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ABSTRACT. The aim of this paper is to establish a lattice theoretical frame-
work to study the partially ordered set torsA of torsion classes over a finite-
dimensional algebra A. We show that torsA is a complete lattice which enjoys
very strong properties, as bialgebraicity and complete semidistributivity. Thus
its Hasse quiver carries the important part of its structure, and we introduce
the brick labelling of its Hasse quiver and use it to study lattice congruences
of torsA. In particular, we give a representation-theoretical interpretation of
the so-called forcing order, and we prove that torsA is completely congruence
uniform. When I is a two-sided ideal of A, tors(A/I) is a lattice quotient
of torsA which is called an algebraic quotient, and the corresponding lattice
congruence is called an algebraic congruence. The second part of this pa-
per consists in studying algebraic congruences. We characterize the arrows of
the Hasse quiver of torsA that are contracted by an algebraic congruence in
terms of the brick labelling. In the third part, we study in detail the case
of preprojective algebras II, for which torsll is the Weyl group endowed with
the weak order. In particular, we give a new, more representation theoretical
proof of the isomorphism between torsk@ and the Cambrian lattice when @
is a Dynkin quiver. We also prove that, in type A, the algebraic quotients of
torsII are exactly its Hasse-regular lattice quotients.
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1. INTRODUCTION

The main object of study in this paper is the collection of torsion classes of
a finite-dimensional algebra. Torsion classes are closely related to the study of
derived categories and their t-structures. The recently developed 7-tilting theory
[AIRLDL]], itself partly inspired by the cluster algebras of Fomin and Zelevinsky
[EZ], also provides insight into the structure of torsion classes, but is generally forced
to restrict attention to torsion classes which are functorially finite. By contrast, in
this paper, we develop methods to understand the whole lattice of torsion classes.
These methods also shed new light on certain lattices built from Weyl groups, such
as the weak order and Cambrian lattices.

1.1. Algebraic lattice congruences. Let A be a finite-dimensional algebra over
an arbitrary field k£ and let mod A be the category of finitely generated left A-
modules. The main object of this paper is the complete lattice tors A of torsion
classes of mod A, ordered by inclusion. Recall that a torsion class 7 C mod A is
a full subcategory that is closed under extensions and factors. Recall also that a
complete lattice L is a partially ordered set such that, for any subset S, there is a
unique largest element of L smaller than all elements of S, the meet of S, written
A S, and a unique smallest element of L larger than all elements of S, the join of
S, written \/ S.

The starting point of this paper is the observation that each factor algebra of A
determines a complete lattice congruence of tors A (an equivalence relation compat-
ible with the complete lattice structure). We describe the correspondence in terms
of the lattices ideal A and Con®(tors A). The lattice ideal A is the set of two-sided
ideals of A ordered by inclusion. For a lattice L, the lattice Con® L is the set of
complete lattice congruences of L ordered by refinement.

Theorem 1.1 (Theorem [512). Let A be a finite-dimensional k-algebra.

(a) For any I € ideal A, the map T — T Nmod(A/I) is a surjective morphism
of complete lattices from tors A to tors(A/I).

Thus let O1 be the complete lattice congruence on tors A setting T =eo, U if and
only if TNmod(A/I) =UNmod(A/I).

(b) The map na : ideal A — Con®(tors A) sending I to ©r is a morphism of
complete join-semilattices: 14 (3_;c7 1) = Vierna(l) for any subset T C
ideal A.

Theorem implies in particular that the map n4 : I — Oy is order-
preserving. The map n4 is typically not surjective. We define an algebraic con-
gruence of tors A to be a congruence of the form O for some I € ideal A. We
write AlgCon A for the set of algebraic congruences of tors A (i.e., the image of
n4), partially ordered by refinement. Similarly, an algebraic quotient of tors A is
the quotient of tors A modulo an algebraic congruence, so that B + tors B is a
surjective map from factor algebras of A to algebraic quotients of tors A. Theorem
[LTI(b) implies that AlgCon A is a complete lattice.

Recall that the Hasse quiver Hasse P of a partially ordered set P has vertex set
P and arrows x — y whenever x > y and there is no z such that z > z > y.
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Example 1.2. Consider the algebras

B
A=k 1-2e2 T N /m,maﬁ*ﬁ) and N := A/(5").
=

We depict Hasse(tors A) and Hasse(tors A’) in Figure [II It turns out that, in
this case, each torsion class is of the form FacT for some canonical module T', as
explained in Section [L3] so we represent FacT by the composition series of T. In
accordance with Theorem [IT], tors A’ is a lattice quotient of tors A; the quotient
map identifies torsion classes of A connected by double arrows.

1.2. Hasse quiver, brick labelling and forcing order. We start our investi-
gation by giving elementary lattice theoretical properties of tors A. A complete
lattice L is called weakly atomic if, whenever x < y in L, Hasse[z,y] has at least
one arrow. We recall in Section the definitions of complete semidistributivity
and bialgebraicity. We prove the following result.

Theorem 1.3 (Theorem [BI)). Let A be a finite-dimensional algebra. The lat-
tice tors A is bialgebraic, and therefore weakly atomic. Moreover, it is completely
semidistributive.

Note that the properties of tors A that are given in Theorem [[3] are rare for
complete lattices. They can be seen as a kind of discreteness of tors A, even though
it is usually infinite, and even uncountable.

We now introduce a representation theoretical counterpart to the arrows of
Hasse(tors A). Recall that S € mod A is called a brick if any non-zero endomor-
phism of S is invertible, i.e. if End4(S) is a division ring. It turns out that for
each arrow ¢ : 7 — U of Hasse(tors A), there is a unique brick S, € T satisfying
Hom (U, S,) = 0 for any U € U (see Theorem[B.3]). In order to relate lattice theory
to representation theory, we label ¢ by S,. Labels are written on arrows of Figure[l
Notice that a brick usually labels more than one arrow.

For a complete lattice L, recall that * € L is completely join-irreducible if
it is non-zero and cannot be written non-trivially as the join of other elements.
Equivalently, there is a unique arrow pointing from z in Hasse L. A first lattice-
theoretical interpretation of labels is that they naturally parametrize completely
join-irreducible torsion classes.

Theorem 1.4 (Theorem B3)c)). There is a bijection from completely join-irredu-
cible torsion classes T to bricks of A mapping T to the label of the unique arrow
pointing from T. There is a dual bijection from completely meet-irreducible torsion
classes to isomorphism classes of bricks of mod A.

Theorem [[4] generalizes a result of [DLJ] about functorially finite torsion classes.
It has been proven independently in [BCZ]. Consider a complete lattice L. A sur-
jective complete lattice morphism L — L’ determines a complete lattice congruence
© on L (with congruence classes given by pre-images of elements of L'). Given an
arrow ¢ in Hasse L, we say that © contracts q if the head and tail of ¢ are congru-
ent modulo ©. If L is finite, a lattice congruence on L is completely determined
by the set of arrows of Hasse L it contracts. For infinite L, this is not generally
true. However, consider the complete meet-sublattice Con®® L C Con® L consist-
ing of arrow-determined complete congruences, i.e. © € Con®L such that L/©



546 DEMONET, IYAMA, READING, REITEN, AND THOMAS

is weakly atomic (see Definition and Proposition 2.6]). An arrow-determined
complete congruence is specified (among all such congruences) by the set of arrows
it contracts.

For two arrows ¢ and ¢’ of Hasse L, we say that q forces ¢’ and write q ~ ¢’ if
any lattice congruence contracting ¢ also contracts ¢’. Clearly, ~» is a preorder (a
reflexive, transitive not-necessarily-antisymmetric relation) on Hasse; (L). We call
~~ the forcing preorder, and the corresponding equivalence relation is called forcing
equivalence. If L is completely semidistributive and bialgebraic, e.g. L = tors A,
then, for a subset S C Hasse; (L), there is an arrow-determined complete congruence
contracting exactly S if and only if S is closed under forcing (Theorem 212)).

There is a natural map from the set of completely join-irreducible elements of
L to the forcing equivalence classes, mapping = to the forcing equivalence class of
the arrow pointing from x. Dually, there is a natural map from the completely
meet-irreducible elements of L to the forcing equivalence classes. An important
case for lattice theory occurs when these maps are actually bijective, in which case
L is called completely congruence uniform (congruence uniform if L is finite). A
main theorem of this paper states that tors A is completely congruence uniform:

Theorem 1.5 (Theorem BIT)). Let A be a finite-dimensional algebra.

(a) Two arrows of Hasse(tors A) are forcing equivalent if and only if they are
labelled by isomorphic bricks. Hence there is a bijection between forcing
equivalence classes of arrows of Hasse(tors A) and isomorphism classes of
bricks.

(b) The lattice tors A is completely congruence uniform.

In particular, by Theorem [[5(a), the forcing preorder induces an order on the
set brick A of bricks that we also denote by ~~ and call the forcing order.

The labelling of Hasse(tors A) by bricks sheds additional light on Theorem [[11
Given [ € ideal A, recall from Theorem [[] that O is the complete lattice congru-
ence on tors A corresponding to tors A — tors(A/I). As tors(A/I) is weakly atomic,
Oy is arrow-determined, so we can characterize O by the set of arrows it contracts.
They are specified in the following theorem.

Theorem 1.6 (Theorem BI5). Let A be a finite-dimensional k-algebra and I €
ideal A. An arrow q of Hasse(tors A) is not contracted by ©r if and only if S, is
annihilated by I, that is Sq € mod(A/I). Moreover, the labelling of arrows that are
not contracted by Oy is the same in Hasse(tors A) and Hasse(tors(A/I)).

More generally, if U C T are in tors A, then T =g, U if and only if there is no
arrow of Hassell, T| whose label is in mod(A/I).

Example 1.7. Theorem is illustrated in Figure [ for algebras of Example
Indeed, the bricks of mod A that are not annihilated by I = (5*) are 3 and 13.

Given a brick S of A, let ann S be the annihilator {a € A | aS = 0} which is a
two-sided ideal of A. As a corollary of Theorem [[.0, we get

Corollary 1.8 (Corollary B20). Consider a finite-dimensional k-algebra A and
write In for (Ngeprick 4 @3NS Then tors A and tors(A/Iy) are canonically isomor-
phic. Moreover, Iy is the biggest ideal of A with this property.

1.3. Functorially finite torsion classes and 7-tilting theory. An important
tool to study tors A consists of basic support 7-tilting A-modules introduced by
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Adachi-Tyama-Reiten [AIR]. A module T' € mod A is 7-rigid if Homa(T,7T) = 0
where 7 is the Auslander-Reiten translation. It is called 7-tilting if it is 7-rigid
and has n non-isomorphic indecomposable summands where n is the number of
simple A-modules; in fact, this is equivalent to the natural maximality condition
for 7-rigid modules. Finally, we say that T is support -tilting if it is a 7-tilting
(A/(e))-module for some idempotent e € A.

The set f-tors A of functorially finite torsion classes of A is a subposet of tors A.
It is proven in [ATR] that there is a bijection from the set s7-tilt A of isomorphism
classes of basic support 7-tilting A-modules to f-tors A. The bijection sends T €
s7-tilt A to the category Fac T consisting of modules obtained as quotients of T for
any ¢ € Z>o. It endows s7-tilt A with the structure of a partially ordered set.

By [DILJ, Theorem 1.3], Hasse(s7-tilt A) = Hasse(f-tors A) is a full subquiver
of Hasse(tors A), and, by [AIR], arrows of Hasse(s7-tilt A) are of the form T &
X — T @ X™* where X is indecomposable, X* is indecomposable or zero and there
is an exact sequence X - T’ — X* — 0 where u is a left minimal (addT)-
approximation. The process of moving forwards or backwards along an arrow of
Hasse(s7-tilt A) is called a mutation. For such an arrow T @ X — T @& X*, the label
of ¢ : Fac(T ® X) — Fac(T & X*) is

S, = X
! ZfEradA(TeaX,X) Im f

(see Proposition F9)).

Recall that by [AIRL Theorem 2.7] and [DIJ, Theorem 1.2], # tors A < oo if and
only if f-tors A = tors A if and only if # f-tors A = # s7-tilt A < co. In this case, A
is called 7-tilting finite. Hence, we get in Theorem the following corollary of
Theorem [[Ta).

Corollary 1.9. The class of T-tilting finite algebras is closed under taking factor
algebras.

For example, local algebras and representation-finite algebras are clearly 7-tilting
finite. We refer to [AACIEJRIIZIM]| for more examples.

We suppose now that A is 7-tilting finite. An important ingredient for under-
standing Con(tors A) = Con®(tors A) in this case is that tors A has a property called
polygonality (Proposition E.2T]), and therefore the forcing preorder can be easily
described combinatorially (Proposition 24)). Using this ingredient, we give two
algebraic characterizations of the forcing order on bricks. In order to do so, we de-
fine a semibrick as a set of bricks having no non-zero morphisms between distinct
elements. For a semibrick E, we define Filt E as the smallest full subcategory of
mod A containing E and closed under extensions. Then the subcategory Filt E is
wide, i.e., closed under extension, kernels and cokernels, [Rill, Theorem 1.2].

Theorem 1.10 (Theorem A.23). Let A be a finite-dimensional algebra that is 7-
tilting finite. The forcing order ~ on brick A is the transitive closure of the relation
~¢ defined by: Sy ~»¢ So if there is a semibrick {S1}UE such that Se € Filt({S1}U
E)\ Filt(E).

The relation ~» can also be defined as the transitive closure of the relation ~p¢
defined by: S1 ~pt So if there is a semibrick {S1,S1} such that Sy € Filt({S1,57})\
{51}
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Example 1.11. Theorem[[.5}(a) implies that the set of arrows contracted in passing
from the left hand side to the right hand side of Figure [Il necessarily consists of all
arrows labelled by some set of bricks, since each arrow labelled by a given brick
forces all the other arrows labelled by that brick. Further, this set must be closed
under the relation ~». This is consistent with Figure[I] since 3 forces only 1 3,
and 123 forces nothing. 2 2

We give another characterization of the forcing order on bricks under additional
hypotheses on A. The following theorem applies in particular to finite-dimensional
hereditary algebras and preprojective algebras of Dynkin type.

Theorem 1.12 (Theorem E30). Let A be a finite-dimensional k-algebra that is
T-tilting finite satisfying Enda(S) = k and Ext}(S,S) = 0 for all S € brick A. Then
the forcing order ~~ on brick A is the transitive closure of the relation ~~q defined
by: Sy ~q So if there exists a brick Sy such that

dim Ext! (S, 57) = 1 and there is an exact sequence 0 — S} — Sy — S —
0

or dimExt!(S1,S1) =1 and there is an exact sequence 0 — Sy — Sy — S —
0.

The transitive closure of ~»4 was introduced in [IRRT] as the doubleton extension
order and Theorem [[.12] was proven for preprojective algebras of Dynkin type.

1.4. Applications to preprojective algebras and Weyl groups. Our remain-
ing results concern the special case of a preprojective algebra IT of Dynkin type (see
Section for background). As mentioned above, II is 7-tilting finite. By a result
of Mizuno (see Theorem [6.2), torsII is isomorphic to the corresponding Weyl group
W endowed with the weak order. The next goal is to characterize algebraic lattice
congruences of W.

A partially ordered set P is called Hasse-regular if it has the property that each
vertex of the Hasse quiver has the same degree (as an undirected graph). If A is
7-tilting finite, then tors A is necessarily Hasse-regular (see Corollary [A.6]).

As before, a join-irreducible element of a finite lattice L is an element j with
exactly one arrow from j in Hasse L. We say a lattice congruence on L contracts j
if it contracts the unique arrow from j. A join-irreducible element j € L is called
a double join-irreducible element if the unique arrow from j in Hasse L goes either
to another join-irreducible element or to the bottom element of L.

Theorem 1.13. Let W be a finite Weyl group of simply-laced type, and II the
corresponding preprojective algebra. Let © be a lattice congruence on W 22 tors1l.
Consider the following three conditions on O:
(i) © is an algebraic congruence on W.
(ii) W/© is Hasse-regular.
(iii) There is a set J of double join-irreducible elements such that © is the small-
est congruence contracting every element of J.

Then (1) = (ii) = (iii). If W is of type A,,, then all three conditions are equivalent.
It would be interesting to understand the algebraic quotients of W for any Dynkin

type. Unfortunately, (iii) = (ii) and (iii) = (i) are not true in type D as shown in
Example
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FIGURE 2. Hasse(s7-tilt A1), Hasse(s7-tilt A2) and Hasse(s7-tilt A3)

The equivalence of (ii) and (iii) in type A, was also proved independently in
[HM| Theorem 26], which also characterizes double join-irreducible elements in
terms of the noncrossing arc diagrams introduced in [R3].

In the following example, we show that in full generality algebraic congruences
do not depend only on the lattice structure of tors A:

Example 1.14. We consider the k-algebras
A ::k(uC1—“>2)/(u2) and Ao ::k(1—’”>23v)/(v2).

We also consider the R-algebra A3 of type Bs, constructed as the tensor algebra
of the species R —S 5 C. The labelled Hasse quivers of their support T-tilting
modules are depicted in Figure[2l It is an easy application of Theorem [[.6] that an
algebraic congruence on A; that contracts ¢; has to contract g while the converse
is not true. In the same way, an algebraic congruence on Ay that contracts ¢ has to
contract g; while the converse is not true. Finally, for Az, an algebraic congruence
contracts g1 if and only if it contracts ga. So the algebraic congruences of these
three isomorphic lattices are not the same. Moreover, it also shows that (iii) in
Theorem does not imply (i) in general and in fact that no such combinatorial
criterion can be equivalent to (i) in full generality.

We now give a more explicit description of algebraic lattice quotients of W in
type A. Write 114 for the preprojective algebra of type A,, and Wy  for the
corresponding Weyl group, isomorphic to the symmetric group &,,41.
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We denote by % the set of the following objects, which we can naturally identify:

e Double join-irreducible elements in Wy .

e Non-revisiting paths. (These are paths in the quiver of II4, which visit
each vertex at most once, including the trivial paths e;.)

o Uniserial 114, -modules. (These are II 4, -modules which have unique com-
position series.)

Then % forms a partially ordered set, setting w < w’ if w is a subpath of w’. We
denote by ideal Z the set of order ideals of %, which consists of subsets S C %
such that if w € S and w < w’ then v’ € S.

Theorem 1.15. Let us consider the two-sided ideal Icy. of 114, generated by all
2-cycles and W4, =114, /Ioyc. Then, writing n for M, s the following hold.

(a) The ideal Iy defined in Corollary L8 coincides with Ieyc.
(b) We have lattice isomorphisms

ideal Z = ideal II4, = AlgConTly4,

given by S — span, S and I — n(I).
(¢) IfI,J €idealll,,, we have

n)=nJ)eI+lye=J+Ilye s INU =JNU.

Based on Theorem and some general combinatorial results found in [R5],
we give an explicit combinatorial description of arbitrary algebraic congruences and
quotients in type A. (See Theorems and [6.141)

To conclude the paper, we apply our theory to preprojective algebras to obtain
a new representation-theoretical approach to some results about Cambrian lattices.
We consider a preprojective algebra II of Dynkin type and the corresponding Weyl
group W endowed with the weak order. We continue to identify the lattice W
with the lattice torsIl via Mizuno’s isomorphism as mentioned above. To each
Coxeter element ¢, or equivalently to each orientation ). of the Dynkin diagram,
corresponds the so-called Cambrian congruence ©. on W (see Section [7]). On the
other hand, we can consider the natural surjective lattice morphism W £ torsIl —
tors kQ.. Our first result about Cambrian lattices is the following one:

Theorem 1.16 (Theorem [[2)). The Cambrian congruence ©. induces the surjec-
tive lattice morphism torsll — torskQ.. In particular, torskQ. is identified with
the Cambrian lattice W/O..

The identification of tors kQ. with W/©, in Theorem was proved in [[T]
using combinatorial methods. Our proof uses mostly representation theory, by-
passing in particular the sortable elements [R2] used in [IT]. We also give a new
representation-theoretical argument for the following result, proven using sortable
elements in [R2].

Theorem 1.17 (Theorem [(8). The subset W?CW of W consisting of smallest
elements of each O.-equivalence class is a sublattice of W, canonically isomorphic
to the Cambrian lattice W/O,.

As explained in the next section, it is a general result that W?CW is closed under
joins. The strong part of Theorem [[.17]is that it is also closed under meets.
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2. LATTICE CONGRUENCES AND FORCING ORDER

2.1. Preliminaries. We give some background material on lattices. Much of this
is in standard lattice-theory books such as [BLIG]. Some of the material given here
follows an order-theoretic approach to lattice congruences described in [R4, Sec-
tion 9-5].

Let L be a partially ordered set and let x and y be elements of L. An element
z of L is called the join of x and y and denoted z V y if z > x and z > y and if,
for every element w with w > x and w > y, we have w > z. Thus the join of x and
y, if it exists, is the unique minimal common upper bound of z and y. Dually, the
meet x Ay of x and y, if it exists, is the unique maximal common lower bound of
x and y.

A lattice is a partially ordered set L with the property that for every x,y € L the
join z Vy and the meet x Ay both exist. The join V is an associative, commutative
operation on L, and for any non-empty finite subset S = {z1,...,2;} of L, the
element x7 V- -+ V xp is the unique minimal common upper bound for the elements
of §. We write \/ S for this minimal upper bound. Similarly, A is associative and
we write A S for 1 A - -+ Az, which is the unique maximal lower bound for S.

If S is an infinite subset of L, then there need not exist a unique minimal upper
bound for S in L, even when L is a lattice. (For example, consider the integers
Z under their usual order and take S = Z.) Similarly, S need not have a unique
maximal lower bound. A lattice L is called complete if every subset S of L admits
a unique minimal upper bound \/ S and a unique maximal lower bound A S. In
this case L has a minimum 0 :=\/ @ = A L and a maximum 1:= A0 =\/L.

Recall that the Hasse quiver Hasse L of an ordered set L has set of vertices L and
an arrow ¢ — yifand only if x > yandforanyz € L,z >z >y=z =z or z = 4.
If # — y is an arrow in Hasse L, then we say that x covers y.

We say that j € L is join-irreducible if there does not exist a finite subset S C L
such that j = \/S and j ¢ S. We say that it is completely join-irreducible if
there does not exist a subset S C L such that j = \/S and j ¢ S. An element
j is completely join-irreducible if and only if there exists an element j, satisfying
{reLl]z<jt={xe€lL|x<j} In particular, if j is completely join-
irreducible, then it covers exactly one element, j,.. If L is finite, then the converse
is true: if j covers exactly one element, then it is join-irreducible. In the same
way, m € L is meet-irreducible if every finite S C L with m = AS has m € S.
It is completely meet-irreducible if every S C L with m = AS hasm € S. If m
is completely meet-irreducible, then m is covered by exactly one element m*. The
converse is true if L is finite. We denote by j-lrr L (j-Irr¢ L) and m-lrr L (m-lrr€ L)
the sets of (completely) join-irreducible and (completely) meet-irreducible elements
in L respectively.

A map 7 from a lattice L to another lattice Lo is called a morphism of lattices
if n(zVvy) = nx)Vvnly) and n(xz Ay) = nlx) An(y) for every z,y € L. If
1 : Ly — Ly is a morphism of lattices, then n(\V/ S) =V n(S) and n(AS) = An(S)
for any finite subset S of L;. However, the same property need not hold for infinite
subsets of L1, even when L; and Ly are both complete lattices. A map 7 from a
complete lattice L1 to a complete lattice Ly is a morphism of complete lattices if
n(\VS) =V n(S) and n(AS) = An(S) for every subset S of L. It is more typical
in the lattice theory literature to say “lattice homomorphism” for a morphism of
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lattices and “complete lattice homomorphism” for “morphism of complete lattices”,
but we adopt the more category-theoretical language here.

