for some £ > 0, and therefore
by the Cauchy—Schwarz inequality that

sup |f (o (5))] < C[|f]|-a-

s€Co

Hence ||Cy, (f)llo < C||f|l-a; as can be seen for example from Carlson’s theorem,
see [13, Lemma 3.2]. We conclude that

1)

IC. (I, /IICU g dulo) < /\anHodM )+ CIAI, < CUFIP, -
0

O

Remark. Using the same argument one can prove that Theorem 3.7 holds for all
Bergman-like spaces of Dirichlet series [18],

a 2
Dy=q/f()=) i lfl = D lanwu(n) < oo b,
n>1 n>1
assuming that the coefficients are of the form

wu(n) = 7 o),

0

where 1 is a probability measure on (0, 00) with 0 € supp(p) and satisfying

Oodu(a
(19) / —xe / n% ., 0<A<Ll
0 0

Every symbol ¢ € &>, induces a contraction Cy on D,,, even without the con-
dition (19).
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4. WEIGHTED MEAN COUNTING FUNCTIONS

In this section, we will investigate the properties of the weighted counting
function M, ,(w, o), 0 > 0, where ¢ is a Dirichlet series with abscissa of conver-
gence 0, (¢) < 0. Firstly, we will prove the existence of this function, generalizing
[10, Theorem 6.2]. Monotonicity then ensures the existence of the limit function
M, o(w) (finitely or infinitely). Secondly, following the ideas of Aleman [1] and
Shapiro [26] from the disk case, we will give a weak version of the submean value
property for the weighted counting function M, ,(w), a > 0. Note that the
(strong) submean value property of M, 1(w) was proven in [10, Lemma 6.5].

4.1. Existence. In [10], the existence of M, 1(w,0) was established through
Littlewood’s lemma [28, Sec. 9.9], which is a rectangular version of Jensen’s
formula [26, Sec. 10.2]. We will replace Littlewood’s lemma with the following
theorem, which allows us to count the zeros of a non-zero holomorphic function
in an arbitrary domain.

Theorem 4.1 ([25]). Let u £ —oo be a subharmonic function on a domain
in C. Then, there exists a unique Radon measure Au on € such that for every
compactly supported function v € C*°(Q), it holds that

/vAu: /uAvdA.

Q Q

In the special case that w = log|f|, where f # 0 is a holomorphic function on
the domain €2, the measure %Au is the sum of Dirac masses at the zeros of f,
counting multiplicity.

The almost periodicity of the Dirichlet series ¢ in C,,, o¢p > 0, implies an
argument principle for the unweighted counting function M, o, see [15].

Lemma 4.2. Suppose that o is a Dirichlet series with abscissa of uniform conver-
gence oy () < 0. If p(4+00) # 0, {Res = o9} is a zero-free line for the function
@ and {Tj}j>1 is an increasing sequence of positive real numbers, relatively dense
in [0,400), such that

lo(o +1iT;)| > 6 > 0, o > oy,

then
T

. 1
J

/ t
Plootit)
p(oo +it)
Proof. Let 0o > 0 be such that the equation ¢(s) = 0 has no solution for
Re s > 0. We will denote by R; the rectangle with vertices at oq =17}, 0o £iT}.
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By the argument principle, we then have that

1 /

1 ' ; oy T
_ so(aoﬂt)dt+ i /W(Uﬂj)da
2T, | ploo+i) " 2T, | plo+ily)
=T oo
Ooo T
i [elo—ily), 1 / o' (0o + it)
_ T Iy ri\vee @ 7

o) =T

dt.

We observe that the first coefficient of the Dirichlet series f = % satisfies
f(+00) = 0. Thus, letting T; — oo and then o — oo follows that
T
1 ! it
My, o(0,00) = lim M, 0(0,0,T;) = — lim —— / Plootid),,
Jj—oo

p(og + it)

We begin by proving a special case of Theorem 1.1.

Theorem 4.3. Let ¢ be a Dirichlet series such that o,(p) < 0, and let w #
o(+00) be such that {Res = og} is a zero free line for the function ¢ —w. Then,
for every a € R, the counting function M, ,(w,00) exists and satisfies

oo

(20) ]\41}0,(1(11)7 O'()) = M%o(w, 0'0)0'8 + CL/tail]\fw’o(’w7 t) dt.
oo
Furthermore, for sufficiently large oo, > 0,
(21)
M%a(w,ao) — M%O(w, 00)08 =
aag_ljw,w(oo) —ac? ! log |p(+00) — w| — a(l — a) / t 2 T o (t)dt,
oo

where J,— is the Jessen function (4).

Proof. Without loss of generality we assume that w = 0. By almost periodicity
there exists an increasing sequence {7} };>1 of positive real numbers, relatively
dense in [0, 400), such that for every o > oy,

\p(o +iT})| > 6 > 0.

Let 050 > 0 be so large that ¢ # 0 in Cee. Then Alog [p| = 0 near the boundary
of the rectangle R; with vertices at o9 £ 147}, 0o £171}.
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By a C*° version of Urysohn’s lemma [11, Theorem 8.18] there exists a function
¢ € C°(R;) such that ¢(s) = (Res)” for s € supp(Alog|p|). Theorem 4.1
implies that

/ (Re2)" Alog [p(2)] = / (=) Alog |(2)]
R; R
=21 Y (Res)" =2T; M, q(0,00,T}).

sep 1 ({0})
SERJ‘

On the other hand, Green’s theorem implies that

/(Re 2)* Alog |p(2)] + a(l — a) / (Re 2)* ?log |¢(2)|dA(z)

R; R;

_ §'§ (Rec)" (dlong;O(C)l’ dlogdl;o(é)l) d
OR;

- frogleton (-2EEE B g
OR;

where ¢ = x + iy. For the first line integral on the right-hand side, we have that

55 (Re0)" (_dlogldJ(C), dlogl¢(<)l> de =

dy dx
OR;

7 T oo
¢ (00 +1it) ¢ (000 + it) / L 10 (0 £1iT5)
dit+o R ———~dttRe ———— do.
¢00+zt oo e qbaoo—i—zt) (o £1iT5) 7

T; J 90

_O-O

From Lemma 4.2, dividing through by 27} and letting j — oo, we obtain that

1 a dl dl .
fm 2T; 51§ (Re () < ogd\;b(g“)ly Ogd|j(0|> ~d¢ = Mj,0(0,00)05
oR;

Writing out the second line integral,

b 10g]0(0) (—‘”Reoa, (R‘*Qa) ¢ =

dy dx
IR

T; T;

—aog™! / log |p(og + it)|dt 4+ ac? ! / log |p(00o + it)|dt,

=T =T
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we have that

tim - ftogoro)] (-1, REL) g

dy dx
OR;

= —a0371J¢(00) + aagoflJ(b(ooo),

where Jy(0s) = log |¢(+00)| by [15, Theorem 31].
We apply Fubini’s theorem to the area integral,

Too T
1 a—2 o 1 .
— 1 A(z) = aTE— 1 .
o (Rez) og |(2)|dA(2) / o oT; / og |¢(o + it)|dtdo
R; o0 =T

T;
Since the sequence of functions {72, [ log|e(o + z't)|dt} is uniformly bounded
=T j>1
on [0g, +00) by [15, Theorem 5], the dominated convergence theorem implies that

1 B 7
a(l —a) lim —/(Re 2)* 2 log |p(2)|dA(z) = a(l — a) /0“_2]¢(U)da.
j—o0 QTJ
R]' g0
We conclude that
hm Mgp,a(070'07Tj) — M¢70(0700)08 =
j*)OO

acg ™' T p(00) — ac’s Hlog p(+00)| — a(1 — a) /Uai?jw(a)da'

This finishes the proof of (21), since almost periodicity and the argument principle
show that the number of zeros of ¢ on any rectangle (0¢,000) X (T'—d, T +d) is
uniformly bounded, where d = sup(Tj4+1 — Tj), see for example [15, Theorem 3].
Jj=1
Finally, the Jessen function J,(c) is convex and, as a consequence, absolutely
continuous on every closed sub-interval of the positive semi-axis. Thus, we can
integrate by parts, yielding that

M%a(O,U()) = M%Q(0,0’())O'g + Cl/ta'_lM%o(O,f)dt,
oo

which is (20). O

Before proving Theorem 1.1, we extract the following technical lemma from
the work of [10, Lemma 2.4].
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Lemma 4.4. Let ¢ be a Dirichlet series such that o,(p) < 0 and p(400) # 0.
Then for every oo > 0, and for T > 0 sufficiently large, there exists a constant
C(o0, ) > 0 such that,
T
(22) T Y 1<C, o=o0
sep~ ' ({0})
[Im s|<T
o<Re s<oco
Proof. Let © denote the unique conformal map from the unit disk to the half-strip
S1={s:Res >0, |Ims| <1}
with ©(0) = 1 and ©’(0) > 0. We observe that
sinh(%F) — sinh(%)
sinh(5) + sinh(%)’
and that there exist absolute constants d;, do > 0 such that
8§ <[ (071 (s)] < &
whenever |Im s| < % and 0 < Res < % The Koebe quarter theorem [21, Corol-
lary 1.4] implies that for every s € Sy,
1— e~ (s)? 1|0~ (s)P?
101 (s)] [(©-1) (s)|

Thus, there exists an absolute constant Cy such that

07 1(s) =

< dist(s,051) <

(23) mRes < Cplog

I

1
6-1(s)
when |Im s| < % and 0 < Res < %

For T > 0 we will denote by S the half-strip T'S; and by ©7 : D — Sr
the map ©r = T©. We consider the function ¢z (s) = “’(%%0)7 where M =
sup |¢(s)|. Then, for T so large that the equation ¢(s) = 0 has no solutions for

o0

Res > T and for o > ¢, we have by (23) that

TN aeel Y (s P)<cl Y e

s€p™ ' ({0}) s€p™({0}) s€p oy ({03)
| Im s|<T | Im s|<T 2
oc<Re s<oo oc<Re s<oo | Im s|<T
Res>0

<C Z log
sew@l({ﬂ})

| Tm s|<2T
Res>0

Nsz (O)a

1 ‘ _
057 (s)
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where Yoy = ¢ 7 0 O2r and Ny, is the classical Nevanlinna counting function.
Thus, the Littlewood inequality [26],

)

Ny, (O) < log

Yar(0)
implies that

T M
— 1< Clog|————— O
Rt .

see 1 ({0}) o3 )

| Im s|<T

o<Res<oo

We can now give the proof of Theorem 1.1.

Proof of Theorem 1.1. Without loss of generality we can assume that w = 0.
Let w(o) = 0. Then,

’ o / . ™
/w (0)My(0,0)do = /w (U)Th_rgoT Z 1do,
o) oo s€p™ 1 ({0})
| Im s|<T
o<Res<oo

where 0, > 0 is such that the equation (s) = 0 has no solutions in C,_. By
the dominated convergence theorem, which applies in light of (22), and then by
Fubini’s theorem, we obtain that

’ 1 7T ’
/w (0)My0(0,0)do = Th_r)r;of/w (o) Z ldo
o0 o0 s€p 1 ({0})
[ Im s|<T
o<Re s<oo
Res

— Iim /
g ¥ [
s€971({0}) o
| Im s|<T
gp<Re s<oo

= MW,G(O,O()) — O’SM%()(O,J()).

This proves the existence of the function M, (0, 0¢) and (5). The right continuity
of M, 4(0,0) is now a consequence of the right continuity of M, ¢(0,0), see [10,
Lemma 5.1]. Integrating by parts as in the proof of Theorem 4.3, we also obtain
(6). O

Strictly speaking, this argument is independent of Theorem 4.3. However,
we find the proof of Theorem 4.3 to be illuminating and interesting in its own
right. Note that the proof for Theorem 1.1 can also be applied to the more
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general counting function induced by a twice continuously differentiable weight
w(s) =w(Res) on (0,00),

Myo(w,o. D) =2 3 wls),  w#p(+00).

sep™ ({w})
[Im s|<T
o<Re s<oco

By monotonicity we deduce the following.

Corollary 4.5. Let ¢ be a Dirichlet series such that o, (¢) < 0 and p(+00) # w.
Then, for every a € R the counting function My o(w) = 1im+ M, o(w,0) exists,
o—0

finitely or infinitely.
The limit is not finite in general for a > 0, as we now exemplify.

Example 4.6. Applying the transference principle [24] to the example con-
structed by Zorboska in [29], we obtain a Dirichlet series ¢ such that the a-
1

weighted counting function is finite if and only if a > 5. More precisely, we

consider the Dirichlet series p(s) = ¢(27%), where g(z) = 6_%, z € D. We
observe that ¢ is a periodic function (with period ip = IOQgTEZQ)) and abscissa of
uniform convergence o, () < 0.

( I)let w € g(D)\ {9(0)} = ¢(Co) \ {¢(4+00)}. The periodicity implies that
24

4y s v mrs(@) T e

s€p” ({w}) s€p™ ({w}) s ({w})
0<Im s<p | Im s|<T 0<Im s<p
o<Res<oo o<Res<oo o<Res<oo

where [z] is the integer part of the real number z. Note that

log2)* S (Res)’= 3 (mg'i)a.

see™ ({w)) 2~ ({w})
[ Im s|<p |z|<1
Res>0

Writing w = e~%e?, where b > 0 and 6 € [0,27), so that

g_l({w}):{Zn_ 1 —b+i(0+2mn) eZ}.

(@ +2mn) —b—1 -
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We thus have

Z (Res)” ~ Z (1= |za?)*

s€p  ({w}) ne€z

0<Im s<p
Res>0
¥ 4b .
B S\ +b)2+ (0 +2nm)? )

This shows that M, ,(w) = oo for all w € D and a < %

4.2. Weighted mean counting functions as integrals. The purpose of this
subsection is to replace the limiting processes in the definition of M, , with

integration. For a > 1, this allows us to show that it is almost always possible to
directly take 0 = 0 in the definition of the weighted mean counting function.

Lemma 4.7. Let a € R and let ¢ be a Dirichlet series such that o, (@) <0 and
o(+00) # w. Then, for every o > 0, the weighted mean counting function is
mwvariant under vertical limits, that is,

M%a(w,(f) = anx,a(wvg)v X € T.

Proof. The statement holds for the Jessen function, see [14, Satz A] or [10,
Lemma 4.1],

Jtpfw(o') = jgaxfw(o-)a X € .
Thus, for the unweighted counting function, we have that

M¢x»0(w5 g) = _jggx—w(o--i_) = _j;—ui(o--i_) = M¢70(w,0).

By Theorem 1.1 it follows that every weighted mean counting function M, .(w, o)
is invariant under vertical limits.

Of course we may let 0 — 07 to obtain that M, ,(w) = M, _q(w) for every
x € T*.

Theorem 4.8. Let ¢ be a Dirichlet series such that o, (@) < 0 and p(+00) # w.
Then, for every a € R the weighted mean counting function can be written as

(25) My o(w) = /wa,a(w,(),l)dmoo(x).
'H‘DO

Proof. For fixed o > 0, almost periodicity and Hurwitz’s theorem imply that
My, o(w,0,1) is uniformly bounded in x € T*, cf. [15, Theorem 3]. Thus, we
can apply the Birkhoff-Khinchin theorem: for almost every character y’ € T,
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it holds that

T
1
/ (w,0,1)dmeo(x) = %ﬂoﬁ / My . a(w,0,1)dt
T

:Th_rg<> 2T/ Z (Res) dt:jll_{réo 2T/ Z (Re s)” dt.

T osep’ty, o {wh) -T s€p, '({w}h)
|Ims|<1 —1+t<Ims<1+t
Res>o Res>o

Interchanging the order of integration and summation yields that

Ims+1
. ™
/ Moo o) = i T 3" Res)” [ =yl
s€p ) ({w}) Ims—1
| Im s|<1+T
Res>o

Applying Lemma 4.7 and then letting 0 — 0" with the monotone convergence
theorem, we obtain (25). O

From this argument we are also able to give a partial solution to [10, Prob-
lem 1].

Theorem 4.9. Let ¢ be a Dirichlet series such that o,(p) < 0 and p(+00) # w.
Then, for a > 1 and almost every x € T,

. s a
(26) Mga(w) = lim = > (Res)".
s€oy ({w))
| Im s|<T
Res>0

Proof. By [10, Lemma 2.4], applied in conjunction with Lemma 3.4 for a > 1, we
have that M, _.(w,0,Tp) € L°(T>) for all sufficiently large Tp > 0. Applying
the Birkhoff-Khinchin theorem as in the proof of Theorem 4.8, it holds for almost
every Y’ € T that

[ Movalw0. Ty dma (0 = Jim TS0 (Res)”.
TOO

T—oo T
sep ) ({w})
[Im s|<T
Res>0

However, exactly as in Theorem 4.8, we also have that

wa,’a(w) / (w,0,Tp) dmeo(X)- O
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4.3. The submean value property. Let {2 be an open subset of C. We say
that a function u : Q — [—o0, 00) satisfies the submean value property if for every
disk D(w,r) C
o/
S —T u(z)dA(z),
|D(w, )]

D(w,r)

where |D(w,r)| = mr? is the area of the disk.

Shapiro [26, Section 4] proved that for every holomorphic self-map of the unit
disk ¢, the Nevanlinna counting function IV, satisfies the submean value property
in D\ {¢(0)}. Kellay and Lefevre [16, Lemma 2.3] proved that for a € (0,1),
the generalized Nevanlinna counting function Ng . satisfies the submean value
property in D\ {¢(0)}. In fact, this result follows directly from the submean
value property of the classical Nevanlinna counting function and the following
formula due to Aleman.

Theorem 4.10 ([1]). Let 0 < a < 1 and ¢ : D — D be holomorphic and non-
constant. Then

Nya(w) = f% / Awa(x)Nyor. (w) dA(z),  weD,
D

where w,(z) = (1 — |z\2)a and 7, (w) = 2.

In the Hardy space case the mean counting function M, ; satisfies the submean
value property [10, Lemma 6.5], for every Dirichlet series ¢ that belongs to the
Nevanlinna class. For periodic symbols ¢(s) = g(27%), where g is a holomorphic
self-map of the unit disk, we also know that M, ,(w) satisfies the submean value
property for all a € (0,1), by an application of Theorem 4.10.

This subsection is devoted to proving the following.

Theorem 4.11. Let ¢ be a Dirichlet series with o,(v) < 0. Then, for every
positive a > 0, there exists a constant C' = C(a) > 0 such that

C
(1) Mealw) < pos [ Moal2)dAG),
’ [D(w, )]
D(w,r)
for every disk D(w,r) that does not contain @(+00).

For a = 0 the (unweighted) counting function does not satisfy (27), as can be
seen from the following example.

Example 4.12. Let ¢,(s) = g,(27°), where g, is a Riemann map from the unit
disk onto the domain

Q, = D(O,T)U{:L‘-l—iy cx €[0,2r),y € (—=r/p,r/p)},
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where r < % is fixed. Then for w = 1(1).8T, we have that
pll)rgo / Ny,0(2)dA(z) =0,
D(w 1-2r)
and thus by (24), that
li z)dA
A ) (w / p0( (2) =
D(w,1—2r)

Therefore Theorem 4.11 could not be true for a = 0.
First we need the following lemma.

Lemma 4.13. Suppose that 2 is a bounded subdomain of C and let ¢ : D — Q
be holomorphic. Then the generalized Nevanlinna counting function Ny o(w)
satisfies the submean value property for 0 < a < 1.

Proof. Let R > 0 be such that Q C D(0, R). Then, the function ¢ = 9 is a

holomorphic self-map of the unit disk. We observe that for every w € Q2 \{ (0)},
w

N¢7a(w) = N@ya (E) .

Let D(w,r) C 2\ {¢(0)}. Then, by the submean value property of Ng o, we
have that

Proof of Theorem /.11. First we consider the case a € (0,1]. In the notation
of the proof of Lemma 4.4, let ©,97(z) = O2r(2) + 0 = 2TO(z) + o be the
Riemann map from the unit disk onto the half-strip

Soor ={z:Rez >0, |Imz| < 2T},
with ©597(0) = 2T + 0 and O, ,,-(0) > 0. We observe that

O, br(s) =O5p(s —o) =071 (7).
U,QT(S) o7 (8 —0) oT
By the Koebe quarter theorem, working as in Lemma 4.4,

Res—o
‘edzT ’% oT

whenever 0 < Res < T and |Ims| < T.
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For T > 0 so large that <p(s) ¢ D(w,r) for all Res > T, we have that

% Z (Res)” < ge Ta Z (Res —0o)"”

s€p ' ({2}) s€p ' ({2})
[Im s|<T [Im s|<T
20<Re s<oo o<Res<T

<C Z ( ‘@UQT ‘2> <CNW°®02T7 (2),

s€p 1 ({z})
[ Im s|<T
Res>o

for all z € D(w, ).
Conversely, again by the Koebe quarter theorem, there exists an absolute
constant C' > 0 such that

17|®71(5)’2 < CRes,
for 0 < Res < % and [Ims| < 1. That is,

Res—o
2r
whenever 0 < Res < T and |Im s| < 2T. Thus, for z € D(w,r)

Nyoo,zral2) SC ) (1‘@;3(5)‘2) <0 Y (Res)".

