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Abstract: This paper introduces a dynamic leader-followersynchronization scheme for
surface vessels that specifies the behavior of the follower vessels as they approach their
desired position in a formation, or in a docking operation. The synchronization reference
dynamics are specified in terms of a reference filter, and the synchronization closed-loop
errors are shown to be uniformly globally exponentially stable with respect to the dynamic
synchronization reference.
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1. INTRODUCTION

Leader-follower synchronization control of vessels in
a formation, as for instance an underway replenish-
ment operation, requires that the followers maintain a
fixed static position relative to the leader vessel. How-
ever, in the phase when the follower vessels are ap-
proaching or changing their desired position in the for-
mation, the behavior of the follower vessel is dynamic
relative to the leader. This is also the case in docking
operations when the target is moving, which can be
considered a special case of leader-follower synchro-
nization control. The behavior during this approach
phase is usually specified through the tuning of static
control gains, and in order to minimize overshoot or
uncontrolled motions which could possibly lead to
collisions, the control gains are often chosen conser-
vatively low. This severely limits the performance of
the control scheme at the same time as it does not
guarantee a safe approaching behavior for different
initial conditions in the nonlinear control schemes for
marine formations.

1 Corresponding author; partially funded by the Research Council
of Norway through the Strategic University Program CM-in-MC

Synchronization the theory of time conformity be-
tween systems, and is found as a natural phenomenon
in nature as reviewed in Camazineet al. (2001) as
well as the controlled synchronization of artificial sys-
tems as first reported by Huygens (1673) for a pair
of pendulum clocks, and later revisited by Blekhman
(1971) in works on vibromechanics. It can be seen
as a type of state cooperation among two or more
(sub)systems, and has received increasing attention
in the control community (Fradkovet al., 2000; Ni-
jmeijer and Rodriguez-Angeles, 2003). Based on the
results of Nijmeijer and Rodriguez-Angeles (2003)
for synchronization of mechanical systems, Kyrkjebø
and Pettersen (2003) proposed a leader-follower syn-
chronization observer-controller scheme for formation
control of ships in a underway replenishment oper-
ation. Related work on the coordination of marine
vessels in formations can be found in Encarnacao and
Pascoal (2001) and Skjetneet al. (2003).

Dynamical synchronization is defined in Efimov (2005)
when the synchronization error obeys oscillatory dif-
ferential equations, and is used in an adaptive scheme
to synchronize two Lurie systems in oscillatory mo-
tion. In this paper, we utilize the idea of Efimov (2005)
in the concept ofdynamic synchronizationwhere the



synchronization error satisfiessomedifferential equa-
tion, not necessarily oscillatory.

In Kyrkjebø and Pettersen (2005), the synchronization
scheme of Kyrkjebø and Pettersen (2003) was ex-
tended using the sliding surface technique motivated
by Slotine and Li (1987). The sliding surface tech-
nique is also utilized in the concept of dynamic surface
control (DSC) in Swaroopet al. (2000) and Girard
and Hedrick (2001) to avoid the explosion of terms as-
sociated with integrator backstepping techniques and
the model differentiation required in the multiple slid-
ing surface control approach. Both Kyrkjebø and Pet-
tersen (2005) and Swaroopet al. (2000) address the
regulation and tracking problem in a formation, but no
special care is taken to specify the transient behavior
of the vessels when they are approaching or changing
their position in a formation, or when docking to a
moving vessel. Girard and Hedrick (2001) address the
transition between manoeuvres from a communication
protocol view, but does not specify any dynamic be-
havior that guarantees the followers a stable approach
to the leader.

Reference models have been used extensively through-
out the literature to filter step inputs during course-
changing manoeuvres in marine guidance systems,
and its applications for marine crafts can be found
in Fossen (2002). However, the reference model ap-
proach is not readily applicable to systems where the
reference input is dynamic rather than a step input.

