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Abstract

The physics of flow around straight and curved cylinders in tandem is investigated by
means of direct numerical simulations (DNS), for transitional and turbulent flow regimes.

For straight tandem cylinders in the reattachment regime, the effect on the gap and
wake flow of transition to turbulence in the shear layers is scrutinized, along with the
interaction between large-scale recirculating gap vortices and the development of the gap
shear layers. The role of flow three-dimensionality in the gap and wake is studied. It is
discovered that tandem cylinder flow regimes may be spanwise cellular and asymmetric
in the gap region. The physical mechanism behind such cellular flow regime variations is
discussed.

Tandem cylinders with axial curvature are studied for the first time. The convex
configuration, where the incoming flow is directed towards the outside of the cylinder
curvature, is chosen. The effect of axial flow on the forces on the cylinders and their
characteristic frequencies is addressed, as well as spanwise variation of tandem cylinder
flow regimes. Several flow regimes co-exist along the span, and some of these are unstable,
which has a profound effect on the development of the wake. The flow topology of the
gap and wake, vortex shedding modes and the complex interaction between the spanwise
localized flow regimes are discussed in detail. The effect of transition to turbulence either
in the wake or in the shear layers is addressed, as is the interaction between the primary
instability and the shear layer instability, under influence of axial flow.
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Chapter 1

Introduction

For centuries, wakes and vortices have fascinated laymen and scientists alike with their
intricate beauty. The physics of wake flows are exceedingly complex, and remain an
active topic of research to this day, not least owing to their importance for engineering
purposes. Offshore pipelines for oil and gas, marine risers, chimneys, high-rise buildings,
bridge decks and columns, or the towers of wind-turbines; these are just a few examples
of bluff (non-streamlined) bodies that generate vortex-shedding wakes when subjected to
water currents or wind. The oscillating drag and lift forces induced by vortex shedding
is an essential part of structural design, as is the effect of the wake on nearby structures
(or even pedestrians and cars).

Many engineering applications involve fluid flow around pairs or groups of bluff bod-
ies. The present study is motivated by one of the more spectacular examples, namely
submerged floating tunnels (SFT). No SFT has yet been built, but some proposed de-
signs consist of two adjacent cylindrical tunnels (one for each traffic direction), with axial
curvature (Aasland et al., 2023), i.e. curved cylinders in tandem. One such design is the
Bjørnafjord crossing (Eidem et al., 2018), which sparked the idea for the work presented
herein. Because there were no previous studies of flow around curved tandem cylinders,
it was considered important to clarify the underlying flow physics, rather than to study
one specific SFT. Therefore, the present study aims to characterize the fundamental fluid
mechanic processes that govern the flow field around tandem cylinders with axial curva-
ture. This also necessitates taking a closer look at some straight tandem cylinder cases.
A guiding principle for our work has been that a thorough understanding of the physics
is the ground on which more applications-oriented studies can be built, and crucial to the
exploration of novel structure types, such as SFT’s.

This chapter introduces some basic concepts of viscous fluid flow, and how these
apply to cylinders, single or in tandem (section 1.1 and 1.2, respectively). Additionally,
an overview of flow around single cylinders with axial curvature is given in section 1.3,
since some of the features of such wakes are also found in the wakes of curved tandem
cylinders. The present study is carried out by means of numerical simulations, and the
computational aspects are outlined in section 1.4. Finally, an overview of the resulting
papers is presented in section 1.5.

1



2 2

a) b)

Figure 1.1: a) Cylinder wake in a water flume at Re = 140. Photo by S. Tandeda,
reproduced from Zdravkovich (1997a). b) Wind-induced vortex shedding in the cloud layer
behind Heard Island, captured by NASA’s Aqua satellite on Nov 2, 2015 at 09:20 UTC
(Schmaltz, 2015). Reynolds number estimated to be in the order of 107.

1.1 Viscous flow around bluff bodies

Viscous flow around bluff bodies is normally discussed in terms of the Reynolds number,
which describes the relative importance of inertial forces versus viscous (i.e. frictional)
forces:

Re =
ρU0l

µ
=

U0l

ν
∼ inertial force

viscous force
(1.1)

Here, U0 is the velocity of the incoming flow, ρ is the density of the fluid, and µ its
viscosity. l is a characteristic length scale, which might be the waterline length of a ship
subjected to currents in the sea or the diameter D of a cylindrical column.

It is a peculiarity of bluff body flows that objects of vastly different size and geometry
may produce wakes that are fundamentally similar. An example of this is shown in figure
1.1. Figure 1.1a depicts flow visualization of the wake behind a cylinder in a laboratory.
Vortices form and are transported downstream by the flow to create what is known as
the Kármán - Bénard (or, perhaps more commonly, simply von Kármán) vortex street,
named after early descriptions by Bénard (1908) and von Kármán (1912). The same type
of wake is shown in figure 1.1b, but on a much grander scale. These vortices form in
the cloud layer downstream of Mawson Peak on Heard Island, captured for posterity by
a NASA satellite. The cylinder has a length scale in the order of centimeters, while the
characteristic length scale of Mawson Peak is in the order of kilometers. This implies that
even for very low wind speeds, the Reynolds number of Mawson Peak will be in the order
of 107, compared to 140 for the cylinder.

The von Kármán vortex street arises when the boundary layer on a bluff body sepa-
rates from the surface, which occurs when the pressure increases along the surface in the
streamwise direction (although for bodies with sharp corners, separation will generally oc-
cur at the corner). The separated boundary layer, now called a shear layer, subsequently
becomes unstable and forms vortices, as exemplified in figure 1.2.

In figure 1.3 the various stages of the development of the boundary layer and wake
of a cylinder are shown, along with their respective Reynolds number ranges. For very
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Separation point

Shear layerBoundary layer
Laminar
shear layer

Transition to
turbulence

Kelvin - Helmholtz
vortices

Kármán
ices

a)
b)

U0 U0

Figure 1.2: a) Viscous flow around a single cylinder at Re = 104, represented by spanwise
vorticity, ωz. Red means positively signed vorticity and blue means negatively signed
vorticity. b) schematic of the vortices in a). Data from the present study.

low Reynolds numbers, there is no separation, as shown in figure 1.3a. The flow field
resembles the inviscid case. After separation, a pair of symmetric recirculating vortices
form at the cylinder base. These vortices remain steady up to Re ≈ 40. At this point, the
viscosity can no longer stabilize the flow, and the so-called primary instability is triggered,
resulting in a vortex street in the wake.

Initially, the vortex street is laminar and the flow is essentially two-dimensional.
Around Re ≈ 180 − 190, however, a three-dimensional instability is triggered in the
wake, which leads to transition to turbulence. The transition is heralded by spanwise
waves along the von Kármán vortices, and the occurrence of streamwise oriented vortices
in the space between them (usually called the braid regions). The initial flow pattern,
shown in figure 1.4a and 1.4c, is called mode A, and it is characterized by vortex loops
with a typical spanwise wavelength of approximately 4D (Williamson, 1996b). ’Spanwise
wavelength’ refers to the distance between the streamwise vortices.

Over the range Re ≈ 230 − 260, there is a gradual transition from mode A to the
instability called mode B (Williamson, 1996b; Jiang et al., 2016), which results in a
flow pattern like the one shown in figure 1.4b and 1.4d. Mode B is characterize by
streamwise vortex pairs with a spanwise wavelength of approximately 1D. Within the
transition range, the flow switches intermittently between mode A and mode B, and two
distinct vortex shedding frequencies can be observed, corresponding to each of the modes
(Williamson, 1996a).

Within mode A, dislocations in the spanwise vortices occur frequently. Such vortex
dislocations develop due to local frequency and/or phase differences along the span, and
result in complex linking patterns between the vortex cores (Williamson, 1989). After
transition to mode B, the dislocations largely disappear. Henderson (1997), however,
showed that they may nonetheless develop spontaneously, provided that the spanwise
length of the cylinder is sufficient. Dislocations may occur anywhere along the span, and
the location varies with time. Forced and spontaneous vortex dislocations are shown in
figure 1.5.

Further increasing the Reynolds number moves the transition point upstream in the
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Figure 1.3: Flow regimes of a cylinder with smooth inflow. Reproduced from Sumer &
Fredsøe (2006).
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U0

a) b)

c) d)

Figure 1.4: Three-dimensional wake modes of a single cylinder. Experimental flow visual-
izations of a) mode A and b) mode B, adapted from from Williamson (1996a). Schematic
of c) mode A and d) mode B, coloured by the sign of the streamwise and spanwise vortic-
ity, ωx and ωz. Adapted from Rastan & Alam (2021)

a) b)

U0 U0

Figure 1.5: Vortex dislocations in a cylinder wake. a) Re = 100 adapted from experimen-
tal flow visualizations by Williamson (1989). b) Re = 1000, adapted from numerical flow
visualizations by Henderson (1997). Note that vortex dislocations do not occur naturally
in laminar wakes. In a), the dislocations occur owing to the end conditions in the exper-
imental setup.
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wake, until the shear layers become unstable. The Reynolds number region where tran-
sition to turbulence occurs in the shear layers is commonly referred to as the subcritical
regime. Transition in the shear layers causes the formation of small-scale eddies, the
Kelvin-Helmholtz (K-H) vortices (named after the instability mechanism from which they
arise). Such vortices are shown in figure 1.2b. The transition region moves upstream in
the shear layer with increasing Reynolds number, but it is worth noting that this region
also meanders randomly in the streamwise direction even when the Reynolds number re-
mains constant (Prasad & Williamson, 1997). The meandering is caused by small eddies
that are created during the formation of the von Kármán vortices (Rai, 2010). These
eddies travel upstream in the recirculation region in the near wake. If they come into
contact with the shear layers, the eddies may amplify the K-H instability and hasten
transition to turbulence, provided that they are sufficiently strong.

For high Reynolds numbers, the transition points move into the boundary layer itself.
Curiously, there is a narrow range of Reynolds numbers, called the critical regime, where
the boundary layer is turbulent at separation on one side of the cylinder, and laminar
at separation on the other side (Schewe, 1983). This regime is sketched in figure 1.3f.
The asymmetric separation leads to loss of regular vortex shedding, accompanied by a
significant drop in drag on the cylinder (the ’drag crisis’). Regular vortex shedding is
re-established in the supercritical regime.

Beyond the critical regime, the transition point gradually moves upstream, until the
entire boundary layer becomes turbulent. This does not occur simultaneously on both
sides, however, as shown in figure 1.3h. Only beyond Re ≈ 4 × 106 do both boundary
layers become fully turbulent.

Turbulence in the boundary layer delays separation. Within the subcritical regime,
where the boundary layer is fully laminar, the separation points are located near the
top and bottom of the cylinder, as shown in figure 1.2. When transition to turbulence
moves into the boundary layer, however, the separation points gradually move backwards
(Sumer & Fredsøe, 2006).

The vortex shedding frequency f is normally given by the Strouhal number:

St =
fD

U0
(1.2)

The development of St as a function of the Reynolds number is shown in figure 1.6. There
are two different modes of vortex shedding, called low-speed mode and high-speed mode
(Zdravkovich, 1997b). In the low speed mode, which occurs within the laminar regime,
the vortices grow gradually as they are convected downstream, as shown in figure 1.1a.
In this mode, St increases with increasing Re.

In the high-speed mode, the vortices form and grow close to the cylinder base. A
vortex is shed when the vortex on the opposite side becomes strong enough to pull the
shear layer of the growing vortex across the wake, cutting off further supply of vorticity
(Gerrard, 1966). This way, the vortex street is formed by alternating shedding of fully
grown vortices.

In the high-speed mode, St is nearly constant with increasing Re, up to the critical
regime. The backwards movement of the separation points beyond the critical regime
leads to a jump in the Strouhal number, since the shear layers are now closer together
and can interact faster. The final discontinuity in the St curve (near Re = 2 × 106 in
figure 1.6) is caused by the asymmetrical boundary layer transition shown in figure 1.3h.
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Figure 1.6: Strouhal number as a function of Reynolds number for a cylinder with smooth
inflow. Reproduced from Sumer & Fredsøe (2006).

The constancy of the Strouhal number within the subcritical regime has recieved a lot
of attention, especially since the vortex formation length Lf shrinks substantially with
increasing Reynolds number within this regime. Lf is defined as the distance from the
cylinder base to the point of maximum velocity fluctuations along the wake centerline.
Gerrard (1966) explains the reduction of the vortex formation length as follows: The
turbulent part of the shear layer entrains (i.e. absorbs or pulls in) significantly more
fluid than the laminar part. This means that fluid entrainment into the shear layer
increases with Re, since the transition region moves upstream. The length of the vortex
formation region depends on the balance between fluid that is entrained into the shear
layer from inside the near wake, and fluid that is entrained into the near wake by the
forming vortex. Fluid entrained into the shear layer has oppositely signed vorticity from
the shear layer itself, and that leads to weakening of the von Kármán vortices as Re
grows. A weaker vortex cannot entrain as much fluid from outside the wake, which leads
to a shortened formation region. A shorter vortex formation region should in turn cause
a higher shedding frequency (Roshko, 1954), so there must be an opposing mechanism
that ensures a near constant St in the subcritical regime.

According to Gerrard (1966), this mechanism is related to the thickness of the shear
layers. Downstream of the transition point, the shear layer rolls up into Kelvin-Helmholtz
vortices that diffuse and grow in diameter while being transported along the near wake.
This causes the shear layer thickness to grow. It follows that an upstream movement
of the transition region causes thicker, i.e. more diffused, shear layers. When the shear
layers are more diffused, it takes longer to pull enough vorticity across the wake to initiate
shedding. Moreover, greater diffusion of the vorticity results in less entrainment into the
forming vortex, which in turn should result in higher vortex strength (since there is less
fluid with oppositely signed vorticity). On this reasoning, increasing the Reynolds number
and moving the transition region upstream should result in a decrease of the shedding
frequency.

In short, the upstream movement of the shear layer transition region causes a shorten-
ing of the formation length, but the thickening of the shear layers counteracts the would-be
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increase of the shedding frequency, so that St is kept nearly constant. To summarize, four
main parameters influence the high-speed shedding mode (Gerrard, 1966): the width of
the near wake (largely governed by the location of the separation points), the strength
of the fully grown vortex, the thickness of the shear layers, and the entrainment into the
near wake.

Several studies have found low-frequency variation of the vortex formation length in
the wake behind cylinders (at a fixed Re), as well as a number of other bluff bodies (Miau
et al., 1999; Lehmkuhl et al., 2013; Cao & Tamura, 2020; Lorite-Dı́ez & Jiménez-Gonzáles,
2020). This variation is correlated with low-frequency variations in the base pressure.
Miau et al. (1999) suggested that the balance between the free-stream pressure and the
base pressure influences the curvature of the shear layers. An increase in base pressure
(i.e. less suction) cause flatter shear layers, which leads to a lengthened formation region.
This hypothesis is supported by the findings of Lehmkuhl et al. (2013), who found low-
frequency variation between a high-energy and a low-energy vortex shedding mode. The
high-energy mode had strong velocity fluctuations and a short formation length, whereas
the low-energy mode had weaker fluctuations and a correspondingly longer formation
length. Each mode had a distinct Strouhal number.

Because vortex shedding depends upon interaction between the shear layers on both
sides of the wake, the shedding process can be inhibited or delayed by interfering with
the shear layers’ ability to interact. This can be accomplished by inserting an object,
for instance a splitter plate, into the formation region. Depending on its length and its
position relative to the cylinder base, a splitter plate may lengthen the formation region,
reduce drag on the cylinder and delay the inception of the shear layer instability (Roshko,
1954; Apelt & Szewczyk, 1973; Cardell, 1993).

Finally, a short note should be made on the difference between the primary instability
and the Kelvin-Helmholtz instability, since these are mentioned quite frequently herein.
The crucial difference between these two instabilities does not lie in the size of the resulting
vortices, though it may seem that way from figure 1.2 1, but in the way the effect of the
instability spreads in the fluid. The primary instability is absolute, while the Kelvin-
Helmholtz instability is convective (Huerre & Monkewitz, 1985).

In the case of a convective instability, the disturbance the instability causes is trans-
ported downstream while growing in amplitude. In cylinder shear layers, the actual
triggering of the instability occurs in the laminar part. This process is not visible to
the naked eye, though the resulting fluctuations can be measured. As these fluctuations
grow, the instability becomes visible as waves in the shear layer and, further downstream,
Kelvin-Helmholtz vortices. These fluctuations downstream of the instability inception
point do not, however, affect the shear layer upstream of this point.

For an absolute instability, the situation is the opposite. Pressure fluctuations resulting
from an absolute instability are felt in the entire fluid domain, not just downstream of its
inception point. This means that the pressure fluctuations from the von Kármán vortices
are felt upstream even if the vortices do not come into direct contact with this part of
the flow.

1In fact, the K-H instability may also occur on an atmospheric scale. The lucky observer might see
clouds shaped much the same way as the K-H waves in cylinder shear layers.
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Back face reattachment

Front face reattachment

a) b) c) 

L

D

U0

Figure 1.7: Basic tandem cylinder flow regimes a) Overshoot/extended-body 1.0 ≤ L/D ≤
1.2 − 1.8 b) Reattachment 1.2 − 1.8 ≤ L/D ≤ 3.4 − 3.8 c) co-shedding 3.4 − 3.8 ≤ L/D
(Zdravkovich, 1987).

1.2 Flow around tandem cylinders

When two cylinders are placed in tandem, so that the downstream cylinder lies along the
centreline of the upstream cylinder wake, the cylinder flow fields interfere in two ways
(Zdravkovich, 1987). Firstly, the proximity of the two cylinders modifies the pressure
in the fluid, as well as on the surface of the cylinders themselves (’proximity interfer-
ence’). Secondly, the downstream cylinder is located in the wake of the upstream cylinder
(’wake interference’), which has consequences for vortex formation and shedding from
both cyliners. The effect of the downstream cylinder is in some ways similar to that of
a short splitter plate in the wake of a single cylinder (Zhou & Yiu, 2006). For instance,
the experiments of Roshko (1954) give Strouhal number and base pressure results that
are comparable to tandem cylinders at spacings equivalent to the spacing between the
cylinder and splitter plate.

Flow around cylinders in tandem can be roughly grouped into three regimes, based
on the behavior of the shear layers, as sketched in figure 1.7: overshoot, reattachment
and co-shedding. These flow regimes depend on the Reynolds number and the streamwise
distance between the cylinders, which is often called the gap ratio, L/D. Here, L is the
center-to-center spacing between the cylinders, as shown in figure 1.7a.

Wake interference encompasses a class of vastly complex flows, resulting in something
of a headache for those who wish to classify them. In fact, the regimes outlined in figure
1.7 include a proliferation of variations, some of which are sketched in figure 1.8. The
reader will notice that the gap ratio range for each regime is not included in the figure.
The omission is deliberate; due to the Reynolds number sensitivity (Xu & Zhou, 2004)
several of these flows may be found at the same cylinder spacing. Furthermore, incoming
disturbances in the flow, such as overall turbulence intensity (Ljungkrona et al., 1991) or
wind gust amplitude (Wang et al., 2022), influence the flow regime. Even the spanwise
length of the cylinders may play a role, due to the spanwise wavelength of the three-
dimensional wake instability (Carmo et al., 2010b). Nevertheless, several attempts have
been made to classify the flow regimes according to the gap ratio, and the following
classification by Zdravkovich (1987) is widely used: overshoot 1.0 ≤ L/D ≤ 1.2 − 1.8,
reattachment 1.2− 1.8 ≤ L/D ≤ 3.4− 3.8, and co-shedding 3.4− 3.8 ≤ L/D. Xu & Zhou
(2004) later proposed a classification scheme based on maps of Re− L/D combinations,
though this scheme never fully caught on.

In the following, a brief introduction to the main tandem cylinder flow regimes is given,
although our focus is mainly on the reattachment regime. There are two reasons for this.
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Firstly, this regime plays an important role in all the studies that comprise the present
work. Secondly, the reattachment regimes is the most complex of the tandem cylinder
flow regimes in terms of flow physics, and it includes a wide variety of sub-regimes (as
figure 1.8 attempts to convey).

When the cylinders are very closely spaced the shear layers of the upstream cylinder
completely envelop the downstream cylinder and roll up in its wake, so that vortex shed-
ding essentially occurs from the upstream cylinder. There is little movement of the fluid
in the gap, and two cylinders behave as a single bluff body. For that reason the overshoot
regime is often called ’single-body’ or ’extended-body’.

Increasing the spacing between the cylinders and/or the Reynolds number causes the
upstream cylinder shear layers to reattach onto the surface of the downstream cylinder.
Vortices are now shed exclusively from the downstream cylinder, but recirculating vortices
may form in the gap. For low gap ratios, these are symmetrical (Lin et al., 2002), as shown
in figure 1.8c, but the vortices become alternating if the gap ratio increases (Carmo et al.,
2010a; Zhou et al., 2019), as illustrated in figure 1.8d. In the literature, these recirculating
gap vortices are often called ’quasi-steady’ or ’quasi-stationary’. This is because their
formation length is restricted by the width of the gap, and thus they remain at essentially
the same streamwise location.

Initially, the reattachment points are located on the back face (i.e. downstream side)
of the downstream cylinder, but with increasing gap ratio and/or Reynolds number, the
points move upstream, as illustrated in figure 1.7b. The streamwise location of reattach-
ment is important because it influences the strength of the vortices in the wake. Zhou
& Yiu (2006) found that front face reattachment led to stronger vortices, compared to
back face reattachment, since front face reattachment gives the boundary layer on the
downstream cylinder more time to develop. Still, the vortices were weaker than in the
overshoot regime, within which the strength was comparable to that of a single cylinder.

Provided that the Reynolds number is sufficiently high, there may be reattachment
even for very low gap ratios. For instance, Tsutsui (2012) found reattachment at L/D =
1.2 and Re = 105, which is in the upper subcritical Reynolds number range. For this
flow regime, which is illustrated in figure 1.8bi, there was substantial fluid motion in the
narrow gap between the cylinders.

For a wide range of gap ratio and Reynolds number combinations, reattachment is al-
ternating (Zdravkovich, 1987). This means that one shear layer reattaches, while its oppo-
site simultaneously overshoots the downstream cylinder. Different varieties of this regime
are sketched in figures 1.8b - 1.8di. In the present study, alternating overshoot/reattach-
ment occurred for both Re = 500 and 104, at the same gap ratio (L/D = 3), as shown
in figure 1.9. Towards the end of the reattachment regime, the reattachment becomes
symmetrical (Zdravkovich, 1987), as shown in figures 1.8dii and 1.8e, and there is little
movement of the reattachment points.

Transitions between tandem cylinder flow regimes are unstable and hysteretic (Carmo
et al., 2010b). Close to the limiting gap ratio (assuming Re is kept constant), the flow
switches intermittently between regimes. Xu & Zhou (2004) observed such a switch
between overshoot and reattachment, whereas Igarashi (1981) reported a switch between
reattachment and co-shedding. Igarashi (1981) called this type of flow regime bi-stable,
and the terms ’bi-stable’ and ’bi-stability’ have since come to be associated with the
reattachment/co-shedding switch in the literature concerning tandem cylinder flow. The
co-existence of two flow regimes results in dual dominant frequencies, each with a distinct
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Figure 1.8: Some selected variations within the main tandem cylinder flow regimes. Due
to sensitivity to Reynolds number and inflow conditions, as well as instability near tran-
sition between regimes, several types of flow regime may exist for the same gap ratio. For
this reason specific L/D and Re ranges have been deliberately omitted from the figure.
L/D grows from a) to g) and Re grows from left to right.
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a)

b)

Figure 1.9: Alternating overshoot/reattachment for a) Re = 500 and b) Re = 104. Flow
field represented by spanwise vorticity, ωz, where red is positively signed and blue is neg-
atively signed. Data from the present study.

peak in the velocity spectra.

The transition from reattachment to co-shedding is exceedingly intricate. Igarashi
(1981) reports three different bi-stable regimes, called pattern D, E and E’ in that study.
Initially, the gap vortices become unstable, and shedding from the gap occurs intermit-
tently (pattern D), similar to the illustration in figure 1.8di. Note that in a strict sense,
this is not actual vortex shedding, because the opposite shear layer is not pulled across
the gap centreline. It is more as though the vortex ’escapes’ and is convected into the
wake. True roll-up of the gap shear layers occurs in Igarashi (1981)’s regimes E and E’.
The difference between these regimes is primarily the duration of the time intervals of
co-shedding, which increases with increasing Reynolds number or gap ratio. The spacing
between the spectral peaks that represent reattachment and vortex shedding from the gap
increases with increasing Reynolds number. Kitagawa & Ohta (2008) found a different
type of bi-stability. They reported a switch between symmetric reattachment, with a
highly turbulent non-shedding wake, illustrated in figure 1.8dii, and a state where small
vortices were shed from the gap shear layers, combined with a vortex street in the wake.

The spacing at which co-shedding starts is commonly called the ’critical spacing’
Lc/D, and its value typically lies between 3.0 to 5.0 (Okajima, 1979; Igarashi, 1981;
Xu & Zhou, 2004; Alam, 2014) From an engineering point of view, the transition from
reattachment to co-shedding is important because it is accompanied by a discontinuous
jump in the Strouhal number. Within the reattachment regime, the dominant frequency is
comparably low, typically around 0.14-0.16 (Igarashi, 1981; Wu et al., 1994; Lee & Basu,
1997; Kitagawa & Ohta, 2008), whereas within the co-shedding regime, the dominant
frequency gradually approaches that of a single cylinder, as L/D increases. Moreover,
the advent of co-shedding causes a jump in drag on the downstream cylinder. As long as
there is reattachment, recirculation in the gap causes suction, which leads to a negative
drag coefficient (i.e. thrust) for the downstream cylinder. When co-shedding starts, the
drag on the downstream cylinder becomes positive. For that reason the critical spacing
is sometimes referred to as the ’drag-inversion’ spacing.

In every tandem cylinder flow regime, the Strouhal number of the two cylinders has
been found to be practically identical (Xu & Zhou, 2004). Within the co-shedding regime,
this is attributed to a ’lock-in’ effect, i.e. that the vortices from the upstream cylinder
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periodically impinge on the downstream cylinder, and this governs the frequency of the
downstream cylinder vortex shedding (Alam & Zhou, 2007). It has been proposed that a
similar mechanism is in play within the reattachment regime, so that the frequency of the
alternating recirculating gap vortices impose their frequency on the downstream cylinder
wake by forcing the boundary layer (Xu & Zhou, 2004). This is not agreed upon, however.
It may also be the other way around; that the downstream cylinder vortices govern the
frequency in the gap through pressure fluctuations.

The presence of the downstream cylinder affects the inception of the primary insta-
bility, as well as transition to turbulence in the wake. Mizushima & Suehiro (2005) found
that the onset of the primary instability was delayed to Re = 100 (compared to Re = 40
for a single cylinder) for gap ratios L/d = 2 and 4. A similar result was reported by
Carmo et al. (2010b), where the critical Reynolds number for the primary instability was
in the vicinity of 80 to 90 for gap ratios between L/D = 2 and 5.

When it comes to transition to turbulence, the influence of the downstream cylinder
depends on the gap ratio. Below the drag-inversion spacing, the downstream cylinder
acts as a stabilizer, delaying the critical Reynolds number for transition. Within the
co-shedding regime, however, it acts as a de-stabilizer, causing transition to occur at a
lower Reynolds number than for a single cylinder (Papaioannou et al., 2006).

The three-dimensional instability of the tandem cylinder wake was investigated by
Carmo et al. (2010a,b), who found that below the drag-inversion spacing, the instabil-
ity mechanisms differed somewhat from those of single cylinder wakes. Three different
instabilities were discovered, called modes T1, T2 and T3. Keeping the mathematical
details at an arms length, the main difference between the tandem and single cylinder
instability modes, is the spanwise wavelength. T1 and T2, which were found for gap ratio
ranges 1.0 ≤ L/D ≤ 1.5 and 1.5 ≤ L/D ≤ 2.0, respectively, have a wavelength of approx-
imately 3. T3, however, which exists from L/D ≈ 2 up to the drag-inversion spacing, has
wavelengths between 4 and 10, depending on the Reynolds number. The practical conse-
quence of this is that the minimum required spanwise length to capture the behavior of
the tandem cylinder wake is different from a single cylinder wake (particularly important
for numerical simulations). Except for laminar flow, the drag-inversion spacing cannot be
correctly predicted by two-dimensional numerical simulations (Papaioannou et al., 2006;
Carmo et al., 2010b). Conversely, the onset of turbulence is not correctly predicted unless
the spanwise length is sufficient to encompass the wavelength of the three-dimensional
instability.

1.3 Cylinders with axial curvature

When a cylinder is curved, the incoming flow is partially deflected along the cylinder
axis, and this axial flow modifies the forces on the cylinder, as well as their characteristic
frequencies. The inflow direction has a colossal impact on the wake of a curved cylinder.
Directing the inflow to the inside of the curvature (concave configuration) or the outside
of the curvature (convex configuration) produces completely different flows, as seen when
comparing figures 1.10a and 1.10b. Of the two configurations, the convex wake is less
intricate, and that is the primary reason for choosing this configuration for the study
of curved tandem cylinders (because, as we shall see, a second cylinder certainly adds
enough complexity to be getting on with). Apart from displaying it in all its considerable
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splendor, concave curved cylinder flow will be left out from here on. For further reading
on that subject, see Jiang et al. (2018, 2019), Shang et al. (2018) or Lee et al. (2020),
where also oblique inflow directions are considered.

As shown in the flow sketch by Gallardo et al. (2014a), the incoming flow is deflected
downwards along the front face of a convex curved cylinder, and there is significant axial
flow in the near wake. There is a stagnation point on the back face of the cylinder. Above
it, the flow is directed upwards (upwelling), and below it the flow is directed downwards
(downdraft). The upwelling is considerably weaker than the downdraft, with a maximum
velocity of about one fifth of the maximum downdraft velocity in the study of Gallardo
et al. (2014a).

The wake of a convex curved cylinder appears similar to that of a straight cylinder.
There is a von Kármán vortex street, as seen in figure 1.10b, and the Strouhal number
is not very different from a straight cylinder at the same Reynolds number (Gallardo
et al., 2014a). However, the effect of the axial flow is significant, particularly in the lower
wake. In this region, the downdraft is strong enough to interfere with the formation of
the vortices. Communication between the shear layers is inhibited, similar to the effect of
a near wake splitter plate (Roshko, 1954). In short, the downdraft blocks vortex shedding
in the near wake. Instead, swirling vortices with a more streamwise orientation are formed
and convected downstream, similar to a yawed straight cylinder with a free end (Ramberg,
1983). Actual vortex shedding is re-established further downstream in the wake (Gallardo
et al., 2014a), as shown in figure 1.10c.

The spanwise alignment of the vortices in the wake changes with the Reynolds number.
Miliou et al. (2007) found that within the laminar regime, at Re = 100, the vortex cores
were normal to the incoming flow, i.e. parallel with the upper part of the cylinder (parallel
shedding mode). At Re = 500, the vortices had a slight angle in the plane of curvature
(oblique shedding mode), similar to the vortices shown in figure 1.10b. Based on this
finding, Miliou et al. (2007) suggested that the vortices would align increasingly with the
axial curvature of the cylinder as the Reynolds number was increased. This hypothesis
was confirmed by Gallardo et al. (2014a) for Re = 3900.

The swirling vortices in the lower wake are weaker than the vortices that form in the
upper wake, where the cylinder axis is normal, or nearly normal, to the inflow direction.
Because they are stronger, the upper wake vortices dominate the lower wake vortices, and
govern their frequency. This causes the Strouhal number to be the same along the entire
span. That finding is important because it disproves the so-called independence principle
for the case of a curved cylinder. The independence principle a useful simplification which
allows one to ignore axial flow when computing the forces on an inclined straight cylinder
or a cylinder with axial curvature. According to this principle, only the flow which is
normal to the local cylinder cross section is significant, and this saves computing time
and cost. The velocity vector is decomposed, and only the normal velocity is taken into
consideration. It follows that there is a local Reynolds number for each cross section along
the span, based on the local normal velocity. If this were the case in the real world, the
local Reynolds number along a curved cylinder should gradually decrease along the span,
as more of the flow is directed along the cylinder axis, and this should in turn lead to a
gradual change of the Strouhal number. This is not the case for turbulent wakes behind
convex curved cylinders, although Miliou et al. (2007) did see such behavior for laminar
flow, at a Reynolds number of 100. However, to the comfort of engineers everywhere,
Gallardo et al. (2014a) concluded that the independence principle is valid along the upper
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Figure 1.10: Flow around a single curved cylinder. a) Concave configuration at Re = 500,
adapted from Jiang et al. (2018). b) Convex configuration at Re = 500, from a single
curved cylinder validation study in the present work. c) Schematic of turbulent flow
around a convex curved cylinder at Re = 3900, adapted from Gallardo et al. (2014a).
All these cylinders consist of a quarter-ring with a radius of curvature of rc = 12.5D.
Moreover, straight extensions were added to both ends of the curved cylinder in all three
studies, in order to lessen the influence from the computational domain boundaries.
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half of the convex curved cylinder span where the axial velocity is comparably weak.
Because of the axial flow, the constraints at the cylinder ends exercise a strong influ-

ence on the flow field. Numerical studies of convex curved cylinders have often added a
straight horizontal extension in order to avoid end effects, as well as aberrations caused by
the computational boundary conditions (Miliou et al., 2007; Gallardo et al., 2014a; Lee
et al., 2020). Similarly, it was only when Gallardo et al. (2013) added a straight vertical
extension to the top of their geometry that near wake upwelling was able to develop.
Such a flow was not found in initial studies, such as that of Miliou et al. (2007), due to
blockage from the top boundary. Restrictions such as blockage from tank walls or a free
surface may significantly influence the flow in experimental studies (Shang et al., 2018).

1.4 Computational method

The governing equations in the present study are the incompressible continuity equation
and the Navier-Stokes equations:
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The equations are solved by means of direct numerical simulations (DNS). In this context,
’direct’ implies that there is no turbulence modeling or other simplifications, so that all
length and time scales of the flow must be resolved. Provided that the grid resolution is
sufficient, a DNS is the numerical equivalent of running a laboratory experiment, with
the added benefit of not tripping over lab equipment (though, sadly, without the spiffing
looking laser safety goggles).

All simulations herein have been carried out using the MGLET (Multi-Grid Large
Eddy Turbulence) flow solver, a well-validated code which has been in use in the present
research group for several years. Many studies have been carried out in close collaboration
with Michael Manhart’s group in Munich, Germany, where MGLET is developed. To
mention just a few of these projects, the work over the past ten years has included
investigations into the flow around convex curved cylinders and oscillatory flow around
elliptic cylinders by Gallardo et al. (2013, 2014a,b, 2016), concave curved cylinders by
Jiang et al. (2018, 2019), study of prolate spheroid wakes by Strandenes et al. (2019b,a),
side-by-side and intersecting flat plates by Dadmarzi et al. (2016, 2017, 2018), and stepped
cylinders and vortex dislocations by Tian et al. (2017, 2020, 2021, 2023b,a). Efforts to
improve the grid generation methods, computational efficiency and scaling of MGLET
were an integral part of the PhD work of H̊akon Strandenes, and the reader is encouraged
to peruse his thesis for details (Strandenes, 2019).

MGLET is based on a finite volume formulation of the incompressible Navier-Stokes
equations. The equations are discretized on a three-dimensional staggered Cartesian
grid, using linear interpolation of velocities, and a central-difference approximation of the
velocity derivatives (Manhart, 2004). This method gives second-order accuracy in space.
A third-order low-storage explicit Runge-Kutta time integration scheme is used for time
stepping, and the Poisson equation is solved using an iterative, strongly implicit procedure
(SIP) (Stone, 1968). Solid bodies are introduced through an immersed boundary method,
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Figure 1.11: a) Curved convex tandem cylinders, computational geometry. b) Example of
the resulting flow field at Re = 500.

where the boundary is discretized using either a ghost-cell approach (Peller et al., 2006)
or a cut-cell approach (Unglehrt et al., 2022).

In order to compress a real-life SFT into a numerical model, a number of simplifications
have been made. Firstly, the Reynolds number is considerably lower than for a full-size
structure, in order to facilitate the use of DNS. The Bjørnafjord SFT, with an outer
tunnel diameter of 15 meters would have had a Reynolds number in the order of 106

even for creeping current velocities. Secondly, the curvature of the cylinders is higher in
order to compare with previous studies of single curved cylinders. Finally, all appendages
(struts, support systems for pontoons, mooring lines etc.) have been removed, so that the
cylinders are completely smooth. The gap ratio in the present study, L/D = 3 is the same
as it would have been for the Bjørnafjord SFT. The resulting geometry is illustrated in
figure 1.11a, and figure 1.11b gives an example of what the instantaneous flow field might
look like. Straight horizontal and vertical extensions were added to the curved cylinders,
based on the experience of Gallardo et al. (2013). Details regarding computational aspects
such as domain size, lengths of horizontal and vertical extensions (Lh and Lv), boundary
conditions, grid refinement, time-step etc. are given in each paper.

1.5 Outline of the present study

The present study is divided into two main parts: 1) straight tandem cylinders in the
reattachment regime and 2) tandem cylinders with axial curvature. Part 1, which re-
sulted in papers 1 and 2, delves into the fundamental physical processes that govern the
reattachment regime. This forms a basis from which to explore the significantly more
complex flow field of convex curved tandem cylinders, which is the topic of papers 3-5. In
fact, paper 2 was motivated not only by our results from paper 1, but also by some of the
new phenomena that arose in our work with curved tandem cylinders in the transitional
Reynolds number range (i.e. papers 3 and 4). Thus, those investigations were carried out
simultaneously; in tandem, if you will.

The papers that comprise this thesis are outlined in the following, and the results are
summarized in section 2.1.
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Paper 1 Straight tandem cylinders within the reattachment regime are studied at a
subcritical Reynolds number, Re = 104 and a gap ratio of L/D = 3. The behavior of the
gap shear layers and the interaction between the shear layers and the recirculating gap
vortices are scrutinized, and the effect of transition to turbulence in the gap shear layers
on the near wake is addressed. Comparison is made with a single cylinder at the same
Reynolds number, and the results from that study are summarized in an appendix.