‘@(,QTs] <C

sep({z)) s€p({z})
| Im s|<2T | Im s|<2T
Res>o Res>o

In summary, we have shown that for all sufficiently large T > 0 and for all
z € D(w,r),

My o(2,20,T) < C1T* 'Nyoo, 41.a(2) < C2My o(2,0,2T).

Since Nyoo, ,r,a satisfies the submean value property by Lemma 4.13, we con-
clude that

M, o(w,20,T) < / My o(z,0,2T)dA(z).

D(w,r)

|D(w, )]

By Theorem 1.1 and (22) we can apply the dominated convergence theorem to
let T — oo, and then let ¢ — 07 with the monotone convergence theorem, to
obtain the desired property,

Moalw) < s [ Mou()dAG),
D(w,r)

for a constant C' > 0 that depends only on a € (0, 1].
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We assume now that a > 1. By Tonelli’s theorem we have, for every T > 0,
o >0, and w # p(+00), that

0o Res

™
a—1) [t 2M, (w,t,T)dt = (a — 1) = Res [ t*2dt
@) [ e D= @ -1
- s€p ™ ({w}) o
[ Im s|<T
o<Re s<oo

=M, (w,0,T) — " *M,1(w,0,T).
Applying the submean value property for a = 1, we thus find that

c
M¢1a(w,20, T) S m / Mtp,a(z70-7 2T) dA(Z)

D(w,r)

This concludes the proof, by letting T — oo and then o — 0T in the same way
as before. m

5. COMPOSITION OPERATORS

5.1. Reproducing kernels. To obtain necessary conditions for a composition
operator to be compact, we will make use of reproducing kernels. The reproducing
kernel ks, of D, at a point s € C 1 is given by the equation

1 1

k‘s,a(UJ) =1 + T Na =1 w e Cl 2.
Z (log(n))" ¥+ /
For fixed a < 1, we have that
1 1
||k8,a||3:1+ o5 a ~ >
,%:2 n2Res (log(n))* ~ (2Res —1)"

as Res — %+. We will also require slightly more detailed information about the
behavior of the reproducing kernel, cf. [19, Lemma 3.1].

Lemma 5.1. Let a < 1 and J,(w) = Y, (log(:# for Rew > 1. Then there
n>1
ezists a holomorphic function E, on Cqy such that

I'(2-a)
(w _ 1)2—(1
Proof. We consider the summatory function

Ax)=> (log(n)'™", z>1L

n<z

Jo(w) = + Eq(w), w € Cy.
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Summation by parts yields that

(28) Jo(w) = w 2; A(n) 71x_w_1dx =w 7A(m)x—w—1dm.

We observe that

n+1
A(n) < / (log(t))"~*dt < A(n +1).

Thus, with g,(z) := A(z) — [ (log(t))' " dt, we have that
1

lz] x
l9a(@)] < |A(L2)) - / (log ()"~ dt| + / (log(t))*~* dt
1 L)
< 2(log(z + 1)) 7.

Therefore the function E,(w) := w [ go(z)x~*"'dx is holomorphic on Cy, so
1

that (28) can be written in the following form,

Jo(w) =w / / (log(t))' ™ 2= dtdz + E,(w).

We can compute the integral by a change of variables,

w//(log(t))lfa 7 dtdx :w/e_wr/ul_“e“dudr
11 0 0

1
= [ e Duylmagy — — — @) 21 7%Adz,
('LU _ 1)2 a
O A'kU

where A, = {t(w — 1) : ¢ > 0}. Applying Cauchy’s theorem to shift the path of
integration to the positive real axis, we see that

T T tosto=ov-tapas - L2=0)
wl/l/(log(t)) x dtdx = (w1 O
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5.2. The Stanton formula. The proof of the analogue of the Stanton formula
for the weighted spaces D,, a < 1, relies on the work of [10] and a generalized
version of the dominated convergence theorem.

Proof of Theorem 1.2. As explained on [10, p. 10], it is a consequence of
Bohr’s theorem that for any f € D,, the abscissa of uniform convergence satisfies
o.(f o) < 0. By making a non-injective change of variables in the Littlewood—
Paley formula (1), we thus have that

IC (I = 1£(p(+00))
21—a ) ) , 5
+ Te—an aolg%+ Tl_lfj_loo / |f(w)|" My 1—a(w, 00, T)dA(w).
4
We extract the following equation from the proof of [10, Theorem 1.3],
lim / |/ (w)]? (M 1(w,00,T) — My (w,01,T)) dA(w)

T—+o0
C

[N

- / /(@) (M1 (1, 00) — Mgy (w0, 01)) dA(uw).
C,

Since both My 1—q(w,0,T) and M, ;(w,o,T) converge pointwise for ¢ > 0, and
additionally, since for 09 < Res < o1 there is a constant C' > 0 such that
(Re s)l_a < CRes, the generalized dominated convergence theorem [11, Sec. 2,
Ex. 20] thus yields that

T o1

/ / |(f o (o +it)) > o'~ *dodt

—T oo

. ™
lim =
T—4o00 T
:/If’(w)\Q(Mgo,lfa(w,ao)—Mw,l,am,al))dA(w).
C

[N

By the monotone convergence theorem, letting g — 07 and then oy — +oo, we
conclude that

ICHIE = e + =gy [ 1 WEM,soa(w)dAw).
Cy

When a < 0, Theorem 1.2, the boundedness of the composition operator
Cy: Dy — Dg, and Theorem 4.11 allow us to deduce that the weighted counting
function is finite.
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Corollary 5.2. Suppose that ¢ € By and that a < 0. Then M, 1_,(w) is finite
for every w # p(+00).

5.3. Compact composition operators on Bergman spaces of Dirichlet
series. To prove the sufficiency part of characterization we will make use of the
following Littlewood-type inequality from [10, Theorem 1.1].

Theorem 5.3 ([10]). For every ¢ € &¢ the mean counting function M, 1 satisfies

the estimate

W+ p(+00) — 1
M1 (w) <log Tw—(do0)

where w € (C% \ {o(4+00)}.

The Schwarz lemma for Dirichlet series, Lemma 3.4, allows us to extend this
estimate to the Bergman case.

Proposition 5.4. Let ¢ € &y and a > 0. Then for every § > 0 there exists a
constant C(p,d,a) > 0 such that
1 1+a Re + 1
Moriaw) < Clpsia) (Rew—3) - o220 2g
2 |w — @ (+00)]|
for every w ¢ D(p(400),9).

Proof. Theorem 5.3 and the inequality log x < %(ac2 — 1), z > 0, together with a
trivial computation, shows that for every w # o(+00),

1\ Rep(+00) — 3

2) To— g0l

Given ¢ > 0, let o > 0 be such that ¢(s) € D(p(4+00),0) for every Res > 0. By
Lemma 3.4, for w ¢ D(¢(400),d), we thus have that

Mgq(w) <2 (Rew -

. . ™ 1
M, w)= lim lim = Z Res)*t
o) =l ZY (Res)
s€p ({w})
[Im s|<T
co<Res<o

<) (1+0)" (Rew= 1) Mestw

l)Ha Re p(400) — %

< C(ep, 6, R —— .
<Ol “)<e“’ 2)  Tw—p(roo)?

Remark. By combining a similar argument with [10, Lem. 2.4], we find that

Mp14a(w) = O ((log M) +>
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as w — p(+00). We do not expect the exponent in this inequality to be the best
possible.

Before proceeding with the proof of Theorem 1.3, we require two simple lem-
mas, the first of which has the same proof as [10, Lemma 7.3].

Lemma 5.5. Let v € (C%, a >0, and 6 > 0. Then there exists a constant
C = C(d,a) > 0 such that

(Rew_l)Ha C 2
[ e < s I,
%<Rew<9

for every f € D_, and % < 6 < Rev.

Lemma 5.6. Let ¢ € &g and {fn}n>1 be a sequence in D_,, a > 0, that con-
verges weakly to 0. Then, for every 6 > %,

(29)

21+a

Hm | [ fn(p(400))[* +

n—+00 m / |frlt(w)|2M ,1+a(w)dA('lU) =0.

Rew>0
Proof. The point evaluation at v = ¢(400) is bounded, and thus
Jim fo(p(+00)) = lim (fn, Ky —a)p_, = 0.

Next, applying Montel’s theorem for H>® [4, Lemma 18], it is easy to see that
the sequence of the derivatives {f},},>1 converges uniformly to 0 in Cy. The
dominated convergence theorem, which can be applied in light of Lemma 3.3,
thus gives us (29). O

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. We first assume that the operator C, is compact on
D_o. Suppose {sp}n>1 C (C% is an arbitrary sequence such that Res, —

%. We observe that the induced sequence of normalized reproducing kernels

{Ks, —a}tn>1 converges weakly to 0, as n — oo, and therefore

(30) lim ||C¢(Ks,,“*a)”—a = 0.

n—-+oo
Without loss of generality we can assume that for every n > 1,
2Re p(+00) + %
Re Sp < %7

_1
so that the disks D(sp,70), 1 = Re “»=2 do not contain ¢(+00).
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By Lemma 5.1 there exists a constant C' = C'(a) > 0 such that

—a—3
K () >C’<Resn;>

whenever w € D(sp,ry,). Therefore

1Co(Ka )2 > Cla / K., ()M 110 (w)dA(uw)

> C(a) (R—§> [ Massatw)ia),

D(sn,rn)

The submean value property of Theorem 4.11 therefore yields that

1 —a—1
Moan(sn) (Res, = 3) < C@ G, (K., I

We conclude, by (30), that

Map 1+a( ) _

Rew—)% (Rew )1+a N

2

Conversely, we suppose that (8) holds and argue as in the proof of [10, Theorem
1.4]. Let {fn}n>1 be a sequence in D_, that converges weakly to 0, such that
| fnll -, <1foralln>1. Fix § € (0,1). By Proposition 5.4 and (8), there exists

1
for every € > 0 a 6, % <f< w, such that

(Re w — l)l—m

2
)|1+5

My 1ta(w) <€
jw — ¢(+00

for all % < Rew < #. This and Lemma 5.5 gives us that

’ 2 , 2 (Rew - 5)1+a
/ P (0) P M1 (w)dA(w) < € / )P 2w
1 1 w — p(100)]
5 <Rew<#6 5 <Rew<#
< C(p,8.0).

Combined with Lemma 5.6 and Theorem 1.2 we see that ||C,(fy)|_, — 0. Thus
C, is compact on D_,. O

Remark. We can extract an alternative proof for the boundedness of the operator
Cy: D_y +— D_, from the second half of the proof of Theorem 1.3.
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5.4. Composition operators on Dirichlet-type spaces. The proof of The-
orem 1.4 is completely analogous to the proof of necessity in Theorem 1.3. We
leave the details to the reader. The following example illustrates that the neces-
sary condition (9) of Theorem 1.4 is not sufficient for the composition operator
to be bounded on the Dirichlet space D,, a > %

Example 5.7. For v € (C%, the function g¢,(z) = w maps the unit disk D

onto C;. Consider the Dirichlet series ¢(s) = ¢,(27°). For 1/2 < a <1, by (24),

we have that
w+v—1\"°
w—v '

l1—a

Mg,1—o(w) = log(2)**log = log(2)*™* (log

1
v ( )
Thus, ¢ satisfies (9). However, for sufficiently small € > 0,

1+6

l1—a
||C >C’ /2_2"/ 077 J(Rev — ) dtdo = oo
|U+V—1+zt|2

We finish the article by noting that when Im ¢ is bounded, it is simple to
establish the converse to Theorem 1.4. Note that if C,, is bounded on D,, 0 < a <
1, then Theorem 1.2 also implies that M, 1_, is locally integrable at w = ¢(+00).

Theorem 5.8. Let 0 < a < 1, and suppose that p € &g has bounded imaginary
part. If the counting function My 1—q is locally integrable and satisfies (9), then
Cy, is bounded on Dq. In addition, if we assume that ¢ satisfies (10), then C,, is
compact on D,.

Proof. We present the proof of the first part of the theorem only. Let § > 0 be
small. By the hypothesis of local integrability and Lemma 3.3, it holds that

| () M1 —a(w)dA(w) < CIf];
D(p(+20),9)

Let T = sup |Im ¢|. The local embedding theorem for the Hardy space H? =
Do [13, Theorem 4.11] says that

T
/ l9(1/2 + D)2 dt < Cllglos g € Do.

-T
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Applying this with (9), we find that

8

2
dt o'~ %o

—

| (w)[> My —a(w)dA(w) < C

o

’ 1 .
f (2+U+zt>

C1\D(¢(+00).9) -7
i 2 2
S /Z an| IOg ) o,l—ado,
n>2
<C|fII;
In light of Theorem 1.2, this shows that C,: D, — D, is bounded. (]

From the proof it is clear that Theorem 5.8 also holds under milder decay
assumptions on M, 1_,(w) as |Imw| — co.

(10]
(11]
(12]
(13]
(14]

(15]
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COMPOSITION OPERATORS AND GENERALIZED PRIMES
ATHANASIOS KOUROUPIS

ABSTRACT. We study composition operators on the Hardy space H? of
Dirichlet series with square summable coefficients. Our main result is a
necessary condition, in terms of a Nevanlinna-type counting function, for
a certain class of composition operators to be compact on H2. To do that
we extend our notions to a Hardy space 7—[?\ of generalized Dirichlet series,
induced in a natural way by a sequence of Beurling’s primes.

1. INTRODUCTION
We consider the increasing sequence {py}n>1 of primes and an arbitrary in-
creasing sequence {qy, }n>1 satisfying the following:
(i) The set {log(pn)}n>1 U {log(gn)}n>1 is Q-linear independent.
(i) {gn}n>1 is increasing, unbounded and each term is greater than 1.

For our purposes we will say that a real number g > 1 is a generalized prime
if the set {log(pn)}n>1 U {log(¢)} is Q-linear independent.

We will denote by N, , = {)\n}nzl the increasing sequence of numbers that
can be written as a (unique) finite product of terms of the set {p, }n>0U{gn }n>1,
ie.

A =pg® =pitopy? ... ~qll’1 oqé’?'... .
A Dirichlet series is a function g of the form
an .
g(s)zzﬁ, s =0+ it.
n>1

The set of numbers N, ; = {/\n}nzl corresponds to generalized Dirichlet series,
meaning function of the form

an, _
f(s):z)\—s, s =0+ it.
n>1""

It is well-known that if a generalized Dirichlet series converges at a point sg =
oo +ito, then it converges for every s € C,,, where by Cy we denote the half-plane
{z:Rez >0}, 0cR.

65
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The first to introduce such systems of numbers was Beurling [6]. Studying
general Beurling’s systems gives us a better understanding of the exceptional
system of the classical primes. We refer the interested reader to [12, 18, 13, 25]
for results related to number theory, like the prime number theorem and the
Riemann hypothesis. Our point of view is more operator theoretical, a system of
Beurling’s primes naturally induces a Hardy space of generalized Dirichlet series,
with frequencies A = {log A, }n>1 [17]. The idea behind using such systems is
that the behavior of certain operators does not depend on the choice of primes.

The space H3 of generalized Dirichlet series with square summable coefficients
is defined as

a 2
HY = f(s) =D Il =D lanl* < +o0
n>1"" n>1

The Hardy space H? [15] is the subspace of H3 containing all Dirichlet series,

H2 = F(8) =D 2 i flfe = Y lanf? < +o

n>1 n>1

Gordon and Hedenmalm [14] determined the class & of analytic functions
P (C% — (C% that induce bounded composition operators Cy(f) = f o1 on
H?. The class of symbols & consists of all ¥(s) = cos + ¢(s), where ¢g is a
non-negative integer and ¢ is a Dirichlet series such that:

(i) If co = 0, then ¢(Co) C Cs.
(ii) If ¢g > 1, then ¢(Cp) C Cqy or ¢ = it for some T € R.

Furthermore, a symbol 1y € & with ¢y > 1 induces a norm-one composition
operator. We will use the notation &g and &> for the subclasses that satisfy (i)
and (i), respectively.

Defining the space 3, in some sense we added infinitely many prime-like num-
bers on the structure of #2. Our first aim is to prove that this does not have an
effect on the behavior, meaning boundedness and compactness of a composition
operator with symbol ¥ € &>;.

Theorem 1.1. A symbol ¥(s) = cos + ¢(s) € &>1, induces a bounded operator
Cy on H3 with norm ||Cy| = 1.

Theorem 1.2. Suppose ¥(s) = cos + ¢(s) € &>1 and that Cy is a compact
operator on H?. Then, Cy is compact on ’H%

In Section 4, we work on the compactness of composition operators on the
Hardy space H2. O. F. Brevig and K-M. Perfekt [J] characterized compact com-
position operators on H? with symbols in &q. For symbols 1(s) = cos + ¢(s) €
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®>1, F. Bayart [5] gave the following sufficient condition for the composition
operator Cy to be compact

(1)
where the Nevanlinna-type counting function N, is defined as

Ny(w) = Z Res.

seyp ™ ({w})
Re s>0

Ny(w) _

lim
Rew—0+ Rew ’

Conversely, Bailleul [1] for finitely valent symbols, where ¢ is supported on a
finite set of primes and Brevig and Perfekt [8] under the assumption that ¢ is
supported on single prime, proved that (1) is also necessary for the composition
operator Cy, to be compact. We say that a Dirichlet series ¢ is supported on a

set of primes P if
an

ols) = .

pln
pEP

Our next result is a necessary condition without any additional assumption
on the symbol ¢ € &>;. Specifically, we replace pointwise convergence in (1)
with L(T*°) convergence. This answers a question posed by F. Bayart [5, Ques-
tion 3.6].

Theorem 1.3. Suppose a symbol p € &> induces a compact composition oper-
ator Cy, on H*. Then

. Ny, (w) _
2) i a / "Rew dmos(x) = 0.
Too

The classical technique for proving such necessary conditions for compactness
goes through the submean value property of the associated counting function
and the behavior of the reproducing kernels near the boundary, see for example
[24]. In Section 4.1 we prove the weak submean value property for the average
counting function [ Ny (w)dmes(x), Theorem 4.6. Using geometric function

T

theory results, related to the distortion and the boundary behavior of conformal
maps, we will be able to transfer our notions to the disk setting. The weak
submean value property will then follow by classical results due to Shapiro [24].

The main difficult in our setting is that reproducing kernels, k,,(s) = ((w+s),
on H? are well defined only for points w € C 1

F. Bayart have found an Example 5.2, of a non-compact and bounded com-
position operator with symbol in &>, that satisfies (2). Theorem 1.3 gives us
the L'(T>) convergence of the quantity Ny (w)(Rew)™! — 0. It may be a step
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closer, but the characterization of compact composition operators, with symbols
in &>, remains an open problem [4, 5].

For our purposes it was enough to study composition operators Cy, with sym-
bols in the class ®>1. It would be interesting to have a characterization of the
symbols that induce bounded composition operators on H3.

Acknowledgments. I would like to thank my supervisor, Karl-Mikael Perfekt,
for his constant support and guidance. I am indebted to him and Ole Fredrik
Brevig for the idea to add Beurling primes to the structure of the Hardy spaces
of Dirichlet series. Also, I would like to extend my gratitude to Frédéric Bayart
for letting me include his Example 5.2 and for our fruitful mathematical con-
versations during my research visit at the Laboratoire de Mathématiques Blaise
Pascal, Clermont-Ferrand.

Part of the work has been conducted during a research visit at the Department
of Mathematics in the Aristotle University of Thessaloniki.

Notation. Throughout the article, we will be using the convention that C de-
notes a positive constant which may vary from line to line. We will write that
C = C(9) to indicate that the constant depends on a parameter (2.

2. BACKGROUND MATERIAL

2.1. Composition operators in the disk setting. The classical Hardy spaces
H? consists of all holomorphic functions in the unit disk with square summable
Taylor coefficients

H? = f(s) =Y anz": | fl32 = D lanf* < +o0

n>0 n>0

By the Littlewood subordination principle [20], every holomorphic self-map
of the unit disk, ¢, induces a bounded composition operator on H2. J. Shapiro
in his seminal paper [24] characterized the compact composition operator Cyp in
terms of the Nevanlinna counting function

1
No(z) = > log . 2 # 6(0).
zi€d=1({z}) !

The composition operator Cy is compact on H? if and only if

(3) lim Nd’(f)
|z]—1— logm

In order to prove the above theorem, J. Shapiro makes use of the Littlewood—
Paley and the Stanton formulae for the norm of a function f € H? and its image
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Cy(f), respectively.

i dA(2).

2 2 z ()2 log —
(4) 12 = 17(0)] +7Tm>/|f( )| log 1

2
) ICoF )i =170 60)P + 2 [ 172 N(2) dA(2),
D
where dA(z) = dx dy, z = x + iy, is the area measure.

2.2. The infinite polytorus and vertical limits. The infinite polytorus T
is the countable infinite Cartesian product of copies of the unit circle T,

T ={x=(x1x2---):x; €T, j>1}.

