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Abstract

Using some theory about the automorphisms of extended quadratic residue
codes, we show that the extended binary Golay code is an ideal in the group al-
gebra of the symmetric group on 4 elements over Z,. We then take advantage of
the additional structure found in a group algebra to get a deeper understanding
of the properties of this code. Finally we use this insight to explore how new
codes may be constructed.



Sammendrag

Vi viser, ved hjelp av teorien om automorfier til utvidede kvadratiske restkoder,
at den utvidede binaere Golay-koden er et ideal i gruppealgebraen til den sym-
metriske gruppen pa 4 elementer over Zs. Vi utnytter deretter den ekstra
strukturen som gruppealgebraer kommer med til a fa en dypere forstaelse av
egenskapene til denne koden. Til slutt bruker vi denne innsikten til & utforske
hvordan nye koder kan konstrueres.
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1 Introduction

This thesis is about error correcting code theory. This theory is concerned
with methods on how to secure that information is safely transferred from one
place to another. More specifically, it focuses on detecting when information
has been compromised and restoring it. A code is thus used to reshape (code)
the information by applying to it a recognizable mathematical structure before
transferring. We want codes that allow for as many errors as possible to be
detected and corrected. This is different from cryptography, which is the the-
ory concerned with ways of transferring information securely while keeping it
secret from any third part. In error-correcting code theory one generally ig-
nores this problem. In both fields however, there is the question of finding more
efficient constructions that minimize the computational, and thereby also the
economical and environmental cost. Thus error-correcting code theory is rele-
vant to the United Nations 12th sustainable development goal about responsible
consumption and production.

In this thesis we use one particular example of an error-correcting code,
namely the extended binary Golay code, denoted Goy. This code has many nice
properties. There are therefore many equivalent ways of constructing this code,
some examples are the Reed-Solomon code over the field of 8 elements, and
more recent, as a zero divisor code in the group ring Zs Doy [11]. In this thesis
we define it as the extended code of the binary Golay code Ga3, the latter we
define both with respect to its properties as a cyclic and quadratic residue code.
From there we show that Go4 is an idempotent code in the group algebra of the
symmetric group on 4 elements over Zs.

The background for this assignment is the scientific article ” Extended Go-
lay Codes as Ideals” by Bernhardt, Landrock and Manz [2]. It describes the
constructions of the two extended Golay codes, which are the extended binary
Golay code of length 24 and the extended ternary Golay code of length 12, as
ideals in group algebras. These constructions are based on some results about
the automorphism groups of extended quadratic residue codes.

The main and beginning part of this assignment focuses on the results that
are presented in [2]. We first outline the background definitions and results that
apply to the constructions given in the article. We then look specifically at the
case involving Go4, embedded in the group algebra Z,S,. The first part involves
some general theory about quadratic residue codes and their automorphisms,
as well as some results concerning the decoding of what is defined as idempotent
codes. Our aim is to give a more thorough introduction to these concepts, in
order for it to be accessible to a more inexperienced reader.

For the second part of this paper, we look at how the endomorphism ring
of the group algebra Z,S; as a ZsSs-module offers a decomposition of this
algebra that allows us to say more about its structure and the embedding of the
extended binary Golay code inside it. We then make an attempt at applying
these results in the final part, where we see if there could be ways of finding
new codes or new constructions of older codes by starting out with an algebra
with some chosen structural properties. Although we find a way to construct



submodules of algebras from a subset of basis vectors, this does not offer an
obvious way to find generators for those submodules as idempotent codes.

The motivation throughout this thesis is the general mathematical principle
that the more structure we can apply, the more knowledge we have. This is
a particular interest when it comes to finding good algorithms for decoding
codes. We therefore try to outline different structures as detailed as possible,
and we include those calculations we think have a possibility of offering some
further insights. This approach has proven particularly useful, as it has led us
to discover and correct a mistake in [2] about the element that is defined as a
generator for G4 as an idempotent code.

The contents are divided into the following chapters. In Chapter [2] we define
what is known as quadratic residue codes and present some results about the
automorphisms of these codes. This is the theoretical background for the con-
struction method that we later apply to Go4. In Chapterwe show that there is
a method of decoding that applies to all idempotent codes. Chapter [] introduces
the extended Golay code Ga4 as an extended code of the quadratic residue code
of length 23. We thereby show that Go4 can be embedded as an ideal in the
group algebra that is a representation of the symmetric group S4 over the field
Zy = Fo, and that Gog then is an idempotent code. In Chapter [5] we look at the
ring of endomorphisms of Z3Sy4 as a module over itself and show that this offers
more details about the structural properties of this group algebra. This again
offers more details about the embedding of Gos in ZoSys. Finally, in Chapter [6]
we make an attempt at applying the results found in Chapter [5/in order to see if
we can determine the existence on a code inside another algebra than Zs Sy, but
with some of the similar properties for endomorphisms between submodules.
For some of the details that are less relevant in their given context, but might
be interesting all the same, we include an Appendix.

I would very much like to thank my supervisor, Professor Qyvind Solberg,
for being very positive, thorough and easy to communicate with. In addition, I
have to thank Eiolf Kaspersen for his wonderful help and support both in math
and life. A little thank you also goes to Torus, who has, most literary, been by
my side every day.



2 Quadratic Residue Codes and their Automor-
phisms

We begin with a general presentation of what is known as quadratic residue
codes. In particular, we give some results about the groups formed by automor-
phisms of these codes, as this lays the foundation for a method of constructing
a group algebra around such a code. As mentioned in the introduction, we later
apply these results to the specific case of the extended binary Golay code. The
results established in this chapter are, unless otherwise mentioned, based on
those presented in [2 Chapter 1]. We do however try to give a more thorough
presentation of the coding- and representation theory on which these results are
based.

We start with the basic definition from which quadratic residue codes take
their name.

Definition 2.1. Let r be an odd prime. For a € N we say that a is a quadratic
residue modulo 7 if a is a nonzero square modulo r and that a is a quadratic
nonresidue if a is a nonsquare modulo r. We write

0 ifa = 0(mod r)
(a/r) = 1 if a is a quadratic residue modulo r
—1 if a is a quadratic nonresidue modulo r

where (a/r) is called the Legendre symbol.

The sets of quadratic and nonzero non-quadratic residues modulo r are de-
noted as @), and N,., respectively.

We now remind the reader of some of the basic notions related to cyclic
codes. Let F, be a field with ¢ elements, that is ¢ = p* for some prime p and
positive integer k. Remember that the cyclic codes over I, of length r are the
ideals of Fy[z]/(z" — 1). We first define the following.

Definition 2.2. [6, page 114] Let 0 < s < r. The g-cyclotomic coset of s
modulo T is given as

CS = {S’ Sp?"'7spd71}(m0d r)?
where d is the smallest positive integer for which sp? = s(mod 7).
For the following we refer to Theorem 3.7.6 and Theorem 4.1.1 in [6].

Lemma 2.3. Let 0 < s < 7 where r is a prime. Suppose q is relatively prime
tor and £ is a primitive element in Fc.;. Then the minimal polynomial of §*
over Fy is

i€Cly

The following proposition defines what is known as quadratic residue codes.
In this case we have ¢ = p.



Proposition 2.4. Let p be a prime for which p € Q,.. Let & be a primitive rth
root of unity in Fym for some m. If

a@) = [[@-¢) and nia)

1€Qr iEN,

I
—
®
|
m

then
2" —1 = (xz—1g(z)n(z) € Fpm[z].
Moreover, q(x) and n(z) have coefficients in F,,.

Proof. The factorization of 2" — 1 follows directly from the fact that
F. = Q-UN,U{0}.

As for the last part, let p be a prime with p € @,.. First note that since p € Q,.,
then @, contains

Cl = {lap7pi7-'~7pd71}(m0d ’I")’

where d is the smallest positive integer such that p? = 1(mod r). In general, for
any primitive element o in F,. (that is, o is a generator for F¥), if 0 = z, (mod r)
for some x,, we have

o = (2¥)? (modr) = o = (2%)%z, (mod 1),
hence 0% € Q, and o?**! € N,. Thus Q, is a cyclic group with o2 as a
generator. Moreover, since p € (... then @, is closed under multiplication by p
since
2.7 _

o’p' = zixff = (xgx;,)Q (mod 7).

In other words, Cs C @, if and only if s € @, hence @, is a disjoint union of
cyclotomic cosets, and so

g@) = [[@-¢)= [ J]@-¢),

i€EQ CsCQrieCs

where Hiecs (z — &%) is the minimal polynomial of % over F,, by Lemma ie
has coefficients in F,. Hence ¢(x) has coefficients in F,,. By the same logic this
also holds for n(z).

O

The ideals with minimal generator polynomial either ¢(z) or n(z) are called
the quadratic residue codes of length r over F,,. These are equivalent codes. Let
C be a quadratic residue code with generating idempotent e(x). If ¢(x) is the
minimal polynomial for C then



Otherwise, if C is generated by n(x) then

e(r) = ap+ Z z'.

i€EN,.

For the previous facts, see [6, Theorem 6.6.5]. Note that (¢(z)) and (n(z)) are
sometimes referred to as the odd-like quadratic residue codes, in which case we
call {(x — 1)q(z)) and ((x — 1)n(z)) the even-like quadratic residue codes.

The extended quadratic residue code is constructed given the more general
definition that follows.

Definition 2.5. If C is cyclic code, then the extended code or extension, of
C, denoted C, is the code constructed by adding a parity check at a position
labelled oo.

Note that the extended code of a quadratic residue code is not cyclic but
rather a submodule of Spang (2, ... 2"~ 2°°).

As mentioned earlier, the first part of this thesis is concerned with construct-
ing a group ring in which an extended quadratic residue code can be embedded
as an ideal. We choose this group basis using our knowledge about automor-
phism groups of quadratic residue codes.