Paper 2 The results from article 1 indicate that bi-stability may occur in cells along
the cylinder span. This result is further investigated, though at a lower Reynolds number,
Re = 500. The paper addresses the effect of three-dimensionality on the flow topology in
the gap and wake, and discusses the mechanism behind cellular flow regime alterations.

Paper 3 Curved convex tandem cylinders are investigated at Re = 500. The nominal
gap ratio is L/D = 3, but the effective gap ratio varies along the span when the inflow is
uniform. The primary object of the study is to determine the effect of curvature on the
pressure, forces and Strouhal number. A first overview of the flow topology is given, and
comparison is made with single convex curved cylinders.

Paper 4 This paper builds on paper 3, continuing the investigation of curved convex
tandem cylinders at Re = 500. The focus of the paper is the flow topology and the
development of the vortices in the gap and wake; spanwise flow regime variations, vor-
tex dislocations, parallel and oblique shedding modes and low-frequency variations are
discussed. A parameter study on the required length of the straight vertical extension is
presented in an appendix.

Paper 5 The investigation of convex curved tandem cylinder is now extended to the
subcritical Reynolds number regime, at Re = 3900. The main focus of the paper is
the effect of transition to turbulence in the shear layer, and the interaction between the
Kelvin-Helmholtz instability, the primary instability and the complex variation of tandem
cylinder flow regimes along the span.
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Conclusions and outlook

2.1 Summary of the results

Straight tandem cylinders in the reattachment regime: Straight tandem cylin-
ders at a gap ratio of L/D = 3.0 were studied at Reynolds numbers 500 and 104. The
study at Re = 104 is concerned primarily with the behavior of the shear layers and their
interaction with the recirculating gap vortices and with the near-wake. Compared to a
single cylinder, the influence of the downstream cylinder causes earlier separation on the
upstream cylinder, and stabilizes the separation points as well as the gap shear layers.
Transition to turbulence in the gap shear layer is delayed, because there are fewer eddies
in the recirculation region that are strong enough to amplify the Kelvin-Helmholtz insta-
bility. On the other hand, the shear layers are given more time to develop after transition,
so that shear layer vortex pairing is allowed to occur in the gap.

The above features are quite similar to flow around a circular cylinder with a splitter
plate, but the flow differs from the splitter plate case because of the recirculating vortices.
In the present case, these are alternating, with alternating overshoot/reattachment of the
gap shear layers. We have seen that during the formation of the gap vortex, a jet-
like flow will sometimes appear that traverses the gap and impacts the opposite shear
layer. This amplifies the shear layer instability and enhances transition to turbulence.
This phenomenon does not occur simultaneously along the span, but appears in distinct
spanwise sections. Based on that observation, it is suggested that bi-stability may occur
in spanwise cells. As the gap vortex grows, it eventually becomes big enough to directly
interact with the opposite shear layer, which enhances the development of small-scale
turbulence in the overshooting gap shear layer.

Transition to turbulence in the gap shear layers causes a highly turbulent inflow to
the downstream cylinder. The downstream cylinder boundary layer and shear layers are
continuously buffeted by small scale eddies from the upstream cylinder, which causes the
separation points on the downstream cylinder to move backwards and the recirculation
region to shorten. The overshooting gap shear layer lies outside of the shear layer of
the downstream cylinder, and it is not necessarily completely entrained into the forming
vortex. Some of the structures may pass over the vortex and continue into the wake.

The possibility of bi-stability occurring in spanwise cells was further investigated at
Re = 500. Such cellular behavior is indeed found, along with the fascinating discovery
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that the instability is asymmetric; vortices are repeatedly shed from a single gap shear
layer for several periods, while the opposite gap shear layer reattaches. This asymmetry
switches randomly between the gap shear layers.

The cellular behavior is closely related to the three-dimensional instability mode T3,
which initiates in the gap. Mode T3 leads to a basic stable spanwise cell structure governed
by the T3 wavelength. The spanwise length of the unstable cells varies approximately
between 0.3D and 2.7D, but they seem to appear solely within the boundaries of the T3
basic cell structure. Moreover, the unstable cells may occur in the same spanwise location
several vortex shedding cycles in a row, keeping approximately the same cell length. This
is naturally intriguing because mode switches in tandem cylinder flow is assumed to be
random processes. We believe that it is the entrainment of high-momentum fluid into
the gap region during the first (random) occurrence of an unstable cell that leads to its
recurrence in the subsequent cycles.

The long-term asymmetry in the gap intermittently becomes coherent for long span-
wise sections, and this dramatically affects the amplitude of the drag on both cylinders.
The lift is unaffected by this phenomenon. The mechanism behind the intermittent coher-
ence is related to induced axial velocity when one or several unstable cells are triggered.
The induced velocity may influence the velocity gradients at neighboring spanwise loca-
tions, and increase the spanwise vorticity at these locations through vortex stretching and
tilting, which in turn triggers a new unstable cell.

Convex curved tandem cylinders: Convex curved tandem cylinders with a nominal
gap ratio of L/D = 3.0 were studied at Re = 500 and 3900. A defining feature of these
flows is the spanwise variation of flow regimes, which occurs both owing to a spanwise
variation of the effective gap ratio, and because of curvature-induced axial flow. At
both Reynolds numbers, the vortex shedding switches intermittently between parallel
and oblique shedding modes. Parallel shedding seems to be dominant for the transitional
wake, while oblique shedding appears to be most common for the turbulent wake.

The oblique shedding mode is closely associated with spanwise vortex dislocations that
occur by two main mechanisms: spanwise frequency and phase differences that arise from
mode switches along the span, and shedding of gap vortices into (primarily) the lower
wake. At Re = 500, the dislocations are almost exclusively restricted to the lower wake,
whereas for Re = 3900, they occur along the entire height of the wake. This is likely
because increasing the Reynolds number leads to transition between tandem cylinder
regimes at lower gap ratios, i.e. higher up in the gap.

An important difference between Re = 500 and 3900 is that for the transitional wake,
the entire flow is dominated by a single Strouhal number, while in the turbulent case,
three dominant frequencies are found. It appears that at Re = 500, the gap and wake
flows are governed by the frequency of the upper wake vortices, in the same way as for
single convex curved cylinders. The Strouhal number is almost exactly the same as that
of the straight tandem cylinders at Re = 500, including the secondary frequencies that
arise from bi-stability in the alternating overshoot/reattachment regime.

At Re = 3900, on the other hand, there is a gradual shift of the dominant frequency
along the span. The three Strouhal numbers are associated with three different flow
regimes: alternating overshoot/reattachment, symmetric reattachment and co-shedding.
One of these flow modes is normally dominant along a given spanwise section, but a
minimum of two modes co-exist along the majority of the span. In the region near the
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transition from the curved cylinder part to the straight vertical extension, all three modes
have equally high spectral energy, indicating multi-stability in this region. Only along
the upper part of the straight vertical extension does alternating overshoot/reattachment
dominate completely, but given that this is in itself a bi-stable regime at L/D = 3.0, there
is no truly stable flow regime anywhere along the span.

For both Re = 500 and 3900, the velocity spectra in the gap and wake contain sig-
nificant energy at low frequencies, which is associated with low-frequency variation of
the vortex formation length in the lower gap. The low-frequency variation influences
the drag and lift forces on the cylinders, for both Reynolds numbers. This may be of
importance in some engineering applications. At Re = 500, an interesting effect of this
variation is that higher up in the gap the asymmetric gap shedding mode, which is inter-
mittent for straight tandem cylinders, becomes quasi-periodic with a period equivalent to
some 14 vortex shedding cycles. Asymmetric gap shedding is found for Re = 3900, but
owing to the co-existence of several modes at the same spanwise location, the distinct
quasi-periodicity is lost.

The forces on the cylinders are affected by the axial velocity, as well as the Reynolds
number. Drag on the upstream cylinder is largely comparable to straight tandem cylin-
ders in the reattachment regime. For the downstream cylinder, the drag coefficient is
negative at both Reynolds numbers, though its value is near zero at Re = 500. Drag on
the downstream cylinder depends strongly on the spanwise extent of the reattachment
region, since reattachment gives gap recirculation and hence a negative drag contribution.
It should be noted that the length of the straight vertical extensions influence the span-
wise size of the reattachment region. Lift on the downstream cylinder is, unsurprisingly,
significantly stronger than on the upstream cylinder, albeit weaker than for straight tan-
dem cylinders. Both cylinders are subjected to vertical forces. The vertical force on the
upstream cylinder is positive, though lower than that on a single curved cylinder. On the
downstream cylinder the vertical force is negative and of significantly smaller magnitude
than that on the upstream cylinder. Moreover, the vertical force is weaker at Re = 3900
than at Re = 500.

Being a subcritical Reynolds number, transition to turbulence occurs in the shear
layers at Re = 3900. The shear layer transition region moves upstream in the gap with
decreasing z/D, due to the gradual increase of the effective gap ratio, as well as the
increase in axial velocity. There is also an upwards shift in the shear layer frequency fsl
in the upper curved gap, with a subsequent shift back to the original value of fsl in the
lower curved gap. The changes in the shear layer frequency occur approximately at the
same spanwise locations as changes in the dominant shedding frequency. Moreover, the
value of fsl is always close to the value of the higher harmonics of the vortex shedding.

There is a complex system of interactions between the shear layer instability in both
gap and wake, the primary instability and the axial flow, which is also connected to the
low-frequency variation in the lower gap. The streamwise position of the transition region
in the gap influences the vortex formation process in the wake through buffeting. Early
transition to turbulence in the gap increases the effective turbulence intensity in the inflow
to the downstream cylinder, which increases the fluid entrainment in the shear layers and
may alter the vortex shedding frequency. The way fsl seems to follow changes in St, as
well as the fact it follow the higher harmonics of the vortex shedding frequency, seems
to indicate that there may be direct feedback from the primary instability of the wake
vortices to the shear layer instability in the gap. This means that small changes in St
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wrought by buffeting from the gap shear layers in turn influence the shear layer instability
in the gap.

The position of the transition region is closely related to the downdraft region in
the gap. When this region comes into contact with a shear layer, it may amplify the
shear layer instability and hasten transition to turbulence. The strength and position of
this downdraft region is governed by the vortex formation length in the lower gap, so
that the low-frequency variation in this region actually indirectly influences transition to
turbulence at locations rather far removed from the region itself.

Movement of the transition region in the gap shear layers is closely associated with
flow mode switches, and we have seen that a mode switch at one spanwise location may
trigger a switch at neighboring locations, since communication along the span may occur
in both directions by means of the axial velocity.

2.2 Recommendations for further work

Our results for straight tandem cylinders show that although this field is considered to be
well-explored, there are still phenomena that are not fully understood. The transitions
between regimes are particularly challenging to characterize, as is the interaction between
the gap and wake dynamics. This may be a fruitful field of research, although the sheer
possible number of parameter combinations makes generalization challenging (and one
runs the risk of plunging into Solaristics1).

It would be highly interesting, however, to explore the behavior of the three-dimensional
instability in tandem cylinder flow at subcritical Reynolds numbers. While mode B has
been observed in single cylinder wakes up to Re ≈ 2.7×105 (Williamson, 1996b), there are
no systematic studies, nor casual observations, of the three-dimensional instability of tan-
dem cylinders beyond Re = 500. Stability analysis was not within the scope of the present
study, but such methods might reveal if there are additional instabilities besides modes
T1,T2 and T3. Results from well-resolved DNS and large-eddy simulations (LES) could
also provide useful results, although the spanwise length requirements may make the sim-
ulations costly (the required spanwise length to capture a possible new three-dimensional
instability is, naturally, unknown).

Something which has recently piqued the interest of the present author is the rela-
tionship between gap ratio, vortex formation length and shedding frequency for tandem
cylinder below the drag-inversion spacing. For instance, is there a similar relation be-
tween formation length and vortex shedding frequency in tandem cylinder wakes as for
single cylinders at subcritical Reynolds numbers? As of now, there is no study that sys-
tematically addresses this subject. Though there are an abundance of tandem cylinder
studies within the subcritical regime (mostly experimental work), a quick review of the
literature shows that formation length or recirculation length is rather seldom reported.

When it comes to curved tandem cylinders, it seems clear that the inflow direction will
have a significant impact on the flow field. The present study was restricted to the convex
configuration, but the concave configuration is likely to yield different and interesting
results. Moreover, oblique flow in the crossflow plane would lead to a staggered, rather
than tandem configuration. This type of flow has its own peculiarities (see Sumner (2010))

1The many-varied, random and non-repeatable variations of structures in the ocean on the planet
Solaris was the source of an entire failed branch of research in Stanislaw Lem’s famous novel (Lem, 1961).
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that may be affected by axial curvature.
From an engineering perspective, the obvious way forward would be to increase the

Reynolds number, first into the upper end of the subcritical regime, possibly using LES.
Critical and supercritical Reynolds numbers would likely be more realistic for engineer-
ing purposes, and might be carried out experimentally or using different types of nu-
merical methods with turbulence modeling. If the long-term gap asymmetry and the
low-frequency variations we have found persist at higher Reynolds numbers, the resulting
frequencies may be relevant for structure design purposes.

A parameter study of the effect of gap ratio, radius of curvature etc. could be fruitful.
Moreover, the effect of oscillating inflow, stratification and shear currents, as well as free
surface or wall proximity may be of interest. If we consider an SFT, all these parameters
will be site-dependent, and there will surely be constraints that have not been mentioned
herein.

Finally, the author feels compelled to note that the work herein was carried out under
a lucky conjunction of events; within an engineering department, a research group was
dedicated to the study of fundamental fluid mechanics, and given the time, resources and
personnel to pursue complex long-term projects. One important prerequisite for these
projects was the model for distributing computational resources, which, in short, awarded
CPU hours based on scientific merit and publications. This allowed our group to carry
out high-fidelity simulations, which might otherwise have been deemed too costly. For
instance, the final study presented herein, convex curved tandem cylinders at Re = 3900,
can boast a total of 3.9 billion grid cells, consuming nearly 10 million CPU hours.

The combined effort of the researchers and studies mentioned in section 1.4 has helped
advance the field of bluff body fluid mechanics, as well as the computational techniques.
The overwhelming majority of the studies within this research group have been carried
out by means of DNS, which gives both an overview and a detailed insight into these
complex fundamental flows that cannot be obtained by other methods (at least not by
one single method). DNS data is also well-suited for validation of experimental results
and numerical studies at higher Reynolds numbers, where modeling is required (see for
example Strandenes et al. (2015), where DNS, LES and particle image velocimetry results
are compared). Ultimately, while fundamental in nature, these cases provide insight that
can improve our understanding of engineering applications. One can only hope that this
valuable research will be allowed to continue in the future.
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Tandem cylinder flow comprises several different flow regimes. Within the reattachment
regime, the development of the gap shear layers is of utmost importance to the flow, but
has received little attention so far. Through direct numerical simulations at Re = 104, for
a gap ratio of 3.0, we have discovered that the shear layers are significantly altered with
respect to a single cylinder. These differences include early onset of separation, crossflow
stabilising, delayed transition to turbulence and little meandering of the transition region.
Vortex pairing in the gap shear layers is reported for the first time. The interaction
between the recirculating gap flow and the shear layers was investigated. Asymmetrical,
large-scale gap vortices influence the position of transition to turbulence through direct
contact and through secondary flows. The occurrence of transition in the gap shear
layers has consequences for both the reattachment mechanism and the development of
the downstream cylinder wake. The reattachment points are unsteady with large amplitude
fluctuations on a fine time scale. Reattachment is seen to be a combination of impingement
and modification of the upstream shear layers, which causes a double shear layer in the
downstream cylinder near-wake. Buffeting by and interaction with the gap shear layers
likely cause transition to turbulence in the downstream cylinder boundary layer. This leads
to significant changes in the wake topology, compared with a single-cylinder wake.
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Back face reattachment

Front face reattachment
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Figure 1. Schematic overview of the main tandem cylinder flow regimes. According to classification by
Zdravkovich (1987) the regimes are found within the following gap ratio ranges: (a) overshoot/no reattachment
1.0 � L/D � 1.2–1.8; (b) reattachment 1.2–1.8 � L/D � 3.4–3.8; and (c) co-shedding 3.4–3.8 � L/D.
Reattachment of the upstream cylinder shear layers can occur either on the front face (upstream side) or on
the back face (downstream side) of the downstream cylinder, depending on the gap ratio.

1. Introduction

Flow around tandem cylinders represents a basic configuration of flow interference and
has been widely studied. Apart from its obvious engineering importance, it encompasses
several aspects of fundamental flow physics, such as bluff body separation, shear layer
reattachment and the interaction between multiple bodies and their shedding systems.

The flow is governed by the Reynolds number, Re = U0D/ν and the separation between
the cylinders, normally denoted the gap ratio L/D. Here, U0 is the inflow velocity, D is the
cylinder diameter (for tandem cylinders of equal diameter), ν the kinematic viscosity and
L is defined as the centre-to-centre distance between the cylinders. Roughly, there are three
fundamental flow regimes for tandem cylinders, as shown in figure 1: (a) no reattachment,
commonly called overshoot, where the shear layers from the upstream cylinder bypass the
downstream cylinder to roll up in the wake; (b) reattachment, where the shear layers from
the upstream cylinder reattach onto the downstream cylinder and shedding of large-scale
vortices takes place from the downstream cylinder; and (c) co-shedding, where large-scale
vortices are shed from both cylinders.

In this study, we deal with tandem cylinders within the reattachment regime, and
therefore a more detailed introduction is given of this particular regime, at the expense
of the other two. However, thorough reviews of flow around two cylinders are given by
Sumner (2010) and Zhou & Alam (2016), which include not only tandem cylinders, but
also side-by-side and staggered configurations.

1.1. Tandem cylinders in the reattachment regime
Because the shear layers are very sensitive to the inflow conditions, the reattachment
regime is found for a wide variety of combinations of Re and gap ratio. The nature
of reattachment changes with the gap ratio, from alternating, through permanent to
intermittent reattachment as the gap is increased (Zdravkovich 1987).

When there is stable alternating reattachment, one shear layer overshoots the
downstream cylinder and rolls up, whereas the other reattaches. This regime is seen in
the flow visualisations by Ishigai, Nishikawa & Cho (1972).

The gap ratio at which co-shedding commences is traditionally called the critical
spacing, Lc/D. However, the change from one flow regime to the next is strongly Re
dependent, so this spacing varies. Both an increase in Re (Xu & Zhou 2004) and the
introduction of free-stream turbulence (FST) (Ljungkrona, Norberg & Sunden 1991) work
to promote transition between regimes at lower gap ratios. The critical spacing typically
lies between 3.0 and 5.0 (Okajima 1979; Igarashi 1981; Xu & Zhou 2004; Alam 2014),
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Revisiting the reattachment regime

which represents an upwards extension of Zdravkovich’s (1987) initial classification of the
reattachment regime. It is a testament to the Re sensitivity of tandem cylinders that Wang,
Alam & Zhou (2018), did not see overshoot flow for Re = 4.27 × 104, even for L/D = 0.5,
when the cylinders touch.

Near the critical spacing, bi-stable flow is found. Here, the flow intermittently jumps
between reattachment and co-shedding, and there are two distinct Strouhal numbers (St =
fvD/U0, where fv is the large-scale vortex shedding frequency) (Igarashi 1981; Xu & Zhou
2004).

The reattachment point moves from the back face to the front face of the downstream
cylinder as the gap ratio is increased, which results in a change of the flow interactions in
the gap. Xu & Zhou (2004) proposed that the reattachment regime should be subdivided
accordingly. In their proposed categories, the reattachment regime is divided into 2 ≤
L/D ≤ 3 where there is a gradual transition from stable overshoot to stable reattachment
on the downstream cylinder back face, and 3 ≤ L/D ≤ 5 where there is transition from
stable reattachment on the downstream cylinder front face to co-shedding.

The location of the reattachment point can significantly alter the wake structure. Zhou &
Yiu (2006) found that reattachment on the back face corresponded with weak vortices with
a slow decay rate and less vigorous interactions, compared with the overshoot regime. As
the reattachment point moves towards the front face, the boundary layer on the downstream
cylinder is given more time to develop, which enhances the vortex strength. Even so,
the vortices remained weaker than in the overshoot regime, in which the strength was
comparable to that of a single cylinder.

Though there is no vortex shedding from the upstream cylinder within the stable
reattachment regime, there is recirculation in the gap. Igarashi (1981) describes
non-shedding vortices (dubbed quasi-stationary by the author) in the gap for a Re range
of 8.7 × 103 ≤ Re ≤ 5.2 × 104, at gap ratios between 2 and 3.1. ‘Quasi-stationary’ and
‘quasi-steady’ are used interchangeably about the gap vortices in the literature, and taken
to mean the same thing, namely that the vortices develop to somewhat in time, but remain
essentially in the same location due to lack of shedding. The fact that they may have
some degree of periodicity makes the term ‘quasi-steady’ counter-intuitive to some, and
for this reason they will simply be referred to as gap vortices herein. Symmetrical and/or
asymmetrical gap vortices were observed by, among others, Lin, Yang & Rockwell (2002),
Wang et al. (2018) and Zhou et al. (2019).

Within the reattachment regime, the development of the shear layers is of utmost
importance, but has received relatively little attention. Xu & Zhou (2004) reported a
measurement of the shear layer frequency. However, the aim of their study was to
characterise a broad range of tandem cylinder regimes, rather than conducting a detailed
study of the shear layers. Lin et al. (2002) discussed the development of the gap
shear layers, though primarily with respect to the onset of vortex shedding in the gap.
They comment that increased entrainment demands with increasing Re should lead to a
reduction of the critical spacing, and discuss the buffet loading from the gap shear layers
as a function of the gap ratio.

1.2. Circular cylinder shear layers at subcritical Reynolds numbers
For circular cylinders in the approximate region 1000 ≤ Re ≤ 200 000 (Williamson 1996),
called the subcritical regime, transition to turbulence initiates in the shear layers. It is
triggered by the Kelvin–Helmholtz (K-H) instability, starting out as oscillations of the
shear layer which then roll up into discrete vortices when Re is increased. The shear layer
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instability has its own distinct frequency, fsl, which was first discovered by Bloor (1964), in
range 1300 ≤ Re ≤ 19 000. Above this range, transition occurred directly after separation.

1.2.1. Intermittency
When measuring in a fixed point in the near-wake of a single cylinder, the shear layer
instability appears intermittent, manifesting itself in the form of random so-called packets
of velocity fluctuations. Prasad & Williamson (1997) found that intermittency occurs
because the shear layer transition region exhibits random streamwise motion. Thus,
the velocity fluctuations correspond to a shortening of the stable shear layer. This had
already been observed visually, through particle image velocimetry (PIV), by Chyu &
Rockwell (1996a). Prasad & Williamson (1997) suggested that the cause of the motion was
temporal changes in the near-wake three-dimensional structures. An intermittency factor
was defined, given as the frequency of occurrence of the velocity fluctuation packets in a
fixed point.

The shear layer develops by a convective instability mechanism, meaning that
disturbances are transported downstream and amplified. This implies that probes further
downstream in the shear layer will experience more and higher-amplitude fluctuations than
probes closer to the cylinder. Moreover, the transition region travels upstream towards
the separation point as the Re increases, which also increases the fluctuations seen by
a probe in the near-wake. Prasad & Williamson’s (1997) findings correspond well with
this, showing that the intermittency factor and the amplitude of the fluctuations increased
with increasing Re, as well as when the measurement point was moved downstream. The
meandering of the transition region was confirmed by flow visualisations.

Rai (2010) suggested that though intermittency in the measured time trace was indeed
accompanied by a movement of the transition region, its cause was not sufficiently
explained by Prasad & Williamson’s (1997) hypothesis. The root cause was found to be
strengthening of the shear layer vortices via vortex stretching, which, in turn, was caused
by interaction between the shear layer and the vortices in the recirculation zone. These
vortices hail from earlier breakdown events. When they are convected back upstream, some
interact with the shear layer, essentially giving it a push or pull in the crossflow direction.
The resulting crossflow dislocations serve to amplify the shear layer instability and
hasten transition. Weaker recirculation vortices result in smaller amplitude intermittency,
a finding which is pertinent to flow in the gap region of tandem cylinders.

1.2.2. Vortex pairing
Vortex pairing, a phenomenon where adjacent vortices interact by rolling around each
other and finally combine into a single structure, is widely observed in mixing layers.
Pairing was observed for ring vortices in a round jet by Becker & Massaro (1968), who
noted that the frequency of the coalesced structure was half of that of the initial smaller
structures. It follows that vortex pairing is detectable in the frequency spectrum as a peak
around one half of the main peak.

The existence of shear layer vortex pairing in bluff body wakes was disputed for a
long time. For the case of a circular cylinder, several early studies indicated that the von
Kármán vortex shedding inhibits pairing (Unal & Rockwell 1988a), and that either external
forcing (Peterka & Richardson 1969; Chyu & Rockwell 1996b) or von Kármán vortex
suppression by a splitter plate (Unal & Rockwell 1988b) is needed to obtain it. However,
pairing has since been observed in flow visualisations for the subcritical and transitional Re
regimes (Law & Ko 2001; Lo & Ko 2001), without the use of forcing or large-scale vortex
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Revisiting the reattachment regime

suppression, and several studies have detected the presence of the subharmonic in the
spectra (Cardell 1993; Ahmed & Wagner 2003; Rajagopalan & Antonia 2005; Khabbouchi
et al. 2014).

Both Cardell (1993) and Rajagopalan & Antonia (2005) made observations that for
uninhibited flow, the subharmonic was strengthened as Re was increased. Cardell (1993)
argued that for low Re the shear layer instability does not develop sufficiently for the
subharmonic to be detected before the shear layer vortices are swallowed by the von
Kármán vortices. This could be part of the explanation as to why vortex pairing has not
been observed in some studies. For instance, Unal & Rockwell’s (1988a) highest Re was
5500, which is significantly lower than the threshold Re for the subharmonic found by
Cardell (1993).

The intermittency phenomenon may shed some light onto why vortex pairing is hard
to observe in the velocity spectra for low Re. In the cases where the recirculation vortices
are strong enough to trigger early transition, with the corresponding shortening of the
stable shear layer, the shear layer has more time to develop before it is entrained in the
von Kármán vortex formation. This leads to enhanced pairing. Conversely, the pairing
process is cut short by the primary vortices when early transition is not triggered. As the
intermittency factor is lower at lower Re, capturing vortex pairing through measurement
in a fixed point becomes correspondingly harder.

1.3. Motivation for the present investigation
Although tandem cylinders have been researched extensively, the main effort thus far
has focused on the relation between gap ratio and Re, the effect on St, forces and the
phase-lag between the forces on upstream and downstream cylinder, as well as the effect
of vortex-induced vibrations. The interaction between the gap vortices and the shear
layers, has not been addressed by previous studies, to the best of the authors’ knowledge.
Furthermore, although several studies have pointed to the recirculation in the gap and the
change of the downstream cylinder wake, the mechanism of interaction between the gap
and wake flow within the reattachment regime is not clarified. The aim of the present
study is to characterise the development of the gap shear layers, and investigate the
interaction between the recirculation in the gap, the gap shear layers and the near-wake
of the downstream cylinder. This also includes the effect the inflow from the upstream
cylinder has on downstream cylinder flow separation, shear layer development and vortex
formation.

A secondary aim is to expand the Re range of detailed numerical investigations into
tandem cylinder flow, as direct numerical simulations (DNS) in this field is thus far limited
to Re � 1000. DNS can provide flow visualisations with a level of detail that cannot be
achieved by any other method, save perhaps tomographic PIV (Hain, Kähler & Michaelis
2008) with a very high spatial and temporal resolution (correspondingly onerous in set-up
and execution, and, unfortunately, with a limited field of view size). The usefulness of such
data cannot be exaggerated as an aid in the effort to increase our understanding of bluff
body flows.

2. Numerical method and set-up

The geometry used in the present study consist of tandem cylinders of equal diameter, with
the cylinder axis normal to the inflow. The computational domain is shown in figure 2(a).
The gap ratio was L/D = 3.0, which is in the middle of the reattachment regime, as
defined by Xu & Zhou (2004), near the limiting gap ratio where reattachment moves from
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Figure 2. (a) Computational domain and (b) illustration of element size in the boundary layer.

the back face to the front face of the downstream cylinder. The Re was 10 000, which
is high enough that stable reattachment on the front face is expected. A single-cylinder
case at the same Re was computed, for comparison, and the results are provided in
Appendix A.

The governing equations are the three-dimensional, incompressible continuity equation
and Navier–Stokes equations, which are solved through DNS:

∂uj

∂xj
= 0, (2.1)

∂ui

∂t
+ uj

∂ui

∂xj
= − 1

ρ

∂P
∂xi

+ ∂

∂xj

(
ν

[
∂ui

∂xj
+ ∂uj

∂xi

])
, i, j = 1, 2, 3. (2.2)

The simulations were carried out using the MGLET flow solver, which is based on
a finite-volume formulation of the incompressible Navier–Stokes equations (Manhart
2004). MGLET uses a staggered Cartesian grid, and introduces solid bodies through an
immersed boundary method (Peller et al. 2006). The immersed boundary is discretised
using a ghost-cell method. A third-order low-storage explicit Runge–Kutta time integration
scheme is used for time stepping, and the Poisson equation is solved using an iterative,
strongly implicit procedure. MGLET has recently been used to explore complex wakes
behind three-dimensional bluff bodies (e.g. Jiang, Pettersen & Andersson 2019; Dadmarzi
et al. 2018).

Uniform inflow velocity U0 was imposed at the inlet x/D = −16. Periodic boundary
conditions were implemented in the spanwise direction, and free-slip boundaries were
used for the top and bottom of the domain. A Neumann condition was imposed on the
velocity components at the outlet.

In this study, the grid resolution near the solid boundary is the same for single
and tandem cylinders. Moreover, the resolution was the same for both upstream and
downstream cylinders. Grid refinement was carried out by adding nested grid blocks,
where each child block had half the element size of its parent. Within each block, the
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Revisiting the reattachment regime

grid is equidistant. The grid had six levels, and the smallest element size was Δx = Δy =
Δz = 0.005D. The most refined grid block had a height of 1.92D (symmetrical about the
y axis) and a length of 7.2D, starting at x/D = −0.5. It spanned the entire domain in
the z direction. The grid size in the boundary layer of the upstream cylinder is illustrated
in figure 2(b). The total number of elements was 682 and 987M for single and tandem
cylinder studies, respectively. The same crossflow and spanwise domain size, 20.48D and
6.4D, was used for both cases, but the distance from the origin to the outflow was 35.2D
the single-cylinder case, as opposed to 44.5D for the tandem case.

The spanwise length was chosen in consideration of the three-dimensional behaviour of
the flow. In their DNS study of a single cylinder with the same Re as the present study,
Dong et al. (2006) use a spanwise length of πD. However, Aljure et al. (2017) found
that for a Re of 5000, a spanwise length of 2πD was needed to correctly capture the
three-dimensional phenomena of the flow field. An initial simulation was carried out for a
single cylinder with a spanwise length of 3.2D, and the pressure distribution and separation
were somewhat affected. Compared with a spanwise length of 6.4D, the shorter cylinder
exhibits a slightly increased mean base pressure coefficient (C̄pb = (P − P0)/(Ps − P0),
where P is the pressure on the cylinder surface, and P0 and Ps are the free-stream and
stagnation pressures, respectively) and shorter recirculation length Lr (defined as the
distance from the cylinder base to the point where the mean streamwise velocity turns
positive), and the primary separation angle θ1 is delayed by approximately 2◦. Based on
that result a spanwise length of 6.4D was chosen.

A grid refinement was carried out for the tandem cylinder case, where the smallest
element was reduced to Δx = Δy = 0.0025D, Δz = 0.005D, with a corresponding
coarsening of the wake. The total number of elements was 2415 million. This resulted
in a difference in the order of 4–5% in the spectral peaks, Lr, and C̄pb of the upstream
cylinder, as well as a 16% decrease in the C̄pb of the downstream cylinder. However, the
separation points were not affected, and the overall flow regime, with reattachment of the
gap shear layers, remained unchanged. Therefore, in order to reduce computational cost
while running a long-term simulation, the first grid was chosen.

In order to ensure ample data for statistics, the simulations were run for a long time. The
sampling time for the single and tandem cases were tU0/D ≈ 1650 and 2406, respectively,
which corresponds to roughly 346 and 377 von Kármán vortex shedding cycles. The
chosen timestep was dt = 0.002.

Power spectra of the velocity components have been calculated from the time traces
taken at various locations in the wake of the single cylinder, and the gap and near-wake of
the tandem cylinders. Fast Fourier transform (FFT) was used to calculate the spectra, and
they were averaged in the spanwise direction.

At the time these simulations were carried out, MGLET did not support computing
drag and lift separately on multiple geometries within the domain. Body forces were
presented for the combined geometries. Therefore, the force coefficients are not presented
for the tandem cylinders, only for the single-cylinder reference case. In order to
compute the separation and reattachment points, the tangential velocity field near the
cylinder and its radial derivative were calculated, which gave the approximate point
of zero shear stress. The tangential velocity profiles near that location were then
investigated to find the velocity turning point, and this was used to adjust the computed
estimate.

Throughout this paper, coefficient subscripts U and D refer to the upstream and
downstream cylinder, respectively.
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T.E. Aasland, B. Pettersen, H.I. Andersson and F. Jiang

L/D Re St −C̄pbU −C̄pbD θR Method

Present study 3.0 104 0.157 0.59 0.31 62.0 DNS
Present study, refined 0.162 0.62 0.26 62.0
Hu, Zhang & You (2019) 3.0 2.2 ×104 0.156 0.6 0.35 65.5 IDDES
Kitagawa & Ohta (2008) 3.0 2.2 ×104 0.155 0.6 0.40 70 LES
Lee & Basu (1997) 3.2 4.0 ×104 0.141 0.45 67.5 Exp.
Igarashi (1981) 3.09 3.5 ×104 0.14/0.17 0.7 0.36 70 Exp.

8.7 ×103 0.16
Wu et al. (1994) 3.0 4.1 ×104 0.14 Exp.
Ljungkrona et al. (1991) 3.0 2.0 ×104 0.15 0.6 0.45 Exp.
Alam (2014) 3.0 9.7 ×103 0.143 Exp.

Table 1. Statistical flow parameters, tandem cylinders. Note that Igarashi (1981) found bi-stable flow at a gap
ratio of 3.09, which is why two St values are included in the table.

θ2U θ3U
θ1DθRθ1U

Figure 3. Time-averaged gap and near-wake streamlines for tandem cylinders with gap ratio L/D = 3.0 and
Re = 10 000.

3. Results

3.1. Time-averaged flow field
Main statistics are given in table 1. There is good agreement between our results and results
from the literature within the reattachment regime, at comparable gap ratios and Re.

The mean gap flow, shown in figure 3, consist of an elongated, bounded recirculation
region, with clear indication of large-scale vortex formation. These vortices are formed at
the very end of the gap, and there is a rather long region of low velocities in the near-wake
of the upstream cylinder. This is clearly shown in figure 4, which depicts the time-averaged
contours of the streamwise and crossflow velocities. The base pressure coefficient of the
upstream cylinder, C̄pbU , is very similar to the downstream cylinder pressure coefficient
at θ = 0, which has a value of −0.55. The same result was found by Igarashi (1981), who
concluded that it indicated the presence of gap vortices. Another recirculation region is
seen in the downstream cylinder wake. This is the result of von Kármán shedding, as we
show in § 3.4.

For the upstream cylinder, the primary separation occurs at θ1U = 85.0◦, slightly further
upstream compared with the single cylinder (see Appendix A). The recirculation in the
gap results in a secondary separation bubble between θ3U = 137.9◦ and θ2U = 108.1◦.
It is smaller than for the single-cylinder case, and pushed further towards the primary
separation point. This is because the velocity of the backflow is much lower than for a
single cylinder, causing the flow to remain attached to the cylinder base longer.

There is clear reattachment of the upstream cylinder shear layers onto the front face
of the downstream cylinder, and the reattachment point, θR, compares well with the
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Figure 4. Time-averaged streamwise (U/U0) and crossflow (V/U0) velocity contours in the midplane. The
gap region is characterised by recirculation, and there is an almost stagnant region in the immediate wake of
the upstream cylinder. The recirculation bubble of the downstream cylinder is short and narrow. The maximum
recirculation velocity is U/U0 ≈ −0.44 in the gap, and U/U0 ≈ −0.19 in the wake.

available literature. A noticeable feature of the downstream cylinder is that the subsequent
separation occurs on the back face, at θ1D = 119◦, as opposed to a single cylinder in
the subcritical regime. This is related to the turbulent inflow from the upstream cylinder,
something discussed in detail in § 3.4.1. The delayed separation precludes the formation
of a secondary separation bubble.

3.2. Instantaneous flow field in the gap region
The instantaneous flow field reveals the most important features of the gap flow, as shown
in figure 5. These are the K-H instability and the associated shear layer vortices (A,B), their
breakdown to turbulence (C), formation of large-scale gap vortices (D), a low-velocity
stagnation region in the upstream cylinder near-wake (E) and a jet-like flow impinging on
the upper shear layer (F). This last feature is important for the development of the shear
layer instability and is discussed towards the end of this section.

The shear layers of the upstream cylinder are laminar upon separating, as expected in the
subcritical Re range, and transition to turbulence starts approximately 1–1.3D downstream
of the separation point. Here, shear layer vortices start to form. At the end of the gap, these
vortices are split up as they impinge on the downstream cylinder, so that part of the shear
layer is entrained into the formation of large-scale gap vortices, and the remainder passes
close by the downstream cylinder surface.

The shear layer vortices lose much of their coherence as they are convected downstream.
Although the gap vortices are quite weak, the backflow in the gap exerts additional shear
strain on the oncoming vortices, which increases dissipation and enhances the breakdown
process after transition. Figure 6 shows how the shear layer vortices from the upstream
cylinder break down while traversing the gap, forming smaller structures. There remains
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A

E

C

F

B D

α

Figure 5. Snapshot of gap flow at tU0/D = 2005.8, visualised by the normalised spanwise vorticity, ωzD/U0.
(A) K-H instability, (B) shear layer vortex shedding, (C) breakdown of shear layer vortices, (D) large-scale
vortex formation, (E) low-velocity stagnation region and (F) jet-like flow impinging on the upper shear layer.
The upstream cylinder shear layers are symmetrically displaced from the gap centreline by α ≈ 10◦.