As a compact abelian group with respect to coordinate-wise multiplication it
posses a unique Haar measure m, [23]. We can identify the measure mq, with
the countable infinite product measure m x m X - - -, where m is the normalized
Lebesgue measure of the unit circle.

The Q-linear independence of the set {log(pn)}n>1U{log(gn)}n>1, implies that
T is isomorphic to the group of characters of ((Qpq)+, ), where (Qy, )+ are the
fractions of (N, 4,-). Given a point x = (x1,X2,...) € T, the corresponding
character x : (Qpq4)+ — T is the completely multiplicative function on N, 4
such that x(p;) = x2j, x(¢;) = X2j—1, extended to (Qp 4)+ through the relation
x(Ah) = x(A\n). From now on we identify a point x = (x1,...) € T> with the
corresponding character x(Ay,).

an

Suppose f(s) = $= and x(A) is a character. The vertical limit function
n>1""

fy is defined as

Fels) = 37 S5x(h).

n>1""

Kronecker’s theorem [7] justifies the name, since for any € > 0, there exists a
sequence of real numbers {t;};>1 such that f(s + it;) — fy(s) uniformly on
Co.,(f)+e- The abscissae of convergence are defined likewise with the theory of
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Dirichlet series.

=infcoeR: f(s Zi—: converges ; ,

n>1""

n>1

= inf {O’ eER: f(s Z 2] converges p ,

an

=inf{oeR: f(s)= =

converges uniformly in C,
n>1

For a symbol (s) = cos + p(s) € & we set

Px(s) = cos + @x(s),
and we observe that for every y € T* and f € H3,

(6) (Cy(f))y = fxeo 0 Uy

Note that for a Dirichlet series f € H? C H3 the vertical limit function has

the form
anx(n)
fX(s) = Z ns ’
n>1
where the character x(n) exists in the dual group of (Q4,-), which is also iso-
morphic to T°°.

2.3. Hardy spaces on the infinite polytorus and the Bohr-lift. We will
make a short presentation of those topics and we refer to [11, 15, 22] for further
information. For our purposes it would be enough to define only the spaces
H?(T*>) and H>(T>), but for expository reasons we will consider 1 < p < oco.
Let us first recall what happens in one dimension. The Hardy space HP, 1 <
p < oo consists of all functions in LP(T,dm) with vanishing negative Fourier
coefficients. The Fourier coefficient of a function g € L*(T*) at a sequence
a= (a1, a2,...) € ZY is defined as

@) = [ g2 dmec (o),
oo
where Z§° is the set of all compactly supported sequences with integer terms and
2t =zt 23t

is the multi-index notation. Similarly, we will denote by N§° the set of all com-
pactly supported sequences of non-negative integers.
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In a similar manner to the unit circle, the Hardy space HP(T*), 1 < p < oo is
defined as the subspace of LP(T°°), which contains all the functions with vanishing
Fourier coefficients at sequences in Zg \ N§°.

By the definition of N, ¢ = {A\,}n>1, for every n € N there exist two unique
sequences in N§°, v,(A,) and v4(Ay,), such that

A" — p'Yp()‘n)q’YqO‘n) .

an

Starting with a generalized Dirichlet polynomial f(s) = > and mapping

>\S
n>1" "
its prime term to a new variable, in the following way
p;° X2 q; " X2j-1, i €N,
we define the Bohr-lift of f as
(7) B(f) = Z anX(An)'

n>1

The Bohr-lift is an isometric isomorphism between H3 and H?(T>). It is also,
a norm preserving homeomorphism from H> into H>°(T*°), see for example [15].
By H> we denote the space of all bounded Dirichlet series in Cy, equipped with
the uniform norm.

By Carleson theorem for H?(T>) [16, Theorem 1.5, for every f € H3 the

series B(f) := Y anx(\,) converges for almost every character y € T°°.
n>1
Thus, for every f € H3 and for almost every y € T, we have that
oe(fy) < 0.

2.4. The ergodic theorem. It is known [22, Section 2.2] that given a sequence
{an}n>1 of Q-linear independent real numbers, then the Kronecker flow {T; }+cr
is ergodic, where

(8) Tt(XlaX?a'-') = (e_ita1X17e_ita2X27"')'
By Birkhoff-Khinchin ergodic theorem, we obtain the following.

Theorem 2.1 ([10, 22]). If g € LY(T>), then for almost every xo € T,

T
(9) Jim / 9 (Tixo) di = / 9(x) dmeo ().

If g is continuous, then (9) holds for every xo € T°.

Consequently, for every f € H3 and for almost every character xo(\,)

T
(10) i o [180F dt= [ B dme 0.
-T Too
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2.5. The Littlewood—Paley and Stanton’s formulae. As in [4, Lemma 2],
for every f € H% and T > 0, we have the following Littlewood-Paley formula

1) 3 = If(+oo)P + ///|f (o + it)|* o dt dordmo ().

Suppose ¥(s) = cos + p(s) € B>1, by a non-injective change of variables [24],

(12)  [Co(DI? = If(+o0)* + / / | Lo (w)[* N (10, T) i () dA(uw),

Cq Toe
where the counting function Ny (w,T) is defined as

:% Z Res.

sev ! ({w})
[Im s|<T
Res>0

./\/;px (w, T)

3. WHEN DO COMPOSITION OPERATORS CHANGE ADDING PRIMES?

In this section we will study the behavior of a composition operator Cy, ¥ €
&> on the space H3. Our approach has been inspired by results in [8, Section
3].

Let Ny = {bi}r>1 be the increasing sequence of numbers that can be written
as a finite product of terms of the set {g, }n>1. We observe that b; *H? L bj_s’Hz,

when b; # b;. Thus, H3 has the following orthogonal decomposition

(13) M3 = P, H.

E>1

Proposition 3.1. Let ¢(s) = cos + ¢(s) € &>1 and k € N. Then, the compo-
sition operator Cy, maps by *H? into b, “*H? and its restriction Cy . to by *H?
has norm ||Cy|| = 1.

Proof. First, we observe that
Cy (b *n™*) = by *0b, ?)Cy(n=*) € b M2,
The Bohr-lift respects multiplication [15], that is
B(mf)=B(m)B(f), mecH™  fcH.

For every Dirichlet polynomial f, we have that

ICui Nl = Jte=n O], = [ |B(5) BCotm| dmat
2
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As we have already discussed, the Bohr-lift is norm preserving between H* and
H®(T*°). Therefore

I3 ) oy = I =

H oo

Thus
1€ Dl < 10 e < (155 s - -

Corollary 3.2. Let 9(s) = cos + ¢(s) € >1. Then, the induced composition
operator on H3 has the following orthogonal decomposition

(14) Cy =P Cyi-
k>0

Proof of Theorem 1.1. The proof follows directly from the Corollary 3.2. [

Proof of Theorem 1.2. By (14), it is sufficient to prove the following:
(i) [|Cyp.kll = 0.
(ii) Cyx is compact for every k > 0.

First we will prove (i). By Theorem 2.1, for every Dirichlet polynomial f € H2
and for almost every xo € T, we have that

2
[Conttic® g = [ |B (5Cun) 0] dmectr0
Toe 1 . |
=t on [ 1 0y Ot P e
“r

The symbol ¢ has boundary values ¥, (it) = lirn+ Yy (o +it) for almost every
o—0
t € R and for almost every x € T°°. Furthermore, the vertical limit 1, is in the
class B>1, see [3, 8]. Thus
T

—s : 1 - e 7 —1
[ConeDllsg < Jlim 5 / (b ) 2B (@) B (Cy (£) 7 x0)[”
-T

(15) — |Co(1br) " )|

where |-] is the floor function. We assume that (i) fails, without loss of generality
there exist 0 > 0 and a sequence of Dirichlet polynomials {f}r>1 in the unit
ball of H? such that

(16) [Cu (k)= fi) e = |Cu (b fillpe >0, kEN.
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The sequence {|bg | ~* fx }x>1 converges weakly to 0 in H? and as consequence
Jim ([ Oy (1] 7 i)z = 0.
This contradicts with (16). Therefore,
|Cy, k]l = 0.

For (ii), we consider an arbitrary sequence {b, *g;};>1, which converges weakly
to 0 and we observe that {g;};>1 is also weakly convergent to 0 in 2. This
implies that

[Co® 0z < 1Cu(63) e — 0.
Thus, Cy k. is compact for every k > 1. O

4. SYMBOLS THAT DO NOT DEPEND ON A PRIME

4.1. Submean value property. Let (2 be an open subset of C. We say that a
function u : Q — [—00, 00) satisfies the submean value property if for every disk
D(w,r) C Q

u(w)gm / u(z) dA(2),

D(w,r)

where |D(w,r)| = 7r? is the area of the disk.
Shapiro [24, Section 4] proved that for every holomorphic self-map of the unit
disk ¢, the Nevanlinna counting function N, satisfies the submean value property

in D\ {$(0)}.
The aim of this subsection is to prove the weak submean value property The-
orem 4.6 for the average [ Ny (w)dmso(x), where ¢ € &>1.
TOQ

w, )]
D(w,r) T

(17) /Mmm%mﬁﬁif//mwmmwmy

Our argument will rely on a technique which has been developed in [9, 19] and
allows us to transfer our notions in the disk setting.
We consider the unique conformal map F' from the unit disk onto the rectangle

R={z:]Imz| <2,0<Rez <2},
with F(0) =1 and F'(0) > 0.
Lemma 4.1. Suppose s is a point with 0 < Res < 1 and |Ims| < 2. Then
(18) 1 —|F~!(s)]* < CRes.
Furthermore, if 0 < Res <1 and |Ims| < 1. Then
(19) 1—|F7'(s)]> > CRes.
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Proof. By the Koebe quarter theorem [21, Corollary 1.4], for every s € R, we
have that

1—|[F1(s)]? 1—|F~1(s)]?
4[(F=1) (s)] [(F=1) (s)]
By the Caratheodory [21, Theorem 2.6] and the Kellogg-Warschawski theorems

[21, Theorem 3.9], there exist absolute constants d1, d2 > 0 such that for 0 <
Res<1land |Ims| <1

(20) < dist(s,0R) <

0<61<|(F*1)'|<62<oo.

This and (20) imply (19).

Again, by the Kellogg-Warschawski theorem there exists r > 0 such that
| (F_l)/ (s)| is bounded in RN D (F~!(+2i),r). Now, (18) follows by the Koebe
quarter theorem working as above. O

Lemma 4.2 ([19]). Let Q be a bounded subdomain of C and ¢ : D — Q be
holomorphic. Then, the classical Nevanlinna counting function Ny(w) satisfies
the submean value property.

Lemma 4.3. Let ¢ € ®>1. Then, there exists an absolute constant C' > 0 such
that

C
21 < —— 2)dA
(21) Now.1) € s [ No2)aA(e),
D(w,r)
for every disk D(w,r) C Co \ Cy.
Proof. Let F,(z) = F(z) 4+ o be the Riemann map from the unit disk onto the
rectangle
R,={z:0<Rez<2+o0, |Imz| <2},

with F,(0) = 1+ o and F(0) > 0.

By Lemma 4.1
(22) 1= [F () < CalRes — o),
whenever 0 < Res < 1, |[Ims| < 2 and
(23) 1—|E;1(s)]? > Ca(Res — o),
whenever 0 < Res < 1, [Ims| < 1.

We observe that Res < Ret)(s) and that

1

1- |Fa_1(3)|2 ~ log m,

SERUﬂCo\C%.



76 ATHANASIOS KOUROUPIS

By (23), for z € D(w,r) C Co \ Cy

Ny(z,1,20) =7 Z Res=m Z Res

s€yp ™ ({=}) s€yp ™ ({=z})
| Im s|<1 [Im s|<1
Res>20 20<Rcs<%
<27 Z (Res—0) < C Z (1_ |Fo_1(3)|2) < CNyor, (2).
seyp = ({=}) seyp =t ({=})
[Im s|<1 | Im s|<2
o<Res<3 o<Res<3

By (22), for z € D(w,r), we have that

Nyor,(2) < C Z (17 ’Fa_l(s)|2) SC’% Z Res = CNy(w,2,0).

sep ™ ({z}) sep ™ ({z})
| Im s|<2 | Im s|<2
o<Re s<% oc<Re s<%

By Lemma 4.2 the function Ny.p, satisfies the submean value property and
Ny(2,1,20) < C1Nyor, (2) < CoNy(z,2,0).
Therefore
C
(24) Ny(w,1,20) < ——— / Ny(2,2,0) dA(2).
| D(w, T)\D( :

We can apply the monotone convergence theorem to let ¢ — 07, yielding that

Nw(w, 1) < |.D(U)C,7’)|D(w/7q) Nw(z, 2) dA(Z),

for an absolute constant C' > 0. O

The following theorem will allow us to apply Theorem 2.1 for the counting
function Ny, (w).

Theorem 4.4. [4] Let 1(s) = cos + ¢(s) € &>1. Then, for every w € Cqy
(29) Nyfw) < 222,

Co

The following lemma will be of key importance for the proof of the weak
submean value property, Theorem 4.6, and Theorem 4.7. Despite its technical
and maybe serendipitous look, the idea behind Lemma 4.5 may be useful. See, for
example the interchange of limits problem [9, Problem 1] and the partial solution
of it [19, Theorem 4.9].
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Lemma 4.5. Let ¢ € &>, T >0 and w € Cy. Then

/ 70/\/% (w +it, T) dt dmeo (X)-

Toe —oco

2mey

(26) / N (w) dimoo (x) =
']I‘OO

Proof. We observe that s € ' ({w + it}) if and only if s — £ € ¢! ({w}),

Co

where x;(n) = n” % and t € R. Therefore

//J\@, (w + it, T) dt dmes(x // > Re s dt dmeo (x).

Too — 1roo = seye, ({w})
t t
7T7§<Im s<T7%
Res>0

The Haar measure my, is rotation invariant. This and Tonelli’s theorem imply
that

//Nw (w + it, T) dt dmoo (x // ) Re s dt dm(y)

Too — Too — sepy({w})
t t
—T—E<Im s<T—§
Res>0
co(T—Ims)

= — / Z Res / dt dmeo(x)

:2CO7T/N¢X(R€1U) dmeso(Xx)-

O

Theorem 4.6. Let v € B>. Then, there exists an absolute constant C' > 0
such that

C
e [N i [ [ dnaodac),
Too D(w,r) T
for every disk D(w,r) C Co \ Cy.
Proof. By Lemma 4.3
. C .
(28) Ny (w+it, 1) < Dlw. )] / Ny, (z +it,2) dA(z).
D(w,r)
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The proof follows by Lemma 4.5 integrating (28) with respect to x € T* and
then t € R. 0

4.2. Necessity when omitting a prime. This subsection is devoted to the
following weaker version of Theorem 1.3.

Theorem 4.7. Suppose 1(s) = cos + ¢(s) € &>y with o(s) = Y %=, where p is
pin
a prime number. If the induced composition operator is compact on H?, then

: Ny, (w)
i / “Rew 1Me(0) =0

oo

To prove the theorem we will use a variant of the classical technique, which
gives necessary conditions for compactness. But, it is worth mentioning the ideas
behind the steps of the proof. First, we considered a symbol that does not depend
on a prime. We did that in order to separate the derivative of the reproducing
kernel and the counting function under the integral sign on the infinite polytorus,
(30). Then, using Lemma 4.5, the average counting function arises, (31). In the
last step of the proof, we make use of the translation invariance of that average,
to start with an integral on the real line and then introduce a proper disk to gain
an additional power of Res,, and derive the necessary inequality, (33).

Proof. Without loss of generality we assume that p = 2. Let {s,}n>1 C Co be an
arbitrary sequence such that Res,, — 07. We observe that the induced sequence
{Ks, 2}n>1 of normalized reproducing kernels associated to the prime 2, defined

as
mz

2](3n+s)
converges weakly to 0, as n — oo. Therefore
(29) Jm (| (K, 2)] = 0.

Stanton’s formula (12) yields to the following

ICy (K, )| > C / / (B0, 2) 0 (w)[* N, (10, 1) i (x) dA(w)

Co Too

(30) > [ [ 2] [ N1 dneo dag).
Co T Tee
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By Parseval’s formula and Lemma 4.5

1Cy(Ky, 2)[2 > C(1 — 4= Resn) / $ j2aiRestRes) / Ny, (w,1) dmeo (x)

Co j>1

C 1 74—Rcsn / 2]24 j(Resn+o0) /wa dmoo )d

j>1

3Resn

e / Lo e /N (0) dmao(x) d

> v, (0) dmoo () do.
_ 7Resn+a')3 X

(1 -4 )

Re sp
2

For sufficiently large n € N, we have that for every ¢t € R

3Re sy
B CuKe )l 2 CRes) ™ [ [ Ny (@)dmac()do
Repn T
3Re sp
= C(Res,) > / /wa(o—&—it)dmoo(x)da.
Resy Too
2
Thus
1Cy (K, 2)1?
Hgen (F5m)2—(0-Resn)?
> C (Resy,)™® / / / Ny, (0 + it) dmoo(x) dt do
B /() —(0—Res,)? T
1
32) >C(Respy) '————— / /N dmeoo (x) dA(w).
(32) > C(Resn) [D(Re s, Boia)] o (W) dmeo (x) dA(w)

D(Re sy, 20 ) T
By Theorem 4.6,

S N (sn) dmes(x)
(33) |Cy (K, 2)|* > CF

Res,

The proof now follows from the equation (29),

Re w—0 Rew 0
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5. PROOF OF THEOREM 1.3

The proof of Theorem 1.3 follows from Theorem 4.7 and Theorem 1.2. More
specifically, let Cy, be a compact composition operator with symbol 3 € &>;.
Then, by Theorem 1.2 Cy is compact on Hi. Theorem 4.7 remains true if we
substitute #? with #3. The symbol 1) € &> does not depend on the generalized
prime ¢; and thus

Ny, (w)
li ——=d =0.
Re w0 Rew Mmoo ()
TOC

Note that in order to prove Theorem 1.3 it would be sufficient to add just one
generalized prime, for example ¢ = .

Now we present the counterexample of F. Bayart. We will make use of the
following characterization of compact composition operators with symbols 1(s) =

cos + 1(s) € B>, where ¢ is a Dirichlet polynomial.

Theorem 5.1 ([2]). Let (s) = cos+ @(s) € &>1, where ¢ is a Dirichlet polyno-
mial. Then, the induced composition operator Cy, is compact on H? if and only
if the symbol has restricted range.

We say that a symbol ¥ € & has unrestricted range if

1 .
. _J 5 ife=0,
(34) Jnf Redls) = { 0 if ¢ > 1.

It is worth mentioning that a symbol with restricted range always induces a
compact composition operator on H2, [3, Theorem 20, Theorem 21].

Example 5.2. We consider the symbol ¥(s) = 1+ s — 27%. The composition
operator Cy is not compact on H2, since ¥(s) = 1+ s — 27° has unrestricted
range. The vertical translations of it have the following form

Po(s) =14s— 2277, zeT.
The function h(z) := Rinf . |1, (s)| is continuous on z and vanishes only for z = 1.
e s>

For € > 0 sufficiently small there exists a constant C'(¢) > 0 such that

h(z) > 2e, |z — 1] > C(e)
and C(e) — 0T, as ¢ — 07. Applying Theorem 4.4, we have that
1+C(e)
N, N,
/L(E)dz: / L(e)dzgw(e).
€ €
T 1-C(e)
Thus N
lim M dz = 0.
Re w—0 Rew

T
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SCHATTEN CLASS COMPOSITION OPERATORS ON THE
HARDY SPACE OF DIRICHLET SERIES AND A
COMPARISON-TYPE PRINCIPLE

FREDERIC BAYART AND ATHANASIOS KOUROUPIS

ABSTRACT. We give necessary and sufficient conditions for a composition
operator with Dirichlet series symbol to belong to the Schatten classes S, of
the Hardy space H? of Dirichlet series. For p > 2, these conditions lead to a
characterization for the subclass of symbols with bounded imaginary parts.
Finally, we establish a comparison-type principle for composition operators.
Applying our techniques in conjunction with classical geometric function
theory methods, we prove the analogue of the polygonal compactness the-
orem for H? and we give examples of bounded composition operators with
Dirichlet series symbols on HP, p > 0.

1. INTRODUCTION

The Hardy space H? of Dirichlet series, which was first systematically studied
by H. Hedenmalm, P. Lindqvist, and K. Seip [13], is defined as

H2 = F(8) = D0 2 el = D lanf* < o0

n>1 n>1

Gordon and Hedenmalm [12] determined the class & of symbols which gen-
erate bounded composition operators on the Hardy space H?. The Gordon-
Hedenmalm class & consists of all functions ¥(s) = cos + ¢(s), where ¢g is a
non-negative integer, called the characteristic of ¢, and ¢ is a Dirichlet series
such that:

(1) If ¢ = 0, then QO((CO) - C%

(i) If ¢o > 1, then p(Cy) C Cp or ¢ = i7 for some 7 € R.
We denote by Cy, 6 € R the half-plane {s: Res > 0}. We will also use the nota-
tion &y and &>, for the subclasses of symbols that satisfy i and ii, respectively.

