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Abstract

Consider an input-output system where the output is the tracking error given some desired reference signal. It is natural
to consider under what conditions the problem has an exact solution, that is, the tracking error is exactly the zero
function. If the system has a well defined relative degree and the zero function is in the range of the input-output map,
then it is well known that the system is locally left invertible, and thus, the problem has a unique exact solution. A
system will fail to have relative degree when more than one exact solution exists. The general goal of this paper is to
describe a decomposition of an input-output system having a Chen-Fliess series representation into a parallel product of
subsystems in order to identify possible solutions to the problem of zeroing the output. For computational purposes, the
focus is on systems whose generating series are polynomials. It is shown that the shuffle algebra on the set of generating
polynomials is a unique factorization domain so that any polynomial can be uniquely factored modulo a permutation
into its irreducible elements for the purpose of identifying the subsystems in a parallel product decomposition. This is
achieved using the fact that this shuffle algebra is isomorphic to the symmetric algebra over the vector space spanned by
Lyndon words. A specific algorithm for factoring generating polynomials into its irreducible factors is presented based

on the Chen-Fox-Lyndon factorization of words.
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1. Introduction

Consider a smooth control-affine state space realization

z=go(2) + g1(2)u, 2(0) = 20 (1a)
y = h(z), (1b)

where gg, g1, and h are defined on W C R™. If the real-
ization has a well defined relative degree at zy € W, then
it is a classical result that the corresponding single-input,
single-output map F' : u +— y is left invertible on a neigh-
borhood of zp [20, 26]. If the zero output is known to be
in the range of F' for some class of inputs U, then there
exists a unique input u* € U satisfying F[u*] = 0 which
can be generated in real-time using feedback [20, 26] or
computed analytically using formal power series methods
[12]. This construction leads to the notion of zero dynam-
ics [14, 20, 21, 26] and has well known applications in out-
put tracking and path planning problems when the output
is taken to be an error signal [12, 21, 26]. The problem of
zeroing the output can also be applied in optimal control
problems in order to determine critical points of functional
derivatives [5].
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System (1) can fail to have relative degree under a num-
ber of different circumstances. For example, it can turn
out that the Lie derivative Ly, h is exactly zero at zp. As
explained in [32, Remark 3], it is still possible for the sys-
tem to be left invertible in a certain sense if the state tra-
jectory immediately leaves the singularity after ¢t = 0, and
two inputs are said to be equivalent when they differ only
on a set of measure zero. Another possibility is the case
where the input-output map is simply not left-invertible.
Take as a simple example the system

2.11:1—’&, 2:’2223—?1, 23:17 Z(O):O (2&)
Yy = 2122 (2b)

It is easily verified that this realization does not have rel-
ative degree at the origin. The input-output map is not
injective since there are two inputs which give the zero
output: ui(t) =1,¢ > 0 and uj(t) =¢t, ¢ > 0. This is a
result of the fact that the system can be decomposed into
a parallel product of two subsystems F} : u — y; = 21
and F : u — ys = 29 as shown in Figure 1, where each
subsystems has the zero function in its range. The general
goal of this paper is to describe how to perform this de-
composition in order to identify possible solutions to the
problem of zeroing the output. This problem is only non-
trivial in the nonlinear setting since linear time-invariant
systems always have relative degree.

The approach taken will be to work purely in the input-
output setting using Chen-Fliess series representations.
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Figure 1: Parallel product connection of systems F and Fh

One advantage to this point of view is that the nonunique-
ness of coordinate systems can be avoided. That is, the
generating series for the input-output map of a state space
realization is invariant under coordinate transformation.
In addition, this framework is more general as every ana-
lytic state space realization (1) has an input-output map
with a Chen-Fliess series representation but not conversely.
In order to avoid convergence issues associated with such
series, the analysis will be done using formal Fliess opera-
tors [17], that is, maps that take an infinite jet represent-
ing a formal input function to an infinite jet representing
a formal output function. In this context, the problem of
zeroing the output boils down to a purely algebraic prob-
lem.

The concept of a nullable generating series is presented
first. This is a formal power series representing a formal
Fliess operator having the property that the zero output
(jet) is in the range of the operator. A generating series
is called strongly nullable if there is a nonzero input that
maps to the zero output and primely nullable if this in-
put is the only input with this property. A special class of
primely nullable series are those having relative degree and
one additional property. These will be called linearly nul-
lable. While there is no known general test for nullability,
linearly nullable series can be completely characterized,
and their nulling inputs can be computed directly using
the methods in [12]. A key fact is that the parallel product
of two Chen-Fliess series has a Chen-Fliess series represen-
tation whose generating series is the shuffle product of the
generating series of the subsystems [8]. It will be shown
that the shuffle product of two linearly nullable series is
always strongly nullable but never linearly nullable. On
the other hand, a given series may not be linearly nullable
but if any of its shuffle factors is linearly nullable, then the
problem of zeroing the output can be directly solved since
nulling one factor will zero the system output. The main
issue then becomes how to factor a generating series into
its irreducible elements in the shuffle algebra.