Upstream
cylinder

Small-scale streamwise
structures in shear layer,
coloured by streamwise
vorticity
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Downstream
cylinder

Figure 6. Development of shear layer vortices in the gap, visualised by isosurfaces of Q = 10 coloured by the
spanwise vorticity, at tU0/D = 2406.15. For clarity, only the outermost part of the flow is included. The upper
inset shows small-scale streamwise structures generated by stretching of the shear layer vortices. These have
been coloured with the streamwise vorticity, to highlight their orientation. The lower inset shows an example
of dislocations in the shear layer vortices.

a weak spanwise organisation of these structures until reattachment, that consists of
originally well-defined shear layer vortices, now transformed into looser ensembles of
small-scale eddies.

The K-H instability is two-dimensional, which means that the shear layer vortices are
created with an essentially spanwise orientation. Three-dimensionality, however, quickly
ensues. The shear layer vortices are organised streamwise in cells of several vortices with
a short spanwise length. As a result, a number of dislocations are visible in the gap. One
example of this is shown in an inset in figure 6.

In this study, the transition to turbulence starts with the generation and shedding of shear
layer vortices. Subsequently, vortex stretching and bending causes formation of streamwise
structures in the shear layer, in a similar way to the mode B instability for single-cylinder
wakes (Williamson 1996). This corresponds well with the finding of Williamson (1995),
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Figure 7. (a) Crossflow velocity signal at z/D = 0 at a probe located directly upstream of the downstream
cylinder, and (b) the corresponding spanwise-averaged spectrum. The spectral analysis clearly demonstrates
the periodicity of the gap vortices. The exact position of the probe P4, is shown in figure 8.

that there are two scales for streamwise vortices in the flow, one for the wake and one for
the separated shear layers. Wei & Smith (1986) also observed streamwise counter-rotating
vortices in the shear layers for 1200 ≤ Re ≤ 11 000. Early in the breakdown process, these
streamwise vortices appear as loops reminiscent of the classical horseshoe vortices of
plane mixing layers. An inset in figure 6 shows these structures, coloured by the streamwise
vorticity for clarity. A movie which highlights the development and breakdown of the shear
layer vortices is available as supplementary movie 1 is available at https://doi.org/10.1017/
jfm.2022.960.

The length of the stable part of the shear layer is significantly longer for the upstream
tandem cylinder than for the single cylinder in Appendix A. The gap shear layers are
not parallel to each other as they separate, but appear to be pushed away from the gap
centreline in opposite directions, as seen in figure 5. The displacement is approximately
10◦. Moreover, there is hardly any difference between the instantaneous and time-averaged
position of the gap shear layers; their crossflow position is quite stationary. This becomes
evident when comparing figure 5 with figures 3 and 4. Altogether, these features indicate
that the presence of the downstream cylinder stabilises the shear layers and delays the
development of the K-H instability.

Though the time-averaged field shows symmetrical recirculation in the gap, the
large-scale gap vortices develop asymmetrically, reminiscent of wake vortices. They are
not shed, however, but disintegrate after a cycle of growth, and symmetry reasserts itself
temporarily. Analysis of the velocity time trace immediately upstream of the downstream
cylinder, given in figure 7, shows a clear spectral peak, demonstrating the periodicity of
the gap vortices. Note that because the frequency of the gap vortices is the same as that of
the wake vortices, it is marked fv in the figure.

An important difference between the gap vortices and vortices developing in an
unconstrained wake, is that the streamwise position of a gap vortex does not change
appreciably during a cycle. The position is dictated by the gap length. From visual
observation, the gap vortices develop in phase, or nearly in phase, with the von
Kármán vortices in the wake. However, there is spanwise inhomogeneity, as illustrated
in figure 8(a), which results in local phase lag.

One of the benefits of the present well-resolved numerical simulations is that we
can follow the small-scale parts of the flow, such as the shear layer vortices, closely.
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Figure 8. Spanwise inhomogeneity of the gap and wake vortices, illustrated by the temporal development of
the crossflow velocity. The time signal is extracted at probe (a) P4 and (b) P7, located at (x/D, y/D) = (2.4, 0.0)

and (x/D, y/D) = (0.65, 5.0), respectively. The probe locations are illustrated in the inset. (a) shows that the
gap vortices are inhomogeneous along the span, with patches of low crossflow velocities throughout the given
time interval. The wake vortices in (b) are fairly homogeneous.

Snapshots of the evolution of some important flow features are provided in figure 9. In the
figure, the time between snapshots is approximately 1/3 of the shear layer vortex shedding
period.

The snapshot series in figure 9 begins just as the gap vortex from the upper shear layer
has disintegrated and the lower shear layer has begun rolling up. Towards the end of
the series, in figure 9(h), this vortex has grown distinctly. A sketch of its progression is
superimposed. Before disintegration, its diameter will have increased so that it fills the
entire height of the gap. This is shown in a supplementary movie 2, which covers the same
time interval as Movie 1, and includes the series in figure 9.

In figure 9, we follow the development of two shear layer vortices, marked by arrows,
one in the upper and one in the lower shear layer. The lower vortex is about to detach at the
beginning of the series, in figure 9(a), and in figure 9(h) entrainment into the large-scale
vortex has begun. Although the vortices in the lower shear layer deform significantly as
they travel along the gap, it is apparent from these snapshots that they do not undergo full
breakdown to turbulence before being entrained.

From a qualitative point of view, the disintegration of the vortices in the upper shear
layer progresses faster than those on the opposite side of the gap, in the time period
presented in figure 9. The marked vortex in the upper shear layer has just started forming
in figure 9(a), but by figure 9(h) it has undergone strong deformation and is well underway
to disintegrate. The differences between the upper and lower shear layer are related to a
high-velocity flow in the gap, the aforementioned jet-like flow, and discussed shortly.

A vortex pairing event unfolds after transition in the upper shear layer, marked by a small
circle in figure 9. The event is not very clear, due to the disordered state of the vortices, but
we see that the two structures undergo pairing between figures 9(a) and 9(g). In figure 9(h),
it is evident that the pairing has resulted in a longer wavelength of the shear layer vortices.

All through the series in figure 9, we see that there is very little activity in the region in
the immediate wake of the upstream cylinder. The flow here is almost stagnant, compared
with the evolution of the shear layers and the large-scale vortex. There seems to be little
communication between the inner part of the shear layer, towards the separation point, and
the gap vortex formation and shear layer impingement occurring at the end of the gap.
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Figure 9. Development of structures in the gap, visualised by the spanwise vorticity. One part of the lower
shear layer rolls up into a large-scale gap vortex, whereas the rest flows past the downstream cylinder. Shear
layer vortices, marked by arrows, form in both shear layers and undergo breakdown towards turbulence while
traversing the gap. They are still weakly coherent upon reattachment, seen as loose ensembles of smaller
structures. The upper shear layer progresses faster towards turbulence than the lower. A pairing event takes
place in the upper shear layer, marked by a small circle. The final wavelength, w2 is twice that of the preceding
shear layer vortices, w1.
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Jet-like flow

Gap vortex

Upstream

diverted flow

Figure 10. Flow directions in the gap and near-wake at tU0/D = 2005.86, superimposed on the spanwise
vorticity field. A jet-like flow crossing the gap impacts the opposite shear layer, increasing the turbulent activity.
Part of the jet is diverted upstream, and if the vorticity in this fluid is strong enough it may trigger early transition
to turbulence in the shear layer.

This has consequences for the development of the shear layer instability, which are
discussed in § 3.3.

Figure 10, which shows the same time instant as figure 9(g), gives an indication of
the mechanism behind the accelerated breakdown of the upper shear layer. Here, we
draw the directions of different parts of the flow at a time instant when the gap vortex
is approximately half way in its cycle of formation and disintegration. As the vortex
forms, it entrains part of the lower shear layer from which it rolls up, as well as part of
the recirculating fluid from the upper shear layer. This fluid is pushed down along the
front face of the downstream cylinder and then pulled along the outer boundary of the
vortex. Simultaneously a flow with higher velocities than the surrounding fluid is directed
towards the upper shear layer. This flow is dubbed ‘jet-like’ because of its appearance in the
visualisations, although it is a quasi-two-dimensional feature, not an actual axisymmetric
jet. There is a small region of low-velocity fluid trapped between the upper shear layer, the
recirculating part, the gap vortex and the jet. As the vortex grows, this region shrinks until
the vortex comes in direct contact with the upper shear layer.

The jet-like flow is the main contributor to the enhanced breakdown of the shear layer
opposite the gap vortex. Most of the jet fluid is entrained into the shear layer, but a small
part is diverted towards the separation point. The jet-like flow may originate from the
formation of the gap vortex, or it may be a remnant of the previous gap vortex. Most
likely, perhaps, it is a result contributions from both vortices. It is strongest just after
disintegration of the previous gap vortex, when the new one is beginning to form.

Interestingly, the jet-like flow phenomenon does not occur simultaneously along the
whole cylinder span, which is related to the spanwise inhomogeneity of the gap vortices.
An impact region is marked figure 6, where the jet-like flow visibly influences the
development of the shear layer. In this case, the region is approximately 1.5D long. The
result of the spanwise variation in the gap vortex formation and the occurrence of the
jet-like flow is enhanced three-dimensionality of the wake.

3.3. Development of the shear layers
Figure 11 shows the crossflow velocity time signal and spectrum taken from a probe in
the shear layer of the upstream cylinder. Although the frequency of the large-scale vortex
formation is detected in this region, it is significantly weaker than that of the shear layer
vortices. Spectra computed from probes further downstream in the gap are also included
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Figure 11. (a) Crossflow velocity signal in the plane z/D = 0 and (b) spanwise-averaged power spectral
density (PSD) for probe P0 in the upstream shear layer. The smaller graphs inset in (b) show the spectra from
probes further into the gap (P1, P2). Here, turbulent activity is strengthened, which obscures the shear layer
vortex peaks. Note that these spectra are shown for their shape only, and they are not scaled to the strength on
the vertical plot axis. The inset in (a) illustrates the location of the probes. The coordinates of P0, P1 and P2
are (x/D, y/D) = (0.4, 0.6), (0.65, 0.65) and (1.0, 0.65), respectively.

in figure 11(b), for comparison. The large-scale vortex frequency is gradually obscured by
the increased turbulent activity when we move into the gap.

The tail of each spectrum in figure 11(b) is steep compared with velocity spectra
for fully developed turbulence, which are expected approximately follow Kolmogorov’s
−5/3 power law (Kraichnan 1974). This is because the flow at the locations of the
probes in question is only intermittently turbulent. Similar spectra are found for velocity
and turbulent kinetic energy in the outer region of free jets, where turbulence is also
intermittent (Fellouah, Ball & Pollard 2009; Yaacob, Buchhave & Velte 2021). Probes
placed further into the gap, where the flow is more turbulent, have less steep spectra, as
seen when comparing P2 and P0.

Instead of one narrow peak, like that of the large-scale gap vortices, the shear layer
covers a wide range of frequencies, seen as a broadband region with three distinctive
peaks in figure 11(b). This is consistent with the single-cylinder studies of Khabbouchi
et al. (2014) and Dong et al. (2006). The latter did not see separate shear layer peaks,
rather a broadband plateau, similar to the single cylinder in the present study. The highest
peak, with a main frequency of fsl = 2.5U0/D, is associated with the shedding of shear
layer vortices, whereas the secondary peaks are its harmonic and subharmonic. Here 2fsl
corresponds to shear layer vortex breakdown, whereas the subharmonic 0.5fsl is associated
with vortex pairing in the shear layer. The value of the main peak frequency is very similar
to that of the single-cylinder case, which is fsl ≈ 2.6U0/D. The similarity indicates that,
in addition to the delayed inception, the shear layer instability is not significantly affected
by the presence of the downstream cylinder, as opposed to the primary instability. This
is consistent with the observations of Kourta et al. (1987) for a single cylinder with a
splitter plate in the wake. It is not an altogether surprising result, as K-H instability and
the primary instability are two separate phenomena that may occur independently. For
example, K-H vortices are found along the boundaries of free jets, or in the shear regions
between atmospheric flows, as well as for single cylinders above a certain Re. When both
instabilities are present in a flow, they may interact (Kourta et al. 1987), but one does not
depend on the presence of the other in order to develop.
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Figure 12. Crossflow velocity signal over 25 vortex shedding cycles for (a) single and (b) tandem cylinders
at two probes in the shear layer, in the plane z/D = 0. Probe locations are shown in figure 11. For the tandem
cylinders, early triggering of the shear layer instability leads to stronger oscillations downstream. One such
event is marked by a dashed rectangle.

The transition region in the shear layers exhibits a degree of random meandering,
manifested as intermittency in the velocity signal from probes in the gap, as exemplified
in figure 11(a). Close to the upstream cylinder, the crossflow velocity signal shows distinct
periods of strong fluctuations that occur at irregular intervals over a long period of time.
When moving to a probe further downstream, strong oscillations become frequent. This is
shown in figure 12, which compares the crossflow velocity signal sampled at two positions
for single and tandem cylinders.

For the single-cylinder case in figure 12, there is very little difference in the number
of shear layer fluctuations between the measurements taken in the near-wake and closer
to the separation point. For the tandem cylinders, however, the difference is remarkable.
Whereas only a few packets can be observed close to the upstream cylinder, the fluctuations
are nearly continuous at x/D = 1.0. Recalling Prasad & Williamson’s (1997) result, few
packets at the upstream location implies that there is less meandering of the transition
region in the tandem cylinder case. Furthermore, if we compare the influence of large-scale
vortices on the shear layers, we see that the von Kármán shedding in the wake of the single
cylinder clearly visible in the time traces in figure 12(a), but the gap vortices can barely be
discerned in the time trace of the tandem cylinder gap probes in figure 12(b).

Being weaker than their single-cylinder counterparts, the gap vortices provide
recirculated fluid with weaker vorticity. Further, the low-velocity region near the upstream
cylinder back face is not directly touched by the gap vortices, as seen all through the
snapshot series in figure 9. Little communication along the gap and weak vorticity means
that there is a low supply of recirculated structures that are strong enough to amplify the
shear layer instability and trigger transition close to the cylinder. This accounts for the
low number of fluctuation ‘packets’ at probe P0, as shown in figure 12. P2, on the other
hand, is almost always located in the transition region, and likewise receives an inflow of
strong small-scale structures from the jet-like flow described in § 3.2. Conversely, it seems
probable that early triggering of the shear layer instability (near probe P0) is caused by the
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Revisiting the reattachment regime
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Figure 13. Instantaneous upper (Ru) and lower (Rl) reattachment points in the plane z/D = 0, during
formation of a large-scale vortex in the lower shear layer. The points are gleaned by a simple method, visual
observation of the instantaneous spanwise vorticity, but provide useful insight into the unsteadiness of the
reattachment. The lower reattachment point is given by its absolute value, to facilitate comparison.

part of the jet-like flow that is diverted upstream. Although triggering events in the upper
and lower shear layers may overlap in time, there is no evidence in the present study that
they are generally in-phase. This is consistent with the results of previous investigations
(Rai 2010).

Owing to transition to turbulence in the upstream shear layer, and the large-scale vortex
formation in the gap, the reattachment points on the downstream cylinder are unsteady
and asymmetrical with respect to the gap centreline. It is challenging to compute the
instantaneous location of the reattachment points, but visual observation of the spanwise
vorticity is a simple method that can give an indication of their whereabouts. The variation
of the instantaneous reattachment in the plane z/D = 0 has been recorded during part
of the vortex formation in the lower shear layer. The results are shown in figure 13.
During this short time interval, the absolute value fluctuates between 50◦ and 65◦, for both
reattachment points. Recalling from table 1 that the time-averaged reattachment location
is 62.0◦, it follows that the temporal variation must be significant. For a single cylinder, the
shear layers move transversely due to large-scale vortex shedding, but, as we have seen,
this is not the case for the tandem cylinders herein. Thus, the main contribution to the
high-speed fluctuations in reattachment position comes from instantaneous changes in the
thickness of the turbulent part of the shear layer.

In the present study, the results indicate that shear layer vortex pairing takes place
both for single and tandem cylinders. For the single cylinder, the spectral peaks in
figure 19(b) are less pronounced than for the tandem cylinders in figure 11(b), although the
subharmonic and harmonic of fsl can be discerned. This is consistent with the observations
of Cardell (1993), who saw that for the unconstrained single-cylinder near-wake, the
subharmonic had developed to approximately the same amplitude as the main shear layer
peak at Re ≈ 10 000. For the tandem spectra the difference in energy between fsl and 0.5fsl
decreases into the wake, where pairing is more frequent. At P2, the peaks are almost of
equal height, so that this part of the spectrum compares well with the single-cylinder
spectrum in figure 19(b). In addition to the event from figure 9, two distinct shear layer
vortex pairing events are seen in figure 14, one in each shear layer. These have been marked
for clarity. To the best of the authors’ knowledge, this is the first time vortex pairing in the
gap shear layers of tandem cylinders has been reported.

3.4. Instantaneous wake structure
The wakes of the single and tandem cylinders at the same Reynolds number are strikingly
different. The inset in figure 15 clearly shows that the tandem wake is narrower, and the
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Figure 14. Vortex pairing events in the shear layers at z/D = 0.5, tU0/D = 2406.15, visualised by the
spanwise vorticity.
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Figure 15. Isometric view of the gap and wake flow of the tandem cylinders at tU0/D = 2406.15, represented
by isosurfaces of Q(D/U0)

2 = 5 coloured by ωzD/U0. The inset shows a side view of the single and tandem
cylinder wakes. For the tandem cylinders, the wake is narrowed, and the vortices are elongated compared with
the single-cylinder vortices. The streamwise structures from the single-cylinder wake are missing for tandem
cylinders, due to turbulent activity from the upstream cylinder shear layers.

vortices appear elongated. Increased mixing and diffusion, due to turbulent inflow from
the upstream cylinder, causes the small structures of the tandem cylinder wake to be more
uniform in terms of scale, and also more three-dimensional, which is shown in figure 15.
Unlike the single-cylinder wake (see figure 19c), the tandem wake does not display a clear
spanwise versus streamwise organisation, apart from the large-scale shedding.

The disappearance of the streamwise vortical structures for the tandem cylinders must
be seen in connection with the turbulent inflow, as well as the strength of the von Kármán
vortices. The streamwise vortices formed in instability mode B originate when streamwise
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Revisiting the reattachment regime
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Figure 16. (a) Crossflow velocity signal at z/D = 0 at probe P7 and (b) the corresponding spanwise averaged
spectrum. The probe is situated in the downstream cylinder wake, and its exact location is given in figure 8.

vorticity is amplified through vortex stretching (Williamson 1996). However, this process
is dampened by diffusion. The increased diffusion due to the turbulent inflow, coupled
with the reduced strength of the primary vortices, giving a lower supply of vorticity to
the braid regions, precludes the formation of sizable streamwise vortices. It must be noted
that streamwise vortices have been observed in the wake of tandem cylinders at low Re,
where transition to turbulence occurs in the wake rather than in the shear layers (Carmo,
Meneghini & Sherwin 2010).

Lin et al. (2002) also pointed out the changed shape of the wake vortices. They claim that
for gap ratios up to L/D = 2.0, the vortices have a tendency not to cut the opposing shear
layer during the formation process. This cannot be the case because it is a prerequisite
of shedding that the forming vortex cut the opposing shear layer. In our study, we see
that this process is somewhat obscured by the incoming shear layer structures of the
upstream cylinder, which may be a cause of the misunderstanding. Reattachment of the
turbulent shear layers appears very neat and ordered in the time-averaged flow field (see
figure 3), but in reality it is less straightforward. We have found that it is a combination
of impinging structures, and structures that are drawn towards the downstream cylinder
due to the increased velocity over the cylinder surface. The path and orientation of these
outer structures are changed but they do not blend completely with the downstream shear
layer. Rather they lie as an extra layer outside it until entrained in the von Kármán
vortex. Moreover, the entire outer layer is not necessarily entrained during the wake vortex
formation. Some of the structures pass over the forming vortices to merge with the wake a
little further downstream. This can be seen in supplementary movie 2. The wake vortices
do not necessarily cut through the outer layer of incoming shear layer structures as they
form, just the shear layer originating from the downstream cylinder itself, which is likely
what caused the erroneous conclusion of Lin et al. (2002) on that subject.

The von Kármán vortex shedding has a dominant frequency St = 0.157, which agrees
well with previous studies (see table 1). Figure 16 shows the time signal and resulting
spectrum of a probe in the wake. There are secondary peaks near fv . A wider bandwidth
of the vortex shedding frequency is typical of single-cylinder wakes above Re ≈ 5000,
resulting from spanwise frequency variations (Aljure et al. 2017).
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Figure 17. Snapshot of the downstream cylinder spanwise vorticity field, at tU0/D = 2005.3. Interaction
between the inner and outer parts of the shear layer leads to shortening and distortion of the inner layer, with
only intermittent shedding of shear layer vortices. Buffeting of the boundary layer by the upstream cylinder
shear layer and interaction with the outer part contributes to delayed separation.

3.4.1. The effect of turbulent inflow to the downstream cylinder
As already mentioned, the downstream cylinder is completely submerged in the turbulent
wake of the upstream one. That perturbations in the incident flow affects the flow field
around a single cylinder is well known, so we must expect alterations in the downstream
cylinder flow field. It was established in the previous sections that the overall effect is
relocation of the primary separation point to the back face, suppression of secondary
separation and a narrowed wake. Surprisingly, the influence of the turbulent inflow to
the downstream cylinder has not yet been examined in detail in the literature, although the
effect of incident turbulence to both cylinders has been studied Ljungkrona et al. (1991),
and the narrow wake as been remarked by several (Ljungkrona et al. 1991; Lin et al. 2002;
Zhou et al. 2019). With good resolution of the flow near the solid bodies, we are in a
unique position to study this phenomenon.

Figure 17 shows the effect of the incoming turbulence on the instantaneous flow features
of the downstream cylinder. The boundary layer is subjected to continuous buffeting
near the reattachment point, as well as additional strain from interaction with the outer
shear layer. No shear layer frequency peak could be detected in this region, and only
intermittently is elongation of a laminar inner shear layer seen, with the shedding of shear
layer vortices.

Few tandem cylinder studies explicitly list the separation angle of the downstream
cylinder, but the overall impression is that within the reattachment regime, separation
occurs on the back face. Lee & Basu (1997) and Alam et al. (2003) found separation angles
of 120◦ and 113◦, respectively, for Re = 4.0 × 104 and 6.5 × 104. The result of Zhou et al.
(2019) is interesting, in this respect. At a Re of 103, they found that the separation on
the downstream cylinder varied between 122◦ and 128◦ for gap ratios 1.5 ≤ L/D ≤ 3.5.
Although the Re is significantly lower than in the present study, the result is qualitatively
similar. This indicates that, at least within the subcritical range, the flow around the
downstream cylinder is independent of Re.

The recirculation bubble is shortened compared with the single-cylinder reference case,
from Lr = 0.62 to 0.45. Ishigai et al. (1972) also saw a substantial shortening of the
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Revisiting the reattachment regime

recirculation region, Lr = 0.25, at a gap ratio of 3.0 and Re = 3900. Lin et al. (2002),
on the other hand, found that although the wake was narrowed, the recirculation length
was not affected to any significant degree for gap ratios 1.25 to 2.0 and Re = 10 000.

When looking at the flow field of the downstream cylinder, it is instructive to consider
the effect of incident FST on a single cylinder. Naturally, this is a simplified model.
We must also keep in mind that the turbulence level of the flow impinging on the
downstream cylinder is significantly higher than in the available studies, which typically
have turbulence intensities of 1–10% (Zdravkovich 1997). Mechanisms associated with
FST are accelerated transition to turbulence in the free shear layers and boundary layer,
and enhanced mixing and entrainment (Bearman & Morel 1983). Khabbouchi et al. (2014)
reported that increased FST promoted breakdown of shear layer vortices and corresponded
with a decrease in recirculation length, which corresponds well with the present results.
However, for a single cylinder in the subcritical regime, the influence of FST is expected
to be limited to the shear layers, with the boundary layer remaining laminar.

In the present study, it is likely that transition to turbulence in the downstream cylinder
boundary layer is triggered by the buffeting from, and interaction with, the upstream
cylinder shear layers. This hypothesis is strengthened by the fact that the primary
separation point is moved to the back face, which is a known feature of transition to
turbulence in the boundary layer for single cylinders. That shedding of shear layer vortices
(a feature of transition in the shear layers) does happen in the present study, albeit
intermittently, indicates that the boundary layer transition is not stationary in time.

4. Discussion

The gap flow shares many similarities with single cylinders with splitter plates, where
large-scale vortex shedding is partially or completely suppressed in the near-wake region.
This includes stabilisation of the separation point, delayed transition to turbulence in the
separated shear layers, enhanced vortex pairing and reduced meandering of the transition
region (Unal & Rockwell 1988b; Cardell 1993). Studies with a gap between the cylinder
base and splitter plate underline the similarity (Roshko 1954; Ozono 1999). Qualitatively,
the effect on the upstream cylinder is the same irrespective of whether the downstream
interference element, to use Roshko’s terminology, is a cylinder or a flat plate. From
this, we may infer that the mechanism of stabilisation is the same, namely inhibited
communication between the separated shear layers.

The nature of the recirculation in the gap changes with the gap ratio. Lin et al. (2002)
reported intermittent alternations between symmetrical and asymmetrical recirculation
patterns at L/D = 2.0, and a similar result was found by Zhou et al. (2019). In our case the
recirculation is distinctly periodic and asymmetrical. By comparing our study with others
at different gap ratios, a hypothesis is formed that there is a second critical gap spacing,
preceding the transition co-shedding, at which the primary instability can start developing.
This would explain why Lin et al. (2002) saw only symmetrical recirculation at low gap
ratios, followed by intermittent symmetry/asymmetry when the gap ratio increased. Before
this new critical spacing is reached, the recirculation in the gap is caused primarily by
geometrical constraint. The downstream cylinder blocks the path of separated shear layer
and forces its lower part to recirculate, whereas the upper part is reattached. Then, as the
gap ratio is increased, true roll-up of the shear layer into large-scale eddies starts to happen.
As we have only investigated a single gap ratio in this study, we cannot conclude firmly on
this.

The interaction between the gap vortices depends on the type of recirculation. The
mechanisms seen in the present study, direct interaction between a gap vortex and the
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opposite shear layer, as well as the jet-like flow, are features of asymmetrical recirculation.
Lin et al. (2002) found a different type of jet flow, acting horizontally, along the centreline
of the gap, where interaction occurs primarily with the upstream cylinder base. It is
conceivable that, should this jet be strong enough, it could influence the development
of the shear layers when the jet fluid is diverted outwards after impinging on the upstream
cylinder.

In Ishigai et al.’s (1972) study, the visualisations show that the transition region in
the gap shear layer moves upstream with increasing gap ratio, at essentially the same
Re (variation only within the range 3400–4000). The experimental technique (Schlieren
method, where the cylinder is heated) makes estimation of the shear layer thickness from
the photograph impossible. However, the trend regarding the transition region is still valid,
and it can be coupled with Rai’s (2010) result regarding the shear layer instability. In the
present study, we have seen that the low strength of the gap vortices with respect to a single
cylinder leads to less meandering of the transition region. If the gap ratio is increased,
so is the strength of the gap vortices, accompanied by stronger small-scale recirculated
structures, and a corresponding upstream movement of the shear layer transition region.
Here, we must underline that instability of the shear layer occurs regardless of whether or
not there is recirculation, but we believe that for tandem cylinders, its inception, and hence
the position of the transition region, is influenced by the mechanism described previously.

The position of the transition region is important because it influences the near-wake
of the downstream cylinder, and hence the structure of the large-scale shedding. Early
transition allows the shear layer to develop further before reattachment, which results in an
increase in the turbulence intensity in the inflow to the downstream cylinder. In § 3.4.1, it
was suggested that this leads to transition to turbulence in the boundary layer, instead
of in the shear layers. Zhou et al.’s (2019) results show that the downstream cylinder
separation angle increases with increasing gap ratio within the reattachment regime. In
addition to increasing the turbulence of the inflow, increasing the gap ratio also pushes the
reattachment point upstream, allowing the downstream boundary layer to develop further
before separating, as pointed out by Zhou & Yiu (2006). These two factors, increased
turbulence and increased time for the boundary layer to develop, lead to delayed separation
with increasing gap ratio.

The spanwise inhomogeneity of the gap vortices is interesting in itself, and because
it gives rise to dynamics that influence the development of the shear layers. A possible
explanation for the inhomogeneity is the mode B instability (Williamson 1996), which
causes waviness of spanwise structures. This could potentially lead to spanwise crossflow
velocity variations such as those observed in figure 8(a). Another possibility is that there
is spanwise localised bi-stability, i.e. that the flow regime switches from reattachment to
co-shedding intermittently, within a spanwise cell. For single cylinders, cellular vortex
shedding is known to occur, caused by spanwise variations in phase and/or frequency. In
experiments, a high aspect ratio is required to obtain this, due to blockage. In numerical
simulations, the use of periodic boundary conditions in the spanwise direction allows
for a lower aspect ratio. In the study of Aljure et al. (2017), spanwise von Kármán
cells and dislocations are evident for z/D = 2π and 3π. The velocity spectra in both
figures 7and 11 show signs of a secondary peaks near fv . This is indicative of slight
frequency differences in the von Kármán vortex shedding, and may include a mode of
bi-stability with alternating reattachment, similar to the findings of Kitagawa & Ohta
(2008). The spanwise behaviour of the large-scale vortices is not discussed in the literature,
where the flow regime is normally presented on a two-dimensional cross section, implicitly
implying homogeneity. Meanwhile, with the degree of three-dimensionality observed in
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Revisiting the reattachment regime

the present study, combined with the bandwidth of the crossflow velocity spectra, cell-like
occurrences of bi-stability are not unlikely.

Considering the reduced recirculation length behind the downstream cylinder, it is
seemingly a paradox that the Strouhal number is lower than for a single cylinder at
the same Re. Xu & Zhou (2004) suggested that this was caused by a ‘lock-in’ effect
similar to what has been reported within the co-shedding regime, where the shedding
behind the downstream cylinder is governed by the wake shedding of the upstream
cylinder (Wang et al. 2018). Overall, the gap and wake vortices develop in-phase, and
gap vortices exert direct periodic forcing on the downstream cylinder boundary layer,
which supports the lock-in hypothesis. Moreover, the low frequency is consistent with
an elongated recirculation length, such as that of the gap vortices. Although the lock-in
hypothesis seems most probable in the present case, it is possible that the mechanism of
interaction between the gap and wake flow changes with the gap ratio. As long as the
primary instability of the gap vortices is blocked, at low gap ratios, periodicity in the gap
region may be driven by upstream influence from the wake vortices.

5. Concluding remarks

In this study, DNS of flow around tandem cylinders at Re = 10 000 have been carried out
for the first time, at a gap ratio of L/D = 3.0. The obtained spatial and temporal resolution
made it possible to study the gap shear layers and their development with unprecedented
detail. This gives new insight into the dynamics of the tandem cylinder gap region and the
interaction between large- and small-scale vortical structures, as well as the reattachment
mechanism and the effect on the development of the downstream cylinder wake.

We have seen that the flow in the gap between tandem cylinders in the reattachment
regime shares similarities with that of a single cylinder with a splitter plate in the wake,
due to the lack of vortex shedding in the gap. This is manifested in enhanced stability of
the separation points, as well as the shear layers. Little or no crossflow motion of the shear
layers is seen, and the onset of the K-H instability is delayed. Shear layer vortex pairing is
reported for the first time for tandem cylinders.

There is formation of vortices at the end of the gap, which are asymmetrical and
distinctly periodic, with the same frequency as the downstream cylinder wake shedding.
Surprisingly, however, the gap vortices are not homogeneous along the span, and the
results suggest that there may be spanwise localised bi-stability, with intermittent shedding
in spanwise cells.

The gap vortices and the gap shear layers interact by two main mechanisms. One is
direct, as the cyclic growth of the gap vortex is large enough for it to come into contact
with the opposite shear layer before it disintegrates. The other mechanism is indirect. In the
early stages of gap vortex formation, when the previous gap vortex is nearly disintegrated,
a jet-like flow is directed towards the opposite shear layer, which contributes to increased
turbulent activity. Moreover, some of the fluid from this flow is directed upstream, where
it amplifies the shear layer instability and contributes to early transition to turbulence in
the shear layer. Because the gap vortices are spanwise inhomogeneous, the jet-like flow
does not occur simultaneously across the span. This enhances the three-dimensionality in
the gap and wake flow.

Reattachment itself is seen to be very complex, due to transition to turbulence in the
gap shear layers. The instantaneous reattachment position exhibits random fluctuations
over a range of some 20◦, on a very fine time scale. Moreover, we have found that
reattachment is not complete, in the sense that the upstream cylinder shear layer does
not merge directly with that of the downstream cylinder. Rather, reattachment is a
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combination of impingement and interaction between the upstream cylinder shear layer
and the downstream cylinder boundary layer and shear layer. The upstream cylinder
shear layer lies outside the downstream one, without merging with it, until they are both
entrained in the wake. This type of a double shear layer has not been reported in previous
tandem cylinder studies, to the best of the authors’ knowledge.

The wake of tandem cylinders in the reattachment regime is significantly altered with
respect to a single cylinder at the same Re, with delayed separation on the downstream
cylinder, a shortened recirculation length and a significantly narrowed wake width. We
believe that forcing of the downstream cylinder boundary layer from the impinging part
of the upstream shear layer, as well as interaction downstream of the reattachment point,
causes transition to turbulence in the boundary layer.

The turbulent inflow to the downstream cylinder changes the flow topology of the wake,
causing the disappearance the streamwise vortical structures seen for the single cylinder.
This is due to enhanced diffusion and weaker large-scale vortex strength, both of which
weaken the mode B type instability in the wake.

Finally, it is interesting to note that between the few tandem cylinder studies that have
reported separation angle for the downstream cylinder, there is relatively good agreement
even over a wide range of Re. Therefore, it is not an unreasonable conjecture that within the
subcritical regime, the inflow Re has little influence on the flow field of the downstream
cylinder, and the flow tends to a one-parameter case determined only by the gap ratio.
A more extensive survey is required to conclude firmly.

Supplementary movies. Supplementary movies are available at https://doi.org/10.1017/jfm.2022.960.
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Appendix A. Flow around a single circular cylinder at Reynolds number 10 000

As a reference case, the flow field around a single cylinder at Re = 10 000 was computed.
Statistical flow parameters are given in table 2, and compared with previous investigations.
The present results agree with the literature, although the obtained Lr is somewhat shorter.
It is difficult to pinpoint the exact reason for this, but one possibility is that there is a
long-term variation of Lr that has been captured in our simulation. For example Dong
et al. (2006) sampled statistics over approximately 50 vortex shedding cycles, whereas
we have sampled over nearly 350 cycles. For a single cylinder at Re = 3900, Parnaudeau
et al. (2008) investigated the sensitivity of the recirculation length with respect to time
integration, and found that no convergence can be expected before approximately 250
shedding cycles.

The time-averaged streamwise and crossflow velocities, as well as the streamlines, are
shown in figure 18. Separation occurs at θ1 = 88.1◦. This compares well with Jordan
(2002), Wornom et al. (2011) and Prsic et al. (2014) who found primary separation at
87.8◦, 87◦ and 87.6◦, respectively. Son & Hanratty (1969) reported separation at 84◦ for
Re = 104.
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Revisiting the reattachment regime

Re St fsl/fv CD CL rms −C̄pb Lr Method

Present study 104 0.201 12.95 1.28 0.587 1.22 0.62 DNS
Dong et al. (2006) 104 0.200 11.83 1.208 0.547 1.201 0.82 DNS
Gopalkrishnan (1993) 104 0.1932 1.1856 0.3842 Exp.
Jordan (2002) 8.0 × 103 0.204 9.4 1.06 0.115 1.08 LES
Lo & Ko (2001) 104 16 Exp.
Khabbouchi et al. (2014) 9.6 × 103 0.2 12.0 Exp.
Nguyen & Nguyen (2016) 104 0.1961 1.1329 0.3629 1.1 DES
Norberg (1987) 8.0 × 103 0.205 10.2 1.0 Exp.
Norberg (1993) 104 0.2 Exp.
Prsic et al. (2014) 1.3 × 104 0.2038 1.3132 0.5454 1.26 0.722 LES
Wei & Smith (1986) 9.5 × 103 11 Exp.

1.1 × 104 12.5
Wornom et al. (2011) 104 0.20 1.22 0.476 1.15 0.87 LES

Table 2. Flow statistics for a single cylinder. Wei & Smith (1986) tested several cylinders of varying diameter.
Here, only the d = 5.84 cm case is included. The drag and lift coefficients, CD and CL, are defined as C =
2F/ρU2

0DLz, where F is the drag or lift force, ρ is the fluid density and Lz is the spanwise cylinder length. The
r.m.s. of CL is used.
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Figure 18. Time-averaged (a) streamwise and (b) crossflow velocities and (c) time-averaged streamlines for a
single cylinder at Re = 10 000. Primary separation occurs at θ1 = 88.1◦, and there is a secondary separation
bubble.

There is secondary separation initiated by the recirculating flow at θ3 = 157.6◦, which
reattaches at θ2 = 110.0◦. Both Prsic et al. (2014) and Son & Hanratty (1969) report
secondary separation with θ2 = 106◦.

Figure 19(a) depicts the instantaneous flow, represented by the spanwise vorticity. The
shear layers are almost parallel to each other, and roll up to form a von Kármán vortex
street in the wake. Shear layer vortices form 0.75D–1.0D downstream of separation.
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Figure 19. Instantaneous wake of a single cylinder at Re = 10 000, at tU0/D = 1050. (a) Spanwise vorticity
in the plane z/D = 0. The shear layers are nearly parallel and shear layer vortices are formed 0.75D–1D after
separation. (b) Crossflow velocity spectrum at (x/D, y/D) = (0.4, 0.6). (c) Isosurfaces of Q(D/U0)

2 = 25
coloured by ωz. Shear layer vortices organised in spanwise stacks are seen in the near-wake. Streamwise
structures bridge the large-scale vortices in the wake, and the streamwise vortices are themselves straddled
by small-scale spanwise vortices. Pairing of streamwise vortices is observed downstream.