2.1 Automorphism Groups of Extended Binary Quadratic
Residue Codes
0 22 .00

We identify the canonical basis vectors z°,...x%% x° with the projective line
given as P(r) =T, U{co}. The details of the following definition are later used
in the proof of Lemma |4.4

Definition 2.6. We define the special linear group and projective special linear
group by

SLy(r) = {(Z Z) | a,b,c,d € F, and ad—be = 1},
PSLy(r) = SLo(r)/ (~1I).

These groups come with some additional results, which we can explore after
giving the following definition.

Definition 2.7. [5| Page 210] A group action by a group G on a set X is
transitive if for all 1,25 € X there exists some g € G such that x19 = x5.
The group action is called 2 - transitive if for all xq, zo, 2], x5 with x; # 2} and
X9 # x4 there exists some g € G such that 219 = 2 and zg = z.

Note that while 7 = 8m £ 1, then PSLy(r) can also be realized as the group
of all permutations of P(r) of the form
a-i+b
critd



where a,b,¢,d € F, and ad — bc = 1 [10, Chapter 16.5]. This leads to the
following proposition.

Proposition 2.8. Let r be a prime of the form r =8m + 1. Let o a primitive
element of F,. and for i € P(r) define

Spt =141,

i io?,
j  whereij = —1(mod r) if i # 0,00
Qg1 t T < 00 ifi=0
0 if i = o0,

as permutations of P(r). Then
PSLZ(T) = <ST7M7QT+1>7
where PSLa(r) acts 2-transitively on P(r).

For the proof, see [10, Theorem 9]. Note that the permutation given as a;,41
in the above proposition maps elements in ), to elements in NV,. and vice versa.

Now, remember that a monomial matriz is a square matrix with exactly
one nonzero coordinate in any row or column, and that a permutation matriz
is a monomial matrix where all the nonzero coordinates are 1s. Based on these
properties we define two automorphism subgroups of a code C.

Definition 2.9. [0, page 22+26] The permutation automorphism group of a
code C, is the set of all permutations that maps C to itself, denoted PAut(C).
Likewise the monomial automorphism group of C is the group formed by all
monomial transformations being automorphisms of C, denoted MAut(C).

Note that in general, since any permutation can be written in the form
of a monomial matrix, then PAut(C) < MAut(C) < Aut(C), where the latter
denotes the group all automorphisms of C. Furthermore, if C is binary then any
monomial transformation is a permutation matrix, and so the sets are identical.
We now present a special case of what is known as the Gleason-Prange theorem,
which can be found as [10l, Theorem 10]. We also refer there for a proof.

Theorem 2.10. Let C be an quadratic residue code of length r = 8m £ 1 for
m € N over Zs. Let C be the extended code of C. Then

PSLy(r) < PAut(C).

This concludes the general part about encoding of quadratic residue codes.
For now, it might not be obvious to the reader how the results established so
far directly adds algebraic structure to the vector space of a general (extended)
quadratic residue code. Later when we look at the specific case of the extended
binary Golay code, we see that the properties of this code in particular allow
us to choose a specific subgroup of PSLy(r) as a basis for the group algebra
containing this code.



3 Decoding Idempotent Codes

The purpose of building more structure around an error-correcting code, is to
introduce more efficient methods of decoding received codewords. In this chapter
we show that there is a natural decoding method that applies to any code once
we have shown that the code can be generated by a sum of idempotents. Unless
otherwise stated, these definitions and results are found in [2| Section 4].

We let F be a field, G a finite group with identity 1. Let A := FG; the vector
space with basis G over F. Then A is a group algebra. Note that multiplication
in A is naturally defined from multiplication in F and the binary operation G.
An element a € A is a vector that can be written as a = 3 5 ag9. The two
maps given in the following definition will be applied repeatedly in the proofs
in this section. The latter also turns out to be a useful tool in understanding
the structures we later examine in the group algebra Z,Sy.

Definition 3.1. For any a € A, let 7: A — A and A\: A — F be the maps given
as

Aa) = aq,

Zagg_l.

geG

A
)
~
Il

The map 7 is called the antipode of A.
We use the next definition to prove the subsequent lemma.

Definition 3.2. [3| page 192] A homomorphism ¢ : R — S is an antiisomor-
phism if ¢ is a bijection and

¢(r1+rr2) = ¢(r1) +sd(r2) and ¢(r1-rr2) = P(r2) -s d(r1),
for all r, s € R. In the case where R = S, we say that ¢ is an antiautomorphism.
Thus we have the following fact about the function we just defined as 7.
Lemma 3.3. The mapping T given in @ is an antiautomorphism.

Proof. 1t is straightforward to check that 7 is a homomorphism of vector spaces.

Now consider an arbitrary element a = 3 geG 099 € A. Since g is the inverse of

g~ ! then 7(7(a)) = a and hence 7 is an automorphism. In particular,

—~
3
.y
—
o
Il
A
R
S
~
~
Il

T(7 Zagg

geG

T Zagg_l = Zagg = a,

geG geG



sor=7"1. Nowlet b=>" _-b,g € A as well. Then

geG

Tla+b) =7 Z(%erg)g = Z(angbg)gil

geG geG
= Z aggt + Z beg ! = 7(a) +7(b).
geG geG

Moreover, we have

T(a-b) = 7| Y (aghu)gh | = > (aghn)(gh)™"

g,h€G g,heG
= Y (agh)h g™t = 7(b)7(a).
g,heG
Hence 7 is an antiautomorphism. O

Note also that, if X, Y C A, we have
aeT(X)N7(Y) = aer(X)andac7(Y)
= 7(a) € X and 7(a) €Y
= 7(a) eXNY
= aeT(XNY).
For a,b € A, let (-,-) denote the standard inner product in A, i.e {(a,b) =
> geG agbg. In general, it will be useful to remind ourselves of some of the most

basic definitions and results in vector space theory. The identity given in the
following lemma will be a useful tool for the later proofs.

Lemma 3.4. For any a,b € A we have
AaT(b)) = (a,b).
Proof. Let a =3} qag9 and b =3, ;byh in A. Then

()
geq@ heG
= Z agbngh™' + Z agbpgh™ = Zagbg—i— Z agbngh™t.

g,heG g,heG geG g,heG
g=h g#h g#h

Hence A(a7 (b)) = >_ cq agby = (a,b). O
Note that it follows that A(7(a)b) = A(r(a)7(7())) = (r(a),7(a)) = (a,b)
as well. Likewise, we have
Aab) = (a,7(b)) = (7(a),b) = A(7(a)7(b)).

We now list a few definitions that will be necessary for establishing the
subsequent result. The following applies to any right or left module over a ring.

a7 (b)



Definition 3.5. [3| Page 374] Let R be a ring and M a left R-module. The left
annihilator of M is given as

Anny(M) = {{eR|Im=0forallme M}.
Let N be a right R-module. The right annihilator of N is given as
Ann,(N) = {re R|nr=0forallne N}.

If J is an ideal in R, we let Ann; ;(M) = Ann(M) N J and Ann, ;(M) =
Ann,(N)NJ. In particular, we can use the above definition for a code C in A.
The rest of this section applies to idempotent codes which we define next.

Definition 3.6. A code C is an idempotent code if C = Z;nzl e;jA, where
e1,...,en are idempotents in A.

We also use the following notion to build some additional structure around
C inside the group algebra.

Definition 3.7. An idempotent e € A is a central idempotent if ea = ae for all
a € A.

Note that the dual or orthogonal of C is the code defined as
Ct={acA|la-c=0 forallceC}

[6, page 6]. In the following two results let € a central idempotent, let B = €A,
and let C = Z;nzl e;A be an idempotent code contained in B.

Lemma 3.8. Assume 7(B) = B and C* N B =C. Then
C = ((e—7(e:)A.
i=1

Proof. Assume that C = C+ N B and B = 7(B). We first show that
Ct = 7(Ann(C)). (1)
For the inclusion from right to left we have

a € Ann(C) = 0=ac= \ac) = (a,7(c)) = (1(a),c) forallceC
— 7(a) €C*.

Hence 7(Ann;(C)) € C*. On the other hand,

a€Ct 0= (a,c) = (1(a),7(c)) = AM7(a)c) forallceC

M7(a)eg) =0 forallceCand g€ G
the coefficient of g~* in 7(a)cis 0 for all g € G,c € C
T(a)e=0 forall ceC

7(a) € Ann;(C).

Lty



Thus 7(7(a)) = a € 7(Ann;(C)). Hence C+ = 7(Ann;(C)). We next show that

Amn; p(C) = () Annyp(e;A). (2)
i=1
Remember that C = Y . | e;A, with e, ..., e, orthogonal. Then e;a € C for
1 < j < 'm, since e;a € A and thus ZZI e; - eja = eja € C. The first identity
holds since for b € B we have

= b~Zeiai:0 forall a; € A

i=1
< beja=0 foralll<i<m,a€A
<= be Ann; p(e;A) foralll <i<m

b e Ann; 5(C)

<~ be ﬂ Ann; p(e;A).
i=1

For the third part, we show that
Ann; p(e;A) = A(e —e;). (3)

Since ¢ is a central idempotent then for any b € B = €A we have b = ea = ae for
some a € A. But then eb = e?a = ca = b = ac = ae? = be. Thus ce; = e¢; = e;e
since e; € B . We first show the right inclusion. We have

Ale —e;)e; A = Alee; — e2)A
= A(ez - el)A = 0.

Hence A(e — e;) C Ann; g(e;A). On the other hand, suppose b € Ann; g(e; A).
Then for any e; we have be;a = 0 for all a € A, so be; - 1 = be; = 0. Thus

b=>b—be; = ble—e;) = aele —e;)
= a(e? — ee;)
= ale—¢;) € Ale—¢).

and so Ann; p(e;A) C A(e — e;). For the final part, we want to show that
T(A(e —¢;)) = (e —7(e;))A. (4)
We see directly that
T(Ale —¢€;)) = (e —e;)T(A)
= (1(e) =7(ea))T(4) = (7(e) — 7(es))A.
It remains to show that 7(¢) = e. We see that

7(e)A = 7(e)7(A) = 7(4e) = 7(B) = B
= 7(cA) = 7(A)1(e) = AT(e).