The algorithmic focus in this paper will be on the poly-
nomial case. It is first established that the shuffle algebra
as a commutative polynomial ring over a finite set of non-
commuting indeterminates is a unique factorization do-
main. This is achieved by assembling existing results from
algebra [4] and algebraic combinatorics [24]. Of particu-
lar importance is the fact that this shuffle algebra can be

viewed as the symmetric algebra over the R-vector space
spanned by Lyndon words [24, 28]. Next, an algorithm
is given to factor a polynomial into its irreducible shuffle
components. This is done by first mapping the polyno-
mial to the symmetric algebra using the Chen-Fox-Lyndon
factorization of words [3, 19, 24, 28, 30]. The resulting
polynomial is then factored using one of the many known
algorithms for factoring multivariate commutative polyno-
mials [33]. Then each factor is mapped back to the shuffle
algebra.

The paper is organized as follows. In the next section, a
brief summary is given of the mathematical tools used to
establish the main results of the paper. In Section 3, the
concept of nullable generating series is presented. The sub-
sequent section addresses the problem of factoring generat-
ing series in the shuffle algebra. The final section provides
the main conclusions of the paper. It should be stated that
a shorter preliminary version of this paper was presented
as a conference paper [15]. The present version includes
three additional examples (Examples 3.6, 3.10, and 4.1), a
proof of identity (6) (see appendix), a new Corollary 3.1, a
revised and expanded version of the proof of Theorem 4.1,
an expanded description of the factorization algorithm in
Section 4, two new figures, and seven additional references.
In particular, Example 3.10 provides a new application of
the main results in the context of optimal control, while
the revised proof of Theorem 4.1 is simpler and more di-
rect.

2. Preliminaries

An alphabet X = {zg,21, ...,Zm} IS any nonempty
and finite set of symbols referred to as letters. A word
1N = % -+ T, is a finite sequence of letters from X. The
number of letters in a word 7, written as |n|, is called its
length. The empty word, 0, is taken to have length zero.
The collection of all words having length & is denoted by
X*. Define X* = (J;~, X", which is a monoid under
the concatenation product. Any mapping ¢ : X* — R¢
is called a formal power series. Often ¢ is written as
the formal sum ¢ = 3° . (c,n)n, where the coefficient
(c,n) € RY is the image of n € X* under c. The support
of ¢, supp(c), is the set of all words having nonzero co-
efficients. A series ¢ is called proper if O¢supp(c). The
order of ¢, ord(c), is the length of the shortest word in
its support. By definition the order of the zero series is
400. The set of all noncommutative formal power series
over the alphabet X is denoted by R*((X)). The subset of
series with finite support, i.e., polynomials, is represented
by RY(X). Each set is an associative R-algebra under the
concatenation product and an associative and commuta-
tive R-algebra under the shuffle product, that is, the bi-
linear product uniquely specified by the shuffle product of
two words

(zin) W (x;€) = z; (i (258)) + 25 ((2in) LIE),



where z;,2; € X, n,§ € X* and with nLJf) = dwin = n
[8]. For any letter z; € X, let x;l denote the R-linear left-
shift operator defined by z;'(n) = 1/ when 1 = x;7 and
zero otherwise. Higher order shifts are defined inductively
via (2:;6)7'(-) = ¢ a7 (-), where ¢ € X*. Tt acts as a
derivation on the shuffle product.

2.1. Chen-Fliess series

Given any ¢ € RY((X)) one can associate a causal
m-~input, f-output operator, F., in the following man-
ner. Let p > 1 and ty, < t; be given. For a Lebesgue
measurable function u : [to,t1] — R™, define |[uf, =
max{[lul[, : 1 < < m}, where [[u;]|, is the usual Ly-
norm for a measurable real-valued function, wu;, defined
on [to,t1]. Let Ly'[to,t1] denote the set of all measurable
functions defined on [to, 1] having a finite [-||, norm and
By (R)[to. t1] == {u € Lto, ta] ¢ [lull, < R}. Assume
Clto, t1] is the subset of continuous functions in LT"[tg, t1].
Define inductively for each word n = z;7 € X* the map
E, : LT [to, t1] = Clto, t1] by setting Ey[u] = 1 and letting

t

Ey alul(tsto) = / ws(7) Enlud) (7 o)
to

where x; € X, 7 € X*, and ugp = 1. The Chen-Fliess

series corresponding to ¢ € R((X)) is defined in [8] as

y(t) = () = ) (e,n) Eylul(t, to)-

nex*
If there exist real numbers K., M. > 0 such that
|(C7n)| SKCMC‘U“U|'7 VT]EX*v (3)

then F constitutes a well defined mapping from B}"(R)l[to,
to+7) into Bg (S)[to, to+T) for sufficiently small R, T > 0
and some S > 0, where the numbers p,q € [1,00] are
conjugate exponents, i.e., 1/p +1/q = 1 [16]. (Here,
2| := max; |z;| when z € R’.) Any series ¢ satisfying (3)
is called locally convergent, and F, is called a Fliess oper-
ator. The subset of all locally convergent series is denoted
by RS0 ((X)).