A join-semilattice is a partially ordered set with a join operation, and a meet-
semilattice is a partially ordered set with a meet operation. A map n: L1 — Lo is
a morphism of join-semilattices if n(xVy) = n(x) VvV n(y) for every z,y € L. Tt is a
morphism of meet-semilattices if n(x Ay) = n(x) An(y) for every x,y € Ly. A join-
semilattice or meet-semilattice can be complete or not in the sense of the previous
paragraph, and we can similarly define a morphism of complete join-semilattices or
a morphism of complete meet-semilattices.

A join-sublattice (respectively, meet-sublattice) of a join-semilattice (respectively,
meet-semilattice) is a subset that is closed under the join (respectively, meet) op-
eration, and a sublattice of a lattice is a subset that is a join-sublattice and a meet-
sublattice. The image of a morphism 7 : L1 — Lo of lattices (respectively, join-
semilattices, meet-semilattices) is a sublattice (respectively, join-sublattice, meet-
sublattice) of Lo.

We recall the following general definition, and give some properties in the special
case of complete lattices.

Definition 2.1. Let P and @ be posets and let ¢« : P — @Q and b : Q — P be
order-preserving maps. We say that (a,b) is an adjoint pair if p € P and ¢ € Q
satisfy a(p) < ¢ if and only if they satisfy p < b(q).

Proposition 2.2. Assume that (a,b) is an adjoint pair, and both P and Q are
complete lattices. The following hold:

(a) The map a is a morphism of complete join-semilattices, and b is a morphism
of complete meet-semilattices.
(b) For any p € P and q € Q, we have p < ba(p) and ab(q) < q.

Proof. (a) We show the assertion for a; the assertion for b is dual. Take any subset
S C P. To prove \/a(S) = a(\/S), it is enough to show that ¢ € @ satisfies
a(p) < ¢ for all p € S if and only if a(\/S) < ¢q. The condition a(p) < ¢ for all
p € S is equivalent to p < b(q) for all p € S. This is equivalent to \/ S < b(q),
which is equivalent to a(\/ S) < ¢. Thus the assertion follows.

(b) Since a(p) < a(p), we have p < ba(p). Similarly we have ab(q) < q. O

An equivalence relation = on a lattice L is called a (lattice) congruence if and
only if it has the following property: If z1, 2, y1, and y, are elements of L such that
r1 = y1 and 29 = yo, then also 21 Axe = y1 Ay and 1 Vs = y1 Vyse. Given a lattice
congruence O on L, the quotient lattice is L/©, where the partial order is defined
as follows: A ©-class C is less than or equal to a ©-class Cy in L/© if and only if
there exists an element x1 of Cy and an element x5 of C5 such that z; < x5 in L.
Equivalently, for any x, € Cy and x5 € C5, the join of Cy and Cj is the congruence
class containing 1 Vx and the meet of C; and Cs is the congruence class containing
x1 A 9. We denote by Con L the set of congruences on L, partially ordered with
the refinement order (6 < ©' if and only if Va,2' € L,x =¢ y = x =¢' y). This is
a lattice, and in fact it is a sublattice of the lattice of all equivalence relations (or
equivalently the lattice of all set partitions of L). It is also a distributive lattice,
meaning that meet distributes over join and vice versa.

Similarly, we define a complete (lattice) congruence on a complete lattice L to
be an equivalence relation = with the following property: For any indexing set I
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(not necessarily finite) and families {z;},.; and {y;},; of elements of L, if x; = y;
foralli e I, then A{z; |i € I} =A{y;|ie€l}and \/{z; |iel} =\ {y; |i€e I}
We denote by Con® L the lattice of complete congruences on L.

For a (complete) lattice congruence © on L, the map sending each element of
L to its congruence class is a morphism of (complete) lattices from L to L/6. On
the other hand, given a morphism of (complete) lattices n : L1 — Lo, there is a
(complete) lattice congruence ©, on L; defined by = =e, ¥ if and only if n(z) =
n(y). Moreover if 7 is surjective, then 7 induces an isomorphism L;/©, — Lo of
(complete) lattices.

Complete lattice congruences on a complete lattice L are particularly well-
behaved. For the remainder of this subsection, we assume that L is complete and
O is a complete congruence. In particular, each congruence class is an interval in L.
(Given z,y € L withx < y, the interval [z,y]in Listheset {z € L |z <z <y}.) In
particular, given an element x of L, the congruence class of x has a unique minimal
element m x = W?l‘ and a unique maximal element 7tz = ng‘. The maps 7 and
71 are order-preserving. (See [R4l, Proposition 9-5.2] and [R4, Exercise 9.42].) The
finite case of the following proposition is [R4l, Proposition 9-5.5], and this version
for complete lattices holds by essentially the same proof. (See [R4, Exercise 9.42].)

Proposition 2.3. Suppose L is a complete lattice and © is a complete congruence.
The sets | L := {m @ |z € L} and 7'L := {n'z | x € L}, endowed with the partial
orders induced from the partial order on L, are complete lattices, both isomorphic
to the quotient lattice L/©.

The maps 7 : L — 7 L and 7T : L — ©'L are morphisms of complete lattices.
However, 7| L and 7' L are not necessarily sublattices of L. In general, 7| L is only a
complete join-sublattice of L, and 'L is only a complete meet-sublattice. We will
see in Section [[lthat in an important example (when © is a Cambrian congruence),
the subposets 7, L and 7' L are sublattices of L.

For a complete lattice congruence © on L, consider the canonical projection
n:L — L/O. For z,y € L, n(z) < n(y) if and only if 7z < y if and only if
x < 7'y. In particular, the image of an interval in L under 7 is an interval in L/©.
Specifically, for any z <y, we have n([z,y]) = [n(z),n(y)].

Given a complete congruence © on a complete lattice L, say that © contracts an
arrow y — x in Hasse L if z =¢ y. Asone might expect, arrows cannot be contracted
independently. Rather, if an arrow is contracted by ©, then © is forced to contract
other arrows as well. To formalize this forcing, for each subset S C Hasse; (L), we
define con(S) to be the minimum lattice congruence that contracts all arrows in S.
(We take con(S) to be the meet of all congruences that contract all arrows in S.
Since Con L is a complete sublattice of the lattice of equivalence relations on L, this
meet also contracts all arrows in S.) We define the forcing equivalence by

a «~ b <= con(a) = con(b).
We define the forcing preorder on Hasse; (L) by
a ~» b <= con(a) > con(b) in Con L.

This gives a partial order on the set Hasse; (L)/«~ of forcing equivalence classes.
For a special class of finite lattices called polygonal lattices, the forcing preorder

on arrows has a simple, local description, as we now explain. A polygon in a finite

lattice L is an interval [z, y] such that {z € L | © < z < y} consists of two disjoint
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non-empty chains. The lattice L is polygonal if the following two conditions hold:
First, if there are arrows y; — x and y» — x in the Hasse quiver for distinct
elements y; and ys, then [z,y; V yo] is a polygon; and second, if there are arrows
y — x1 and y — x2 in the Hasse quiver for distinct elements z; and x5, then
[x1 A z2,y] is a polygon.

We define the polygonal preorder ~», on arrows of Hasse L. In every polygon
labelled as shown here,

(2.1) . ° y
/ \

[ ] L)
%\L \Lqe+1

QZ\L \i/q2+m
St

we have a ~+, b~ a and a ~, ¢; for all 7. We take the transitive closure to obtain
the polygonal preorder. The polygonal equivalence is defined by

a e~ b= a~p b~y a.

Clearly the polygonal preorder gives a partial order on Hasse(L)/«~, which we
call the polygonal order. We have the following general result.

Proposition 2.4 (|[R4, Theorem 9-6.5]). Let L be a finite polygonal lattice.

(a) The forcing equivalence coincides with the polygonal equivalence.
(b) The forcing order coincides with the polygonal order.

Proposition [2.4] lets us understand forcing among edges locally, in polygons.

2.2. Bialgebraic completely semidistributive lattices. The aim of this sub-
section is to introduce a well-behaved class of congruences that we call arrow-
determined on a lattice L and to describe them in term of the Hasse quiver of L. It
is known that, if L is finite, Con L can be identified with a sublattice of the powerset
of Hasse; (L), sending a congruence to the set of arrows it contracts, see for example
[R4, 9-5]. We generalize this result for complete lattices in Theorem 2121 To do so,
we have to restrict our investigation to some well-behaved situations, since there
are usually too many congruences.

Recall from the introduction that the lattice L is weakly atomic if Hasse[z,y]
contains at least one arrow whenever x < y in L. We introduce the following
notion, which is natural with respect to our problem.

Definition 2.5. For a congruence © on a lattice L, we say that © is arrow-
determined if for any ordered pair x < y of L, y =¢ « if and only if all arrows
of Hasse[x, y] are contracted by O.

Notice that for a lattice L, the trivial congruence is arrow-determined if and only
if L is weakly atomic. More generally, we have the following characterization.

Proposition 2.6. A complete lattice congruence © on a complete lattice L is arrow-
determined if and only if L/© is weakly atomic.
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Before proving Proposition 2.6, we introduce some notation that we use all along
this subsection. When © is a congruence on a lattice L, we commonly identify L/©
with 7 L as in Proposition 23] For x <y in m L, we denote by [z, y] the interval
of L and by [z,y]; the interval of m| L. Similarly, we denote V and A the lattice
operations of L and vV and A the lattice operations of 7 L, even if V and V|
coincide as explained in Section 2.1

Proof of Proposition [Z.8. First, suppose that © is arrow-determined. Consider an
ordered pair z < y in m L. As O is arrow-determined, there exists an arrow v — u
in Hasse[z,y] that is not contracted by ©. We claim that 7 v — 7 u is an arrow
in Hasse[z,y];. Since 7 is order-preserving and since v — w is not contracted,
we have x < myu < mpv < y. If there exists z € m L with mju < 2z < 7 v, then
(uvmu) < (uVz) < (uVmw). We easily see that this simplifies to u < (uVz) < v.
Since v — w is an arrow in Hasse L, one of these inequalities must be an equality. If
u=uVz, then z <wu, so z=m u. On the other hand, if uV 2z = v, then observing
that myu V m 2z = 2, the fact that 7 is a lattice morphism implies that z = mv.
We have proved the claim, which implies that L/O is weakly atomic.

Conversely, suppose that 7| L is weakly atomic and let [z, y] be an interval in L.
Since 7 is order-preserving, we have mjz < my. If 2 =g y, then all arrows of
Hasse[x,y] are contracted by ©. If x #¢ y, then mjz < my. We will exhibit an
arrow in Hasse[z, y] that is not contracted by ©. Since 7| L is weakly atomic, there
exists an arrow v — u in Hasse[m z, 7 y];. Let ' = \V{w e L |w <v, w =g u}.
Since O is a complete congruence, u' =g u. By construction, v’ < v, but since
u #Zg v, we have v/ < v. If there exists z such that v/ < z < v, then by the
construction of u’ we have u’ #Zg 2, and since v € m L, we have z Zg v. Thus
u =mu < mz < mow = v, contradicting the fact that v — w is an arrow in
Hassen L. Thus v — v is an arrow in Hasse[x, y] that is not contracted by ©, so
we have verified that © is arrow-determined. |

An arrow-determined complete congruence © is completely specified by the set
of arrows it contracts. Namely, © =¢ y if and only if all arrows of Hasse[x Ay, 2V y]
are contracted by ©. We denote by Con® L the set of complete congruences over
L that are arrow-determined. Notice that, if L is finite, we clearly have Con L =
Con® L = Con®® L. More generally, we obtain the following result.

Proposition 2.7. The set Con®® L is a complete meet-sublattice of Con® L, which is
a complete meet-sublattice of Con L. In particular, Con“® L and Con® L are complete
lattices.

Proof. The fact that Con® L is a complete meet-sublattice of Con L is well-known
and elementary. Consider a family (0;);cz of arrow-determined complete congru-
ences, and denote © = A, ;7 ©; (the meet is computed in Con®L or equivalently
in ConL). Let x < y in L such that x ¢ y. By definition, this means that there
exists ¢ € Z such that  #g, y. As ©; is arrow-determined, there exists an arrow
¢ : v — v in Hasselz,y] such that u #Zeg, v. Again by the definition of ©, this
implies u Zg v. In other words, we have proved that © is arrow-determined, hence
Con® L is a complete meet-semilattice of Con® L. |

We now introduce a particularly well-behaved class of complete lattices. We need
several definitions and properties about complete lattices, that we recall briefly.
For a more detailed introduction, we refer to [AN] for completely semidistributive
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lattices and [KL] for algebraic and co-algebraic lattices. The following definition
appears in [CH|, where the first bullet point is shown to be equivalent to L being
sectionally pseudocomplemented.

Definition 2.8. A complete lattice L is called completely semidistributive if, for
x € Land S C L, the following hold:

elfzny=xAzforally,zeS, thenzA(\V/S)=xAyforallyesS;
elfzvy=axVvzforally,zeS, thenazV (AS)=aVyforallyeS.

Recall also the following definitions.

Definition 2.9. An element = of a complete lattice L is compact if for any set
S C L such that < \/ S, there exists a finite subset {z1,z2,...,2,} C & such
that © < \/I_, z;. Then L is algebraic if for any = € L, there exists a set S of
compact elements of L such that x =\/S.

Dually, z is co-compact if for any set S C L such that x > A S, there exists a
finite subset {z1,22,...,2,} C S such that x > A", z;. Then L is co-algebraic if
for any x € L, there exists a set S of co-compact elements of L such that x = A S.

We say that L is bialgebraic if it is algebraic and co-algebraic.

We now state the main results of this subsection. The first result is known. (See,
for example [CD] 2.2] or [N, Theorem 3.6].)

Theorem 2.10. Let L be a complete lattice. If L is algebraic or if L is co-algebraic,
then L is weakly atomic.

Moreover, if we restrict to quotients of completely semidistributive and bialge-
braic complete lattices, then the converse holds in the following sense.

Theorem 2.11. Let L be a complete lattice that is completely semidistributive and
bialgebraic. Then a complete congruence © € Con® L is arrow-determined if and
only if L/© is weakly atomic if and only if L/O is bialgebraic.

We denote by ideal(Hasse; (L)) the set of subsets S C Hasse; (L) such that for
any ¢ € S and ¢’ € Hasse (L), if ¢ ~ ¢’ then ¢’ € S. Tt is naturally a complete
lattice with respect to inclusion (joins coincide with unions and meets coincide with
intersections).

Theorem 2.12. Let L be a complete lattice that is completely semidistributive and
bialgebraic. Then Con® L is isomorphic to ideal(Hasse; (L)), mapping a congruence
to the set of arrows it contracts. In particular, Con®® L is distributive.

Before proving the theorems, we give an example showing that, usually, Con<® L
is much smaller than Con® L, even when L is bialgebraic, completely distributive
and arrow separated.

Example 2.13. Consider
L:={(—o00,z) |z € R}U{(—00,2] | x € R} U{D,R}

totally ordered by inclusion. It is a complete, completely distributive, lattice. The
arrows of Hasse L are (—oo,x] — (—o0,x) for each z € R, so L is weakly atomic.
Moreover, j-lrr¢ L = {(—o0,z] | x € R} and m-Irr¢ L = {(—o0,z) | x € R}. The
set of compact elements of L is j-Irr® L U {0} and the set of co-compact elements is
m-lrr¢ LU{R}, hence we see easily that L is bialgebraic. Consider the congruence ©
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of L identifying (0, z) with (0, z] for each z. It is a complete congruence. Moreover,
L/© =R U{—00,4+00} so Hasse(L/O) has no arrows, hence is not weakly atomic.
In particular, © € Con® L \ Con® L. More precisely, the only ©" € Con® L that is
bigger than © identifies all elements of L. Moreover, for each complete congruence
of RU {—o00, +00}, there is a corresponding complete congruence of L between ©
and ©’.

We now give several lemmas.

Lemma 2.14. Suppose that L is completely semidistributive.
(a) Any interval [u,v] of L is completely semidistributive.
(b) For any © € Con® L, L/O is completely semidistributive.

Proof. (a) The property is immediate as [u, v] is a complete sublattice of L.

(b) Let S C m L and = € w L such that for all y,z € S, we have xV y = z V| 2,
or equivalently  Vy = x V %z, since 7| L is a complete join-sublattice of L. As L is
completely semidistributive, we deduce that, xt VA S =z V z for all z € S§. Because
m, + L — m L is a morphism of complete lattices, we deduce myz Vi A {my |y €
St =maV, mzforallze€S. Asz e mLand S C 7 L, we have 7z = = and
mz = z for any z € S so z Vv, /\iS = 2V, z. The dual argument, using 'L,
completes the proof. |

Lemma 2.15.

(a) If x € L is compact, then for any interval [u,v] with v > x, we have u V x
compact in [u,v].

(b) If x € L is co-compact, then for any interval [u,v] with u < w, we have
v Az co-compact in [u,v].

(¢) If L is algebraic, any interval [u,v] of L is algebraic.

(d) If L is co-algebraic, any interval [u,v] of L is co-algebraic.

Proof. By symmetry, we prove (a) and (c).

(a) Without loss of generality, suppose that © # 0. Let S C [u,v] such that
uVe <\S. Wehave z <\/S so there exists a (non-empty) finite subset F C S
satisfying © < \/ F. Moreover, as F C [u,v], u <\/FsouVa <\/F.

(c) Let « € [u,v]. As L is algebraic, x = \/S for a set & C L of compact
elements. Then z = \/{uVy |y € S}. So, by (a), x is a join of compact elements
of [u,v]. So [u,v] is algebraic. O

Lemma 2.16.

(a) If L is algebraic and x € L is completely join-irreducible, then x is compact.
(b) If L is co-algebraic and x € L is completely meet-irreducible, then x is
co-compact.

Proof. Let us prove (a). As L is algebraic, z = \/ S for a set S C L of compact
elements. As x is completely join-irreducible, x € S, so x is compact. a

Lemma 2.17. Let L be a complete lattice and © € Con® L.
(a) Foru e m L, we have u € j-lrr® L if and only if u € j-lrr¢(m L).
(b) Foru € 'L, we have u € m-lrr® L if and only if u € m-Irr¢(7TL).
(¢) Foruwe myL, u is compact in L if and only if it is compact in w L.
(d) Foru € n'L, u is co-compact in L if and only if it is co-compact in w' L.
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Proof. By symmetry, we prove (a) and (c).

(a) Suppose that u € j-Irr® L. Let S C m L such that u = \/| S, so u = VS,
as m L is a complete join-sublattice of L. As u € j-Irr“L, we get u € S. So
u € j-lrr(m L). Conversely, suppose u € j-Irr(m; L) and consider S C L such that
u=\S. Asm : L — 7 L is a morphism of complete lattice, we get u = mju =
V {mx |z €S} Sou=mzforsomex € S. Inparticularu < z. Asu=V\§ >z,
we get w = x. Finally, u € j-lrr® L.

(c) Suppose that u is compact in L. Let S C mr| L such that u <\/| S =/ S. As
u is compact in L, there exists a finite subset F C S such that u < \/ F = Vi F. So
u is compact in m L. Conversely, suppose that v is compact in 7 L and let S C L
such that u <V S. Wegetu =mu <\ {mz |z €S} sou<\ {mz|zeF}for
some finite subset F C S. Forany z € F, mjz <xsou < \/{maz |z € F} <\ F.
So w is compact in L. O

The following lemma is known. (See, for example, [CD| 6.1] or [AGT, Lemma
2.1].)

Lemma 2.18. Let L be a complete lattice.
(a) If L is co-algebraic, then any x € L is a join of elements of j-Irr® L.
(b) If L is algebraic, then any x € L is a meet of elements of m-lrr€ L.

Proof. By symmetry, we prove (a). Consider 2’ = \/{z € j-In°L | z < z}. Tt
suffices to prove that 2/ = . We have 2’ < x. Suppose that z £ 2’. As L is
co-algebraic, 2’ = A S for some subset S C L of co-compact elements. Then = £ 2
implies x £ y for some y € S.

Let E={z€[0,2] | z £ y}. Asx € E, E is non-empty. If Z C F is non-empty
and totally ordered, then AZ € E. Indeed, if AZ < y, as y is co-compact, there
exists a non-empty finite subset ' C Z such that A F' < y. As F' is non-empty,
finite and totally ordered, A F € F C F, which contradicts A\ F < y. Hence, by
Zorn’s Lemma, F admits a minimal element z. We claim that z is completely join-
irreducible. Indeed, if z = \/ S’ for some &’ C L, z £ y implies 2z’ € y for some
2 € 8. As 2 < z, by minimality of z in E, we have 2’ = 2.

As z € j-lIrre L and 2 < z, we have z < 2’ by definition. As 2/ = AS and y € S,
we get z <y, which contradicts z € E. (Il

Lemma 2.19. Ifz € L is compact and x # 0, then there exists an arrow in Hasse L
starting at x.

Proof. Consider the set of chains in {y € L | y < z}, ordered by containment.
This partially ordered set satisfies the hypotheses of Zorn’s Lemma, so there is a
maximal totally ordered subset Z of {y € L | y < x}. Let 2z = \/Z. We have
z < x, but since x is compact, if z = x then z is a join of finitely many elements
of Z. However, since Z is totally ordered, this join is strictly below z. By this
contradiction, we see that z < z. If u € L satisfies z < u < x, we get that Z U {u}
is a totally ordered subset of {y € L | y < z}, so by maximality of Z, u € Z so
u < z and u = z. Finally, there is an arrow x — z in Hasse L. O

We now prove the first main result of this section.

Proof of Theorem 210l By symmetry, we suppose that L is algebraic. Hence, by
Lemma [215)(c), any interval [u,v] of L is algebraic. If u < v, since v is a join of
compact elements of [u,v], there is an element z # u in [u,v] that is compact in
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[, v]. Thus, by Lemma[2.19] Hasse[u, v] contains at least one arrow. So L is weakly
atomic. ]

The following proposition generalizes a known result for finite lattices (see for
example [R4] Proposition 9-5.20(i)]).

Proposition 2.20. Suppose that L is completely semidistributive. Let x — y be
an arrow of Hasse L. Then

(a) There exists an arrow j — j. in Hasse L forcing equivalent to x — y with j
completely join-irreducible and j < z, j. <y and j £ y.

(b) There exists an arrow m* — m in Hasse L forcing equivalent to x — y with
m completely meet-irreducible and m >y, m* > x and m % x.

Proof. By symmetry, we prove (a). We consider the set S :={z € L |yVz =
2} ={z2€L|z<zz<Ly} Itisnot empty asz € S. Let j := A S. By complete
semidistributivity, yV j = z, so in particular j < z and j £ y. If j is not completely
join-irreducible, then it is a join of elements strictly below j, but then since all of
those elements are also less than y, their join is below y, contradicting y V j = .
We conclude that j is completely join-irreducible and thus that there is a unique
arrow j — j, in Hasse L. By definition of j, we have j, < y. If a congruence has
y=xzthenalsoyANj=xANj=j,s0 asyAj<j. <7, wegetj. =j. Conversely,
ifj=jsthenalsoxr=yVji=yVj.=uy. ]

Lemma 2.21. Suppose that L is completely semidistributive, x — y is an arrow
of Hasse L and [u,v] is an interval of L.