10



Hence b = 7(¢)a = at(e), since 7(¢) is a central element in A. But then

T(e)b = 7(5)2a = 7(52)a = 7(&)a,
br(e) = ar(e)® = ar(e?) = ar(e),

so we have b = 7(¢)b = b(e). But then 7(g) is the identity on B, which we
already know that € is. Hence 7(g) = ¢ and so

(1(e) — 7(es))A = (e — 7(e;)) A.
Finally, by combining the initial assumptions with , , and 7 we have

C = C*NB = 7(Ann(C)) N 7(B)
= 7(Ann; 5(C))

which concludes our proof. O

Our last lemma introduces a method for decoding C.

Lemma 3.9. Let B be a basis for B. Suppose C is a d-error correcting code
w.r.t B. Then every b € B of weight < d is uniquely determined by 7(e;)b for
1=1,...,m.

Proof. Let b,b' € B be vectors of weight at most d such that 7(e;)b = 7(e;)V’
for 1 <4 <m. We have

T(ei)b—T(e)t) =0 = 7(e)(b—=0)=0
= at(e;))(b—0b)=0 foralla€ A4, i=1,...,m
= b—10 € Ann, g(A7(e;)) foralli=1,...,m
— b-bc ﬂ Ann, p(At(e;)).
i=1
We next show that for any ¢« = 1, ..., m we have
Ann, p(A7(e;)) = (e —7(e;))A. (5)
First, we see that
A7(e))(e —T(e))A = A(r(ei)e — 7(es)*)A
A(1(es)e — 7(e))A  since T(e;)? = 71(e2) = 7(e;)
= 0.

11



Hence (¢ — 7(e;))A C Ann, g(A7(e;)). To show the opposite inclusion, choose
some b’ € Ann, p(A7(e;)). Then b’ = ea for some a € A and 7(e;)b” = 0.
Hence we have
b = b —71(e)b" = ea—1(e;)ea
= ca—7(e;)a

= (e=7(ei))a € (e —7(e:))A,

since 7(e;)e = 7(e;)7(e) = 7(ee;) = 7(e;). Hence (5) holds. But then
b=t € ((e—7(e)A = C. (Lemma [3.8])
i=1

Since b and b’ both have weight < d, then b — b' has weight < 2d. But since
C is d-error correcting, then the minimal weight of C is 2d + 1. Hence b — ' € C
can only be true if b — ' = 0, that is b =¥'. O

12



4 The extended binary Golay code Gy, as an
ideal in Z,S,

The remaining part of this thesis is based on our study of a particular quadratic
residue code known as the extended binary Golay code, denoted by Gog. As
indicated by its name, this code was originally constructed as an extension of
the binary Golay code, which corresponds to the quadratic residue code of length
23. The extended binary Golay has many particularly nice properties. It is self-
dual (self-orthogonal). And it is doubly-even, meaning that the weights of all its
codewords are divisible by 4. Moreover, there are many different constructions
that yield an ideal which is equivalent to this code.

In this chapter we describe the construction introduced in [2], showing that
Go4, as the extended quadratic residue code of length 24, can be embedded as
an ideal in the group algebra Z, Sy, where Sy is the symmetric group of 4 digits.
Unless otherwise stated, these definitions and results are found in [2 Section 2].

We introduce Go4 as the extension of the binary quadratic residue code of
length 23. Using the notation from Chapter [2] we have ¢ = p = 2 and r = 23.
The sets of quadratic and non-quadratic residues modulo 23 in this case are

Qos = {1,2,3,4,6,8,9,12,13,16, 18},
Ny = {5,7,10,11,14, 15,17, 19, 20, 21, 22}.
Moreover, over Zy we have 223 — 1 = (z + 1)go3(7)na3(x), where
qs(x) = 14+z+2°+2% 427 + 29 + 21
nog(z) = 1+2%+2* +2° + 2% + 210 4 21,
Hence (g23(x)) and (na3(z)) are QR-codes. Their generating idempotents are
Z z'  and Z zt,
1€EQ, i€EN,.

respectively. As stated previously, these are equivalent codes. They both corre-
spond to the code given in the following definition.

Definition 4.1. [6] page 401] The (perfect) binary Golay code Gas is a a linear
(23,12,7) - code corresponding to the quadratic residue - code of length 23 over
Zs.

The extended binary Golay code Goy is the (24,12,8) - code obtained when
adding a parity check to the codewords of Ga3.

Now let Goy = Gog with Gog = (g(x)). Since Y. z* and Z?io x' are
codewords in Go3, we see that

22
e(x) = Z xi—i—xoo—i—zgci—i—xoo
=0

1€Q =

= l—s—in,

i€EN,.
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is a codeword in Goy. Note that e(x) is the generating idempotent for the
quadratic residue code ((1 — x)q(x)) in Zs[x]/(x?* — 1) by [6, Theorem 6.6.5].
In order to generate all of Go4 however, we use the following set of codewords.

22
cj = e(x)-2l, forj = 0,...,22 and co3 = xoo—i—in. (6)
=0

We describe one way of finding a generator matrix for Go4. Let D be the
24 x 24 binary matrix whose rows correspond to the codewords cg, . .., c22, co3.
Note that Nz equals the 2-cyclotomic coset given as Coz = {527 | j < (23 —
1)/2}. We arrange the columns of D corresponding to z° in the order given by

i = o00,5-2" . ...5.2,50,-5-5-2....,—5-21
= o0,14,7,15,19,21,22,11,17, 20, 10,5,0,18,13,3,6,12,1,2,4, 8, 16, 9.

Now the reduced row echelon form of D with the resulting all zero rows removed
is the matrix

O OO DD D DODDODOO OO
[cNeoNeoloNoNoNeleNeNal ™)
[N eNeNoeNoeNoNeNeNell =N
OO DD DD DD OOHOOO
[eNeoNeNeoNeoNeoNolS “HeRole]
OO O DD OO OO O OO
OO OO OO HOOOOOO
OO OO OO0 oo o
[aNeNell e NoNoNoNoNoNoNol
[Nl eNoNeNoNoNoNoNo Nel
O R OO DD O OO
HO OO OODODOoODODODOoODOoOOo O
= R e = O
OO O RO FHORRFRRR
R O OO RO RFE O F
— R OO O0ORORFRFORFKF
=== 0000, OFKFEOF
O R PP, OOOF,OFF
O FEFOOOFEORFF
R PO RRPRPPFRPOOORFR O
OR R ORFRFRFRFOOO R KF
R O, RO, RFREFRPROOOR
OROR RO, RFREFRLROOHR
OO R O R OFRFRFE O

Here the dimension of Go4 is given by the row rank of G.

We list some additional properties of Go4 that will be used in this thesis. Re-
member that the (maximal) number of errors corrected by a code with minimal
weight d is |(d —1)/2]. As stated in Definition the minimum weight of Ga4
is 8. Since the code Go4 is a rather well-established code with many uses and
constructions, then the following facts are well-known and will therefore not be
explicitly proven.

Lemma 4.2. [6] For the binary Golay code Gay the following hold
(i) It is a self-dual code, meaning that Goy = Gsy.
(ii) It is 3-error correcting and 7-error detecting.

(iii) The weight of any codeword ¢ € Gay is divisible by 4.

14



Note that since G4 has minimum weight 8, it follows from the last point in
Lemma, that the codewords in Go4 have weight of either 8, 12, and 16.

Now, in order to construct Go4 as an ideal in a group algebra we first need
to construct that algebra from a suitable group basis. We do so by looking at
the subgroups of the group of automorphisms.

4.1 Constructing the group algebra 7Z,S; from automor-
phisms of Gy

We begin by outlining the knowledge we have about the automorphism groups
of Goy when applying the theory established in Chapter [2.1} It follows from
Proposition 2.4 and Theorem 2.5 that

PSL3(23) = (sa23,p, a24) < PAut(Goy),
where

so3 = (0,1,2,3,4,5,6,7,8,9,10,11,12, 13, 14, 15,16, 17, 18, 19, 20, 21, 21, 22),
(0, 00)(1,22)(2,11)(3,15)(4, 17)(5,9)(6, 19)(7, 13)(8, 20)(10, 16)(12, 21)
(14,18).

Qo4

Note that PAut(Ga4) is the Mathieu group Masy, which is known to have
order 242 - 23 -22-21-20 - 2, see [6, page 402]. For the results that remain in
this section to make sense, we need to understand the following property.

Definition 4.3. Let S be a set with a group action from a group G. An
element g € G is called fized-point-free if gs # s for all s € S. We say that G
acts fixed-point-freely on S if g is fixed-point-free for all g € G, g # 1.

There is a general result [7, Chapter II, Theorem 8.18] stating that PSLay(r)
contains a copy of S;, the symmetric group of four digits, whenever 2 — 1 =
0 (mod 16). This holds for » = 23. The following Lemma defines a fized-point-
free group acting on P(23) that can be embedded in PSL2(23) and is isomorphic
to Sy. We denote by 7 the element p~'mp for two elements 7 and p in a group.

Lemma 4.4. Let « = agy. Let 5, v and § be fized-point-free permutations on
P(23) such that

1.a?=p2=52=~3=1.

2.7 =8, =af, or a7 =af, fT=a

3.0 =a, B =af, or a®=6, =a or o’ =ap, B =4
Then

54 = <Oz,ﬂ,’}/,5> S PSL2(23)

15



A proof that this Lemma holds for a particular choice of «, 3, v, and § in
PSL2(23) is found in Appendix

As of now, we have defined Go4 as a Spany, (x°,...,2°°) - module. In order
to find an embedding of Goy4 inside ZsS, we evaluate the module structure of
Z2S4. We first show that Z5.S, can be written as a sum of indecomposable right
ideals.