In figure 19(c), the instantaneous wake structure is visualised by isosurfaces of
non-dimensionalised Q (Hunt, Wray & Moin 1988). We see that the streamwise position
of transition to turbulence in the shear layer is not coherent across the cylinder span. This
spanwise non-uniformity of transition causes the shear layer vortices to appear in cells or
stacks, which in turn causes dislocations in these small-scale structures, contributing to
rapid development of three-dimensionality.

Owing to the high Re, the wake is turbulent and the large-scale vortices consist of
a number of smaller structures with different orientations. The large-scale vortices are
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Revisiting the reattachment regime
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Figure 20. Shear layer thickness of the upstream cylinder, and velocity profiles in the gap plotted against
similarity coordinates. To determine geometrical properties of the shear layer, the time-averaged free stream and
gap velocities, Uf and Ug, were used. The shear layer thickness was defined as the distance between the points
where the time-averaged streamwise velocity was equal to [Ū + 0.5(Uf − Ū)] and [Ū − 0.5(Ū − Ug)]. Here,
Ū = 0.5(Uf + Ug). The velocity profiles are normalised as Un = 2(U − Ū)/ΔU, where ΔU = Uf − Ug. They
have been plotted against the similarity variable η = (y − yc)/δ, where δ is the shear layer thickness and yc is
the centreline of the shear layer.

connected by streamwise structures that form counter-rotating pairs. These are the result
of a mode B three-dimensional wake instability (Williamson 1996).

In the near-wake, the streamwise vortical structures are straddled by several smaller
vortices with spanwise orientation. The dynamics of the wake are complex, and pairing of
streamwise vortices occurs. This is shown in an inset in figure 19(c), where two of these
structure roll-around one another and combine. For mode B, the spanwise wavelength
of the streamwise structures is expected to be around 1D. Huang, Zhou & Zhou (2006)
observed larger wavelengths than this at x/D = 5, for Re = 10 000. The findings were
attributed to spanwise vortex dislocations, but our visualisation indicates that vortex
pairing is another possible explanation.

The crossflow velocity spectrum taken at a location in the shear layer is presented in
figure 19(b). The large-scale shedding frequency and its first harmonic are seen, as well as
the shear layer frequencies. The latter are seen as a broadband plateau centred around the
shear layer vortex shedding frequency, fsl. The plateau encompasses frequencies around
the subharmonic 0.5fsl, which indicates that vortex pairing occurs in the shear layers.

Appendix B. The similarity between tandem cylinder shear layers and plane mixing
layers

It has been suggested that the time-averaged properties of shear layers in a cylinder
near-wake where the von Kármán vortex shedding is suppressed develop similar to plane
mixing layers (Unal & Rockwell 1988b; Cardell 1993). One study even makes this claim for
cylinders with unimpeded vortex shedding (Khabbouchi et al. 2014). We have investigated
this for the tandem cylinder case by looking at the shear layer thickness, and the behaviour
of the streamwise velocity profiles in the gap, both shown in figure 20.
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In the initial stages, the growth rate of the shear layer thickness is small, but it accelerates
after 0.8D. This approximately where transition to turbulence starts, although there is a
small variation in the location of the transition region, as we have seen. The growth of
the gap shear layer is restricted by reattachment, and figure 20(a) shows how the shear
layer thickness decreases after x/D ≈ 2.25. This is the point where part of the shear layer
starts diverting into the gap, and the remaining part goes on to reattach to the downstream
cylinder. The approximate reattachment point is seen as a small kink at the end of the gap
profile, around x/D = 2.7.

In a plane mixing layer, the width grows as the square root of the downstream distance
within the laminar region, and linearly after transition (White 2006). This is distinctly
not the case with the gap shear layer, as shown in figure 20(a). As the K-H instability is
sometimes triggered as early as x/D = 0.4, the part of the shear layer which can strictly be
called laminar is short. However, the square root curve is not a good fit in any part of the
shear layer close to the upstream cylinder. With some goodwill, the growth post-transition
can be called quasi-linear. Up to x/D ≈ 2.0, the development of the shear layer thickness is
qualitatively similar to a single circular cylinder (Gkiolas, Kapiris & Mathioulakis 2020),
and, even more so, to side-by-side flat plates of gap width g/D = 1 (Dadmarzi et al. 2018).
These wake flows have large-scale vortex shedding in common. Clearly, the mixing layer
analogy has its limits when there is formation of large-scale vortices.

The growth of the tandem cylinder shear layers between transition and reattachment
does share some qualitative similarities with mixing layers. One is the transition through
stretching of the shear layer vortices. Another is the growth of the structures that comprise
the shear layer. Vortex pairing is known to be the primary mechanism of growth for plane
mixing layers for low Re (Winant & Browand 1974). However, recent research has shown
that in the transitional and turbulent states, the linear growth of the mixing layer thickness
happens, not by vortex pairing, but by linear growth of the coherent spanwise vortices
themselves. Although, vortex pairing certainly occurs after transition, it was found to be a
consequence of the growth of the spanwise vortices, rather than the main cause for mixing
layer growth (D’Ovidio & Coats 2013; McMullan, Gao & Coats 2015). This is reminiscent
of the development of the tandem cylinder shear layer vortices after transition, recalling
their transformation from compact vortex cores to larger, loosely coherent ensembles of
small-scale structures. Figure 9 also indicates that pairing events after transition do not
increase the thickness of the shear layer, which corresponds with the findings of McMullan
et al. (2015).

For both single and tandem circular cylinders, the shear layers do not reach a fully
turbulent state before they roll up or reattach, respectively. Therefore, we cannot expect
true self-similarity of the velocity profile across the shear layer. In this study, we do see
a degree of self-similarity in the early part of the shear layer (x/D < 0.6), as shown
in figure 20(b). This part of the shear layer is predominantly laminar, with intermittent
triggering of the K-H instability. Deviation from similarity develops as the transition
region approaches, and is strongest in the lower part of the shear layer, due to the
recirculation. The same discovery was made by Cardell (1993), who found two different
similarity profiles in the shear layer: self-similarity in the initial growth stage, and the
expected self-similarity for turbulent mixing layers, which could develop downstream
when large-scale vortex formation was suppressed. The author suggested that it was
possible that the boundary layer developed a self-similar profile prior to transition, and
that this profile persisted in the laminar part of the shear layer.

This discussion serves to clarify a few points: the tandem cylinder shear layers are
indeed mixing layer-like in that they have a quasi-linear growth after transition, and that
vortex pairing occurs. However, the growth of the shear layer in the laminar region is
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Revisiting the reattachment regime

nothing like a mixing layer. This means that the near self-similarity in the laminar part
of the shear layer cannot be used as an argument towards likeness with mixing layers.
In extension, this also applies to single cylinders, because the mechanism of shear layer
instability is the same for both cases.
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In the gap region of tandem cylinders, within the reattachment regime, bi-stability is seen
to be cellular. Direct numerical simulations at a Reynolds number of 500, and a gap ratio
of 3.0, show that shedding of gap vortices occurs in spanwise cells, with lengths between
0.3 and 2.7 cylinder diameters. These unstable vortex cells tend to be asymmetric with
respect to the gap centreline, so that vortices are repeatedly shed from just one gap shear
layer for several periods. The unstable cells appear within the basic spanwise cell structure
dictated by the three-dimensional instability, and their cell lengths do not exceed those
of the basic cells. Unstable cells intermittently become spanwise coherent, and this leads
to a significant increase in drag amplitude. The mode change in the gap is associated
with low-frequency variation of the reattachment and separation points on the downstream
cylinder, causing low-frequency modulation of the vortex formation length.

Key words: vortex shedding, vortex dynamics, separated flows

1. Introduction

Flow around tandem cylinders has attracted considerable research interest both from
an engineering point of view and among those who study the fundamentals of fluid
mechanics. While there are now quite a number of investigations into this topic, its
complex form of wake interference is still not fully understood. This is particularly true for
the transition between tandem cylinder flow regimes, where the flow may be unstable and
hysteretic (Carmo et al. 2010b).
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ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

46
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss



T.E. Aasland, B. Pettersen, H.I. Andersson and F. Jiang

Generally, there are three different regimes of tandem cylinder flow: overshoot,
reattachment and co-shedding. These depend on the spacing between the cylinders and
on the Reynolds number, Re = U0D/ν (here, U0 is the inflow velocity, D is the cylinder
diameter and ν is the kinematic viscosity of the fluid). When the cylinders are very close,
the shear layers from the upstream cylinder envelop the downstream cylinder and roll up in
the wake, so that vortex shedding occurs solely from the upstream cylinder. Increasing the
spacing between the cylinders leads to reattachment of the upstream shear layers onto
the downstream cylinder. Vortex shedding now occurs from the downstream cylinder.
Reattachment may be alternating, quasi-steady/symmetrical or intermittent, from smaller
to larger spacing (Zdravkovich 1987). Further increase of the spacing will finally result in
vortex shedding from both cylinders, so that there is a wake in the gap between them, i.e.
co-shedding.

Due to Reynolds number dependency (Xu & Zhou 2004), it is challenging to give a
consistent classification of tandem cylinder flow regimes based on the cylinder spacing
alone. Still, the classification of Zdravkovich (1987) is commonly used: (a) overshoot/no
reattachment 1.0 ≤ L/D ≤ 1.2 − 1.8, (b) reattachment 1.2 − 1.8 ≤ L/D ≤ 3.4 − 3.8 and
(c) co-shedding 3.4 − 3.8 ≤ L/D. Here, L/D is the centre-to-centre cylinder spacing,
normally called the gap ratio, a term that will be used throughout the present paper from
here on.

Reattachment may occur on the downstream or upstream side of the downstream
cylinder. Based on this, Xu & Zhou (2004) suggested that the reattachment regime should
be subdivided (as well as extended with respect to the findings of Zdravkovich (1987)):
in the range 2 ≤ L/D ≤ 3 there is a transition from overshoot to reattachment and in the
range 3 ≤ L/D ≤ 5 the flow transitions from reattachment to co-shedding.

The gap ratio at which co-shedding first occurs is traditionally called the critical spacing,
or drag-inversion spacing. The latter term hails from the fact that, as long as there is
shear layer reattachment, recirculation in the gap causes suction and results in a negative
drag coefficient for the downstream cylinder. When co-shedding commences, the sign
of the downstream cylinder drag coefficient is reversed, and becomes positive. Drag
inversion typically occurs between L/D =3.0 and 5.0 (Okajima 1979; Igarashi 1981; Xu
& Zhou 2004; Alam 2014), depending on the Reynolds number, but also on factors such
as free-stream turbulence (Ljungkrona, Norberg & Sunden 1991) or inflow gust amplitude
(Wang et al. 2022), as well as the aspect ratio (Carmo, Meneghini & Sherwin 2010a).
Higher Re and increased non-uniformity of the inflow conditions favour transition at lower
gap ratios. The effect of aspect ratio is related to the development of three-dimensionalities
in the wake at moderate Reynolds numbers, which will be elaborated shortly. For further
details regarding the co-shedding regime, the reader is referred to the reviews of Sumner
(2010) and Zhou & Alam (2016).

Within the reattachment regime, there are recirculating vortices in the gap. For lower gap
ratios, these tend to be symmetrical (Lin, Yang & Rockwell 2002), but become alternating
as the gap ratio increases (Carmo, Meneghini & Sherwin 2010b; Zhou et al. 2019). Such
vortices are often called quasi-stationary or quasi-steady in the literature, because their
formation length is limited by the gap length, and thus they remain at essentially the same
streamwise location. Herein, we call them ‘gap vortices’ or ‘recirculating vortices’ for
simplicity. Igarashi (1981) discovered that close to the drag-inversion spacing, the gap
vortices became unstable and shedding was detected intermittently (called regime D in
that study). This is the beginning of a regime where the flow may switch intermittently
between reattachment and co-shedding. The term ‘bi-stability’ was first used by Igarashi
(1981) to describe this behaviour, and has been widely adopted since.
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Asymmetric cellular bi-stability in tandem cylinder flow

Bi-stability manifests as dual peaks in the velocity spectra. In the study of Igarashi
(1981), for a given gap ratio, the peaks start out at similar frequencies, but move further
apart as the Reynolds number increases. Based on the measured data, as well as flow
visualisations, it was concluded that the flow exhibited two stable states (although it
may perhaps be more accurate to call them conditionally stable), with one of them
(reattachment) being ‘more stable than the other’. The number of occurrences of
intermittent co-shedding and their duration increased with increasing Reynolds number
and/or gap ratio.

Xu & Zhou (2004) reported another type of bi-stable flow, namely a switch between
stable overshoot and stable reattachment. For gap ratios 2.0, 2.5 and 3.0, this occurred
within the Reynolds number ranges Re = 5 × 103 − 7 × 103, Re = 4 × 103 − 7 × 103

and Re = 3 × 103 − 6 × 103, respectively.
At first, the relationship between gap ratio, Reynolds number and tandem flow

regimes received more interest than the three-dimensional characteristics of the flow
field (Zdravkovich 1972, 1987; Lee & Basu 1997; Xu & Zhou 2004; Zhou & Yiu 2006;
Alam et al. 2003). This changed with three studies published nearly at the same time,
independently of each other: Deng et al. (2006), Papaioannou et al. (2006) and Carmo &
Meneghini (2006). Wake transition was the main interest of Deng et al. (2006) and Carmo
& Meneghini (2006), whereas Papaioannou et al. (2006) also quantified three-dimensional
effects and spanwise variations. A common conclusion of all three investigations was
that two-dimensional numerical simulations fail to predict the correct drag-inversion
spacing for a three-dimensional wake. Moreover, both Deng et al. (2006) and Papaioannou
et al. (2006) note that the downstream cylinder may partially or completely suppress
three-dimensionality when placed within the drag-inversion spacing. This corresponds
well to previous observations that transition to turbulence in the wake occurred later, in
terms of Reynolds number, for tandem cylinders within the reattachment regime, than for
a single cylinder (Zdravkovich 1972).

The work of Carmo & Meneghini (2006) was later expanded to include a classification
of secondary instabilities in tandem cylinder wakes (Carmo et al. 2010b) and the relation
between the onset of these instabilities and transition between tandem cylinder flow
regimes (Carmo et al. 2010a). Three different secondary instability mechanisms for
tandem cylinders were identified, T1–T3. The third type is most pertinent to the present
study, as we shall soon see, because, among the different three-dimensional instabilities,
only T3 originates in the gap. Carmo et al. (2010b) argue that this mode is kindred
to the mode A (Williamson 1996) of single cylinders (albeit with oppositely signed
streamwise vorticity). Their reasoning is that the underlying physical mechanism, namely
a cooperative elliptical instability, is the same. The cooperative nature of the instability,
meaning that it depends on interaction between the shear layers, was verified by placing
a splitter plate in the far end of the gap. This was seen to obliterate three-dimensionality
altogether for L/D = 2.3, Re = 300.

Regarding drag inversion and wake transition predictions, it is the characteristic
perturbation wavelength of the three-dimensional instabilities that causes the discrepancy
between two-dimensional and three-dimensional simulations, as well as between studies
with low and high aspect ratios. For instance, Carmo et al. (2010a) report that, for L/D =
3.5, the onset of T3 occurs at Re = 217, with a wavelength of 9.97D. In comparison, Deng
et al. (2006) report onset of three-dimensionality at Re = 250, with a mode A structure.
Carmo et al. (2010a) argue that Deng et al. (2006) could not capture mode T3 because of
insufficient spanwise domain length.

The three-dimensional wake instability causes waviness of the spanwise vortex cores,
and this waviness gives rise to phase differences in the flow field, as observed by
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Papaioannou et al. (2006). In their case with L/D = 2 and Re = 500, both gap and wake
show clear evidence of periodic spanwise structures. A similar result was recently reported
by Wang et al. (2021) for channel-confined tandem cylinders.

The existence of spanwise phase differences implies the possibility of variation between
different tandem flow regimes along the cylinder span, near the drag-inversion spacing.
This idea was put forth by Aasland et al. (2022), who suggested that bi-stability may
occur in spanwise cells, based on the observation of spanwise inhomogeneity at L/D = 3
and Re = 10 000. In the present study, we have investigated this hypothesis. A Reynolds
number of 500 was chosen, in order to ascertain that the flow regime was far away from
transition between different three-dimensional instabilities. The gap ratio was kept at
L/D = 3. According to Carmo et al. (2010a), the present study should be well within
the region of T3. Moreover, using a lower Reynolds number allowed for a long spanwise
length while keeping the computational cost manageable. Tandem cylinders near the
drag-inversion spacing bring together several fundamental phenomena of bluff-body fluid
mechanics, and the outcome of the computation will enable an in-depth exploration of the
surprisingly complex vortex dynamics in this particular flow regime.

2. Problem formulation and computational approach

2.1. Governing equations and numerical method
In the present study, the incompressible continuity and Navier–Stokes equations are solved
by means of direct numerical simulations (DNS). The governing equations are

∂ui

∂xi
= 0, (2.1)

∂ui

∂t
+ uj

∂ui

∂xj
= − 1

ρ

∂P
∂xi

+ ∂

∂xj

(
ν

[
∂ui

∂xj
+ ∂uj

∂xi

])
, i, j = 1, 2, 3, (2.2)

where u is velocity, P is pressure and ρ is fluid density. The simulation was carried
out using the MGLET (Multi Grid Large Eddy Turbulence) flow solver. MGLET is
based on a finite volume formulation of the incompressible Navier–Stokes equations, and
uses a staggered Cartesian grid (Manhart 2004). Solid bodies are introduced through an
immersed boundary method (Peller et al. 2006), where the boundary is discretised using a
cut-cell approach. A third-order low-storage explicit Runge–Kutta time integration scheme
is used for time stepping, and the Poisson equation is solved using an iterative, strongly
implicit procedure.

Periodic boundary conditions were used in the spanwise direction, and a free-slip
condition was used on the top and bottom boundaries (y-direction, see figure 1a). Uniform
inflow was imposed at the inlet, and a Neumann condition was imposed on the velocity
components at the outlet.

In order to accelerate the development of the flow field, a turbulence intensity of 0.2 %
was imposed in the domain for a short time, at the very beginning of the simulation.
Sampling of statistics started after 100 convective time units (U0/D). Before sampling
commenced, the time step was gradually adjusted to obtain a target Courant number of
0.5. The final non-dimensional time step was dt = 2.0562 × 10−3. Statistics were sampled
for 800 time units, which amounts to around 114 vortex shedding cycles.

2.2. Computational domain and grid
The computational domain and a schematic view of the grid are displayed in figure 1. The
inflow boundary is located at x/D = −15. The grid is refined in nested boxes, as shown
966 A39-4
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Figure 1. Computational domain and (b) grid schematic.

in figure 1(b), where each child box has half the cell size of its parent. The nested grid
structure is the reason for the seemingly arbitrary domain size, since each dimension must
be an integer multiple of the largest grid cell size. There were six grid levels in total, and
the smallest grid cell size was dx = dy = dz = 0.0075D. This gives a total number of grid
cells of nearly 1.4 × 109. The innermost grid refinement box is 2.5D long in the y-direction
(symmetrical about y/D = 0), and stretches from x/D = −0.63 to x/D = 7.0. The finest
grid spans the entire domain i z-direction.

A grid convergence study has not been carried out specifically for the purpose of this
investigation. However, in our previous study with a Reynolds number of 10 000, a grid
cell size of 0.005D gave good results (Aasland et al. 2022). Therefore, we are confident
that a similar cell size will be sufficient also at the present Reynolds number, which is
nearly two orders of magnitude lower.

The effect of spanwise length and spanwise boundary conditions on the flow field was
assessed, without any change of the grid cell size and distribution. A pair of simulations
were carried out initially, using a spanwise domain size of Lz = 7.68D. One case used
periodic spanwise boundary conditions, and the other used free-slip spanwise boundary
conditions. Statistical sampling time was 700 and 600 time units, respectively. The results
are listed in table 1, and it is clear that the main statistical quantities are quite robust,
with differences of the order of 1 % or 2 %. The use of free-slip walls more than doubles
the value of the spanwise force fluctuations, however. For the periodic Lz = 7.68D case,
the values are Czrms = 3.1 × 10−4 and 6.7 × 10−4, for the upstream and downstream
cylinders, respectively, whereas for the free-slip case, the corresponding values are
Czrms = 7.9 × 10−4 and 17.2 × 10−4. This increase of spanwise force fluctuations is
reflected in the spanwise velocity fluctuations, and gives rise to more frequent occurrences
of the second gap vortex mode described in § 3.2.

In the case of periodic spanwise boundary conditions, there is virtually no difference
in the main statistics between Lz = 7.68D and 15.36D. Thus, Lz = 7.68D is possibly
sufficient in order to capture the physics of the present case. It was the wholly unexpected
observation of the long-term gap asymmetry, detailed in § 3.2, that precipitated the
doubling of the spanwise domain size. The asymmetry was initially believed to be an
effect of numerical perturbations related to the spanwise length, but was found to be a real
physical phenomenon. Despite the increased computational cost, we decided to continue
with Lz = 15.36D in order to get a better overview of the complex spanwise variations of
the flow field.
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Asymmetric cellular bi-stability in tandem cylinder flow
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P4

Overshooting gap shear layerPrevious gap vortex

P1

4 5 6 7

5

–5

Instantaneous reattachment pointForming gap vortex

0

Figure 2. Basic flow regime, i.e. alternating reattachment/overshoot, illustrated by a snapshot at tU0/D =
126.23, z/D = 1. Recirculating vortices alternate in the gap. The gap shear layer which is not rolling up
overshoots the downstream cylinder, merging with its shear layer. The instantaneous location of shear layer
reattachment is marked in the figure. The time-averaged position of this point is denoted θr. The small circles
mark probe lines used for sampling velocity data for spectral analysis; P1 and P2 are located at (x/D, y/D) =
(1.98, 0.60) and (x/D, y/D) = (2.49, 0.60), respectively, P3 is located at (x/D, y/D) = (4.50, 0.65) and P4 at
(x/D, y/D) = (2.49, −0.60).

Finally, the spanwise coherence described in § 3.3 occurred once during the Lz = 7.68D
periodic simulation, but not for the free-slip simulation. This may be due to the duration
of the simulation, and we cannot conclude on whether it is an effect of the boundary
conditions.

2.3. Definitions
The time-averaged base pressure coefficient is given as C̄pb = (P̄ − P̄0)/(P̄s − P̄0). Here,
P̄0 is the pressure at the inlet and P̄s is the stagnation pressure. Force coefficients are
defined as CF = 2F/ρU2

0A, where F is the force component in question, ρ is the fluid
density and A is the projected frontal area. The lift coefficient is given by its root mean
square (r.m.s.) value. Subscripts D and L denote drag and lift, respectively. To separate
the upstream and downstream cylinder coefficients, lower case u and d subscripts are
used. The Strouhal number is defined as St = fvU0/D, where fv is the von Kármán vortex
shedding frequency.

Herein, spectral analysis has been carried out by means of fast Fourier transform (FFT)
of velocity time traces from a set of probes in the wake and gap. These probes have an
internal spacing of 0.03D, which corresponds to the grid resolution on the third finest grid
level. The frequency resolution was approximately 0.0012U0/D.

3. Results

3.1. Overview of the flow topology
In the present study, with L/D = 3.0 and Re = 500, the basic tandem cylinder flow
regime is alternating overshoot/reattachment, where the reattachment points are located
on the upstream side of the downstream cylinder, as illustrated in figure 2. Recirculating
vortices form alternatingly in the gap. The gap shear layer which is not undergoing roll-up
overshoots the downstream cylinder and merges with its shear layer in the near wake. The
shear layers are laminar and transition to turbulence occurs in the wake. Figure 3 gives
an instantaneous view of the flow topology. In both the gap and wake, the flow exhibits
strong three-dimensional features. Streamwise vortical structures bridge the von Kármán
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from gap/near-wake interaction
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1.0

A: Front view of gap and

near-wake structures,

coloured by –1 <  ωxD/U0 < 1

B: Mode T3 vortex

loops, coloured

by  –1 <  ωxD/U0 < 1

Unstable

vortex

cell
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0.4

0.2
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–0.4

–0.6

–0.8

–1.0

0

Figure 3. Instantaneous view of the lower shear layer at tU0/D = 800.77. The flow field is visualised by
isosurfaces of Q(D/U0)

2 = 0.05, coloured by the spanwise vorticity. Inset A shows an unstable vortex cell
coloured by the streamwise vorticity. Here, Q(D/U0)

2 = 1 is used. Mode T3 type vortical structures are shown
in inset B. Inset C shows secondary vortices in the near wake. The formation process of such vortices is
illustrated in figure 7.

vortices, forming loops: this is the three-dimensional instability T3, as described by Carmo
et al. (2010b) (see figure 3, inset B).

The main statistics are listed in table 1, and there is good agreement between the present
study and results from the literature.

The flow is clearly bi-stable, with two modes that have distinct Strouhal numbers. This
is seen from the velocity spectra in the gap and wake, shown in figure 4. The Strouhal
number is St ≈ 0.14 (0.140 from probe lines P1 and P2 in the gap and 0.143 from probe
line P3 in the wake), whereas the secondary mode has a slightly higher frequency, with
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Asymmetric cellular bi-stability in tandem cylinder flow

103

102

101

100

10–1

103

102

101

100

10–1

103

102

101

100

10–1

10–3 10–2 10–1

fD/U0

P
S

D

fv

fv fv

fv

fv

fv
2fv

2fv 2fv
0.005

0.155 0.155
0.157

0.124

0.005
0.02

100 10–3 10–2 10–1

fD/U0

100 10–3 10–2 10–1

fD/U0

100

(a) (b) (c)

Figure 4. Spanwise-averaged cross-flow velocity spectra in the gap at (a) P1 and (b) P2, and in the wake
at (c) P3 (see figure 2 for exact probe locations). The insets show a close up of the main peak, so that the
secondary peaks can be distinguished. Flow bi-stability manifests as a secondary spectral peak at approximately
fD/U0 = 0.155.

a peak near 0.155. The existence of a second mode has been verified by spectral analysis
of the forces, although these plots are not shown herein. The second mode is associated
with a stronger dynamics in the gap and intermittent shedding of gap vortices, as well
as overshoot of the gap shear layers further into the near wake, and wider gap and wake
widths. This is shown in the supplementary movie 1 available at https://doi.org/10.1017/
jfm.2023.468 (the second mode starts around tU0/D = 379). This flow regime is very
similar to observations of Igarashi (1981) and Kitagawa & Ohta (2008) for L/D ≈ 3.0,
although these have significantly higher Reynolds numbers.

Similar to the findings of Papaioannou et al. (2006) and Wang et al. (2021), the gap
is organised into spanwise cells with a length of approximately 2.5D to 3.8D. This is
clearly seen in the time-averaged streamwise and spanwise velocity fields, shown in
figures 5(a) and 5(b), respectively. The largest observed cell length is comparable to
that of the previous studies, which is approximately 4D for Reynolds numbers 500 and
400 (Papaioannou et al. 2006; Wang et al. 2021). Note that the cell length value was
gleaned from instantaneous plots in those studies, and we do not possess information
regarding variation or time-averaged values. The spanwise cells of the present study and
their locations are quite persistent in time in both gap and near wake, as shown in figure 6.
The horizontal stripes of similar magnitude Cpb show the cells, their centres being the
regions of lowest magnitude. The time-averaged cell boundaries are marked by dashed
lines. We see that there is some meandering and merging of the instantaneous cells,
perceived as ‘dislocations’ or blurred areas. Some of these are highlighted by dashed ovals
in figure 6(a).

The differences in phase and structure caused by the basic spanwise organisation are
significant. Figure 7 shows a series of flow snapshots taken over one vortex shedding
period, in the planes z/D = 0 and z/D = 1. Considering that these spanwise locations are
separated only by one diameter, the variation is striking. Most obvious to the eye, is that
at z/D = 0 (left-hand panels of figure 7) there is a strong roll-up of the upper shear layer
during this interval, while at z/D = 1 (right-hand panels of figure 7) the same occurs,
but in the opposite (lower) shear layer. There are also differences in phase and strength
of the wake vortex shedding, but these are less profound than those of the gap. In the
inset of figure 7, the spanwise velocity has been averaged over 351.54 ≤ tU0/D ≤ 358.51.
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Figure 5. Time-averaged velocity field in the gap and near wake, in the plane y/D = 0. Panels (a–c) are
averaged over the entire duration of the simulation, whereas (d– f ) are averaged over 378 ≤ tU0/D ≤ 493,
which corresponds to approximately 16.4 vortex shedding cycles. The spanwise cell structure is marked by
dashed lines. The cell boundaries are defined by sign switch of W/U0 in the gap. The averaged cross-flow
velocity is non-zero in the gap, due to persistent asymmetry of the gap vortices, as described in § 3.2. In (e),
this asymmetry is coherent along the span, which is connected with increased drag amplitude, as shown in
figure 10(b).

The plot indicates that z/D = 0 and z/D = 1 are located in different spanwise cells during
this interval, with z/D = 1 being very close to the boundary of its cell. This is one of the
main reasons for the observed differences. Another important factor is the existence of
unstable gap shedding cells, which will be elaborated in § 3.2.

Inset C in figure 3 shows the existence of secondary gap vortices, which are created
through interaction between the overshooting gap shear layer and near wake. The formation
process is highlighted in figure 7(a ii–h ii). A video of this time interval is available in
supplementary movie 2. In the first snapshot, figure 7(a ii), the lower gap shear layer has
begun to roll up after previously overshooting into the near wake. The roll-up starts with a
concentration of vorticity forming well upstream of the downstream cylinder. This causes
the downstream part of the gap shear layer (marked by a dashed oval), which extends
beyond the gap, to be pinched off. The process is amplified, in this case, by a remnant
of the previous gap vortex, marked by a black arrow. In figure 7(c ii), the pinched-off
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Asymmetric cellular bi-stability in tandem cylinder flow
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Figure 6. Instantaneous base pressure coefficient of the (a) upstream and (b) downstream cylinders, calculated
from probe data along the line (x/D, y/D) = (0.51, 0). The spanwise distribution clearly shows cells that are
persistent in time, and remain in nearly the same spanwise location for long periods. The dashed lines mark
the boundaries of the time-averaged cell structure, given in figure 5(a). The dashed ovals mark intervals of cell
‘dislocations’. Note that (a,b) use different scales, in order to enhance the cell structures. (Due to an output
writing error, data are missing in the time interval 611 ≤ tU0/D ≤ 625.)

gap shear layer has been completely cut loose, and continues to roll up into a secondary
vortex as it is convected downstream. This makes it appear as though the period of the von
Kármán vortex street is doubled on just one side of the wake, as seen in figure 7(g ii,h ii). In
inset C of figure 3, however, we see that this type of vortex has a very short spanwise length
(the spacing between the legs of these horseshoe vortices is around 1D), and their primary
effect is to increase the overall three-dimensionality in the wake. To our knowledge, this is
the first time such vortices are described in the literature.

3.2. Unstable children: shedding in short spanwise cells
We have discovered that bi-stability may indeed be cellular, as suggested by Aasland et al.
(2022). Local manifestations of the mode switch emerge clearly from the velocity time
traces in figure 8. It is evident that the second mode does not as a rule occur simultaneously
at different spanwise locations. Moreover, the mode appears to be asymmetric with respect
to the midplane y/D = 0, which is seen when comparing the time traces from two
probes on opposite sides of the gap, shown in figure 8(a iii,b). It must be mentioned that
occurrences of the second mode can be quite brief, typically one or two periods, but occur
often during a given time interval. In figure 8, the vertical dashed lines mark the boundaries
between time intervals where the time traces predominantly display the first or second
mode.
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Figure 7. Instantaneous flow during one vortex shedding period, represented by ωzD/U0, in the planes z/D =
0 and z/D = 1. A secondary vortex is marked by the dashed oval, and interaction between secondary vortices
is shown in (h i), marked with a dashed rectangle. There are significant differences in the vortical structures of
the two planes, even if they are a mere diameter apart. This is likely because the planes are located in different
spanwise mother cells, as indicated in the inset, which shows the time-averaged spanwise velocity during this
vortex shedding period.
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Figure 8. Velocity time history at the end of the gap, at (a) P2 and (b) P4 for z/D = 0, and (c) P2 for
z/D = −6. For brevity, only w/U0 is shown in (b,c). The mode switch manifests asymmetrically and locally,
so that different spanwise locations do not always exhibit the same mode. Even at a given spanwise location
there can be large differences between the upper and lower gap shear layers, as seen when comparing (a iii,b).

In the gap, vortex shedding occurs in relatively short spanwise cells. Such a cell is shown
in inset A of figure 3. This particular cell consists of three small horseshoe vortices, and
has a spanwise length of approximately 0.75D. Our observations indicate that the unstable
cells appear within the boundaries of the basic spanwise cell structure, and their length
does not exceed the basic cell length. For this reason the basic cells and the unstable cells
can be considered as ‘mother’ and ‘child’ structures, respectively.

A simplified method was used for estimating the length of unstable children, taking
velocity data from probe line P2 (see figure 2). For each time a gap vortex formed on
this side of the gap, the point of minimum cross-flow velocity (vmin) was found. If vmin
was less than −0.5, this was assumed to be an unstable child. The cell length was then
taken to be the spanwise extent around the location of vmin where the condition v/U0 ≤
0.9vmin was satisfied. Both the location of the probe line and the velocity constraint were
chosen empirically. This method has some obvious drawbacks, one of them being that only
one cell is estimated during each period, although cells may appear at several spanwise
locations. With the long sampling time, however, there were still ample events on which to
base an estimate. The cell length varies considerably, going from 0.3D to 2.7D. However,
an overall average of 0.78D implies that most cells are quite short.

Intriguingly, unstable children may manifest themselves in the same location, with
reasonably similar cell length for several consecutive periods. An example of this is shown
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Figure 9. Cross-flow velocity in a plane in the gap, at y/D = 0.6. During the time interval shown, vortex
cells of similar cell length recur at the same spanwise location over five vortex shedding periods. These events
are marked by a big dashed rectangle. A smaller rectangle marks a weaker recurring structure. Gap shedding
occurs within the boundaries of the mother cell, which is likely the reason for the consistent location. When
roll-up occurs in the gap, high-momentum fluid is pulled into the recirculation region and this contributes to
maintaining the gap shedding mode over several periods.

in figure 9, where the cells are visualised by means of the cross-flow velocity. Here, an
unstable child appears in the same spanwise location for five successive periods. The
child maintains approximately the same cell length throughout, except at tU0/D = 229.48,
where it has grown somewhat. This cell is centred around z/D = 6, whereas another
significantly smaller and weaker structure is centred near z/D = 3.

The recurrence of unstable children leads to asymmetry with respect to the y axis in the
gap, as shown in the time traces in figure 8, so that strong vortices are formed repeatedly
on one side of the gap for long intervals. This inevitably skews the velocity field, and has
the practical consequence that the time-averaged cross-flow in the gap centreplane takes a
long time to reach zero, as one would expect from experience with single cylinder vortex
shedding. In fact, it may theoretically never do so, seeing as the asymmetry manifests
randomly. This is illustrated in figure 5(b), where the cross-flow velocity in the gap is seen
to have a cellular structure which is different from the mother cells.

Given that the switch between reattachment and shedding is assumed to be a random
process, it is indeed curious, and seemingly a paradox, that an unstable child should
reappear in the manner that we have observed. However, we believe the explanation
is a simple one: the first occurrence in a series of gap vortex shedding events is truly
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Asymmetric cellular bi-stability in tandem cylinder flow

random, the result of triggering the instability in the gap. Meanwhile, when the gap
vortex rolls up early, i.e. away from the surface of the downstream cylinder, this opens
the gap recirculation region so that high-momentum fluid from the outside can first be
entrained and subsequently recirculated. In turn, this fluid amplifies the instability and
triggers repeated shedding events, until equilibrium is reached once more. From the
visualisations (see movie 3, tU0/D ≈ 670), we see that recirculating fluid entrained by
strong gap vortices will sometimes impinge on the shear layer on the same side of the gap
at which it was entrained. This way, it enhances the roll-up process. Lower-momentum
entrained fluid is mostly swallowed by the gap vortex forming on the opposite side.

It must be emphasised here that the gap shedding is different from the regular vortex
shedding process (as detailed by Gerrard 1966), because the downstream cylinder impedes
communication between the shear layers. The growing gap vortex is not able to draw the
opposite shear layer fully across the gap, although fluid of oppositely signed vorticity does
cross the centreline. As a result, the vortex is not cut off by the opposing vortex; rather
it is convected downstream by the high-momentum fluid outside the gap. This is what
allows the feedback mechanism which causes unstable child recurrence; that not all the
recirculating fluid is entrained and shed during a single period. The formation length, in
the instantaneous sense, of the shed vortices is not very different from the recirculating
gap vortices, and that causes their primary frequencies to be quite close to one another.

3.3. Spanwise mode coherence
In figure 10(a,b), the time traces of the drag coefficients (in particular the downstream
coefficient CDd) have intervals of strong oscillations, their duration ranging from a
couple of vortex shedding periods up to 16–20 periods. These intervals are associated
with overall increased velocity fluctuations. We have compared the spanwise-averaged
r.m.s. of the velocity fluctuations in the time interval 378 ≤ tU0/D ≤ 493 with those
of 100 ≤ tU0/D ≤ 215, during which CDd has relatively low-amplitude fluctuations. In
the gap, at P2 the increase of spanwise-averaged urms, vrms and wrms is 4.69, 34.82 and
26.31 %, respectively. In the wake, at P3, the corresponding changes are −1.11, 1.87 and
17.31 %.

The value of CDd remains negative throughout the entire simulation, although it nearly
reaches zero on two occasions (marked in figure 10b). This implies that the flow remains
within the reattachment regime, although vortex shedding occurs locally along the span.
Near-zero values of CDd are accompanied by peaks in CDu (figure 10a). The strong
oscillations occur primarily in the drag force, and there is no indication of a corresponding
amplitude increase in the lift time traces, shown in figure 12(a,b).

During the intervals of strong oscillations, there is increased spanwise coherence of the
asymmetry in the gap, which is of great interest. An example is shown in figure 5(e),
where the cross-flow velocity field has been averaged over approximately 16.5 vortex
shedding cycles. In this plot, as opposed to the all-time average in figure 5(b), the mother
cells emerge quite clearly and the asymmetry has the same sign along the entire span.
Positive velocity in the centreplane towards the end of the gap implies that the vortex in
the upper shear layer is stronger than its opposite, and thus has a more concentrated core.
The opposite weaker vortex has a larger diameter, and thus expands above the centreplane.
It must be noted that not all intervals are as strongly coherent as this one, but the tendency
is clear.