This paper introduces a dynamic synchronization
scheme in order to specify the behavior of the follower
vessels during the transient phase of approaching, or
changing position, in a formation. The synchroniza-
tion controller is based on the controller of Kyrkjebø
and Pettersen (2005) utilizing a sliding surface to syn-
chronize the followers to a leader vessel. Furthermore,
to specify the dynamic synchronization behavior when
approaching or changing position in a formation, a
smooth reference model based on a first-order filter
in cascade with a stable second-order mass-spring-
damper system is used to filter the synchronization
error of the closed-loop system. This imposes a con-
trolled dynamic synchronizationbehavior of the fol-
lower relative to the leader in the approach phase. The
dynamic synchronization control scheme is proven to
be uniformly globally exponentially stabilized to the
dynamic synchronization reference.

We will first present some preliminaries on models,
coordinate systems and vessels in Sect. 2, and the
dynamic synchronization approach in Sect. 3. Some
simulations results are presented in Sec. 4, while con-
clusions and future work are commented in Sect. 5.

2. PRELIMINARIES

In this paper, we consider leader-follower synchro-
nization control for fully actuated systems described
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Fig. 1. Vehicles and coordinate frames

by a 3 degrees-of-freedom (3DOF) model. The sys-
tems considered are based upon the dynamic and kine-
matic model of a marine surface vessel, but the scheme
can be applied to othernDOF mechanical systems
(Kyrkjebø and Pettersen, 2005) with small modifica-
tions. First, we will introduce the reference frames
and vehicles used in the text with their dynamic and
kinematic model properties.

2.1 Vehicles definitions and reference frames

In the development of the output synchronization con-
trol scheme a number of reference frames, interme-
diate vehicles and dynamic and kinematic models will
be used. A brief introduction to these concepts is given
in this section, but for a more elaborate discussion see
(Kyrkjebøet al., 2006).

The synchronization control problem studied is as
follows: Given the states of a leader vessel, we want
the follower vessel to synchronize to the leader with its
position shifted by a distanced at an angleγm relative
to the leader. Furthermore, the transient behavior when
approaching or changing position in the formation
should be smooth and stable.

For this purpose we will utilize the concepts of a ref-
erence vehicle and a virtual vehicle, and we designate
the following vehicles as illustrated in Fig. 1.

Vm The leader vessel with positionxm.
Vr A reference vehicle shifted a distanced in the

direction given byγm relative to the leader.
Vv A virtual vehicle controlled to the reference vehi-

cleVr in a dynamic sychronization scheme.
Vs The follower vessel synchronizing to the leader.

The positionx and velocityẋ are considered mea-
sured, and the parameters of the dynamic model are
known.

Note that the physical vehicles in the control scheme
are the leaderVm and the followerVs synchronizing
to the leader. The reference vehicle is a mathematical
reference constructed by shifting the position of the
leader to the desired position of the follower in rela-
tion to the leader, and the virtual vehicle is a virtual
reference vehicle that will be controlled to this shifted
position. Note also that although we derive the control



scheme for one follower, it can be easily extended to
any number of followers providing the introduction of
a collision avoidance scheme. A related issue on the
extension of the scheme if defining followers to be
leaders of others is to address the problem of string
stability as in Swaroop and Hedrick (1996).

Kinematics and dynamics can be expressed in differ-
ent reference frames, and the two essential reference
frames used in this text are the earth-fixed North-East-
Down (NED) reference frame defined relative to the
Earth’s reference ellipsoid, and the body-fixedBODY
frame with origin in the centre of gravity of the vehicle
and axes chosen as depicted in Fig. 1.

In the 3DOF case considered here, the vector of gener-
alized coordinatesxn = [x,y,ψ ]T is defined in theNED
frame, where(x,y) is the position andψ is the head-
ing angle of the vehicle. The velocitiesνb = [u,v, r]T

in the surge, sway and yaw directions are defined in
the BODY frame of the vehicle. Superscriptsn and
b will be dropped from the notation when the ref-
erence frame is evident from the context. Subscripts
p ∈ {m, r,v,s} on these vectors will indicate their ve-
hicle of origin.