In this paper, we are mostly interested in the case ¢ = ¢ € . In that context,
the compact operators Cy,: H? — H? were characterized only very recently in

85
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[9], in terms of the behavior of the mean counting function

M,(w) = lim lim il Z Res, w € Ci\{p(+00)}.

o—0t T—o0
s€p 1 ({w})

[Im s|<T
o<Re s<oco

It turns out that C, is compact if and only if

M
(1) lim Lw)l
Rcwﬁ%+ Rew — 5

=0.

The next step would be to characterize symbols ¢ € &g such that C, belongs to
the Schatten class S, p > 0. In the disk setting D. H. Luecking and K. Zhu [17]
proved that a composition operator Cy, on the Hardy space H?(ID) belongs to the
Schatten class S, p > 0 if and only if

P
2

o) / ( (Ny(2))

1—[z2)5 %2 dA(z) < +o0,
D
where dA(z) = dx dy, z = x+1y is the area measure, ¢ is a holomorphic self-map
of the unit disk and N is the associated Nevanlinna counting function [24].
Our first main result is that the analogue characterization holds in the Dirichlet
series setting provided the symbol has bounded imaginary part.

Theorem 1.1. Suppose that the symbol ¢ € &y has bounded imaginary part and
that p > 1. Then, the composition operator C, belongs to the class Sy, if and
only if v satisfies the condition

3) / M dA(w) < 4o0.

K (Rew — %)p+2

=

For p > 0 the above condition remains necessary and if p > 2, then it is necessary
for all symbols in &.

When p = 1, namely if we want to know if C,, is Hilbert-Schmidt, things are
easier and Hilbert-Schmidt composition operators with symbols ¢ in &, have
already been characterized in [9]. This is equivalent to saying that

C

1
2

We generalize this characterization for C, € Sap,, m € N.
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Theorem 1.2. Let ¢ € &g and m € N. Then C, belongs to Sa, if and only if

m
/ /C"w1+w2 (W1 + wm )¢ (W + w1) H (wy) dA(wg) < o0.
tt &

Our next result is a comparison-type principle. Using the Lindel6f principle for
Green’s functions, we will be able to establish geometric conditions on the symbols
that imply that the associated composition operator is compact or belongs to Sj.
To our knowledge this is the first example of a technique that gives geometric

conditions that apply to all symbols ¢ € &j. To exemplify this, we focus on
symbols whose range is contained in angular sectors.

Theorem 1.3. Let ¢ € By and assume that the range of the symbol lies inside

— %| < 55 (, for some
a> 1. Then C, is compact. If we further assume that o < 2, then Cy, € Sy, for
anyp>1/(a—1).

an angular sector of the form ¢(Cp) C {s €Cy: ’arg(s)

We can strengthen the previous result proving that if the range of the symbol
meets the boundary inside a finite union of angular sectors, then the induced
composition operator is compact.

This geometric method also applies to continuity and compactness of compo-
sition operators acting on the other Hardy spaces of Dirichlet series HP, p # 2.
Recall that for 0 < p < oo, the Hardy space HP of Dirichlet series is defined as the
completion of Dirichlet polynomials under the Besicovitch norm (or quasi-norm
ifo<p<l

1Pl = [ 1m = [ (PaePar
W=\ B ar !
=T

The characterization of bounded composition operators with Dirichlet series
symbols on HP, p ¢ 2N is an open and challenging question. The condition
© € & is necessary but not sufficient, [21] and there is no known sufficient
conditions which may be applied to a large class of symbols whose range touches
the boundary of Cy. We provide such a sufficient condition under the assumption
that the range of the symbol is contained in an angular sector.

Theorem 1.4. Let k € N and p € (0,2k]. If the symbol ¢ € &y maps the right
half-plane into an angular sector of the form Q = {s € (C% ;| arg (s — %) | < %},

then C, is bounded on HP. Furthermore, if max(1, p) < q < 2k, then the com-
position operator is compact on HI.

In the last section we briefly discuss the case of Bergman spaces of Dirichlet
series as well as some results on Carleson measures.
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Notation. Throughout the article, we will be using the convention that C' de-
notes a positive constant which may vary from line to line. We will write that
C = C(z) to indicate that the constant depends on a parameter z. If f, g are
two real functions defined on the same set 2, we will write f < g if there exists
C > 0 such that for all z € Q, f(z) < Cg(z) and f ~gif f < g and g < f.

2. BACKGROUND MATERIAL

2.1. Schatten classes. A compact operator T acting on a separable Hilbert
space H can be written as

(5) T(x) =Y sulx,en)hn, @€ H,

n>1

where {sp}n>1 is the sequence of singular values and {e,}n>1 and {hy},>1 are
orthonormal sequences. In case T is self-adjoint, then e, = +h,, for all n > 1.
For p > 0 the S, Schatten class of compact operators T' on H is defined as

Sp=Sp(H) = T € R(H) : |[T|[§ = sh < o0
n>1

Equivalently (see [14]), for p > 1, a bounded linear operator T' € £(H) belongs
to .S if and only if there exists a positive constant C' such that

Z |(Ten,en)|P <C
for every orthonormal basis (e, ). Furthermore, if T is self-adjoint,

IT| = sup > [(Ten, en)l?

the supremum being taken over all orthonormal basis of H.

For a compact and positive operator 7" on H we define the power T?, p > 0,
as

TP (x) = Z sP{z,en)en, r € H.
n>1

When p = n € N, the operator T" is the n-th iteration of T. We observe that
T € S, if and only if TP € S;. It T is not assumed to be positive, we can still
use that T € S, iff |T|P = (T*T)P/% € Sy iff T*T € S,».

For a unit vector x € H and a positive operator T', applying Holder’s inequality

in (5) we obtain the following inequality
(6) (TP(x),2) = ((T(x),2))", p=L

For 0 < p <1 the inequality is reversed.
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2.2. The infinite polytorus and vertical limits. The infinite polytorus T
is defined as the (countable) infinite Cartesian product of copies of the unit circle
T?
T :{X:(X17X27"'): X3 ET?J Z 1}

It is a compact abelian group with respect to coordinatewise multiplication. We
can identify the Haar measure my, of the infinite polytorus with the countable
infinite product measure m x m X ---, where m is the normalized Lebesgue
measure of the unit circle.

T is isomorphic to the group of characters of (Q4,-). Given a point x =
(x1,X2,-..) € T, the corresponding character x : Q; — T is the completely
multiplicative function on N such that x(p;) = x;, where {p;};>1 is the increasing

sequence of primes, extended to Q through the relation y(n=1!) = x(n).

Suppose f(s) = > %= is a Dirichlet series and x is a character. The vertical
n>1
limit function f, is defined as

Fls) = 32 2,

By Kronecker’s theorem [6], for any € > 0, there exists a sequence of real numbers
{tj};>1 such that f(s+it;) — fy(s) uniformly on C, (f)4e, where oy, (f) denotes
the abscissa of uniform convergence of f.

If f € H?, then for almost every character x € T the vertical limit function f,
converges in the right half-plane and has boundary values f, (it) = c,liféi fx(o+it)

for almost every t € R, [2]. For 9(s) = cos + ¢(s) € &, we set
Px(s) = cos + @x(s),
then for every x € T* we have that
(7) (Cw(f))X = fxeo oYy
The symbol 1 has boundary values v, (it) = hm+ ¥y (o + it) for almost every
o—0
x € T and for almost every t € R.
2.3. Composition operators on H2. O. F. Brevig and K-M. Perfekt [9, Theo-

rem 1.3.] proved the following analogue of Stanton’s formula for the Hardy spaces
of Dirichlet series:

(8) 1Co ()2 = £ (0l(+00))? / | () > M (w) dA(uw),

where ¢ € ¢ and f € H2. By f(+oc0) we denote the first coefficient a; of

the Dirichlet series f(s) = >, 5, 7. We apply the polarization identity in (8)
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yielding to

9) (Co(f), Col9)) :f(@(+00))9(s0(+00))+%/f’(w)WM@(w) dA(w).
C

1
2

We will make use of two properties of the counting function M, (w) proved
in [9], the submean value property and a Littlewood type inequality. Those
respectively are

1
(10) M, (w) < oo w/” M, (2) dA(2),

for every disk D(w,r) C Cy that does not contain ¢(+00), and

p(+o00)+w—1

1) M) < 1og\ AT

. weC\{p(+o0)}

In Subsection 4 we will prove a weaker version of the Littlewood inequality (11)
but sufficient for our purpose. The standard technique to prove such inequalities
goes through regularity results for conformal maps [9, 15]. We shall use the
following consequence of (11) (see [9, Lemma 2.3]): for oo > Re(p(+00)), there
exists C' > 0 such that, for all w € C,__,

(12) M, (w) < O—2®) = )

(1+ | Tm(w)|)*

2.4. Carleson measures. Let H be a Hilbert space of holomorphic functions
on a domain 2. A Borel measure g in €2 is called a Carleson measure for H if
there exists a constant C' > 0 such that, for all f € H,

/ ) Pdp(w) < C 1.
Q

We will denote by C(u, H) or simply by C(u) the infimum of such constants.
For instance, Carleson measures on the Hardy space H?(C %), that consist of
holomorphic function f in C 1 equipped with norm

e, = sup / o +it)[ dt < oo,
2 U>§]R

are characterized as follows.
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Theorem 2.1 ([10]). A Borel measure p on Cy is a Carleson measure for
HQ((C%) if and only if there exists a constant D > 0 such that for every square Q
with one side I on the line {Res = 3}

(13) w@Q) < DI

Moreover, there exist two absolute constants a,b > 0 such that, for all Borel
measures L on (C%, denoting by D(u) the infimum of the constants D verifying
(13), then aD(u) < C(p) < bD(p).

2.5. Weighted Hilbert spaces of Dirichlet series. Our main strategy (in-
spired by [17]) to obtain the membership of C, to S, is to derive it from the
membership to S, of an associated Toeplitz operator defined on another space of
Dirichlet series. We now introduce this class of spaces. For a < 1 we define the
weighted Hilbert space D, of Dirichlet series as

Ay, 2 a
Do=4f(s)=) — Il = laaf* + D lanl? (logn)" < oo
n>1 n>2

The reproducing kernel k., _,, a > 0 of (D_,), (space mod constants) at a point
w e (C% is given by

(logn)® I'(l+a)
14 Ko, = + E,(s +w), seCu,
" 7; nstw (w+s—1)"" ( ) 2

where E,(-) is a holomorphic function on Cyp, [15, Lemma 5.1]. Observe that
1
(Re(w) — %)QH.
Note that for a = =2, we have ky,—a(s) = ¢"(s + W) and ("(w) ~ge(w)—1

(Re(w) —1/2)73. Recall also that for any orthonormal basis (f,) of (D_q),, for
any w € C 1

(16) D 1w = ku—a(w).

n

(15) kaﬁa”%a = ku,—a(w) ~Re(w)—3

The local embedding theorem, [13], states that there exists an absolute con-
stant C' > 0 such that for every f € H?

o ] ()

dt < C|fl3zs T >0.
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A direct application of (17) is that for every f(s) = > %= € (D_4),, a > 0,
n>2
we have the following embedding

o0

T oo
1 1 a—1 2 1-20 1 a—1
— I < —
o | e il =3 ot <€ Sl [0t (o -y do i
-7 1 n>2 1
2 2
['(a) 2 -
<C—; > Jan|? (logn)
n>2
I'(a
(15) <ot @y,

where C is the constant appearing in (17). In particular, if B is a subset of (C%

with bounded imaginary part, then 15 (Re(-) — l)ail dA is a Carleson measure

for (D_g)0. More generally, if « : [0, +00) — [0, +00) is integrable, bounded and
decreasing then #(|Im(-)|) (Re(:) — 1))~ " dA is a Carleson measure for (D_a)o-

The differentiation operator D( f ) f’is an isometry between H3 and (D_5),.
By (9) the composition operator C, belongs to Sa,(H?), p > 0 if and only if the
operator (D oCyoD™1)" Do C,o D! exists in Sp((D-2)o) if and only if the
operator Ty, : (D_3), = (D—2), defined as

(19) r9) / F () g (@) M () dA(w)

N\»—-

belongs to S,((D—-2)0).

3. COMPOSITION OPERATORS BELONGING TO SCHATTEN CLASSES

3.1. Schatten class and Carleson measures. We shall divide the proof of
Theorem 1.1 into several parts. We first handle the case p > 1 in a more general
context by giving a necessary and a sufficient condition for Cy, to belong to Sa,.
Both conditions involve M, and Carleson measures. At this stage, we do not
assume anything on the imaginary part of ¢.

Theorem 3.1. Let p > 1 and ¢ € .
a) Assume that Cy, € Sap and let p be a Carleson measure for (D_g)o. Then

[ QwreeRem),
(Re(w) — %)p

u(w) < 400.
C

[N
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b) Assume that there exists p : ¢(Co) — (0,+00) such that pdA is a Carleson
measure for (D_3)o and that

p(w)p=1
»(Co)

Then Cy, € Sop.

Proof. We start by proving a). Let I,, be the inclusion operator from (D_3)o into
Lz(C%,u) which is bounded since p is Carleson. Moreover, assuming C, € Sap
or, equivalently, T,, € Sp,, we get by the ideal property of Schatten classes that
I,0 Tf;/z € Sy. Let (f,,) be any orthonormal sequence of (D_3)o. One can write

00 > Lo TE2|E, = D IITE 2 (F)lZ2(,

n>1

=% [ |k () kel dut)

n>1(C1

- [l o, e

Cy
2

- /<T3; (kw,~2) s kw,—2) du(w)

> / (T (Kuw,—2), Kuw,—2))" ka,_zﬂ2 du(w)

Cy
2

by (6), where K, 5 is the normalized reproducing kernel of (D_2)g at w. Observe
that the exchange of integral and sum is justified by Tonelli’s theorem. Fix
0 > Rep(400). By (19),

P
meﬂ@z/ /wkmﬂM<m«>nm4w@w

p

> / / Ko 2(2) Mo (2)dA() | [, o)l dps(w).
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_1
By (14) one can estimate the behaviour of K, _2(z) in the disc D (w, Req“; 2 ),

whenever Rew < o4, to obtain

/ Ky —a(2) PM(2)dA(2) > / %d A2)
D(w.1 1 1 1 (Re(w) - 5)
(“”E(Re(w)_§)) D(w,E(Re(w)—§))
> M
Re(w) —

where the last inequality follows from the submean value property of the mean
counting function (10). Taking into account the value of ||k, —o| we get

/ (M (w))P("(2Re(w))
(Re(w) — %)p

du(w) < +o0.

Ci\C

\Cre

Finally, (12) yields

(M)’ (2Re(w)
/ (Re(w) — %)p dp(w)
< / ¢"(2Re(w))dp(w) < / ‘2_’”’2 du(w) < +o0.

Co Co

oo oo

Conversely, assume that (20) holds and let ¢ be the conjugate exponent of p.
For p = 1 the validity of (20) follows from the Hilbert-Schmidt characterization.
Thus, we will also assume that p > 1. Let (f,) be any orthonormal basis of
(D_Q)O. Then

p

S @107 = 3 | [ I P (w)aAw)
Ci1

n>1 n>1

_ Z |fn(w)|2/le¢(w) |fn(w)|2/qp(w)1/qu(w)
pw)t/a
¢(Co)

r/q

) My w0 :
<3| [ A | | [ ) Pawdaw)

=4 \p(Co) ¢ (Co)
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Since pdA is a Carleson measure and since Y. |fn(w)]? = ky,—2(w) for any
orthonormal basis of (D_2)g, we get

(Mo (w))Pkw, —2(w)

T;<T¢(fn), fa)? < e dAw)
- #(Co)
< (Mw(w»p{”(? Re(w)) dA(w).
p(w)rt
#(Co)
Hence, T, belongs to S,. O

In view of the above theorem, the ideal case would be to choose a function
p:o(Cq) — (0,+00) such that pdA is a Carleson measure for (D_z)o and

1 pw) y
@1~ [Rew) — 1) © € PG

This yields to p(w) = Re(w) — 3. Now if ¢ has bounded imaginary part, then the

embedding inequality implies that 1., (Re(w) - %) dA is a Carleson measure
for (D_2)o. This gives the way to the case p > 1 of Theorem 1.1.

Corollary 3.2. Let p > 1 and ¢ € & with bounded imaginary part. Then C,
belongs to Sa, if and only if

/ (Mo (w))”

(Rew - l)p“‘Q dA(w) < 4o0.
2

C

[N

Proof. Our discussion actually shows that, under the assumptions of the corollary,
C, € S if and only if

M)’ g R ) dACe) < o
C/ (Rew_%)p*lC (2Re(w)) dA(w) < +00.

[N

It remains to show that this is equivalent to (3). Let 0o = 2Rep(+00). Then
for w e Ci\Co .,

1
< ("QRe(w) € ———————
(Re(w) - 3) (Re(w) - 3)

We may conclude if we are able to prove that for any ¢ € &,

/ Mo (5 Re(w))dA(w) < +o0,

T oo
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and
M p
’ (Re(w) - 5)
Both of these properties follow from (12). O

When ¢ does not have bounded imaginary part, there are still interesting
Carleson measures for (D_s)o, for instance (Re(w) — 1) /(1 + [Im(w)|)*dA for
any a > 1. This yields to the following result.

Corollary 3.3. Let p > 1, let ¢ € &g and let a > 1.

a) If C, belongs to Sap, then

My (w)” dA(w) < 4o0.
/ (Re(w) = 1)" (1 + | Im(w)|)*

C

D=

b) Assume that

/ _MCP (1 L)) D dAw) < +oo.

¢ (Re(w) — %)p”

[N

Then Cyp € Sap.

Proof. This follows from Theorem 3.1 with p(w) = (Re(w) — 1) /(1 4 | Im(w)]|)®

and dyp = pdA. Again we can replace everywhere (”(2Re(w)) by (Re(w) — %)73
since for a),

My (w)” dA(w +00
/ (Re(w) — 1) (1 + [ Im(w) ) =

)

and for b), ¢"(2Re(w)) < (Re(w) — 1)~ is valid throughout C;. 0

We now prove that (3) remains necessary for p > 2 without any assumption
on .

Theorem 3.4. Let p > 2 and ¢ € &y. Assume that Cy, € Sop. Then

/ (M (w))”

(Rew — %)pﬁ

dA(w) < 4o0.
C

[N
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Proof. For the positive operator T, belonging to S,, denoting by (f,) an or-

thonormal basis of eigenvectors of T,

00 > || T8|lg, = D _(TE(fa): fu)

n>1

=3 [ T ) M, () a4 )

n> 1(:

_Z/ (T2 (fn), kw,—2) fr (w) My (w) dA(w).

n>1¢:l
2

The quantity under the integral sign is nonnegative since

<T£71(fn)’ kw,f2>fn(w) = szil<fna kw772>fn(w) = Sﬁil|fn(w)|2-

An application of Tonelli’s theorem yields

00> 725, = /Z Fs T —2) T () M, (1) dA(w)

n>1

= /<T£_1(kw,—2), kW,—2>M¢(w) dA(w)
C1

2

- / (T2 (K ), Ko ) [ 2|2 Moo (1) dA(w).

C

1
2
We now use (6)

00 > T2, = [(To o), Ko™ ol M) dA )
C

[N

p—1

Cy
2 2

/ / Ko —a(2)* M(2) dAG) | s —aI? M(w) dA(u).

We conclude as above using the submean value property of the counting function

(10) to deduce that (3) holds true.

We end up the proof of Theorem 1.1 by considering the case p € (0,1).

O
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Theorem 3.5. Let p € (0,1) and p € &y. Assume that ¢ has bounded imaginary
part and Cy, € Sa,. Then

[ G sy <

m\»a

Proof. We still denote by (f,) an orthonormal basis of eigenvectors of T.,. We
now write

ITANS, = D (Tp(fa)s £u))”

n>1

-y /Ifn )2 M,y (1) d A (w)

n>1

Y| [ gyl (et 5 ) datw

n21 \g(Co)

Now by (18) the measures 1,(c,)|fn(-)|* (Re(-) — 3) dA are finite measures on Cy
with uniformly bounded mass. It follows from Hélder inequality and (16) that

IT, ls, > / > o Lol (Retw) - 5 ) aatw)

n>1 )

O

3.2. The case of even integers. We now prove the 2m-Schatten class charac-
terization (4).

Proof of Theorem 1.2. We first prove that (4) implies that C,, is compact. If
this was not the case, then we could find § > 0 and a sequence (w(k)) C Cy with

real part going to 1/2 such that for every € € (0,1) the rectangles

Ry — <Rew(§) - %7 3 (Rewék) - %))

v (Imw(k) e <Rew(k) - ;) JImuw(k)+ ¢ (Rew(k) - ;))
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are pairwise disjoint and for all k£ > 1,
Mo (w(k))
Re(w(k)) — 3

Let Ay = [[j2, Rx. We recall that ¢"(s) has a pole of order 3 at s = 1, thus
we can choose € > 0 close to zero such that

> 4.