Figure 11 gives an instantaneous view of the flow at a time when CDd is close to
a local maximum (tU0/D ≈ 385, marked in figure 10b). We see that there is a large
number of unstable children in the upper shear layer, spread along the entire cylinder span.
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Figure 10. Time histories of (a) upstream and (b) downstream drag coefficients, and (c) wavelet map of CDd .
The shaded region of the wavelet map marks the cone of influence. The flow is bi-stable throughout the time
series, but intervals of strong CDd oscillations are associated with increased spanwise coherence of the second
mode. A snapshot of the flow near tU0/D = 385 in figure 11 illustrates this mechanism. Periods of strong
fluctuations are accompanied by an increase of spectral energy in the low-frequency components, which are
related to variation of the reattachment and separation points on the downstream cylinder, as indicated in
figure 13. (Aberrations due to the output writing error have been masked in the wavelet map.)

The streamwise and cross-flow velocity components are largely coherent along the span,
except near z/D = −3. Here, the cross-flow and spanwise velocities indicate the presence
of a comparably strong vortex loop in the near wake, which influences the gap region and
disrupts the coherence, likely through secondary structures.

These results indicate that the intervals of strong oscillations of CDd are not a mode
change per se, but arise when spanwise localised occurrences of the second mode are
somehow coordinated, so that the spanwise coherence increases. Vortex roll-up in the
gap at several spanwise locations necessarily leads to an increase of the (negative) drag.
Conversely, spanwise coherent reattachment causes local drag minima.

The significant increase of spanwise velocity fluctuations in both gap and wake is
attributed to the three-dimensional instability T3, which is given more space to develop
during the second mode.

966 A39-16

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

46
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss



Asymmetric cellular bi-stability in tandem cylinder flow

–6.0

–4.0

–2.0

0

2.0

z/
D

y/
D

ω
zD

/U
0

v
/U

0

4.0

6.0

–6.0

–4.0

–2.0

0

2.0

4.0

6.0

–6.0

–4.0

–2.0

0

2.0

4.0

6.0

1.0

0

–1.0

0

0 1 2 3

x/D
4 5 6 7

2.0 4.0 6.0

0.5

0.4

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

–0.4

–0.5

5

0

–5

u/U0

(a) (b)

(c)

v/U0

Vortex loop Vortex loop legs

v/U0w/U0

x/D
0 2.0 4.0 6.0

x/D
0 2.0 4.0 6.0

x/D
1.5 2.02.5

x/D

Figure 11. Snapshot of the flow at tU0/D = 385.75. This time instant corresponds to a peak in CDd , which is
likely due to spanwise coherence of the second mode. (a) Shows that the streamwise and cross-flow velocities
are largely coherent in the gap. Unstable children in the top gap shear layer are marked by dashed rectangles
in (b). Panel (c) illustrates strong roll-up in the gap at this time instant. When the gap shear layers detach from
the downstream cylinder, this increases CDd , as observed in figure 10(b). A strong vortex loop disrupts the
spanwise coherence near z/D = −3.0, as shown in (a). The velocity scale is exaggerated to make the spanwise
structures clear; (a) y/D = 0, (b) y/D = 0.6, (c) z/D = 0.

Comparing the CDd and velocity time histories in figures 10(b) and 8, it is obvious that
there is not always a correspondence between the increased force oscillations and velocity
fluctuations at a given point. This is due to the cellular manifestation of the gap shedding.
Plainly put, low fluctuations at the point probe combined with high fluctuations of the total
drag force simply means that the mode switch occurs elsewhere along the span.

Although there is no appreciable impact of the second mode coherence on the
downstream cylinder lift, the gap asymmetry influences the lift coefficient of the upstream
cylinder, giving it a meandering, non-zero mean. This is clearly shown in figure 12. For
example, during the time interval 373 ≤ tU0/D ≤ 493, the mean lift in the upstream
cylinder is negative, with a value of C̄Lu = −0.013. A positive mean value is observed
during 720 ≤ tU0/D ≤ 890, which is another time interval of significant spanwise
coherence of the second mode, with C̄Lu = 0.012.

Phase diagrams of drag and lift are given in figure 12(c,d), for the upstream and
downstream cylinders, respectively. The drag time histories of both cylinders contain
multiple periods, and the quasi-periodicity of the upstream cylinder lift results in an
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Figure 12. Time history of (a) upstream and (b) downstream cylinder lift coefficients. The second mode
coherence has no obvious influence on CLd , but CLu is influenced by long-term asymmetry in the gap, so
that the mean value is non-zero. Panels (c,d) show time traces in the CD − CL plane for the upstream and
downstream cylinders, respectively.

irregular path in the CD − CL plane, as shown in figure 12(c); CLd is considerably less
irregular than CLu, and its increased periodicity is evident in figure 12(d).

3.4. Low-frequency variations
When the first part of the simulation, 100 ≤ tU0/D ≤ 800, was evaluated, it was
discovered that there are low-frequency peaks in the velocity spectra. Therefore, the
simulation was run for 100 additional time units while an in situ FFT was carried out.
A spectral map of selected frequencies are shown in figure 13.

Figure 13(a,b) display spectral maps of the lowest analysed frequencies, fD/U0 = 0.02
and 0.04, respectively. The plots in the plane z/D = 6 show that the gap vortex in the lower
shear layer was stronger during the time interval analysed. In figure 13(a), the spectral
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Figure 13. Spectral maps in the planes y/D = 0 and z/D = 6, analysed over the time interval 800 ≤ tU0/D ≤
900. Panels (a,b) show that there is low-frequency modulation of the reattachment and separation points on the
downstream cylinder, which leads to slow variation of the vortex formation length. During this time interval,
which covers approximately 14 von Kármán cycles, the gap vortex formation at z/D = 6 is clearly asymmetric,
favouring the lower vortex. The approximate boundaries of the mother cells are marked by dashed lines. Note
that due to strong variation in spectral energy, the scales are not the same for all plots; (a) fU0/D = 0.02,
(b) fU0/D = 0.04, (c) fU0/D = 0.12, (d) fU0/D = 0.14.

density is concentrated mostly around this gap vortex and the reattachment point on the
same side. There are density concentrations in the corresponding points on the opposite
side, but these are weak in comparison.

Meanwhile, figure 13(b) displays density concentrations around the downstream
cylinder separation points, as well as around the reattachment point and the lower gap
vortex. For the separation points, the highest spectral density is found on the opposite side
of the strong gap vortex, and this indicates a relation with the gap shear layer overshoot
mechanism.

Both fD/U0 = 0.02 and 0.04 have energy content in the near wake, but the distributions
are different. In figure 13(a), we see that, in the near wake, the spectral energy is skewed
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T.E. Aasland, B. Pettersen, H.I. Andersson and F. Jiang

towards the opposite side of the strong gap vortex, but in figure 13(b) it is close to evenly
distributed and mostly restricted to the downstream cylinder shear layers.

These findings indicate that there is low-frequency variation of the dynamics in the gap
region, which in turn influences the formation of the wake vortices. This influence seems
to operate both through modulation of the reattachment points, as well as through the
overshooting mechanism, as indicated in figure 13(b). It is likely that this modulation is
related to the bi-stable mode switch. Indeed, the wavelet map of CDd in figure 10(a) shows
that the low frequencies gain energy during intervals of spanwise coherent secondary flow
mode.

The work of Zhou & Yiu (2006) support our interpretation of the spectral analysis. They
showed that the location of the reattachment points influences the strength of the wake
vortices, because it determines the length over which the boundary layer develops before
separation. The further upstream the reattachment point, the stronger the wake vortices.
In the present study, a change in the streamwise location of roll-up in the gap gives a
slight change of the reattachment point, and thus a small variation of strength of the wake
vortex. This is likely why low-frequency content is seen in the wake, in the spectral maps
of figure 13(a,b).

Low-frequency modulation of the vortex formation length is a known feature of
bluff-body wakes, and previous studies have found that it is correlated with slow variation
of the base pressure (Miau et al. 1999, 2004; Lehmkuhl et al. 2013; Cao & Tamura
2020). There is some variation in the reported modulation frequency. Miau et al. (2004)
report modulation in the wake of a trapezoidal and a circular cylinder to be ‘one order of
magnitude’ lower than the Strouhal number. This corresponds well with a value of 0.14 fv ,
as reported by Cao & Tamura (2020) for a square cylinder, whereas the frequency found
by Lehmkuhl et al. (2013) is substantially lower: approximately 0.03 fv . The gap velocity
spectra in both figure 4(a,b) have a peak near fD/U0 = 0.005, corresponding well with the
results by Lehmkuhl et al. (2013). Meanwhile, the low-frequency modulation of the gap
and near wake discovered by the in situ FFT analysis are well in line with the results of
Cao & Tamura (2020), in terms of value. In the present study, fD/U0 = 0.02 corresponds
to 0.14St. It is quite possible that there are different types of low-frequency phenomena
at work, so that one might distinguish between the effects of bi-stability and a more
general formation length modulation. Regrettably, the length of the present simulation
is not sufficient to ascertain the nature of the lowest peak, so this is left for further study.

In the in situ FFT analysis, some frequencies near fv were also considered. Because
all frequencies have to be integer multiples of the lowest analysed frequency (in this
case 0.02), we could not match the spectral peaks from figure 8 exactly. Interestingly,
fD/U0 = 0.12 has higher spectral density than fD/U0 = 0.14 during this time interval
although, when the entire time series is considered, its spectral peak is lower, as seen from
figure 4(b). This suggests a possible third mode, although we have not identified one with
certainty. All in all, the spectral analysis, as well as the visualisations, indicate that there
are several ongoing complex processes in the gap.

From figure 13(c,d) we see that the spanwise distribution of spectral energy roughly
follows the mother cell structure. The energy concentrations in particular cells are likely
caused by local mode switch.

4. Discussion

At first glance it is not obvious how the unstable children are related to the intervals of
the second mode spanwise coherence. There is generally a larger number of unstable
cells per period during these intervals, but their cell length is not significantly changed.
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Asymmetric cellular bi-stability in tandem cylinder flow

We believe that there are two main mechanisms at work, which may amplify one another:
the increase of spanwise velocity fluctuations and the recurrence of unstable children by
the mechanism proposed in § 3.2.

One of the most conspicuous features of the second mode is the increase in spanwise
velocity fluctuations. Recalling that the three-dimensional instability T3 (described in § 1)
is cooperative, it follows that the enhanced strength of the vortices during the second
mode, which allows increased interaction between the shear layers, leads to enhanced
three-dimensionalisation of the gap flow.

Increased spanwise velocity fluctuations primarily leads to enhanced streamwise
vorticity, but if we consider the vorticity equation, we see that some of this angular
momentum is transferred to the spanwise vorticity through vortex tilting. In its inviscid
form, the vorticity equation is given as

Dω

Dt
= (ω · ∇) u, (4.1)

of which the spanwise component is

Dωz

Dt
= ωx

∂w
∂x

+ ωy
∂w
∂y︸ ︷︷ ︸

tilting

+ ωz
∂w
∂z︸ ︷︷ ︸

stretching

. (4.2)

Through induced velocity (primarily w), an unstable child at one location may influence
the velocity gradients at another location. From (4.2) it follows that these induced gradients
may cause an increase of spanwise vorticity through vortex tilting, and thus precipitate a
mode switch. That tilting occurs in the gap is easy to see from the small-scale structures
visualised in figure 3.

In the event that several unstable children appear randomly along the span, the chance
of triggering other unstable children by the above mechanism increases, as each of these
random first occurrences contributes to increased spanwise velocity. This also increases
the chances of recurrence, causing the spanwise coherence to become self-sustaining
to a certain degree. This explains how the intervals of coherent second mode can be
significantly longer than the observed number of periods in which an unstable child
reappears during intervals of low spanwise coherence. The persistent gap asymmetry
during such intervals supports this hypothesis.

We believe that the mechanism by which unstable children occur is the same as that
which precipitates bi-stable switch between reattachment and co-shedding described in
previous tandem cylinder studies (Igarashi 1981; Kitagawa & Ohta 2008; Carmo et al.
2010a). The difference is that this mechanism is at work much earlier than previously
reported, in terms of the Re − L/D combination. Reattachment occurs exclusively on the
upstream side of the downstream cylinder, which rules out the overshoot/reattachment
bi-stability discovered by Xu & Zhou (2004). One might say that tandem cylinder flow
defies simple classification. In the present case there is alternating overshoot/reattachment,
a feature of low gap ratios, combined with a switch between reattachment and shedding
in the gap (believed to be a feature of intermediate to high gap ratios and/or Reynolds
numbers), but where vortices are shed repeatedly from just one shear layer, a phenomenon
which has not been reported previously. No doubt, further peculiarities might be
discovered by those who are willing to delve into the details of a single case.

The present study was carried out at a moderate Reynolds number. Whether the results
are applicable to turbulent flow is unknown, although our previous results with tandem
cylinders at Re = 104 and L/D = 3.0 indicated the presence of cellularity (and sparked the
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present investigation). Unfortunately, tandem cylinder studies at high Re tend to have either
insufficient spanwise length, or present only a cross-sectional view of their results. This
makes comparison with the present study difficult. With the assumption that the presence
of the unstable children and their cell length are related to the three-dimensional gap/wake
instability mode T3, the fundamental question is whether or not this mode persists in
the reattachment regime after transition to turbulence. For single cylinders, streamwise
vortices that indicate the presence of mode B have been observed up to Re = 270 × 105

(Williamson 1996), but T3 has not been studied beyond Re = 500, to our knowledge. Thus,
further investigations are required to conclude on this topic.

From figure 8(a,b), it appears as though there may be intermittent reversal of the
asymmetry, so that when the upper shear layer exhibits the first mode, the lower shear
layer exhibits the second mode and vice versa. Asymmetric wakes are found for several
types of three-dimensional bluff bodies (Natarajan & Acrivos 1993; Bohorquez et al.
2011; Grandemange, Cadot & Gohlke 2012). In cases where there is a finite number of
symmetry planes in the geometry, there may be bi-stable flipping of the wake from one
side to the other (Haffner et al. 2020). Haffner et al. (2020) propose a mechanism for
the wake reversal based on interaction between the shear layer and recirculation region,
and they suggest this mechanism might be general, and not merely applicable to the
geometry of that study (Ahmed body). By their reasoning, when the wake is asymmetric,
the recirculating flow on one side amplifies the instability of the shear layer on the opposite
side, causing increased entrainment through this layer. At some point, the roll-up of the
triggered shear layer becomes strong enough to form a new recirculating flow opposing the
original recirculation, which precipitates an unstable symmetrical state without coherent
recirculating motion. From this state, the flow may be perturbed and revert to asymmetry
on either side, although in most observed cases the asymmetry switches to the opposite of
the original.

Naturally, there are several differences between the study by Haffner et al. (2020) and
the present case, the most important being that the primary instability works in the gap,
regardless of the long-term asymmetry. Moreover, at the present Reynolds number, the
shear layers are laminar, so there is little or no entrainment through them. Entrainment
occurs towards the end of the gap. However, there are similarities: asymmetry, interaction
with a recirculating flow (the opposing gap vortex) and the apparent asymmetry reversal.

Bi-stability has also been observed in the case of a streamwise rotating sphere, for
certain Reynolds number and rotation rates (Lorite-Díez & Jiménez-Gonzáles 2020;
Sierra-Ausín et al. 2022). Lorite-Díez & Jiménez-Gonzáles (2020) found a switch
between a quasi-periodic low-drag state and a more irregular high-drag state. Interestingly,
low-frequency variation of the recirculation length was suggested as a trigger for
the high-drag state. Both these results, alternating low-energy/high-energy states and
low-frequency variation of the recirculation are similar to our observations herein.
We also note that, in the study of Kitagawa & Ohta (2008), within the reattachment
regime, a bi-stable switch was observed between a vortex-street wake and a symmetrical,
non-shedding wake. The latter is qualitatively very similar to the unstable symmetrical
state observed by Haffner et al. (2020). Together, these observations make an interesting
topic of further study.

Finally, it is worth noting that our simulations had to run for quite a long time before
an interval of spanwise coherence occurred that was long enough to attract our attention.
Had we been content with statistics over, say, 40 vortex shedding cycles, this phenomenon
might have gone unnoticed. The low-frequency modulations of the gap and wake also
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Asymmetric cellular bi-stability in tandem cylinder flow

underline the importance of simulation/measurement duration if one is intent on capturing
the full range of flow physics of tandem cylinders.

5. Summary and concluding remarks

In the present study, we have investigated the possibility of cellular bi-stability for tandem
cylinders near the drag-inversion spacing, and found that such a phenomenon does indeed
exist. Vortex shedding in the gap occurs in short spanwise cells, which are predominantly
asymmetric, so that shedding occurs solely from one shear layer. Interestingly, this process
occurs repeatedly. Unstable spanwise vortex cells manifest in the same location, with
approximately the same cell length, for several consecutive periods. This is likely caused
by increased entrainment of high-momentum fluid when the shear layer rolls up, which
then feeds the next vortex cycle as it is recirculated in the gap.

The study was carried out by means of DNS, for a gap ratio of L/D = 3 and a Reynolds
number of 500. Using a high grid resolution and long spanwise length allowed us to study
the intricate flow interaction that arises in the gap and near wake in great detail.

A particularly interesting observation was made, where the second mode intermittently
became spanwise coherent to a large extent, causing significant increase in the oscillation
amplitude of the drag. The mechanisms behind this are likely the increased spanwise
velocity fluctuations that arise from the three-dimensional instability when shedding is
triggered, which in turn may trigger additional unstable vortices through momentum
transfer. Coupled with the mechanism that causes recurrence of vortex shedding, this
allows the intervals of second mode coherence to be surprisingly long.

These results show that, while tandem cylinders have been extensively investigated,
there are physical phenomena within this framework that have not yet been described.
A symmetrical geometry with cylinders of equal diameter, subjected to uniform inflow
conditions, may produce a persistently asymmetric gap flow field. Such a wholly
unexpected outcome goes to show that the fundamental flow cases still deserve our
attention.

Supplementary movies. Supplementary movies are available at https://doi.org/10.1017/jfm.2023.468.
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Flow around curved tandem cylinders in the convex configuration has been studied by
means of direct numerical simulations, for a Reynolds number of 500 and a nominal
gap ratio of 3.0. Spanwise variation of flow regimes, as well as curvature-induced axial
velocity, leads to an exceedingly complex vortex dynamics in the wake. Both parallel
and oblique vortex shedding are observed. Oblique shedding is connected to repeated
occurrences of dislocations. The dislocations are caused by two main mechanisms:
frequency differences in the upper part of the curved geometry and shedding of gap
vortices into the lower near wake. Both types of dislocations are closely associated with
a mode switch in the gap. In parts of the gap, there is low-frequency quasi-periodic
asymmetry of the gap vortices, where the flow is biased to one side of the gap for intervals
of several wake vortex shedding periods. The switch from side to side is associated with a
surge of the vertical velocity, and the frequency of the switch is similar to that of long-term
variation of the recirculation length in the lower gap.

Key words: vortex dynamics, vortex interactions, vortex shedding

1. Introduction

The flow around multiple curved geometries covers highly interesting fundamental flow
physics, and the topic has high relevance from an engineering point of view. The study
of tandem curved cylinders encompasses both these perspectives. To date there are only
two studies that investigate dual curved cylinders (Gao et al. 2021; Aasland et al. 2022a).

† Email address for correspondence: tale.e.aasland@ntnu.no

© The Author(s), 2023. Published by Cambridge University Press. This is an Open Access article,
distributed under the terms of the Creative Commons Attribution licence (http://creativecommons.org/
licenses/by/4.0), which permits unrestricted re-use, distribution and reproduction, provided the original
article is properly cited. 976 A32-1
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Therefore, an introduction to flow around a single curved cylinder is given; a geometry
which has become the topic of quite a large number of studies in recent years.

Some basic concepts of the flow around two straight cylinders in tandem are also
relevant when discussing the present results, and these are introduced in § 1.2.

1.1. Single curved cylinders
The major difference between a straight and a curved cylinder is the existence of
curvature-induced flow along the cylinder axis, which influences the wake topology and
forces acting on the curved cylinder. The direction and strength of the axial flow depend
strongly on the inflow direction with respect to the plane of curvature. Therefore, the
flow topology can change fundamentally with variation of the inflow direction (Miliou,
Sherwin & Graham 2003a,b; Miliou et al. 2007; Ahmed 2010; Lee, Paik & Srinil 2020).
Directing the incoming flow towards the outer face of the cylinder (convex configuration)
results in a thoroughly different wake dynamics than directing it towards the inner face
(concave configuration). Because the object of the present study is to investigate fixed
curved tandem cylinders in the convex configuration, concave and oblique configurations
are excluded from the present review, as are studies of vortex-induced vibrations of
curved cylinders. Comprehensive studies of the concave configuration were carried out
by, among others, Miliou et al. (2007), Shang et al. (2018), Jiang, Pettersen & Andersson
(2018a, 2019), Jiang et al. (2018b), Chiatto et al. (2021, 2023) and Lee et al. (2020),
who investigated a curved cylinder at several inflow angles. Vortex-induced vibration of
curved cylinders was studied by de Vecchi, Sherwin & Graham (2008), Assi et al. (2014),
Seyed-Aghazadeh, Budz & Modarres-Sadeghi (2015), Seyed-Aghazadeh et al. (2021),
Srinil, Ma & Zhang (2018) and Ma & Srinil (2023).

Superficially, the wake of a single curved cylinder in the convex configuration is similar
to that of a straight cylinder, as both wakes exhibit a von Kármán vortex street (see
figure 1). One might perhaps have expected cellular shedding in the curved case, due
to phase differences stemming from the local curvature, similar to the wake behind a
tapered cylinder (Narasimhamurthy, Andersson & Pettersen 2009). Miliou et al. (2007),
however, showed that, with the exception of a Reynolds number of 100 (Re = U0D/ν,
where U0 is the inflow velocity, D is the cylinder diameter and ν is the kinematic viscosity),
the vortices are in phase along the span, with no spanwise variation of the Strouhal
number (St = fvD/U0, where fv is the vortex shedding frequency). This result is related
to weakening of the vortex strength with increasing axial flow. Strong axial flow in the
lower part of the near wake inhibits communication between the shear layers, similar to a
splitter plate (Cardell 1993), resulting in a weaker swirling flow. A similar non-shedding
regime was described by Ramberg (1983) for a straight cylinder with inclination. Contrary
to the lower wake, the spanwise vortices in the upper part of the wake, where the cylinder
axis is nearly normal to the incoming flow, maintain a strength comparable to a straight
cylinder. Thus, the wake is driven by the upper vortices. For a given Reynolds number,
these vortices have a dominant frequency close to that of a straight cylinder (Miliou et al.
2007).

The orientation of the spanwise vortex cores can be normal to the incoming flow or
inclined to align with the local curvature. Miliou et al. (2007) found straight cores at
a Reynolds number of 100, and moderately inclined cores for Re = 500, as illustrated in
figure 1(a). They suggested that the vortex cores align increasingly with the local curvature
as the Reynolds number increases, which was corroborated by the results by Gallardo,
Andersson & Pettersen (2014) at Re = 3900.
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Flow topology in the gap and wake

Region of suppressed recirculation

Free surface Free surface

Spanwise vortex

shedding

Spanwise vortex shedding

Region of suppressed

recirculation

Axial

flow

Axial

flow

U0

U0

(b)(a)

Figure 1. Schematic of the flow around convex curved cylinders. Adapted from flow visualisations by (a)
Miliou et al. (2007) and (b) Shang, Stone & Smits (2018). The Reynolds numbers were 500 and 486, and the
radii of curvature 12.5 and 22.9, respectively. The solid and dashed lines represent the cores of oppositely
rotating vortex cells.

The axial flow can be quite significant. For instance, Miliou et al. (2007) estimated the
downwards-deflected flow rate along the stagnation face to be approximately one third of
the total flow rate. Because of the axial flow, the top boundary condition, be it numerical
or experimental, is important. Shang et al. (2018) discovered that, in their experiment,
vortex shedding was inhibited within a distance of up to 6D away from the free surface,
depending on the radius of curvature (concave cylinder). A corresponding result was found
in numerical simulations by Gallardo, Pettersen & Andersson (2013). It was discovered
that the free-slip condition on the top boundary of the computational domain influenced
the vertical velocity component unless a straight 6D long vertical extension was added to
the upper geometry. When the extension was included, a mild upwelling was allowed to
develop behind the upper part of the curved cylinder, which extended upwards along the
straight part of the geometry.

With the inclusion of a straight vertical extension, spanwise vortex dislocations began
to occur in the simulations of Gallardo et al. (2014). Such dislocations arise when
local frequency and/or phase differences cause neighbouring vortex cells to move out
of phase with each other, resulting in complex linking patterns between the vortex
cores (Williamson 1989). In the wake of a straight cylinder, vortex dislocations develop
spontaneously when the spanwise length is sufficient (Henderson 1997). This phenomenon
may occur anywhere along the span, and the location varies with time. In the curved
cylinder case, however, the dislocations always occurred near the intersection between the
curved part and the straight vertical extension, and propagated downwards into the wake.
It was discovered that the two cylinder parts had slightly different Strouhal numbers, and
this was believed to be the cause of the dislocations (Gallardo et al. 2014).

An important question for investigations into curved cylinder flow has been the
applicability of the independence principle for such geometries. The independence
principle relies on the assumption that only the normal inflow component is important
to the vortex dynamics, and that the axial flow can be neglected. For a curved cylinder,
the constant change in local curvature would result in a different local Strouhal number for
every section along the span, using this assumption. Thus, the validity of the independence
principle was in essence refuted for a curved cylinder by Miliou et al. (2007), given
that their results showed constant St along the span. However, Gallardo et al. (2014)
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L Front face reattachment

Back face reattachment

D
U0

(b)(a) (c)

Figure 2. The main flow regimes of straight tandem cylinders: (a) overshoot/no reattachment,
(b) reattachment and (c) co-shedding. Reattachment may occur on the back face or the front face of the
downstream cylinder.

showed that the independence principle was valid along the upper part of the cylinder.
The base pressure coefficient computed according to this principle began to deviate from
the actual values approximately at the mid-span of the curved part of the geometry. The
deviation point corresponded with the upper boundary of the region where recirculation
was suppressed by the axial flow. Based on this result, a distinction between the upper and
lower wake was suggested.

1.2. Straight tandem cylinders
Tandem cylinder flow comprises three main flow regimes: overshoot, reattachment and
co-shedding, as shown in figure 2. Within the overshoot regime, the upstream cylinder
shear layers envelop the downstream cylinder and roll up in the wake, so that shedding
is controlled by the upstream cylinder. When the gap spacing between the cylinders
increases, the upstream cylinder shear layers begin to reattach onto the downstream
cylinder. Shedding now occurs from the downstream cylinder alone. A further increase
of the cylinder spacing leads to an upstream movement of the reattachment point, until
finally, the upstream shear layers detach from the downstream cylinder, and shedding
of large-scale vortices occurs from both cylinders. Tandem cylinder flow regimes are
normally discussed in terms of the gap ratio, L/D, where L is the centre to centre spacing
between the cylinders, and D is the cylinder diameter.

Because the shear layers and the entrainment demands of large-scale vortex formation
are sensitive to the inflow velocity, the tandem cylinder regimes are Reynolds number
dependent. This makes it challenging to characterise the different regimes by means of the
gap ratio alone. Nevertheless, Zdravkovich (1987) suggested the following classification,
which is still in wide use: overshoot 1.0 ≤ L/D ≤ 1.2–1.8, reattachment 1.2–1.8 ≤ L/D ≤
3.4–3.8 and co-shedding 3.4–3.8 ≤ L/D. Due to the Reynolds number dependency, Xu &
Zhou (2004) later proposed that, instead of a range of gap ratios, the flow regimes of
tandem cylinders should be described by means of ranges of Reynolds number and gap
ratio combinations.

The gap ratio where co-shedding commences is traditionally called the critical spacing,
Lc/D, or the drag-inversion spacing. The latter term refers to the fact that recirculation in
the gap (which occurs during reattachment) leads to suction, resulting in a negative drag
coefficient for the downstream cylinder. When there is shedding from both cylinders, the
sign of the downstream cylinder drag coefficient is reversed, and becomes positive; hence
‘drag inversion’. The critical spacing typically varies between 3.0 and 5.0 (Okajima 1979;
Igarashi 1981; Xu & Zhou 2004; Alam 2014), depending on the Reynolds number and
other factors, such as free-stream turbulence (Ljungkrona, Norberg & Sunden 1991) or
inflow gust amplitude (Wang et al. 2022).
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Flow topology in the gap and wake

Reattachment of the upstream cylinder shear layers may be alternating, quasi-steady/
symmetric or intermittent (Zdravkovich 1987). Alternating reattachment means that one
shear layer reattaches, while the other overshoots the downstream cylinder. Within the
reattachment regime, recirculating vortices form in the gap between the cylinders. For
lower gap ratios, these are symmetric (Lin, Yang & Rockwell 2002). As the gap ratio is
increased, the recirculating vortices become asymmetric/alternating (Lin et al. 2002; Zhou
et al. 2019). Because they are restrained by the presence of the downstream cylinder, these
vortices form repeatedly at the same streamwise location, whether they are symmetric or
alternating. Therefore, they are typically dubbed quasi-stationary or quasi-steady in the
literature. Herein, we simply call them ‘gap vortices’.

The transition between tandem cylinder flow regimes is subject to bi-stability, meaning
that the flow intermittently jumps between regimes. Intermittent overshoot/reattachment
was found by Xu & Zhou (2004), but has, to our knowledge, not been reported by
others. Intermittent reattachment/co-shedding, however, is reported in a number of studies
(Igarashi 1981; Xu & Zhou 2004; Kitagawa & Ohta 2008; Alam 2014; Afgan et al. 2023).
When the term ‘bi-stability’ is used in the context of tandem cylinders, it usually refers to
the jump between reattachment and co-shedding.

Igarashi (1981) reported that the bi-stable regime starts when the gap vortices become
unstable, and shedding occurs intermittently (labelled regime D in that study). For a given
Reynolds number, intervals of shedding in the gap became more frequent, with longer
duration, as the gap ratio was increased. Bi-stability manifests itself as two distinct velocity
spectral peaks, of similar magnitude. In Igarashi’s (1981) study, for a given gap ratio, these
peaks start out close to one another, and gradually separate as the Reynolds number is
increased.

The three-dimensionality of the gap and wake is important, in particular at moderate
Reynolds numbers. Deng et al. (2006), Papaioannou et al. (2006) and Carmo & Meneghini
(2006) all concluded that two-dimensional simulations failed to predict the correct
drag-inversion spacing for a three-dimensional wake. Moreover, Papaioannou et al. (2006)
discovered that there are strong spanwise phase variations in the gap and wake within the
reattachment regime, with a clear periodic spanwise structure. A similar result was recently
reported by Wang et al. (2021), for channel-confined tandem cylinders. The results of
Aasland et al. (2022b) indicated the possibility of spanwise localised bi-stability near the
critical spacing, where shedding in the gap occurs in spanwise cells. This was confirmed
by Aasland et al. (2023), who found that bi-stability manifests not only spanwise localised,
but also asymmetrically in the gap; shedding may occur repeatedly from just one gap shear
layer.

For further details, the reader is encouraged to peruse the comprehensive reviews of
Sumner (2010), and Zhou & Alam (2016).

1.3. Motivation for the present investigation
Due to their relevance to the aerospace industry (typically as simplified configurations
of aircraft landing gear), non-parallel tandem cylinders have been investigated by several
researchers (Thakur, Liu & Marshall 2004; Wilkins, Hogan & Hall 2013; Younis, Alam
& Zhou 2016; Alam et al. 2022), but there are still very few investigations concerning
curved dual cylinders. The lack of literature is possibly due to the complexity of the
subject. Meticulous attention to the set-up is required, and in the case of numerical
investigations, the demand on grid refinement is large. Gao et al. (2021) investigated
side-by-side cylinders at different spacings, for Reynolds numbers of 100 and 500. The
study of Zhu et al. (2019) is concerned with a symmetrical, hanging riser segment of
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different curvatures (i.e. different distances between the end points), at a Reynolds number
of 100. For high curvatures, the cylinder end segments are close enough that the flow
resembles that of tandem cylinders, with a concave cylinder in the wake of a convex one.

An initial study of curved tandem cylinders at a gap ratio of 3.0 was conducted by
Aasland et al. (2022a), which was concerned mainly with the forces. Spanwise variation
of tandem flow regimes, due to a gradual change in the effective gap ratio along the span,
was discovered. There was low-frequency variation of the drag coefficients, and it was
suggested that this may be caused by a slow meandering of the location at which gap
vortex shedding starts.

The aim of the present study is to characterise the flow topology of the gap and wake;
in particular, intricate interaction between these two flow regions, and how bi-stability
in the gap influences the wake region. Moreover, the source of the low-frequency
variations described by Aasland et al. (2022a) is investigated, along with the hypothesis
of meandering gap shedding inception.

2. Flow problem formulation and computational aspects

The present geometry consists of two curved tandem cylinders of equal diameter, with the
inflow in the plane of curvature of the cylinders. The convex configuration is studied, and
the gap ratio is L/D = 3.0. A Reynolds number of 500 was chosen, based on previous
investigations with a single and dual curved cylinders (Miliou et al. 2007; Jiang et al.
2018a,b; Lee et al. 2020; Gao et al. 2021; Aasland et al. 2022a). For this combination of
gap ratio and Reynolds number, alternating overshoot/reattachment is expected for straight
tandem cylinders (Aasland et al. 2023), with the three-dimensional gap/wake instability
mode T3 (Carmo, Meneghini & Sherwin 2010a).

2.1. Governing equations and numerical method
In the present study, the full Navier–Stokes equations for incompressible flow are solved
by means of direct numerical simulations (DNS)

∂ui

∂xi
= 0, (2.1)

∂ui

∂t
+ uj

∂ui

∂xj
= − 1

ρ

∂P
∂xi

+ ∂

∂xj

(
ν

[
∂ui

∂xj
+ ∂uj

∂xi

])
, i, j = 1, 2, 3, (2.2)

where u is velocity and P is pressure. All simulations were carried out using the
MGLET (multi grid large eddy turbulence) flow solver. MGLET is based on a finite
volume formulation of the incompressible Navier–Stokes equations, and uses a staggered
Cartesian grid (Manhart 2004). Solid bodies are introduced through an immersed
boundary method (Peller et al. 2006), where the boundary is discretised using a cut-cell
approach (Unglehrt et al. 2022). A third-order low-storage explicit Runge–Kutta time
integration scheme is used for time stepping, and the Poisson equation is solved using
an iterative, strongly implicit procedure. MGLET has previously been used for convex
(Gallardo et al. 2014; Aasland et al. 2022a) and concave (Jiang et al. 2018a, 2019) curved
cylinder studies.

Free-slip boundary conditions are used on all computational domain boundaries except
the inlet and outlet. Uniform inflow is imposed at the inlet, and a Neumann condition is
imposed on the velocity components at the outlet. No-slip and impermeability conditions
were enforced on the cylinder surfaces.
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Flow topology in the gap and wake
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Figure 3. (a) Computational domain, (b) definitions, (c) computational grid schematic and (d) location of
velocity probes. Probes PG1–7 are on the same z/D levels as their counterparts in the wake PW1–7, ranging
from z/D = 5 to z/D = −8. PG8, PG9 and PG10 are located at z/D = −10, −1.2 and 1.0, respectively.

During the first 650 time units tU0/D, the time step was gradually adjusted to
obtain a target Courant number of 0.6. The final time step was dt = 0.00247D/U0.
After initialisation, sampling of statistics was carried out for 3150 time units,
which corresponds to approximately 450 large-scale vortex shedding cycles. The long
initialisation and sampling times are required due to low-frequency variations in the flow
field, similar to the findings of previous studies (Gallardo et al. 2014; Aasland et al. 2022a).

Herein, all reported frequencies are based on discrete Fourier transform of velocity
time traces sampled at probe lines in the gap and wake, as shown in figure 3(d). Vertical
wake probe lines were located along (x/D, y/D) = (−4.0, 0.0) and (−8.8, 0.0). In the
gap, the probes were always located 0.2D away from the downstream cylinder stagnation
point, at y/D = 0, spanning −9.0 ≤ z/D ≤ 12.0. The internal probe spacing was 0.25D
in the wake and the vertical part of the gap. In the curved part of the gap, the spacing
was 0.03125D. The frequency resolution can be computed as df = 1/(dt × Nt), where Nt
is the number of sampling points in the time series. Probe data were sampled at every
time step, which means Nt = 3150/dt, so that df = 1/3150 = 3.16 × 10−4. Because the
geometry is fully three-dimensional, spanwise averaging of spectra (commonly used for
straight cylinders), is not appropriate in the present case. Therefore, spectral noise was
reduced by means of Welch’s method, using a Hamming window with 50 % overlap.
In situ fast Fourier transform (FFT) analysis was carried out, in order to investigate the
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T.E. Aasland, B. Pettersen, H.I. Andersson and F. Jiang

distribution of certain frequencies within the flow. The advantage of this method, which is
carried out as an integrated part of the simulations, is that the analysis does not depend on
specific probes; the results are given for the entire computational domain. The drawback
is that the frequencies to be investigated must be specified in advance, and they must all
be integer multiples of the lowest specified frequency. Moreover, they cannot be changed
without restarting sampling of statistics. For these reasons, in situ FFT was first carried
out during the main simulation, using a first guess of frequencies. This gave a spectral map
of frequencies that were fairly close to the frequencies measured by the probes, although
not completely accurate. Then, a new simulation was started from the flow field of the
main simulation and run for 150 time units, using target frequencies that were adjusted
according to the probe data. This resulted in a more accurate spectral map for the in situ
FFT, although with the drawback of a shorter sampling time.

2.2. Geometry, computational domain and grid
The curved part of each cylinder is a quarter segment of ring with a radius of curvature
rc. The upstream cylinder has a radius of curvature of rcu = 12.5D, similar to previous
studies with a single curved cylinder (Miliou et al. 2007; Gallardo et al. 2014). In order to
ensure a constant gap ratio along the entire geometry, a curvature of rcd = 9.5D is used
for the downstream cylinder. Due to the uniform inflow condition, the effective gap ratio
varies along the curved part of the cylinders. Therefore, the chosen gap ratio is referred to
as the nominal gap ratio henceforth.