2.2 Ship model and properties

The equations of motions can be written in vectorial
form in theBODY frame as in Fossen (2002)

ẋ = J(x)ν (1)

Mν ν̇ +Cν (ν)ν +Dν (ν)ν +gν (x) = τν (2)

whereMν is a constant positive definite inertia ma-
trix including added mass effects,Cν (ν) is a skew-
symmetric matrix of Coriolis and centripetal forces
(Cν (ν) + CT

ν (ν) = 0), Dν (ν) is a non-symmetric
damping matrix, and gravitational/buoyancy forces
are collected ingν (x). The matrixJ(x) is the trans-
formation matrix from theBODY frame to theNED
frame, and in a 3DOF application where pitch and roll
motion are negligible, the matrixJ(x) reduces to a
simple rotation matrix around thezn-axis as

J(x) =





cosψ −sinψ 0
sinψ cosψ 0

0 0 1



 (3)

In this paper we will derive the control scheme using
the model in theNED frame found by inserting (1)
into (2)

M (x) ẍ+C(x, ẋ) ẋ+D(x, ẋ) ẋ+g(x) = τ (4)

where the inertia matrixM (x) is positive definite and
the Coriolis and centripetal matrixC(x, ẋ) is defined
in terms of Christoffel symbols. The dissipation vec-
tor d(x, ẋ) = D(x, ẋ) ẋ collects friction and damping
forces, whileg(x) collects gravitational and buoyancy

forces. The control input vectorτ is generalized forces
and moments acting on the system.

The dynamic model (4) in the NED frame has a num-
ber of properties similar to those of robotics systems
(Ortega and Spong, 1989)

P1 The positive definite inertia matrix satisfy 0<
Mm ≤ M (x) ≤ MM < ∞, whereMm andMM are
positive constants.

P2 The inertia matrixM (x) is differentiable inx and
yT

(

Ṁ (x)−2C(x, ẋ)
)

y = 0, ∀ x,y ∈ R
3.

P3 The Coriolis term in Christoffel symbols satisfies
C(x,y)z = C(x,z)y, and also‖C(x, ẋ)‖≤CM‖ẋ‖.

We will also assume the following property of the
dissipation vectord(x, ẋ) for a marine vessel (Paulsen
and Egeland, 1995)

P4 The dissipation vectord(x, ẋ) = D(x, ẋ) ẋ is con-
tinuously differentiable inx andẋ and satisfies for
somekd > 0

yT ∂ d(x, ẋ)

∂ ẋ
y ≥ kd yTy, ∀ x, ẋ, y ∈ R

3 (5)

and for a continuous functionβd (s) : R≥0 → R≥0

∥

∥

∥

∥

∂d(x, ẋ)

∂ ẋ

∥

∥

∥

∥

≤ βd (‖ẋ‖) . (6)

3. DYNAMIC SYNCHRONIZATION

We consider the dynamic synchronization problem of
synchronizing a follower to a leader, and imposing a
dynamic relation between the follower and the leader
in the form of a differential equation

ε̇ = fε (ε) (7)

to control the behavior of the follower while approach-
ing the leader in a replenishment or formation oper-
ation. Note that dynamic synchronization is particu-
larly suited for docking operations to a moving leader,
where the control scheme can be developed by ob-
serving that the reference vehicle is simply the leader
vessel.

In this paper we restrict the reference vehicle to a
motion parallel to the motion of the leader, and thus
we can choose the heading angle of the reference
vehicle equal to the heading angle of the leader;ψr =
ψm, andγm = ± π

2 . See Kyrkjebøet al. (2006) for a
model of the reference vehicle kinematics whenψr 6=
ψm, andγm 6= ± π

2 .