Lemma 4.5. The group algebra Z2S4 can be decomposed into a direct sum of
right projective modules

23Sy = P, @ Py @ Ps,
where Py =2 Py and dim(P;) = dim(P;) = dim(Ps) = 8.
Proof. Let A = 7554 and v =rad(A). Then Z, is a splitting field for A/, that

1S

Alv =2 Zy & Ma(Zs)

= Zo® <0 0> M5(Zsy) & <8 (1)> Mjy(Zo) = L1 ® Ly @ Ls.

for simple modules Ly, Ly and Lz. Thus A/t is a direct sum of three simple
modules. Recall that for projective modules P and P’ we have P = P’ if and
only if P/Pt = P'/P't. Let Py, P5, P3 be the projective covers of Ly, Ly and
L3, respectively. Thus we have

(PL® P ® P3)/(PL& P, ® P3)t &2 P/Pit® Py/Por @ P3/Pst
= Ll@LQEBLg = A/t

Since A is a finite dimensional Zs-algebra then A = P; & P> & P3. Moreover,
since P, and Pj3 are projective then Py/Pyt = Ly = L3 = P3/Pst implies that
P, =~ Ps. O

We also want to evaluate how these ideals are built according to the irre-
ducible modules in A. From basic group theory we know that K, the Klein-4-
group, is a subgroup of S; and that K, acts trivially on any irreducible Z5.S,-
module. Also, S4/K, = Ss, such that any irreducible submodule of Z»S; is also
an irreducible submodule of Z5S3. It is known that Z4.S3 has only two irreducible
submodules, including the trivial one. Hence the only irreducible submodules
of Z5S4 are the trivial module, Zo, and a 2-dimensional ZsS3-module, V. From
Lemma we find that K4 = {(a, ), and S3 = (v,d). The action of (v,§)
on V must thereby be defined in a way that satisfies 73 = §2 = 1. We let
V = Spang, (v,v’) and

. ’ / ’
Y U=V, U —=U+U,
§: v v+, Vi

Our next step is to examine the inclusions of indecomposable submodules in
Z5S4. We make the following definition.
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Definition 4.6. [1, Page 161] 1. The socle of a module M, denoted Soc(M),
is the sum of all simple submodules of M.
2. The socle-series of M is the inclusion series

0 C Soc(M) C Soc*(M) C --- C M,
where Soc' ™ (M) is defined by the identity Soc(M/Soc’(M)) = Soc'™ (M) /Soc’(M).

The socle series is also called the upper Loewy series. It is shown in [8]
Example 15.10 a)] that the composition factors of the socle series of the ideal
P, are given as

Zo =3
Soc 1 (Py)/Soc*(P,) = éz gg for (")
Zs i—
Likewise for P, we have
|4 =3
Soc 1 (Py) /Soc (Py) = Zﬁ; S (8)
14 1=

We later use this to show that we have found suitable generators for the ideals
in A.

Definition 4.7. |9, Chapter 11] Let G be a finite group, R a commutative ring
and let M be a nonzero RG-module. Then M is called a permutation module if
M is a free R-module and G acts as a permutation group on an R-basis of M.

The following result lays the foundation for our next chapter.

Lemma 4.8. The extended binary Golay code Gay is a right ZoS4-permutation
(sub)module. In particular, Goy is a right ideal in the group algebra Z2Sy.

Proof. Let A = 7Z5S5,. We first show that Go4 is a A-permutation module. That
is, that G4 is a A-module, a free Zo-module and that Sy acts as a permutation
group on an Zsy-basis of Goy.

Let X = {1,,...,2*,2°}. Then ZyX = Spany, X is by definition a free
Zo-module with basis X, and the same holds for Go4 as a submodule of ZoX.
We know that any g € Sy is a permutation of the set P(23) = Fas U {oo}.
write g : ¢ — iy, We have a bijection between X and P(23) given by the
correspondence

Thus we can let
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Let a =3 agg where ag € Zo. Then we have

gESa

ea = :ci<2agg) = Zagxig = Zagxig.

gES, gES, gES,

Thus for some ¢ = ZieP(23) c;x’ with ¢; € Zo then

c-a= Z ci<Zagxi9): Z (ciag)x's.

i€ P(23) gESy i€ P(23)
gESa
Thus Go4 is an A-permutation module. It now remains to show that Go4 can be
embedded as a ideal in ZyS4. We start by defining a map

X—>S4
g — g,

for g € S;. First we show that this map is well-defined. Suppose that z°g =
2%’. Then 2%(g')~! = 2°. Since S, acts fixed point freely on P(23), it also
acts fixed-point freely on X. Hence the only element of S; keeping any x° fixed
is 1. It follows that g(¢’)~! = 1, and thus g = ¢’. Since S; and X also have the
same number of elements, it follows that the action of S, is transitive. Hence
for any ' € X we can write 2'g — ¢g. We then see that Gas can be identified

with the submodule of Z5.S,; by

g24 — SpanZzX — 2254

I(]'g = g.

Thus Goy is a right ideal in Z9Sy. O

4.2 The structure of G,4 as an ideal in Z,S,

From now on we let A = Z5S4. We want to show that the structure of A allows
for Go4 to be embedded into A in such a way that Goy is an idempotent code.
In order for the codewords of Goy to be written as vectors in A, we need to
find a bijection between the 24 canonical basis vectors and the basis elements
of Sy & (o, 8,7,d). We first need to define all generators of Sy as permutations
of P(23). Remember that

a = (0,00)(1,22)(2,11)(3,15)(4,17)(5,9)(6,19)(7, 13)(8, 20)(10, 16)(12, 21)
(14,18).
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There are many ways of choosing 3, v and ¢ that satisfy the identities given in
Lemma .4l We here let

B = (0,11)(1,20)(2,00)(3,7)(4, 16)(5,19)(6,9)(8, 22)(10,17)(12,14)(13, 15)
(18,21),

v = (0,18,9)(1,10,3)(2,21,5)(4, 7,22)(6, 00, 12)(8, 17, 15)(13, 20, 16)
(11,14, 19),

§ = (0,15)(1,19)(2,7)(3,11)(4,21)(5, 22)(6, 20)(8,9)(10, 14)(12, 16)(13, o0)
(17,18).

Then multiplication in S, yields
o' =aB, o =8, B =6 = a

Thus (o, 8,7, d) satisfies the requirements for S4 stated in Lemma (Note
that we have defined 8 and v equal to those given in [2], while our choice of §
equals 0 in [2]).

We now look for a bijection between the 24 canonical basis vectors given as
20, ..., 2?2, 2> and the 24 group elements of S, that identifies the result of the
action of any 7 € S, on the position of some x* with the result of multiplying on
the right by 7 on the element corresponding to i in S4. Let 1 € S; correspond
to 2°. Then each 7 in («, 3,7, §) can be identified with the number for which =

permutes 0. We thereby have

0 < 1, 00 & a, 11 & 3, 2 & af, 9)
18 & ~, 12 & arv, 14 < B, 21 & apr,

9 & A2 6 < av?, 19 & B4, 5 & afy?,

15 & 4, 13 & ad, 3 & (6, 7 & afld,

17 & ~4, 16 & avd, 10 &[4, 4 & afyé,

8 o %4, 20 & ay?s, 1 < (42, 22 < afy?e.

For some of the results in this chapter and onward we use a combination of
computations in GAP and calculations by hand. In those cases we use the
following bijection to identify the elements in the representation {«, 3,7, §) with
original elements in Sy.

1 & 1, v & (2,3,4), v e (2,4,3),
a < (1,4)(2,3), ay & (1,2,4), ay? & (1,3,4),
B e (1,3)(2,4), By & (1,4,3), B e (1,2,3),
af < (1,2)(3,4), aBy < (1,3,2), afy? < (1,4,2),
§ < (3,4), 76 & (2,4), 735 < (2,3),
aBs = (1,2), Bys < (1,3), ay?s & (1,4),
ad < (1,3,2,4), aBys < (1,4,3,2), B2 < (1,2,4,3),
Bs < (1,4,2,3), ayd < (1,2,3,4), aBy?5 < (1,3,4,2).



The purpose of constructing Go4 as an ideal in A is to give Goy a structure so it
can be generated by a sum of idempotents. In order to understand this structure
thoroughly we look at the embedding of Go4 in relation to the decomposition of
A as given by Lemma Now let e = 1+ v+ 2 and P, = e; A. Also let
S ={a, B,0) (2 S4/(7)). Since e1y = ye; = e, the dimension of P; is the same
as that of |S| = 23 = 8. We find that P, can be spanned by

U1 = €1 ng

geSs
vy = ei(l+a+pB+af),
vy = er(l4+a+d+afd),
vy = v3y = ei(l+af+6+ad),
vs = e1(14+ B8+ + ad),
ve = v1y = e1(l+a+d+ po),
vy = e1(1+496),

vg — €1.

We outline in Appendix how w1, ..., vs span indecomposable submodules of
P, and that this yields the same composition factors as those stated by @
Note that the socle of P; is 1-dimensional and spanned by v;. In particular, since
vy corresponds to the all-one codeword, then vy € Goy. Further examination
confirms that we have vg,v3,v4 € Goy as well. We find that

M1 = SpanZQ{vl,vg, U3,U4},

is an indecomposable submodule of P; (See Appendix[7.2)). Here the maximum
proper indecomposable submodule of M; is Span{vi,ve}. In particular, since
V37 = v30 = vy, U4y = V4 + v3 + v1 and v40 = vg, it follows that

M, /Span{vy,va} = V.

Note that then vz and vy are both generators for Mj.
Altogether, we find that the composition factors of the socle series of M;
can be given as

|4 1=2
Soc™t (M) /Soc' (My) = { Zy for i=1
Zo 1=0.