To minimise the influence from the computational boundaries, the curved tandem
cylinders were fitted with straight vertical extensions of Lv = 12D, as well as horizontal
extensions of Lh = 15D. An evaluation of the required vertical extension length was
carried out, and the results are shown in the Appendix.

The computational domain and geometry are depicted in figure 3, as well as a schematic
representation of the grid structure. The total domain size is 43D, 24D and 43.2D in the x,
y and z directions, respectively.

A detailed grid refinement study was carried out by Aasland et al. (2022a). It was found
that the flow was significantly influenced by the refinement level in the curved part of the
gap, where the velocity and pressure gradients are strong. Thus, the final grid featured
a refinement of this region to the same grid cell size as in the boundary layers near the
solid bodies. The same grid resolution and refinement regions are used in the present
study, the only difference being a longer Lv . The smallest element size is dx = dy = dz =
0.0075D, which is also the grid resolution inside the boundary layer. The total number of
elements is approximately 704 × 106.

2.3. Definitions
Herein, the x, y and z directions are referred to as streamwise, cross-flow and vertical.
Vortices that align with the vertical direction are dubbed spanwise. When vortex shedding
modes are discussed, ‘parallel’ means that the spanwise orientation of the vortices is
parallel to the straight vertical extension, i.e. normal to the inflow direction, and ‘oblique’
in this context means the vortices have an angle in the y-plane.

Different parts of the gap are referred to in terms of the different parts of the cylinder
geometry. ‘Vertical gap’ refers to the gap between the straight vertical extensions, while
‘curved gap’ refers to the gap between the curved cylinder parts and ‘horizontal gap’ refers
to the gap between the straight horizontal extensions.

Subscripts u and d refer to the upstream and downstream cylinders, respectively.
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Flow topology in the gap and wake

3. Results

3.1. Overview of the flow topology
The wake of curved tandem cylinders is very complex, owing to the spanwise variation
of flow regimes, as well as the axial flow. Figure 4 shows the wake topology at two time
instances. The basic tandem flow regime, which is found in the upper part of the flow
domain, is alternating overshoot/reattachment. Further down, there is a gradual transition
from reattachment to gap vortex shedding. The approximate location of gap shedding
inception is marked in figure 4(a). Similar to single curved cylinders in the convex
configuration, there is a clear von Kármán vortex street in the wake, and the spanwise
vortices may be oblique, with a shedding angle α, or parallel, as depicted in the middle
panels of figures 4(a) and 4(b), respectively.

Strong downdrafts in the lower gap and wake cause the vortices in these regions to
have significant streamwise vorticity, a phenomenon which is clearly shown when the
time-averaged vorticity is considered, depicted in figure 5. We see that, although the
spanwise vorticity is stronger, the streamwise component cannot be neglected. This is also
clear from figure 4, where the vortices in the lower gap and near wake align with the local
curvature of the cylinders. Time-averaged fields, the extent of the recirculation region and
the stagnation points of the vertical velocity will be further discussed in § 3.6.

In the upper wake, the spanwise vortices are bridged by counter-rotating streamwise
vortex pairs, as shown in inset B of figure 4(b). The wavelength of the streamwise
vortex pairs appears to be approximately one diameter; a topology reminiscent of the
single cylinder three-dimensional instability mode B, described by Williamson (1996).
However, if we consider the spanwise vortex undulations in figure 4(b), they seem to
have a wavelength close to 4D. According to Carmo et al. (2010a), the three-dimensional
instability for tandem cylinders at L/D = 3.0, Re = 500 is mode T3, with a spanwise
wavelength of approximately 5D. This corresponds well with the wavelength of the
spanwise vortices in figure 4(b). We believe that the short wavelength of the streamwise
structures can be attributed to the large number of secondary vortices that arise from
the interaction between the gap shear layers and near wake within the alternating
reattachment/overshoot regime, previously described by Aasland et al. (2023) for the wake
behind straight tandem cylinders.

Vortex dislocations occur frequently in the near wake, predominantly in the region
−4 ≤ z/D ≤ 0, along the upper portion of the curved cylinder, but also in the lower wake,
typically below z/D = −6.5. These regions represent generation of dislocations by means
of two different mechanisms: in the upper region the dislocations stem from spanwise
frequency differences, whereas in the lower region they occur due to gap vortex shedding.
These dislocations will be referred to as type 1 and type 2, respectively. An example of a
type 1 dislocation forming in the upper region of the near wake is shown in figure 4(a).

From figure 6, we see that the occurrence of a dislocation is often followed by
others, so that time intervals of reasonably straight vortex lines are followed by intervals
of comparable disorder. These events are related to flow mode variations in the gap,
something which will be further discussed in § 3.3. Figure 6 also shows incidents where
the two dislocation types occur nearly simultaneously.

The inherent three-dimensionality of the geometry enhances bending and tilting of the
vortex cores in the wake, resulting in almost knitting-like patterns, especially in the lower
part of the wake. Here, three-dimensionality is further strengthened by the interaction with
the gap vortices (see inset C of figure 4b), as well by friction from the cylinder surface
which causes retardation. Such a ‘knitting pattern’ is highlighted in inset A of figure 4(a),
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Figure 4. Instantaneous flow field, represented by isosurfaces of Q(D/U0)
2 = 0.02 coloured by the vertical

vorticity. Two distinct shedding modes are found in the wake: (a) oblique mode, at tU0/D = 850 and (b) parallel
mode, at tU0/D = 2450. The vortex dynamics of the wake is extremely complex, due to vortex dislocations,
bending, tilting and interaction between the structures in the lower wake and the horizontal gap. Dislocations
are caused by two separate mechanisms, namely frequency differences (type 1, −4 ≤ z/D ≤ 0) and gap vortex
shedding (type 2, z/D ≤ −6.5).

where spanwise vortex dislocations, combined with bending and tilting of the streamwise
vortices, results in merging of spanwise and streamwise structures.

Although the primary vortex shedding frequency persists unchanged along the entire
gap, there are secondary frequencies, and these are particularly strong in the region −4 ≤
z/D ≤ 0 (a comprehensive spectral analysis is given in § 3.4). The resulting spanwise
phase differences cause bending of the spanwise vortices which can be quite substantial.
This is shown in figure 7(a), where massive bending of the vortices seems to propagate
from the region near z/D = −2. The bending of the spanwise vortices causes rotation of
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Flow topology in the gap and wake

–2.0 –1.0 1.0

ωxD/U0

z
y

x

2.00 –2.0 –1.0 1.0

ωzD/U0

2.00

U0

x/D = –8 x/D = –8
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(b)(a)

Figure 5. Time-averaged (a) streamwise and (b) spanwise vorticity in two planes in the lower gap and wake.
It is clear from (a) that the vorticity of the gap vortices has a strong streamwise component due to the
curvature-induced axial velocity.
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A
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v
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Figure 6. Temporal development of the cross-flow velocity along the probe line at x/D = −4, over an interval
of 200 time units. The downstream cylinder is marked in grey. Spanwise vortex dislocations, marked by white
dashed ovals, are frequent in the wake. During the event marked A, dislocations of both type 1 and type 2 occur
simultaneously. This particular event can also be observed in figures 7(a) and 7(b).

the streamwise vortices in the braid region at an angle γ ≈ 16◦ at the upper boundary. At
the lower boundary, the angle is somewhat larger, due to the retardation of the vortices by
the horizontal part of the downstream cylinder. This finding corresponds rather well to the
results of Williamson (1992) for forced symmetrical dislocations at a Reynolds number
of 300. Measured visually, the half-angle of the Λ-shaped dislocation was 12◦, whereas
using a definition based on the streamwise velocity fluctuations gave an angle of 18◦.
One must keep in mind, however, that in Williamson’s (1992) study, dislocations occurred
periodically, being forced, whereas in an unforced transitional wake they are intermittent.
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Type 1

dislocations

z/D = 0

z/D = 3.5

Type 1

dislocations
Type 2

dislocations

–1.0 1.0

γ

Retardation of

spanwise vortices
0

ωzD/U0

(b)(a)

(c) (d )

Figure 7. Instantaneous flow field at (a) tU0/D = 1250 and (c) tU0/D = 3800, represented by isosurfaces of
Q(D/U0)

2 = 0.02 coloured by the spanwise vorticity. In (b) and (d), solid lines trace vortex cores of positive
spanwise vorticity, while vortex cores of negative spanwise vorticity are traced by dashed lines. In (a), both
types of dislocations can be identified in the wake. Moreover, a type 1 dislocation occurs as high up as z/D ≈
3.5, easily seen in (b). Due to frequency and phase differences, as well as retardation due to the horizontal
cylinder part, the spanwise vortices in (d) undergo massive bending in the y/D plane. This is highlighted by
the vertically dashed lines. The bending of spanwise vortices leads to rotation of the streamwise vortices in the
braid region. In the present snapshot, the rotation angle is γ ≈ 16◦.

Both types of spanwise vortex dislocations identified in the present study can be
observed in the wake of figure 7(b). This cluster of dislocations is in fact the same event
which was captured some periods earlier by the probe line at x/D = −4, shown in figure 6.
In the simplified figure 7(b), we see an uncharacteristic occurrence of a spanwise vortex
dislocation along the straight vertical extension, near z/D = 3.5. Supplementary material
and movie 1, available at https://doi.org/10.1017/jfm.2023.933, illustrate the development
of dislocations in the lower wake.
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Flow topology in the gap and wake

3.2. Spanwise development of flow regimes
The spanwise variation of flow regimes is visualised in figure 8. The flow pattern changes
gradually from alternating overshoot/reattachment (figure 8a–c), to stable reattachment
(figure 8d,e), until vortex shedding finally commences in the gap (starting from
figure 8f ).

Compared with the wake at z/D = 5 in figure 8(a), the wake at z/D = 2 and z/D = 0
(shown in figures 8(c) and 8(d), respectively) is intricate. This region, which is located
directly below the rectangle which marks inset B in figure 4(b), features significant
bending and tilting of streamwise eddies, so that these gain a clear spanwise vorticity
component, resulting in clusters of secondary vortices in the planes z/D = 2 and
z/D = 0.

The small wake vortex observed in figures 8(d) and 8(e) is one leg of a spanwise vortex
dislocation, marked by an oval in figure 4(b). In fact, this particular vortex exhibits both
type 1 and type 2 dislocations (see figure 7a). The small vortex cluster in figure 8(e)
consists of two vortices twisting around each other in a helical manner. Higher up, in
figure 8(d), they have paired.

In figure 8( f ), the flow is bi-stable with one-sided reattachment, meaning that vortices
are repeatedly shed from a single shear layer, while the opposite shear layer reattaches.
Some of these vortices are marked in figure 8( f ). Far downstream it becomes increasingly
hard to distinguish gap vortices from other vortical structures in the lower wake. In the
case of straight tandem cylinders, a so-called binary vortex street is formed for gap ratios
between the critical spacing and L/D = 6 (Zdravkovich 1987). Here, vortices from the
upstream cylinder are convected downstream alongside downstream cylinder vortices of
the same vorticity sign, without merging. From figure 8( f ), the wake can be described as
loosely binary (on one side), although the gap and wake vortices are staggered. However,
one must keep in mind the three-dimensionality of the flow. The gap vortices in the lower
wake form the legs of type 2 dislocations.

Near-wake vortex shedding persists down to approximately z/D = −8, as seen
in figure 8(g). Here, the axial flow has grown strong enough to partially inhibit
communication between the shear layers, and true shedding only occurs intermittently.
A mere 0.5D lower, in figure 8(h), there is no longer vortex shedding in the near wake.
The gradual change from von Kármán shedding to non-shedding causes narrowing of the
wake width, so that the spanwise vortices have a slight inclination away from the symmetry
plane. It is worth noting that, from a statistical point of view, near-wake vortex shedding
is suppressed already at z/D = −6, an observation which is discussed in § 3.6. However,
there are large temporal variations.

The character of the vortex formation in the gap gradually changes between z/D =
−7 and −9.5 (figures 8f and 8i, respectively), as both the effective gap ratio and the
vertical velocity increase. Reattachment occurs intermittently at both z/D = −7 and −8,
something which will shortly be discussed in some detail, while further down, the vortices
of both gap shear layers undergo complete roll up. The formation length of the vortices
shortens as the gap ratio increases, so that at z/D = −9.5 a short wake is formed in the
gap. The strong axial flow imposes additional stress and strain on the gap vortices in this
region, which accelerates the transition to turbulence and hastens vortex breakdown, as
seen in figure 8(i). With increased vertical velocity comes an increase of small secondary
eddies in the gap, as vorticity is transferred from the large-scale gap vortices. This is seen
in figures 8(g) and 8(h).

In the horizontal gap, the structure of the vortices is extremely complex. In figure 8( j),
we see that a vortex street forms in the wake of the upstream cylinder, which features a
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Figure 8. Spanwise development of the instantaneous wake flow at tU0/D = 2450, represented by vertical
vorticity and contours of Q(D/U0)

2 = 0.1. Along the straight vertical extension, (a–c), there is alternating
overshoot/reattachment. The flow regime changes to symmetric reattachment between z/D = 0 and −2,
(c) and (d), respectively. Symmetric reattachment persists in (e). Panel ( f ) shows a one-sided bi-stable regime
where gap and wake vortices form staggered pairs (marked by dashed lines). Vortices are shed from both sides
of the gap in (g), though communication between the shear layers is still partly inhibited. Depending on the
flow mode, shedding may occur in the near wake. In (h) there is complete roll-up of the gap vortices, but
the axial flow prevents vortex shedding in the near wake. A wake forms in the gap in (i). Panel ( j) shows
the vortex street in the horizontal part of the gap. Along the curved part, the effective gap spacing Le has
been computed by measuring the spacing from the upstream cylinder back to the downstream cylinder front
and adding 1D. (a) z/D = 5.0, L/D = 3.0, (b) z/D = 2.0, L/D = 3.0, (c) z/D = 0, L/D = 3.0, (d) z/D =
−2.0, Le/D = 3.2, (e) z/D = −4.0, Le/D = 3.6, ( f ) z/D = −7.0, Le/D = 4.2, (g) z/D = −8.0, Le/D = 4.6,
(h) z/D = −8.5, Le/D = 4.8, (i) z/D = −9.5, Le/D = 6.1 and ( j) z/D = −11.0.
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Flow topology in the gap and wake

large number of secondary structures. This wake is in fact wider than the lower wake of
the downstream cylinder. This is because the vortices in the horizontal gap loop outwards,
away from the symmetry plane, as seen in figure 4(b).

In the present study, it is not just the effective gap ratio that changes along the span, but
also the cross-sectional shape of the cylinders in the z/D planes. For a straight inclined
cylinder, it is first and foremost the axial velocity that influences the shedding regime, not
the local cross-sectional shape (Shirakashi, Hasegawa & Wakiya 1986). Meanwhile, the
case of curved tandem cylinders is more complex, due to the fact that the cross-sectional
shape of the downstream cylinder influences the interaction between the gap and wake
flows.

Because the upstream and downstream cylinders have different radii of curvature, their
cross-sections do not change at the same rate. The change is much faster in the downstream
cylinder, with a lower rc resulting in a configuration with a slightly elliptical cylinder
upstream and an increasingly elongated cross-section downstream (see figures 8f –8h).
This occurs within the gap shedding region, and has two different implications: (i) an
elongated downstream body gives the structures from the upstream shear layer more time
to interact with the downstream cylinder boundary layer, (ii) vortices shed in the gap
impinge at different locations than they would have on a circular downstream cylinder
cross-section. One example is the staggered binary vortex pairs in figure 8( f ).

3.3. Flow bi-stability
In the present study, the flow is bi-stable. It is important to note that this does not
merely encompass the switch between reattachment and shedding which occurs in the
lower gap; bi-stability is present along the entire span, including the region of alternating
overshoot/reattachment. This is consistent with the results of Aasland et al. (2023), who
showed that there are two flow modes in the gap and near wake of straight tandem cylinders
at L/D = 3 and Re = 500.

Within the reattachment region, the second flow mode generally manifests itself in
stronger vortex interactions, stronger velocity fluctuations and wider widths of the gap
and wake. Moreover, gap shear layer overshoot penetrates further into the near wake. In
accordance with Aasland et al. (2023), the second mode may manifest locally, but in the
present case the axial velocity enhances communication along the span, and this may
trigger a switch of flow modes at additional spanwise locations. In the supplementary
material and movie 2, the mode switch first occurs at z/D = 0, subsequently at z/D = −6
and then finally at z/D = −8. The second mode is associated with increased vertical
velocity fluctuations. While the time-averaged vertical velocity at z/D = 0 is positive (see
figure 17), strong gap vortices have a significant streamwise vorticity component even at
this z/D level. Second mode time intervals correspond to an increase in the number of
dislocations of both types, such as the event depicted in figure 7(d).

In the lower gap, the switch between modes is similar to the prevailing understanding
of tandem cylinder bi-stability, namely a switch between reattachment and true vortex
shedding in the gap. This is exemplified in figure 9, for z/D = −8. Here, periods of
relatively calm flow, with mostly reattachment or one-sided reattachment, are followed
by periods of chaotic flow with shedding from both gap shear layers and strong interaction
with the near wake. The downstream cylinder shear layer oscillations increase during
intervals of the second mode, and may precipitate intermittent near-wake vortex shedding
at z/D = −8.

The time instances shown in figure 9 are chosen to highlight some typical features of
the temporal development of the lower gap flow. Figures 9(a)–9(e) are part of an interval
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Figure 9. Selected time instances of the flow in the plane z/D = −8, represented by vertical vorticity. Panels
(a–d) depict a chaotic period of strong gap shedding. In panel (e), this period is coming to a close, with the
flow returning to a state of variation between weak gap shedding and reattachment. In panel ( f ), the flow is in
the middle of a calm period.

976 A32-16

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

93
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss



Flow topology in the gap and wake

of chaotic gap shedding which lasts for some 30 time units, corresponding to roughly 5
large-scale vortex shedding periods. In figure 9(a), the large-scale vortex forming in the
upper shear layer interferes with the vortex that has recently formed in the lower shear
layer (event marked by black arrow). Instead of being cleanly shed, this vortex is cut into
two separate, smaller vortices, marked by dashed rectangles in figure 9(b). A similar event
occurs later in the chaotic interval, resulting in a chain of smaller vortices, this time in the
upper shear layer, as seen in figure 9(c) (dashed oval). Moreover, the interaction between
the gap shear layers results in the formation of structures of opposite rotation which are
sucked into the flow passed the upper side of the downstream cylinder (black arrow in
figure 9d). Figure 9(e) depicts a much calmer flow, towards the end of the chaotic time
interval, and in figure 9( f ), the flow is back to weak gap shedding interspersed with
reattachment. Note that the vortex in the upper shear layer of the downstream cylinder
figure 9(e) (dashed oval) originates from the upstream cylinder.

3.4. Spectral analysis
Spectra of the cross-flow velocity, computed from probe time traces, are shown in
figure 10. The spectral peaks in the present study reproduce those of Aasland et al. (2023),
where the dominant frequency is f D/U0 = 0.143, with secondary peaks of f D/U0 =
0.147 and 0.155. This is clearly shown in inset G, in the lower right of figure 10. The
secondary peaks are connected to the mode switch phenomena described in § 3.3, and
their relative importance grows in the lower gap and wake, as mode switches become
more frequent.

Not only are the dominant and secondary frequencies the same as for straight tandem
cylinders; their value also remains nearly constant along the gap and wake. From single
curved cylinder studies in the literature, we know that the vortex shedding in the lower
wake is largely governed by the frequency of the shedding in the upper wake (Miliou et al.
2007; Gallardo et al. 2014). The same appears to be true for tandem curved cylinders,
where the vortices along the straight vertical extension govern the frequencies in the rest
of the flow.

The degree to which the vortices in the upper part of the gap and wake dominate the
Strouhal number likely depends on the length of the straight vertical extension. A longer
length favours strong vortices with an orientation normal to the inflow direction. Moreover,
the fact that the dominant frequencies are near identical to those in the straight tandem
cylinder case indicates that the parallel vortex shedding is more common than oblique
shedding.

In the wake, there are two secondary broadband peaks, centred approximately on
f D/U0 = 0.18 and 0.23. These peaks are not present to any significant degree along the
straight vertical extension, but are well defined in the region −4 ≤ z/D ≤ 0. The peaks are
caused by vortex dislocations of type 1, which occur frequently in this spanwise region.
If we consider figure 6, we see that a point probe in the wake located for instance at
z/D = −3 is passed by a larger number of vortex cores during the given time interval than
a probe higher up in the wake.

Wavelet analysis of the cross-flow velocity confirms the existence of rather long intervals
of dislocations (such as event A in figure 6). From the spectral map in figure 11, we see that
fv does not necessarily co-exist in time with the secondary peaks. In inset A of figure 11,
the secondary frequencies dominate fv over an interval of some 130 time units. This is quite
a long time, considering that it covers 18 vortex shedding cycles, using fv as a reference.
Most of the intervals are shorter than the one shown in inset A, however. The typical
duration of these dislocation intervals seems to correspond well to the observed lifetime
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Figure 10. Cross-flow velocity spectra taken at y/D = 0.0, at various z/D locations in the gap and wake
(probes PG1–8 and PW1–7, see figure 3d). Inset G shows a close up of the spectral peaks in (g). The secondary
peaks occur owing to the flow bi-stability. There is significant low-frequency content, and its power spectral
density (PSD) is highest in the gap.

of the mode switches described in § 3.3, which underlines the connection between these
two phenomena.

There is significant low-frequency activity in the flow, which is clearly shown in
the cross-flow velocity spectra of figure 10. The low frequencies appear in a broad
band, but there are also distinct spectral peaks within this band. The energy of the
low-frequency spectral band is significantly higher in the gap than in the wake. If we
look at figure 10(a–h), we see that there is a gradual shift towards lower frequencies as we
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Flow topology in the gap and wake
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Figure 11. Wavelet map of the cross-flow velocity at wake probe PW3. The corresponding spectrum is shown
in figure 10(dii). During certain time intervals, the higher frequency peaks seen in the spectrum become
significantly stronger than fv , as seen in inset A. The inset covers the time interval 3130 ≤ tU0/D ≤ 3260,
which corresponds to around 18 cycles of fv . The broken lines mark the cone of influence.

move downwards in the gap, while the overall spectral energy within the band decreases
somewhat.

The in situ FFT analysis shows that, for the lowest analysed frequency, f D/U0 = 0.0089,
the spectral content is mainly concentrated in the lower part of the curved gap, as depicted
in figure 12(a). However, there is also significant spectral energy associated with the gap
shear layers and gap vortices at higher z/D, as seen in figures 12(b) and 12(c). The same
holds true for for f D/U0 = 0.0178 and 0.0356, but only the lowest frequency is shown
herein, for brevity.

Within the gap shedding region, in figure 12(e), we see that the highest spectral energy
of f D/U0 = 0.0089 seems to be clustered near the cores of the swirling gap vortices. There
is a second type of cluster along the gap centreline, which is located upstream of the gap
vortices. This is connected to long-term variation of the axial flow.

At z/D = −8, shown in figure 12(d), the spectral energy cluster is located around the
streamwise extent of the vortex formation region, but it is distinctly asymmetrical. The
frequency f D/U0 = 0.0089 was captured during the second set of in situ FFT analyses,
which only ran for 150 time units. Thus, only a single period of this very low frequency
was analysed. However, this result indicates that there may be cross-flow meandering of
the vortex formation region whose frequency is too low to appear in the visualisations.

At the probe shown in figure 10(h), which is located nearly in the horizontal part of the
gap, the downstream cylinder is no longer directly in the wake of the upstream cylinder;
the geometrical constraints are now above and below. Moreover, the local cross-section is
no longer circular; it is elliptical with an aspect ratio of approximately AR = 0.47, where
AR is defined as the ratio between the minor (y-direction) and major (x-direction) axes of
the ellipsis.

The frequencies are still dominated by vortices along the straight vertical extension.
However, figure 10(h) shows a broad-banded secondary peak, centred on f D/U0 = 0.200,
and its harmonic f D/U0 = 0.400. This frequency is not significant higher up in the gap.
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Figure 12. (a–e) Spectral map of the frequency f D/U0 = 0.0089. The energy of this low frequency is mainly
concentrated in the lower part of the curved gap, in the vortex formation region of the upstream cylinder, but
it is also significant for the formation of gap vortices in the upper part of the curved gap. ( f ) Spectral map
of f D/U0 = 0.2175. This frequency is part of a broad-banded spectral peak centred around f D/U0 = 0.20. In
(d), the asymmetry with respect to the gap centreline is a result of the short sampling period. Panels show (a)
y/D = 0, (b) z/D = 0, (c) z/D = −4, (d) z/D = −8, (e) z/D = −10 and ( f ) z/D = −10.

The in situ FFT analysis has captured a spectral map of f D/U0 = 0.2175, shown in
figure 12( f ), which is part of the broad-banded peak. In the figure we see that the spectral
energy is primarily clustered in the shear layers of the upstream cylinder, in the formation
region of the swirling vortices. This indicates that the formation length varies. We believe
the broad-banded peak may result from a mode switch where the most unstable mode
represents a flow similar to a single bluff body wake, in this case an elliptical cylinder.

A wavelet map of the cross-flow velocity in the probe from figure 10(h), along with all
three velocity components, is shown in figure 13. In figure 13(c), we see that the cross-flow
velocity time trace is quasi-periodic, consisting of relatively high-amplitude intervals
interspersed with irregular intervals of low-amplitude fluctuations. Comparing the time
trace with the wavelet map, we see that the irregular intervals correspond to a downward
shift of the dominant frequency. An upward shift of the dominant frequency, towards
f D/U0 ≈ 0.2, accompanies intervals of stronger, more regular velocity fluctuations, which
is indicative of a shorter vortex formation length. Intuitively, a shorter formation length
in this part of the gap allows increased flow along the downstream cylinder front face,
and figure 13(a) shows that strong cross-flow and vertical velocity fluctuations are
accompanied by an increase of the streamwise velocity (u/U0 is predominantly positive in
this part of the gap).

Though we cannot conclude firmly with the available data, the high-frequency intervals
are believed to represent the ‘single bluff body’ mode suggested above. It would have
been beneficial to compare the frequency of the broad-banded peak with the dominant
frequency of an elliptical cylinder. Regrettably, we have found no studies of elliptical
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Figure 13. (a) Streamwise, (b) cross-flow and (c) vertical velocity time traces, as well as (d) the cross-flow
velocity wavelet map at probe PG8, in the lower curved gap. Intervals of irregular low-amplitude velocity
fluctuations correspond to a lowering of the dominant frequency. Conversely, high-amplitude fluctuations
correspond with an increase in the dominant frequency. The spectrum at this probe is shown in figure 10(h).

cylinders with comparable conditions that report St. A study with a Reynolds number
of 150 found St ≈ 0.17 for AR = 0.5 (Shi, Alam & Bai 2020), but at such a low Re the
flow is two-dimensional.

3.5. Low-frequency quasi-periodic gap asymmetry
In the upper part of the gap (above z/D ≈ −2), vortices are often shed repeatedly from one
shear layer. This long-term asymmetry results in an asymmetry of the transverse position
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Figure 14. Time traces of (a) cross-flow and (b) vertical velocities at probe PG3 in the gap, at the intersection
between the curved and straight cylinder parts. (c) Shows the cross-correlation between the velocities, and
(d) shows the spectrum of the cross-correlation. The cross-flow is skewed with respect to the v/U0 = 0 line,
for long periods of time. In the dashed rectangle, for example, it is positive for several vortex shedding periods.
Here, v and w are clearly correlated, and a switch in the skewness across the v/U0 = 0 line is normally
accompanied by a surge in |w/U0|.

of the gap backflow region, which meanders on a time scale longer than that of the wake
shedding. These results are consistent with the study of Aasland et al. (2023) on straight
tandem cylinders, who showed that the asymmetry was caused by a mode switch in one
shear layer. In that study, the mode switch occurred intermittently, while in the present
study, the mode switch occurs quasi-periodically, so that the long-term asymmetry moves
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Flow topology in the gap and wake

between gap shear layers with a period of approximately 100 time units. This is clearly
shown in figure 14(a), which shows the cross-flow time trace of a probe in the gap, at
the intersection between the straight vertical extensions and curved cylinders. Although
the long-term average may be zero, the cross-flow velocity is skewed to either side of the
v/U0 = 0 line during several vortex shedding periods at a time. The temporal evolution of
the flow field is exemplified in supplementary material and movie 3.

In figure 14(b), the vertical velocity is plotted. Close inspection reveals that a switch
of the asymmetry is normally accompanied by a surge of |w/U0|. The cross-flow and
vertical velocities are clearly correlated, as shown in figure 14(c). Running an FFT of the
cross-correlation produces a triple low-frequency spectral peak centred around f D/U0 =
0.01, with secondary peaks at f D/U0 = 0.0065 and 0.013, shown in figure 14(d). This
frequency range corresponds well with the low-frequency band observed in the spectra
in figures 10(a)–10(g), particularly within the reattachment region of the gap (i.e. above
z/D ≈ −6).

Behaviour similar to that of the time trace in figure 14(a) is found to a certain degree
in the cross-flow velocity for all probes above z/D = −4 (shown for −2 ≤ z/D ≤ 1 in
figure 15). However, the transverse switch is most clearly defined in the range −4.0 ≤
z/D ≤ 0. This is the range within which the bi-stability frequencies are most pronounced,
as shown in the spectra of figures 10(c)–10(e), and also the range within which type 1
dislocations most frequently develop.

Figure 15 shows that the transverse switch is slightly out of phase along the span. It
occurs first in the upper curved gap, and propagates upwards along the straight vertical
extension.

3.6. Recirculation and secondary flows
In the time-averaged sense, the larger part of the gap region falls under the reattachment
regime, which persists along the entire vertical extension and down to gap shedding
angle, βGS = 38.1◦, as shown in figure 16(a). The following gap recirculation bubble
is suppressed at βru = 45.6◦. In comparison, recirculation in the wake is suppressed at
βrd = 37.4◦. These values are based on the time-averaged flow in the centreplane, and do
not take the swirling vortices in the lower gap into account. The extent of the swirling
vortices is shown in figure 18, which plots the zero shear stress contour on the cylinder
surfaces. Their inception corresponds with the recirculation suppression.

The non-zero values of cross-flow velocity in the centreplane (figure 16b) are caused
primarily by the long-term asymmetry of the gap vortices. The values are small compared
with the straight tandem cylinder case of (Aasland et al. 2023). Long-term asymmetry is
not confined to the reattachment region, with non-zero values of V/U0 also appearing in
the lower gap. This is consistent with the it in situ FFT results shown in figure 12(d).

In figure 16(c), we see that there is upwelling in the entire part of the vertical gap and
near wake, which penetrates down to the stagnation points at βstgu = 44.7◦ and βstgd =
34.3◦, respectively. The upwelling velocities are low compared with the downdraft in the
lower gap and wake, something which is clearly shown in figure 17. In both the gap and
the wake, the stagnation points are located slightly higher than the point of suppressed
recirculation. In the present study, the region of maximum upwelling velocity is found
along the straight vertical extension, near z/D = 2. This differs from the single curved
cylinder case of Gallardo et al. (2014), where the maximum upwelling velocities were
found along the curved part of the cylinder, in the region that corresponds to −6 ≤ z/D ≤
−2 in the present study.
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Figure 15. Time traces of cross-flow velocity at various z/D locations along the gap (probes PG10, PG3, PG9
and PG4). The quasi-periodic asymmetry switch in the gap is slightly out of phase along the span, as indicated
by the red lines, with the switch first occurring in upper curved gap, then propagating upwards along the straight
vertical extension.

There is a second upwelling zone in the wake, marked in figure 16(c), which spreads
from the lower part of the vertical extension with a wedge-like shape. In this region, there is
significant bending and helical twisting of the vortices, associated with the spanwise vortex
dislocations. For a straight vortex tube, the induced velocity is purely circumferential, but
when two vortices twist around each other in a helical manner (which happens when the
dislocations legs join together), the induced velocity has a component along the vortex core
axis (see figure 25 of Williamson 1992). Note that the upper boundary of the upwelling
region has approximately the same angle as the rotated streamwise vortices of figure 7.

In figure 16(a), the contours in the near wake show that the streamwise extension of
the recirculation bubble is considerably longer along the curved part of the downstream
cylinder than along the straight vertical extension. This is quite different from the turbulent
wake behind a single curved cylinder studied by Gallardo et al. (2014), where the
recirculation bubble has approximately the same streamwise length down to the region of
swirling flow, where it is gradually attenuated. The increase in recirculation length actually
starts along the lower part of the straight vertical extension, near z/D = 1. It is also worth
noting that the strongest backflow velocities are found in the region −4 ≤ z/D ≤ 0, which
is also where the recirculation length is at its longest. The backflow velocities along the
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Figure 16. Time-averaged (a) streamwise, cross-flow and (c) vertical velocity, as well as (d) pressure in the
symmetry plane. Black contour lines mark U/U0 = 0 and W/U0 = 0 in (a) and (c), respectively. (e) Shows
the time-averaged streamwise velocity around the downstream cylinder in the plane z/D = 2.0. The contour
U/U0 = 0, shows that the recirculation bubble in the downstream cylinder wake is displaced by a region of
low, positive streamwise velocities. Inset A, taken from (a), shows a close-up of the downstream cylinder in the
region where this displacement starts.

straight vertical extension are low in comparison. This is different from the gap, where the
strength of the backflow is nearly evenly distributed along the length of the reattachment
region. This result is also in opposition to that of Gallardo et al. (2014), where the backflow
is strongest along the straight vertical extension.

If we consider the pressure distribution in the symmetry plane, shown in figure 16(d),
we see that the suction in the near wake is strongest along the straight vertical extension.
It is well known that lowering the base pressure results in a shorter recirculation length
(Gerrard 1966). Previously, it was found that, for straight tandem cylinders, the base
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Figure 17. Time-averaged vertical velocity in various z/D planes. In the gap, downdraft along the downstream
cylinder front face begins near z/D = −1.5 (see figure 16c). Along the entire gap, there is upwelling in the outer
regions of the shear layers of both cylinders. Downdraft near the separation points begins around z/D = −2,
marked by dashed circles. The velocity scale is exaggerated for better visibility. The minimum vertical velocity
is approximately W/U0 = −0.45. Panels show (a) z/D = 0, (b) z/D = −2, (c) z/D = −4, (d) z/D = −6,
(e) z/D = −8 and ( f ) z/D = −10.

pressure of the downstream cylinder is lower for alternating overshoot/reattachment than
for steady reattachment and bi-stable flow (Igarashi 1981). These observations correspond
well with our result regarding the recirculation length. Note that the increase in Lr starts
around z/D = 1, although in the instantaneous snapshots in figure 8, this region appears
to fall within alternating the reattachment/overshoot regime. This is attributed to time
variation of the boundaries between regimes and the cellular manifestation of modes.

A new finding in the present study is a streamwise secondary flow in the very near wake
of the downstream cylinder, along the straight vertical extension. A positive streamwise
velocity develops around z/D = 1, as shown in inset A in the lower right of figure 16. This
secondary flow is associated with downstream displacement of the recirculation bubble
clearly shown in figure 16(c). Although the scales are small, it is clear that the largest
downstream displacement is found in the region of maximum upwelling velocity in the
near wake. A related flow feature was described briefly by Gallardo et al. (2014), who
reported that a near-zero, albeit negative, streamwise velocity plateau with a length of
some 0.5D preceded the recirculation bubble.

Separation and reattachment lines, defined as zero shear stress iso-lines, are marked
in figure 18. The reattachment point does not change significantly until β ≈ 21◦, in the
upper part of the curved gap, near z/D = −3.5. This is the region where symmetric
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Figure 18. Time-averaged shear stress on the cylinder surfaces. (a) Side view (b) view from downstream. The
black contour marks lines of zero shear stress. Here, θR is nearly constant until β ≈ 21◦.

reattachment gradually transitions to gap shedding. Along the vertical extension the value
is θR = 68◦, very similar to straight tandem cylinders (Aasland et al. 2023). Separation
from the downstream cylinder occurs near 135◦. Note that, along most of the straight
vertical extension, figure 18 shows no time-averaged separation line. This is due to the
positive secondary streamwise flow in the near wake.

4. Discussion

Both Papaioannou et al. (2006) and Aasland et al. (2023) found that the flow in the gap
of straight tandem cylinders within the reattachment regime has a basic spanwise cell
structure. Aasland et al.’s (2023) study showed that this structure was very persistent
in time, and could be easily discerned in the time-averaged velocity field. There is little
evidence of such a structure in the present study, even along the straight vertical extension,
although the instantaneous wake structure in the upper wake is similar to that of Aasland
et al. (2023). This indicates that the axial flow does influence the three-dimensional
instability in the gap and wake, even if the effect is slight.

Carmo et al. (2010a) found that mode T3 is a cooperative elliptical instability,
‘cooperative’ meaning that the instability depends on interaction between the shear
layers. Mode T3 initiates in the gap, and placing a splitter plate directly upstream of the
downstream cylinder can suppress it completely (Carmo et al. 2010a). The upwelling in
the gap and near wake works in a similar way, reducing, although not entirely disrupting,
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the communication between the shear layers. In this context, axial flow can be expected to
act as a stabilising factor.

Within the co-shedding regime for tandem cylinders, the three-dimensional instability of
the gap and wake is the same as for a single cylinder: mode A or mode B, depending on the
Reynolds number (Carmo et al. 2010a). Moreover, while the downstream cylinder works
as a stabiliser within the reattachment regime, it works as a de-stabiliser after the critical
spacing (Papaioannou et al. 2006). This means that transition from mode A to mode B
occurs earlier, in terms of Reynolds number, for tandem cylinders within the co-shedding
regime than for a single cylinder. Intuitively, this should lead to a transition from mode T3
to mode B in the lower gap and wake of the present study, when the gap widens sufficiently
to allow shedding. However, the vortex dislocations, as well as the strong downdraft in
this region, alters the topology of the vortices to a point where visual observation is
no longer useful to determine wavelengths etc. In order to finally determine the type of
instability observed in the flow, a fully fledged stability analysis would be required, which
is outside the scope of the present study. In this context, it is also important to note that the
possible existence of critical points for higher Reynolds numbers than the present study
is unknown. For straight tandem cylinders, no systematic studies of the three-dimensional
wake instability exist for Reynolds numbers beyond 500 (Carmo, Meneghini & Sherwin
2010b), to the knowledge of the authors. Furthermore, the issue of critical points for the
wake topology has not been addressed at all for single convex curved cylinders; a possible
topic of further study.