A Fliess operator F, defined on By*(R)[to,to + 1] with
¢ =1 is said to be realizable when there exists a state
space realization (1) with each g; being an analytic vector
field expressed in local coordinates on some neighborhood
W of zg € R™, and the real-valued output function h is
an analytic function on W such that (1a) has a well de-
fined solution z(t), t € [to,to + T for any given input
u € BY(Rtoto + T), and y(t) = Fful(t) = h(=()),
t € [to,to + T]. Denoting the Lie derivative of h with re-
spect to g; by Ly, h, it can be shown that for any word
N==a -2y € X*

(Ca 77) = Lgnh(ZO) = Lgil e

[8, 20, 26].

Ly, h(20) (4)

2.2. System interconnections

Given Fliess operators F. and Fj, where c¢,d €
R{ - ((X)), the parallel and product connections satisfy
F.+ F;=F. 4 and F.F; = F._,4, respectively [8]. It is
also known that the composition of two Fliess operators
F. and F; with ¢ € RY (X)) and d € R7-((X)) always
yields another Fliess operator with generating series cod,
where the composition product is given by

cod="3" (e;n) baln)(1) (5)

neX*

[7]. Here )4 is the continuous (in the ultrametric sense) al-
gebra homomorphism from R{{X)) to the vector space en-
domorphisms on R{(X)), End(R{(X))), uniquely specified
by a(xin) = ta(x:) o Ya(n) with a(z;)(e) = wo(d;Le),
i =0,1,...,m for any e € R((X)), and where d; is the
i-th component series of d (dg := 1 := 1()). By definition,
1q(0) is the identity map on R({X)). The left-shift oper-
ators distribute over the composition product as follows:

2o (c)od+ Y diwi(z; (c)od):j=0
=1

0 1§ #0.
(6)
(See the appendix for a proof of this property.) If ¢,d €
R{(X)) with m = ¢ = 1 and d non-proper, then one can
define the quotient ¢/d = cLud™ ! so that F./F; = F,/q
with the shuffle inverse of d defined as

x;l(co d) =

d=7h = ((d,0)(1 = d)) T = (d,0)7H(d),

where d' = 1 — (d/(d,0)) is proper and (d')-*
Zkzo(d’)m’“ [12]. The following lemma will be useful.

Lemma 2.1. For any c,d,e € R{{X)) with d non-proper,
the following identity holds

(¢/d)oe=(coe)/(doe).

Proof: 1t can be shown directly from the definition of
the composition product that if d is non-proper then so is
doe. In fact, (doe, ) = (d,?) # 0. Thus, both sides of the
equality in question are at least well defined formal power
series. In light of the known identity

(clud)oe = (coe)ll(doe) (7
for any ¢, d,e € R((X)) [9], it is sufficient to show that
d“toe=(doe) . (8)
It is clear via induction that for any k € N,
A% oe = (doe)k.

Therefore, since d is non-proper, it follows that

n

d“toe=(d,0)"" lim z:(d’)“”C oe

n— 00
k=0
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= (doe,0) nhﬁn;OZ(d oe)
k=0

= (doe) 1.

As d’ and d’ oe are both proper, all the limits above (in the
ultrametric sense) exist, and thus, the claim is verified. W

2.8. Formal Fliess operators

Suppose X = {zg,x1}, Xo = {0}, and define R[[X)]] to
be the set of all (commutative) formal power series in the
letter xo. Then every series ¢, € R[[Xo]] can be identified
with an infinite jet j°(u) for any fixed to € R. By Borel’s
Lemma, there is a real-valued function v € C*(t) whose
Taylor series corresponds to jg©(u). In the event that
the coefficients of ¢, satisfy the growth bound (3), then
u is real analytic. In which case, for any ¢ € Rpo{((X)),
F.,[v] =y = Fe[u] = F.[F.,[v]] = Feoe, [v], where v is just
a placeholder in this chain of equalities. If the Taylor series
for u does not converge, it is viewed as a formal function.
Nevertheless, the mapping co : R[[Xo]] — R[[Xo]] : ¢y —
¢y = co ¢y, is still well defined and takes the input infinite
jet to the output infinite jet. This is called a formal Fliess
operator [17]. The advantage of working with these formal
objects is that their algebraic properties can be character-
ized independently of their analytic nature. This will be
the approach taken below.

2.4. Relative degree of a generating series

Observe that ¢ € R((X)) can always be decomposed into
its natural and forced components, that is, ¢ = ¢y + cp,
where cn ==Y, o o(c, 2f)zf and cp :=c —cp.

Definition 2.1. [12] Given ¢ € R{(X)) with X =
{zo,21}, let » > 1 be the largest integer such that
supp(cr) C ' X*. Then c has relative degree 7 if the

linear word 566_1331 € supp(c), otherwise it is not well de-
fined.