—3m
Ro (¢ (5 + wa) -+ (@5 + ) ¢ (i + w1) > (Rew®) = 5)

for every w = (w1, ..., wn) € Ag. Using the mean-value property of the counting
function as well as the estimate above, we obtain that

/c” (@1 +ws) -+ " (W1 + win) ¢ (W + w1) [ [ Mg (w;) dA(w;) >
A J=1

. MW(wk) m
H reutey 12"

Since the sets Ay are pairwise disjoint, this would contradict (4).
Hence, for both implications of Theorem 1.2, we may assume that C,, hence
T, is compact. Let us consider the canonical decomposition of T,

Tcp(f) = Z Sn(fs fru) fr-

n>1

(SIS

We know that Cy € Sy, if and only if 77" € 5y if and only if
> AT (fa), fa) < 0.
n>1

We observe that

SR d) = X [T ) b ) Tl M 1) dA (),

n>1 nZlCl
2
Arguing as in the proof of Theorem 3.4, we may use Tonelli’s theorem to get

SSTZ ) do) = [ (T2 2] o2} M) dA )

n>1 C,
2

= [ [ @20 2] o -2) oy 3) M, () M (1) dA () dA ).
C, C

S
=
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By induction one obtains

|TmH51 =

/ /C” Wy + wa) - " (W1 + Wi ¢ (Wi + wr H o (wy) dA(wy,).
k=1

w\»—A
m\»—A

O

We now intend to give a similar characterization involving the boundary values
of ¢ € &. For every x € T, ¢, belongs to &, and for almost every x, the
generalized boundary value ¢(x) = lim,_,o+ ¢, (o) does exist (see [8, Section 2]
or [9, Corollary 3.3]). Of course, Re(p(x)) > 1/2 for almost every x € T>. We
first show that when C, is compact, this inequality is strict for almost every
x € T*.

Theorem 3.6. Let ¢ € & such that C, induces a compact operator on H2.
Then Re(p(x)) > 1/2 for almost every x € T.

Proof. The norm of the image of a function f € H? under C, can be written as

ICo (DI = / 1 0 002 dimoss() = / £ )2 dpig (),
) J

where i, if the push-forward measure of ms by ¢(x), see [8]. Since C, is
compact and the reproducing kernel ((- + w) of H? at w satisfies

1
w+s—1
we can argue like in the proof of [19, Theorem 3] to deduce that

(21) pe (Q) =o(lIl), 1| =0,

where @) is a (Carleson) square in (C% with one side I on the vertical line

C(s+w) = +0(1),

{Re 5= %} This means that y,, is a vanishing Carleson measure for H?(C 1 ) and
this implies that ,uip‘ (Res=1} is absolutely continuous with respect to the Lebesgue
-2

measure of R. Following a standard argument, see for example [11, Chapter 3],
we will prove that ,u@‘{Re =11 is equal to 0. By the Lebesgue-Radon-Nikodym
-2

theorem there exists a positive function f € L!(R) such that
dﬂw‘{Res:%} = f(t)dt.

The set E = {x: Rep(x) > %} is of full measure if and only if f = 0. Let us as-
sume that there exists € > 0 such that |~ ((,00))| > 0. Let F C f~!((g, +00))
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with positive and finite measure and let é > 0 be such that
€
He(Q) < 1|I |

for every Carleson square in C 1 with length |I| < 0. We can cover F by a sequence
of intervals (I,) such that |I,,| < J and

> .l < 2|F).

Now,

e[F] < pg

(e =1} (F Z|I\< |F|

which is a contradiction with |F| > 0. Thus Re(¢(x)) > 1/2 for a.e. x € T®. O

We are now ready to give an analogue of Theorem 1.2 involving the symbol
directly.

Theorem 3.7. Suppose that the symbol ¢ € B induces a compact operator and
let m € N. Then, C, belongs to Sop, if and only if

(22) o0 >
[ [ c@0ae) - e+ @l +00a) T dma ).
Too  Too k=1

Proof. Let T'= Cg o C,, and let us consider its canonical decomposition

T(f) = sulf, fu)f

n>1

We know that C, € Sy,, <= T™ € 5; and that

/ F 0T A ().

Then
Z<Tm(fn)7 fn> = Z<T(fn)7 Tm_l(fn)>

= [ Aol T () GO+ PO e ().

n> lToo
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As in the proof of Theorem 1.2 the quantity inside the integral is nonnegative
which allows us to use Tonelli’s theorem. Hence

ST (f), fu) = / (T (K .00 Bty 0) oo (1)

n>1 Too
- / / (T (e 0)s bty 0)C(0061) + 900 oo (x1 ) (x2)-
oo Too

By induction one finally obtains

T s, =

/ / CEOD+200)) - @O+ () (@0 +00x)) T] dmeo (xe)-

k=1

O

4. A COMPARISON-TYPE PRINCIPLE

4.1. Lindelo6f principle and Littlewood inequality. In this section we will
use Lindelof principle for Green’s function to give a simple proof of a non-
contractive Littlewood inequality (11). Similar techniques have been used in
the disk setting, [5].

We recall (see for instance [22]) that a Green’s function for a domain  C C is
a function gg : Q X Q — (—o0, +0o0] such that, for all w € Q, g(-,w) is harmonic
in Q\{w}, ga(z,w) = 0 n.e as z = 9N and gq(-, w) +log |- —w| is harmonic in a
neighbourhood of w. If a domain admits a Green’s function then it is necessarily
unique. For instance, the Green’s function on the disk gp : D x D + (0, +00] has

the form
1—zw

gp(z,w) =log

z—w
By conformal invariance we can easily define Green’s function on every simply
connected subdomain of the complex plane, for example

z+w

g, (z,w) = log , z, w € Cq.

—w

The class of domains D possessing a Green’s function gp is much larger than
the simply connected domains, see [22, Chapter 4]. Lindeldf principle for Green’s
function (see for instance [4]) states that if f is a holomorphic function mapping
D7 to Dy, where both of those domains possess Green’s function, then for zg € D,

and w € Do \ {f(20)}

(23) Z 9D, (Z,Zo) < 9D, (w7f(zO))
zef~1({w})
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Let us first show how to deduce, up to a multiplicative constant, Littlewood
inequality (11) and also a corresponding inequality for a symbol in &> (such
an inequality was used in [3] to obtain a sufficient condition for composition
operators with symbols in &1 to be compact on H?). Recall that for 1) € &>1,
its restricted Nevanlinna counting function is defined by

Ny(w) = Z Res.

s€y t({w})
| Im s|<1

Theorem 4.1. a) Let ¢ € &g. Then for all w € C1\{p(+00)},
o(+o0) +w —1
p(+00) —w

b) Let ¢ € B>q. There exists C > 0 such that, for all x € T, for all w € Cy
with Rew < ¢y,

M,(w) < mlog

Rew

<(——.
Neg, (w) < C’1 + (Imw)?

Proof. a) Let ¢ € &y and w € Ci\{p(+0o0)}. For T' > 0 sufficiently large,
w # o(T) so that Lindeldf principle implies

Z log

s€p~t({w})

—_

o(T) +w — ‘
o(T)—w |

T+5s
— | <1
T—s‘_ ©8

On the other hand, using the elementary inequality log(z) > (1 —2~2) valid for

z >0,
2T Res
I > E _.
Z 8 = |T + s|?
s€p~ 1 ({w}) s€p~ ! ({w})

Observe that {Re(s) : s € ¢ ' ({w})} is bounded. Therefore, for all ¢ € (0,1),
we can choose T large enough so that
T'+s

Z log T 2(1;8) Z Res.

s€p~t({w}) s€p  ({w})
[Im s|<T

T+3s
T—s

We can conclude by letting T" to 400 and € to 0.
Regarding b), let x € T and w € Cy with Rew < ¢y. Lindeldf principle says
that

S — w —
seit({w)) X
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Now, when 1, (s) = w, then 0 < Res = Rew=—Ree(s) < 1 gince Rew < co. We

co

apply again the inequality log(z) > %(1 —272), x > 0, yielding to

Ny (w) <C Z log

= 5s—2
seyy ({w})

s+2’

Finally it was shown in [3] that

W+ 1y (2) Rew
W=y (2)]| T T+ (mw)?

where C' does not depend neither on y € T nor on w with Rew < ¢g. O

log ‘

4.2. A comparison-type principle and a polygonal compactness theo-
rem. We shall now apply the idea of the previous subsection when ¢ € &y maps
Cy into a subdomain D of C 1 Lindelof principle helps us to find better estimates
on M. Indeed, provided D admits a Green’s function, the proof of Theorem 4.1
shows that

(24) My (w) < gp(w,p(+00)), w € Ci\{p(+00)}-

We deduce the following comparison principle. Under similar conditions a
norm-comparison principle appeared in [8].

Theorem 4.2. Let ¢ € & be such that (Co) C D C Cy where D is a sim-
ply connected domain. Let Rp be the Riemann map from D onto D such that
Rp(0) = ¢(400) and let op = Rp(27*). Assume that Cy,,, is compact. Then C,
is compact. Moreover, if D C {|Im(s)| < C} for some C > 0 and if Cy,,, belongs
to Sop, p > 1, then C, belongs to Sap.

Proof. Let p = 2. By the ip-periodicity of ¢p, we have that for all T > 0

log(2)
2T 2T
\‘J Z Res < Z Res < <LJ + 1) Z Res,
p p
€ep' ({w}) s€pp! ({w}) s€pp! ({w})
0<Im s<p | Im s|<T 0<Im s<p
o<Re s<oco o<Re s<oo o<Res<oco

where |z] is the integer part of the real number z, [15, Example 4.6]. Thus

My,(w)~ 3 Res

0<Im s<p
s€ep' ({w})

1
- X ()
s 2|
z€Rp' ({w})
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since
1
log 2 Z Res = Z log ﬂ
z
s€ppt ({w}) zeRp ({w})
| Im s|<p |z|<1
Re s>0

By the conformal invariance of the Green’s function

Mo, (w) ~ gp(w, pp(+00)).

Hence our assumption on C,,, gives an estimate on M, which transfers to M,
thanks to (24) which itself gives the corresponding result on C,. Observe that in
both cases, we use the characterization of compactness or membership to Sa,. [

Remark. In Theorem 4.2, we can only assume that D admits a Green’s function

and use for Rp a universal covering map of D.

The most interesting case occurs when ¢(Cy) is mapped into an angular sector
contained in (C%. This leads to Theorem 1.3 that we now prove.

Proof of Theorem 1.3. Green’s function of the domain

1 s
Q—{SEC%. arg(s)—2’<2a}
is
(z-3)"+(w-3)
gQ(ZaUO :]Og [e] (o]
(:=3)" = (w=3)

By (24) and [9, Lemma 2.3], for w € ¢(Cy) C Q,

(

M, (w) < log

w —
(w—
1 «

< (Re(w) - ;)a

provided |w — ¢(400)| > § for some fixed § > 0. The proof of compactness
follows from the characterization (1), the proof of the Schatten class part follows
from Corollary 3.3. Indeed, letting 0o = 2Rep(+00), let T' > 0 be such that
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| Im(w)| < T for all w € p(Co) N (C1\Co. ). Then

0o T
(1+|1 [)2(=1)
// +|m ) dtdo < 400,  w=0 +it,

C1\Coy
2

p+2 po

since p > 1/(a — 1). Moreover,

/ m< + () )0 VdA(w) <

/ dAw) < 400
S+ [m(w)))? (Re(w) — £)°

T oo

by (12). O

Using properties of conformal maps, we can extend the compactness part of
Theorem 1.3 to slightly more general domains. This is the analogue of the polyg-
onal compactness theorem, [25], in our setting.

Theorem 4.3. Let ¢ € & be such that for some § > 0, the set p(Co) {3 <
Res < % + 0} is contained in a finite union of angular sectors of the form
U?:l {larg (z — 3 —i7;)| < o;} with 7; € R and o; € (0,7/2). Then C, is
compact on H2.

Proof. Let us consider the Riemann map f = Rp, where

=140 <o)

and let {wy, },>1 be an arbitrary sequence such that Re w,, — %+. Since M, (wy,) =
0 if w, ¢ D, we can assume that the sequence converges to a corner boundary
point f(e'%) # co. Then, by (24) and Koebe’s quarter theorem, see [20, Corol-
lary 1.4],

My (wn) < g (wn, £(0)) < 1= |f~Hw,)|* <

dist(wp, D) !f (f~ (wn))‘_l < <Rewn — ;) ’f/ (fil(wn))’_l :
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It is sufficient to prove that ‘f’ Hwy, )’ — 00, as n — oco. By the Kellogg-
Warschawski theorem [20, Theorem 3. 9] and the Carathéodory extension theorem
[20, Chapter 2]

[ ) |77 ) = T = o0,

where o = max{a; : 1 < j <d}. O

Remark. Our techniques apply also for symbols ¢ = cps + ¢ € &>1. Although,
the range of such a symbol cannot meet the imaginary axis in an angular sector
or more generally inside a domain D where Im w is bounded for w € D ((Cp \
Ce), e > 0. If that was the case then we would be able to find a point s(e) €
Co (s(€)) < €/4. The Dirichlet series ¢ converges uniformly
in Cres(c)/2, see [7]. By almost periodicity we can find an increasing unbounded
sequence of positive numbers {7}, },>1 such that

Rey(s(e) +iTy)) <

N ™

so that Re(s(e) +iT,) < 22. We observe that [Im¢(s(e) + iT,,)| — +oo, this
contradicts our assumption.

4.3. On the boundedness on HP. We conclude this section by the proof of
Theorem 1.4. We will use Hilbertian methods to prove that our assumption
implies that C,, is bounded as an operator from H to H?, where H is a Hilbert
space of Dirichlet series containing HP. To do this, we need another class of
Bergman spaces of Dirichlet series, the spaces A,, a > 1. They are defined as

—s |an|2
Ao =14 f(s) = Zann : Hf”i\a :gda(n) <00,

n>1

where by d,(n) we denote the coefficients of the Dirichlet series ({(s))”,s € Cy.
In particular, da(-) is the divisor counting function. The space A, is a reproducing
kernel Hilbert space, the reproducing kernel at a point sq € C 1 being the function

(¢(30 + +))“. The analogue of the embedding theorem for A, reads:

Lemma 4.4 ([18]). For every f € A, and every interval I C R there ezists a
constant C = C(|I]) such that

1

(25) //|f’o+zt <a—;> dtdo < C|f|%. -
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Proof of Theorem 1.. Let us set o = 2k/p. Working in a similar manner to
Theorem 1.3, there exist € > 0, C > 0 such that Rew € (%, % + ¢) implies

M,(w) <C <Rew - ;)a

Let T > 0 be such that ¢(Co) N ((C%\(C%ﬁ) C [3,3+¢] x[-T,T). By (8), for
feHP CH*,

1Co () 3ee = ()
= | etroenl+ 2 [ 104w

| 2

P+ 2 [ @) M) dAw).

Let us write f* = j>1@;5°. By the Cauchy-Schwarz inequality, for all w €
C: -
zte?

\aj|log]
Z Rcw

j>2
1/2 N
Z |a;|? Zda(j)log J
d (] jQRew
i>2 i>2

< CERTIIF .-

Note that ((%(s))" = 3 %ﬁogzj converges absolutely for Res > 1+4¢, e > 0.
Jj=>2
By the local embedding theorem (25), the boundedness of pointwise evaluation
at ¢(+oc) and the continuity of C, on H?, applied to 27, we get

I1C (D5 < I1S* (1%, -
Now, the inclusion operator i : HP/* — A, is contractive, [16]. Therefore

k k
1C (D ler < NC(Hllagze < NFFILE < NFEIME L = 1 f Lo
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Let us turn to compactness. Let {f,}n>1 be a sequence of H? converging
weakly to 0. We set g, = f* and observe that (g,,) converges pointwise to 0 on
C 1 and that the Dirichlet coefficients g,,(j) converge to 0 for each j > 1.

We work as above but we now set o = 2k/q and consider § € (0,¢). Then

I1Co (£ 135 < I1C(F) 502 = ICoo(gn) 32
§+5 T

11 ]_ @
< |gn(p(+o0)|? + 6374 / /|g;<a+it)|2 (0—2) it do

1 -T

+2 / 191, ()] M (1) dA(w).

The first term goes to zero as n tends to +oo and the second term is as small as
we want for every n if we adjust § small enough. Therefore it remains to show
that, for a fixed § > 0, the last terms tends to 0 as n tends to +oo. Now, for all
n>1andall we (C;+5,

|90 (5)|log j
|g" ‘ S Z - Rew

j>2
1/2 1/2
da(5)log” j |gn ()I?
S Z 2Rew7— Z ) é
j>2 J J>2
1/2
- |gn 1 2
<< 2 w gn
| Z o i,

Since (gn) is bounded in A,, for any n > 0, there exists ng € N such that,
lg},(w)| < n|27*|. We now argue as above to conclude that (Cy(f,,)) tends to 0
in HI. O

Remark. We choose to work with symbols with range into angular sectors for
the sake of simplicity. It will be interesting to know if our techniques can be
applied to give other examples of geometric conditions related to the behavior of
composition operators on Hardy spaces of Dirichlet series.

5. FURTHER DISCUSSION

5.1. Bergman spaces. We focused on the Hardy space H2, but we can extend
our results to Bergman spaces of Dirichlet series D_,, a > 0. The class & de-
termines again the bounded composition operators on D_,, a > 0. For Dirichlet
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series symbols ¢ € &g, the compact composition operators C,, have been char-
acterized, [15], in terms of the weighted counting function

. . m a
Myitq(w) = lim lim T Z (RGS)H ; w # (+00),

oc—0t T'—o0
sep~ ({w})

| Im s|<T
o<Re s<oo

and similarly with the Hardy space case, C, is compact on D_,, a > 0 if and
only if

Mso,1+a(w)

)1+a =0.

lim
Rew%%Jr (Rew — %
Theorem 5.1. Let p € B and p > 4. A necessary condition for the composition
operator Cy, to belong to the class Sy is the following:

(26) / Moa+aW)* 4 0) < o0,

J (Rew— ) E

[N

If we further assume that ¢ has bounded imaginary part, then C, belongs to the
class Sp, p > 2 if and only if ¢ satisfies (26), and for p > 0 the condition remains
necessary.

To prove Theorem 5.1 one can argue in a similar manner with the Hardy space
H2, using the analogue key ingredients, those are: The change of variables formula
[15, Theorem 1.2], the Littlewood-type inequality [15, Proposition 5.4], the weak
submean value property [15, Theorem 4.11] and the behavior of reproducing
kernels (14).

5.2. Carleson measures. E. Saksman and J-F. Olsen [19] proved that if x is a
Carleson measure for %2, then it is a Carleson measure for H?(C 1 ). The converse
is also true with the extra assumption that p has compact support.

A direct consequence of the local embedding theorem is that a sufficient con-

dition for a measure p in {% < Res < O'oo} to be Carleson for H? is

{C(kn, H*(Cy))bnez € 11,

1
2
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where i, is the restriction of & on the half-strip {s € (C% :n <Ims <n+1}.
Indeed,

dpin (w)

[rwra <3 [ 24

C nez C1
2

< Z C(pn)

nez
2
<3 Clun) 112
ne”Z
2
L 13z -

[

[0

- —1in

H2(Cy)
2

An example of such a measure is the restriction of Rj\g“"T(i”)ldA(w) to {3 <Res <
2

%}. The above condition is not necessary, as we will exemplify now.