The quasi-periodicity of the long-term gap flow asymmetry is a puzzle, since the
bi-stable switch between tandem cylinder states is a random process. Thus, if it occurs
periodically, it must be triggered by another periodic phenomenon. Zhu et al. (2019)
observed a low-frequency switch between reattachment and co-shedding, which was
assumed to be triggered by fluctuations of the axial velocity. Our own observations
regarding the correlation between the cross-flow and vertical velocities (see figure 14)
indicate a similar relation. As to the cause of the vertical velocity fluctuations, we
believe it can be found in the lower gap. Previous studies of single bluff bodies have
found low-frequency modulation of the vortex formation length (Miau et al. 1999, 2004;
Lehmkuhl et al. 2013; Cao & Tamura 2020). The occurrence of such processes in the
lower gap may alter the vertical velocity in a quasi-periodic fashion, which is subsequently
transmitted along the span. This hypothesis is supported by the spectral analysis, which
shows that the energy of the low frequencies is strongest in the gap shedding region.
However, low-frequency variation of the reattachment points seems to be an inherent
trait of tandem cylinder flow at the present Reynolds number (Aasland et al. 2023).
The velocity spectra in the gap of Aasland et al. (2022a) also have clearly defined
low-frequency peaks around f D/U0 = 0.01, indicating that such a phenomenon extends
into the subcritical Reynolds number range. This means that a straightforward relationship
between the low-frequency variations in the lower gap and the quasi-periodic asymmetry
is nearly impossible to determine, although clearly there is interaction between the two.

We see from figure 16(c) that the vertical velocity in the symmetry plane is negative
below z/D ≈ −1.5. Assuming that information is carried along the span by means of the
axial velocity, this implies that in this region information is convected away form the upper
part of the gap, towards the lower part. Conversely, above the stagnation line of the vertical
velocity, information is carried upwards. From figure 8, however, we see that, outside the
symmetry plane, in the regions that roughly correspond to the lateral position of the shear
layers, there is positive vertical velocity all throughout the gap. Thus, it is possible to
convey information in both directions along the gap by means of the axial velocity.
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Flow topology in the gap and wake

Aasland et al. (2022a) observed low-frequency variations in the drag and vertical force
on the downstream cylinder, and suggested that these variations may be caused by a
slow meandering of the angle at which gap shedding starts (i.e. βGS) in the lower gap.
The reasoning was that a larger reattachment region leads to increased gap suction and
vice versa. We have not been able to directly observe such a meandering, though the same
type of low-frequency drag variation occurs in the present study (not shown). The mode
changes in the lower gap, as described in § 3.3 impact the drag, and the dominant low
frequencies of the forces correspond well to the low-frequency content in the lower gap.
However, the phenomenon appears to be more complex than previously assumed, since
mode switches may occur locally (described in § 3.3 and for straight tandem cylinders by
Aasland et al. 2023).

Some previous studies of straight tandem cylinders have suggested that, within the
reattachment regime, it is the frequency of the gap vortices that drives the frequency
of the wake vortices (Xu & Zhou 2004; Aasland et al. 2022b), similar to the ‘lock-in’
effect found for straight tandem cylinders within the co-shedding regime. This hypothesis
was implicitly challenged by Hosseini, Griffith & Leontini (2021). In their investigation, a
third body was placed in the near wake of tandem cylinders at L/D = 5 and Re = 200, a
combination of gap ratio and Re which normally results in co-shedding. Provided that this
third body was placed within the region of absolute instability of the downstream cylinder,
vortex shedding could be entirely suppressed in the gap, resulting in a reattachment regime
instead. We are inclined to believe in the view put forward by Hosseini et al. (2021).
This suggests that the gap vortices for relatively small gap ratios are driven by the vortex
shedding from the downstream cylinder, and not the other way around. This upstream
feedback can result from fluctuations in the pressure field. If so, this would entail that the
vortex formation in both the upper and lower gap in the present study is driven by the
vortices in the upper wake. This interpretation further explains why the gap vortices in the
lower gap have the same dominant frequency as those of the upper gap, even if the lower
gap vortices are stronger, in terms of vorticity.

Finally, the independence principle is clearly invalid for the present case. This is
underlined by the change of reattachment regime type which occurs in the upper part
of the curved geometry, where the normal velocity and the corresponding local Reynolds
number are quite similar to the nominal values. Below z/D = −4, these values decrease
rapidly, while the dominant frequency remains virtually unchanged. Both Papaioannou
et al. (2006) and Carmo et al. (2010b) predict a critical spacing of L/D ≈ 3.8 for Re = 500.
Herein, a corresponding effective gap ratio occurs in the vicinity of z/D = −5. This is
close to the point of recirculation suppression in the near wake, so that a true co-shedding
regime does not exist. It is obvious that the axial flow cannot be ignored in any part
of the flow. This corresponds to the results of Alam et al. (2022), who concluded that
the independence principle is invalid within the reattachment and bi-stable range for
non-parallel yawed tandem cylinders.

5. Summary and concluding remarks

In the present study, the flow around curved tandem cylinders in the convex configuration
has been investigated by means of DNS, at a Reynolds number of 500 and a nominal
gap ratio of 3.0. Due to a gradual change in the effective gap ratio along the curved
part of the span, there is a variation of tandem cylinder flow regimes from alternating
reattachment/overshoot, through symmetric reattachment until shedding of vortices
commences in the lower part of the gap. Similar to a single curved cylinder in the convex
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configuration, vortex shedding is inhibited in the lower near wake, due to strong downdraft.
A non-shedding swirling vortex regime prevails in this region.

Axial flow and spanwise flow regime variation lead to an intricate wake
topology, with alterations between parallel and oblique spanwise vortex shedding.
Communication between the shear layers is partially inhibited by the axial flow, and this
influences the three-dimensional instability mechanism of the gap and wake, so that the
spanwise cellular structure, which is typical for straight tandem cylinders at moderate
Reynolds numbers, no longer occurs. That being said, the large-scale vortex shedding
is governed by the vortices along the straight vertical extension, whose dominant and
secondary frequencies are the same as for straight tandem cylinders at the same Reynolds
number.

Spanwise vortex dislocations occur by two distinct physical mechanisms, one being
spanwise frequency differences in the gap and wake, the other being shedding of gap
vortices into the lower wake. Both may be present in the flow simultaneously, and along
with bending and tilting of the streamwise vortices, this leads to extremely complex flow
patterns in the wake. The topology is further complicated by interaction between the lower
wake and the vortices in the horizontal part of the gap, which have a strong streamwise
component.

Our results indicate that the flow is multi-stable, predominantly due to the spanwise flow
regime variation. Alternating reattachment/overshoot, which is the governing regime along
the straight vertical extensions, is in itself a bi-stable flow, with cellular manifestations of
one-sided gap vortex shedding. In a previous study of straight tandem cylinders (Aasland
et al. 2023), this caused long-term asymmetric vortex formation in the gap, intermittently
switching from side to side. In the present study, the same type of asymmetry occurs,
but the switch is quasi-periodic. The frequency at which the switch occurs is mirrored by
low-frequency variations of the velocity fluctuations is the lower gap, which we believe
result from slow variation of the recirculation length in the gap shedding region. This
low-frequency variation may be transmitted along the span by means of the vertical
velocity component. The asymmetry switch is seen to be accompanied by a surge of the
vertical velocity.

Given the sensitivity of a single curved cylinder to the curvature and inflow direction,
it seems likely that the flow around curved tandem cylinders, which is inherently more
complex, should also be sensitive to these parameters. Moreover, the present study was
carried out at a transitional Reynolds number, and the effect of turbulent flow is yet to be
clarified.

Supplementary material and movies. Supplementary material and movies are available at https://doi.org/
10.1017/jfm.2023.933.
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Figure 19. Comparison of time-averaged streamwise velocity profiles for different Lv at y/D = 0 and (a)
z/D = 5, (b) z/D = 0, (c) z/D = −4 and (d) z/D = −8. In each of the plots, the horizontal extent of the
downstream cylinder cross-section is cut out of the profiles.

Appendix. Effect of the straight vertical extension length

Because of spurious flow in the upper part of the domain discovered in the initial
study (Aasland et al. 2022a), an investigation of the effect of Lv was carried out.
Recalling that Gallardo et al. (2013) discovered that the main effect of vertical blockage
was to suppress the upwelling in the near wake, the Lv parameter study focused on
the time-averaged secondary flow features, which are all related to the vertical velocity
component. Four different lengths were tested: Lv = 7D, 10D, 12D and 16D. For these
simulations, sampling of statistics started after 250 time units, and was carried out for 550
time units, corresponding to some 100 von Kármán vortex shedding cycles.

The effect of the boundary condition is, naturally, most significant in the upper part
of the domain. Horizontal profiles of the streamwise velocity, shown in figure 19, show
that the influence penetrates rather far down into the domain, although the differences in
recirculation length are small. Down to z/D = −4, a slight increase of the recirculation
bubble was observed as Lv was increased. At z/D = −8, the differences are negligible.

Figure 20 shows the upwelling velocity along the straight vertical extension in the
gap and wake. The adverse influence of the top boundary condition is evident in the
profiles of Lv = 7D and 10D, especially in the gap. The same is true for the region
of low positive streamwise velocity in the very near wake of the downstream cylinder,
shown in figure 21. The effect is less prominent, although still visible, for Lv = 12D and
16D. Increased Lv seems to cause stronger upwelling in the gap, but weaker upwelling in
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Figure 20. Effect of Lv on the upwelling in the near wake of the (a) upstream and (b) downstream cylinders.
Panels show (a) x/D = −11.8 and (b) x/D = 8.8.
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Figure 21. Effect of Lv on the positive U/U0 in the very near wake of the downstream cylinder, at
x/D = −8.98.

the wake, although the differences are smaller. Moreover, a slight decrease of St (based
on the cross-flow forces) was found as Lv was increased, consistent with the increased
recirculation length shown in figure 19. The values were St = 0.152, 0.149, 0148 and 0.146
for Lv = 7D, 10D, 12D and 16D, respectively.

There is no way to completely negate the blockage effect from the top boundary, so
a compromise must be made between accuracy and computational cost. From figures 20
and 21, we see that, below z/D = 5.0, the influence from the upper boundary condition is
small for Lv = 12D and Lv = 16D. Further, the differences between the two Lv cases are
small in this region. Thus, we conclude that Lv = 12D gives acceptable accuracy vs cost
for the present study.
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Turbulent flow around curved tandem cylinders has been studied for the first time, by
means of DNS. The convex configuration was used, with a nominal gap ratio of !/� = 3,
and a Reynolds number of 3900. Along the span, the flow regimes vary from alternating
overshoot/reattachment to co-shedding. Three distinct Strouhal numbers coexist in the flow,
that are tied directly to different tandem cylinder flow regimes. This result differs substantially
from convex curved tandem cylinders at a transitional Reynolds number, where only a single
dominant frequency is found. All regimes exhibit some degree of instability, so that the flow
can be considered multi-stable. A mode switch from alternating overshoot/reattachment to
symmetric reattachment is found. Complex interactions are observed between the primary
instability, the shear layer instability, and the flow mode alterations. As opposed to previous
investigations with single and tandem straight cylinders in the subcritical flow regime, our
results indicate that there may be direct feedback from the primary instability to the shear layer
instability. The downdraft region in the gap exhibits slow meandering, and travel upstream
and amplify the shear layer instability, causing early transition in the gap shear layer. This
downdraft is governed by the slow modulations of the vortex formation region in the lower
gap, meaning that the vortex dynamics of this region may indirectly influence the shear layer
instability higher up in the gap.

Key words: vortex shedding, vortex dynamics, separated flows

1. Introduction
Flow around multiple bluff bodies has been widely studied, both because of its obvious
importance in various engineering applications and because it provides an opportunity to
study the interaction between several fundamental fluid dynamics phenomena. Of the many
and varied geometries and configurations within this field, the case of two cylinders in tandem
is perhaps one of the most canonical. Even after decades of research, this flow remains an
object of interest for engineers and physicists alike.

Flow around straight tandem cylinders of equal diameter is characterised by three main
flow regimes: overshoot (also called extended-body regime), reattachment and co-shedding.
When the cylinders are closely spaced, the shear layers from the upstream cylinder overshoot
the downstream cylinder and roll up in its wake, so that vortex shedding essentially occurs
from the upstream cylinder alone. When the spacing between the cylinders increases, the

† Email address for correspondence: tale.e.aasland@ntnu.no
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upstream cylinder shear layers reattach onto the downstream cylinder. Vortex shedding
now occurs solely from the downstream cylinder. Reattachment may be alternating, quasi-
steady/symmetric or intermittent (Zdravkovich 1987). Initially, the reattachment points are
located on the back face of the downstream cylinder, but the points move upstream, onto
the front face, with increased spacing and/or higher Reynolds number (Xu & Zhou 2004;
Zhou & Yiu 2006). Finally, when the spacing between the cylinders is sufficiently large, the
upstream cylinder shear layers roll up in the gap, and vortex shedding occurs from both
cylinders.

Tandem cylinder flow regimes are normally discussed in terms of the gap ratio !/�, where
! is the center-to-center spacing between the cylinders and � is the cylinder diameter. The
gap ratio at which co-shedding first occurs is traditionally referred to as the critical spacing,
!2/�. Because the flow depends strongly on the Reynolds number (Re = *0�/a, where
*0 is the inflow velocity, and a is the kinematic viscosity) (Xu & Zhou 2004), and other
factors such as free-stream turbulence (Ljungkrona et al. 1991) or inflow gust amplitude
(Wang et al. 2022), there is quite a spread in the reported values of !2/�. Typically, the
critical spacing varies between 3.0� and 5.0� (Okajima 1979; Igarashi 1981; Xu & Zhou
2004; Alam 2014). Owing to the Reynolds number dependency, defining the extent of
the regimes exclusively in terms of the gap ratio is challenging. Nonetheless, the following
classification by Zdravkovich (1987) remains in wide use: overshoot 1.0 6 !/� 6 1.2−1.8,
reattachment 1.2 − 1.8 6 !/� 6 3.4 − 3.8 and co-shedding 3.4 − 3.8 6 !/�. Specific
gap ratio and Reynolds number ranges exist where vortices are fully formed on the upstream
cylinder, but are unable to be shed due to the interference of the downstream body. This
particular case does not neither fit neatly into the reattachment nor co-shedding categories.
Behara et al. (2022) reported a similar situation, but in the completely different case of two
tandem rotating cylinders.

Transition between the different flow regimes of straight tandem cylinders is unstable and
hysteretic (Carmo et al. 2010). Near a transition point, the flow jumps intermittently between
regimes, and these may persist for short or long time intervals, depending on the Reynolds
number and gap ratio (Igarashi 1981). The co-existence of two flow regimes near a transition
point manifests itself as two distinct velocity spectral peaks of similar magnitude. Igarashi
(1981) coined the term "bi-stability" for intermittent switch between reattachment and co-
shedding, but a second type of bi-stability was reported by Xu & Zhou (2004), namely a
switch between overshoot and reattachment. The latter has not been reported by others, to
the knowledge of the authors, but the reattachment/co-shedding bi-stability is reported in a
number of studies (Igarashi 1981; Xu & Zhou 2004; Kitagawa & Ohta 2008; Alam 2014;
Afgan et al. 2023).

It is worth noting that summaries of the literature on tandem cylinder flow will often,
for the sake of brevity, skip the complexity of the different flows grouped under the bi-
stable regime. Igarashi (1981), for instance, reported that in the beginning of the bi-stable
regime, the gap vortices become unstable, and shedding occurs intermittently. This regime
is labeled "regime D" in that study, and the illustration portrays a gap flow where one shear
layer reattaches, while the opposite shear layer overshoots the downstream cylinder and at
the same time allows a gap vortex to escape and be convected into the near wake. True
intermittent roll-up of the gap shear layers occurs within the next regime, labelled "regime
E". Similarly, the bi-stable flow described by Kitagawa & Ohta (2008) consists of a switch
between symmetric reattachment, with a highly turbulent non-shedding wake, and a state
where small vortices are shed from the gap shear layers, combined with a vortex street in
the wake. In the illustrations of the latter, one gap shear layer clearly forms a vortex, while
the opposite shear layer overshoots. A similar flow regime was reported by Aasland et al.
(2023a), who found that vortex shedding may occur repeatedly from just one gap shear layer,
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while the opposite shear layer reattaches or overshoots the downstream cylinder. Moreover,
this flow regime may be spanwise-localised, so that bi-stability manifests in short spanwise
cells.

The inherent intricacies of tandem cylinder flow contribute to a substantial increase of
complexity when non-uniformity of the geometry is introduced, such as for non-parallel or
curved tandem cylinders. There are still very few studies that investigate such flows. Flow
around non-parallel tandem cylinders was studied by Younis et al. (2016) and Alam et al.
(2022) at subcritical Reynolds numbers. Curved tandem cylinders in the convex configuration
(meaning that the inflow is directed at the outside of the curved cylinders and parallel to
the plane of curvature) at Re = 500 was the topic of two papers by the present authors
(Aasland et al. 2022a, 2023b). Another relevant study is that of Zhu et al. (2019), which is
concerned with a symmetrical, hanging riser segment of different curvatures (i.e. different
distances between the end points) at Re = 100. For high curvatures, the cylinder end segments
are close enough that the flow resembles that of tandem cylinders, with a concave cylinder
in the wake of a convex one.

What these flows have in common is that different tandem cylinder flow regimes co-
exist and interact along the span of the same geometry. Information may travel along the
span by means of axial flow (induced either by curvature or yaw angle, depending on
the geometry), and this alters the dynamics of the flow regimes (Aasland et al. 2023b). In
the study of Alam et al. (2022), the transitions between flow regimes were accelerated in
terms of gap ratio, compared with straight tandem cylinder at a similar Reynolds number.
Moreover, the gap ratio range over which reattachment/co-shedding bi-stability could be
found, was significantly increased. Both Zhu et al. (2019) and Aasland et al. (2022a, 2023b)
reported low-frequency periodicity of flow mode switches that are normally considered
random processes for straight tandem cylinders.

The wake of convex curved tandem cylinders shares some important features with the wakes
of their single cylinder counterparts (Aasland et al. 2022a, 2023b). The wakes of convex
curved single cylinders are superficially similar to the wakes of straight single cylinders at the
same Reynolds number, in that both wakes exhibit a von Kármán vortex street (Miliou et al.
2007; Gallardo et al. 2014; Shang et al. 2018). The major difference between the two is the
curvature-induced axial flow along the front and back face of the curved cylinder. There
is a strong downdraft in the lower part of the near wake, and this downdraft impedes
communication between the shear layers (Gallardo et al. 2014), so that the flow in this region
resembles the swirling non-shedding flow regime reported by Ramberg (1983) for a yawed
single cylinder with a free end. Vortex shedding is then re-established further downstream.
The swirling vortices are weaker than the vortices in the upper part of the wake, which are
nearly normal to the incoming flow. In the study of Miliou et al. (2007) for Re = 500, the
weakening of the lower wake vortices caused the vortex shedding to be dominated by the
vortices in the upper wake, so that the Strouhal number ( 5E�/*0, where 5E is the vortex
shedding frequency) turned out to be the same along the entire span. Gallardo et al. (2014)
found nearly the same result, although in their study, the inclusion of a straight vertical
extension on top of the curved cylinder lead to a slightly different (C along this extension.
This caused vortex dislocations to develop in the wake.

When the straight vertical extension was included (Gallardo et al. 2013, 2014), a low-
velocity upwelling was allowed to develop in the very near wake, along the upper part of the
curved cylinder and the extension. The flow now exhibited a vertical velocity stagnation point
along the curved cylinder. The wake vortices in the study of Miliou et al. (2007) were normal
to the incoming flow for Re = 100, but had a slight inclination for Re = 500. This lead to the
hypothesis that the wake vortices would align increasingly with the local cylinder curvature
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with increasing Reynolds number, which was confirmed by the study of Gallardo et al. (2014)
for Re = 3900.

The flow features described above are recongnisable also for convex curved tandem
cylinders at Re = 500, though the spanwise regime variation leads to a significantly more
intricate flow field. In this case, there is strong downdraft in the lower wake as well as in the
lower gap along the back face of the upstream cylinder and the front face of the downstream
cylinder. There is upwelling in the the entire upper part of the gap, and along the upper part
of the near wake. Vortex shedding is largely governed by the upper wake vortices, although
bi-stability leads to the occurrence of several secondary frequencies, in particular along the
upper part of the curved cylinders. These frequency variations, along with the shedding of
gap vortices into the lower wake, causes frequent vortex dislocations, and alterations between
parallel and oblique wake vortex shedding. Because of the suppression of vortex shedding
in the lower wake, true co-shedding was not observed for convex curved tandem cylinders at
Re = 500 (Aasland et al. 2022a, 2023b).

To further investigate the complex flow field interaction in the gap and wake of convex
curved tandem cylinders, it is natural to extend our previous work to a subcritical Reynolds
number; in this case Re = 3900. At this Reynolds number, transition to turbulence is expected
to occur in the shear layers for straight and curved single cylinders (Dong et al. 2006;
Gallardo et al. 2014), and the wake is turbulent. It is of particular interest, therefore, to study
the interaction between the shear layer instability and the multi-stable processes in the gap
region. Moreover, the effect of the curvature-induced axial flow on this interaction, and the
effect of the shear layer instability on the near wake are investigated herein.

2. Flow problem formulation and computational aspects
The geometry consists of curved tandem cylinders of equal diameter, with a gap ratio of
!/� = 3. The cylinders are placed in the convex configuration, with the inflow parallel to
the plane of curvature of the cylinders.

2.1. Governing equations and numerical method
In the present study, direct numerical simulations are carried out using the MGLET (Multi
Grid Large Eddy Turbulence) flow solver. MGLET is based on a finite volume formulation
of the incompressible Navier-Stokes equations. The governing equations are

mD8
mG8

= 0, (2.1)

mD8
mC

+ D 9
mD8
mG 9

= − 1
d

m%

mG8
+ m

mG 9

(
a

[
mD8
mG 9

+ mD 9

mG8

] )
, 8, 9 = 1, 2, 3 (2.2)

MGLET uses a staggered Cartesian grid (Manhart 2004), and solid bodies are introduced
through an immersed boundary method (Peller et al. 2006). The surface of solid bodies is
discretised using a cut-cell approach (Unglehrt et al. 2022). A third-order low-storage explicit
Runge-Kutta time integration scheme is used for time stepping, and the Poisson equation
is solved using an iterative, strongly implicit procedure (SIP). MGLET has previously been
used for convex (Gallardo et al. 2014; Aasland et al. 2022a, 2023b) and concave (Jiang et al.
2018, 2019) curved cylinder studies.

Free-slip boundary conditions are used on all computational domain boundaries except the
inlet and outlet. Uniform inflow is imposed at the inlet, and a Neumann condition is imposed
on the velocity components at the outlet. No-slip and impermeability conditions are enforced
on the tandem cylinder surfaces.
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Figure 1: a) Computational domain, b) definitions, and c) computational grid schematic.
This schematic does not show the actual grid resolution, only the extent of the grid blocks.
The most refined grid block contains approximately 2365 × 106 cells, and the second most
refined block contains approximately 974 × 106 cells. The cells are cubic, and the smallest
cell size is 0.00375�. The largest cell is 0.24�. There are seven grid levels in total, where
each level has half the grid cell size of the previous level. These levels are marked in c).

2.2. Computational domain and grid
As shown in figure 1a, each cylinder consists of a quarter-segment of a ring, fitted with
horizontal and vertical extensions in order to reduce influence from the computational
domain boundaries. Based on previous computational studies (Gallardo et al. 2013, 2014;
Aasland et al. 2023b), the chosen length of the horizontal and vertical extensions are
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Grid Δ<8=/� no. elem. �� �!A<B �I (C

×106

Upstream cylinder
coarse 0.015 482 0.592 0.014 0.118 0.150
medium 0.0075 944 0.726 0.011 0.132 0.170/0.190/0.210
fine 0.00375 3890 0.710 0.009 0.128 0.173/0.190/0.206

Downstream cylinder
coarse 0.015 482 0.034 0.047 -0.002 0.150
medium 0.075 944 -0.177 0.072 -0.021 0.170/0.190/0.210
fine 0.00375 3890 -0.175 0.081 -0.021 0.173/0.190/0.206

Table 1: Results of grid convergence study. Three Strouhal numbers are captured by the
medium and fine grids, due to spanwise mode variation.

!ℎ = 15� and !E = 12�, respectively. In order to ensure a constant gap ratio along the
span, the curved cylinders have different radii of curvature, as shown in figure 1b. The radii
of the upstream and downstream cylinders are A2D = 12.5� and A23 = 9.5�, respectively.

The computational domain is sketched in figures 1a The size of the domain is !G = 46.08�,
!H = 30.72� and !I = 47.08�. The distance between the inflow plane and the upstream
cylinder front face is 18.08�.

The computational grid, shown in figure 1c consists of nested grid blocks, where each
child block has half the cell size as its parent block. Grid elements have the same length in
G, H and I direction. A previous study of curved tandem cylinders showed that refinement
in the curved gap region is crucial to capture the flow physics (Aasland et al. 2022a), due
to the sensitivity of the gap shear layers, as well as the curvature-induced axial velocity. For
this reason, the grid cell size in the curved gap region is the same as the cell size on the solid
bodies and in the boundary layers.

A grid convergence study was carried out in three steps, and the results are listed in table
1. With each refinement, the cell size of the smallest grid element Δ<8=/� was cut in half.
In order to save computational hours, a start-up simulation with a very coarse grid was first
run for 900 time units. This grid had the same smallest element size as the coarse grid in
table 1, but with little refinement in the gap and wake. Afterwards, the simulations with each
refined grid was started from the flow field of the previous grid. The time step was adjusted
before sampling of statistics began, in order to ensure a maximum Courant number of 0.5.
Sampling of statistics started after 100 time units �/*0 for each of the three grids in table
1. For the coarse and medium grids, statistics were sampled for 800 time units. A sampling
time of 815 time units was used for the finest grid, but due to a writing error in the force
output which led to loss of data, the force coefficients in table 1 are only computed over 585
time units.

The coarsest grid is obviously insufficient, giving coefficient values that differ substantially
from the medium and fine grids. This coarse grid resolution is unable to resolve the flow
physics in the gap region, thereby failing to capture the mode alterations that take place
therein. The differences between the medium and fine grids are much less pronounced,
although there is 22 percent difference in the root mean square (rms) of upstream cylinder
lift, with a corresponding 11 percent difference for the downstream cylinder. This is likely
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Figure 2: a) Positions of point probes at I/� = 5.0. The other I/� levels discussed have
corresponding probes with the same streamwise distances from the cylinder center, and

equal lateral positions. The streamwise coordinates of the probes P1 - P4 w.r.t. the
upstream cylinder center are as follows: [0.4�, 0.65�, 1.0�, 2.0�]. Similarly, probes P6

- P9 have the following streamwise coordinates, w.r.t. the downstream cylinder center:
[0.4�, 0.65�, 1.0�, 2.0�]. P1 and P6 are located at H/� = −0.6, whereas the remaining

shear layer probes are located at H/� = −0.65. P5 is located 0.1� upstream of the
downstream cylinder front face, at H/� = 0. b) spanwise locations and streamwise extent
of I/� planes used for visualisation, as well as the position of the probe line at G/� = −4,
which is used to compute velocity spectra in the wake. The distance between probes in the

line is 0.25�.

caused by insufficient refinement along the straight vertical extension for the medium grid.
Since the von Kármán vortices are generally stronger along the straight vertical extension
for convex curved cylinders, single or tandem (Gallardo et al. 2014; Aasland et al. 2023b)
it makes sense that less refinement in this region should affect the overall lift. Given the
discrepancies between the medium and fine grid, it may have been beneficial to test a fourth,
even finer grid. However, the computational cost precludes further refinement, and it is the
results from the fine grid that are used herein.

Three Strouhal numbers are captured, due to mode variations. A run-time of 815 time units
corresponds to approximately 138 von Kármán vortex shedding cycles, using the lowest St.
The non-dimensional time-step of the present computation was 3C = 6.6 × 10−4.

The computations were carried out on the supercomputer Betzy, run by the Norwegian
Research Infrastructure Services (NRIS). One time-step typically required between 0.5 and
0.6 seconds, and the fine grid case alone required approximately 1 500 000 time steps. All
in all, the required computational resources amount to nearly 10 million CPU hours.
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2.3. Data sampling
Time histories of the velocity were sampled at a number of point probes within the gap and
near-wake, close to the shear layers. The probe locations are illustrated in figure 2a.Probes
were sampled every second time-step, giving a frequency resolution of approximately 35 =
0.00128.

Herein, all frequencies and spectra have been computed using discrete Fourier transform
(DFT) of the velocity data from the probes. Because the present geometry if fully three-
dimensional, spanwise-averaging of spectra is inappropriate. In order to reduce spectral
leakage, Welch’s method with a Hamming window is employed. The data was partitioned
into 4 or 8 segments, to compute spectra in the wake and shear layers, respectively.

Visualisation of the flow field in various planes (based on arrays of probes) are presented
herein, and the spanwise locations of these planes are illustrated in figure 2b, for reference.

2.4. Definitions
Herein, the G, H and I directions are referred to as streamwise, crossflow and vertical. Vortices
that align with the vertical direction are dubbed spanwise. When vortex shedding modes are
discussed, "parallel" means that the spanwise orientation of the vortices are parallel to the
straight vertical extension, i.e. normal to the inflow direction, and "oblique" in this context
means the vortices have an angle in the H-plane.

Force coefficients are defined as �� = 2�/d*2
0�, where � is the force component in

question, d is the fluid density and � is the projected frontal area. Subscripts � and ! denote
drag and lift, respectively, and subscript I denotes vertical force. Note that "lift" implies
crossflow (i.e. H) direction in the present study. Subscripts D and 3 refer to the upstream and
downstream cylinders, respectively.

3. Results
3.1. Flow field overview

An overview of the flow field is given in figure 3a. The wake is turbulent, though there
is a clear von Kármán vortex street, similar to the case of a single convex curved cylinder
(Gallardo et al. 2014). In figure 3b, we see that the von Kármán vortices have a slight
backwards slant, though the shedding angles are sufficiently small so that the vortices can be
considered nearly parallel to the I-axis. Truly oblique shedding does occur, however, similar
to the Re = 500 case (Aasland et al. 2022a, 2023b). This shedding mode is discussed in
section 3.3.

Transition to turbulence initiates in the gap shear layers, by the Kelvin Helmholtz (K-H)
instability. The characteristic shear-layer vortices form in the gap between the cylinders,
as seen in figure 3a. These vortices subsequently become unstable and break down into a
myriad of small-scale eddies that make up the bulk of the von Kármán vortices in the wake.
The shear layer vortex breakdown process, shown in figure 3c, works by vortex stretching,
similar to the development of streamwise vortices in mixing layers and transitional wakes of
single cylinders (Williamson 1995). The development of small-scale horse-shoe vortex loops
during breakdown is evident in figure 3c. We see that although the shear layer vortices are
surprisingly spanwise coherent within the gap (the longest unbroken core stretching almost
10� in figure 3a), the breakdown process commences within shorter spanwise cells.

In the upper part of the curved gap, as well as in the gap along the straight vertical extension,
the shear layer vortices maintain an orientation parallel to the I-axis. However, once these
vortices have been convected past the downstream cylinder, their orientation alters to align
with the spanwise vortices forming in the near-wake, as shown in figure 3c. In the lower
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c) Close-up of the gap shear layer vortices from a), coloured by the streamwise vorticity
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into the near wake, they align with the local axial curvature.
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gap, the shear layer vortices align somewhat with the local curvature of the cylinder, and
are thus shed with slightly oblique angles. This result agrees quite well with the study of
Prasad & Williamson (1997a), who found that the shear layer instability was mostly parallel
with the cylinder axis, even when the large-scale vortex shedding itself was oblique. The
shear layer instability and the associated vortices play an important role in the dynamics, and
the spacial and temporal development of these flow features is discussed in detail in section
3.4.

Similar to convex curved tandem cylinders at Re = 500 (Aasland et al. 2022a, 2023b), there
is spanwise variation of flow regimes as the effective gap ratio widens (for decreasing I/�),
from alternating overshoot/reattachment, via symmetric reattachment to vortex shedding in
the gap. However, the transition between regimes is accelerated, due to the increased Reynolds
number in the present study, so that these transitions occur at higher I/� (i.e. lower effective
gap ratios). The accelerated transition leads to the occurrence of co-shedding, which was not
found for Re = 500. The spanwise flow regime variations are detailed in section 3.2.

The time-averaged velocity and pressure fields are presented in figure 4. Key parameters
are summarized in table 2 and compared with other convex curved cylinder cases. As with
convex curved tandem cylinders at Re = 500, the flow is characterised by recirculation
zones in the gap and wake, strong downdraft in the lower gap and wake, and a low-velocity
up-welling in the upper part of the gap and wake (Aasland et al. 2023b).

In figure 4a, we see that a recirculation zone bounded by the cylinders fills the entire
vertical gap, and a large part of the curved gap. Within this zone, there is reattachment
of the upstream cylinder shear layer onto the downstream cylinder. Reattachment causes
suction in the gap, as shown in figure 4c, which leads to a negative drag coefficient for
the downstream cylinder (see table 1), similar to straight tandem cylinders. Gap shedding
starts near I/� = −6. Recirculation in both gap and wake is eventually suppressed by the
downdraft along the curved cylinders, where the vortices attain the non-shedding, swirling
characteristics discussed in section 1.

Figure 4d shows the surface pressure on the cylinders, seen from upstream. On the
downstream cylinder, the surface pressure in the gap is predominantly negative, but a region
of positive surface pressure develops for V > 15◦. This is caused by increasing prevalence
of symmetric reattachment or gap shedding regimes.

Non-zero vertical velocities along the entire span entails that the gap and wake vortices
have a non-zero streamwise vorticity component nearly everywhere, though this component is
certainly strongest along the curved cylinders. In figure 5 time-averaged streamlines coloured
by the streamwise vorticity shows the swirling flow in the gap and along the back face of the
downstream cylinder, for the curved portion of the cylinder span. The downdraft increases
near the midspan, as seen in figure 4b, and this is also reflected in the magnitude of the
vorticity.

From table 2, we see that the gap shedding inception angle, as well as recirculation
suppression angles in the gap and wake, are all lower for Re = 3900 than for Re = 500. The
vertical velocity stagnation point in the wake is located significantly higher for Re = 3900;
it now occurs along the straight vertical extension. In the gap, however, the stagnation point
is moved slightly lower. This is likely due to more frequent gap shedding, where the slanted
vortices induce up-welling.

The primary contribution to vertical forces comes from the curved portion of the cylinders,
mainly due to the curvature-induced downdraft. Vertical forces on the straight extensions are
nearly negligible. If we, for instance, calculate �I on the upstream cylinder separately for all
parts of the geometry, we get (�IE , �I2, �Iℎ) = (0.0004, 0.2596,−0.0026) for the vertical,
curved and horizontal cylinders, respectively. Taking a look at the time-averaged pressure in

Rapids articles must not exceed this page length
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suppressed in the gap and wake, respectively (defined as D/*0 > 0 along the cylinder back
face). b) Vertical velocity. The black contour lines mark the boundaries between

up-welling and downdraft in the gap and lower wake, where VBC6D and VBC63 refer to the
stagnation points near the cylinder surfaces. c) Pressure. d) Isometric view the

time-averaged pressure on the cylinder surfaces. The black contour lines mark ?/d*2
0 = 0.

figure 4c, we see that the suction region in the curved gap gives positive pressure gradients
for the upstream cylinder, and negative pressure gradients for the downstream cylinder. The
location of the pressure minima in the gap correspond well with the vertical velocity minima
in figure 4b. However, the downdraft is not the only contribution to the suction; the gap
vortices also play a role.

Compared with Re = 500, the recirculation lengths along both the straight vertical
extension and curved cylinder are shorter in the present study. This is likely an effect of
increased entrainment which follows from transition to turbulence in the shear layers.
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Convex curved tandem cylinders Single convex curved cylinder
Re 500 3900 3900

5E 0.143/0.155 0.173/0.190/0.206 0.213/0.223
V6B 38.1◦ 35.6◦ -
VAD 45.6◦ 40.5◦ -
VA3 37.4◦ 25◦ 45◦
VBC6D 44.7◦ 48◦ -
VBC63 34.3◦ −5.1◦ 38◦
!AE/� 0.634 0.522 1.60
!A2/� 1.197 0.820 1.95

Table 2: Comparison between main results for convex curved tandem cylinders at
Re = 500 (Aasland et al. 2022a, 2023b) and the present study at Re = 3900. Values from a
single convex curved cylinder study at Re = 3900 (Gallardo et al. 2014) are included for

reference. !AE/� and !A2/� denote the recirculation lengths in the wake along the
straight vertical extension and along the curved span, respectively, measured at I/� = 5

and at I/� = −1, for the curved tandem cylinder cases, and at I/� = 4 and I/� = −1 for
the single curved cylinder case. The negative value of VBC63 for Re = 3900 implies that

the stagnation point is located along the straight vertical extension.