This shows that M has dimension 4. Now in order to generate the 12-dimensional
module that is Go4, we look for some 8-dimensional module that is contained
in Goy but disjoint with P;. We know that any primitive idempotent in Goy
generates an ideal that is exactly 8-dimensional. This follows from Goy being
12-dimensional and that A is a disjoint sum of 8-dimensional ideals so any ideal
generated by an idempotent in A must have dimension divisible by 8. We have
confirmed by computation that there are exactly 64 non-zero idempotents in
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Gos. We are looking for an idempotent that is orthogonal with e;. One such
idempotent is

es = 14+v+ayd + Bv5 + afyd + ay?s + By26 + af~?6.

as given in [2]. That is, we have ey € Gog, €2 = €3, and ejea = ege; = 0. We let
P, = ey A. Tt follows that

Goa = My & Ps. (10)
We find that the following list of vectors span Ps.

wy = ea(l+a+p+ap),

wy = w1y = e2(d +ad + B0+ afd),

ws = ea(l+a+d+ ad),

wy = ea(l+af+ 6+ 59),

ws = ex(l+af+ 6+ ad),

wg = wsy = ea(l+a+ ad + 59),

wr = es(a+ B+ af),

wg = wry = el
The detailed structure of the submodules of P, as spanned by wq,...,ws is
outlined in Appendix We note here that w; and wg are both generators for

P,. In particular we find that vqjwy; = wrvy = 0 and vswg = wsvs = 0. So it
follows from that

Gos = (v4a+wr)A = (v3+ ws)A.

Hence Go4 is principal and has at least two generators. However, we want to
find a generator for Go4 that is also a sum of idempotents. We first look at the
following idempotent that is given in [2]).

/

¢ = 14 apy+ay? +afy? + ad + afd + v + afy?0.

Our calculations confirm that €’ is an idempotent and that e’ € Gos. Moreover,
we find that (e; + ez)e’ =€’ and eje’ = v3. Thus My C e’ A C Gy, It thereby
follows that

€A+ e A =2 M ®Py =2 Goy,
as stated by Lemma 2.5 in [2].

Now, the article also claims that f = ¢’ + es generates a 12-dimensional
ideal, thus is equal to Go4. We however find that
fl=¢d+e
= (e1 +ex)e + e
ere’ +ea(e +1)
eif(l+a+d+aBd) +e(l+a+d+ad)

V3 + ws.
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It turns out that wsA is in fact 3-dimensional, which suggests that f'A is 7-
dimensional. We have confirmed both by multiplication on the right of f/ with
elements in S4, and by computer calculation, that this is in fact the case. So
f'A is properly contained Go4, but f’ is not a generator for Gog.

However, our computations show that such idempotents do exist. In fact,
we find that there are a total of 16 idempotents in Go4 with the property that
when adding es to that idempotent yields a generator for My @ P,. The shortest
one is

e = 14+a+af+B6y+afy+ By +6+av?s.

Calculations show that eje = vz + vy, and (e; + es)e = e, which confirms that
Gou =2 eA+ egA. Now let

f=e+e
= a+aB+y+By+aBy+ By 48+ ayd + Byd + aBfys + By38 + afys.

Further evaluation of f shows that

f = (e1+e)e+es
= ejetez(l+e)
=e(1+8+6+080)+e(l+a+ B+ af+59)
= V1 + V3 + Vg4 + Wy + w3 + Wg + Ws.

We find that f generates vy, ..., v, w1, ..., ws, the details of this argument are
found in Appendix This shows that Goy C fA. We thereby conclude that

fA = Gaa.

Computations in GAP confirm that fA is indeed 12-dimensional.

4.3 Decoding Gy

We will now show how to decode codewords in Go4 using the method introduced
in Chapter |3| The following arguments are also given in |2 Section 4.3(a)]. For
an arbitrary codeword ¢ € Gay4, let ¢ = ¢ + A be the received codeword with
error A. Since Gyy is 3-error correcting, we assume that A has weight at most
3. It then follows from Lemma that 7(e)c = 0 = 7(e2)c. Hence we have
T(e)d = 7(e)A and 7(ez)c’ = T(e2)A. Knowing what these idempotent look
like we can uniquely determine A and thereby find c¢. We here have that

T(ea) = 147"+ a0 + By8 + aByd + ay?d + 7?6 + apy?s
T(e) = 14+ a+af+afy+ay® + y* + 6 + ay?s.

This gives us all the information we need to decode a received codeword from

Goa.
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5 The endomorphism ring of Z,S5,

We have established that Go4 is an ideal in the group algebra A = Z5S54. A group
algebra comes with a lot of structure and further exploration into the structural
properties of A may offer a new and better understanding of Gos. The results
outlined in this chapter are based on the following lemma, showing that the ring
of endomorphisms of A as an A-module offers a further decomposition of A.

Lemma 5.1. As rings, there is an isomorphism

Bi1 Bio Big
AOp = Bg,l BQ,Q B2,3 where Bi’j = €¢A6J‘.
B31 Bs1 DBsg3

Proof. We know that A = (End 4 A)°P, meaning that
AP = EndaA = Homy(A4, A).

Since A is a direct sum of indecomposable modules with A =& P; & P, & P3 with
P, = e; A, we have a general result [3] Chapter 19, Theorem 1.1] saying that

Homy (A, A) = Homg(e1 A B esADesA,e1AdesAdezA)
Homa(e1A,e1A) Hompy(eaA,e1A) Homy(esA, e A)

>~ |Homa(e1A,eaA) Hompy(eaA,eaA) Homy(esA, e A)
Homy(e1A,e3A) Homg(eaA,e3A) Homy(ezA,ezA)

[

But we have Hom 4 (e; A, e;A) = e;Aej, hence the Lemma holds. O

From Lemma let M4 denote the given matrix ring, and from the iso-
morphism given in Lemma [5.1] we obtain the isomorphism ¢ : A — My for
which

€i1ae; erjaey e€1ae€s
w(a) = | e2aer  esaes esaes
€3ae; €es3aeyg €3a€g

Since e; + ea + e3 = 1 and thereby A = (e; + ea + e3)A(e1 + ea + e3), we have
3
A =P B,
ij=1

From computations in GAP, we find that the dimension of each of the entries
in A is as illustrated by the matrix

(11)

DN DN W~
W W N
W W N
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In order to find a suitable embedding of Go4, we need to find basis elements
for each of the entries B; ; of M 4. We just saw in the proof of Lemma that
each right submodule P; in Lemma [4.5| corresponds to a row of M 4. That is,

P = eA = B;1®B;2®B,3.

Likewise, the columns in M 4 provide a similar decomposition of A into left
ideals. Thus A = I; ® I, ® I3 where I; are indecomposable left ideals and

L

pi =~ Aej = Bl,j@B2,jEBBS,j~

Note that A; = B; ; is an algebra for all ¢ = 1,2, 3 since
A; = e;Ae; = Hompy(e;A,e;A) = Enda(e; A).

Welet P, = e; A and P, = ey A be defined by the same idempotent generators
as in Section H Then the last row of M 4 corresponds to the ideal P; = e3A
with

e3 = 1—(e1+e2)
= 149 + 70 + B8 + aByd + ar?0 + 25 + afys.

As a consequence of how the e;’s and the group generators have been chosen,
we find that, for any b = byg € B, ; where by € Zy and i = 1,2,3, we
can write

gESs

b =ed=de; where d =Y dyg, dy€ZLs, S=(a,p,0).
geSs

Now remember that we defined 7 as the antipode of A. That is, for a =
29634 agg then

T(a‘) = Z a‘gg_17

gES,

where 7(7(a)) = a and 7(aa’) = 7(a’)7(a). For b € B;; in particular we then
have

T(b) = 7(eide;) = 7(ej)T(d)T(es).
In general, we see that
’T(Bi’j) = T(eiAej) = T(@j)T(A)T(@i) = T(@j)AT(ei).

We see that 7(es) = ez from Section Then 7(e3) = ez as well. We also see
that 7(e1) = ey. Altogether it follows that

Bi1  Bi2 7(B231)
My 2| Byy  Baa DBags
m(B12) Bs2 7(B22)
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In particular, if h =1 —e3 =e; + e and b’ = 7(h) = e + e3 we have

R

T(hAh) = 1(hAe; ® hAes)

7(hAey) ® 7(hAes)
7(e1)T(A)T(h) ® T(e2)T(A)T(h)
el A @ ez AR

W AW .

1R m

1%

Since A 2 e1A®esA®esA and e3A = es A, then there is a quiver with relations
(T, p) such that A = ZoT'/{p) = hAh. We find that

az

w1 20w,
as

Letting e; and e be trivial paths, we find, by a combination of calculations by
hand and computations in QPA, that the arrows in I' can be given as

a1 = e1(1+9) € Ay,
(a+pB+ad+aBd) € By,
(

(

as =

@

1
a+B+ad+aBd) € Bag,
ay = ex(a+ B+ L5+ aBd) € As.

az = €2

We can now determine the relations and remaining nonzero paths in A from
calculation by hand. We find that the set relations in A can be given as

2 3
p ={a7, azas, asas, azazasz, asazas, ay,

agas + ai, azaias + ai, ajasaz + azasaq }.
On the other hand, if A" = ZoI'"/{p’) where p’ = 7(p) and

7(as)

I: ra)2 1 C 3 D rlas)

T(az)

it follows that A’ = h’AR’. Note that 7(a1) = a1. The remaining arrows can be
given as

T(ag) = 63(a+ﬂ+65+a65) €B3’17
61(a+5+6(5+aﬁ5) (S Blyg,
T(as) = es(a+F+ad+afd) € As.

9
—
IS

w
~—
Il

Given the set of relations in p, we find that the remaining nonzero basis elements
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in A1, By 2, B2 and Ay are the paths

az2a3 :61(1+a+ﬂ+aﬂ), ajas0as3 = Zg,
gES

aras = er(a+ aff + B+ apd),
aza; = ea(B8+ af + B+ apd),
ai = ex(1+a+ B+ af).