We consider the sequence {sy, },>1, where

Sn = 5 5 i\n+g)-
As we will prove in a moment the measure du(w) = Y (Res, — 3)d,, (w) is a
n>1

Carleson measure for H?, where J5, (w) is a Dirac mass at s,, . The restriction
tn, n > 1 has the form

dnat) = (Res, = 1) ., w)

Let @Q,, n > 1 be the square with center at the point s, and one side I, on
the line {Res = 1}. Then,

consequently {C(un)}nez & ¢1. It remains to prove that du(w) = > (Res, —

n>1
%)(Ln (w) is a Carleson measure for H?. Actually, this is true for every sequence
{S$n}n>1 In C, such that

1 1
(27) Resn+1—2§a(Resn—2>, n €N,
for some a € (0,1). We follow an argument of [23, Section 4], see also [1]. It

¢(si+55)
V/C(2Res;)\/C(2Res;)

is sufficient to prove that the matrix A = { } defines a
i,j>1
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bounded operator on 2. We will prove that for every j € N

¢(si +55)|

the result will then follow from Schur’s test [26, Section 3.3].
The Riemann zeta function has a simple pole at 1. Therefore, (27) yields the
existence of 7o > 1 and of b € (0, 1) such that, for all i > i,

C(? Re SZ‘+1)
where b € (0,1). We only need to prove (28) for j > ig. On the one hand,
$ [ (si +755) | _ . |¢(Resi) +Res;) |

=170
1Sizio \/C (2Res;) \/C 2Res;) \/((QResl)\/C(ZResj)
On the other hand,

Z ¢ (si +75;) | Z\ 1 + max{Res;,Res;})|
= V/C(2Res;)1/C(2Res;) e V/C(2Res;)y/C(2Res;)

((2Res;) ((2Res;)
< Z 2Resj Z C(2Res;)

10<i<j 1>j>10
< > b
i0<i<j i>j>io
<C.
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A NOTE ON BOHR’S THEOREM FOR BEURLING INTEGER
SYSTEMS

FREDERIK BROUCKE, ATHANASIOS KOUROUPIS, AND KARL-MIKAEL PERFEKT

ABSTRACT. Given a sequence of frequencies {\n},>1, a corresponding gen-
eralized Dirichlet series is of the form f(s) = 3., 5, ane 5. We are
interested in multiplicatively generated systems, where each number e*n
arises as a finite product of some given numbers {gn}n>1, 1 < gn — o0,
referred to as Beurling primes. In the classical case, where A\, = logn,
Bohr’s theorem holds: if f converges somewhere and has an analytic exten-
sion which is bounded in a half-plane {Re s > 6}, then it actually converges
uniformly in every half-plane {Res > 6 + ¢}, € > 0. We prove, under very
mild conditions, that given a sequence of Beurling primes, a small perturba-
tion yields another sequence of primes such that the corresponding Beurling
integers satisfy Bohr’s condition, and therefore the theorem. Applying our
technique in conjunction with a probabilistic method, we find a system of
Beurling primes for which both Bohr’s theorem and the Riemann hypothe-
sis are valid. This provides a counterexample to a conjecture of H. Helson
concerning outer functions in Hardy spaces of generalized Dirichlet series.

1. INTRODUCTION

For an increasing sequence of positive frequencies A = {\, }n>1, and a gener-
alized Dirichlet series
f(s) — Zane—Ans7

n>1

the abscissas o¢,0,, and o, of point-wise, uniform, and absolute convergence
are defined as in the classical theory of Dirichlet series [12]. In this article we
wish to find sets of frequencies such that the analogue of a theorem of Bohr [4]
holds: if o.(f) < oo and f has a bounded analytic extension to a half-plane
{Res > 6}, then o,(f) < 6. The problem of finding frequencies for which the
abscissas of bounded and uniform convergence always coincide, which originated
with Bohr and Landau [18], has recently been revisited [2, 20] with the context
of Hardy spaces of Dirichlet series in mind. Indeed, Bohr’s theorem is essentially
a necessity for a satisfactory Hardy space theory, see [19, Ch. 6].

An important class of frequencies were introduced by Beurling [3]. Given an
arbitrary increasing sequence ¢ = {¢n }n>1, 1 < gn — 00, such that {log g }n>1 is

119
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linearly independent over Q, we will denote by Ny = {vy, },,>1 the set of numbers
that can be written (uniquely) as finite products with factors from ¢, ordered in
an increasing manner. The numbers ¢, are known as Beurling primes, and the
numbers v, are Beurling integers. The corresponding generalized Dirichlet series
are of the form
f(s) = Z anv,, °.
n>1

There are a number of criteria to guarantee the validity of Bohr’s theorem for
frequencies { Ay, },>1. Bohr’s original condition asks for the existence of ¢1,c9 > 0
such that

(1) A17,-5-1 - )\n 2 016_62A71+17 n € N.

Landau relaxed the condition somewhat: for every § > 0 there should be a ¢ > 0
such that

(2) /\n+1 - )\n > Ce_e(”n+l7 n € N.
Landau’s condition was recently relaxed further by Bayart [2]: for every § > 0
there should be a C' > 0 such that for every n > 1 it holds that

®3) inf <10g (Am—'—/\”> +(m— n)) < O,

m>n Am — Ap

For frequencies of Beurling type, A, = logv,, these conditions have natural
reformulations. For example, Bohr’s condition (1) is equivalent to the existence
of ¢1,co > 0 such that

(4) Un41 — Un > C1V, 3.

Conditions (1)-(4) are usually very difficult to check for any given Beurling sys-
tem, since they involve the distances between the corresponding Beurling integers.
Furthermore, they often fail. This is especially true if one wants to retain prop-
erties of the ordinary integers, such as the asympotic behaviour of the counting
function Ny(z) =3, .1, see e.g. [11] for the subtleties that arise already when
dealing with a finite sequence ¢ = (g1, ...,qn) of Beurling primes.

One motivation for considering Beurling integers is to investigate the properties
of the g-zeta function

n>1 n>1 n

_ 1
G = v =1] T
and their interplay with the counting functions

Ny(z) = Z 1, mq(x) = Z 1.

V’ﬂ S x (In S x
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As an example, Beurling [3] himself showed that the condition

(5) Ny(z) = azx+ O( ), for some v > —,

_r
(log )Y 2

implies the analogue of the prime number theorem,

(6) 7q(z) == Z 1~ 2

logz’

qn<x

We refer to [10] for a comprehensive overview of further developments.

In Section 2 we begin with a preparatory result which is interesting in its own
right. It states that starting with the classical set of primes numbers we can
add almost any finite sequence of Beurling primes while retaining the validity of
Bohr’s theorem.

Theorem 1.1. Let {p,}n>1 be the sequence of ordinary prime numbers and let
N > 1. Then Bohr’s condition (1) holds for the Beurling integers generated by
the Beurling primes

4= {Pn}n>1 U{q.j}évzla
for almost every choice (qi1,...,qn) € (1,00)N.

Sequences of Beurling primes of the type considered in Theorem 1.1 previously
appeared in [17].
Our next result requires more careful analysis.

Theorem 1.2. Let ¢ = {qn}n>1 be an increasing sequence of Beurling primes
such that g1 > 1 and 0.(¢y) < co. Then, for every A > 0 there exists a sequence
of Beurling primes ¢ = {Gn }n>1 for which Bohr’s condition (1) holds and

4n —dn| < g%,  neN.

Combining our techniques with a probabilistic method from [6], which refined
previous work of Diamond, Montgomery, Vorhauer [9] and Zhang [23], we are
able to construct a system of Beurling primes that satisfies Bohr’s theorem as
well as the analogue of the Riemann hypothesis. Specifically, we say that a
Beurling system satisfies RH if the corresponding Beurling zeta function (,(s)
has an analytic non-vanishing extension to Res > 1/2, except for a simple pole
at s = 1, of zero order in any substrip Re s > 0¢, 09 > 1/2. This latter property
means that for every € > 0 and o > oy,

Colo +it) = O:(|t]°), |t| — oo.

Theorem 1.3. There exists a system of Beurling primes ¢ = {qn }n>1 such that:
(1) The system satisfies RH.
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(i9) The prime counting function my(x) satisfies

mq(x) = li(z) + O(1),

where li(z) = [(1 —u~") (logu) ™" du.
1
(243) The integer counting function Ny(x) satisfies
N,(z) = az + O (xY/**2),  for alle >0,

for some a > 0.
(iv) The corresponding Beurling integer system satisfies Bohr’s condition.

Note that there are examples of Beurling systems such that ¢, has a non-
vanishing meromorphic extension to Re s > 1/2 of infinite order in any substrip
Res > 09, 1/2 < 0¢ < 1, see [5]. On the other hand, if ¢, does not vanish and
has finite order in every such substrip, then it is actually of zero order, and thus
the corresponding Beurling system satisfies RH. Therefore (ii) and (iii) actually
imply (7). The latter two statements can both be deduced from [16, Theorem 2.3].

The proofs of our results investigate how well “irrational numbers” may be
approximated by fractions of Beurling integers. We will comment further on this
kind of Diophantine approximation problems in Section 3. In Section 3 we will
also return to the original idea behind our work. There has been an interest in
studying Hardy spaces of generalized Dirichlet series since the 60s [8, 13, 14].
However, to our knowledge, except for examples that are very closely related
to the ordinary integers, there has not been any discussion of the existence of
Beurling primes ¢ satisfying the prime number theorem such that Bohr’s theorem
holds true for the corresponding Hardy space Hg®. This is in spite of the fact
that Bohr’s theorem is crucial for a meaningful theory of the Hardy spaces HZ,
1<p<oo

Since other aspects of the function theory of Hardy spaces do not depend on
the choice ¢ of Beurling primes, the motivation for Theorem 1.3 was to find a
canonical Beurling system N, which allows us to assume the Riemann hypothesis
in the Hl-theory. As a specific function theoretic application, we construct an
outer function, or synonymously, a cyclic function, f € 7—[3 which has a zero in
its half-plane of convergence,

1

(7) f(s) = m’

The existence of such an f constitutes a counterexample to a conjecture posed
by Helson [15].

0<e<1/2.

Notation. Throughout the article, we will be using the convention that C de-
notes a positive constant which may vary from line to line. We will write that
C = C(92) when the constant depends on the parameter .
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2. PROOF OF THE MAIN RESULTS

Lemma 2.1. Suppose that {q,}n>1 is a Beurling system such that d,, := vy 41 —
Vp > V,;_El. Then, for every e > 0 and for almost every ¢’ > 1, the Beurling
system {qntn>1 U {¢'} has a distance function satisfying

(8) dy=v) o — v, >, n €N,

where C'(¢, q) = max (C, 20.({y) — 1 +¢).

Proof. Let xg > 1. First we will prove that the set M of all numbers ¢’ > g
such that there exist infinitely many triples (j,n,m) € N3 with

(¢) - —

. vV,
‘ <v, %y %0 Co=0(g) +e,
Vm

has measure zero. Since

l‘
¢_C%y
Z/m

we have that M C limsup,, ,, ; {4 n,j, Where

1 1

Un \’ 1-j —Cy. —C Un \7? 1—j —Co. —C .

Qrn,n,j - [(V) — Ty "V, oym 07 7 +x0 Vp Oym 0 s 1M, m 2 1.
m m

<’ |(¢) -

The Borel-Cantelli lemma thus shows that |M| = 0, since

PIPIPLERN

m>1n>15>1

< 2.1‘0
T x9—1

Cq (CO)2 < 0.

Fix a number ¢’ € [zg,00) \ M such that log ¢’ is not in the (countable) set
spang{logg,}. Note that the set of such numbers has full measure in [z, c0),
and that xg > 1 is arbitrary. By construction, there are finitely many triples
(j,n,m) such that
© y -2

<vy Co V';LCO )
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For these exceptional triples, the left-hand side is at least positive, since log ¢’ ¢
spang{log g, }. Therefore

—Co,,—C
>>l/n Ol/m 0

7
AV
@)y -

m

for all (j,n,m) € N3.
Now we consider two arbitrary consecutive Beurling integers generated by the
prime system {gn }n>1 U {¢'},
Vg1 = (@), vy = (000
If a =05, then I =m — 1 and
_ -C
Vgt = Vi > V" > (Vi)

b

by the hypothesis on the distances d,, for the original Beurling system. Otherwise,
if, say, b < a, then

> l/l—Col/;lCo-ﬁ-l(q/)b > (V;H—l)i

_ 4

A R P

Vm

where C' = 20,(¢,) — 1 +&. O
Proof of Theorem 1.1. The proof is a direct consequence of Lemma 2.1. O

In order to prove Bohr’s theorem for more general Beurling systems, we need
to control the constant in the distance estimate (8), which comes from the ex-
ceptional triples satisfying (9).

Proof of Theorem 1.2. Fix a small € > 0 and zg € (1 +¢/2,1+¢). Consider
first any Beurling system N, = {1, },,>1 generated by Beurling primes such that
p1 > 1+ ¢ and 0.((,) < oo. For a number o, > max(2, A) to be chosen in a

moment, let
N=U U U

m>2n>2j>1
where €, ,, ; is defined as in the proof of Lemma 2.1,

1 1
l/n J 1—5 v, J 1—i
J— _ J,,—0 —0o. n J,,—0 —0
Qm,n,] - [(1/ ) Ty “Vp xI/Tn >, iy +l‘0 v, OOVm <.
m m

Then |N| < C(e) ((,(000) — 1) . Furthermore, for > 2, let

oo o

I=[z—2 2 ,z+2 2|

Note that if oo is sufficiently large, 0oo > C/(g), then

Vv
wl N

Vo \7 | 1 0 o < 4 d -
+xy v, Y, < gl/n an r—
V’m,
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Thus, I; N Qypn,j # 0 only if v, > /2. Therefore

LONIS 3 9Qmngl < CE) (Glo) = 1) 30 07~

m>2 v >z

3000

< CE) (Glow) = )G (52) 2™

We will construct a sequence of Beurling systems such that

O
- ) <
(10) (Gplow) =16 (52) <1
for the number o, > 0, still to be chosen later. Therefore
(11) 1L " N| < Cle)z™ T |1,

We conclude that whenever z is sufficiently large, I, ¢ N.
To include triples where v, or v, equals one in our considerations, we increase
the power o.,. The inequality

(12) vl — | <y 3‘7°°1/m3‘7°°
Vm
implies, whenever > x(, that
H 2
VTL J 1—4 . 1% Vm 1—4 —c —0
x() <zyllad - 22 < J(u;un) w(uiym) <.
2
U v2 v,

Therefore M C N, where M this time denotes the set of all x > z( for which
there exists an exceptional triple (j,n,m) € N such that (12) holds.

Now let ¢ be a sequence of primes in the statement of Theorem 1.2, assuming
that e < ¢1 — 1. As described, we will only be able to effectively apply (11) when
x is sufficiently large, say, * > B = B(e) = C(g)* +2, where C/(¢) in this instance
refers to the same constant as in (11). Let N be such that {q1,...,qn} = (1, B)N
q. Then, as a corollary of Theorem 1.1, we already know that there exists an
increasing finite sequence of primes {g1,...4n}, @1 > 1, such that |g; — ;| < q;A,
j=1,...,N, and such that Bohr’s condition holds for {l/»le)}n21 = N¢gu,..qn)-
Further, we choose o, so large that

—600
’Vfljj_)l — VT(LN)‘ > (ufﬁ)l) , neN,

and
(13)

Ooo . .
(Cy(o00) = 1) Gy (T) <1, ¢ ={q,.--qnv.av+1—1,qn+2—1,qn43—1,...}.
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This is made possible by the hypothesis that o.((;) < oo, since

IOg(qn)
<H a*cff( ) o>, szgilog(q{l)'

From here we proceed by induction. Suppose that ¢i,...¢r have been cho-

sen, where k& > N, with corresponding Beurling integers {V,gk)}n21 =N (G},
satisfying that

—6000
R T

We apply the preceding discussion to the Beurling primes p = {qGi,... ¢} and

T = qk+1, concluding that there exists a number g1 € I, , such that
(k) —30 —30
- 1% oo oo .
‘Ii_;_l - 7?,@) > (I/T(Lk)) (V,(,]f)) , (j,n,m) € N>
Um

By the same argument as in the last paragraph of the proof of Theorem 1.1 the
Beurling system {Vékﬂ)}nzl = Ny, 41, then satisfies that

—6000
pEED VT(Lk+1)‘ > (ngll)) . neN

n

At each step of the construction, (13) ensures that (10) holds. We hence
obtain a sequence ¢ = {qn}n>1, satisfying that |g, — gn| < q;% as well as
Bohr’s condition (1), specifically,

—60 00

|D’I’L+1 — I;n| 2 (Dn+1) 5 n e N
where {Dn}’nZI = Nq. O

To prove Theorem 1.3, we shall combine the proof of Theorem 1.2 with the
probabilistic construction of [6, Theorem 1.2]. Let

1—wut

F(z) = li(z) = / 1 du

logu

and set z,, = F~!(n). We select the nth Beurling prime ¢, randomly from the
interval [x,,2,4+1] according to the probability measure dli(x)|, »,,,]- That
is, we consider a sequence of independent random variables @Q,, representing
the coordinate functions (g1, ga,...) — ¢n, with cumulative distribution function

f dli(u) = li(z) — n, 2, < x < xp41. Formally, the probability space is X =

T

11 [#ns ®n+1], and by appealing to Kolmogorov’s extension theorem, we can equip
n=1
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X with a probability measure dP such that

oo

P(Ax 11 [xn,xn+1]> :/dli(u1)~-~dli(uk), if A C [z1,22]% X [T, Tps1]-
n=k+1 A

Proof of Theorem 1.3. Let A > 1. We will show the existence of a sequence
of Beurling primes ¢ = {¢,}n>1 generating integers N, = {v,,}n>1 with the
following properties:

(a) The Beurling zeta function (,4(s) can be written as

seZ(s)

s—1"

where Z(s) is an analytic function in {Res > 1/2} which in every closed
half-plane {Re s > oo}, o9 > 1/2, satisfies

|Z(s)| <o V10g([t] + 2), s =0+ it.

Go(s) =

(b) The Beurling integers satisfy |v, — Vm| > (Vnvy,) ™4 whenever n # m.
Suppose that v, pu are relatively prime Beurling integers, (v, 1) = 1, satisfying

lv — ul < (vp)~A. Let qx be the largest prime factor of vu. Without loss of

generality gi | v and gi { i, and let j be such that v = ¢.v" where g t /. Then

1

Ao~
A5 )
qk J(V/)1+AMA

J_
‘qk v

so that

1 1
, < < '
q](cA+1)g—1(V,)1+AMA ‘Z‘éA—i_l)J_l(Vl)lJrAﬂA

1/j
SOKE
1%

This motivates the following definitions. For k,j > 1 and

q1 € [$1;$2]aQ2 € [12,I3]7~--7Qk—1 S [kala‘rk}a

we set

Mk,j(Qh s 741@—1)

iz 1/ 1 N1/ 1
= U (;) T AT 144 A’(*) T AT A al”
V7M€N(q1w-,qk_1) ‘Tk’ v + 1% v ‘Tk 14 + 12

and we consider the events

B ={(a1,q2,---) 1 qn € My j(q1,- - qe—1)}-



128 FREDERIK BROUCKE, ATHANASIOS KOUROUPIS, AND KARL-MIKAEL PERFEKT

Denoting X = (21,22, ... ), the Lebesgue measure of My, ; (g1, ..., qr—1) is bounded
by 2¢x (1 +A)Cx(A)Z‘]1€7(A+1)j. Note that mx(x) = li(z) + O(1), and so (x(s) has
abscissa of convergence 1. Hence, for the probability of By ; we have

o xrs3 T
P(Bk’j) :/dh(ul)/dh(UQ) / dli(uk_l) / dh(uk)
1 T2 Tr—1 [mk,$k+1]ﬁ/\/lk,j(ul,“.,uk,l)
2Cx(1+ A)Cx(A)
S T Gt
Tk

In particular, 332, 327 P(By, ;) < oo.
We also consider the events

Ak,m =

Tk

k
{(ql,qg,...) : ‘Zq;imf/u_imdli(u)‘ > 8 Tk (Vlog z + 10gm)}.
n=1

log xj

Z1

In the proof of [6, Theorem 1.2] it was shown that also Y ;- | > P(Ag ) <
oco. Hence, by the Borel-Cantelli lemma we have with probability 1 that the
sequence (g1, g2, - . . ) is contained in only finitely many of the sets Ay, ,,, and By ;.
Take any such sequence gq.

Note that by construction, mq(x) = li(z) + O(1). As g is contained in only
finitely many Ay ., we obtain that

xT

(14) Z g, - /u_itdli(u)

n<z z1

< m(\/k’g(z +1)+Viog(lt| + 1)), =>1, teR.

For z = 2 and t = m € Z this is clear. If x € (zg,zk+1), then both terms
in the absolute value of (14) change by at most O(1) upon replacing = by x.
Hence the bound also holds for any t = m € Z and arbitrary x > 1. To obtain
the bound for ¢ € (m, m + 1), we write

T

S gt = /ui(tm)d<z qnim)’

gn<z 7 gn<u

x x u

/u—“dh(u) = /u—“t—m)d(/u—im(ih(v)),

Z1 Z1 Z1
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and integrate by parts.

The bound (14) implies (a). Indeed, setting IT,(z) = mq(z) + %1/2) +--
we have

log ¢y (s /x_s dIl(
1

_ logﬁ +/x*Sd(wq(x) —li(x)) —ﬁ—/x’sd(ﬂq(x) — my(x)).

Let 0 > 0g > 1/2. In the second integral we integrate by parts and use (14) to
see that it is Oy, (1/log(|t| +2)). The third integral is Oy, (1) for o > o > 1/2,
since I, (x) — my(z) is non-decreasing and < /z/log x.

Now let ky,ko,...,k; be the exceptional integers of the construction. Then
q ¢ By for all j and k # ki,...,k;. We simply remove the corresponding
Beurling primes from the system: ¢ = ¢ \ {qr,,---,qr}- As (5(s) = ¢(s)(1 —
@.,°) - (1—g;,°), (2) remains valid for (z(s). Finally, every two distinct Beurling
integers v, # vy, from Ny satisfy |v, — vp,| > (Vnm) ™A, For if this were not the
case, then, by the argument at the beginning of the proof, the largest prime factor
Q@ Of VnVi/(Vny Vim)? would be contained in some My ;(q1,...,qx—1), which is
impossible by construction.