(a) If L is algebraic, x < v and u A x <y, then there exists an arrow z — t in
[, v] that forces x — y.

(b) If L is co-algebraic, y > w and vV y > x, then there exists an arrow z — t
in [u,v] that forces © — y.

Proof. By symmetry, we only prove (a). By Lemmas 214 and [ZT5] [u A z,v]
is completely semidistributive and algebraic, so we can suppose without loss of
generality that u A x = 0 and v = 1. By Proposition 220)(a), there exists an arrow
j — Jj« in Hasse L that is forcing equivalent to & — y such that j is completely
join-irreducible and j < x. As L is algebraic, by Lemma 2.I6] j is compact. Hence,
by Lemma 2T5 z := « V j is compact in [u,1]. AsuAx =0, j <z and j # 0, we
get that 7 € u so z > u. Hence, by Lemma [Z.19, there exists an arrow z — t in
Hasse[u, 1]. By definition of z, we have t 2 j. As j is completely join-irreducible, we
deduce t A j < j, < j. For any congruence having z = t, we have j =2 Aj=tAj,
S0 j = j«. Hence, (z = t) ~ (j = jx) e (z = y). g
Lemma 2.22. Suppose that L is bialgebraic and completely semidistributive. Let
T € ideal(Hasse; L). Consider two intervals [u,v] and [u',v'] of L such that
Hassei[u,v] CZ and Hassei[u',v'| CZ and [u,v]N[u 0] #0.
Then we have Hassei[u A u',v VvV o'] CT.
Proof. By Lemmas [Z14] and 218 [u A v/,v V v'] is completely semidistributive
and bialgebraic, so we can suppose without loss of generality that u A v’ = 0 and
vV v =1, and prove that Hasse; L C 7.

We suppose first that v/ = u, so that v’ = 0 and v = 1. Consider an arrow
z — y of Hasse L. By Lemma 220, there exists an arrow 7 — j, of Hasse L that
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is forcing equivalent to x — y with j completely join-irreducible. If j < v’ = u,
we have (j — j.) € Hasse;[u/,v'] C Z. Otherwise, u A j < j, so u A j < j, and by
Lemma [2:2Tl(a), there is an arrow in Hasse;[u, 1] C Z that forces j — j.. So j — js
and x — y are in Z.

Let us go back to the general case and fix ¢ € [u,v] N [u/,v']. Consider an arrow
x — y of Hasse[0,u]. We have z < u < c < v and v/ Az < v Au =0 <y,
so by Lemma [Z2T|(a), there is an arrow of Hasse[u’,v’| C Z that forces x — v,
so (x = y) € Z. We proved that Hasse;[0,u] € Z. Symmetrically, we get that
Hassei[v,1] € Z. So using the first case for the intervals [0, u] and [u, v], we deduce
that Hasse;[0,v] C Z. Using again the first case for [0,v] and [v, 1], we conclude
Hasse; L C 1. O

Let Z € ideal(Hasse; L) and define the relation = on L by x = y if and only if
Hassei[z Ay, Vy] C Z.

Lemma 2.23. Suppose that L is completely semidistributive and bialgebraic. Then,
the relation = is a complete congruence that is arrow-determined.

Proof. First of all, it is clearly reflexive and symmetric. For the transitivity, suppose
that £ =y and y = 2. It means that

Hassei[z Ay,xVy] CZ and Hassei[yAz,yVz] CTI.

Asy € [xAy,zVy|N[yAz,yVz], by LemmalZ22] we get Hassei [z AyAz, aVyVz] C Z,
so Hassei[x A 2,2 V 2] CZ, so x = z. Therefore = is an equivalence relation.

We consider an index set S and two families (z;);cs and (y;);cs such that x; = y;
foralli € S. Let x = \/,cg2; and y = \/,.s ¥; and let us prove that z = y.

For each i, denote u; = z; Ay; and v; = x; Vy;, u = ViES u; and v = \/iES V.
We have [z Ay, zVy] C [u,v], so it suffices to prove that Hasse; [u, v] C Z. Consider
an arrow m* — m of Hasse; [u, v] with m completely meet-irreducible in [u, v]. As
m # v, there exists i € S such that m 2 v;. Then v; Vm > m. Asv; Vm € [u,]
and m is completely meet-irreducible in [u,v], we deduce v; V m > m*. So, by
Lemma 22Tkb), m* — m is forced by an arrow of Hasse[u;, v;]. By definition, we
have Hasse[u;,v;] € Z so (m* — m) € Z. By Proposition 220, each arrow of
Hasse[u, v] is forcing equivalent to an arrow m* — m of [u,v] with m completely
meet-irreducible in [u,v]. Hence, Hasse; [u,v] C T.

The proof that = is compatible with meets is dual. Finally, the fact that = is
arrow-determined is a direct consequence of its definition. O

Proof of Theorem 212l There is a well defined, order-preserving map from Con®® L
to ideal(Hasse; L) mapping a congruence to the set of arrows it contracts. By
definition of arrow-determined congruences, this map is injective, and by Lemma
23] it is surjective. The inverse map is order-preserving as well, so the map is an
isomorphism of complete lattices. Since ideal(Hasse; L) is closed under union and
intersection, distributivity of Con®® L follows. O

Before proving Theorem 2.1l we need a last lemma.

Lemma 2.24. Consider a complete congruence © of L.

(a) Let j € j-Irr® L such that j — j. is not contracted by ©. Then its image j
in L/© is completely join-irreducible. If L is algebraic, then j is compact.
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(b) Let m € m-Irr¢ L such that m™ — m is not contracted by ©. Then its image
m in L/O© is completely meet-irreducible. If L is co-algebraic, then i is
co-compact.

Proof. By symmetry, we prove (a). As j € j-Irr® L is not contracted, j = mj € m L.
So, by Lemma 2I7(a), j € j-lrr¢(m L). If L is algebraic, by Lemma 2ZI6(a), j is
compact in L so by Lemma 2.17(c), j is compact in 7 L. a

Proof of Theorem 211l First of all, © is arrow-determined if and only if L/© is
weakly atomic is Proposition Moreover, if L/© is bialgebraic, then L/O is
weakly atomic by Theorem 2101

Conversely, suppose that © is arrow-determined. Let x € L and

E={j€jInL|j<zxand j— j. is not contracted by O}

and ' = \/ E. We have 2’ < z. Suppose that 2’ Zg z. As O is arrow-determined,
there exists an arrow y — z in Hasse[z/, 2] that is not contracted by ©. By Propo-
sition 2.20(a), there exists j — j. in Hasse L that is forcing equivalent to y — 2
such that j € j-Irr¢ L and j < y < z. In particular, j — j. is not contracted by ©
so j € FE. As j £ 2/, this contradicts the definition of z’. We proved that 2’ =¢ x.

Moreover, by Lemma [Z24fa), the images of the elements of F are compact in
L/O, so any element of L/0O is a join of compact elements. We proved that L/O is
algebraic. Symmetrically, L/© is co-algebraic. (]

We finish this subsection by noticing that, in our setting, the forcing order coin-
cides with the complete forcing order and the arrow-determined forcing order.

For each subset S C Hasse; (L), we define con®(S) to be the minimum complete
lattice congruence that contracts all elements of S and con®® S to be the minimal
arrow-determined complete lattice congruence that contracts all elements of S. We
define the complete forcing order on Hasse; (L) by

a ~¢ b <= con®(a) > con®(b) in Con® L,
and the arrow-determined forcing order on Hasse; (L) by
a4 ~ea b <= con®(a) > con®(b) in Con® L.

While it is elementary that for S C Hasse; (L) the congruences con(S), con®(S)
and con®(S) are in general distinct, when L is completely semidistributive and
bialgebraic, we obtain the following proposition.

Proposition 2.25. Suppose that L is completely semidistributive and bialgebraic.
The complete forcing order, the arrow-determined forcing order and the forcing
order coincide.

Proof. First of all, it is immediate that ¢ ~ ¢ = ¢ ~¢ ¢’ = q ~»¢a ¢’. Conversely,
let ¢ : x — yand ¢ : ' — 3 be two arrows of Hasse L such that g ~., ¢'. It is
immediate that the arrows contracted by con g form a forcing ideal Z. By Theorem
2121 there exists a complete arrow-determined congruence © contracting exactly
the elements of Z. As q ~¢s ¢, it means that ¢/ € Z so g ~ ¢'. O
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2.3. Complete congruence uniformity. Continuing Section 2.2] we now gener-
alize the notion of congruence uniformity to complete lattices. Let us consider a
complete lattice L. We restrict our attention to an appropriate subset of the arrows
of Hasse L. For j € j-Irr® L and © € Con® L, we say that © contracts j if it contracts
the arrow j — j.. For m € m-Irr® L, we say that © contracts m if it contracts
m* — m. In the same way, for j,j’ € j-lIrr® L, we say that j forces j' and we write
j ~ 3" if § — 4, forces 7/ — 4., and for m,m’ € m-lrr® L, we say that m forces m’
and we write m ~» m’ if m* — m forces m* — m’. We denote by ideal(j-Irr® L)
and ideal(m-Irr€ L) the ideals of this relation.

Definition 2.26. A complete lattice L is completely congruence uniform if the
following conditions hold.

e Forcing is a partial order on j-Irr®L and the map from Con® L to
ideal(j-Irr¢ L) sending a congruence to the set of completely join-irreducible
elements it contracts is a bijection.

e Forcing is a partial order on m-lrr®L and the map from Con®® L to
ideal(m-Irr® L) sending a congruence to the set of completely meet-
irreducible elements it contracts is a bijection.

Notice that in Definition 226, the two bijections Con®® L <« ideal(j-Irr L) and
Con® L « ideal(m-Irr® L) are automatically isomorphisms of complete lattices.
Notice that this definition is equivalent to the definition of a congruence uniform
lattice when L is finite. We now give easier criteria for congruence uniformity.
Proposition 2.27. For a complete lattice L, we have (i) = (ii) = (iii)-
(i) L is completely congruence uniform.
(i) e The map j-lrr* L — Con® L given by j — con®(j — j.) is a bijection
between j-Irr® L and j-lrr® Con® L.
e The map m-Irr¢L — Con® L given by m +— con®(m* — m) is a
bijection between m-Irr® L and j-Irr® Con®® L.
(ili) o The map j-Irr¢ L — Con®® L given by j — con®(j — j.) is injective.
e The map m-lrr¢ L — Con® L given by m +— con®(m™* — m) is injec-
tive.
Moreover, if L is completely semidistributive and bialgebraic, then (iii) = (i).

Proof. By symmetry, we consider the conditions about completely join-irreducible
elements.

(i) = (ii) For j € j-lrr* L, we write Z; := {j' € j-Irr*L | j ~» j'}. Consider a
completely join-irreducible element 7 of ideal(j-Irr® L). We have 7 = \/,; 7 T;, so,
as Z is completely join-irreducible, Z = 7; for some j. Conversely, it is immediate
that, for any j € j-Irr® L, no proper subideal of Z; contains j so Z; is completely
join-irreducible. Then, the conclusion follows from the isomorphism Con®® L =
ideal(j-lrr¢ L).

(i) = (iii) This is immediate.

We now suppose that L is completely semidistributive and bialgebraic.

(iii) = (i) First of all, our assumption implies that the forcing on j-Irr® L is a par-
tial order. Second, by Theorem 12| there is an isomorphism from ideal(Hasse; (L))
to Con® L, mapping Z to vqu con®(q). Moreover, by Proposition 220 in each
forcing equivalence class of arrows of Hasse L, there is an arrow j — j, such
that j is completely join-irreducible in L. Thus Con®® L 2 ideal(Hasse;(L)) =
ideal(j-Irr¢ L). O
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Notice that, in general, (i), (ii) and (iii) of Proposition [Z27 are not equivalent,
as shown in the following example.

Example 2.28.

(a) We take L as in Example [Z.13] and define L' := L U {a} where §§ < o < R,
but for any z € R, (—o0, ) and (—oo, 2] are not comparable with a.. We get easily
that j-lrr¢ L' = {(—o0, 2] | £ € R} U {a} and m-Irr¢ L' = {(—oc0,z) | € R} U{a},
and as in Example T3] L’ is complete and bialgebraic.

Moreover, if we consider the arrow ¢, : (—oo,z] — (—o0,x) of Hasse L', it is
immediate that con®(g,) contracts only ¢g,. On the other hand, con®®(a — 0) =
con®®(R — «) identifies all elements of L'. So L’ satisfies (iii). But con®(a — () is
not completely join-irreducible in Con®® L' as it is equal to \/, ., con®®(g.). So L’
does not satisfy (ii). It follows that L’ is not completely semidistributive.

(b) We now consider the lattice L” = L U L, where L is a copy of L, where we
identify @ and (0 on the one hand, and R and R on the other hand. Moreover, no
other elements of L and L are comparable. As before L is complete and bialgebraic.
For each arrow (x — y) € Hasse; (L"), we have © € j-Irr L”, y € m-lrr¢ L” and
con®®(z — y) contracts only x — y. So L” satisfies (ii).

On the other hand, the forcing on j-Irr® L is trivial, so ideal(j-Irr¢ L") = 2-Im* L
We have a strict inclusion of ideals j-Irr¢ L C j-Irr® L”, and

\ con®(i—=j)=\/ con®(ji—i.)
J€j-lrre L JEj-lrre L
is the maximum congruence, so (i) does not hold. As before, it implies that L” is
not completely semidistributive.

3. LATTICE OF TORSION CLASSES

3.1. Elementary properties. Let k be a field. We consider an associative, finite-
dimensional k-algebra A with an identity element. We denote by mod A the cat-
egory of finitely generated left A-modules. For M € mod A, we denote by add M
the full subcategory of mod A consisting of direct summands of finite direct sums of
copies of M. For a class C C mod A , we define its orthogonal categories in mod A
by

Cta=ct = {X emodA|Hom(C,X) =0},
Ltag=1c = {X € mod A | Hom4(X,C) = 0}.

We denote by FiltC the full subcategory of A-modules filtered by modules in C.
Moreover, when Cy,...,C, C mod A, Filt(Cy,...,Cy) :=Filt(C; U---UC,).

We say that a full subcategory T of mod A is a torsion class (respectively, torsion-
free class) if it is closed under factor modules (respectively, submodules), isomor-
phisms and extensions. For any subcategory C of mod A, +C is a torsion class and
C' is a torsion-free class. We denote by tors A (respectively, torf A) the set of tor-
sion classes (respectively, torsion-free classes) in mod A. The set tors A is closed
under intersection, so it forms a complete lattice with respect to inclusion, with a
unique maximal element mod A and a unique minimal element {0} [IRTT] Propo-
sition 1.3]. The meet is intersection and the join \/ S of & C tors A is the meet of
all upper bounds of S. Alternatively, \/ S is given explicitly as Filt(FacS), the full
subcategory of mod A consisting of modules that are filtered by quotients of mod-
ules in §. The set torf A is similarly a complete lattice with respect to inclusion.
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For any subcategory X C mod A, there is a smallest torsion class T(X') containing
X, namely the meet (i.e. intersection) of all torsion classes containing X. We have
anti-isomorphisms

(=) :torsA — torf A and 1(—) : torf A — tors A

of complete lattices. A torsion pair is a pair (T,F) of a torsion class 7 and a
torsion-free class F in mod A satisfying 7+ = F and 7 = - F.

We start by proving that the lattice tors A enjoys the properties investigated in
Section

Theorem 3.1. Let A be a finite-dimensional algebra.

(a) The lattice tors A is completely semidistributive.
(b) The lattice tors A is bialgebraic, and hence weakly atomic.

Notice that Theorem BIla) is a bit stronger than the semidistributivity proven
in [GM| Theorem 4.5]. We give the following proposition before proving Theorem
B

Proposition 3.2.

(a) ForT €tors A, T is compact if and only if T = T(X) for some X € mod A.
(b) For T € torsA, T is co-compact if and only if T = +X for some X €
mod A.

Proof. (a) Suppose that 7 is compact. As T = \/y ., T(X) holds, there exists
X1,Xs,..., X, €T such that T = \/ZL:I T(Xl) = T(Xl DXo®--- P Xn)

Conversely, suppose that 7 = T(X) for some X € mod A and let S C tors A
such that 7 C \/ S. We know that \/S = Filt (US). So X is filtered by elements
of |JS. On the other hand, X is finite-dimensional, so X is filtered by finitely
many elements of |JS. Therefore, there exists {71,7z,...,T.} C S such that
X eV, Ti,soT=T(X)C V., T;. We proved that T(X) is compact.

(b) The argument of (a) works analogously for torsion-free classes. Then, using
the anti-isomorphism +— : torf A — tors A leads us to the conclusion. |

We now prove Theorem [B.11

Proof of Theorem Bl (a) By duality, we prove only the first condition. Let T €
tors A and S C tors A satisfying 7 NU =T NV for all U,V € S. It is enough to
prove that TNV S C T NU for a fixedU € S.

Recall that \/ S = Filt(lUS) holds. Let X € TN/ S. We prove by induction on
dim X that X € T NU. If X =0, it is clear. Otherwise, there exist ¥V € S and a
short exact sequence 0 >V - X Y - 0with0£AV eVandY € \/S. As T
is a torsion class, Y € T, hence by the induction hypothesis, Y € TNU =T N V.
As Vis atorsion class, X € V. So X e TNV =T NU.

(b) For any T € tors A, T = \/ x4 T(X) and T(X) is compact by Proposition
B2(a), so tors A is algebraic. Dually, T = Ay (+X) is a meet of co-compact
torsion classes by Proposition B2(b), so tors A is co-algebraic. By Theorem 2.10]
tors A is weakly atomic. |

3.2. Brick labelling. An important ingredient of this paper, which permits an
understanding of the forcing preorder as well as an understanding of wide sub-
categories is the notion of brick labelling of Hasse(tors A). Note that we do not
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assume that A is 7-tilting finite in this section. Several of the results we give are
generalizations of results that are already known in the 7-tilting finite case.

Recall that a brick is an A-module whose endomorphism algebra is a division
algebra. When U C T, we denote brick[U/, T] the set of isomorphism classes of
bricks in 7 NU~+. This notation will be justified by Theorem [3.4l

Theorem 3.3. LetU C T be two torsion classes in mod A. The following hold:

(a) We have T =U if and only if brick[d, T] = 0.

(b) There is an arrow q : T — U in Hasse(tors A) if and only if brick[U, T]
contains evactly one element S,. Moreover, T NUL = Filt S,.

(¢) There is a bijection j-lrr®(tors A) — brick A that associates to T the brick
Sq for the only arrow g starting at T".

(d) There is a bijection m-lrr¢(tors A) — brick A that associates to U’ the brick
Sy for the only arrow q ending at U'.

We will prove Theorem B3] at the end of this subsection. The bijections of The-
orem [3.3(c),(d) have also been established independently using different methods
in [BCZ).

We will need a more general version of Theorem [3:3|(c),(d).

Theorem 3.4. LetU C T be torsion classes in mod A. The following hold:
(a) There is a bijection j-lrr[U,T| — brick[U, T| mapping T' € j-lrr* U, T] to
Sq where q : T' — U' is the unique arrow of Hasseld,T] starting at T'.
Moreover, T' =UV T(S,) andU' =T ANLS,.
(b) There is a bijection m-lrr[U, T| — brick[U, T] mapping U' € m-lrr°[U, T
to S, where q : T' — U’ is the unique arrow of Hasse[ld, T| ending at U'.
Moreover, U' =T AN+S, and T' =U'V T(S,).

We now define the brick labelling.

Definition 3.5. Let ¢ : T — U be an arrow of Hasse(tors A). The label of ¢ is the
unique brick S, in 7 NU~, given in Theorem B3|(b).

We give an example of brick labelling.

Example 3.6. Let k be an algebraically closed field and @ the Kronecker quiver

and A = kQ. For (\,pn) € k2 \ {(0,0)}, we consider the following brick in mod A:
2

Stnm) = A( )“

1

whose isomorphism class only depends of (A : u) € P!(k). Then, for S C P*(k)
non-empty, we define the torsion class 7(S) = Filt(S U {2}). We also define the
torsion class 7(0) = (Ngp7 (S). Then T : 98 (k) _; tors A is an injective morphism
of complete lattices from the power set of P!(k) to tors A. We denote by R its
image. Then, using classical knowledge about the Auslander-Reiten quiver of A,
the labelled Hasse quiver of tors A is given by
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[
mod A
NON @

Any arrow of Hasse R has the form ¢ : 7(S) — T(S') for some S,8" C P!(k)
satisfying S\ &’ = {(\ : )} for some (\ : u) € P1(k). The brick that labels this
arrow is S; = S(x.,)- To be more explicit, if P is an indecomposable preprojective
module distinct from Sy, then Fac P contains all indecomposable modules except
the ones that are to its left in the Auslander-Reiten quiver, if I is indecomposable
preinjective, then Fac I contains I and indecomposable modules that are to its right
in the Auslander-Reiten quiver. Finally, 7(S) contains no preprojective modules,
all preinjective modules and the tubes that are indexed by elements of S.

In the rest of this subsection, we prove Theorem [3.3l We start by giving a relative
version of [DIJ, Lemma 4.4].

Lemma 3.7. LetU € tors A and S be a brick inU*. Then, the following statements
hold.

(a) Ewery morphism f: X — S in T(U,S) is either zero or surjective.
(b) If a brick S" in U+ satisfies TU,S) =T(U,S’), then S ~ 5.

Proof. (a) We show that f # 0 implies that f is surjective. Since X € T(U,S) =
Filt(U, Fac S), there exists a filtration 0 = Xo C X3 C -+ C X; = X satisfying
Xit1/X; € U or X;11/X; € FacS for any i. We can assume f(X;) # 0 by
taking a maximal number 4 satisfying f(X;) = 0 and replacing X by X/X;. Since
S €Ut we get X; € Fac S, so there exists an epimorphism g : S” — X;. Since
fg: 89" — S is non-zero and S is a brick, fg must be a split epimorphism. Thus
f is surjective.

(b) Since S belongs to T(U, S’) NU~L, there exists a non-zero morphism f : S —
S. This is surjective by (a), and therefore dimy S’ > dimy S. The same argument
shows the opposite inequality, and therefore f is an isomorphism. (I

Next, we give the following elementary lemma:

Lemma 3.8. Let T,U € tors A and X € T NUL be non-zero. Then there exists
S € brick|U, T] that is the image of an endomorphism of X.

Proof. We argue by induction on the dimension of X. If X is a brick, it is im-
mediate. Otherwise, X admits a non-zero radical endomorphism f = (7 where
7 is surjective and ¢ is injective. Then, Imf € FacX NSubX C T NU+ and
0 < dimIm f < dim X, so by induction hypothesis, there is S € brick[i/, T] that is
the image of an endomorphism g of Im f, hence of tgm. O

We deduce the following.
Lemma 3.9. LetU C T be two torsion classes. We have T = Filt(U Ubrick[U, T]).

Proof. Let X € T. We argue by induction on dim X. If X = 0, the result is
immediate. As (U,U~) is a torsion pair, there exists a short exact sequence

0-U—=-X->U =0
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with U € U and U’ € U*. Tt suffices to prove U’ € Filt(U U brick[i, T]). Suppose
that U’ # 0. We have U’ € T NU™*, so by Lemma [3.8 there exists a short exact
sequence

0-S—=U —-Y =0

with S € brick[d, T]. As U’ € T, we also have Y € T so by induction hypothesis,
Y € Filt(U U brick[id, T]), hence U’ € Filt(U U brick[U, T]). O

We also deduce:

Lemma 3.10. LetU C T be two torsion classes of mod A. Then we have TNUL =
Filt brick[U{, T].