It is immediate that ¢ has relative degree r if and only if
there exists some e € R((X)) with supp(e) C X*/{X§,z1}
such that

c=cN+cr=cy+ Kx6_1x1 + xg_le (9)
and K # 0. This notion of relative degree coincides with

the usual definition given in a state space setting [13].

3. Nullable Generating Series

It is assumed for the remainder of the paper that all
systems are single-input, single-output, i.e., m = ¢ =1
so that X = {xg,z1} and all series coefficients are real-
valued. Consider the following classes of generating series.

Definition 3.1. A series ¢ € R{(X)) is said to be nul-
lable if the zero series is in the range of the mapping
co : R[[Xo]] = R[[Xo]],cu + cocy. That is, there ex-
ists a nulling series ¢, € R[[Xy]] such that c o cy» = 0.
The series is strongly nullable if it has a nonzero nulling
series. A strongly nullable series is primely nullable if its
nulling series is unique.

Observe that from (5) it follows that (¢ o ¢y, ) = (¢, 0)
for all ¢,, € R[[Xo]]. Thus, if ¢ is nullable, then necessarily ¢
must be proper. Also, every series ¢ = cp satisfies co0 = 0.
Thus, it is nullable. If ¢ = ¢y + cp with ¢y # 0, then
co (0 = cy. Therefore, if ¢ is nullable, it must be strongly
nullable.

Example 3.1. Observe that ¢ = 2% — 17 is primely nul-
lable since co1 = 2% — 23 = 0, and ¢, = 1 is the only
series with this property. 0

Example 3.2. The polynomial ¢ = zy + zgx; is not nul-
lable since co ¢, = xg + x3c, # 0 for all ¢, € R[[Xo]]. 0

A sufficient (but not necessary) condition for a series
to be primely nullable is given in the following theorem.
It has its roots in [12]. A concise proof is given here to
make its computational features explicit and the subse-
quent corollary more apparent.

Theorem 3.1. If ¢ € R((X)) has relative degree r, and
supp(cen) C z{ X5 is nonempty, then c is primely nullable.

Proof: Since ¢y # 0 by assumption, any nulling series
must be nonzero. The claim is that ¢ has a unique nonzero
nulling series. Applying (6) to ¢, = co ¢, with m =1 (let
dy = d) under the assumption that ¢ has relative degree r
gives

Cy =COCy

Io_l(cy) = 4’351(0) o ¢y

25" (cy) = 257 (¢) 0 cu + cu (257 1) 7 (0) 0 cu)-
(x5 *x1)7'(c) is  non-proper  (specifically,
(x5 '21) "1 (e),0) = K # 0 in (9)) it can be shown
that (zf ' x1)~"(c) o ¢, is also non-proper and thus has
a shuffle inverse. Setting z;"(¢,) = 0 and dividing by

(x5 21) 7 (c) 0 ¢, gives

0= (25" (c) o cu)/((xg 1) " (e) 0 cu) + cu.
Next, applying Lemma 2.1 yields
0= (25" (e)/ (x5 1) (e)) 0 cu + cu

Define a generalized series § with the defining property
that Fs[u] = u for all admissible inputs u. Then it must



have the unital property §d oc = cod = ¢ on the semigroup
(R{(X)),0). The previous equation can be written as

0= (3+ (25" (¢)/ (g 21) " (c))) ocu
=ds

It is known that the set of series § + R{(X)) forms a group
under the induced composition product [11]. Therefore,
one can solve for ¢, directly via left inversion to give ¢, =
dg_l 0 0. In which case, there exists a unique ¢, that will
zero out all the coeflicients of ¢, with the exception of the
first r coefficients. These initial coefficients are completely
determined by c since

(ey),0) = (25" (c) 0 cu, 0)

(cy,25) = (25" (c
25" (c),0) = (c,zf), k=0,1,...,7r—1.

= (

By assumption supp(cy) € x5 X;. Hence, all the coeffi-
cients above must be zero so that ¢, = 0 as desired. [ |

It is worth noting that (R{(X)), 0, ) described above as
well as (R{(X)), L, 1) both include the monoids of char-
acters over their respective graded connected bialgebras
of coordinate functions. Identity (7), which is central in
this work, can then be viewed in terms of the concept of
two bialgebras in cointeraction [10]. In this respect, equa-
tion (8) is equivalent to stating that the right action of
the character monoid (R{{X)), o, d) on the group of unital
non-proper series (1 + R,,,((X)), L, 1) C (R{(X)), L, 1)
is compatible with the antipode of its Hopf algebra of co-
ordinate functions.

Series satisfying the condition in Theorem 3.1 will be
referred to as linearly nullable since the linear word z{,~ 'z
in its support plays a key role in computing the nulling
series. In light of (9), every such series has the form

-1 -1
c=uxpe0+ Kay 1 +xp e,

where € N, K # 0, eg € R[[Xy]]/{0}, and supp(e1) C
X*/{Xg,x1}. From the general identity (vf§c)od = xf(co
d) and the fact that the composition product is left linear,
it follows that

cocyr = (z(eo + Kxg_la:l + arg_lel) 0 Cyr
= a5 Y ((zoeo + Kx1 +e1) 0 cyr)
=0.