Similarly, for A’, the remaining basis elements in By 3, B3 1 and Bs 3 can be
defined as the antipode of the nonzero paths in A. We have

a17(az) = 7(aza1) = e1(B8+ af + ad + afd),
T(az)ar = 7(ara2) = es(a+ af + ad + afd),
T(ag)? = 7(a?) = e3(1+a+ B+ ap).
Note that the paths that are elements in A; can be equally defined as the
products of paths in B 3 and B3 ;. Here
T(a3)T(az) = T(azas) = asas
T(aza1)r(a2) = 7(as)t(araz) = 7(a1a2a3) = ajasas.
We see that U = {e1, a1, a2a3,a1a2a3} can be given as a basis for A;. Thus

Aj has two generators, here a; and asas. From p, we see that a% =0, (a2a3)2 =0
and aiasas = azasay. Hence a basis of A7 can be illustrated as

a2a3 .

azas

a1¢12(l3

As for the algebra Ay, we see that W = {e2,a4,a3} is a basis and a4 a
single generator. Similarly, A3 is spanned by 7(W) = {7(e2), 7(a4),7(a?)} with
generator 7(a4). Here we have

Y

a4

YA:

It remains to say something about the nature of elements in the modules By 3
and Bz 5. We observe that 7(ez) = e3 = degd in Az. Thus exd = des € Bs 3 and

a2 |
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e30 = dey € B3 . Hence a basis for Ba 3 can be given as W4 = {ea6, asd, da}.
Likewise, we have that W = {des, day, da3} is a basis for B3 5. We calculate

a6 = ea(B+aB +ad+B5), aid = ex(d+ad+ B+ aff),
Say = es(a+aB+ad+B8), dai = e3(d+ad+ 35+ aBd).

Now let Uy = {e1,a1} C U. Then every 7(a) € A can be given as a sum of
elements from the entries of the subset of M 4 given as

U U1a2 UlT(ag)
T(a)U; W (W)

In general multiplication in M4 is defined as the collection of all maps of
the form

Bi,k ® BkJ' — Bi,j (13)
beb — bb,

where 7, j, k = 1,2,3. We see that each of the nine modules B; ; is the codomain
of exactly three of these maps for k = 1,2, 3, respectively. Hence defines
a total of 27 different mappings for various values of i,j, k. However, we do
not need to examine all these separately. We see that most of these operations
follow from what we have already found about concatenation of arrows into
paths in A and A’. However, we make some final notes regarding those maps
that do not involve any of the algebras. We see that By ; ® By3 — Bs 3 and
Bg)l (39 Bl,g — 3372 yleld

ast(az) = 0, as7t(asar) = azai7(asz) = aié,

T(ag)ay = 0, 7(ayas)ay = 7(az)aiaz = dai.

It may also be useful to note that for By 2 ® By 3 — Bi3, Ba3 ® B3 1 — Ba 1,
Bg,g X B271 — Bl73 and 3173 X B372 — BLQ we have

a0 = 7(a3z) +7(aza;) <= 07(a2) = 7(azd) = az+ azas,
dag = T(a2)+7(a1a2) <~ T(a3)5 = T(5a3) = a2 + aias.

We should now have provided a good understanding of how multiplication in
M 4 works.
The action of Sy on M4 is given by the multiplication on the right by ¢(g)
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for g € S4. The group generators from A in M 4 can be given as

e + asas a1a2 7(a3)
pla) = as es + aq + a2 asd ,
T(araz) 0 7(ex + aq + a?)
e1 + asag as T(asza)
p(B) = asaq es + aq + a? 0 ,
7(asz) day 7(ez + ay + a?)
€1 0 0
90(’7) = 0 0 (62 + a421)5 )
0 &(ex+al) es
eir+a; O 0
()0(6) = 0 0 625 ’
0 562 0

which defines our group basis in M 4. The image of all 24 elements in S4 under
 is listed in Appendix

5.1 Embedding of G,y

We are looking for a suitable basis for Goy in M 4. We saw earlier that Go4 was
spanned by v1,...,v4 € P; and wy,...,wg € P,. Given that vq,...v4 span the
module M7, and since v; generates the socle of P;, we find that

arazaz 0 O azaz 0 0O
o) = 0 0 0f, o) = 0 0 0],
0 0 0 0 00
0 ax+aaz O 0 0 7(a3)
pus +v1) = |0 0 0|, pls+vi) ={0 0 0 |,
0 0 0 0 0 0
is a basis for p(M7). Likewise we see that ¢(Ps) is spanned by
0 0 0 0 0 0
p(asa;) = lasa; 0 0], plaz) =las 0 0],
0 00 0 0 0
0 0 O 0 0 O
p(a}) = |0 af 0], 0(a25) = [0 0 a5,
0 0 O 0 0 O
0 0 O 0 0
plas) =10 as 0], ©lasd) = [0 0 asd |,
0 0 O 0 0 O
0 0 0 0 0
ple2) =0 e O], olezd) = [0 0 ey
0 0 0 0 0 O
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For the details we refer to Appendix It now follows that an arbitrary
element in u € Goy can be written on the form

crai1a2a3 + coasaz  czlas + ajas) c37(as)
T(u) = csasal + cgas cr + cgay + cgai 100 + c11a40 + c12a30
0 0 0

Note that, since e; has weight 3 and the codewords in G4 have weight 8, 12, 16
or 24, then any codeword in Gy contained in either the first row or column of
M 4 has weight divisible by 3. That is, it either corresponds to v; = ajasas, or
has weight 12.

Now that we have defined a way to express any ¢ € Goy inside M 4, we can
also determine how decoding looks like.

5.1.1 Decoding in M4

We now check that decoding works as intended in M 4. For f = e+ ey as a
generating element for Go4 we have

0 a9+ aias 7(as)
o(f) = | aza a3 (e2 + aq + a3)d
0 0 0

Then the idempotent e embedded in M 4 can be given as

ple) = o(f +e2) = o(f) +ple2).

In order to decode in M 4 we need to determine the antipodes of the idempotents
e and e3. Mapping 7(e) into M 4 yields

ai1a20a3 0 T(agal)
p(r(e)) = a 0 €20+ asd + a3d
T(az + ajaz) 0 7(ea + a?)

We now check that 7(e)c = 0 in A implies that ¢(7(e)c) = 0 in M4 for some
arbitrary codeword ¢ € Goy C A. Consider the word ¢; as defined in @ From
@, we find that the corresponding vector in A is

c1 = 14+ B8+v+ay+aBy+ay? +6+ ayd ++%6 + ay?5 + By26 + aBry?6.

Calculations yield that in M 4 we have

O ag + ai1an O
¢o(c) = |asa; as+a? exd+a3d
0 0 0

We see that ¢(7(e)) - ¢(c) = 0. Now let ¢ = ¢+ A be some received codeword
with error A of weight at most 3. Since p(c’) = p(c) + p(A) then

p(r(e)) - o(c) = p(r(e)) - p(A) = w(r(e)A),
in My.
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6 Constructing new codes

We want to see if we can start with the decomposition of some group algebra
and from there find an ideal within this new algebra that is an error-correcting
code. We here try two different cases or strategies. In the first, we begin with the
endomorphism ring M, of some unidentified algebra A’, for which we assume
that M/, is a 3 X 3 - matrix, but with entries of twice the dimensions as that in
M 4. In the second case we consider groups of twice the dimension as that of Sy,
that is 2 - 24 = 48, in order to find a group algebra with similar decomposition
as A.

For the first case we suppose A is some algebra with the same block de-
composition as in Lemma such that the ring of endomorphisms of A’ as a
module over itself is a 3 x 3 matrix ring

A1 Biy Big
Mya = |Byy Ay B,
Byi Bip, Aj
We assume that the dimensions of all entries of M 4- is twice of that given in
. We then have

8 4 4
Ma| =4 6 6. (14)
16 6

We now approach the problem by choosing possible structures for the algebras
A} given that these are algebras of twice the dimensions of the A;s in A = ZyS,
in the previous chapter. We saw that the algebra A; had 2 generators for a
basis of size 4 = 22. Since A} has dimension 8 = 23, we let A} be an algebra
spanned by a basis with 3 generators, and with similar relations as for A;. That
is, we suppose that

I
Al = Loz, x0, 23]/ (1),
where
a2 2 .2
r ={x1,25, 25, T122 + TaZ1, T1T3 + T3T1, ToT3 + T3T2 ).

If so, then we have three vectors x1, x5 and x3 in A}, that generate a basis X
for A; as illustrated by the diagram
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where e; is an idempotent generator for the submodule of A corresponding to
the first row in M/, for A}. Similarly, since 6 is not the power of a smaller
natural number, we let for A, and A5 be 6-dimensional algebras with a single
generator, that is

Ay = AL = Zoyl/(y°).

Let Y = {e},y,9?%,...9°} define a basis for A}, and Z = {e}, z,2%,...2°} a basis
for A5. We suppose that a basis for B o can be defined by some b € By o over
a subset of X with four elements, say Xo = {€}, 1,22, z122}. Then altogether,
a basis M 4 could be given as

X Xob Xobs
b3X2 Y Z/(Y) s
b4X2 V(Z) A4

where v is some automorphism in A’. Let X7 = {e}, z1}. Given what we know
about Go4 from the previous section we suggest that a possible code in A could
be that which is spanned by the sets in

X —Xo Xiby Xibs
bXe Y (YY)
0 0 0

for by € B} 5 and by € B 3, by € By 5 and by € B 5, where 0 # b1b3 € X. If )
has weight 16, it is reasonable to suggest that this would also be the minimal
weight of the code. However, we see that there is not an obvious way to go from
this construction to thereby find a set of generators that could be identified with
a set canonical basis vectors for a code.