Proof. The inclusion D is immediate, hence we prove the other one. Let X € Tni/+
be indecomposable. We argue by induction on dim X. If X is a brick, the result is
immediate. Otherwise, using Lemma [3.8] there exists a brick S € brick[U/, T] that
is a submodule and a quotient of X. Consider a short exact sequence

0—-S—-X—-Y—0.

As S is a brick, the short exact sequence does not split, and, as Hom4 (X, S) # 0,
we deduce Hom4 (Y, S) # 0 so, as S e UL, Y ¢ U.

We fix a short exact sequence 0 - U — Y — U’ — 0 with U € Y and U’ € Y+
and consider the following Cartesian diagram:

S X' —=U

S X —=Y

o

U/ U/

As X € U, we get X' € U+, As S,U € T, we get X' € T. We have clearly
U' € T NU+. Moreover, as S C X', we have X' #0. AsY ¢ U, U’ # 0, so the
dimension of each indecomposable summand of X’ and U’ is smaller than dim X.
This allows us to conclude by the induction hypothesis. ]

Then, we prove Theorem [3.41

Proof of Theorem B4l (a)Let T' =UVT(S). As S € T andU C T, it is immediate
that U CT' CT. Letalsod =T'NLtS. AsUd C +S and 77 € -5, we have
ucu cT'.

IfY C 7' consider X €eVand f: X =S5 As X eT' =TU,S),if f #0 we
get that f is surjective by Lemma [B7(a), hence S € T(X) C V so V = T’, which
is a contradiction. So V C 18, hence ¥V C U’. We proved that 7 is completely
join-irreducible in [, 7] and that there is an arrow 7' — U’ in Hasse[ld, T].

Let us prove that the only element of brick[l//, 7] is S. It is clear that S €
brick[td’, T']. Consider S’ € brick[td’, T']. We have T(U,S") C 7' and T(U,S") € U’,
so T(U,S") =T'. By Lemma [B7(b), this implies that S = 5’

Finally, we need to prove the uniqueness of the completely join-irreducible torsion
class. Consider an arrow 7" — U" of Hasse[ld, T| such that brick[d”, T"] = {S}
and 7" is completely join-irreducible. Asi/ C 7" and S € T"”, we have T' C T".
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As S e T and S ¢ U"”, we have T € U", so T" = T'VU" and, as T" is join-
irreducible, we obtain 7' = T”. By uniqueness of the arrow starting at 7', we also
have U' =U".

(b) It is dual to (a). O

Finally, we prove Theorem

Proof of Theorem B3l (a) The case T = U is trivial. Suppose that T # U and let
X € TNU* be non-zero. By Lemmal[3.8 X admits a quotient that is in brick[, T].

(b) First of all, if #brick[{,T] =1and U CV C T, by (a), we have Y =V or
T =V hence there is an arrow 7 — U in Hasse(tors A). Conversely, if T — U is
an arrow of Hasse(tors A), by (a) there exists S € brick[if, T]. Then, by Theorem
B4l(a), there exists an arrow 7' — U’ in Hasse[ld, T such that brick[td’, T'] = {S}.
So brick[d, T] = {S}. Finally, by Lemma BI0, 7 NU~+ = Filt S,,.

(c) and (d) It is Theorem 34 for / = 0 and 7 = mod A. O

3.3. Complete congruence uniformity of the lattice of torsion classes. The
main result of this subsection is the following.

Theorem 3.11. Let A be a finite-dimensional algebra.

(a) Two arrows of Hasse(tors A) are labelled by the same brick if and only if
they are forcing equivalent.

(b) The lattice tors A is completely congruence uniform.

(c) The brick labelling coincides with the join-irreducible labelling and with the
meet-irreducible labelling under the bijections of Theorem B3|c), (d).

In particular, we get:

Corollary 3.12. Let A be a finite-dimensional algebra that is T-tilting finite. Then
tors A is congruence uniform.

Note that the congruence uniformity of tors A was known only for certain special
classes of algebras: preprojective algebras, via the weak order (see Section [G]),
and certain gentle algebras [PPP]. By Theorem BII] the forcing preorder ~~ can
be considered as a partial order on brick A. In particular, we get the following
description of Con®(tors A).

Corollary 3.13. The complete lattices Con®®(tors A) and ideal(brick A) are isomor-
phic, where ideal(brick A) consists of the sets of bricks that are closed under forcing.

Proof. This is a consequence of Theorem B.111 |

We need some preparation to prove Theorem 3111 We associate to each brick
a certain complete congruence. Let S € brick A. We define the relation =g in the
following way. For T,U € tors A, we put T =g U if every X € (T VU) N (T AU)*
admits S as a subfactor.

Proposition 3.14. The relation =g is a complete congruence.

Proof. For simplicity, we write = instead of =g. This relation is clearly symmetric
and reflexive.

Let us prove that it is transitive. Suppose that 7 = U and U = V. Let X €
(T V V)N (T AV)L be non-zero. We consider a short exact sequence 0 — U —
X - U — 0with U € Y and U’ € U*. Suppose that U # 0. We have U €
(T AV)L =T+ vVt so U admits a non-zero quotient U” that is in 7+ or in V.
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By symmetry, we suppose that U” € T+. So U” € (T VU) N (T AU)*, hence it
admits S as a subfactor because 7 = U, so X admits S as a subfactor. If U’ # 0,
it admits a submodule U” that is in 7 or V and we conclude as before.

Consider now two families (U;);cz and (7;);cz of torsion classes satisfying U; = T;
foralli € Z. Let U = \/,c;U; and T = \/, .7 T;. We will prove that U = T. Let
X € (TVU)N (T AU)* be non-zero. As X € TVU = \/,o1(Ti VUs), there exists a
non-zero submodule X’ of X and ig € Z such that X’ € T;, VU;,. As X' € (T AU)*
and \/,7(Ts AU;) € T AU, we have X' € N\,.(Ts AUt so X7 € (Tiy AU, )* .
Hence, as T;, = U;,, X' admits S as a factor module, so X does. In the same way,
we prove that \;,.;U; = \;.; Ti so = is a complete congruence. ]

Proposition 3.15. Two arrows q and q' of Hasse(tors A) are forcing equivalent if
and only if Sq =2 Sy .

Proof. We denote q: T —U and ¢’ : T' — U'".

First, suppose that S := S, = Sy Let = be a congruence satisfying 7 =U. We
have S € TAT and S ¢ U' sod’ C (T AT )VU C T'. As ¢ is an arrow, we
deduce (TAT')VU' = T'". Wehave UNT' C LS andU’ C LS so UNT')VU' C+S
and therefore ' C(UAT')VU C T, so, as before, UANT)VU' =U'. AsU=T
and = is a lattice congruence, we deduce 7' = (T AT VU = UAT)VU =U".

Suppose now that ¢ and ¢’ are forcing equivalent. The congruence =g, defined
above contracts ¢, so it contracts ¢’. Hence, S, is a subfactor of S,. Conversely,
Sy is a subfactor of S;. Then, Sy = 5,. (]

We can finally prove Theorem B.111

Proof of Theorem [BI1l (a) This is Proposition

(b) By (a) and Theorem B3|(¢), the forcing equivalence classes in Hasse; (tors A)
correspond bijectively with brick A 2 j-Irr¢(tors A). With this and its dual, we
conclude using Proposition 2Z27)(ii)=(i) together with Theorem BI] that tors A is
completely congruence uniform.

(c) This is immediate. O

We end this subsection by giving the following elementary observation about the
forcing order on bricks.

Proposition 3.16.

(a) The arrows incident to 0 in Hasse(tors A) are FiltS — 0 for each simple
A-module S. The label of FiltS — 0 is S.

(b) The arrows incident to mod A in Hasse(tors A) are mod A — 1S for each
simple A-module S. The label of mod A — 15 is S.

(¢c) The mazimal elements for the forcing order on brick A are simple A-
modules.

(d) For a simple A-module S and a brick S’, S ~~ S’ if and only if S is a
subfactor of S’.

Proof. (a) Any T € tors A\ {0} contains Filt.S for a simple module S. Indeed,
let X € T be non-zero and S be a simple factor module of X. Then S € T, so
FiltS C 7. As Filt SNFiltS’ = 0 for S # S’, the result follows. It is immediate
that S labels Filt S — 0.
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(b) By the dual of (a), arrows incident to 0 in torf A are FiltS — 0 so, as
(=) : torf A — tors A is an anti-isomorphism, arrows incidents to mod A4 in tors A
are mod A — +(Filt§) = 1S.

(d) Let S be a simple A-module, e be the corresponding primitive idempotent
and B := A/(e). As a very special case of Theorem BI2(a), 7 : tors A — tors B,
T — T N'mod B is a surjective morphism of complete lattices. Moreover, in this
case, T splits, as any U € tors B is also a torsion class in mod A O mod B, identifying
tors B with a sublattice of tors A.

By (a), gs : Filt.S — 0 is an arrow of Hasse(tors A). We have, in tors A, Filt S V
mod B = mod A, so the lattice congruence © corresponding to 7 is con(gs).

Let S” € brick A. By Theorem [33|(c), there is an arrow ¢ : T(S') — U with
Sq =2 58" and T(S’) € j-Irré(tors A). If S is not a subfactor of S’, then S” € mod B, so
that ¢ is an arrow of Hasse(tors B). So ¢ is not contracted by m. Therefore S’ is not
forced by S. If S is a subfactor of S’, w(T(S")) # T(S’) so ¢ has to be contracted
by 7, hence by con(gs). It implies that S forces S’.

(¢) As any non-simple brick admits a strict simple subfactor, any maximal brick
has to be simple by (d). Moreover, by (d) again, a simple module cannot force
another simple module, so all simple modules are maximal. O

4. FUNCTORIALLY FINITE TORSION CLASSES

4.1. Reminders on 7-tilting theory. We recall that a torsion class 7 of mod A
is functorially finite if there exists M € mod A such that 7 = Fac M, where Fac M
is the full subcategory of mod A consisting of factor modules of finite direct sums of
copies of M. We denote by f-tors A the set of all functorially finite torsion classes
in mod A.

If X € mod A, we denote by |X| the number of non-isomorphic indecomposable
direct summands of X. We say that X is basic if it has no direct summand of the
form Y @Y for an indecomposable A-module Y.

There is a bijection between f-tors A and a certain class of A-modules. Recall
that M € mod A is 7-rigid if Hom (M, 7M) = 0 where 7 is the Auslander-Reiten
translation. We say that M € mod A is 7-tilting if it is 7-rigid and |M| = |A4]
holds. We say that M € mod A is support 7-tilting if there exists an idempotent
e of A such that M is a 7-tilting (A/(e))-module. We denote by s7-tilt A the
set of isomorphism classes of basic support 7-tilting A-modules, by 7-rigid A the
set of isomorphism classes of basic 7-rigid A-modules, and by iT-rigid A the set of
isomorphism classes of indecomposable 7-rigid A-modules. By [AIR] Theorem 2.7],
we have a surjection

(4.1) Fac : 7-rigid A — f-tors A
given by M +— Fac M, which induces a bijection
(4.2) Fac : s7-tilt A = f-tors A.

Sometimes, we use the following characterization of vanishing of Hom 4 (X, 7Y):

Proposition 4.1 ([AS| Proposition 5.8]). Let X and Y be two A-modules. Then
Hom (X, 7Y) = 0 if and only if Exty (Y, X") =0 for all X' € Fac X.

We also introduce the notion of a 7-rigid pair. A 7-rigid pair over A is a pair
(M, P) where M is a 7-rigid A-module and P is a projective A-module satisfying
Hom4 (P, M) = 0. We say that (M, P) is basic if both M and P are. We denote
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by 7-rigid-pair A the set of isomorphism classes of basic 7-rigid pairs over A and
by iT-rigid-pair A the subset of T-rigid-pair A consisting of indecomposable ones (i.e.
(M,0) with M indecomposable or (0,P) with P indecomposable). We identify
M € t-rigid A with (M,0) € 7-rigid-pair A. We say that a 7-rigid pair (M, P) is
T-tilting if, in addition, we have |M|+ |P| = |A|. We denote by 7-tilt-pair A the set
of isomorphism classes of basic 7-tilting pairs. We have a bijection 7-tilt-pair A —
sT-tilt A mapping (M, P) to M. Finally, for (M, P) € 7-rigid-pair A, we denote
by 7-tilt-pair(5; py A the set of isomorphism classes of basic 7-tilting pairs over A
having (M, P) as a direct summand.

We recall that the order on 7-tilt-pair A 2 s7-tilt A induced by the bijection (2]
is characterized in the following way.

Lemma 4.2 ([AIR] Lemma 2.25]). For (T, P),(U,Q) € 7-tilt-pair A, we have the
inequality (T, P) > (U, Q) if and only if Hom (U, 7T) = 0 and Hom4(P,U) = 0.

Moreover, st-tilt A & 7-tilt-pair A is endowed with a mutation, exchanging two
pairs (T1, Py) and (T, P»), described in Theorem 3l We call (T, P) € 7-rigid-pair A
almost T-tilting if |T| + |P| = |A| — 1.

Theorem 4.3.
(a) [AIRl, Theorem 2.18] If (T,P) is an almost T7-tilting pair, then
T-tilt-pair(p py A has ezactly two elements (T1, P1) and (1z, Ps).
(b) [AIR) Theorem 2.33] The Hasse quiver of T-tilt-pair A has an arrow linking
(Th, Py) and (Ts, P2) of (a) and all arrows occur in this way.

Note that a version of Theorem [L3[a) was proved in [DF], Proposition 5.7] for
2-term silting complexes.
Any 7-rigid pair has two canonical completions, as shown below.

Theorem 4.4 ([AIR] Theorem 2.10]). If (X, Q) € 7-rigid-pair A, then the subposet
T-tilt-pair y gy A of T-tilt-pair A is an interval [(X~,Q7), (XT,Q)]. Moreover, they
are characterized by the identities Fac X+ = +(7X)NQ* and Fac X~ = Fac X.

In Theorem (4] we call (X—,Q7) the co-Bongartz completion of (X,Q) and
(X, Q) the Bongartz completion of (X, Q). Additionally, we observe the following.

Lemma 4.5. Let (T, P) € 7-tilt-pair A and X be the minimal direct summand of
T such that FacT = Fac X. Then (T, P) is the Bongartz completion of (T /X, P).

Proof. First of all, it is immediate that (7, P) < ((T/X)*, P). By [DLJ, Theorem
1.3], if (T, P) was not the Bongartz completion of (T'/ X, P), there would be an arrow
(T",P") — (T, P) in Hasse(r-tilt-pair A) such that 7/X € addT” and P € add P’.
So P’ = P and we can decompose T/ =% M ® U and T = M @ V with U and
V' indecomposable. We have FacT = FacM. So, as X is the minimal direct
summand of T such that FacT = FacX, add X does not contain V. So V is a
direct summand of T//X, hence M @& U does not have T/X as a direct summand.
It is a contradiction. (]

We recall that A is 7-tilting finite if there are only finitely many indecomposable
7-rigid A-modules. We get the following straightforward corollary of Theorem

Corollary 4.6. Let A be a finite-dimensional k-algebra. Then f-tors A is Hasse-
regular. In particular, if A is T-tilting finite, then tors A is Hasse-reqular.
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The following characterizations are shown in [DIJ] and [IRTT):

Theorem 4.7 ([DLIIRTT]). The following conditions are equivalent.
(i) A is T-tilting finite.
(ii) f-tors A is a finite set.
(iii) f-tors A is a complete lattice.
(iv) f-tors A = tors A.

On the other hand, it is a much more subtle condition for A that f-tors A is a
lattice. It is shown in [IRTT) Theorem 0.3] that for a path algebra kQ of a connected
acyclic quiver @, f-tors(kQ) is a lattice if and only if @ is either a Dynkin quiver or
has at most 2 vertices.

We have the following description of join-irreducible elements in tors A.

Theorem 4.8 ([IRRT), Theorem 2.7 and following discussion]). Let A be a finite-
dimensional k-algebra.
(a) If A is T-tilting finite, then the map M — FacM of @I) restricts to a
bijection
Fac : iT-rigid A = j-lrr(tors A).

(b) More generally, the map M — Fac M restricts to a bijection
Fac : iT-rigid A = f-tors A N j-Irr(tors A).

We finish this subsection by interpretations of the brick labelling in terms of
7-tilting modules. It has been defined by Asai for functorially finite torsion classes.
By [DI1J, Theorem 1.3], Hasse(f-tors A) is a full subquiver of Hasse(tors A). Then
the brick labelling of arrows of Hasse(f-tors A) has the following description.

Proposition 4.9 ([Al]). Let g: T — U be an arrow of Hasse(f-tors A). Then

Sy = X
7 Rada(T,X)-T
where the basic support T-tilting modules T and U corresponding to T and U via

the bijection Fac are decomposed as T = X @ M and U =Y ®&® M for X an
indecomposable A-module and Y an A-module which is indecomposable or zero.

We recall also bijections arising when A is 7-tilting finite. A set {S;};er of bricks
(or its direct sum) is called a semibrick if Hom4(S;,S;) = 0 for any ¢ # j. We
denote by brick A the set of isomorphism classes of bricks of A, and by sbrick A the
set of isomorphism classes of semibricks.

Proposition 4.10. Let A be a finite-dimensional k-algebra.

(a) [DLI] There is an injection it-rigid A— brick A sending M to M/ radgqd , (ar) M.
(b) [A] There is an injection st-tilt A— sbrick A sending M to M/ radeng , (ar) M.

Moreover, if A is T-tilting finite, these maps are bijections.

Notice that Theorem B.3(c) given before extends Proposition EI0(a), using
Proposition [£9 and Theorem (4.8
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4.2. Wide subcategories. Let A be a finite-dimensional k-algebra. This sub-
section deals with combinatorial interpretation of wide subcategories in tors A in
terms of bricks. Recall that a full subcategory W C mod A is wide if it is stable by
extension, kernel and cokernel. In particular it is an abelian category. We denote
by wide A the set of wide subcategories of mod A.

Before going further, we recall the following relation between semibricks and
wide subcategories of mod A.

Proposition 4.11 ([Ril]). There is a bijection
Filt : sbrick A — wide A

mapping a semibrick S to the full subcategory of A-modules that are filtered by bricks
of 8. The inverse bijection associates to VW € wide A the set of its simple objects.

For (N,Q) € t-rigid-pair A, as in Theorem 4] we denote by (NT,Q") and
(N7, Q) the Bongartz and co-Bongartz completions of (N, Q). Then, we consider
the torsion classes

U(N,Q) :=FacN~ =FacN and T(N,Q) :=FacNt =+(rN)nQ*,
and the full subcategory
W, Q) :=T(N,Q) NUN,Q)* =+(rN)nQt NN*.
Our starting point is the following, which is mostly in the article of Jasso about
T-tilting reduction [J].
Theorem 4.12. Let A be a finite-dimensional algebra and (N, Q) € T-rigid-pair A.
(a) The subcategory W(N, Q) is a wide subcategory of mod A.
(b) Let Cn,q := Enda(NT)/[N] where [N] is the ideal consisting of endomor-
phisms that factor through add N. Then there is an equivalence of categories
FN7Q : W(N, Q) l} mod C’N,Q7

mapping X to Homs(NT, X).
(c) There is an isomorphism of lattices

U(N,Q), T(N,Q)] 222 tors Cy

~

with Pn,o(V) = Fno(VNW(N,Q)).
(d) If A is T-tilting finite, then there is an isomorphism of lattices

T-tilt—pair(N’Q) A % [Z/{(N> Q)7 T(N> Q)]

Proof. (a) As T(N, Q) and U(N, Q)" are stable by extensions, so is W = W(N, Q).
Let f : X — Y be a morphism in W. Let us prove that Ker f € W. We have
Ker f € SubX C Q+ N N, so we need to prove that Ker f € +(7N). By applying
Homa(—,7N) to the short exact sequence 0 — Ker f — X — Im f — 0, we get an
exact sequence

0 = Hom4(X,7N) — Hom 4 (Ker f,7N) — Extly(Im f,7N).
By Auslander-Reiten duality,

Exty(Im f,7N) = Hom , (N, Im f) € Hom ,(N,Y) = 0,

so we get Ker f € W. Dually, we have Cok f € W.
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(b) Jasso proved the result when @ = 0 in [J, Theorem 1.4]. For the general
case, denote A’ := A/(e) where e is the idempotent corresponding to Q. Then as
a full subcategory of mod A, we have mod A’ = Q. Therefore, the result of Jasso
for (N,0) € 7-rigid-pair A’ implies the general result.

(c) As in the proof of (b), this is a consequence of [J, Theorem 1.5] which estab-
lishes the bijection when Q) = 0.

(d) This is a consequence of (2] and Theorem (.41 O

We deduce from Theorem and ({2) the compatibility of the brick labelling
with the 7-tilting reduction which is described in Theorem ETI2(b). We keep the
notation of Theorem

Proposition 4.13. For (N,Q) € 7-rigid-pair A, consider an arrow q : T — U in
Hasse[/ (N, Q), T (N, Q)] and the corresponding arrow q : Yn.q(T) — ¥n.gU) in
Hasse(tors Cv,q). Then we have Sq € W(N, Q) and Sz = Fn g(S,).

Proof. By definition, S, € T NUL. AsU(N,Q) CU C T C T(N,Q), we get
S, € T(N,Q)NU(N, Q)+ = W(N, Q). Also S, € (TNW(N,Q))NUNW(N,Q))*,
so, as Fy ¢ is an equivalence of categories, Fn o(S,) € ¥n.o(T) N ¥n,oU)™.
Therefore Fiy,o(Sg) is the label of g. O

Definition 4.14. A subset of tors A of the form [U(N,Q), T (N, Q)] for some basic
7-rigid pair (IV, @) is called a polytope or an ¢-polytope where £ :=n — |N| — |Q].

Remark 4.15. Suppose that A is 7-tilting finite. Then 1-polytopes correspond
to arrows of Hasse(tors A). Moreover, an f-polytope is ¢-Hasse-regular, using the
isomorphism of lattices 7-tilt-pairy o) A = [U(N,Q), T(N, Q)] and Theorem Il
So 2-polytopes are polygons in the sense of Section 2.1l We prove in Proposition [£.21]
that the converse holds and tors A is polygonal.

We have the following result about bricks in polytopes of tors A.

Theorem 4.16. Let A be a finite-dimensional algebra. Let (N, Q) be a basic T-
rigid pair and [U,T] = [U(N,Q), T (N, Q)] be the corresponding polytope of tors A.
Let W= W(N, Q) € wide A.
(a) The set S of simple objects of W is a semibrick of A satisfying W = Filt S.
(b) Bricks in W are exactly the labels of arrows of Hasse[ld,T| C Hasse(tors A).
(¢) The semibrick S consists of labels of arrows incident to U in Hasseld, T].
(d) The semibrick S consists of labels of arrows incident to T in Hasselld, T].

We denote S by S[U, T].

Proof. First, we consider the case where (N,Q) = (0,0), hence Y = 0 and T =
mod A. In this case, S consists of simple A-modules, and (a) is immediate as A is a
finite-dimensional algebra and W = mod A. By Theorem B.3|(c), all bricks appear
as labels of arrows in Hasse(tors A), so (b) holds. Proposition implies (c) and
(d).