Every point in Theorem 1.3 has now been proven, except for (7ii). However,
since (5(s) is of zero order in {Res > oo} for every oo > 1/2 by (a), this follows
from a standard application of Perron inversion, see [16, 23]. O

3. FURTHER DISCUSSION

Diophantine approximation and Beurling integers. Using the Borel-Cantelli
theorem to study the irrationality of real numbers is a standard technique of Dio-
phantine approximation. The irrationality measure p(z) of a real number x € R
is defined as the infimum of the set

R, = {r >0: ‘x — —‘ < — for at most finitely many pairs (m,n) € N x N}

For a Beurling system N, = {1, },>1, we may also introduce the irrationality
measure fi4(z) of a real number = € R as the infimum of the set

m
Tr — —
Un

Rx{r>0:

1
< — for at most finitely many pairs (m,n) € N x N} .

n

Then, by slightly modifying the proof of Lemma 2.1, we obtain the following
proposition.
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Proposition 3.1. Let ¢ = {qn}n>1 be a sequence of Beurling primes with
0c((q) < 0o. Then, for almost every x € R, it holds that

tq(x) < 20¢(Cq)-

In the classical case, Dirichlet’s approximation theorem therefore implies that
pu(z) = 2 for almost every x € R. We also recall Roth’s theorem [7], which states
that p(z) = 2 for every algebraic irrational number. It would be very interesting
to develop corresponding results in the context of Beurling integers.

Hardy spaces of Dirichlet series and a conjecture of Helson. For a se-
quence q of Beurling primes, we introduce the Hardy space ’H? as

Ho= 3 (5) = D a1l = 3 lanf? < o0

n>1 n>1

More generally, for 1 < p < oo, we define HP as the completion of polynomials
(finite sums Y a,v,, *) under the Besicovitch norm

1
P

T
1
— i NP
1Pl = | Jfim 5 [ 1PGOPdi
=7

The function theory of these spaces originated with Helson [14], and was, in
the distuingished case where g is the sequence of ordinary primes, continued in
very influential papers of Bayart [1] and Hedenmalm, Lindqvist, and Seip [13].
More generally, there is a developing theory of Hardy spaces of Dirichlet series
> ane”** whose frequencies are related to other groups than T, but we shall
restrict our attention to frequencies given by Beurling primes. A cornerstone of
the theory is that there is a natural multiplicative linear isometric isomorphism
between H? and the Hardy space H?(T*) of the infinite torus [8, 15]. However,
more is needed in order to identify H°°(T*) with Hg°, the space of Dirichlet
series Y anv, ® which converge to a bounded function in Cy = {Res > 0}. In
fact, Bohr’s condition is typically used in order to establish this isomorphism [20].

In identifying H} with HP(T>°) one is naturally led to consider twisted Dirich-

let series
fx(s) = Z anX(Vn)vy, *,
n>1

where a point x € T is interpreted as the completely multiplicative character
x: Ny — T such that x(¢n) = xn. Helson [15] proved that if f € 7—[3 and the
associated frequencies satisfy Bohr’s condition, then f,(s) converges in Cy for
almost every x € T°°. Helson went on to make a conjecture, which we state only
in the special case that the frequencies correspond to a Beurling system. Recall
that f € 7—[3 is said to be outer (or cyclic) if {fg i g€ ’Hfl’o} is dense in "Hg.
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Conjecture. If N, is a Beurling system that satisfies Bohr’s condition and f is
outer in Hg, then f, never has any zeros in its half-plane of convergence.

Suppose now that the Beurling primes g are chosen as in Theorem 1.3, so that
we have the Riemann hypothesis at our disposal, and consider the Dirichlet series

1
§) = ——"7"7-——,
f(s) Ce(s+1/2+¢)
for some 0 < £ < 1/2. Through a routine calculation with coefficients, one checks
that f, f2,1/f,1/f% € 7-[3. Therefore, there are polynomials p,, which converge

to 1/f in ’Hfll7 so that

11 = pnuflaz < I fllaesll/f = palls =0, n— o0

Thus, f is outer. On the other hand, it has a zero at s = 1/2 — e. To disprove
Helson’s conjecture it only remains to prove that f converges in Cg.

Proposition 3.2. The reciprocal 1/{, of the Beurling zeta function converges in
{Res > 1/2}.

Proof. The reciprocal 1/¢, is of zero order in {Res > o}, for every oo > 1/2.
This is clear from the proof of Theorem 1.3, but it is also well known that this can
be deduced from (ii) and (7ii) using the Borel-Carathéodory and the Hadamard
three circles theorems,

(15) log ¢4(o +it) = O ((log [t)*), a € (0,1),

uniformly for % < 09 < o < 1. See for example [16, Theorem 2.3] or [22,
Theorem 14.2]. Since we have Bohr’s condition, the standard argument [21,
Section 9.44] with Perron’s formula then shows that 1/(, is convergent in the
half-plane where it is analytic with zero order. O
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AN EXTENSION OF BOHR’S THEOREM

OLE FREDRIK BREVIG AND ATHANASIOS KOUROUPIS

ABSTRACT. The following extension of Bohr’s theorem is established: If a
somewhere convergent Dirichlet series f has an analytic continuation to the
half-plane Cy = {s = o +it : o > 0} that maps Cy to C\ {«, 8} for complex
numbers a # 3, then f converges uniformly in Cy4. for any ¢ > 0. The
extension is optimal in the sense that the assertion no longer holds should
C\ {«, 8} be replaced with C\ {a}.

1. INTRODUCTION

Let © denote the class of Dirichlet series
(1) f(s) = ann™
n=1

that converge in at least one point s = o + it in the complex plane. Associated to
each Dirichlet series f in © is a number o.(f), called the abscissa of convergence,
with the property that f converges if ¢ > o.(f) and f does not converge if
o < 0¢(f). This note concerns an extension of Bohr’s classical theorem on
uniform convergence of Dirichlet series [3]. We therefore define the abscissa of
uniform convergence oy (f) as the infimum of the real numbers 6 such that f
converges uniformly in the half-plane Cy. Here and in what follows, we set

Co={s=oc+it:o>0}.
Our starting point reads as follows.

Bohr’s theorem. Let f be in ©. If there is a real number 6 and a bounded
set Q such that f has an analytic continuation to Cy that maps Cy to 2, then
ou(f) <86.

Queffélec and Seip [10] (see also [9, Theorem 8.4.1]) showed that the assumption
that Q is a bounded set may be replaced with the weaker assumption that
Q is a half-plane. This extension of Bohr’s theorem was applied obtain the
canonical formulation of the Gordon—Hedenmalm characterization of composition

Date: January 19, 2024.
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operators [6], which has proven to be essential for further developments (see e.g. [5,
Section 6]).

The purpose of the present note is to delineate precisely the limits to how far
Bohr’s theorem may be extended in terms of the mapping properties of f in the
half-plane Cy. We will achieve this by establishing the following results.

Theorem 1. Let f be in ©. If there is a real number 6 and complexr numbers
a #£ 8 such that f has an analytic continuation to Cy that maps Cy to C\ {«, 5},
then oy (f) < 6.

Theorem 2. There is a Dirichlet series f with o.(f) < 1/2, ou(f) =1, and

f(Cq) = C\ {0}
forany 1/2 <6 < 1.

It must be stressed that both results are fairly direct consequences of well-
known techniques and results. The proof of Theorem 1 uses Schottsky’s theorem
similarly to how it is used by Titchmarsh in the introduction to [12, Chapter XI],
while Theorem 2 is deduced from results of Bohr [2] and Helson [8] on the Riemann
zeta function.

Acknowledgements. The authors thank Hervé Queffélec for providing helpful
comments.

2. PROOF OF THEOREM 1 AND THEOREM 2

We begin with some preparation for the proof of Theorem 1. Let D(c,r) denote
the open disc with center ¢ and radius r > 0. If f is analytic and different from 0
and 1 in D(c,r), then the effective version of Schottsky’s theorem due to Ahlfors
[1] states that

@ ()] < exp ( (7 + max(0, log lf(C)l))>

for all s in D(c,r). (We do not actually require the effective version of Schottsky’s
theorem, but we find it more convenient to work with explicit expressions.)

r+|s—¢|
r—|s—¢|

Proof of Theorem 1. We may assume without loss of generality that « = 0 and
B = 1. It is well-known (see e.g. [9, Chapter 4.2]) that o,(f) < oc(f)+ 1, so every
Dirichlet series in ® converges uniformly in some half-plane. For ¥ > 60, we set

M(f,9) = sup [f(J +it)].
teR
It is plain that M (f,9) < oo if ¥ > oy (f). We fix ¥ > o, (f) and apply (2) with
c=9+1it, r=9—0,and s = g + it, to infer that if § < o < ¢, then

®) 791 < exp (2077 max(0.log [M(£,0)) )
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This demonstrates that f is bounded in Cy. for any € > 0, and, consequently,
that o, (f) < 6 by Bohr’s theorem. O

Ritt [11, Theorem II] established a version of Schottsky’s theorem for convergent
Dirichlet series. This result provides an upper bound similar to (3) that is valid
in all of Cy and that only depends on 6 and a;, under the additional assumption
that a; is not equal to 0 or 1. Here a; denotes the first coefficient in the series (1).

To prepare for the proof of Theorem 2, we consider the vertical translation

Vo J(s) = (s + 7).
The wvertical limit functions of a Dirichlet series f in ® are the functions which
can be obtained as uniform limits of sequences of vertical translations (V;, f)r>1
in Cy for any fixed 6 > o, (f). Recall from [7, Section 2.3] that the vertical limit
functions of the Dirichlet series (1) coincide with the Dirichlet series of the form

Fe(s) = anx(n)n*,

where x is a completely multiplicative function from the natural numbers to
the unit circle. Certain properties of f are preserved under vertical limits. For
instance, Bohr’s theorem implies that if f is in ©, then o, (f) = ou(fy) for any x.
A consequence of Rouché’s theorem (see e.g. [4, Lemma 1)) is that f, (Cg) = f(Cy)
for any x and any 6 > o, (f). However, the abscissa of convergence for f and f,
may in general be different (see [7, 8] or [9, Chapter 8.4]).

Proof of Theorem 2. We begin with the Riemann zeta function

((s) =Y n*,

which satisfies o.(¢) = 04({) = 1. A result of Bohr [2] (see also [9, Chapter 4.5])
asserts that ((C;) = C\ {0}. By the discussion above, it follows that () =1
and that ¢, (C1) = C\ {0} for any x. Helson (8] established that there are x such
that the Dirichlet series ¢, converges and does not vanish in the half-plane C, /5.
Choosing f = ¢, for such a x, we obtain the stated result. O
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ON UNIVERSALITY OF GENERAL DIRICHLET SERIES

FREDERIC BAYART AND ATHANASIOS KOUROUPIS

ABSTRACT. In the present work we establish sufficient conditions for a
Dirichlet series induced by general frequencies to be universal with respect to
vertical translations. Applying our methodology we give examples of univer-

sal Dirichlet series such as the alternating prime zeta function > (—1)"p;,°.
n>1

1. INTRODUCTION

The study of the universal properties of Dirichet series goes back to 1975
with the seminal work of Voronin on the Riemann zeta function [19]. Voronin’s
theorem says:

Let K be a compact subset of {1/2 < Re(s) < 1} with connected
complement, let f be a nonvanishing function continuous on K
and holomorphic in the interior of K. Then

dens{rzO: sup |((s +i1) — f(s)] <s} >0
seK

where dens(A) denotes the lower density of A C Ry, that is
T
dens(A) = lim inf/lA(t) dt.
T—o0
0

Let us introduce the following definitions: let Q1 C © C C be two domains
such that Q1 + i C Q; for all 7 > 0, and, for all compact sets K C €2, there
exists 7 > 0 with K + i1 C Q4. Let D : 91 — C be holomorphic. We say that D
is universal in €Q if, for all compact subsets K of 2 with connected complement,
for all nonvanishing functions f : K — €2, continuous on K and holomorphic in
the interior of K,

dens {T >0: sup |D(s+1i1) — f(s)] < 5} > 0.
seK

We say that f is strongly universal if the restriction that it is non-vanishing can
be eased.
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Since Voronin’s work, the area of universality gained popularity. Many au-
thors studied aspects of (strong) universality for various classes of Dirichlet se-

ries Y a,e ", where {a,},>1 C CN and {)\,},>1 is an increasing sequence of
n>1

nonnegative real numbers tending to +oo. The case {\,}n>1 = {logn},>1 cor-
responds to ordinary Dirichlet series. The survey paper [12] provides a thorough
examination of the subject up to 2015.
The first author in [4] improving the work of [11] on strong universality of
general Dirichel series obtained the following result:
Let P € Ry[X] with d > 1 and 1+1{£P = +o0, let Q € Ry_1[X], let

w € R\27Z and let k € R. Assume moreover that the sequence

{log P(n)}n>1 is Q-linearly independent. Then the Dirichlet se-

ries D(s) = > Q(n)(logn)~e™™(P(n))~* is strongly universal
n>1

in {(2d — 1)/2d < Re(s) < 1}.
This generalizes the case of the Lerch zeta function (see [10]) when Q(n) = 1,
k=0 and P(n) =n+ « with « transcendental.

One of the objectives of this article is to study potential cases of universal
Dirichlet series for which the methods of [4] are not applicable, see for example
[4, Question 6.8]. The first one concerns the frequencies {A,,}n>1. The simplest
example of Q-linearly independent frequencies {\, },,>1 are probably the sequence
{log prn}n>1 of the logarithms of prime numbers. However, this sequence is not
regular enough to be handled by the methods of [4]. The main barrier for this
problem is that the sequence of primes is not regular enough to estimate the
associated exponential sums using the classical techniques from harmonic analysis
like the method of non-stationary phase/ Van Der Corput type lemmas 2.5 or
decoupling [6]. We give a partial answer to this question.

Theorem 1.1. Let D(s) = Y a,e *** be a Dirichlet series and let d € N.
n>1
Assume that
o )\, =log P(p,) where P € Ry[X] and 1+1{.101P = 400.
e there exist C,xk > 0 such that for n > 2,

d—1

n d—1 K
- < < I .
Clogn)r = lan| < Cn® " (log(n))

e o.(D)=0.
o The sequence {\p}n>1 is Q-linearly independent.
Then D is strongly universal in {1 — 35 < Re(s) < 1}.

Corollary 1.2. The Dirichlet series Y (—1)"p;,® is strongly universal in the
n>1

strip {2 < Re(s) < 1}.
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Observe that for the examples coming from [4] or from Theorem 1.1, the
Dirichlet series itself converges in its strip of universality. This does not cover
the case of the Riemann zeta function or that of the Hurwitz zeta functions

> (n+ «)”®, « transcendental, which have a pole at 1 and are known to be
n>1

universal in {1 < Re(s) < 1}. We extend those results to a large class of general
Dirichlet series, even in the case 1 is a branching point and not a pole. In what
follows we denote by C, the half-plane {Re(s) > o} and by C/ its restriction to
the complex numbers of positive imaginary part, {s € C: Re(s) > o, Im(s) > 0}.

Theorem 1.3. Let P € Ry[X]| with 1+imP = +o0. Let Q € Ry_1[X] and let
Kk € R. Assume moreover that {log P(n)}n>1 is Q-linearly independent. Then
the Dirichlet series D(s) = Z Q(n)(log(n))®[P(n)]~* admits a holomorphic con-
tinuation to C7 1 uCy cmd even to (Cl 1\{1} if & € No. Moreover, it is strongly
universal in the stmp {1 2d < Re(s) < 1}

Notation. Throughout the paper, if f,g: E — R are two functions defined on
the same set F, the notation f < g will mean that there exists some constant
C > 0 such that f < Cg on E.

Funding. A. Kouroupis partially supported by the Onassis Foundation - Schol-
arship ID: F ZT 037-1/2023-2024.

2. PRELIMINARIES

Ans

+oo
2.1. Abscissas of convergence. To a Dirichlet series D = > ane ** we will

n=1
associate three abscissas, its abscissa of convergence,

0.(D) := inf < Re(s) : Z ane " converges p

n>1

its abscissa of absolute convergence

04(D):=inf{oceR: Z |an|e™ "7 converges » ,
n>1

and also
3 . 2 _—2\,o
o2(D):=inf{oceR: Z lan|“e converges
n>1

It is well-known that D = > a,e ** converges in the half-plane Co,(p) and
n>1
that it defines a holomorphic function there.
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2.2. How to prove universality. Let us introduce two definitions from [4].
Definition 2.1. Let og € R. We say that a Dirichlet series D(s) = Y a,e~*»*
n>1

with finite abscissa of convergence belongs to Dy 4. (00) provided

(1) it extends holomorphically to C UC, (p);

(2) 02(D) < 09;

(8) for all o1 > o9, there exist ty, B > 0 such that, for all s = o + it with

o >0y andt > tg, |D(o +it)| < t8;
(4) for all o9 > o1 > 0y,
T

1
sup sup — [ |D(o +it)|2dt < +oo;
o€lo1,02] T>0 T /

(5) the sequence {An}n>1 is Q-linearly independent.
Definition 2.2. We say that a Dirichlet series D = ane~° belongs to Dens
n>1
provided for all o, 8 > 0, there exist C > 0 and xg > 1 such that, for all x > xg,

Z |an| > Cel7a(P)=A)z,
Ane[m,er;%]

The main interest of introducing these definitions is the following theorem (see
[4))-

Theorem 2.3. Let D be a Dirichlet series and let o9 > o9(D). Assume that
D € Dy.a(00) N Daens- Then D is strongly universal in the strip {og < Re(s) <
oq(D)}

It should be pointed out that Definition 2.1 in [4] mentions the whole half-
plane C,, and not the quarter half-plane as here. However, this does not change
anything for the proofs. The key points are that the half vertical lines o +4t, ¢ >
0, o > o, are contained in (Cjo and that for any compact set K included in the
strip {09 < Re(s) < 04(D)}, there exists 7 > 0 such that K + it C CJ, .

2.3. Two lemmas to estimate exponential sums. We shall need two in-

equalities which are been widely used in this context. The first one deals with

exponential sums and is due to Montgomery and Vaughan (see [13]).

Lemma 2.4. Let {ay},>1 be a sequence of complex numbers such that Y |an|?* <
n>1

+o00. Let {\n}n>1 be a sequence of real numbers and set 0y, := inf, 4, [ Ay —Ap| >

0 for every n. Then

T 2

/Zanei’\”t dt:TZ\anF—i-O ZICL;F

o |n>1 n>1 n>1 "
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where the O-constant is absolute.

We also need the following classical inequality for exponential sums, which
goes back to J. G. Van der Corput (see [5, Lemma 11.5]).

Lemma 2.5. Let a < b and let f,g : [a,b] — R be two functions of class C>.
Assume that
o [’ is monotonic with |f'| < 1/2;
® ¢ is positive, non-increasing and conver.
Then
b b
> e = [ g Odu+ Olgla) + Iy @),

n=a a

2.4. The incomplete Gamma function/ Prym’s function. We will make a
short presentation and we refer the interested reader to [1, 16, 17]. For Re(a) > 0
and Re(z) > 0, we define the incomplete Gamma function I'(a, z) by

—+oo

I'(a,z) = /t“ile*t dt.
z
For fixed z, as in the classical case it has a meromorphic extension in C with

simple poles at the nonpositive integers. This can be easily obtained from the
recurrence relation:

I(a+1,z2) =al(a,2) + 2% *.
For a fixed value of a, ' admits a holomorphic extension (its principal branch) to

C\R_ and even to C when a is a positive integer. When a is not a nonpositive
integer, this follows for instance from the relation

F(a7 Z) = F(a)(l - Za_lfy*(av Z)),

where the function v* is entire in both ¢ and z. When a is a nonpositive inte-
ger, this follows from the corresponding statement for @ = 0 (in that case, the
incomplete Gamma function is also called the exponential integral).
For this principal branch (and for a fixed a), we have the estimation
+oo
(1) I'(a,z) =€ * / e (z+uw)" " du=0(z"e ),
0

as |z| = +o0.
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2.5. A remark on [4]. In [4, Theorem 1.6], the theorem on rearrangement uni-

versality of Dirichlet series states that a Dirichlet series > a,e~*»* is rearrange-
n>1

ment universal if for any f € H(Q), where  is the strip o.(D) < Re(s) < 04(D),

there exists a permutation o of N such that > aa(,,,)e”‘"(ﬂ)‘9 converges to f in
n>1

H(Q)). This theorem is false. Indeed it would imply that > (=1)"n"° is re-

n>1
arrangement universal. This cannot hold: any rearrangement of > (—1)"n~*
n>1

will take values in R for real values of the parameter s. The mistake which is
made in [4] lies on the fact that a lemma due to Banaszczyk is only true for some
real Fréchet spaces to the complex Fréchet space H((2).

3. PROOF OF THEOREM 1.1

The main difficulty in order to apply Theorem 2.3 is to estimate the square
moments of D on vertical lines. We follow a method introduced in [2] where the
authors estimate the square moments of the logarithm of the zeta function.