That is, ¢y« is a solution to
(zoeo + Kx1 +e1) o cyr = xo(eg + Keys) + €1 0 cy» = 0.

Central to the proof of Theorem 3.1 is the observation
that mapping co under the condition that ¢ has relative
degree is injective since it is left invertible. The following
corollary, which also follows directly from this proof, states
that co is never surjective on R[[X(]] under this condition.

Corollary 3.1. Suppose ¢ has relative degree r. Define
vt = (e,0) + (c,x0)wo + - + (e, zy Vag ™t Then the
range of the mapping ¢, — co ¢, is the affine subspace of
the R-vector space R[[Xo]]

R.:={c, =iyt +xhe: e € R[[Xo]]}.
Therefore, ¢ is nullable in this case only if cy\fl = 0.

Example 3.3. The polynomial ¢ = zg + x; has relative
degree 1 and ¢y = 29 € xoX(§. Therefore, it is linearly
nullable. Specifically, ¢, = —1 is the only series that
yields co ¢y« = 0. 0

Example 3.4. The polynomial ¢ = 22 — 217 in Exam-
ple 3.1 does not have relative degree since it does not have
a linear word in its support (i.e., K = 0 in (9)). So it is
primely nullable but not linearly nullable. 0

Example 3.5. The polynomial ¢ = xy + xpx1 in Exam-
ple 3.2 has relative degree 2 and was shown not to be
nullable. Observe cy = xo ¢ x3X(, which is consistent
with Theorem 3.1. 0

Example 3.6. Consider the series ¢ =} v n|'n,
where Xt := X*/{0}. The series has relative degree 1
and is linearly nullable. In this instance, the correspond-
ing Chen-Fliess series has the closed-form expression

FZL‘ xr
Fc[u] — ot 1[14 )
1- F-To-‘rm [u]
Therefore, the unique nulling series for c is ¢« = —1.

Let ¢ € R{({X)) be nullable. Define the (two-sided) prin-
cipal ideal

I. = (c) :={cwd : d € R{X))}
in the shuffle algebra on R{(X)).

Lemma 3.1. FEvery series in 1. is nullable. If ¢ is strongly
nullable, then every series in I is strongly nullable.

Proof:  Applying (7) it follows that (cLld) o ¢yx = (co
Cu )L (d o ¢y ) = 0 if ¢y is selected so that co ¢y = 0,
which is always possible since ¢ is nullable by assumption.
The second claim is now obvious. ]

The first theorem below is obvious given the definition
of primely nullable. The second theorem is less trivial
but not unexpected. It confirms that the set of linearly
nullable series is not closed under the shuffie product.

Theorem 3.2. If c¢,d € R({(X)) are primely nullable with
Cyr # dyx, then clUd is strongly nullable but not primely
nullable.

Theorem 3.3. Ifc,d € R((X)) are linearly nullable, then
cld is strongly nullable but not linearly nullable.



Proof: The strong nullability property follows directly
from the lemma above. Regarding the second assertion, if
clid is linearly nullable, then necessarily cLL/d must have
relative degree, say s, and (clud)y € 2§ X(. Observe that

cwd = (zfceq + Kexpe ™ty + 25 tey) L

(2% fo + Kazp® 'y + a5t fr)

has the property that (cLiid)y € (et X{. But the asser-
tion is that cLLId cannot have relative degree r. +r4. This
would require that the shortest linear word in supp(cLuid) g
be e 1) and all other words in supp((cLUd) ) must
have the prefix xgc‘”d_l. This linear word will only be
present if

Kc(f07®)+Kd(607®) 7é 0. (10)

This means that at least one of the constant terms (e, 0)
or (fo,0) must be nonzero. In addition, note that every
word in the support of

(eo, O)ary" LW Kgarg? ™ ey + (fo, 0z L Ko™y

= Ka(eo, 0)(ape g ™"a1) + Ke(fo, 0)(ap* g a)

has length r.+r4, and these words must have the required
prefix x6“+”_1 since no other words in the larger shuffle
product are short enough to cancel these words. But the
only way to remove an illegal word would violate (10). For
example, if r. = ry = 1, then

(€0, D)o W Kax1 + (fo, 0)xo L K 21
= Ky(eo, D) (zor1 + z170) + Kc(fo, 0)(moT1 + T170).