For a general (N, Q), let S be the set of simple objects in the abelian category W.
As each object of W has finite length, we have FiltS = W. Moreover, Proposition
T3l tells us that the isomorphism

UNQ : [Z/{,'T] = torsC’N7Q

is compatible with the brick labelling, via the equivalence Fiv g : W — mod Cn .
Then, the conclusion for (N, Q) follows the results for (0,0) € 7-rigid-pairCn . O
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We give the following description of semibricks in terms of arrows in Hasse(tors A).

Proposition 4.17. Let A a finite-dimensional algebra. Let (T, P) € 7-tilt-pair A
and consider the smallest direct summand X of T such that Fac X = FacT.

(a) For an indecomposable direct summand (N, Q) of (T, P), the mutation of
(T, P) at (N, Q) is smaller than (T, P) if and only if N is a direct summand
of X and Q = 0.

(b) We have T/ radgng (1) (T') = X/ radgng , (x)(X). Moreover, T/ radgng,, (1) (T')
is the direct sum of the labels of arrows of Hasse(tors A) starting at FacT.

Proof. (a) By Lemmal[LE (T, P) is the Bongartz completion of (T/X, P). In partic-
ular, if N € add X and @ = 0, the mutation of (T, P) at (N, Q) contains (T'/X, P)
as a direct summand, hence is smaller than (T, P). If N ¢ add X or @ # 0, then
FacT/N D Fac X = FacT, hence the mutation of (T, P) at (N, Q) is bigger than
(T, P).
(b) We have
T _ X ® T/X
radgnd,(7)(T)  Rada(T,X)-T = Rada(T,T/X)-T

As FacT = Fac X and add X Nadd(7/X) = 0, there is a radical surjective map 7

from X* to T/ X for some integer £, hence RadA(T,T/X)-T D Imm = T/X, so the
second term vanishes:

T B X
radEndA(T) (T) RadA(T, X) . T.

This is the direct sum of the labels of arrows starting at (T, P), by (a) and Propo-
sition We have proved the second part of the claim.
We have

Rada(T,X) T =Rada(X,X) - X +Rads(T/X,X) - (T/X).
For any f : T/X — X, the image of f coincides with the image of fr : X —
X which is radical, as m is. So Rad,(T/X,X) - (T/X) C Rada(X,X) - X, and
Rad, (T, X)-T = Rada (X, X) - X, hence
T X X

= — . |:|
radEndA(T)(T) RadA(X,X) . X radEndA(X)(X)

We deduce the following bijection between 7-tilt-pair A and wide A when A is
T-tilting finite.

Theorem 4.18. Let A be a finite-dimensional algebra that is T-tilting finite. Then
there is a bijection

T-tilt-pair A = wide A
mapping a pair (T, P) to W(T /X, P) where X is the minimal summand of T sat-
isfying Fac X = FacT.
Proof. By Propositions T and ETI0(b), there are bijections

T-tilt-pair A — sbrick A 1% wide A,

where the first map maps (7', P) to T'/ radgng, (1) (T'). So it suffices to prove Filt L =
W(T/X, P) where L := T/ radgnq , (1)(T).
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By Lemma[4.3] (T, P) is the Bongartz completion of (T'/X, P) so the maximum
of the polytope I := 7-tilt-pair/x py A. By Lemma EIT(a), all arrows starting
at (T, P) in Hasse(7-tilt-pair A) are in HasseI, and by Lemma [LI7(b), they are
labelled by the indecomposable direct summands of L. So, by Theorem [16|(a)(d),
the indecomposable direct summands of L are the simple objects of W(T/X, P) .
Therefore, Filt L = W(T/X, P). O

We give more details about Theorem [4.16)(c)(d):

Proposition 4.19. Let [U, T] be an £-polytope in tors A. Then there exist indexings
e ;T = T, 1<i</{ of arrows pointing from T in [U,T],
e Bi:U; = U, 1 <i<{ of arrows pointing toward U in [U,T],
such that the following hold:
(a) We have U = /\f:1 Ti;
(b) We have T = \/f=1 U;;
(c) Fori,je{l,...,0}, T; 2U; if and only if i = j;
(d) For any i € {1,...,¢}, the same brick labels a; and B;.

Proof. As in the proof of Theorem ET6l we only have to consider the case where
U=0and T = modA. Let {S1,5:,...,S¢} be the set of isomorphism classes of
simple A-modules. Then, using Proposition .16, putting a; : mod A — +S; =: T;
and B; : U; := Filt S; — 0, the assertions follow. O

We give also an alternative way to construct polytopes, which is a kind of con-
verse to Proposition [4.19]

Proposition 4.20.

(a) Let T € f-tors A. Consider ¢ distinct arrows o; : T — T; of Hasse(tors A).
LetU = /\f=1 T:. Then [U,T] is an L-polytope.

(b) Let U € f-tors A. Consider ¢ distinct arrows §; : U; — U of Hasse(tors A).
Let T := \/f:1 U;. Then [U,T] is an £-polytope.

Proof. By duality, we prove only (b). By [DLJ, Theorem 1.3], all ¢; are in f-tors A.
Thanks to Theorem [£3] the basic 7-tilting pairs corresponding to U, Uy, Us, ...,
Uy admit a maximal common direct summand (N, Q) with |N| + |Q| = |A| — <.
All U;’s and U appear in the f-polytope [U(N,Q),T(N,Q)], so T = \/f:1 U, €
UN. Q). T(N,Q)]. and U, T] € U(N, Q), T(N, Q)]

As the B; are £ arrows pointing toward U in Hasse([U(N,Q), T (N, Q)] Nf-tors A)
and [U(N,Q), T(N,Q)] N f-tors A is ¢-Hasse-regular, we have U = U(N,Q) and
the f; are all arrows pointing toward U. Hence, by Proposition L.I9(b), we have
T(N,Q)=T. O

Additionally, we show that if A is 7-tilting finite, then tors A is polygonal as
defined in Section 2.1

Proposition 4.21. Let A be a finite-dimensional algebra that is T-tilting finite.
The following hold:

(a) The lattice tors A is polygonal. The polygons of tors A are precisely the
2-polytopes.
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(b) Let [U,T] be a polygon of tors A and S be a brick in T NUL. Then:
e if SeS[U,T]|, then S labels exactly two arrows of U, T];
o if S ¢S[U,T], then S labels exactly one arrow of [U, T].

Proof. (a) Let T — U and T2 — U be distinct arrows of Hasse(tors A). By Propo-
sition B20, [U, 71 V T3] is a 2-polytope, hence a polygon. The other condition for
polygonality is proved dually. As polygons are of the form [U, 77 V Tz for some
distinct arrows 71 — U and To — U, we have also proved that polygons are 2-
polytopes.

(b) By Theorem [LT0I(b)(c)(d), S labels at least two arrows if S € S[U/, 7] and S
labels at least one arrow otherwise.

If two distinct arrows g1 : 71 — Uy and go : T — Us belong to the same path of
Hasse[ld, T, we can suppose without loss of generality that 7o C U;. Then the label
of ¢; is in Z/{f- and the label of g3 is in T3, so these labels are distinct as U;- N7z = 0.
As a polygon has two maximal paths, S labels at most two arrows of [, T].

Consider the arrows 7 — V; and T — Vs, in Hasse[ld, T]. If two distinct arrows
q1:T1 — Uy and g2 : Ta — Us belong to different paths of Hasse([U, T\ {T}), we
can suppose without loss of generality that 73 C V; and 73 C V,. So the label of
¢ is in Yy NUL and the label of ¢o is in Vo NUL. As V1 N Vy = U, the labels of
¢q1 and ¢o have to be distinct. Combining this assertion with the first one, we have
proved that all labels of arrows of Hasse([U{, 7]\ {7 }) have to be distinct. So, if
S ¢ S[U, T], S cannot label two arrows of Hasse[ld, T]. O

4.3. Algebraic characterizations of the forcing order. The aim of this sub-
section is to describe the forcing order on bricks in terms of representation theory.
We start with a characterization which holds for any finite-dimensional algebra that
is 7-tilting finite.

Definition 4.22. Define the filtration order ~»¢ on brick A as the transitive closure
of the following.
e Sy ~»¢ Sy if there is a semibrick {S1} U E such that Sy € Filt({S1} U E) \
Filt E.

Define the pair filtration order ~»pe on brick A as the transitive closure of the fol-
lowing.
o S1 ~»pr So if there is a semibrick {57, 1} such that Sy € Filt{S1, S{}\ {51 }.
We have the following first main result in this subsection.

Theorem 4.23. Let A be a finite-dimensional k-algebra that is T-tilting finite. The
forcing order ~, the filtration order ~+¢ and the pair filtration order ~sp¢ coincide.
In particular, for S1,Ss € brick A, if Sy ~~ Sy, then Sy is a subfactor of Ss.

We start with a lemma:

Lemma 4.24. Let A be a finite-dimensional k-algebra that is T-tilting finite. If
EU{S,} €sbrick A and Sz € Filt(E U {S1}) \ Filt E is a brick then Sy ~~ Ss.

Proof. By Theorem I8 there exists (N, Q) € 7-rigid-pair A such that W(N, Q) =
Filt(EFU{S1}). Let us denote Y = U(N, Q) and T = T (N, Q). By Theorem ELTI6(b),
Sy labels an arrow T; — Tz of [U, T].

Let us prove by induction on T3 € [U, T] that S; ~» Sy. First of all, if To = U,
then Sy € FU {51} holds by Theorem A.I6l(c). By our assumption, S; ¢ Filt E, so
Sy = S1.
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Otherwise, suppose that 7o 2 Y. Then there exists an arrow 7o — T3 in [U, T].
Taking the common summands of the 7-tilting pairs corresponding to 77, 72 and
T3, we obtain a 2-polytope [U’, T'] C [U, T], hence a polygon, containing the arrows
Ti — Tz and To — T3. If T/ = Ty, then Ss labels an arrow ending at U’ C T3 by
Theorem [£16c)(d). By the induction hypothesis, we have Sy ~» Ss.

It remains to consider the case 7' # T1. Let S{U’, T'] = {S3, S4}. Then S5 ~» Sy
and Sy ~~ S9 hold by Proposition 24l Moreover, as Filt(Ss,S4) 3 Sy ¢ Filt E, either
S3 ¢ Filt E or Sy ¢ Filt E holds. Since S3 and Sy label arrows ending at U’ C 7Ts,
either S; ~» S3 or S; ~» S4 holds by the induction hypothesis. So S; ~» S
holds. |

Proof of Theorem 23] Proposition [L2]l(a) says that tors A is polygonal, so by
Proposition 24} the forcing order coincides with the polygonal order.

Clearly Sy ~»pr S2 implies S7 ~»; S2. Thanks to Lemma [£.24] and by transitivity
of ~~, 51 ~~¢ Sy implies S7 ~ Ss.

We show that S; ~» Sy implies S ~»pr S2. As ~» and ~», on Hasse;(tors A)
coincide, where ~, is the polygonal forcing, it suffices to consider the case where
there are arrows ¢; and ¢, labelled by S} and Sy such that ¢; ~+, ¢2 in a polygon
U, T] of tors A. If g1 «~p, g2, we have S = S, s0 S1 ~»pp S2. So we assume that
q1 and g9 are not forcing equivalent. Then ¢; is an arrow of Hasse[ld, 7] incident
to 7 or U and ¢ is an arrow of Hasselld, 7] that is not incident to 7 or U. By
Theorem FI6 the semibrick S[U,T] is of the form {51,571} and Sy belongs to
Filt{S1,S]}. Then, by Proposition 21[b), So 2 S, so S1 ~pt S2 holds.

The last statement is clear since ~~ coincides with ~v¢. O

We define a convenient concept.

Definition 4.25. An A-module is multiplicity free if it has no repetition in its
composition series.

Notice that a multiplicity free indecomposable module is a brick. Before giving
more specific characterizations, we give the following elementary observation.

Lemma 4.26. Let {S,S5'} € sbrick A with S % 5’ and consider a non-split short
ezact sequence 0 - S — X — 8" — 0. Then X is a brick.

Proof. Recall that S and S’ are two non-isomorphic simple objects in the abelian
category W := Filt(S, S’). By assumption, X has length 2 in W and is not isomor-
phic to S S’. Thus X is indecomposable and multiplicity free in W, and hence it
is a brick. |

For multiplicity free bricks, the forcing order is described in a very simple way.

Corollary 4.27. Let A be a finite-dimensional algebra that is T-tilting finite. Con-
sider X, Y € brick A, such that Y is multiplicity free. Then X ~» Y if and only if
X is a subfactor of Y.

Proof. By Theorem 23] it suffices to prove ‘if” part. Suppose that X is a subfactor
of Y. We show by induction on dimY — dim X that X forces Y. This is clear if
dimY = dim X. Suppose dimY > dim X. Then there exists a subfactor X’ of Y,
a simple A-module S and a non-split short exact sequence of one of the following
forms:

E:0=-S—2X 2X—=0o0 £:0X X —5—0.
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As X' is a subfactor of Y, it is also multiplicity free and hence {X, S} is a semibrick.
By Lemma 28] X’ is a brick and by Theorem £23] X forces X’. On the other
hand, by induction hypothesis, X’ forces Y. Therefore X forces Y. O

In [IRRT], the forcing order is shown to be equivalent to the doubleton extension
order when A is a preprojective algebras of Dynkin type. We end this section by
proving this for a much more general class of algebras.

Definition 4.28 ([IRRT]). The doubleton extension order on brick A is the transi-
tive closure ~~q of the relation defined by: S7 ~»q S if there exists a brick S} such
that

dim Ext!,(Sy,57) = 1 and there is an exact sequence 0 — S} — Sy — S —
0;

or dimExt,(S7,5;) = 1 and there is an exact sequence 0 — S; — Sy — S} —
0.

We will consider bricks having the following stronger property.

Definition 4.29. A brick S € mod A is called a stone if Ext'y(S, S) = 0. It is called
a k-stone if additionally End4(S) = k.

We give the following characterization that is the second main theorem of this
subsection.

Theorem 4.30. Let A be a finite-dimensional k-algebra that is T-tilting finite such
that all bricks of mod A are k-stones. Then the forcing order ~» on brick A coincides
with the doubleton extension order ~-q.

From now on, until the end of this subsection, we suppose that A is 7-tilting
finite and all bricks are k-stones. We start with the following observation.

Lemma 4.31. Let {S, S’} be a semibrick of A. Then dim Ext}(S’,S) is 0 or 1. In
the latter case, the non-split short exact sequence 0 — S — X — S’ — 0 satisfies:
(a) Homa(X,S) =Hom4 (S, X) = Exty (X, S) = Exty (5", X) = 0;
(b) dimHom4 (S, X) = dimHom4(X,S") = 1;
(¢) dim Ext'(S, X) is either 0 or 1;
(d) dim ExtY(X,S") is either 0 or 1.

Proof. We suppose that Ext!(5’,S) # 0. Let us consider a non-split short exact
sequence

E:0=-8—=X =5 =0

According to Lemma 26, X is also a brick and hence a k-stone. Applying
Hom4(—,S’) to & gives dimHom4(X,S") = 1. Applying Hom4(—, S) to £ gives
the exact sequence

(4.3) 0 — Hom4 (X, S) — Hom4(S,S) — Ext) (5", S) — Exty(X,S) — 0.

Because & does not split and End4(S) = k, we obtain Hom4(X,S) = 0. Then,
applying Hom 4 (X, —) to & yields the exact sequence

0 =HomA(X, S) — HOmA(X,X) — HomA(X, S/)
— Ext) (X, S) — Ext} (X, X) =0.
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Since dim Hom4(X,5’) = 1, Hom4(X, X) — Hom4(X,S’) is surjective, therefore
Ext,(X,S) = 0. Again by [@3), we get dim Ext};(S’,S) = 1. The dual reasoning
implies that dim Hom 4 (S, X) = 1 and Hom 4(S’, X) = Ext}(S’, X) = 0.

We proved the first part of the Lemma, (a) and (b). For (¢), applying Hom 4 (.S, —)
to & gives the exact sequence

0 = Ext}(S,5) — Ext}(S, X) — Ext}(S, S").

Exchanging the role of S and S’, we have already proven that dim Ext} (S, S’) is 0
or 1, so (¢) holds. Finally, (d) is dual to (c). O

We deduce a description of Filt(Sp, S1):

Lemma 4.32. Let {Sy, S1} be a semibrick with Sop % S1. Then we have an equiv-
alence of categories Filt(Sp, S1) = mod(kQ/I) where

0 (+)

and I is an ideal satisfying (QY) C I C (Q1) for N big enough, where (QY) is
the two-sided ideal generated by paths of length €. Moreover, Sy and S1 correspond
to the simple kQ/I modules.

Proof. We start with the case where A is basic with two isomorphism classes of
simple A-modules Sy and S;. Denote E = A/rad A. As A-modules, we have
E = Sy® 5. So, as mod E C mod A is fully faithful and Sy and S; are k-stones,
we get F 2~ Endg(F) 2 Enda(F) 2 k x k as k-algebras. So A is elementary in the
sense of [ARS], Section II1.1]. We consider the E-bimodule F :=rad A/ rad* A. By
[ARS| Theorem IIT.1.9(b)], there is a surjective morphism ¢ : Tg(F) — A where
Tg(F) is the tensor algebra @, <, F®=™ and (FV) C Ker¢ C (F?). Let eg and
e, be orthogonal primitive idempotents corresponding to Sy and S; respectively.
For i,5 € {0,1}, dime;Fe; is the multiplicity of S; as a direct summand of the
E-module Fe;, that is, by [ARS] Proposition ITI.1.15(a)], dim Ext} (S}, S;). As Sp
and S; are stones, Ext!(Sp,So) = 0 = Ext}4(S1,S1). Moreover, by Lemma E3T]
dim Ext}, (S, S1) < 1, and dim Ext}(S1,S0) < 1, so we deduce from the above
discussion that Tr(F) is a quotient of kQ. The result follows in this case.
Consider now the general case. We know that W := Filt(Sp, S1) is a wide subcat-
egory. Moreover, as mod A is 7-tilting finite, using Theorem [LT6 W is functorially
finite. Hence, it is easy that a minimal left W-approximation P of A is a pro-
generator of W. So, by Morita theory, W = mod B for B = End4(P), which is
a basic finite-dimensional k-algebra and satisfies the assumptions of the previous
paragraph. The conclusion follows. O

From the above, we deduce the following characterization of polygons in tors A:

Proposition 4.33. Suppose that [U,T] is a polygon of tors A, and let {Sp, S1} =
S[U, T]. Depending on (dim Ext} (S, Sp),dim Extly(So, S1)), the polygon [U,T] is
labelled in the following way, where X; is the non-trivial extension of S1_; by S;:

2N S“/\ YN 1 R

\/ N / \ /. N A

(0,0) (1, 0) (0 ) (1,1).
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Proof. By Lemma[d32] W = Filt(Sp, S1) = mod(kQ/I) where
0 (s )

and I is an ideal satisfying (QY) C I C (Q1) for N big enough. According to
Proposition [£13] the labels in Hasseld, T] coincide with the labels in mod(kQ/I)
via the equivalence above. Therefore, we can suppose that A = kQ/I. Then the
computation of Hasse(s7-tilt A) is straightforward as A is a Nakayama algebra with
two simple modules. O

We deduce the following proposition.

Proposition 4.34. For S1,Ss € brick A, the following are equivalent:

(i) There exists a semibrick {S1,S1} such that Sa € Filt{S1, 51} \ {S1};
(il) Sy = Sy or there exists a brick S} € mod A such that one of the following
situations occurs:
o dim Eth(Sl, S1) =1 and there is an extension 0 — S7 — Sy — S1 —
0,
o dimExt!(S],S1) = 1 and there is an extension 0 — S; — So — S| —
0.

Moreover, in (i), {S1, S1} is automatically a semibrick.
Proof. (i) = (ii). If Sy % Sa, this is an immediate consequence of Proposition 433
(ii) = (i). Suppose that there exists a short exact sequence
£:0— 85 =8 — 857 —=0.

Applying Hom 4 (S, —) to £ gives the long exact sequence

0— HOmA(Si, S1) — HOmA(Si, Sg) — HOmA(Si, Si)
(4.4) — Ext!y(S],81) — Ext}y (S}, Sy) — Ext!y(S},S]) = 0.
Therefore, as dim Ext!y (5], S1) = 1 and ¢ does not split, we get Ext} (S}, Ss) = 0.
Then, applying Hom 4(—, S2) to & gives the exact sequence

0 — Hom (5], S2) — Homa(S2, S2) — Hom(S1, S2) — Ext}y (57, S2) =0,

so Hom4(S7,52) = 0 and dimHom4(S1,52) = 1. Using (£4) again, we obtain
Hom 4(S7,S1) = 0. Applying Hom 4(S1, —) to £ gives Hom 4(S1,S7) = 0. So Sy and
S are orthogonal, and we have the assertion. O

Proof of Theorem 30l By Proposition 134 we get that ~»,¢ and ~»q coincide.
As, by Theorem [£.23] ~» and ~»p¢ coincide, the result follows. a

The following useful observation will be used in Section [

Proposition 4.35. Let A be a finite-dimensional k-algebra that is T-tilting finite
such that all bricks of mod A are k-stones. Then for S € brick A that is not simple,
there is a semibrick {S1,S2} such that dim Extl(Ss,S1) = 1 and a short ezact
sequence 0 — S; — S — Sy — 0.

Proof. By Proposition B.I06] there is a simple A-module Sy such that So ~» S. By
Theorem [£30, Sy ~~q S. As Sy % S, by definition of the doubleton extension
order, there exist two bricks S7 and So with dim Eth(SQ, S1) =1 and a short exact
sequence 0 — S; — S — Sy — 0. By Proposition d34] {S7, S2} is a semibrick. O
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5. ALGEBRAIC LATTICE CONGRUENCES ON TORSION CLASSES

5.1. General results on morphisms of algebras. Let A be an abelian category.
A full subcategory T of A is a torsion class in A if it is closed under factor objects
and extensions. Dually we define a torsion-free class in A. The classes tors A of
torsion classes and torf A of torsion-free classes in A are ordered by inclusion.

The following observation is a starting point of this section.

Proposition 5.1. Let A and B be abelian categories.

(a) Let F : A — B be a right exact functor. Then we have order-preserving
maps F™* : tors B — tors A and F : torf B — torf A given by

FY(T)={XcA|F(X) €T} and F.(F):=F*(t8F)t4

(b) Let G : B — A be a left exact functor. Then we have order-preserving maps
G* : torf A — torf B and G, : tors A — tors B given by

G*(F)={X €B|G(X) € F} and G.(T):="8G"(T+*).

Proof. (a) Fix T € torsB. Let 0 - X =Y — Z — 0 be an exact sequence in
A. Then F(X) - F(Y) — F(Z) — 0 is an exact sequence in B. If Y € F*(T),
then F(Y) € T, so F(Z) € T. Thus Z € F*(T). Similarly, if X, Z € F*(T), then
F(X),F(Z) e T and hence ImF(v) € T so F(Y) € T. Thus Y € F*(T). Clearly
F* is order-preserving.

Let F € torf B. Clearly F,(F) is a torsion class in A since it is defined by (—)14.
Since +#(—) : torf B — tors B and (—)*+ : tors A — torf A are order-reversing, F,
is also order-preserving.