The kinematic model (1) of the leader vehicleVm with
the position/heading vectorxm can be written as

ẋm = J(xm)νm (8)

Taking γm = π
2 , we can find the position of the refer-

ence vehicle in theNED frame through (8)

xr = xm+J(xm)dm
r (9)



where

dm
r =





dcosγm

dsinγm

0



 (10)

is a vector of the distanced in theBODY-frame of the
leader. Note that this reduces to

dm
r =





0
d
0



 (11)

for the choice ofγm = π
2 . Through the time derivative

we obtain the velocity of the reference vehicle in the
NED-frame

ẋr = ẋm+J(xm)S(rm)dm
r (12)

where

S(rm) =





0 −rm 0
rm 0 0
0 0 0



 (13)

Note that in terms ofBODY fixed velocities, we can
write (12) in component form as

ẋr = ur cosψm−vr sinψm

ẏr = ur sinψm+vr cosψm (14)

ψ̇r = rr

where we have definedur = um + drm, vr = vm and
rr = rm. It is easy to see from (14) that in this particular
case only the reference forward velocity is changed
(ur = um+drm) with respect to that of the leader. Note
that this is necessary for the follower to maintain its
position parallel to the leader during turns, due to the
difference in turn radius. The kinematic model (14) of
the reference vehicle can now be written as

ẋr = J(xm)νr (15)

whereνr = [um+drm, vm, rm]T .

We can define the dynamic behavior of the synchro-
nization error by defining

ε = xv−xr , ε̇ = ẋv− ẋr , ε̈ = ẍv− ẍr (16)

and introduce a 1st order low-pass filter cascaded with
a stable mass-damper-spring system (Fossen, 2002) as
the dynamic synchronization reference system

ε(3) +(2∆∆∆+ I)ΩΩΩε̈ +(2∆∆∆+ I)ΩΩΩ2ε̇ + ΩΩΩ3ε = ΩΩΩ3εr (17)

for designed filter constants∆∆∆ > 0 andΩΩΩ > 0, and
whereεr is the desired value forε since

lim
t→∞

ε (t) = εr (18)

Note that (17) guarantees that (16) are smooth signals.

We can write (17) as a linear time invariant system

˙̄ε = Aε̄ +Bεr , ε̄ =
[

ε ε̇ ε̈
]T

(19)

where

A =





0 I 0
0 0 I

−ΩΩΩ3 (2∆∆∆+ I)ΩΩΩ2 −(2∆∆∆+ I)ΩΩΩ



 (20)

and

B =
[

0 0 ΩΩΩ3
]T

(21)

We now have a virtual vehicleVv defined by

xv = xr + ε, ẋv = ẋr + ε̇, ẍv = ẍr + ε̈ (22)

where the dynamic behavior of the synchronization
errors is in terms ofε. Defining the synchronization
control errors as

e= x−xv, ė= ẋ− ẋv, ë= ẍ− ẍv (23)

and using a sliding surface motivated by (Slotine and
Li, 1987) as a passive filtering of the virtual vehicle
states, we can design a virtual reference trajectory as

ẏv = ẋv−ΛΛΛe, ÿv = ẍv−ΛΛΛė (24)

whereΛΛΛ > 0 is a design parameter. Defining a measure
of tracking as

s= ẋ− ẏv = ė+ ΛΛΛe (25)

and using the relationshiṗx = s− ẏv we can rewrite
(4) as

M (x) ë+C(x, ẋ) ė+D(x, ẋ) ė=

τ −M (x) ÿv−C(x, ẋ) ẏv−D(x, ẋ) ẏv−g(x)

and propose the synchronization control law

τ = (26)

M (x) ÿv+C(x, ẋ) ẏv+D(x, ẋ) ẏv+g(x)−Kds−K pe

whereK p andKd are symmetric positive gain matri-
ces.