Instead, we choose another approach. We start by looking for a group G
such that if A = FG for some field F then M j satisfies Since we are
looking for a (non-abelian) group that is the basis of a 48-dimensional group
algebra, a natural place to begin is with groups of order 48 over Zs. We use
GAP to look for groups with the property that

ZQG/I'ad(ZQG) = ZQ@MQ(ZQ). (15)

In total, there are 5 abelian and 47 non-abelian groups of dimension 48 size.
When evaluating their decomposition as algebras over Zs, our output was some-
what inconsistent as to how many of these algebras that satisfy . It seems
however, that one such algebra is that with group basis the binary octahedral
group, denoted 20 [4, Chapter 6.5]. This group can be represented as

20 = (r,s,t, | 7"2:33:t4:rst>,

2

where (rst)? = 1. It follows that r = st and t3 = rs. Moreover, s?> = tr.
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Altogether the different group elements of 20 can be listed as

e, t, 2, 3, r2, o, t5, 7,

s, T, st2, st3, 34, s4t, s4t2, 54753,
32, 52t7 s2t2, t5s, 557 55t, 351527 ts,

t?s,  ts?,  ts?t,  ts*t?,  tSs,  t9s?, 9%, t9s%P,
st2s, 75357 t232, t232t, sH?s. t7s, 166827 t652t,
527525, stgs, st252, 5t252t, s5t25, s4t35, s4t252, s?s2t.

Now let A = Z,20. Given that ) holds for A, then A has a subalgebra that
corresponds to the representatlon of some quiver with relation (I‘) That is,

R =) = Za g ()Mol

Using QPA we find that this is indeed the case, and that the quiver T can be
given as

o
f‘: 6161322&4

as

We let €; and é; be idempotents in A representing the trivial paths in vertices
1 and 2, rebpectlvely Now let A; = €1A61 Ay = 62A€2 B 2 = = &, Aéy and
B21 = 62A61 Then a4, a2, a3 and a4 can be given as a; € Al, as € BLQ,
as € B271 and d, € Ay. We are outputted the following set of relations in A.

fl‘ll, Zlg&i, 30204, @4G309, C~LZC~L3, &%dzég + &2&3&%,
G + Glads + G1a2d381, G202 + G2dsds, G2a + Gpdadyds,
p = { G1d0as + @302, G302 + dsdals, @32 + A3d1deds, Gadady + dsad,
oGy + G3G2 + G1d2ds, a3ds + A3G1G2 + a3, Gadz + aza; + d4a3a1,
a3 + a1a2G3 + Go2G3a1 + G1d20301,

In order to understand the structural properties of A and possibly find some
similarities to A = ZQS4 that could offer a way to define some code, we look
at relations in A; and A, as given by p. First note that p yields the followmg
identities between paths from in BLQ and 32’1

ajdy = GoG3a1dy = Gglgly = doda + G1d20a,
@ay = A189G3d2 = a1a2v4,
&ga? = 635,162&3 = &3&2&3 = C~L4C~lg+b4b3b1,
(nga:% = C~l3(~126~l3£~b1 = &4&3&1.

We see that in 1211 we then have

- oo “2 Ry
GoG3a] = ajasas = (G2a3)”.
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From that we deduce that a basis for A; can be given as
F R R B P T P Do P
U = {é,a1,a7,a3,a2a3 + 414203, 410203 + a1a203, 40203, G10243 }.

We see that A; then has two nontrivial generating paths, here a; and asas,
which generate a basis for A; according to the following diagram.

€
L sas
ﬁ1l \
ay G203
aza3
&ll \ lal
El% o &1&2&3
203
dll \ lfll
..,3 ~2~
al i a1a2a3
203
\ l[“
a3agas

Now for Ay we get the following identities.

PO ~ ~3

a3ai102 = asaz + ay,
Yy N ~4
asajas = (asas) = ay.

From this we see that a basis for flg can be given as
V~V = {é27 CNl'47 &iv &27 &?17 CNLBZLQ}-
Now let U; = {é1,a1} and Uy = {é1,a1,a?,a}}. Then bases for Bl,g and BQJ
can be given as
Xoay = {ag,a1d2,d1a2,a5as},
asXo = {as,dsdy, asas, asat}.
Let é3 = 1 — &, — é5 where é3A = é,A. Assume that é; = 7(é2). Then a basis
for all of M ; could be given as
U Ugdg T(C~l3ﬁg)
azUs w Wg |,
T(Ugbg) gW T(W)
for some g € 20 such that 7(€2) = géag. Now a natural suggestion for a basis
for some code in A, given what we learned in the previous section, is
U — 02 Uldg Uldgg
EL;),UQ w Wg )
0 0 0
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Assuming that 7(a2g) € 32’1, then the above is a right ideal. We see that,
although we would be able to identify the group elements of 20 in M ; by com-
putations in GAP, there is still not an obvious way to go from this point unless
we already know about some particular code inside A. Like in the previous
case we could suggest that the minimal weight of a codeword is 16, and that all
codeword with minimal weight are contained in the second row above. But we
have also seen that A has a more complicated structure than A, which suggest
that the same is true for some right ideal or vector space in A. We have made
a final attempt by searching for some idempotent é in GAP such that é + é;
generates a 12-dimensional submodule in the first and second row of M ;. It
turns out there are too many candidates to search through in order to get a
result.
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7 Appendix

7.1 The symmetric group S, as a subgroup of PSIL,(23)

We are going to check that Lemma holds for Sy & («, 8,7,0), given repre-
sentatives for a, 8, v and § in PSLy(23). Note that o and ~ are defined similarly
as in [2 Section 2]. We let

0 1 -3 6 2 5 4 -1
= ()= ()= )= ()

Calculations show that then o? = 82 = §%2 = (_01 _01) and 3. Moreover, we

have o’ = §ad =  and o¥ = v2ay = af. This satisfies all three requirements
given in Lemma |4.4

7.2 A basis for P,

We are going to show that if P, is an 8-dimensional projective submodule of
A = 75, with socle series

Zo 1=13
; i ~ ) L2®V i =
Soc(Py)/Soct(Py) = ZEGBV for i1
Zo 1=

where P, = e A for e; = 1 4+ v + 72, then the following set of vectors is a basis
for Pj.

v = ng

gESs
vo = ei(l+a+pB+ap),
vs = e1(l+a+d+ apd),
v = vsy=e1(l+af+ 3§+ ad),
vs = e1(14+ 6 +0+ad),
ve = vsy = eil(l+a+d+Bd),
vy = e1(1+9),

vg — €7.

First note that v; corresponds to the full-length vector in Z5.Sy, hence all per-
mutations in Sy act trivially on vy. It follows that {v1} = Zs. As for vy we
calculate

voar = vl = oy = vy, V20 = Vo + V1.
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Thus Spang, {v1,v2} is closed upon action by Sy and is thereby an indecompos-
able submodule of P; with composition factors two times Zs. Now for vz and
vy we see that

Vs = V3 + U1 + Vg, Vax = V4 + V71,
vz = vz + 1, v = vg + v,
U3y = U4, Vgy = U3+ vg + 1,
’1)3(5 = U4, U4(5 = V3.

Letting M; = Spanz2 {v1,v2,v3,v4}, we see that M, is a 4-dimensional inde-
composable right submodule of P;. Moreover, we have Soc(M;) = Spang, {v;}
and Soc?(M;) = Spang, {vi,v2}. Hence Py has composition factors given by

V 1=2
Soc™t (M) /Soc' (My) = { Zy for i=1 (16)
Zo 1=0.
Now for vs, vg and vy we have
UsQx = Us + V1, VX = Vg, vrex = U7 + Vg,
v = vs, vl = we + V1, v7f8 = w7+ vs,
UsY = Vs, vy = Us +Ug +v1, U7y = vy,
1}55 = Vg, 1)65 = Vs, U7§ = V7.
Thus My = Spang,{vi,vs,vs,v7} is an indecomposable module. We have

Soc(Ms) = {v1}. and and Soc®(M>) = Span,, = Spany, {vi,vs,v6}. Thus
M> has composition factors given by

Soc™t (My) /Soc (M)

IR
<
5
I

—

(17)

and is thereby 4-dimensional.

Since vg generate P;, then the largest proper indecomposable submodule of
Py is My 4 Ms. Thus we have Soc’(Py) = Soc' (M) + Soc’ (M) for i = 1,2 and
Soc3(P1) = Mj + M5. Hence the iterated socle series is the union of that of M;
and M, that is

Soc(P1) = Spang,{vi},
Soc?(Py) = Spang, {v1, vz, vs, 6},
Soc®(Py) 2 Spany, {v1,v2,v5, V6, U3, V4, U7}

And so the combining and yields the following composition factors

ZQ 1= 3
; ; Zo®V 1=2
1+1 7 ~ 2
Soc™(Py)/Soc' (Py) = Ly V for . _ 7 @
Lo i=0.
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Now the following diagram illustrates the module structure of P, for which the

arrows are inclusion maps.
M,
\

N

Soc?(M;) M + Soc?(Ms,)
(0) % Soc(Py) Soc?(Py) Soc?(Py) % P
Soc?(My) My + Soc? (M)

7/

2 %
M.

The labels of the maps are the cokernel of the inclusion maps, we have for
example that Soc®(M;)/Soc(Py) = Z,.

7.3 A basis for P,
We are going to show that if P, = es A, then P is a module such that

|4 1=3

. . Z 1=2
i+1 7 ~ 2

Soc'™ (P2)/Soc' (Pr) = LoV for i1

v i=0,

and a set of vectors spanning all of P is

wy = es(l+a+ B+ af),

wy = w1y = e2(d + ad + 56 + afd),
wg = ea(l+a+0+ ad),
wy = ex(1+af+d+ po),

ws = ex(l+af+ 0+ ad),

wsy = ea(1+ a+ ad + 39),
wr = ex(a+ B+ ap),

wg = wWyy = eg0.

g
=)
|

We first note that («, 3) acts trivially on wy and wq, while w1y = w1 = wa,
woy = wy + wo and wyd = wy. Thus V' = Spany, {w;, w2} € Soc(P;). Now for
ws we find that

wza = w3z +wz, w3 = ws+wi,

w3y = w3+ wa, w3d = ws.
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Moreover, for wy we have
wa = wy +wi, wef = wyg+wa +wi,
Wyy = Wy + Wa, wed = wy + w3z + we + wi.
Let N1 = Spang, {w1,ws, w3, ws}. Hence Ni is a 4-dimensional indecomposable

right submodule of P,. Moreover, Soc(N1) 2 Span,, {wi,ws} and Soc*(Ny)
{w1,wa,ws}. Thereby, we have

_ _ Zs i=2
Soc'™H(Ny)/Soc'(Ny) ={ Zy for i=1 (18)
14 1 =0.
Now for ws and wg we find that
W5 = Ws + Wy + w2, WeX = Wg + W2,
wsfB = ws + wi, weB = we + w1 + wa,
w5y = We, WeY = We + Ws,
wsd = wg + wa, wgd = ws + wi.