The illegal word z1x¢ cannot be canceled without remov-
ing the required linear word xgx1. Thus, cllld cannot be
linearly nullable. ]

Example 3.7. Suppose ¢ = zg — 21 and d = 23 — 1.
Both series are linearly nullable with relative degree 1.
The nulling series for ¢ is ¢, = 1, and the nulling series
for d is dy~ = xg. Observe

cld = —xoxr1 — X120 + 23:% + 3:38 — x%xl — X0T1To — xlxg

does not have relative degree. Therefore cLLd is strongly
nullable, but not linearly nullable and not primely nul-
lable. In fact, if the coefficients for the realization (2) are
computed from (4), one will find directly that the generat-
ing series is the polynomial given above. This is the origin
of the example given in the introduction. 0

Example 3.8. Suppose ¢c = xg+x; and d =1+ z;. In
this case, c is linearly nullable with relative degree 1, and
d also has relative degree 1 but is not nullable as it is not
proper. Observe

clid = xg + 1 + 2921 + 2120 + 2m%

is also linearly nullable with relative degree 1. That is,
Theorem 3.3 does not preclude the possibility that primely
nullable series can have shuffle factors that are not nul-
lable. 0

Example 3.9. Suppose ¢ = d = xy — 1 so that both
series are linearly nullable with relative degree 1. As ex-
pected,

clid = 2x(2) — 2xgx1 — 2T120 — 2:1:%

is not linearly nullable as it does not have relative degree,
but it is primely nullable since ¢y« = d,+« = 1 is the only
nulling series for cLUd as the shuffle product is an integral
domain. That is, in general (cLUd) o e, = (coe,)l(d o
e,) = 0 if and only if at least one argument in the second
shuffle product is the zero series. 0

In summary, if R,((X)) is the set of all proper series in
R{(X)), then the following inclusions hold:

R,{(X)) D nullable series D strongly nullable se-
ries D primely nullable series D linearly nullable
series.

In light of Theorems 3.2 and 3.3, only the set of nullable se-
ries and strongly nullable series are closed under the shuffle
product.

The final example provides an application of nullable
series.

Example 3.10. In optimal control problems, it is often
necessary to determine critical points of quadratic objec-
tive functions. From the calculus of variations, this is ac-
complished by computing the critical points of a varia-
tional derivative. For a system described only in terms
of a Chen-Fliess series, this would involve determining
the critical points of a variational derivative of a Chen-
Fliess series. The Fréchet derivative of F,, for example,
can be computed by introducing a variational alphabet
associated with X = {xo, 21}, say 60X = {dz0,0x1}. De-
fine the mapping § : X — 60X by d(zp) = dzp = 0 and
0(x1) = dx1. Extend the definition of 6 to X™* by letting it
act as a derivation with respect to concatenation. Further
extend the definition to R((X)) by linearity. In which case,
the Fréchet derivative of F, at u is the linear functional
DF.[u][h] = F)[u,h] [5]. Consider the simple example
where ¢ = 221 + 1120 + 22 so that §(c) = (xo+x1)LLI6x;.
Identifying v with 2, and h with dx; from some admissible
set of functions U, it follows that

DF. [U] [h] = Fogta, [u]E5w1 [h]7

where DF,[u][-] is clearly linear. Critical points in this
context are the inputs u* € U such that DF,[u*][h] = 0
for all h € U. Here it is evident since xy + x7 is linearly
nullable that u*(t) = —1, ¢ > 0. 0

4. Factorizations in the Shuffle Algebra

The shuffle product on R(X) forms a commutative ring.
Such structures appear in the following chain of class in-
clusions:



commutative rings D integral domains D in-
tegrally closed domains O GCD domains D
unique factorization domains D principal ideal do-
mains O Euclidean domains D fields

[1, 23]. The integral domain property of the shuffle algebra
was proved in [29, Theorem 3.2]. The following theorem
identifies the strongest structure available on this ring.

Theorem 4.1. The shuffle algebra on R(X) is a unique
factorization domain but not a principal ideal domain.

Proof: The claim that the shuffle algebra on R(X) is a
unique factorization domain follows from existing results.
It is known from [28] (see also [18, Section 6] and [24,
Chapter 5]) that the shuffle algebra on R(X) is isomor-
phic to the symmetric algebra on the R-vector space V'
having basis L = {l;}i>0, the set of Lyndon words. The
symmetric algebra S(V) is in turn canonically isomorphic
to the free polynomial algebra R[L]. Thus, there exists an
R-linear map £ : R(X) — R[L] such that

L(mwnz) = L (m)ZL(n2), vni € X (11)

with £(1) = 1, and, in particular, Z(l;) = ;. Put an-
other way, the shuffle algebra on R(X) is freely generated
by the set of all Lyndon words [30, Theorem 6.1]. It is
shown in [4, Section 4, Corollary 1] that any such polyno-
mial ring is a unique factorization domain (see also [2]).
To be a principal ideal domain, it is necessary that every
ideal in R(X) be generated by a single element. The clas-
sical argument that this is not the case in the present con-
text goes as follows (e.g., see [25, p. 153]). The assertion is
that the set of all proper polynomials in R(X), R,(X), is
an ideal which is not principal. It is clear that R,(X) is an
ideal. Now suppose R, (X) has a single generator p in the
shuffle algebra, i.e., R,(X) = (p) := {pWgq : ¢ € R(X)}.
Since zg, 1 € Rp(X), there must exist go, g1 € R(X) such
that xg = pllgy and x1 = plig;. In light of the degrees
of x¢p and x1, this would require a generator of the form
p = aorogt+airy, a; € R. If qp = 0, then p will generate x;
but not . Likewise, if a; = 0 then p will generate x(y but
not z1. Thus, the ideal R, (X) has two basis elements, that
is, Rp(X) = (zo, 1) := {xoWgo+x1 g1 : g0, q1 € R(X)},
and thus is not principal. ]

The main theorem of this section is presented next. It
describes how to zero the output of a formal Fliess operator
F, using its parallel product decomposition as shown in
Figure 2.