(b) This is dual to (a). O

A torsion pair is a pair (T, F) consisting of a torsion class 7 in A and a torsion-
free class F in A such that Hom4(7,F) = 0, and for any X € A, there exists a
short exact sequence 0 - T — X — F — 0 with T'€ T and F € F. In this case,
we have T = L4 F and F = T4,

We say that A has enough torsion-free classes if for any torsion class T in A,
there exists a torsion-free class F in A such that (7, F) is a torsion pair. Dually we
define for A to have enough torsion classes in an obvious way. Finally, we say that
A has enough torsion pairs if is has enough torsion classes and enough torsion-free
classes.

In Definition 2.I] we gave the concept of adjoint pairs of order-preserving maps.
Any adjoint pair of functors induces an adjoint pair of order-preserving maps.

Proposition 5.2. Let A and B be abelian categories, and (F': A — B, G: B — A)
be an adjoint pair of functors.
(a) If B has enough torsion pairs, then (G, : tors A — torsB, F* : torsB —
tors A) is an adjoint pair.
(b) If A has enough torsion pairs, then (Fy : torf B — torf A, G* : torf A —
torf B) is an adjoint pair.

Proof. (a) For S € tors B, we take a torsion pair (S,F) in B. Then, for T € tors A,
we have 7 C F*(S) if and only if F(7) C S if and only if Homg(F(T),F) = 0.
Since (F,G) is an adjoint pair, this is equivalent to Hom4(7,G(F)) = 0. This
holds if and only if G*(7+4) D F. As B has enough torsion classes, we have
F = (tsF)ts and G*(T+4) = (+18G*(T+4))1Ls. Therefore, G*(T+4) D F if and
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only if G.(T) = 18G*(T+4) C 18F = S. We have shown that (G, F*) is an
adjoint pair.

(b) For opposite categories A°P and B°P, we have an adjoint pair (G°P : B°P —
AP FOP : A°P — B°P). By (a), this gives rise to an adjoint pair (F? : tors B°P —
tors A°P, G°P* : tors A°P — tors B°P). Using natural identifications tors B°P = torf B
and tors A°P = torf A, the desired assertion follows. a

We apply these observations to morphisms of algebras. It is immediate that,
for a finite-dimensional k-algebra A, mod A has enough torsion classes and enough
torsion-free classes. In the rest of this subsection, let ¢ : A — B be a morphism of
finite-dimensional k-algebras. We denote the associated restriction functor by

E := 4(—): mod B — mod A,

which is an exact functor. Moreover we have a right exact functor E) and a left
exact functor E, given by

E),:=B®4 —:modA — modB and E,:=Homyu(B,—): modA— modB,

which give rise to adjoint pairs (Ey, E) and (E, E,). For T € tors A and S € tors B,
we define:

d_(T):=E*(T)={Y €mod B | oY € T},
¢4 (T) == E(T) =1 2{Y e mod B | ,Y € T+4},
¢T(S) = FE5(S)={X emodA| B®s X € S},

We summarize the following basic properties.

Theorem 5.3.

a) ¢_ and ¢4 are order-preserving maps tors A — tors B.
) ¢ and ¢~ are order-preserving maps tors B — tors A.
) (¢4 :torsA — tors B, ¢T : tors B — tors A) is an adjoint pair.
d) (¢~ :torsB — tors A, ¢_ : tors A — tors B) is an adjoint pair.
) The maps ¢_ : tors A — tors B and ¢T : tors B — tors A are morphisms of
complete meet-semilattices.
(f) The maps ¢ : tors A — tors B and ¢~ : tors B — tors A are morphisms of
complete join-semilattices.
(g) For any T € tors A, we have ¢p_(T) C ¢, (T).

Proof. ((a))) These are shown in Proposition 511

((c))((d)) These are shown in Proposition

((e))((£)) These follow from ((c)), and Propositions

((g)) Let Y € ¢_(T), i.e. AY € T. Then we have, for all Z € mod B satisfying
AZ € T*+4, Homp (Y, Z) C Hom4(4Y, 4Z) = 0. Therefore

Yete{ZemodB|aZe T} =0, (T). 0

We will observe in Example [5.5(a) below that, contrary to what one might have
expected given Theorem B3|((g)), ¢~ (S) C ¢7(S) does not necessarily hold for
S € tors B in general. We give a sufficient condition for this to hold.

Recall that we call a morphism ¢ : A — B of finite-dimensional k-algebras an
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epimorphism if it satisfies the following three equivalent conditions [Stol Proposi-
tions 1.1, 1.2], [Sil, Proposition 1.1], see also [Ste]:

e ¢ is an epimorphism in the category of rings;
e B®4 B = B through multiplication;
e the functor 4(—) : mod B — mod A is fully faithful.

Note that, while a surjective morphism of rings is an epimorphism, the converse is
far from being true, e.g. the following inclusion is a ring epimorphism:

b kE k . k k
10k k k|’
For ring epimorphisms, we have the following property.

Proposition 5.4. Let ¢ : A — B be an epimorphism of finite-dimensional k-
algebras. For any S € tors B, we have ¢~ (S) C ¢ (S).

Proof. Let S € torsB and F := St2. Since ¢ is an epimorphism, we have
Hom4 (B, a(—)) = Homp(B, —) = idmod 5 and hence

AF C{Y € mod A | Homu(B,Y) € F}.

Assume X € ¢ (S§), that is, Hom4(X,Y) = 0 holds for any Y € mod A satisfying
Homy4(B,Y) € F. Thus Homp(B ®4 X, F) = Hom4 (X, 4F) = 0 holds. Therefore
B®y X €S and we have X € ¢7(S). O

The following example shows that ¢ and ¢_ are not necessarily morphisms of
join-semilattices, and ¢~ and ¢, are not necessarily morphisms of meet-semilattices.

Example 5.5.

(a) Let A = k and B be an arbitrary finite-dimensional k-algebra with n > 2
non-isomorphic simple modules Sy, Sa, ..., S,. For any S € tors B, it is
easy to check that

0 if S # mod B _ 0 iftS=0
+ _ _

¢97(S) = { modA ifS=modB 4 9 (5)= { mod A if S # 0.

For all i = 1,...,n, FiltS; # mod B, while \/, FiltS; = mod B so ¢* is
not a morphism of join-semilattices. In the same way, for all i = 1,...,n,

+S; # 0, while A, 18; =050 ¢~ is not a morphism of meet-semilattices.

(b) Let A be a finite-dimensional algebra with n > 2 non-isomorphic simple
modules Sy, So, ..., S,. We consider an embedding ¢ : A < B where B is
a matrix algebra B, which is simple. The only torsion classes in mod B are
0 and mod B. For T € tors A, by Theorem B3l((c)), we have ¢, (T) = 0 if
and only of T C ¢™(0) if and only if B®4 T = 0. So we have

f0 #BesT=0 {0 iaB¢T
¢+(T){ modB if Be,TA0 ™ ‘MT){ modB if 4B € T

For any i = 1,...,n, as -.5; contains the projective cover P; of S; for j # i.
As B4 P; # 0, we have ¢4 (+S;) = mod B. On the other hand, A; +S; =0,
S0 ¢4 is not a morphism of meet-semilattices. Since B is sincere as an A-
module and n > 2, we have 4B ¢ Filt S;, so ¢_(FiltS;) = 0. On the other
hand, \/, Filt.S; = mod A, so ¢_ is not a morphism of join-semilattices.
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Let us fix a surjective morphism ¢ : A — B of finite-dimensional k-algebras. In
this case, the functor 4(—) : mod B — mod A is fully faithful, and we can regard
mod B as a full subcategory of mod A consisting of A-modules annihilated by Ker ¢.
Then mod B is closed under submodules and factor modules in mod A. We have

(B®a =)0 a(—) =idmod B = Hom4 (B, —) 0 4(—).
For a subcategory C of mod A, we consider the subcategory
C :=CNmodB C mod B.
We get the following basic properties.

Proposition 5.6.
(a) If X is a T-rigid A-module, then B ®4 X is a T-rigid B-module.
(b) There is a commutative diagram

T-rigid A P ftorsA

e =

T-rigid B f-tors B.

Fac —

Proof. (a) Let P, — Py — X — 0 be a minimal projective presentation of X in
mod A. Then X is 7-rigid if and only if the induced map Hom(Py, X) — Hom(Py, X)
is surjective, see [AIR] Proposition 2.4]. Using this, it is easy to see that if X is a
7-rigid A-module, then B ® 4 X is a 7-rigid B-module.

(b) Suppose X is a 7-rigid A-module. By (a), B®4 X is a 7-rigid B-module. It
is clear that Fac(B® 4 X) C Fac X. On the other hand, if Y € Fac X, the surjective
map X" — Y factors through B ® 4 X", showing that Y is in Fac(B ®4 X). O

Proposition 5.7. Let ¢ : A — B be a surjective morphism of finite-dimensional
k-algebras.
(a) If (T, F) is a torsion pair in mod A, then (T, F) is a torsion pair in mod B.
b) o= (=06
(C) ﬂo ¢+ = idtorsB = (_) op.
(d) (=) :tors A — tors B is a surjective morphism of complete lattices.
(e) For any S ctors B, the set {T €tors A | T =8} is the interval [p~(S), 1 (S)]
in tors A. Therefore 1| = ¢~ and 7' = ¢+.

Proof. Since 7 C 7 and F C F, we have Hompg(T,F) = 0. For any X €
mod B, take an exact sequence 0 - T — X — F — 0 with T € T and F € F.
Since mod B is closed under submodules and factor modules in mod A, we have
T €T and F € F. Thus the assertion follows.

(1)) The equation ¢_(T) = T is clear. Let F := T+4. Then {Y € modB |
AY € F} =F holds. Thus ¢, (7) =12F =T holds by ((a)).

Suppose S € tors B. Since (B®4 —)0 a(—) = idmod B, we have 4S C ¢1(S).

Thus by the definition of (=), we have S C ¢+(S). On the other hand, since

((=),¢") = (¢4, ¢™) is an adjoint pair by Proposition 53((c)), we have ¢+ (S) C S
by Proposition 22l Thus ¢+(S) = S holds.
The adjoint pair (¢, (=)) = (¢, ¢—) gives ¢~ (S) 2 S. We have

St# C F:={X € mod A | Hom,(B, X) € §t#},
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and hence ¢~ (S) = mod BN+t4AF C 15(8+5) =S.

((d)) By Theorem |5:{|, (—) is a morphism of complete lattices. By ,
m is surjective.

((e)) Suppose T = 8. Then in particular, ¢, (7) =T C S, so since (¢4, o) is
an adjoint pair by Proposition B.3|[(c)]), we have T C ¢*(S). Similarly, since S C
¢_(T) and (¢~,¢_) is an adjoint pair by Proposition BE3((d))), we have ¢~ (S) C
T. O

As we saw, when ¢ : A — B is surjective, ¢_ = ¢ = m is automatically a
morphism of complete lattice. We give an open problem about ¢ and ¢, which
are much more difficult to understand.

Problem 5.8. Characterize the surjective morphisms ¢ : A — B of k-algebras for
which ¢ : tors B — tors A and ¢~ : tors B — tors A are morphisms of complete
lattices.

We know that when ¢ : A — B is surjective, then ¢_ = ¢, = m preserves
functorial finiteness. A question of interest is the following one.

Problem 5.9. For a morphism ¢ : A — B of k-algebras, for each of ¢™, ¢7, ¢
and ¢_, characterize when they preserve functorial finiteness.

We give an example of a non-7-tilting finite algebra such that Problem has
a positive answer, which also shows some difficulty to solve the problem in general.
Moreover, this example shows that the answer to Problem [5.9is not always positive.

Example 5.10. Let k& be an algebraically closed field and @,, the m-Kronecker
quiver

for m > 2 and A,, = kQ,,. The Hasse quiver of s7-tilt A,, = f-tors A,, is given by

/>P1
Amzpl@PQ \0

\

PooPs—Ps®Py— —L®ls—1L&LL,—1
where Py; 1 := 77 (Aue1) and Poiio := 7 %(A,e2) are preprojective modules,
and Ip;p1 := 7(D(ead,,)) and Iyiio = 74(D(e1A,,)) are preinjective modules
where D = Homy(—, k). See also Example for a more detailed description of
Hasse(tors A) when m = 2.

Let B := As/(az). Then we have mod A3 = mod B, Fac P; = add P; and 0 = 0.

Any torsion class T corresponding to the preprojective 7-tilting modules except
Ay satisfies T = S := add(Bey @ Ss). In this case, ¢*(S) = Fac(P, @ P3) belongs
to f-tors Ay, but ¢~ (S) ¢ f-tors Ay. Indeed, ¢~ (S) = T(X(1,0)) where X(; ¢y is the
regular module of dimension vector (1, 1), a; acting as 1 and ag acting as 0.

Similarly, any torsion class T corresponding to the preinjective support 7-tilting
modules except 0 satisfies 7 = &’ := addS,. In this case ¢~ (S’) = add Sy €
f-tors As, but ¢1(S’) ¢ f-tors Ay. Indeed, ¢+ (S’) consists of X € mod As such that
a X = e1 X, that is ¢7(S") = T({X(x,4) }uz0), using the above notation.
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Suppose that ¢ : A — B is a surjective morphism of k-algebras. If A is 7-
tilting finite, by Proposition |EZ|7 m : f-tors A — f-tors B is surjective as
f-tors A = tors A. However, if we drop the assumption that A is 7-tilting finite,
then it is not necessarily surjective, as shown by the following example, developed
by the second author with Yingying Zhang.

Example 5.11. Keeping the notation of Example .10, consider the two algebras
A= As and B = Ay = As/(as). Then (—) : f-tors A — f-tors B is not surjective.
Indeed, consider T € f-tors A. Then T = FacT for some T € sr-tilt A. By immedi-
ate inspection of the Auslander-Reiten quiver of mod A in Example [5.10, there are
three possibilities, excluding the case T =0 or T' = A:

e T'=P, = S,. In this case, T = add S;.

o T = 1,01 for £ >0 (with Iy = 0). In this case, 7 = TNmod B = add S5.
Indeed 7 = add(l;),<¢ and, for ¢ > 0, I; € mod B if and only if agl; = 0 if
and only if ¢ = 1 and hence I; = I} = Ss.

o T = P,@® Py for £ > 2. In this case, T = Fac P, holds. Indeed T contains
all indecomposable A-modules except P; for i < ¢, and the result follows
by a similar argument as above.

So the image of (—) consists of mod B, Fac P, add S, add Sy and 0.

5.2. Algebraic lattice quotients. We are now interested in lattice quotients of
the form tors A — tors(A/I). We recall that the congruence corresponding to such
a lattice quotient is called algebraic.

We summarize some results of Section [5.1] in lattice-theoretical language in the
following result.

Theorem 5.12. Let A be a finite-dimensional k-algebra.
(a) For any I € ideal A, the map T — T Nmod(A/I) is a surjective morphism
of complete lattices from tors A to tors(A/I).
(b) The congruence O inducing tors A — tors(A/I) is an arrow-determined
complete congruence.
(¢) The map ny : ideal A — Con(tors A) sending I to Oy is a morphism of
complete join-semilattices.
(d) The class of T-tilting finite algebras is closed under taking factor algebras.
Proof. (a) This is Proposition B7(d).
(b) It is complete by (a). Then it is arrow-determined by Theorem BIi(b) and
Proposition
(c) Let T C ideal A. We will write Y Z for > ;. ;I. For I € Z, we have
mod(A/ > 7) C mod(A/I). So if T,U € tors A satisfy T =g, U (that is 7 N
mod(A/I) = UNmod(A/I)), they also satisfy TNmod(A/ > Z) =UNmod(A/> T),
so T =ey., U. We proved that Oy < Oy 7 for any I € Z. So Viez©r <0y 7. In
the rest, we prove the opposite inequality.
For I € ideal A and T € tors A, let 7! := ng (T) for simplicity. By Proposition
BE((e)), we get
T ={X emodA|(A/I)®4 X € TNmod(A/I)} ={X c¢mod A | X/IX € T}.
Let now I,J € ideal A. For T € tors A, we have
(TH ={X e mod A | (X/JX)/(I(X/IX)) € T}

={XemodA|X/(I+ )X eT}=TUD,
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Therefore, if T,U € tors A satisfy T =e,,, U, we have (T1) = (U")’. So T! =¢,
U'. Finally, we get the sequence

TE@I TI =0, Z/[I =0; Z/{,

so T =e,ve, U. We have proved that ©; VO ; = 0Oy ;.
As A is finite-dimensional, there exists Z/ C 7 finite such that > 7' =Y Z. So

Oyr=0yr=\/6:<\/ 6o

IeT’ Il

(d) This is an immediate consequence of (a). O

Thanks to Theorem [E.12] we have a morphism of complete join-semilattices
na : ideal A — Con®(tors A), I — O;. As this map is usually not surjective, and as
the case of lattice quotients coming from algebra quotients is of particular interest,
we study the image AlgCon A of 4. As a consequence of Theorem [B.12] we get:

Theorem 5.13. The set AlgCon A of algebraic congruences is a complete join-
sublattice of Con(tors A), of Con®(tors A), and of Con®®(tors A). Hence it is a com-
plete lattice.

Proof. By Theorem [5.12(c), 14 is a morphism of complete join-semilattices. Hence
its image AlgCon A is a complete join-sublattice of Con(tors A), and hence itself
a complete lattice. Consider Z C ideal A. We know that @ZI is the smallest
congruence that is bigger than all ©; for I € Z. Additionally, by Theorem B.12(b),
O~z € Con®(tors A) C Con“(tors A) C Con(tors A) so Oy~ 7 is also the smallest
complete congruence and the smallest arrow-determined complete congruence that
is bigger than all ©; for I € Z. So AlgCon A is also a complete join-sublattice of
Con¢(tors A) and Con®(tors A). O

Recall that by Proposition [Z77] Con®(tors A) is a complete meet-sublattice of
Con¢(tors A) which is in turn a complete meet-sublattice of Con(tors A). In both
cases, it is clear that they are not complete join-sublattices, so the three statements
of Theorem [E.13] are not just obtained by composition of morphisms of complete
join-semilattices.

Note that 14 is not necessarily a morphism of lattices:

Example 5.14. Let A be the path algebra of the quiver

1<-2-=3,

and let I; := (a) and I := (b). Then I; N Iz = 0 holds. Notice that Hasse(tors A)
contains an arrow Fac P, — Fac(Py/S; @ P»/Ss), that is contracted by ©r, and
Oy, hence by O, A O1,. So we have O,n1, = Og # O, A Or,. This example also
shows that AlgCon A is not a sublattice of Con(tors A) since it is easy to check that
O, N Oy, is not an algebraic congruence.

We get the following important characterization of an algebraic congruence ©; in
terms of bricks. As mod(A/I) is a full subcategory of mod A, we naturally identify
brick(A/I) with the subset {S € brick A | IS = 0} of brick A.
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Theorem 5.15. Let A be a finite-dimensional k-algebra and I € ideal A. Then the
following hold:

(a) An arrow q in Hasse(tors A) is not contracted by ©p if and only if Sy is in
mod(A/I). Moreover, in this case, it has the same label in Hasse(tors A)
and Hasse(tors(A/I)).

(b) Consider two torsion classes U C T in mod A. We have T =o, U if and
only if, for every brick S in T NUL, IS # 0.

We start by a lemma.

Lemma 5.16. Under the assumptions of Theorem [BI5(b), the bricks in ?mﬁl
are exactly the bricks of mod(A/I) that are in T NU*.

Proof. Recall that T = T N mod(A/I) and U = U N mod(A/I). It is immediate

that 4~ = U* N mod(A/I) and brick(A/I) = brick A N mod(A/I), so the result
follows. O

Proof of Theorem [L15. (b) By definition, T Ee_a“ ifand only if T = U. According
to Theorem[3:3((a), this holds if and only if T N/~ contains no brick. So, by Lemma
16l 7 =e, U if and only if no brick of 7 NU~* is in mod(A/I), and the result
follows.

(a) Let ¢ : T — U be an arrow in Hasse(tors A). By definition, S, is the unique
brick in 7 NU*. Hence, by (b), ¢ is contracted, that is 7 = i, if and only if
1S, # 0, if im_nd only if S, ¢ mod(A/I). If it is not the case, according to Lemma
[BI6, 7 NU  contains only the brick S;, hence the arrow 7 — U is labelled by
Sq- O

Recall that the lattice Con L of congruences on a lattice L has & < O if and only
if for x,y € L, if x =¢ y implies z =g y. When ® and © are arrow-determined,
® < © if and only if the set of Hasse arrows contracted by @ is contained in the
set of arrows contracted by ©. As an immediate consequence of Theorems
and 5I5] we have the following characterization of AlgCon A, the restriction of
Con(tors A) to algebraic congruences.

Corollary 5.17. Let A be a finite-dimensional k-algebra. Then I,J € ideal A
satisfy ©r < O in AlgCon A if and only if brick(A/I) D brick(A/J).

Proof. First, if brick(A/I) 2 brick(A/J), by Theorem BI5(b), arrows contracted
by ©; are also contracted by ©;, hence we get ©; < ©; as ©; and ©; are arrow-
determined by Theorem BI2(b).

Suppose now that O; < ©; and let S € brick(4/J). By Theorem B3|(c), there
exists an arrow 7 — U in Hasse(tors A) labelled by S. By Theorem EI8(b), S €
brick(A/J) implies that T #e, U, hence, as Oy < O,, T #o, U so, again by
Theorem [5.I5(b), there is a brick in 7 NU~ that is in mod(A/I). As S is the only
brick in 7 NU~L, S € brick(A/I). O

We now relate AlgCon A and AlgCon(A/I) for an ideal I of A.
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Proposition 5.18. Let A be a finite-dimensional k-algebra and I € ideal A. Then
there exist two unique maps t; and 5 making the following diagram commutative:

ideaI(A/I)CL ideal A 227, ideal(A/I)

WA/Ii nAl inA/I

AlgCon(A/I)—— AlgCon A —— AlgCon(A/I),

where ¢ : A — A/ is the canonical surjection. Moreover,

(a
(

(
(
(

€r o tr = idaigCon(A/1) 5

troer(®) =0V 0O for any © € AlgCon A ;

Imer = [O1,04] (©4 identifies all torsion classes) ;
L1 18 a morphism of complete lattices ;

e) €1 is a morphism of complete join-semilattices.

o o

)
)
)
)

oL

Proof. Let J be an ideal of A/I. The congruence n4(¢~1(J)) corresponds to the
surjective complete lattice morphism

tors A — tors(A/I) — tors((A/1)/J) = tors(A/¢p~1(J))

so it only depends on 74,7(.J), so ¢1 exists. As 14,y is surjective, ¢7 is unique.
Suppose that Jy, Jo € ideal A satisty n4(J1) = na(Jz2). By Corollary 517, this is
equivalent to brick(A/Jy) = brick(A/Jz2). This implies

brick(A/(I +.J1)) = {S € brick(A/.J;) | IS = 0}
= {S € brick(A/.J5) | IS = 0} = brick(A/(I + J5)),

so by Corollary 517 again, n4,7(J1 +1) = na;1(J2 4 1I) and £ exists and is unique
as before.

(a) As the composition of the two maps of the upper row is the identity of
ideal(A/I), and 1,4, is surjective, e7 o t7 = idajgcon(a/1)-

(b) For J € ideal A, ¢=Y(J + I) = J + I, so, as 14 is a morphism of complete
join-semilattices, na (¢~ (J+1)) = na(J)Vna(I) = na(J)VO;. On the other hand,
using the commutative diagram, na(¢=(J + 1)) = t1(er(na(J))), so the assertion
follows as 74 is surjective.