Considering the Lyapunov function candidate

V (ts,e) =
1
2

sTM (x)s+
1
2

eTK pe (27)

and differentiating along the closed-loop trajectories
we get

V̇ (t) = −sT (D(x, ẋ)+Kd)s−eTK pΛΛΛe (28)

Since V (t) is positive definite, andV̇ (t) is nega-
tive definite through P4 (see Kyrkjebø and Pettersen
(2005)), it follows that the equilibrium(e,s)= (000,000) is



uniformly globally exponentially stable (UGES), and
from convergence ofs→ 000 ande→ 000 thatė→ 000.

4. SIMULATIONS

Simulations were performed in Matlab with the model
ship Cybership II as the follower vessel. For simplic-
ity, and to illustrate that the followerVs converge to
the reference vehicleVr , simulations were performed
for a docking situation where the follower is docking
to a moving leader vessel. In this situation, the refer-
ence positionxr coincides with the leader positionxm,
and the convergence of the followerx to the leader
vessel is illustrated when the synchronization errors
(e, ė) goes to zero. Note that for a formation change
or an approach operation, the position of the reference
vehicle would simply be a shifted replica of the leader
position/heading through the definition ofd andγm in
(9), and thusx → xr 6= xm.

The surface ship model of Cybership II from Skjetne
et al. (2004) is given in the body frame (g(x) = 0 for
surface vessels)

M ν̇ +C(ν)ν +D(ν) ν̇ = τν (29)

and is a function of the body fixed velocitiesν =
[u,v, r]T in surge, sway and yaw, respectively. The in-
ertia matrixM , Coriolis and centrifugal matrixC(ν),
and the nonlinear damping matrixD(ν) = D+Dn(ν)
are defined as

M =





25.8 0 0
0 33.8 1.0115
0 1.0115 2.76





C(ν) =





0 0 −33.8v−1.0115r
0 0 25.8u

33.8v+1.0115r −25.8u 0





D =





0.72 0 0
0 0.8896 7.25
0 0.0313 1.90





Dn (ν) =





1.33|u|+5.87u2 0 0
0 36.5|v|+0.805|r| 0.845|v|+3.45|r|
0 3.96|v|−0.130|r| −0.080|v|+0.75|r|





Initial conditions in the simulations were chosen as
xm(0) =

[

4, 8, − π
2

]T
for the leader ship position vec-

tor, and the leader ship tracks a sine wave reference
trajectory sin(ω t) with frequencyω = 1/45 with
heading angleψm along the tangent line.

Gains were chosen asK p = diag[50, 150, 50], and
Kd = diag[14, 14, 14] for the synchronization control
law of the follower vessel, and the filter constants of
(17) were chosen as∆∆∆ = diag[0.77, 0.77, 0.77] and
ΩΩΩ = diag[0.2, 0.2, 0.2]. The sliding surface parameter
of (24) were chosen asΛΛΛ = diag[0.8, 0.8, 0.8].

The position errorse of the simulations in Fig. 2 and
the velocity errorṡe in Fig. 3 show that(e, ė)→ (0,0).

0 10 20 30 40 50
−8

−7

−6

−5

−4

−3

−2

−1

0

1

2

time [s]

To
ta

l e
rr

or
 [m

],[
ra

d]

Position error e

e
x

e
y

eψ

Fig. 2. Position errorse= x−xr (xm)

0 10 20 30 40 50
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
Velocity error

[m
/s

],[
ra

d/
s]

time [s]

Fig. 3. Velocity errorṡe= ẋ− ẋr (ẋm)
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The dynamic synchronization reference is shown in
Fig. 4 and anxy-plot of the leader and follower vessel
is shown in Fig. 5.



5. CONCLUSIONS AND FUTURE WORK

We have presented a leader-follower dynamic syn-
chronization control scheme to specify and guaran-
tee the behavior of marine vessels when approaching
or changing positions in a formation, including the
special case of docking operations where the target
is moving. We specified the dynamic behavior of the
synchronization errors through a third-order reference
filter to ensure smooth position, velocity and acceler-
ation reference signals for the synchronization error,
and showed that the closed-loop errors from the fol-
lower to the dynamic reference states are uniformly
globally exponentially stable.
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