3.2. Spanwise development of the flow-field
The spanwise development of the flow-field in the gap and near wake is shown in figure 6.
As seen in figures 6a and 6b, alternating overshoot/reattachment persists along the straight
vertical extension, even at this high Reynolds number. However, the shear layer reattchment
is symmetric along the upper part of the curved cylinders (see figure 6c - 6e). From the
flow visualizations, we see that intermittent co-shedding has commenced at I/� = −4 (see
supplementary movie 1), though the shedding from the gap remains one-sided. The same
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Figure 6: Spanwise vorticity lI�/*0 in various I/� planes at C*0/� = 915.066
(directly after the snapshot in figure 3). The local flow regime changes from alternating

overshoot/reattachment in a) and b), to symmetric reattachment in c)- e), before shedding
of gap vortices begins in f). The regimes in f) and g) can be considered bi-stable

co-shedding regimes. Increased axial flow contributes to a considerable increase of the
shear layer separation angles, with a corresponding widening of the wake, in the lower

gap, in j). The spanwise locations of the I/� planes are illustrated in figure 1d. Along the
curved part, the effective gap spacing !4 has been computed by measuring the spacing

from the upstream cylinder back to the downstream cylinder front and adding 1�.
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Figure 7: Snapshots of the flow field at I/� = −11, showing a) narrow and b) wide near
wake modes. The narrow wake mode is accompanied by a shorter vortex formation region
and transverse motion of the shear layers. Snapshot b) is taken approximately one vortex

shedding period after snapshot a). The shortening of the formation length has clearly
reduced the streamwise wave length of the wake, so that _F1 > _F2, and the braid regions
are narrow compared to those in a). The short formation length in a) is associated with a
slight weakening of the vertical velocities in the near wake, as seen when comparing ai)

and bi).

type of local regime was observed by Aasland et al. (2023b), though lower into the wake, at
I/� = −7. Beyond I/� = −4, the flow regime is considered to be a weak form of intermittent
co-shedding where the streamwise location of roll-up in the gap meanders. owing to the strong
axial flow in the near wake, communication between the shear layers becomes increasingly
inhibited, so that shedding occurs intermittently down to I/� = −6 (figure 6g) and not at all
at I/� = −8 (figure 6h) and below. The wake still oscillates somewhat, due to forcing from
vortices higher up in the wake, as evidenced by the wake structure figure 6h.

In the lower part of the gap, the downstream cylinder is no longer in the wake of the
upstream cylinder. This means that the wake of the upstream cylinder wake can develop
more freely. The cylinders do still represent constraints within the horizontal gap, but in the
vertical direction. We see from figure 6j that the wake is quite wide in the lower gap region.
The separation angle of the shear layers is higher than within the reattachment region. This
angle is quite steady, and does not change significantly in time. However, transverse motion
of the shear layers due to vortex shedding, similar to what is found for straight single cylinders
(Prasad & Williamson 1997a), occurs intermittently. Such transverse motion is seen during
time intervals when the instantaneous vortex formation region shortens, as shown in figure
7a. During these intervals, the local flow regime resembles that of a straight elliptic cylinder
with an aspect ratio of 0.4 (see flow visualisations by Fonesca et al. (2013) or Durante et al.
(2021)). The shortening of the formation region is associated with a momentary weakening
of the vertical velocity in the near wake of the upstream cylinder. This can be observed in
figures figure 7ai and figure 7bi. A variation of the vortex formation length also leads to a
variation of the streamwise wavelength of the wake, which is clearly shown in figure 7a and
figure 7b. The variation of the vertical velocity in the gap has a significant impact on the
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Figure 9: Wavelet map of the crossflow velocity in the wake of the downstream cylinder at
I/� = 0 (probe position P9). The spectral peak shifts between 5E1, 5E2 and 5E3

(represented by horizontal dashed lines), though there are time intervals when neither of
these frequencies contain significant wavelet energy (F; . The red rectangle marks such an

interval, which corresponds roughly to event A in figure 10b.

behavior of the gap shear layers at higher I/�, something which will be further discussed in
section 3.5.

The spanwise regime variation engenders a multi-stable flow field, where three independent
vortex shedding frequencies are found in the wake (the same frequencies are found in the
force spectra, though this is not shown here). From figure 8, we see that 5E1 = 0.173*0/�
dominates the flow along the upper part of the straight vertical extension. The secondary
frequency 5E2 = 0.190*0/� develops as we move downwards along the straight vertical
extension. At I/� = 0, the third frequency 5E3 = 0.206*0/� has already grown to match
the spectral energy of 5E2. At this level, 5E2 and 5E3 are almost as energetic as 5E1. Below
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There is alteration between high and low amplitude lift modes for the downstream
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amplitude lift intervals are associated with oblique wake vortex shedding and an increased

number of spanwise vortex dislocations. These phenomena are closely coupled to the
mode switches in the gap. ��D and �ID exhibit two significant peaks, each lasting

approximately 5 vortex shedding cycles, marked by dashed red rectangles in a).

I/� = 0, the higher frequencies dominate the flow, while 5E1 gradually diminishes. For
I/� 6 −2 there is a shift of 5E3 towards a slightly lower frequency.

Figure 9 shows the wavelet transform of the signal in probe P9 at I/� = 0. We see that
the broad banded spectral peaks are generally centered on either 5E1, 5E2 or 5E3, though
there are time intervals when neither frequency contains significant spectral energy. The
three frequencies 5E1, 5E2 and 5E3 represent three different main flow regimes, or modes, that
interact and that may trigger one another. Such interactions are further discussed in section
3.5.

If we compare with previous studies of straight tandem cylinders, we see that 5E1
corresponds with co-shedding directly after the critical spacing at a comparable Reynolds
number (Xu & Zhou 2004). 5E2 and 5E3 approach the dominant frequency of a single cylinder
within the subcritical Reynolds number regime, which is typical for co-shedding regimes as
!/� increases (Sumner 2010).

3.3. Temporal variation of the forces
In figure 10b, we see that the downstream cylinder lift exhibits alteration between high and
low amplitudes. Intervals of high amplitude lift are accompanied by an increase in ��3 (i.e.
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Figure 11: a) Isosurfaces of & = 0.5 for C*0/� = 525, colored by the spanwise vorticity.
b) Solid lines indicate positive lI�/*0, while dashed lines indicate negative lI�/*0.

The wake exhibits oblique shedding with a large amount of vortex dislocations, even along
the straight vertical extension. This time instant occurs at the end of interval of low lift on

the downstream cylinder, as shown in figure 10b, and corresponds to an interval of
markedly high drag on the upstream cylinder (see figure 10a).

decreased suction, as ��3 is exclusively negative). Two high peaks stand out in the time
traces of drag and vertical force on the upstream cylinder, in figure 10a. These peaks are by
no means instantaneous events, but persist over several vortex shedding cycles. The first peak
occurs within the interval 509 6 C*0/� 6 540 and the second within 784 6 C*0/� 6 810.
It is worth noting that both these peaks are correlated in time with a transition from low
to higher amplitude lift on the downstream cylinder. However, transitions from low to high
amplitude lift are not uniquely associated with local peaks in ��D and �ID.

We have no direct observations of the flow field during the last, most prominent, peak.
However, we have a snapshot of the flow at C*0/� = 525, shown in figure 11. The difference
between the wake structure at C*0/� = 525 and 915 (figure 3a) is quite striking. While
the latter exhibits a comparably more orderly wake with nearly parallel vortex shedding and
coherent gap shear layer vortices, the former is significantly more chaotic. The spanwise
vortices have a distinct oblique shedding angle, and there is a high number of vortex
dislocations. These dislocations occur, not just in the lower wake, but also quite high up along
the straight vertical extension. Also noticeable is the development of the gap shear layers,
with accelerated breakdown, spanwise undulations and dislocations. The loss of coherence
associated with oblique vortex shedding and spanwise dislocations leads to reduced lift
on straight bluff bodies (Prasad & Williamson 1997b). The same mechanisms appear to be
responsible for the low amplitude lift intervals experienced by the downstream cylinder. For
example, the event marked A in figure 10b corresponds to a time interval of localised low
periodicity in the wake at I/� = 0, as seen in figure 9. Meanwhile, at various lower I/�
locations, the wake exhibits strong quasi-periodic fluctuations at frequencies centered on 5E3
during the same time interval.

Figure 12 shows the instantaneous pressure field in the flow at C*0/� = 525 for various
I/� levels. There is substantial variation of the flow regimes along the span, even within
relatively short spanwise distances. For instance, gap vortices form on opposite sides of the
gap at I/� = 0 and I/� = −2, shown in figure 12c and 12d, respectively. If we consider the
pressure around the downstream cylinder, it is clear that the lift force on the cylinder cannot
be in phase along the span, which lowers the total lift.

The above conclusion does not, however, directly explain the occurrence of the two
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Figure 12: Instantaneous pressure field at various I/� levels, at C*0/� = 525. The white
contour line marks ?/d*2

0 = 0. The flow regime various substantially with I/� and the
formation of gap vortices (marked by white arrows) is clearly not in phase along the span.
From the pressure distribution around the downstream cylinder, it is obvious that the lift

force on the cylinder is also out of phase, which leads to low-amplitude total lift.

distinctive peaks in the drag and vertical forces on the upstream cylinder, seen in figure 10a.
For straight tandem cylinders, the transition from reattachment to co-shedding is associated
with a jump in the drag on the upstream cylinder (Igarashi 1981). Intuitively, if co-shedding
occurred along larger portions of the curved span, this would increase the drag on the upstream
cylinder. At C*0/� = 525 there is indeed one-sided co-shedding as high as I/� = −2, as
shown in figure 12b, with 5E3 as the dominant frequency of the surrounding time trace
envelope (not shown for brevity). Because the vortices within the gap shedding region are to
some degree aligned with the local curvature, a portion of the forces exerted on the upstream
cylinder by these vortices will work in the vertical direction. This may be the reason why we
also see vertical force peaks on the upstream cylinder simultaneously with the drag peaks.

There is an important difference between the peaks at C*0/� ≈ 525 and C*0/� ≈ 800,
and that is the behavior of the upstream cylinder lift. The former is preceded by a peak
in �!D, whereas during the actual event, the lift amplitude is quite low for both cylinders.
This corresponds well with the loss of spanwise coherence described above. The peak at
C*0/� ≈ 800, however, is in-phase with a significant local peak in �!D. This indicates that
the two peaks may have altogether different origins.
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3.4. Development of the shear layers
From figure 3a, we see that shear layer vortices are shed along the entire straight vertical
extension, and the shedding also persists along nearly the entire curved cylinder span. The
inception point of the shear layer instability seems to move further upstream as we move
downwards into the curved gap.

Figure 13 shows excerpts of the time history of band-pass filtered crossflow velocity
fluctuations E′/*0 in the H/� < 0 shear layer at various I/� levels, and these can be used
to asses the behavior of the transition region. It is well known that the shear layer transition
region in a straight single cylinder near wake exhibits random streamwise meandering
(Prasad & Williamson 1997a), due to intermittent amplification of the shear layer instability
by small-scale eddies in the recirculation region (Rai 2010). This implies that when point
measurements are made in the shear layer close to the cylinder base, the shear layer instability
manifests itself as short intervals of strong velocity fluctuations, such as the ones seen in
figure 13. These fluctuations are conventionally called ’packets’. When the measurement
point is moved downstream, the number of observed fluctuation packets increases, as well
as the fluctuation amplitudes (Prasad & Williamson 1997a). In figure 13, the probe has the
same distance to the upstream cylinder center for all I/� levels. As such, an increase in the
number of packets and their amplitude indicates an upstream movement of the shear layer
transition region.

Placing a second body in the wake of a cylinder has a stabilising effect on the shear
layers. Previous studies have shown that a splitter plate (Cardell 1993) or a second cylinder
(Aasland et al. 2022b) can lessen the meandering of the shear layer transition region, and
move this region downstream. Oblique vortex shedding has a similar effect, and may delay the
critical Reynolds number for inception of transition in the shear layers (Prasad & Williamson
1997a). The stabilising effect is related to the strength of the von Kármán vortices. Both
oblique shedding and interference in the formation region weaken the vortex strength, which
means that the strength of small-scale eddies in the recirculation region is lowered. Thus,
there are fewer perturbations with sufficient strength to trigger the shear layer instability (Rai
2010).

In the present study, stabilising of the gap shear layers comes primarily from the presence
of the downstream cylinder, whose effect is particularly strong withing the reattachment
region. From figures 13a - 13c, we see that along the straight vertical extension, the number
of strong shear layer fluctuations is quite low. The number of fluctuations, their amplitude,
and the duration of the packets grow into the lower gap. This effect is especially eye-catching
between I/� = −4 and I/� = −8 (figure 13f - 13h), where gap shedding events gradually
become more frequent. The upstream movement of the shear layer transition region is caused
in part by the widening gap, decreasing the stabilising influence of the downstream cylinder,
and in part by the increase of the vertical velocity component in the recirculation region of
the upstream cylinder, as seen in figure 4b. The existence of a downdraft region towards the
end of the gap means that shear layer vortices and other small eddies are to some degree
convected downwards, where they may contribute to further amplification of the shear layer
instability. A similar mechanism was observed by Gallardo et al. (2014) in the lower wake
of a single convex curved cylinder.

The strongest fluctuations, in terms of amplitude and duration, are found at I/� = −8.
Fluctuations at I/� = −11 are not as strong, as seen in figure 13i, though they are more
plentiful. A larger number of packets at I/� = −11 makes sense, since the shear layers are
no longer stabilised by the downstream cylinder at this level. At I/� = −8, there is still some
influence from the downstream cylinder, which leads to more stable shear layers. The high
amplitude of the fluctuations at I/� = −8, compared to I/� = −11 is likely attributed to the
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Figure 13: Time traces of the band-pass filtered crossflow velocity fluctuations E′/*0 ,
sampled at probe P3 in the upstream cylinder shear layer, at various I/�. The increase of
fluctuations with decreasing I/� correspond to an upstream movement of the shear layer

transition region in the gap. Probe P3 is quite close to the upstream cylinder base (see
figure 2), so that few fluctuations are expected along the straight vertical extension. The
low and high cutoff frequencies of the band-pass filter were 5 �/*0 = 0.45 and 3.00,

respectively.

strength of the large-scale gap vortices at this level. These vortices are significantly stronger
than the more streamwise-oriented vortices at I/� = −11.

Interestingly, some of the strongest packets at I/� = −8 (marked A and B in figure 13h) are
felt in both shear layers, as shown in figure 14. Shear layer amplification events are normally
not in phase for a straight single cylinder (Rai 2010). That events A and B are in phase may
be the result of particularly strong gap shedding events. Gap shedding increases entrainment
into the recirculation region of the upstream cylinder, and may thus amplify the shear layer
instability through strong small-scale eddies. At this level, the vertical velocity component
is significant. Figure 14b shows that E′/*0 and F′/*0 have very similar amplitudes, and that
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Figure 14: Time traces of the band-pass filtered a) crossflow velocity fluctuations E′/*0
and b) vertical velocity fluctuations F′/*0, sampled at probes P3’ and P3 in the upstream
cylinder shear layers, at opposite sides of the gap at I/� = −8. We see that events A and

B, marked in figure 13h, are felt in both shear layers. This is believed to be caused by
strong gap shedding events.

Figure 15: Turbulent kinetic energy (TKE) at various I/�. TKE is strongest in the near
wake along the straight vertical extension. As the effective gap ratio widens with

decreasing I/�, the local maxima of TKE move into the gap. This reflects the change of
spanwise localised flow regime from reattachment to gap shedding.

events A and B are significant in the traces of both velocity components. Strong gap shedding
events in the lower gap generally coincide with increased vertical velocity magnitudes, and
upstream movement of the downdraft region. It is possible that this influences the shear-
layer instability so that amplification occurs in phase across the gap. Event B, which is
more symmetric across the gap than event A, also has stronger vertical velocity amplitudes.
Unfortunately, we do not have visualisation of the flow field for events like A and B, so we
cannot conclude firmly.

At the same time as the transition region moves upstream in the gap shear layers, the
near wake vortices gradually weaken due to the increasing axial flow. This is reflected in
the spanwise development of the turbulent kinetic energy (TKE), displayed in figure 15. The
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maxima of TKE are found along the straight vertical extension. However, the energy quickly
declines in the near wake for I/� 6 2, and the local maxima of TKE gradually move into
the gap. In the gap, the highest levels of TKE are found in the vicinity of I/� = −8, as shown
in figure 15g. This agrees well with our previous observations regarding the strength of the
gap vortices in this spanwise region.

Unsurprisingly, the spanwise development of the gap shear layers differs substantially
from the shear layers behind a single convex curved cylinder, due to the presence of the
downstream cylinder. In the study of Gallardo et al. (2014), the shear layer fluctuations were
strongest, and occurred most commonly, in the lower wake and, secondly, along the straight
vertical extension, at the I/� values that are equivalent to I/� = 3 and I/� = −10 in the
present study. The fluctuations at the I/� values corresponding to I/� = −2 and I/� = −6
were substantially weaker. This was attributed to the local inclination of the wake vortices. In
the present study, as we have seen, this region has an increase in the fluctuations compared to
the straight vertical extension. The effect of local inclination of the gap vortices seems to be
overshadowed by the effect of the downstream cylinder and the tandem flow regimes. It may
be that the oblique shedding in the wake has an effect on the shear layers of the downstream
cylinder, but this is impossible to evaluate, due to interference from the upstream cylinder
shear layers.

The shear layer frequency 5B; of straight tandem cylinders in the reattachment regime does
not differ from that of a single cylinder at the same Reynolds number (Aasland et al. 2022b).
In the present study, however, 5B; is affected by the curvature. Crossflow velocity spectra
sampled in the gap shear layer, at probes P1-P4 (see figure 2), are given in figure 16. The
broad-banded main peak of the shear layer frequency, centered on 5B;1�/*0 ≈ 1.07, remains
nearly constant along the straight vertical extension, down to I/� = −1. This value is similar
to 5B; in the gap of straight tandem cylinders at '4 = 4200 and !/� = 2 (Xu & Zhou 2004).
In the curved part of the gap, however, there is a gradual shift towards higher frequencies
down to I/� ≈ −4, with a main peak 5B;2�/*0 ≈ 1.3 followed by a decrease towards 5B;1.
At I/� = −6, 5B;1 and 5B;2 co-exist, and at I/� = −11, the shear layer frequencies consist
of one broad-banded peak centered on 5B;1.

In the study of Gallardo et al. (2014), the shear layer frequency along the straight vertical
extension corresponds well with results from straight single cylinder studies at a similar
Reynolds numbers (Norberg 1987; Dong et al. 2006). Downwards along the curved span,
however, there is a gradual transition to a lower frequency. As we have just seen, the situation
is very different in the present study. While 5B; seems to decrease with axial flow for a single
convex curved cylinder, there is no obvious relation between the shear layer frequency and
the axial flow in the present study. 5B;2 is first detected at a I/� level where there is still
primarily upwelling in the gap, as seen in figure 4b. Although this frequency dominates
where the vertical velocity increases rapidly, its relative importance declines again in the
region of maximum downdraft. This phenomenon may be related to interaction with the
primary instability in the wake, and will be further discussed in section 4.

Along the straight vertical extension, the difference-frequency of the shear layer and von
Kármán shedding, 5Δ = 5B;1 − 5E1, is large, indicating non-linear interaction between the two
(Miksad et al. 1982). In figure 16a, we see that the difference-frequency grows with G/�,
so that its energy is higher than that of 5B;1 at probe P4, towards the end of the gap. This is
consistent with the findings of Kourta et al. (1987) for a single straight cylinder at subcritical
Reynolds numbers. Beyond I/� = −1, non-linear interaction is not easily discernible in the
curved part of the gap.

The shear layers of the downstream cylinder are buffeted by shear layer vortices from the
gap shear layers, whose strength, coherence and frequency depend on I/�. Figure 17 shows
the crossflow velocity spectra sampled at probes P5-P7, located in the downstream cylinder
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Figure 16: Spectra of the crossflow velocity E/*0 sampled in the gap shear layer at various
I/�, at probes P1-P4 (see figure 2). 5B; is nearly constant along the straight vertical
extension, but changes to a slightly higher value, 5B;2 , in the curved gap. 5B;2 varies

somewhat along the span. The inception point of the KH instability moves upstream in the
shear layer as we move downwards in the gap, due to an increased effective gap ratio and

triggering by the vertical velocity. This is also shown by the time traces in figure 13. There
is significant non-linear interaction between the shear layer frequencies and the primary

vortex shedding frequency and its harmonics.

shear layer. We see that the peaks become increasingly broad banded in the lower wake, as the
shear layer transition region in the gap moves further upstream. This corresponds well with
the results of Khabbouchi et al. (2014), who found that increasing the free-stream turbulence
increased the bandwidth of the shear layer frequency peak. The upstream buffeting also
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Figure 17: Spectra of the crossflow velocity E/*0 sampled in the downstream cylinder
shear layer (probes P6-P8, see figure 2) at various I/�.

means that there is very little difference in the spectral energy levels at the probes along the
wake shear layers, as opposed to the gap shear layers where the inflow is nearly smooth.

In figures 17a-17d, we see that non-linear interaction, indicated by the difference-frequency
peak, occurs along the same range of I/� as in the gap shear layer. At I/� = 5, in figure 17a,
the subharmonic of the shear-layer frequency is seen. The occurrence of the subharmonic
is associated with shear-layer vortex pairing (Ho & Huang 1982). Looking at figure 6a, it is
easy to see that pairing is possible in the overshooting gap shear layer at I/� = 5, as well
as at I/� = 1 (figure 6b). Here, the streamwise distance between the shear-layer transition
and the merging of the upstream and downstream shear layers is sufficiently long to permit
pairing, in accordance with the observations of Cardell (1993). This is not the case with
the symmetric reattachment seen in figures 6c - 6e. Intuitively, shear layer vortex pairing
might also occur further down in the curved gap, when the transition region moves upstream,
similar to straight tandem cylinders at a higher subcritical Reynolds number (Aasland et al.
2022b). However, the overall turbulence level in this region makes it hard to distinguish the
subharmonic in the spectra, as seen in figures 17f - 17h. Pairing events at I/� = 1 have been
recorded, and some of these are shown i figure 18.

3.5. Flow modes and the interaction between them
The presence of mode switches in the flow has been established through examination of the
force time traces and crossflow velocity spectra, as well as flow visualisations (for example
in the snapshots at I/� = −11 in figure 7). In the following, we examine the characteristics
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Figure 18: Temporal development of the flow field at I/� = 1, visualised by the spanwise
vorticity. Paring of shear layer vortices occurs twice during the depicted time interval. First
the vortices B;E1 and B;E2 undergo pairing between a) and c). B;E3 and B;E4 subsequently
pair, between c) and e). The paired structures are convected into the near wake. Between
h) and i), there is a switch from alternating to symmetric reattachment. This mode change
occurs simultaneous with a decrease of the global lift force on the downstream cylinder, as

shown in figure 10b. In panels b)-g) we see that shear layer vortices from the upstream
cylinder are fed directly into the near wake so that the forming wake vortex consists
primarily of such vortices (dashed oval). This may affect the shedding frequency.
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of these mode switches and how they influence other co-existing regimes along the cylinder
span.

Our flow visualisations indicate that loss of spanwise coherence discussed in section 3.3
results from one or several mode switches. At I/� = 1, around C*0/� = 923.5, we observe
a switch from strong to weak wake vortex shedding, accompanied by a narrower wake width.
This is clearly shown in figure 18h - 18j, as well as in supplementary movie 2. The switch
directly precedes a reduction of the global downstream lift amplitude, as shown in figure 10b.
When the weak shedding begins, the shear layers become more symmetrically reattached,
and the shear layer instability in both shear layers appears to be fairly synchronized in both
time and streamwise position.

Meanwhile, at other spanwise locations, different types of mode switches occur simulta-
neously, though none appear to be as persistent in time as the one observed at I/� = 1.
At I/� = −1, where the basic flow regime is symmetric reattachment there is a significant
reduction of the shear layer instability (see figure 19b), around the time of the mode switch
at I/� = 1. The shear layers remain laminar, and shear layer vortices only form at the
very end of the gap. This scenario lasts for approximately one vortex shedding period, after
which the shear layer transition region moves upstream in the gap. All simultaneous mode
variations cannot be displayed herein, but supplementary movies (see movies 3-5) show the
development of the flow field in additional I/� planes. In the range −4 6 I/� 6 −1, a
temporary weakening of the wake vortex shedding is found.

Mode switches along the span appear to be closely related to the variations of the vertical
velocity component, which gives a clue as to how modes may interact and influence each
other. In the curved part of the gap, both positive and negative vertical velocities exist at all
I/� levels, meaning information can be carried both upwards and downwards along the span.
The mode switch described above, for instance, is directly preceded by a strong gap shedding
event observed at I/� = −6 and I/� = −8, which influences the vertical velocity component
F/*0 in the gap region. At the same time, the near wake at I/� = −11 undergoes a massive
widening. F/*0 is generally positive in the upstream cylinder shear layers. Towards the gap
centerline, however, a downdraft region develops, growing larger in the lower gap.

At I/� = −1, upwelling is prevalent in the gap, except in a small region of downdraft
near the front face of the downstream cylinder. Figure 19 shows a gradual upstream shift
of this downdraft region, which occurs around the same time as the previously described
mode switch. At the same time as moving upstream, this region slowly diffuses and breaks
up into smaller regions (figure 19ci). The gap shear layers subsequently undergo a distinct
change from being relatively calm and stable to a state of strong instability, with a significant
upstream shift of the transition region, shown in figure 19d. We see that amplification of
the shear layer instability occurs when smaller downdraft regions move into contact with the
shear layers.

If we consider the inviscid vorticity equation

�8

�C
= (8 · ∇) u (3.1)

and its spanwise component

�lI

�C
= lG

mF

mG
+ lH

mF

mH︸              ︷︷              ︸
C8;C8=6

+ lI
mF

mI︸ ︷︷ ︸
BCA4C2ℎ8=6

(3.2)

we see that the downdraft F can amplify the spanwise vorticity of the shear layer in several
ways. All three vorticity components are non-zero in the majority of the gap and wake flow,
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Figure 19: Instantaneous spanwise vorticity (left) and vertical velocity (right) at
I/� = −1. The downdraft region, marked by a dashed circle, along the downstream

cylinder front face meanders upstream between ai) and bi) and breaks up into smaller
regions. In ci), some of these small downdraft regions come into contact with the shear

layer near the black arrows, and trigger the Kelvin-Helmholtz instability. This causes the
shear layer transition region to shift upstream, as seen in d). The shown time interval

covers a little more than two vortex shedding cycles.

so that neither of the right-hand side terms of equation 3.2 are zero unless the gradients of
the vertical velocity are zero. As seen in figure 19ai, the vertical velocity is positive in the
larger part of the gap region at I/� = −1, with slightly higher values towards the outer part
of the shear layer. When a downdraft region comes into contact with a shear layer region
with positively signed vertical velocity (such as in figure 19ci), this creates a strong gradient
of the vertical velocity in the H-direction. We also see from figure 19ci, that there must be a
gradient of the vertical velocity in the G-direction, albeit weaker. These two vertical velocity
gradients contribute to amplification of the shear layer instability through vortex tilting (first
two terms of equation 3.2). While the vertical velocity gradient in I-direction may not be
very stong, the spanwise vorticity certainly is, meaning that a significant contribution to the
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Figure 20: Spectral energy map of 5*0/� = 0.010625 at a) I/� = −11 and b) I/� = −1
(see figure 2b). A cluster of low-frequency spectral energy in the vortex formation region

at I/� = −11 implies a slow variation of the formation length. This type of mode
variation is visualised in figure 7. The mode variation in the lower gap causes modulation
of the vertical velocity, which in turn influences the position of the shear layer transition

region, as shown in figure 19

shear layer amplification can also come from vortex stretching (last term of equation 3.2).
This is in keeping with the results of Rai (2010) regarding amplification of the shear layer
instability.

The slow meandering of the downdraft region observed in figure 19 corresponds with the
results of Aasland et al. (2023b) for curved tandem cylinders at Re = 500. In that study, it
was suggested that a low-frequency variation of the vortex formation length in the lower part
of the gap influenced the downdraft along the front face of the downstream cylinder. Such
low-frequency variation in the lower gap is indicated by the flow visualizations in figure
7, as well as the spectral analysis herein. Figure 20 shows maps of the spectral density of
5*0/� = 0.010625, captured during the simulations by in-situ FFT analysis. At I/� = −11,
the spectral energy is clustered in the vortex formation region, whereas at I/� = −1, the
energy is clustered near the reattachment points and in the shear layer towards the end of
the gap. We have seen that the vertical velocity in the gap impact the stability of the gap
shear layers, and that this vertical velocity is coupled with low-frequency mode variations in
the lower gap. Together, these results imply that the vortex dynamics of the lower gap may
influence the shear layer instability at higher I/� levels, through modulation of the vertical
velocity. Furthermore, these dynamics may influence the near wake, since an upstream shift
of the transition region in the gap shear layers leads to increased fluid entrainment into the
wake vortices, similar to free-stream turbulence(Khabbouchi et al. 2014).

The modulation of the vertical velocity component in the low-Re study of Aasland et al.
(2023b) also contributed to low-frequency quasi-periodic asymmetry of the large-scale gap
vortices, so that the gap recirculation region was biased towards one side for several vortex
shedding periods. The bias switched with a period of some 100 time units. A similar type
of asymmetry is seen in the present study, corresponding to one-sided formation and/or
shedding, depending on the effective gap ratio. The obvious quasi-periodicity observed in
the previous study is not present, however, due to the co-existence of several modes at the
same spanwise location (such as at I/� = 0). Time traces taken at the gap centreline, directly
upstream of the downstream cylinder front face (probe P5) are presented in figure 21. At
I/� = 1, in figure 21b, a similar bias as for Re = 500, with approximately the same period
is observed. The behavior is not consistent, however, as other flow modes intermittently
become dominant. Gap asymmetry is most prominent in the range −4 6 I/� 6 −1, as
seen in figures 21d - 21f. This is where one-sided co-shedding starts to occur frequently. At
I/� = −6, in figure 21g, we see longer intervals of non-biased E/*0, which is indicative
of roll-up of both gap shear layers. Finally, at I/� = −8, roll-up of both shear layers is the
dominant flow mode in the gap, as seen in figure 21h.
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Figure 21: Time traces of the crossflow velocity E/*0 on the gap centreline (probe P5) at
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vortex shedding periods is observed along the entire gap, and indicates one-sided
formation or shedding of gap vortices. Due to the co-existence of flow modes, the bias is

intermittent.
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4. Discussion
We have seen that the present study has several features in common with convex curved
tandem cylinders at Re = 500 (Aasland et al. 2023b), though transition to turbulence in the
shear layers has a significant impact. An important difference between the gap and wake
dynamics of the present and previous studies, however, is that for Re = 500 the vortex
formation is entirely dominated by the frequency of the vortices in the upper wake, so
that (C = 0.143 dominates along the entire span. For Re = 3900, on the other hand, there
is a gradual shift of the dominant frequency along the span, and this is reflected in the
instantaneous flow field. Three separate main modes have been identified, each with their
distinct dominant frequency. We have seen that although these modes are localized in the
sense that one will dominate along a given spanwise section, they do co-exist. Given that
alternating overshoot/reattachment can also be a bi-stable flow regime for !/� = 3, both
for straight (Aasland et al. 2023a) and curved tandem cylinders (Aasland et al. 2023b), this
result implies that there is no truly stable flow regime anywhere along the span.

There is communication along the span by means of the vertical velocity component,
which causes local regimes to interact and influence each other. One can readily imagine
that an unstable local regime might switch to its closest neighbour regime when perturbed.
At I/� = 1, for example, that regime is symmetric reattachment, which occurs near the
transition between the straight vertical extension and the curved cylinders. Thus, a mode
switch between alternating overshoot/reattachment and symmetric reattachment is observed.
Such a mode switch has not previously been reported for straight tandem cylinders, nor was it
seen for curved tandem cylinders at a lower Reynolds number. Since the switch seems closely
related to the instability of the shear layers, it cannot be expected to occur at a Reynolds
number at which the shear layers are stable. There is, however, no reason to believe that a
bi-stable switch between alternating overshoot/reattachment and symmetric reattachment
should be non-existing for straight tandem cylinders at a subcritical Reynolds number,
considering the variation of mode switches already observed (Igarashi 1981; Xu & Zhou
2004; Kitagawa & Ohta 2008; Aasland et al. 2023a).

We have seen that the shear layer instability in the gap may have a profound influence on the
near wake vortex dynamics. In light of this observation, it is an interesting question whether
the reverse is true; i.e. do the large-scale vortex dynamics influence the shear layer instability
in the gap, and if so, in what way? Kourta et al. (1987) found that non-linear interaction
between the primary instability and the shear layer instability persisted even with a splitter
plate in the wake. However, the basic shear layer frequency was not changed, contrary to
the primary instability, which exhibits a lower dominant frequency when a splitter plate
is introduced. This result indicated that there was no direct feedback from the von Kármán
vortex shedding. The same conclusion was drawn by Aasland et al. (2022a), when comparing
the shear layer frequencies for straight single and tandem cylinders at Re = 104. This may
not be the case in the present study, however, due to the cylinder curvature.

To shed more light on this matter, we consider first possible reasons why the shear
layer frequency decreased in the lower gap in the single convex curved cylinder study of
Gallardo et al. (2014). The results showed a slight decrease in 5E in the lower wake, which
coincided with weakening of the wake vortices. If 5E and 5B; are de-coupled, like in the
splitter plate case, a decrease of 5E cannot be the cause of a decrease in 5B; . The change in 5B;
may, however, be related to the axial flow itself, either along the cylinder front face, or in the
near wake. In the case of straight single cylinders, 5B; decreases with decreasing Reynolds
number (Bloor 1964; Prasad & Williamson 1997a). Like Prasad & Williamson (1997a), we
assume that the shear layer frequency scales with the velocity outside the boundary layer at
separation *B4?, and the momentum thickness of the shear layer at the point where the K-H
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instability is first triggered X:ℎ, so that

5B; ∼
*B4?

X:ℎ
. (4.1)

Note that X:ℎ is not the momentum thickness where transition to turbulence occurs, but the
thickness at the inception of the linear K-H instability, in accordance with the definition by
Sato (1965). From 4.1, we gather that the decrease of 5B; downwards along the span in the
study of Gallardo et al. (2014) should be related to either a decrease in the velocity outside
the boundary layer, which may occur due to curvature-induced axial flow, or an increase in
momentum thickness. Such data are not presented in that study, however, so we cannot draw
any firm conclusions.

In the present study, however, we can calculate the momentum thickness by

X:ℎ =
∫ ∞

0

D(H)
*∞

(
1 − D(H)

*∞

)
3H (4.2)

where *∞ is the velocity just outside the shear layer. With the available data, we cannot
accurately determine the position of inception of the linear K-H instability, so we have
used probe P1 as the reference position. The drawback of this method is that the transition
region moves upstream with decreasing I/�, which must necessarily have an effect on the
momentum thickness at probe P1.

The time-averaged velocity outside the boundary layer of the upstream cylinder at
separation and the calculated momentum thickness X?1 are shown in figure 22a and 22b,
respectively. We see that both variables decline with decreasing I/�. The ratio between D/*0
and X?1/� is plotted in figure 22c. Apart from the dip at I/� = −2, there is a steady increase
downwards into the gap. According to equation 4.1, there should have been an increase in
the frequency. From section 3.4, however, we recall that the shear layer frequency increases
between I/� = −1 and I/� = −4, and then decreases to its former value into the lower
curved gap. Even with the uncertainty added from using P1, it is clear that equation 4.1
cannot explain the spanwise variation of the shear layer frequency in the present study. Thus,
the explanation must be found elsewhere.

A notable feature of the shear layer frequencies herein is that they are all very close to the
higher harmonics of the von Kármán vortices, and they seem to be tied to the dominant local
Strouhal number. The increase of the gap shear layer frequency along the curved cylinder span
follows the Strouhal number shift towards 5E3, so that the relative importance of 5B;2 grows.
When the strength of 5E3 diminishes in the more broad banded cross velocity spectra in the
lower wake (see figure 8h), the strength of 5B;2 declines in favor of 5B;1. These observations
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indicate that the large-scale vortex dynamics truly may exercise an influence on the shear
layer instability, possibly through fluctuations in the pressure field. One may hypothesise that
the gap shear layers are more susceptible to external forcing in the present case, compared
to straight tandem cylinders, because of the de-stabilising effect of the vertical velocity
demonstrated in section 3.5.

5. Concluding remarks
In the present study, turbulent flow around curved tandem cylinders has been studied for the
first time, by means of DNS. The convex configuration was considered, with a nominal gap
ratio of !/� = 3. The Reynolds number was Re = 3900.

There is spanwise variation of flow regimes, and three distinct Strouhal numbers are found
in the flow, corresponding to alternating overshoot/reattachment, symmetric reattachment
and co-shedding. This situation is quite different from a single convex curved cylinder and
convex curved tandem cylinders at a lower Reynolds number, where the vortices in the
upper wake govern the flow so that only one dominant frequency is found. An important
finding is that though one of the three modes is normally dominant along a given spanwise
section, a minimum of two modes co-exist along the majority of the span. Given that
alternating overshoot/reattachment is a bi-stable flow regime for !/� = 3, this implies that
there is no truly stable flow regime anywhere along the span. Near the transition between
the curved cylinder and the straight vertical extension, all three modes co-exist and have
approximately equal spectral densities, indicating multi-stability. A mode switch between
alternating overshoot/reattachment and symmetric reattachment is directly observed. This
type of bi-stability has not been reported for straight tandem cylinders.

Random alterations between parallel and oblique shedding are found, and these are closely
connected to spanwise vortex dislocations in the wake, caused by mode switches. The
dislocations may occur along the entire height of the wake, and result in extended time
intervals of low-amplitude lift fluctuations on the downstream cylinder.

At Re = 3900, transition to turbulence initiates in the shear layers, and a key objective
of the present investigation has been to characterise the effect of the shear layer instability
and on this intrinsically complex flow field. Detailed numerical results reveal that there
are complex interactions between the primary instability, the shear layer instability, and the
alterations between different tandem cylinder flow modes along the span. Amplification of
the shear layer instability in the gap results in increased forcing on the downstream cylinder
shear layers, which may in turn influence the wake vortex formation process and trigger
an intermittent switch of tandem cylinder flow regimes. Conversely, the spectral analysis
indicates that there may be direct feedback from the vortices in the near wake to the shear
layer instability, so that the shear layer frequency is to some degree governed by the local
dominant Strouhal number.

The axial velocity in the gap plays an integral role in the interaction between the shear
layer instability and the flow modes, because it contributes to amplification of the shear layer
instability through vortex tilting and stretching. In particular, the downdraft region along the
front face of the downstream cylinder exhibits slow streamwise meandering, governed by the
low-frequency variation of the vortex formation length in the lower gap region. When this
downdraft region travels upstream in the gap, it may trigger early transition to turbulence
in the shear layer, and thus modify the the gap and near wake flow field. This means that
the dynamics of the lower gap region may in fact influence the shear layer instability much
higher up in the gap.
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