(c) This is a clear consequence of (b).

(d) By (a) and (c), ¢; is an inclusion, with image a complete sublattice, hence ¢;
is a morphism of complete lattices.

(e) By Theorem B.12(c), na and 74,7 are both morphisms of complete join-
semilattices. Moreover, it is elementary that J +— J 4 [ is a morphism of com-
plete join-semilattices. It follows easily that €; is a morphism of complete join-
semilattices. (]

Remark 5.19. In Proposition 5.I8] &; is not a morphism of lattices in general. For
example, consider the Kronecker quiver as in Example Let I = (a), J = (b)
and J' = (a —b). As 14 is a morphism of complete join-semilattices, we get easily
€1(0©7) = €1(©y) = O). On the other hand, JS(1.9) = 0 and J'S(1.q) = 0. Tt is
immediate that the only ideal that annihilates both S(.0) and S(1.1) is 0, so, by
Theoremm 0, A0, = 0. Finally, EI(@J/\@J/) =0# G(b) = E[(@J) /\E](@J/).

We get the following corollary of Theorem
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Corollary 5.20. Let A be a finite-dimensional k-algebra and I € ideal A. Then
the following are equivalent:

(i) I € 1o :=\geprick 4 aNN S where ann S := {a € A | aS = 0};
(ii) na(l) is the trivial congruence;
(iii) The map T — T Nmod(A/I) is an isomorphism from tors A to tors(A/I).
(iv) The maps ¢y and €4 of Proposition B8] are inverse of each other.
Moreover, (i), (ii), (iii), (iv) imply:
(v) The lattices AlgCon(A/I) and AlgCon A are isomorphic.
and (v) implies (1), (i), (iil), (iv) if A is T-tilting finite.
In particular, Iy is the mazimum of ideal A satisfying each of these properties.

Proof. (i) < (ii) It is an immediate consequence of Corollary 517

(ii) < (iii) It is true by definition of n4 (7).

(ii) < (iv) By Proposition BI8(a) and (b), ¢; and e; are inverse of each other if
and only if ©7 = na(]) is trivial.

(iv) = (v) It is trivial.

(v) < (iv) If A is 7-tilting finite, hence # tors A < oo by Theorem .7, we have
# AlgCon A < # Con A < co. Therefore, if AlgCon(A/I) = AlgCon A, (iv) holds by
Proposition [5.I8(a). O

We get the following corollary, extending a result of [EJR].

Corollary 5.21. Let A be a finite-dimensional k-algebra and Z the center of A.
Then for any I C Arad Z, na(I) is the trivial congruence.

Proof. Fix a € rad Z. For any A-module X, we have an endomorphism a : X — X
which is not an isomorphism. If X is a brick, this has to be zero. Thus any
S € brick A is annihilated by a, so n4(rad Z) is trivial by Corollary a

Corollary 5.2Tlimmediately implies that if I C Arad Z, the projection s7-tilt A —
sT-tilt(A/I) is an isomorphism, which is the original result of [EJR].

By Theorem and Corollary [5.20] there is a surjective complete lattice mor-
phism ideal(A/Iy) — AlgCon A. Notice that it is not necessarily an isomorphism:

Example 5.22. Consider

y
A=k ( u C 1 C 2 3 v ) /(yx, zy, u?, v, zoy, vyu, yur, urv).

Then A has 10 support 7-tilting modules. We depicted Hasse(tors A) and its brick
labelling in Figure[8l Moreover, it is easy to see that Iy = 0, and, however, there is
a family of ideals indexed by P*: I(y.,) = (Azv + puz).

6. THE PREPROJECTIVE ALGEBRA AND THE WEAK ORDER

In this section we give background on the weak order on a Weyl group, on prepro-
jective algebras, and on the connection between the weak order and preprojective
algebras.
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FIGURE 3. An example where ideal(A/Iy) % AlgCon A

6.1. Weak order on Weyl groups. Let @ be a Dynkin quiver, that is, a quiver
whose underlying graph is one of the following simply laced diagrams:

A, P — (n=2)—(n—1) —n;
I
D, P — (n—2) — (n—1);
4

Es 1—2—3—5—6;

7

|
E; 1—2—3—4—5—6;

8

|
EBs 1—2—3—4—5—6—T.
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FIGURE 4. The weak order on &4

The Dynkin quiver () determines a group called the Weyl group W of @, which
depends only on the underlying undirected graph of (). We label the vertices of @
as above and let S := {s1,...,8,}. The Weyl group W of @ is the group given by
the presentation

s?=1 foralli=1,...,n
W = <S 5;8;8; = sj5;8; for all < and j adjacent in @ > .

5;8; = 5;5; for all 7 and j not adjacent in @
The best known example of a Weyl group is the symmetric group &,,41, which is
the Weyl group associated to a quiver of type A,. The generators sq,...,s, are
the simple transpositions (1,2) through (n,n + 1). We represent each element o of
G411 by its one-line notation o(1)---o(n+ 1). Background on the combinatorics
of Coxeter groups can be found in [BBJ.

We will call an expression s;, - - - s;, a word for w if w = s;, ---s;, holds in W.
The minimal length (number of letters) of a word for w is called the length of w
and denoted ¢(w). A word for w having exactly ¢(w) letters is called a reduced word
for w.

The (right) weak order on W is the partial order on W setting v < w if and only
if there exists a reduced word s;, - - -s;, for w such that, for some j < k, the word
si, * -+ 8i; is a reduced word for v. Importantly for our purposes, the weak order on
W is a lattice (see, for example, [BBL Theorem 3.2.1]). Arrows of Hasse W are of
the form ws — w for s € S whenever £(ws) > {(w).

As an example, we describe the weak order on permutations. An inversion of
o € 641 is a pair (0(i),0(j)) such that 1 <i < j <n+1and o(i) > o(j). The
length of ¢ is the number of inversions of o. The weak order on &,, 41 corresponds
to containment of inversion sets. Hasse arrows are 7 — ¢ were 7 is obtained from
o by swapping two adjacent entries o(i) < o(i + 1). We illustrate the weak order
on &4 in Figure @

We are interested in lattice congruences on and lattice quotients of the weak
order. Background on congruences and quotients of the weak order can be found
in [R4}[R5].
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There is a hyperplane arrangement associated to W which will play a role in
what follows. Specifically, R™ can be equipped with a positive-definite symmetric
bilinear form such that each element s; acts as reflection in a hyperplane H;. It
follows that any element of the form ws;w™! acts as reflection in some hyperplane.
It is less obvious, but still known, that every element of W that acts as a reflection is
conjugate to some s;. The collection of all these hyperplanes is called the reflection
arrangement.

The complement of the reflection arrangement is a union of open cones. We refer
to the closure of each of these cones as a chamber. We can view the collection of
the chambers and their faces as a fan F, the Coxeter fan. Fix a chamber D in the
Coxeter fan whose facets are given by Hy,..., H,. We call this cone the dominant
chamber. There is a natural bijection between the chambers of the Coxeter fan and
the elements of W, given by sending w to the chamber wD.

For any lattice congruence © on W, there is a corresponding coarsening of the
Coxeter fan: Since elements of W correspond to chambers, each congruence class
is a set of chambers. The union of the chambers corresponding to a congruence
class is itself a convex cone, and the set of such cones is a complete fan Fg that
coarsens F. (See |[R1, Theorem 1.1].) By definition, the maximal cones of Fg
are in bijection with the elements of the quotient W/O. In fact, the arrows in
the Hasse quiver of W/© correspond bijectively to the pairs of adjacent maximal
cones in Fg. (This result can be obtained by concatenating [RI1, Theorem 1.1] and
[R1l Proposition 3.3] or by interpreting [R4, Proposition 9-8.6] in the special case
of the weak order on W.) As an immediate consequence, we have the following
proposition, in which a fan is said to be simplicial if for each of its maximal cones,
the facet normals for the cone are linearly independent.

Proposition 6.1. Given a lattice congruence © on W, the quotient W/© is Hasse-
reqular if and only if the fan Fo is simplicial.

6.2. Preprojective algebras and Weyl groups. Let Q = (Qg, Q1) be an acyclic
quiver with set of vertices Qy and set of arrows Q1. We define a new quiver @ by
adding a new arrow a* : j — i for each arrow a : i — j in Q). The preprojective
algebra of () is defined as

I=1Ig := k@/ Z (aa® — a*a)

a€Q1

Then, up to isomorphism, Il does not depend on the choice of orientation of the
quiver Q. It is well-known that II is finite-dimensional if and only if () is a Dynkin
quiver.

Now we assume that @ is a Dynkin quiver, and let W be the corresponding Weyl
group. For a vertex i € (Qy, we denote by e; the corresponding idempotent of II.
We denote by I; the two-sided ideal of II generated by the idempotent 1 —e;. Then
I; is a maximal left ideal and a maximal right ideal of II since @) has no loops. For
each element w € W, we take a reduced word w = s;, - - - s;, for w, and let

Iw::ﬁh “'h

P

The following result due to Mizuno is the starting point of this section.
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FIGURE 5. s7-tilt(Il) in type As

Theorem 6.2.

(a) [BIRSL Theorem III.1.9] I, does not depend on the choice of the reduced
word for w.
) Theorem 2.14] 11 is 7-tilting finite, and we have bijections

(6.1) W =5 s7-tilt IT = torsIT

gwen by w +— I, — Facl,,.
(¢) Ml Theorem 2.21] The bijections ([6.1]) give isomorphisms of lattices

(W, <OP) =5 (s7-tilt T, <) = (tors1I, C).

Note that in [M], right modules are considered rather than left modules, which
has the consequence that works with left weak order on W rather than right
weak order.

In type As, the weak order on W = &, is displayed in Figure @ The corre-
sponding support 7-tilting modules are shown in Figure [l

Recall that a join-irreducible element is called a double join-irreducible element
if the unique element which it covers is either join-irreducible or the bottom element
of the lattice. Theorem asserts that if W is a finite Weyl group of simply-laced
type and © is a lattice congruence on W, then the following conditions satisfy the
implications (i) = (ii) = (iii):

(i) © is an algebraic congruence.
(ii) W/O is Hasse-regular.
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(iii) There is a set J of double join-irreducible elements such that © is the
smallest congruence contracting every element of J.

The theorem also asserts that (iii) = (i) when W is of type A. At the end of this
subsection, we show that (iii) = (ii) and (iii) = (i) are not true for the preprojective
algebra of type Dy.

We now prove Theorem [[T3] except for the assertion that is specific to type A,
which is proved in Section [6.3] By the definition, any algebraic lattice quotient
of tors A is tors(A/I) for some I € ideal A. Thus the quotient is Hasse-regular by
Corollary 4.6l We see that (i) implies (ii).

It is easy to construct non-Hasse-regular quotients of the weak order, which
are therefore not algebraic quotients. For example, in Gy, each one of the sets
{2413 — 2143}, {3412 — 3142}, and {2413 — 2143, 3412 — 3142} is closed under
polygonal forcing (see Figure Hl), so by Proposition 2:4] each defines a lattice con-
gruence. However, the corresponding quotients are not Hasse-regular (each has one
or more vertices of degree 4 in the Hasse quiver).

The following theorem shows that (ii) implies (iii).

Theorem 6.3. Let W be a simply-laced finite Weyl group, and suppose that © is
a lattice congruence on W such that W/© is Hasse-reqular. Then there exists a set
S of double join-irreducible elements in W such that © = con(S).

Proof. Let x be a join-irreducible element that is maximal in the forcing order
among join-irreducible elements contracted by ©. It suffices to show that z is
double join-irreducible.

For w € W, write D(w) for the right descents of w, the set of simple reflections
which can occur as the rightmost letter in a reduced word for w. The set of elements
covered by w is {ws; : s; € D(w)}.

Suppose z is join-irreducible and let * — z, be the unique arrow of Hasse W
starting at «. Thus x, = xs; where s; is the unique element of D(z). If D(z.)
contains some element s;, then s; and s; do not commute (otherwise, s; € D(x)).
Thus ¢ and j are adjacent in the Dynkin diagram of W. Furthermore, since s; ¢
D(w), there is an arrow xs; — x in Hasse V.

Now suppose that z, is not join-irreducible, and not equal to e. Then D(z,)
contains at least two distinct simple reflections s; and s, with 7 and k each adjacent
to j in the Dynkin diagram. The arrow z — xs; is a side arrow in two distinct
hexagons, namely the intervals [rs;s;, zs;] and [zs;sg, zsk], as shown below:

/ xsiﬁx x /ﬁjSk \

TSiSj TSESj
! v J
T53558; 8, TS B4 TSESjSk
N

TS;8; TS;Sk

None of the arrows up from z or down from zs; in these hexagons are contracted by
O, because such a contraction would also force the contraction of x — xs;, contra-
dicting our assumption that = is maximal in forcing order among join-irreducible
elements contracted by ©. Since these arrows are not contracted, the cone C in Fg
corresponding to the ©-class of x and zs; has walls that contain the walls of the
Coxeter fan separating D from zs;D and from xs,D and separating xs;D from
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xsj5;D and xs;js,D. Thus the normal vectors to C' include the four vectors normal
to these four walls. Call these vectors 5y, B2, B3, and (4, associated to walls in
the Coxeter fan (and thus to arrows in the weak order) as indicated in the diagram
above. Also, write 3 for the vector normal to the wall separating zD from xs;D
(which is not a wall of ).

All the Coxeter-fan walls associated to the hexagon [zs;s;, xs;] contain a common
codimension-2 face. Thus in particular 3 is in the linear span of 51 and 5. Similarly,
B is in the linear span of B3 and 4. We have found a non-trivial linear relation on
the set {01, B2, B3, B4} This is a subset of the set of normal vectors to walls of C,
and we conclude that C' is not simplicial. So Proposition [6.1] implies that W/© is
not Hasse-regular. O

We explain in the following example why we cannot have (iii) = (i) or (iii) = (ii)
in other Dynkin types (see also Example [[T4] for an easier counterexample to
(iii) = (i) for a different finite-dimensional algebra):

Example 6.4. We consider the case D4 indexed as in the beginning of the section:

4
_ - .
Q= o < > B
— XA\ — X\
1. =2 =3
a* B
We consider the bricks
1 , 1 . 1
S= 2 and S'= 2 and S"= 2 .
34 3 4

Then we claim:

(a) S does not force S’, and S does not force S”.

(b) Any algebraic congruence contracting S contracts at least one of S’ and
S”.

(c¢) The smallest congruence contracting S is not algebraic.

(d) Let w = s9848382848351. Then I, is a double join-irreducible element and
the corresponding brick is S.

Together, these imply that (iii) # (i), taking J = {S}. Further, one can observe
that the quotient by the smallest congruence contracting S is not Hasse-regular,
proving that (iii) # (ii). This, of course, also constitutes a proof that (i) does not
hold for this quotient, by Corollary However, since this is a somewhat involved
calculation, we prefer the more conceptual argument for the non-algebraicity of the
quotient outlined above, and which we detail below.

Proof. (a) For (X : p) € P(k), let Iy, := (A\afB* + pay*) C II. Then Iq)S # 0
and (o.1)S" = 0. Thus Oy, contracts S but does not contract S’. So S does not
force S’. In the same way, using I(1.0), S does not force S”. Alternatively, the fact
that S forces neither S” nor S” follows immediately from Theorem E23]

(b) Since S'®S” € Fac S and S € Sub(S’®S5"), we have ann(S) = ann(S'®S") =
ann(S")Nann(S”). Let I be an ideal of IT such that ©; contracts S. Then I Z ann(S)
by Theorem BI0|a). Thus, at least one of I Z ann(S’) and I ¢ ann(S”) holds.
Again by Theorem [515(a), ©; contracts at least one of S” and S”.
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(c) By (a), the smallest congruence contracting S contracts neither S’ nor S”,
so it is not algebraic by (b).

(d) Let wg be the longest element of W. As all reduced expressions of wwg, which
are 9548389581 and S2S3848281, terminate by so81, wwy is double join-irreducible in
W. So, by Theorem [6.2] and because u — uwq is an anti-automorphism of W, we
get that I, is join-irreducible in s7-tiltII. We easily compute

L ! 11

and the brick labelling the arrow ¢ starting at I, is S by Proposition [£9l ]

6.3. The preprojective algebra and the weak order in type A. We continue
our discussion of the preprojective algebra of type A in Section 5 in [[RRT]. The
goal of this section is to provide more combinatorial and algebraic details about
the type A case. Some related results can be found in the recent preprint [K].
Throughout this section, let II be the preprojective algebra of type A,, that is
given by the quiver

with relations z1y2 = 0, z;y;41 = yix;—1 for 2 <i <n—1 and y,z,-1 = 0. We
identify the corresponding Weyl group W, s-tilt IT and tors IT by bijections (G.1]).
We denote by .7 the set of non-revisiting walks on the double quiver Q. By
definition, these are walks in Q which follow a sequence of arrows either with or
against the direction of the arrow, and which do not visit any vertex more than
once. We identify a walk and its reverse walk (for instance zoy, ! is identified with
YaToy ). We also include length 0 walks starting and ending at the same vertex.
We give a definition of string modules that fits this context. For a more general
version, see [WW]. For each S € .7, there is a string module X5 € mod 11 satisfying

e fori e @0, e;Xs = k if S contains ¢ and e; Xg = 0 otherwise;
e for ¢ € 1, q acts as idy, if S contains ¢ and acts as 0 otherwise.

The set Z of non-revisiting paths defined in the introduction is the subset of .%
corresponding to uniserial modules.
The main result of this section is the following.

Theorem 6.5.

(a) Bricks of modIl are exactly the string modules.
(b) For two bricks S and S’, we have S ~~ S if and only if S is a subfactor of
S’

We give an easy example.
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Example 6.6. The Hasse quiver of (brickII, ~) for n = 3 is:

1]
/

2 3]

3 1

13 2
2 2

2 L3

Recall that I.y. is the ideal of II generated by all 2-cycles and define
=11/ Ioye.

Proposition 6.7.

(a) We have Icyc = (Ngepricktr @NNS-
(b) There is an isomorphism of lattices

(=) : torsIT — torsIL, 7+ T N mod IL.
(c) We have brick IT = brick II.
For the proof of the proposition, we need an elementary lemma about ideals of II:
Lemma 6.8. For I € idealIl, I =span, (I N%)® (I NIcyc) as k-vector spaces.

Proof. As we have I = span, % & I.y., it suffices to prove I C span,(IN% )+ Icyc.
Let 4,5 € Qo. Using relations for 1I, we have e;lle; = pe;lle; where p € % is
the shortest path from i to j in Q. As ejlle; is a local ring with maximal ideal
ejlcycej, we get that either e;le; = e;llej or ejle; C pejleyce; C ejleycej. Therefore
e;le; Cspan, (I N{p}) P eilcyce;. Thus, I Cspan,(I N %)+ Iy holds. O

Proof of Proposition 61 (a) Any x € % is outside of the annihilator of the cor-
responding uniserial module. As any uniserial module is multiplicity free, hence a
brick, we deduce that % N (\gcprickrann S = 0. Hence by Lemma [6.8]

ﬂ ann S C Ieyec.
Sebrick IT
Let w := z1y2 + T2y3 + - - + Tp—1Yn. This is clearly a generator of I.y. which is
central in II. Hence by Corollaries 520 and B2T] Icye € (\geprick 1 @nN S-
(b) and (c) are immediate consequences of (a) and Corollary [5.20 O

Because of this proposition, from the point of view of this paper, we can restrict
our study to II.
We recall that an algebra presented by a quiver and relations kQ/I is gentle if

every = € Qg has at most two incoming and at most two outgoing arrows;
the ideal I is generated by paths of length 2;

for any g € @1, there is at most one ¢’ € Q with ¢q¢’ ¢ I;

for any g € @1, there is at most one ¢’ € Q1 with ¢'q ¢ I;

if q,¢',q¢" € Q1 with t(¢") = t(¢") = s(q) and ¢’ # ¢”, we have ¢'q ¢ I or
q"q¢ I;

e if q,¢',¢" € Q1 with s(¢') = s(¢") = t(q) and ¢’ # ¢, we have q¢' ¢ I or
qq" & 1.
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Then we get the following.

Proposition 6.9.

(a) The algebra 11 is gentle.
(b) There is a commutative diagram of bijections:

i-rigid T brick IT

H@rl—lZ ‘

iT-rigid [T == brick IT

X_ —

Proof. (a) As, clearly, II = kQ/I.yc, this is immediate from the definition.

(b) As I is gentle, it is special biserial. Therefore, by [WW], an indecomposable
II-module X is a string module or a band module. It is an easy verification that .7
is the set of strings, hence string modules are exactly the Xg’s. It is also easy that
there are no bands. Thus we obtain the bijection from .7 to indII. Using this, it
is immediate that ind IT = brick IT holds. In particular, the bijection of Proposition
AI0(a) becomes an equality ir-rigid I = brickII. We have brick II = brickIT by
Proposition 6.7(c).

Let T € ir-rigid 1. By Proposition 5.6lb), FacT N mod Il = Fac(Il @ T), so
by Theorem [0.I5(a), the labels of the arrow starting at FacT € j-lrr®(torsII) and
the arrow starting at Fac(Il ® T) € j-Irr(torsIl) coincide. Thus the diagram
commutes. ]

Proof of Theorem 6.3l (a) It follows from Proposition
(b) This is shown in Corollary O

Proposition 6.10. Let I be a preprojective algebra of type A and let I1 be as above.

(a) We have an isomorphism of lattices ideal % — ideal I1 sending S to span, S.
(b) The map ny : ideal I — Con W is injective.
(c) The morphism ng is an isomorphism of lattices ideal IT = AlgConI1.

Proof. (a) It is an immediate consequence of Lemma [6.8

(b) For S € ideal %, by Theorem [5.15](a), bricks contracted by ng(span;, S) are
those that are not annihilated by span; §. In particular, S corresponds to the set
of uniserial bricks that are contracted by ng(spany, S). Using (a), it implies that
I € ideal Il is determined by n(I).

(c) By definition AlgConII is the image of 7. So we have a bijection by (b). It
is order-preserving, so it has to be an isomorphism of lattices. O

We now prove Theorem [[.15]

Proof of Theorem [L18l (a) This is Proposition [6.7(a).

(b) This is Proposition

(¢) By Propositions [67, (18 and Corollary 520, nr(I) = nu(J) if and only if
(L + Ieye) = n(J + Ieye). By Proposition [EI0(b), this happens if and only if
I+1I.yc=J+ I By Lemmal6.8 we have I + Ioyc = span, (I + Ioye) N %) & Ieye
and J + Ioye = span, ((J + Ieye) N %) & Icyc. Therefore, n(I) = nr(J) if and only
if ([ 4+ Teye) NU = (J + Ieye) NU .
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To conclude the proof, it suffices to prove that (I + Ioye) N% = IN% (and, by
symmetry, (J + Ieye) V% = JN%). By Lemma [G.8, we have IT = span; (%) @ Iy
and I + Iy = span,(IN%) & I.yc. Thus the desired equality holds. O

We conclude by proving the part of Theorem [[L13] that is specific for type A.
Before that, we give an explicit description of double join-irreducible elements of
W =6,41. For 1 <i < j <n, wedefine d; j := s;5;41---5; and for 1 < j <14 < n,
we define d; j := s;5,—1 - - - 5; where the s; are the standard generators of &,,41.