We find that No = Spang, {w;, w2, ws,we} is a 4-dimensional indecomposable
right submodule of P, with Soc(Nz) = Spang, {w;, w2}. Hence Ny has compo-
sition factors given by

Soc™ (Ny) /Soct(Ny) =2 v for Z.:l (19)
14 1=0.
At last for wy, and wg we have
Wrx = Wy + Wg + W5 + Wy, wgy = wg + We + W3,
wrfB = wr+ws +wz +wy, wsf = wsg+ we+ ws + wy + ws,
wry = Ws, wgy = ws+ wr,
wrd = wg + wa, wgd = wy + wi.

Thus V = Spany,_{wr, ws} = P>/Soc®(P2). It follows that the largest indecom-
posable proper right submodule of P, is Ny 4 Ny = Spang, {w1, ..., ws}. Thus
Soc’(Py) = Soc'(Ny) + Soc’(Ns), meaning that
Soc(P,) = Spang, {wi,ws},
SOCQ(PQ) = SpanZQ{wl7 W2, W3, Ws, 'UJ6},
Soc?(Py)

1%

Spanzz{wlaw27w37w47w5a wﬁ}'

Thus combining and yields

Vv i=3
. . 7 1=
i+1 % ~ 2
Soc'™" (Pz)/Soc' (Py) = Zo®V for i (18)
v 1=0
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In detail the structure of P, can then be given by the following diagram.

N

Soc (Ny) Soc (P) Y .p.

\/

Here the arrows illustrate the inclusion maps of the indecomposable submodules,
labeled by the cokernel.

7.4 The element f as a generator for G,

In the end of Chapter we claimed that f = e 4 e; generates Goy, where Goy
is spanned by the vectors vq,...,v4,w1,...,ws. We find that f generate the
following linearly independent vectors, given as sums of vectors in this basis.

[l = 01 + U3 + V4 + w1 + w3 + wWe + ws,
[ra = U1 + V2 + U3 + V4 + w1 + ws,

f-B = vp 4 v3 + v + w1 + wa 4+ wy + w5 + ws,
f-aB = U3+ V4 + w1 +ws + wy + ws + we + ws,
f-0 = V1 + U3 + V4 + w2 + w3 + ws + wr,
f-aé = V2 +v3+v4+ w1 +wa + wy,

f-B6 = vi+vy+v3+vg 4w + we + ws + wy + we + wr,
f-aBd = vz+uvg+wy +wy 4wy + ws + we + wr,
I = U3 + w3 + ws + We + W7 + Ws,

fay = v9 + v3 + wg + w7 + wg,

feo = Vg + w3 + w5 + we + wr + ws,

frayd = v+ v4+ ws + wr + ws.
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We thereby find vy, ...,v4 and w1, ...,ws can be given as

vy = fla+ B+ ad+ 86+ + ayd),

ve = fla+pB+ad+ B5+v+ay),

vy = fla+ad+v+55+ ayd),

vy = fla+ ad + ayd),

wy = f(0+ ad + B85+ apd)

wy = f(l+a+B+aB),

ws = f(B+aB+ B+ aBd+ 0 + ayd),

wy = f(l+a+ad+ Bd+v+ ay+v0 + ayd),
ws = f(B+af+y+ay),

W FfA+aB+ad+aBd+v+ ay+ 70+ ayd),
wy FfA+a+aBd+06+ad+afd+ ay+~9),
wg f(O+ ad + B+ aBd + ay + avd).

This proves that all the given vectors are generated by f and so the same holds
for g24.

7.5 Embedding of S, in M4

In Section [5] we defined the homomorphism ¢ : A — M4 and gave the image
of the generators of Sy under this map. We here do the same for all elements
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in S4. We find that

p(10) =

o(v%6) =

play) =

e(By) =

polafy) =

egz 0 O e1+ay
0 e O 0 el
O 0 €3
€1 0
0 0 €20 + aZcS
0 deg+ a3
€1 0
0 e €20 + azd
0 562 + §aZ
e+ ay 0
0 es +aj 0 )
0 des  T(ex +a?)
e+ ay 0 0
0 es + a? ) ,
0 0 7(eg + a?)
e1 + aza3 a1a2 7(a3)
as e + ag + a? asd ;
T(araz2) 0 7(ez + aq + a?)
e1 + azas as T(azar)
asay ex +aq4 + 0412; 0 ’
7(az) day T(e2 + a4 + a3)
e1 +agaz  as+ajaz T(az + aza)
as + azaq ey + a? as0 ,
T(az + ajasz) day 7(e2 + a3),

e1 +asas a4+ ajas T(a3 + a3a1)
as ay e2d ,
T(ajas) des +day T(ez + ay +a?)
e1 + asas a1a9 T(ag)
asaq 0 e2d +aqd |,
7(asz) des +day  T(ex + a?)
e1 + agas ay +aras  T(as + asxq)
as + asaq ay €20 + asd
7(as + arasz) des T(ea + ag + a?)
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o(ay?)

o(87%)

o(apy?)

p(ad)

©(B0)

p(afB0)

p(avd)

©(B9)

p(apyo)

o(ay?s)

©(87%9)

o(aBy?0)

e1 + asas as T(aza1)

as es + ai €20 + a40

T(a1az)  dea + day

e1+asas  as+ajax  7(az+ azay)
asaq e +aq + ai €20 + a4l ,
7(asz) deq 7(aq)
e1 + asas aias 7(as)
az+aza;  ex+ag+al el |,
7(ag + araz)  dea +day  T(ag)
€1 + ay —+ a20a3 —+ ajaz0as3 a2 —+ a1a9 7'([13@1)
as + asaq a4 €26 + asd + a2d
T(araz) Seq + day + ba3 0
e1 + a1 + asas + arazas aias 7(as + asaq)
asaq 0 €26 + asd + a2d

T(az + ara2)
er +ai + asas + ajao0as
as
7(az)

€1+ a1 + azas + ajazas
as + asaq
T(araz)
€1+ a1 + azas + ajazas
a3ay
7(as + arasz)
€1+ a1 + azas + ajazas
as
7(az)

e +ar + asas + a1ao0as3
as + azaq
T(alag)
e1 + a1 + asas + ajasas
asay
T(G,Q + alag)
e1 + a1 + asas + ajasas
as
7(az)
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Seq + day + 6a3

)

7(as)
as 7(as)
a4 e26 + a3é

Seq + day + 6a3 T(aq)

Ses + day + a3

as 7(as)
€9 a45

as + aras  T(asar)
es + aq 0 ,
des + a2 T(ea + ay)

aiag
es + aq as0
Ses + day + a2 7(e2)
arag  7(asz + aszar)
ex + aa e26 + a3é ,
0 T(@Q + a4)
as 7(as)
ex+ay exd +asd +a3s
562 7'(62)
a1a T(aza)
() 625 + a45 + a?ﬁ
daq T(ea + aq)

7(es + ay)

)

)

7(as + azay)

9

9



7.6 Bases for P, and P, in M4

We have seen that a set of vectors spanning P; as a right A-module is the set
{v1,...,vg}, defined in Chapter . We find that these vectors are equal to the
following sums of basis elements for the entries of M 4.

V1 = aiG2a3, U2 = aga3, U3z = a2 +aias + arazaz, vs = T(az) + aiazas,

vs = aijaz +araz, v = T(aza1)+ajagaz, vr = ai, vs = ej.

Given what we know about the socle layers of Pj, as outlined in Appendix
we deduce that a basis for ¢(P;) can be given as

arazaz 0 0 asas 0 0
p(v) = O 0 0, ¢wv) = 0 0 0],
0 0 0 0 0
0 ay O 0 0 7(as)
p(vs +v5 +v1) 0 0 O olva+v1) =10 0 O ,
0 0 O 0 0 0
0 ajas O 0 0 7(agar)
plvs+v1) =0 0 0], elws+vi) =(0 0 0 ,
0 0 0 0 0 0
aq 0 0 €1 0 0
p(vr) =10 0 0f, ovsg) =0 0 0
0 0 0 0 0 O

We saw that P, = ez A as a right module was spanned by the set of vectors
wi,...,ws, that are equal to the following sums of basis elements for various

entries in M 4.

2 2 2 2
wy = ay, ws = a;0, ws = asa;+ aj+ ajd,
2 2
wy = az+ai +ai, ws = ag+ai+ald, we = asd+as+ aid,
wy = eg + a4, wg = e90.
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Then, given what we know about the socle layers of P, from Appendix in
particular that wy,ws € Soc(Pz), then a basis for ¢(P2) is

0 0 O 0 0 O
ow)) = [0 a 0], ew) =10 0 a3,
0 0 O 0 0 O
0 0 0 0O 0 O
p(ws +wz +wy) = agar 0 0|, @ws+wz+wi) =|az 0 0],
0 0 0 0 0 O
0O 0 O 0 0 O
o(ws +we +wy) = |0 ag 0], plwg+we+wy) =0 0 a4d ],
0O 0 O 0 0 O
0O 0 O 0 0 O
owr+wy) =[0 ex 0], @ws) =10 0 ed
0O 0 O 0 0 O
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