Lemma 3.1. Let D = Y a,e *** be a Dirichlet series with 0,(D) < 1. Assume
n>1

that D extends continuously to Ca, 0 < a < 1, analytically in Cq, and that D has
order B in C,. Let 0o € (o, 1) with o9 > 02(D) and let us set A = B/(c9 — ).
Then for oll T > 1, for all 0 > o1 > 09,

An

|lan|? exp( 2\,0) exp (—QGT—A)
D( t)|“dt <T

/| 0-+Z)‘ +Z mln _)\n—1a>\n+1_)\n)

Proof. The inverse Mellin transform (see [14, Appendix 3]) applied to the I"
function says that, for all x > 0,
1 2—og+ico
(2) e ¥ = 5 / 7T (w)dw.
2—o0p—100

— TA ‘ — e
Let T'> 2 and set X =T“. We apply (2) for z = ¢

2—op+ico

exp (—i") -1 / exp(—Anw) X “T(w)duw.

, yielding to

2—009—100
Therefore, for any o > oy and any ¢ € [0, T, setting s = o + it, for any n > 1,
2—og+ico
et 1
G 3D (—An) exp (— - ) —or [ aew A+ w) XUT(w)du,

2—0p—100
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Since Re(s + w) > 1 provided Re(w) = 2 — g, we can sum these equalities and
interchange summation and integral to get

2—o0+ioco

“An 1
(3) ;an exp (— A, 8) exp <6X ) =5 / D(s 4+ w)X"T(w) dw.
nz 2—0g—1i00

We set 7 = 0¢p — a and we introduce the following contour C, defined as the

union of five segments or half-lines, Cq,...,Cs.
Yy
A
G
log*(T)
Ca
Cs
—T 2—o09 > o
Cu
Cs

On C; UCs, |D(s + w)| < 1. Moreover, writing w = u + v with v = 2 — oy,
Stirling’s formula for the T'-function (see again [14, Appendix 3]) says that

[D(u+ iv)| < e=CT
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for some C' > 0 (independent of w € C; UCs). Hence,

+oo
/ |D(s 4+ w)X*T(w)|dw < X790 / e dy
C1UCs log?(T)

<1.
Pick now w = u + iv € Co UC3 U 4. Then

hn(s+w)| S (ogT)°T
Re(s+w) > o09p—7=aq.

Therefore, |D(s + w)| < TP1, By < B. This implies

/ |D(5 + U))pr(w)ldw S TBTA(Q—O'O)G—CIOg2(T)

CoUCy
<1,

Finally,

/|D(s+w)pr(w)|dw §T’ATTB/\F(—T+it)|dt
Cg, R
<1

by our choice of A and 7. Summing the estimates we obtain

(4) /|D(s + W) X"T(w)|dw < 1.
C

Let now R be the rectangle Co UC3 UCy UCq with Cg = [2— 00— log2 T,2—0¢+
ilog® T] so that

(5) !:20/im +7[

The function w — D(s + w)X*T'(w) has a single pole 0 inside R, with residue
D(s). Hence, by (3), (4) and (5),

An
|D(s)| S 1+ Zanexp(—)\ns)exp< ; ) .
n>1
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en

We set b, = a,, exp(—A,0) exp (— < ) . Taking the square and integrating over
[0,T], we find

T 2

T
/|D(cr+it)|2dt§T+/ > bnexp(—Anit)| dt.
0

0 n>1
We apply the Montgomery-Vaughan inequality, yielding to the following estimate:

|bn|?
- )\nfla )\nJrl - )\n) .

n>1

T

i) 2dt < 2 _
/\D@;m)\ dt STHT Y |an|® exp( 2)\na)+z>:1min<>\n
0 nz

Since g > 02(D), we have proven Lemma 3.1. O

To estimate the sum appearing in the last lemma, we shall use the following
result.

Lemma 3.2. Let {\,},>1 be a sequence of frequencies, let {an}n>1 be a sequence
of complex numbers. Assume that there exist a € R, b, ¢, 8 > 0 such that

lan] S n® A, >blogn, min(A, — Ap—1, Ans1 — An) > cexp(—FA,).
Then for all X > 0 and all 0 > /2,

ern
[anl? exp(~2A0) exp (255
min()\n - )\n—17 )‘n"rl - )\")

2a+(B—20)b+1
< max (1, X b ) .

n>1
In particular, if e*»+1 —e*» > 1 for all n, we may choose § = 1 in the previous
lemma. Indeed, the inequality \,+1 — A, > exp(—A,,) is clear if A1 — Ay > 1.
Otherwise,
Atl — An Z eMnt1TAn ] = (6>\n+1 _ e/\n)e*)\n.
Proof. Denote by S the sum. Then
2 et
S < @ —20)A -2
NZn exp ((B — 20) n)exp< X>

n>1

b
< 2a+(B—20)b _21 )
<Y m% .

n>1

We split the sum into two parts. We first sum up to X/® and we denote by S;
this sum. Then

_ 2a+(B—20)b+1
S1 < Z n20t(B=20)0 < max (LX 5 ) .
nSXl/b
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Regarding the second sum, say Sa, we write

2 20)b 2n°
Sp= D ntTlexp (x)

n>X1/b

400
< /tQaHﬂ_?U)beXp —2—tb dt
~y X :
X1/b

We do the change of variables u = t*/X which yields
+o0
Sa S x e / T exp(—2u)du

1
2a+4(B—20)b+1
b

<X
O

Now we are ready to complete the first part of the proof of Theorem 1.1, that
is:
Corollary 3.3. Let D(s) = Y. a,e ** be a Dirichlet series and let d € N.
n>1
Assume that
o )\, =log (P(pn)) where P € Ry[X] and EmP = +o0.
o there exist C,k > 0 such that for n > 2,
nd—1 i
— <a,| < Cn4L(1 K,
S < lanl < Cnt(log(m)
e o.(D)=0.
Then D belongs to Dy.a.(00) where og =1 — 3—1d.

Proof. Under the above conditions, 04(D) = 1, 0.(D) = 0 and 02(D) =1 — 55.
Therefore, conditions (1) to (3) of Definition 2.1 are satisfied. Let us prove (4).
Let 01 > 0g and let € < 01 — 0g. We set a = ¢, and observe that we can choose
B =1 (see [8, Theorem 12]). We apply Lemma 3.1 and then Lemma 3.2 with
a=(d—1)4+¢e,b=d—¢c and g =1 to obtain that, for ¢ > o1, for T > 2,

T
/ |D(o +it)|?dt <T +TBE®
0

with
2((d—1)+¢e)+ (1 —200)(d—¢) + 1

(d—e)(o1—¢)

B(e) =
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Now,
lim B(e) = S1=2d00 =1 o0
e—0 doy o1

T
Hence, choosing ¢ > 0 small enough, we have shown that [ |D(o+it)?dt <T. O
0

Let us proceed with the second half. First let us state the following lemma
proved in [4, Lemma 6.1]:

d
Lemma 3.4. Let P(X) = Y. b X* be a polynomial of degree d, with bg > 0.
k=0
Then, there exist xo, yo > 0 such that P induces a bijection from [xg,+00] to

[yo, +00], and

1/d b
Pil(x) = xl PN d(i_ll d +0(1)7
(b oY

as r — +00.

Proposition 3.5. Let D(s) = Y. an,e *»* be a Dirichlet series and let d € N.
n>1

Assume that
o )\, =log P(p,) where P € Ryq[X] and ng = +o00.
o there exist C, k > 0 such that for n > 2,
nd~! d—1 .
Clogn)r < lan| < Cn® " (log(n))".
Then D belongs to Dyens-

Proof. Let a, 8 > 0. Without loss of generality, we may assume that P is one-
to-one on [log(p1), +00). Then

An € {x,x + %] if and only if  p, € [Pil(ez), P*1(6x+m%)} .

Using Lemma 3.4, there exist ¢; > 0, co € R such that for small € > 0 and for
every z sufficiently large:

Pn € [0163 —co ¢, cred @ — ¢y — s} implies that An € [m,x + ?} .
T

By Hadamard - De la Vallée Poussin estimate, we also know that
II(u) := card{n : p, <z}
[ dt —
= /7 + O (uefc 10g“> .

J log(t)
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a.\s

If p, > ed, then n 2 &=. Therefore

~

xz(d—1)
e d x zy_a_
E lan] 2 Wcard {n D pn € [cled — ot e, credT @I — ¢y — 5}}
)\né[w,ac-ﬁ—w%]

z(d—1) 616% d;%—@—s
> ¢ T i 5 (eﬁfcﬂ)
~ g1tk log(t)

016%7024*6
xz(d—1) % 1
e d x @dx — @ ’
> 5 §-c'VE
~ opd—lts (ed T +0 (ed ))
T

>_¢
~ md+m+2
> (1=Bz

O

Proof of Theorem 1.1. Tt follows immediately from Theorem 2.3, Corollary 3.3
and Proposition 3.5. O

4. PROOF OF THEOREM 1.3

As above the main difficulty is to estimate the square moments of D. The
situation is not as clear as in the previous case since D now will be defined via
an analytic continuation. We need to understand how to define this analytic
continuation and how close it is to the partial sums of D.

Lemma 4.1. Let P € Ry[X]| with lim;o P = 400, let Q € Rd_l[ | and let
k € R. Then the Dirichlet series D(s) = >, Q(n)(logn)"(P(n))~* admits a
n>1

holomorphic continuation to (Cf,; UCy and even to C,_1\{1} provided r € No.
d

Moreover, let 01 > 1 — % and og > 1.

(a) There exist ty, B > 0 such that, for all s = o + it with 0 > o1 and t > to,
|D(s)| < t5.

(b) There exist 6, € > 0 such that, for all x > 0, for all s = o+it with o € [01, 03]

and 1 <t < éz,

= > Quttogn) ()~ + 0= + 0 (LN )

n=2

(here, the O-constants do not depend neither on s nor on x).
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Proof. As in the classical case of the Riemann zeta function, see for example
[5], our plan is to use the regularity and smoothness of the coefficients and the
frequencies of our Dirichlet series D to estimate its order and how close the partial
sums approximate D. We will rely again on the principle of non-stationary phase,
that is Lemma 2.5. But first we need to deal with some technical difficulties that
arise from the "unknown” polynomials P and Q. We start with s = o +it, 0 > 1
and let N > 1. We write

ZQ (log n)" +ZQ (logn)*(P(n))~*

and we apply Euler’s summation formula (see [5, (11.3)]). Setting

H(u) = Q) (log )" (P(u)) ™ and p(u) = u  |u] ~ 5,
we get
N-1 +oo +oo
(6) D(s) = Y- Q)logn)*(P(n) >+ [ éludu+ [ pla)e(w)du+ 5o()

These integrals are convergent when s € C;. Moreover it is easy to check that
there exists € > 0 such that, provided s = ¢ 4+ it with 0 > 07 > 1 — é, for any
u > 2,

6(w)] S ue and [¢/(u)] S |slu~1~".
In particular, the last integral in (6) defines a holomorphic function in Cy_1
which is O(|]s|N~¢) in C,,. Let us now see how to control the second integral.
Up to multiply @ by a constant, we may write it Q(u) = P'(u) + Q1(u) with

deg(Q1) < d — 2. As above, the integral f Q1 (u)(log u)*(P(u))~*du defines an

analytic function in C,;_ 1 which is O(N— ) Therefore we have obtained so far
that D may be written in Cy

+o00
D(s) = ZQ ogn)* (P + [ T+ ()
N

where Ry is analytic in C;_1 and |Ryx(s)| < |s|N ¢ uniformly for o > 0.

We choose N sufficiently large such that P is one-to-one on [N,+0c0). By
change of variables we obtain:

+oo +oo
/ Pla))s " / e
N P

uS
(V)
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By Lemma 3.4 we have the following formula:
P~ (u) = aqu'/?(1 + &1 (u)) with |ey(u)] < w4,
where ag > 0. Therefore,

(log P~ (u))" = log" (aqu'/?) + e2(u)

with
le2(u)| S w™ ¥ log" ! (u).
+oo
As before, the integral [ eo(u)u™*du defines an analytic function in (Cl—é
P(N)

which is O(P(N)™¢) in C,,. On the other hand, setting by = a? and restricting
ourselves to s € Cy, we may write

oo K 1/d 0 K

/ log" (aqu )du: / 1 log"(bqu) du
us dr us

P(N) P(N)

bs—l oo 1 rc()
e | =)
by P(N)

“+oo

bs—l .

= / yrell =y (y =logv)
log(ba P(N))
byt

T de(s — D)nt

I'(k+1,(s —1)log(bgP(N))).

Hence by analytic continuation we have shown that for s € C;, we may write

D(s) = 3 Q(n)(logn)*(P(n)~* + R (s)+

s—1
bd

WF(H +1,(s — 1)log(byP(N)))

where Ry (s) is holomorphic in C,_1 and is O(|s|[N7°) + O(P(N)™¢) in C,,.
Since we know that I'(k + 1,-) admits an analytic continuation to C\R_ we
can conclude to the analytic continuation of D to (C;l , UCy. When k € N,
the analytic continuation even holds on C, _1\{1}. The estimation (a) (which is
trivial for o > o9 > 1) follows easily for o € [0, 03] by what we already know on

Ry and by (1).
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Let us turn to the proof of (b). Choosing N > x, we may write

ZQ n)(logn)*(P(n))™" + Z Q(n)(logn)"™(P(n)) "+

n=x+1
dn(ﬁl)mw +1,(s — 1) log(baP(N))) + O(|s|N~) + O(P(N) ™).
We apply Lemma 2.5 to the second sum with
(1) = Q) log" (u) (P(u)) ™7, f(u) = — 18P

Observe that, for o € [01,02] and u € [z, N], provided ¢ < dz with § small
enough,

lg(w)] S 275 g/ (W) S o277 < a7 | f/(u)] <

l\J\H

Hence,

x

D(s) = Y- Qu)logm)*(P(n))*+ [ L8 g

n=2
byt
df(s — 1)s+1
We let N — 400, yielding to:

I'(k+1,(s —1)log(baP(N))) + O(z™° + |s|]N~° + P(N)~°).

ZQ (logn)*(P(n))~ / Qulo g (u d +O(z™°), s € Cy.

(P(
Now writing Q(u) = P’(u) + Q1(u) and repeating the argument in the first
part of this proof one can obtain the following identity
b571

ZQ (logn)" (n))’s+mf(ﬁ+l7 (s—1)log(baP(x)))+R(s),

where R(s) is holomorphic in C,_1 and is O(z™¢) in C,,. Using one last time

(1), we obtain (b) of Lemma 4.1. O
From this and Lemma 2.4, we may deduce the first half of Theorem 1.3.

Proposition 4.2. Let P € Ry[X] with EmP = 400, let Q € Ry_1[X] and let

k € R. Assume moreover that {log P(n)},>1 is Q-linearly independent. Then

the Dirichlet series D(s) = Y. Q(n)(logn)®(P(n))~% belongs to Dy.a (00) with
n>1

1

00:1—%.
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Proof. Tt is clear that o9(D) = (2d — 1)/2d and thus it just remains to prove
T

(4). We fix T > 1 and we first estimate [ |D(o + it)[*dt where 1 — 3 <
T/2

o1 < 0 < 0y. We apply the estimate given by Lemma 4.1 with = T//6 so that

O(z~¢) =O(T~¢) and

log" (P(x)) og"T ..
(s —1)P(x)st TTdo—1) ~ '
Hence, applying Lemma 2.4
T T |7/s 2
/ |D(0 +it)|dt < / > Q) (logn)*(P(n))~*| dt + T~
T/2 T/2 [P=2
T/S

S TZ |Q(n)[*(log n)**| P(n)| > +
|Q(n)|*(log n)**|P(n)| >
Z 1og(P(n + 1)) —log(P(n))

The first sum is dominated by some constant since o > 01 > 02(D). Regarding
the second sum, for n € [2,T/4],

+ T172€.

2 2K —20
|Q(n)|*(log n)**|P(n)| < TR2(d=D=200 (o0 )25 < Pp2d(1=01)=2 (100 )26
log(P(n + 1)) — log(P(n))

and we get the estimate

|Q(n)|*(log n)*|P(n)| 27
Z < log(P(n + 1)) — log(P(n)) s

note that 2d(1 — 01) < 1. Hence, we have obtained

/ |D(o +it)|?dt ST,
T2
for all T > 1 and all o € |07, 03], where the involved constant does not depend

neither on ¢ nor on 7. Taking 7277 instead of T in the latter formula and
summing over j, we get the proposition. (]

The second half of the proof of Theorem 1.3 has been proven in [4, Proposition
6.2], for the sake of completeness we repeat the argument below.
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Proposition 4.3. Let P € Ry[X] with I}_mP = 400, let Q € Ry_1[X] and let

k € R. Then the Dirichlet series D(s) = >, Q(n)(logn)®(P(n))~* belongs to
n>1

Ddens-

Proof. Let a, 8 > 0. There exists a xyg > 1 such that for every x > z¢ the
polynomial P is positive and increasing and ) behaves like its leading term. By
the Lemma 3.4 there exist constants ¢; > 0, ¢o € R such that

z T _a_ . . a
n e {cleﬁ — o+ g7cled+drp2 —Cy — 5} implies that An € [:c7:v + —2} .
T

Thus

x

Y Q) (logn)t| Z SoetT 05 > 0P,
T
An€lmat %]

O

Theorem 1.3 now follows from Proposition 4.2, Proposition 4.3 and Theorem
2.3.

5. RANDOM MODELS AND FURTHER DISCUSSION

One of the motivations behind our work is to give concrete examples of conver-
gent universal objects like the alternating prime zeta function P_(s) = > (—1)"p;,°.
n>1

As we have already proved P_ is strongly universal in {% < Re < 1}. But, the
universality of this object in the whole critical strip remains an open question.

Question 5.1. Is P_ strongly universal in {3 < Re < 2}?

It is worth mentioning that Theorem 1.1 implies that every series of the form

Py(s) =Y xnpn®  lxal=1,

n>1

with o.(Py) < 0, is strongly universal in {2 < Re < 1}.

We expect such P, to be strongly universal in the whole critical strip even when
we only have o.(Py) < 1/2. To justify our claim let us randomize our series. Let
{X,} be a sequence of unimodular independent identically distributed Steinhaus

or Rademacher (coin tossing) random variables and Px(s) = > X,p,*®. Kol-
n>1

mogorov’s three-series theorem [15, Chapter 5] implies that Px converges almost

surely in C:1. To obtain that such series are strongly universal almost surely, we

need to obtain more information about their order in the critical strip.
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Proposition 5.2. Let Px(s) = > X,p,,*, where {X,} is as above. Then, Px
n>1

is of sub-logarithmic order in the critical strip and as a consequence is strongly

universal, almost surely.

Proof. We consider the corresponding randomized zeta functions
1
(7) (o) =1 T X

It is easy to see that (x converges absolutely for Res > 1 +¢e,¢ > 0. It is
also known that (x and the reciprocal 1/{x converge in C 1 almost surely. For
Steinhaus random variables (X7, Xo,...) € Tx T x... this can be obtained from
the work of Helson [9] or as an application of Menchoff’s theorem [3]. In the case
of Rademacher random variables X,, = r,(t) = sign(sin(272"t)), 0 < ¢t < 1 this
has been done by Carlson and Wintner [7, 20].

Starting from (7) one can prove that there exists an absolutely convergent
Dirichlet series F'(s, X) in Cy such that:

log(x — Px = F, in C:.

[N

Using the Borel-Carathéodory theorem in a similar manner as in the proof of
the implication: The Riemann hypothesis implies the Lindeléf hypothesis, [18,
Chapter XIV], we obtain that for all £ > 0

|Px (o +it)] = O ((logt)*~27"¢),  t— oo,

uniformly for ¢ > g¢ > %

Fix such Xy, the fact that Px, € Dgens follows immediately from Proposi-
tion 3.5. It remains to show that Px, € Dwa(%) We will work as in Lemma 3.1.
Let T >2, weset X =T, r=§and t € (0,T), c > o¢ > %+25,Wheres,5>0
are sufficiently small. We consider the contour C = U?_,C;, where
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A
C1
log?(T)
Co
Cs
—t T
= R >
Cy
Cs
We observe that
%—6—&-1’00
P 1 ,
S Xpte ¥ =g [ Pl wXUTw)do,
n21 71‘23—5—1’00

/ P (s + w)X"T(w)| dw S 1, i=1,2,4,5.
C;

To prove that the integral over the line segment C3 is bounded note that our
function Py, is of zero order uniformly in C 144 thus

/|PX0(5 + ) XUT(w)|dw <T27° < 1.

Cs3
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Applying Cauchy’s theorem and the Montgomery-Vaughan inequality as in Lemma 3.1,
we obtain

n>1 n>1

T
%/|PXO (o+it)2dt S1+Y _py e X <D TR 1m0 <
0

Therefore Py, € Dw_a_(%). O

Question 5.3. Is it true that if the series Px converges, then it will be strongly
universal in {3 < Re < 1}?
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