Proposition 6.11. Double join-irreducible elements of G,,+1 are exactly elements
dij for1<i,j <n.

Proof. Let 0 € &,41 be double join-irreducible. Let s; be the rightmost simple
reflection in a reduced word for o. Since o is join-irreducible, this simple reflection
is unique. If o # s;, then since ¢ is double join-irreducible, the rightmost simple
reflection of os; must also be unique. This simple reflection cannot commute with
5, or else there would be two possible rightmost simple reflections for o. Thus,
this reflection is s;_1 or s;41. By symmetry, we can assume that it is s;_;.

If o # sj_15;, then consider the previous simple reflection in a reduced word
for 0. As before, because os; is join-irreducible, it does not commute with s;_1,
hence it is sj_o or s;. If it was s;, as sjs;_15; = 5;_15;5;j—1, it would contradict
the uniqueness of s;. So the only possibility is s;_». In particular, it is unique,
hence os;s;_1 is also join-irreducible, so os; is double join-irreducible. Then, by
an immediate induction, we get o = d; ; for some 7 < j. O

Using Proposition [6.10] we associate to each double join-irreducible element d; ;
of W the non-revisiting path ug, ; € % starting at 7 and ending at j. Via the lattice
isomorphism W 22 torsII that sends w to II @1 Lyw,, the unique arrow pointing
from d; j in Hasse W is labelled by X, .

Proposition 6.12. Let J be a set of double join-irreducible elements of W. We
consider the ideal I = (uy)ses of IL. Then we have ng(I) = con J.

Proof. For ¢ € J, the uniserial module X,_ is not annihilated by u,, so it is
not annihilated by I. Therefore, by Theorem [5.I5(a), o is contracted by 7 ().
Consider now S € brickII that is contracted by n(I). By Theorem F.I5(a) again,
we have IS # 0. So there exists o € J such that u,S # 0. As u, is a non-revisiting
path, it implies that X,,_ is a subfactor of S, so by Theorem [E5(b), we get that S
is contracted by con J. ]

Proof of Theorem [L13] (iii) = (i). It follows from Proposition O

6.4. Combinatorial realizations. We now discuss the combinatorics of algebraic
congruences and quotients in type A,. Specifically, we describe which arrows are
contracted by a given algebraic congruence, and describe the quotient explicitly as
a subposet of the weak order.

Recall that sy is the transposition (¢,¢ + 1) and that the arrows in Hasse &,,41
are ¢ — 7 such that ¢ = 75, for £ with 7(¢) < 7(£ + 1). It is immediate that
0 € G,41 is join-irreducible if and only if

(6.2) cl)<o2)< <o) >c(l+1)<o(l+2)<---<o(n+1)
for some £ € {1,2,...,n}.
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The following observation is an easy consequence of [IRRT] Subsection 6.1].
We fix II as in Section Until the end of this subsection, in order to get an
isomorphism of partially ordered sets between &,, 1 and s7-tilt IT (see Theorem [6.2)),
we identify o € &,,41 with Iy, € sT-tiltII, where wy is the longest element in &,,41
(i.e. wo(i) =n+2—1).

Proposition 6.13 (Corollary of [IRRT]). Let o be join-irreducible and ¢ as before.
Then the arrow starting at o in Hasse G,,11, that is 0 — osg, is labelled by the
following brick in mod 11, depicted in composition series notation:

c(l+1) —>=o(l+1)+1>c(l+2)—1 () =1 = (lp) =2 >0,
42 2ot +1mo@t3) -1 | = | otem1) 1> o0t—1)—2-Fo—2)
a(eM)'"—';a(zM)H »»»»»» >0y — 1 o(l) =1 ——>= () =2 > ol — 1)

where £y is the biggest index satisfying o(Upr) < Ly and £y, is the smallest satis-
fying o(€m) > Ly, Notice that by = o(€) and £y, = o(£+ 1).

To reformulate Proposition [6.13] and justify the equality of the two string mod-
ules, the label of ¢ — s, corresponds to the non-revisiting walk supported by
vertices £, = o(L+1),4,, + 1,..., 0y — 1 =0 (£) — 1, traveling through the arrow
xi1 =@ —1—19)itieo({1,2,...,¢}) and through the arrow y; = (i — 1 < i) if
ico({l+1,0+2,....,n+1}).

Just before Proposition [G.11] we defined double join-irreducible permutations
dij € Gpyq for 1 < 4,5 < n. Given d; ; and a permutation o, define a d; ;-pattern
in o to be a pair o({)o (£ + 1) with o(£) > o(¢ + 1) such that

[i+1,j]Co([l,—1)ifi<j and [j+ 1,4 Co([f+2,n+1])ifi>j.

We say that o avoids d; ; if it contains no d; j-pattern. The following is a special
case of [R3], Corollary 4.6] and Proposition 23]

Theorem 6.14. Let D be a set of double join-irreducible elements of &, 11 and let
Op be the smallest congruence on &,41 that contracts the elements of D. Then
the quotient &,,11/©Op is isomorphic to the subposet of &,41 induced by the per-
mutations o that avoid d; ; for all d; j € D.

We can also say explicitly which arrows of Hasse &, 11 are contracted by ©p.
The following theorem is a consequence of Theorem [6.14] and [R3|, Theorem 2.4].

Theorem 6.15. Let D be a set of double join-irreducible elements of S, 11 and let
Op be the smallest congruence on &,41 that contracts the elements of D. Then
an arrow o — T with 0 = T8y is contracted by Op if and only if c({)o({ + 1) is a
d; j-pattern.

7. CAMBRIAN AND BICAMBRIAN LATTICES

In this section, we use the results of this paper to re-derive the known connection
between hereditary algebras of Dynkin type and Cambrian lattices. We also give an
algebraic/lattice-theoretic proof of another known fact, namely that each Cambrian
lattice is a sublattice of the weak order. Both of our proofs bypass the combinatorics
of sortable elements, which is needed in the previously known proofs. We also
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4321 4321
N <N
4312 4231 3421 4312 3421
KX N { /
4132 4213 3412 2431 3241 3412
INAN 2 /N |
1432 4123 2413 3142 2341 3214 1432 3142 3214
VA XN XY N N
1423 1342 2143 3124 2314 1342 2143 3124
N X X P
1243 1324 2134 1243 1324 2134
Ny Ny
1234 1234

FIGURE 6. A Cambrian congruence and Cambrian lattice

analyze the biCambrian congruence of Barnard and Reading [BR] and show that
it is algebraic.

7.1. A representation-theoretic interpretation of Cambrian lattices. Let
@ be a simply-laced Dynkin quiver and let W be the corresponding Weyl group. A
Cozeter element of W is an element c¢ obtained as the product in any order of the
generators S = {s1,...,8,}. The quiver @) defines a Coxeter element given by an
expression ¢ = s;, 8;, - - - §;, such that if there is an arrow ¢ <— j in () then s; appears
before s; in the expression s;,s;, - -+ s;,. There may be several expressions having
this property, but they all define the same Coxeter element of W because if ¢ and j
are not related by an arrow of @, the generators s; and s; commute. Conversely a
Coxeter element ¢ uniquely determines an orientation of the Dynkin diagram such
that an edge ¢ — j is oriented ¢ <— j if s; precedes s; in some (equivalently, every)
reduced word for c.

We use @ (or equivalently ¢) to define a lattice congruence ©. on W called the
c-Cambrian congruence. We consider the set & = {s;s; = s; | i < j € Q1}
of arrows of Hasse W and the congruence ©. := con&.. The full set of arrows
contracted by ©. can be computed using polygon forcing as in Section 2.1}

The Cambrian congruence O, is illustrated in the left picture of Figure [0l for
W = &4 and ¢ = s28153. (The edges contracted by O, are doubled.) Thus O, is the
smallest congruence on &, contracting the arrows 2314 — 2134 and 1423 — 1243.

The quotient W/©,. is called the c-Cambrian lattice. The Cambrian lattice W/O.,.
for W = G4 and ¢ = s35153 is drawn on the right of Figure As a special case
of Proposition 2.3 the Cambrian lattice is isomorphic to the subposet T W ot W
consisting of bottom elements of O.-classes. These bottom elements were charac-
terized combinatorially in [R2] Theorems 1.1, 1.4] as the c-sortable elements. By
definition, an element of W is c-sortable if it admits a reduced expression uyus . . . uy
where, for each i = 1,..., — 1, u;4; is a subword of u; (e.g. s2835 is a subword
of s189838485) and uy is a subword of a reduced expression u for c.

The connection between torsion classes and Cambrian lattices was established
in [IT]:
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Theorem 7.1. Let QQ be a quiver of simply-laced Dynkin type, and c the corre-
sponding Coxeter element. Then tors kQ is isomorphic to the c-Cambrian lattice.

This theorem was proved by showing that tors k@ is isomorphic to the sublattice
of W consisting of the c-sortable elements. We will now give a direct representation-
theoretical argument in Theorem using the lattice-theoretic definition of the c-
Cambrian lattice rather than the combinatorial realization via c-sortable elements.
Let IT = Il be a preprojective algebra and I be the ideal (a* | @ € Q1) of II. Then,
we identify kQ with II/I and consider the canonical projection

¢ 11— 11/T = kQ.

Theorem 7.2. The congruences O, and Oy of W = torsIl coincide. Thus, there
is a lattice isomorphism W/0O, = tors kQ making the following square commute:

W—>W/O.

| o

torsII L> tors kQ.

We prepare now for the proof of Theorem

Lemma 7.3 (Corollary of [H, Proposition 6.4], [J, Corollary 3.19]). Let A be a
finite-dimensional hereditary algebra. If (M, P) € T-rigid-pair A then W(M, P) is
equivalent to mod H where H is a finite-dimensional hereditary algebra.

Proof. We have W(M, P) = +(rM)NP+NM=. First, up to replacing A by A/(e),
where e is the idempotent that corresponds to the projective P, we can suppose
that P = 0. Then, as A is hereditary, by Auslander-Reiten duality, we have

W(M,0) = {X € mod A | Ext' (M, X) = Hom (M, X) = 0}.

We have Exti‘ (M, M) =0, so if M is indecomposable, again because A is hereditary,
by Kac’s Theorem, we get End (M) = k. Hence, the result follows [H, Proposition
6.4] if M is indecomposable.

If M is not indecomposable, the result is proven by induction on the number of
indecomposable direct summands of M, using that rigid objects of mod A are rigid
in W(M’,0) for an indecomposable direct summand M’ of M. O

Lemma 7.4. Let Q be a finite union of Dynkin quivers. Let {S1,Sa2} be a semibrick
of mod k@ such that Ext,ng(Sh S2) # 0 and dim Sy + dim Sy > 3. Then one of the
following holds in mod kQ:

e There is a semibrick {S7,57,52} and an exact sequence 0 — S; — S1 —

SY — 0.
e There is a semibrick {S1,5%, 54} and an ezact sequence 0 — S — Sy —
SY — 0.

Proof. First of all, if #Qy < 2, then Q is of type A; X Ay or Ay and there is no
semibrick {S1,S2} with dim S; + dim Sy > 3. We start with the case #Qy = 3.
As ExtiQ(Sl,Sg) # 0, there is a non-split extension 0 — So — § — S; — 0. By
Lemma 426, S is a brick with dim S = dim S; + dim S, > 3. Thus, Q has to be
of type As, and {dim Sy, dim S} = {1,2}. Thus the simple kQ-modules form the
desired semibrick.

Let us return to the general case. We illustrate the following reasoning in Figure
[l By Proposition [LI0(b), there exists (M, P) € r-tilt-pair k@ such that S; @
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FIGURE 7. Hasse quiver of W(My, Py)

Sy = M/ radgnd, (am) M. Equivalently, Fac M is the smallest torsion class T(S1,52)
containing S; and S. In particular, there are exactly two arrows ¢ : (M, P) —
(M, Py) and ¢ : (M, P) — (Ms, P,) starting at (M, P) in Hasse(r-tilt-pair kQ),
¢1 being labelled by S; and g2 by S2. We consider the polygon [(M’, P'), (M, P)]
where (M/,P/) = (Ml,Pl) A (MQ,PQ).

As at least one of S; and Sy is not simple and labels an arrow pointing toward
(M', P"), by Proposition we get that (M, P') # (0,kQ). So there exists an
arrow (M', P') — (M", P"”) in Hasse(tors kQ). Let (Mg, Py) be the biggest common
direct summands of (M, P), (M’', P") and (M", P"). By mutation theory, (My, Py)
has exactly #@Qy — 3 non-isomorphic indecomposable direct summands.

Let (M, Py) be the Bongartz completion of (Mg, Py) and (M, , Py’) be its co-
Bongartz completion. The interval [(M, , Py ), (Mg, Py)] is a 3-polytope as defined
in Definition 14l By Theorem [416(a), W := W(My, Fy) is a wide subcategory of
mod kQ and by Theorem EI6|(e), the labels of arrows of Hasse[(M, , Py ), (M, Po)]
are exactly the bricks that are contained in W. The set S of simple objects of W
is a semibrick with #S = 3. We will prove that S is the desired semibrick.

Suppose first that {S1,52} C S. We have a polygon [(My , P, ), (M, P")]
containing two arrows ending at (M, , P, ) labelled by S; and S; and two ar-
rows starting at (M, P"") labelled by S; and Ss. Since Fac M D T(S1,S2) =
Fac M, (M, P) belongs to the polygon [(M, , Py ), (M"', P")], and hence (M, P) =
(M, P") and (M', P") = (Mj , Py) hold. This is a contradiction since (M’, P’)
is not the minimum element of [(M; ", Py ), (M, Po)]. So {S1,S52}  S.
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By Lemma [[.3] there is an equivalence ¢ : W = mod k@’ for a quiver Q.
Moreover, as W C mod kQ has finitely many isomorphism classes of indecomposable
objects, by Gabriel’s theorem, @’ is a union of Dynkin quivers with #Q( = 3. As
{51,582} € S, it means that (S7) and ¥(S3) are not both simple in mod@’.
So dim(S7) + dim(S2) > 3 and the result has already been proven in W =
mod kQ'. O

Recall that, as kQ is hereditary, the Auslander-Reiten translation 7 : mod kQ —
mod k@ is a functor. Then, we recall the following alternative description of mod II:

Definition 7.5 ([Ri2]). We define the category (mod kQ)(1, 7) in the following way:
an object of (mod kQ)(1,7) is a pair (M, a) where M € mod kQ and o : M — 7M
is a morphism. A morphism from (M, «a) to (N, ) is a morphism f: M — N in
mod kQ satisfying So f = (7f) o a.
Theorem 7.6 (|[Ri2, Theorem B]). There is an equivalence of categories between
modII and (mod kQ)(1,7) such that, via this equivalence,
(a) The restriction modII — mod kQ along kQ — 11 is given by (M, «) — M;
(b) The restriction mod kQ — mod Il along II — kQ is given by M — (M, 0).

Lemma 7.7. Let S € brickIl such that S ¢ mod k@ and dim S > 3. Then there
exists a semibrick {S1,S2} of modIl and a short exact sequence 0 — S1 — S —
So — 0 such that at least one of S1 and Sy is not in mod kQ.

Proof. By [IRRT), Theorem 1.2], all bricks in modII are stones. Then they are
clearly k-stones. So, by Proposition 235 there exist a semibrick {57, 55} in mod IT
and a short exact sequence

xX:0—8 -8 —S5,—0

such that dim Exty (S5, S]) = 1.

If at least one of S} and S} is not in mod kQ, we have our conclusion, so we
suppose that 57, S5 € mod kQ. As dim Extf;(S5,S}) =1 and S ¢ mod kQ, we have
Ext,va(Sé,S{) = 0 and yx splits as an exact sequence of kQ-modules. So, via the
equivalence of Theorem [.6], ¥ can be rewritten as

x:0—=(S],0) 5 (S] @Sy, a) % (S5,0) — 0.

As u and v are morphisms, we have

_[o s
(]

where § is a morphism from S} to 757. As x does not split, 3 # 0. Hence by
Auslander-Reiten duality for hereditary algebras,

dim Ext,lcQ(Si, S5) = dim Homy (S5, 757) > 1.

So we can apply Lemma [(4l By symmetry, we suppose that we are in the first
case: There is a semibrick {57, 5%, 5%} and a short exact sequence

€08 LS 550
in mod kQ. Applying Homyg (S5, —) to & gives the exact sequence
0 = Homyq (S5, 55) = Extyq (S5, S) = Extjo (S5, S1) = 0 — Extyo (S5, 55) — 0,



LATTICES OF TORSION CLASSES 607

S0 ExtiQ(Sé, S)y=0= Ext,lcQ(Sé, S4). Let us consider two possibilities, depending
on the image gy € Exty (S5, S5) of x.
e If gx # 0. In this case, we get the following Cartesian diagram where the
last row does not split:

Sl =457
X : Se——85——5
|l
gx : SYC—s Sy — 5.

As {57, 5%,54} is a semibrick, Lemma [£.26] implies that S is a brick. We
also deduce that {Sy,S2} is a semibrick. As Ext,{:Q(S’é, SY) = 0, we have
Sa ¢ mod k@, so the middle vertical sequence satisfies our requirements.

e If gx = 0. In this case, we get the following Cartesian diagram:

X' : S/C——s 5 —= 5}
|1
X =1rx": S——= 85 —=5)
|
Sy Sy
As before, {S1,54} is a semibrick. As Ext,lcQ(Sé,Si’) =0, we get S ¢
mod k@, so the middle vertical sequence satisfies our requirements. O

Then we can prove Theorem

Proof of Theorem [[2. For an arrow i — j of Q, we denote by X ; the indecom-
posable II-module of length 2 with top top Ae; and socle top Ae;. By definition,
©, = con E where E :={X,; | (j = i) ¢ Q1}. For X € E, we have IX # 0, hence
by Theorem [5.15](a), X is contracted by ©p, so O; > O..

By Theorem [ET5](a), bricks S contracted by O are exactly the ones satisfying
S ¢ mod kQ. So to prove that ©; < O, it suffices to prove that such a brick S is
contracted by ©.. We argue by induction on dim S. If dim S = 2, then S € E, so
S is contracted by ©.. Otherwise, dim S > 3 and by Lemma [7 there is a short
exact sequence 0 — S; — S — S — 0 such that {S1,S2} is a semibrick of II
that is not in mod kQ). So, by the induction hypothesis, ©. contracts S; or S;. By
Theorem [£.23] both S; and Sy force S, so ©. contracts S. O

Recall from Section 2] that for a general congruence on a finite lattice L, the set
of bottom elements of congruence classes are a join-sublattice of L, but need not be
a sublattice of L. The bottom elements can fail to be a sublattice even when L is
W and even when the congruence is algebraic. As an example, one can consider the
algebraic congruence generated by contracting the double join-irreducible element
$18283 in &4. However, the c-Cambrian congruence is an exception: the following
is [R2, Theorem 1.2].



608 DEMONET, IYAMA, READING, REITEN, AND THOMAS

Theorem 7.8. For any Cozeter element ¢ of W, the set m{ W, which consists of
c-sortable elements, is a sublattice of W.

We now give a new, representation-theoretical proof of Theorem [T.8]

As before, we consider the projection ¢ : Il — kQ. We also consider the natural
inclusion 7 : kQ — II. It gives a fully faithful functor mod k@) — modII that we
denote implicitly or by M ~— pM if necessary, and a faithful functor modII —
mod k() that we denote by X — roX. We start with a lemma.

Lemma 7.9. The following hold:
(a) Let X,Y € modIl. Then there is an exact sequence

0 — Homp(X,Y) = Homyq (ko X, kqY) — Homig (ko X, T(xQY)),

where the first map is the canonical inclusion and u(f) = (tf)oa— Lo f
where X = (M, «) andY = (N, 8) via the equivalence of Theorem [0l
(b) Let X € modIl. There exists a filtration

0=XoCX1CXo G C X1 Xy =X
of X by II-submodules such that n(roX) = @le Xi/Xi—1.

Proof. (a) This is an immediate consequence of Theorem

(b) We prove the statement by induction on dim X. Consider the indecompos-
able direct summand N of ,oX that is leftmost in the Auslander-Reiten quiver
of modkQ@. Then, Homyg(koX,7N) = 0, so by (a), the canonical projection of
k@-modules 7 : X — N is a morphism of II-modules. By the induction hypothesis,
Ker m has a filtration of the desired form, which is easily extended to X. O

Proof of Theorem [[8 1t is proven in Theorem [B.3)((e))) that ¢~ is a morphism

of join-semilattices and i_ is a morphism of meet-semilattices. We also know from
Proposition [5.7((e) that the image of ¢~ is 7§ W.

We conclude by proving that ¢~ = ¢_ so that ¢~ is a morphism of lattices and
m{ W is a sublattice of W. Let T € torsk@. By Proposition |5:ﬂ, ¢ (T) is
minimal such that ¢=(7) = T, hence ¢~ (T) is the minimal torsion class in mod IT
containing 7. By definition, i_(7") consists of all II-modules that are in 7 as kQ-
modules. Hence ¢~ (7)) Ci_(T) clearly. Moreover, by Lemma [.9, any X € i_(T)
is filtered by modules in T, hence is in ¢~ (7). It concludes the proof. O

7.2. The bipartite biCambrian congruence. Let W be a finite Coxeter group.
The bipartite biCambrian congruence on W, defined in [BR], is the lattice congru-
ence Opic = O, A ©,-1, where O, is the Cambrian congruence from Section [T1]
and c is a bipartite Coxeter element. We will prove [BR), Conjecture 2.11], which
asserts that W/Oy;c is Hasse-regular.

Theorem 7.10. Suppose W is a simply-laced finite Coxeter group and II is the
associated preprojective algebra. Identifying W with tors1l as before, Oyic coincides
with O, where I is the ideal in 11 generated by all paths of length 2.

Proof. The condition that c is bipartite means that the corresponding orientation of
the Dynkin diagram @ has only sinks and sources. As we have showed, the bricks
contracted by ©. are the bricks which are not representations of ¢, while the
bricks contracted by ©.-1 are those which are not representations of Q°P. Consider
a path p of length 2 in the doubled quiver. It necessarily uses one arrow from Q
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and one arrow from @Q°P. Therefore, for S a brick, if pS # 0, then S is neither a
representation of () nor a representation of Q°P. Thus, S is contracted by both ©,
and ©.-1, and thus is contracted by Opic = O, A O,-1.
On the other hand, for a brick .S, the following properties are equivalent:
S is not contracted by Oy,
15 =0,
The Loewy length of S is at most 2,
S is a representation of @) or of Q°P.

Thus, if S is not contracted by Oy, then S is a representation of ) or of Q°P, and
therefore is not contracted by ©. or by ©.-1 respectively, and thus is not contracted
by ebiC- O

The following corollary is now immediate from Corollary

Corollary 7.11. If W is a simply-laced finite Coxeter group, then W/Opc is
Hasse-regular.

Corollary [[TTlis the simply-laced case of [BR, Conjecture 2.11]. The general case
follows by a folding argument, as explained in the type-B case in [BR] Section 3.6].

Remark 7.12. As pointed out in [BR], when ¢ is not bipartite, O, A O.-1 is less
well-behaved. From our point of view, the point is that, for more general ¢, the
congruence O, A ©,-1 need not be algebraic. Indeed, in type As, for ¢ = s159s3, it
is apparent in [BRI Figure 4] that the fan associated to ©. A O.-1 is not simplicial,
and thus the quotient of W modulo this congruence is not Hasse-regular.
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