Theorem 4.2. Let c € R(X) with ¢y # 0 and unique fac-
torization ¢ = ¢1Wcg LU - -+ LLe, (modulo a permutation),
where each c; is irreducible as a polynomial in the shuffle
algebra. Then cy~ # 0 is a nulling series for c if and only
if it is a nulling series for at least one of the factors c;.

Proof: 1If ¢y« # 0 is a nulling series for ¢;, then directly
from Lemma 3.1 it is a nulling series for ¢. Conversely, if

€ocys = (10 ¢y )(ca0cys )+ W(cp0cy«) =0

a

Figure 2: Parallel product decomposition of F¢

for some ¢,« # 0, then since the shuffle algebra is an inte-
gral domain, at least one series c¢; o ¢, must be the zero
series, and the theorem is proved. ]

It is important to point out what the theorem above
is not saying, namely, that every nullable series can be
factored into a shuffle product of primely nullable series.
While it is easy to demonstrate that a primely nullable
series need not be irreducible (Examples 3.8 and 4.3), it
is unknown at present whether a nullable and irreducible
series is always primely nullable. This is a much deeper
problem.

Next, an algorithm is given to shuffie factorize any poly-
nomial ¢ € R(X) into its irreducible components. This re-
sult follows from combining the proof of the previous theo-
rem and various known properties of Lyndon words. Sup-
pose X = {xg, x1} is ordered with zg < 1 so as to induce a
corresponding lexicographical ordering on X+. Recall that
aword n € X7 is called a Lyndon word if all factorizations
n = &v with £,v € X have the property that n < v¢. In
this case, the first few Lyndon words are L = {l;};>0 =
{xo, 1, w071, X331, T0XT, T3 1, XE23, 2023, . . .}, where here
the ordering is by increasing word length and then lexico-
graphically among words of the same length.! The Chen-
Fox-Lyndon factorization of a word n € X™* is a unique
non-increasing product of Lyndon words so that

=1yl l,, iy >2l,>->1,

[3, 19, 24, 30]. A consequence of this factorization is that
Liy W, - Wi, =an+ R, (12)

where a is a nonzero element in the set of rational numbers,
@, and all the words in the remainder R are lexicograph-
ically smaller than n [19, Theorem 5.6]. Applying (11) to
both sides of (12) provides the recursive formula

Ly 1) = i,k Z(R). (13)

IThis ordering is only for convenience in displaying results and
does not play any mathematical role in this presentation.



The recursion will terminate when all the remainders are

Zero.
Example 4.1. Let 71 = moz170, 72 = 237170, 73 =
zozr12g. Their Chen-Fox-Lyndon factorizations are, re-

spectively, m1 = (zoz1)xo = lolo, 12 = (2321)(20) = l3lo,

and n3 = (xoz1)(wo)(z0) = [2l3. Observe, for example,
that
lo Wil = zox1T0 + 233(2)1,‘1 =m + R,

where R = 2l3. Therefore, from (13)
L(m) = lola — 2l3.
Likewise,
ZL(n2) = lolz — 35
L(n3) = %lglg — 2lgl3 + 3.

To illustrate the isomorphism between the shuffle algebra
on R(X) and the free algebra R[L], observe that

mzo = 212 + 213,
so that as expected from (11)

ZL(m W) = 2L (n2) + 22 (n3)
= (l(]lg — 213)[0
= Z(m)Z (zo).

O

The proposed algorithm for shuffle factoring a proper
polynomial ¢ is summarized below:

1. Compute ¢, = Z(c) using (12)-(13).

2. Factor ¢; using Mathematica’s Factor command
[34].

3. Apply the map Z~! to each factor in R[L] from
the previous step. In particular, £~ (L, l;, -+ 1;,) =
lil LUZZ‘Z L qulk

An efficient algorithm for the Chen-Fox-Lyndon factoriza-
tions in step 1 is given in [6] (see also [31]). Mathematica’s
implementation notes for Factor provide a description of
the specific algorithms used to factor multivariate poly-
nomials. For a more general treatment of the subject see
[33].

Example 4.2. Consider the polynomial

c= 25(5(2) — 295% + 2.%‘(2)31‘1.%‘0 + 23:095190(2) — 230037%330

+ 233130(2)371 + 2$1$0$% + 233%9503:1 + 2202120212021
+ 2xox1x0x%xo + 4x0x%x3x1 + 2x0xf:v0x1:co
+ 23313:(2)1‘1330351 + 4x1x3m§xo + 21‘11‘01‘1.%‘%.131

+ 2x1T0T1T0T1T0,

which does not have relative degree since it has no linear
words of the form :vg*lml in its support. The algorithm
above is applied to ¢ with the help of the Mathematica
NCFPS package [27]. The underlined terms correspond to
Example 4.1 which is embedded in this example.

Step 1: Observe

e, = L(c) =15 — 17 + la + 1§12 + Lol 13 — 2lols
+ 20415 — 21y lols — 2oy — 2141y — 2lglaly + 4lsly.

Step 2: Using the Factor command in Mathematica gives
cr = (lo+ 11+ lola — 213)(lo — Iy + 112 — 2ly).
Step 3: Mapping each factor of ¢z, back to R,(X) yields
c=cillcy = (o + 21 + Tox120) LU (o — T1 + T1T0T1).

Observe that the two factors of ¢ are distinct and linearly
nullable with relative degree » = 1. Hence, there exist two
distinct nulling inputs c¢,; and c¢,; for this polynomial.
Each input can be computed via the algorithm in [12] or by
solving an initial value problem which follows from setting
F,,[u] = 0 and then repeatedly differentiating with respect
to time. For c; the latter approach yields

wii — 2% —u* =0, u(0)=—1, w0)=0
so that
Cur = 14 2 + Ty + 127§ + 4369z + - - - .
Similarly, for ¢o the corresponding initial value problem is
u—+tu =0, u(0)=-1,
which gives
Cug = —1+ 2% — 325 + 1525 — 10525 + - - - .

To empirically verify that coc,: = 0, it is necessary to
truncate cy:. This means that ¢ oycuj will not be exactly
zero, but instead zero up to some word length depending
on the number of terms retained in c,:. For example,
truncating both ¢,» to words of maximum length six gives

o cyr = 8738024 + 294656025 + 153856528x" + O(x¢°)
cocyy = 2100z — 840840x* + 57657600z — O(x4°).

O

Example 4.3. Reconsider Example 3.8 where ¢, = lg+14
and d;, = 1+ 1. As observed earlier, cLd is primely
nullable and linearly nullable. Clearly (clid);, = crdy, is
reducible with one linearly nullable factor cy,. 0

Example 4.4. Recall that for polynomials in one vari-
able, the class of irreducible polynomials depends on the
base field. For example, over the real field, the irre-
ducible polynomials are either of degree 1 or degree 2



(e.g., 22 +1). Over the complex field, there are only de-
gree 1 irreducibles [22, Chapter IV.1]. However, in ev-
ery multivariate polynomial ring there are irreducible el-
ements of higher degree. Consider the polynomial ¢ =
623 — 22123 — 2wom170 — 22831 — 242f € R, (X). Tt does
not have relative degree, and thus, it is not linearly nul-
lable. There is at present no direct test for any other
form of nullability. In the Lyndon basis, it follows that
cr, =13 — 12l — 13 € R[L]. Now if ¢y, is reducible, one
could write

cr = (i = p1(lo)) (17 + p2(lo)ly + p3(lo)) (14)

for some polynomials p;(lp). Since I3 = p1(lo)ps(lo),
necessarily p;(lo) = alf and p3(ly) = bly~" for some
n € {0,1,2,3,4} and a,b € R with ab = 1. Substitut-
ing these forms into (14) shows directly that there are no
values of n that can yield cy,. Thus, ¢y, is an irreducible
multivariate polynomial of degree 4 as an element in R[L].

O

5. Conclusions

Working entirely in a Chen-Fliess series setting, it was
shown that the problem of zeroing the output can be solved
for the class of systems who generating series can be fac-
tored via the shuffle algebra into terms where at least one
factor is nullable. The shuffle algebra on R{X) was shown
to be a unique factorization domain so that any polyno-
mial can be uniquely factored into its irreducible elements
for this purpose. The factorization is done by viewing this
shuffle algebra as the symmetric algebra over the vector
space spanned by Lyndon words. A specific polynomial
factorization algorithm was given based on the Chen-Fox-
Lyndon factorization of words.
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Appendix. Proof of Identity (6)
Observe for any ¢,d € R({X)) that

zg'(cod)= Y (e.m)ag'(nod)

nex*

= 3" (e, wom) wy Hwon o d)+
nex*

ST 3 (coam)ag (wmo d)

i=1nex*

= 3 (a5t (e)mmodt

nex*

Yo (@) ) (diw(ned)
i=1 nen*

=25 (c)od+ ) diwlz; (c) od.
i=1
For any i # 0, note that

zi (cod) = Y (e,m)a; ' (nod),

nex*

and n o d always has a leading ¢ when 7 is nonempty.
Thus, x;l(n od) = 0 for all n € X*, and the identity is
verified.
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