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ARTICLE INFO ABSTRACT

Editor: Hong-Jian He We study three-flavor QCD in a uniform magnetic field using chiral perturbation theory (yPT).
We construct the vacuum free energy density, quark condensate shifts induced by the magnetic
field and the renormalized magnetization to ©(p°®) in the chiral expansion. We find that the
calculation of the free energy is greatly simplified by cancellations among two-loop diagrams
involving charged mesons. In comparing our results with recent 2 + 1-flavor lattice QCD data, we
find that the light quark condensate shift at O(p°) is in better agreement than the shift at O(p*). We
also find that the renormalized magnetization, due to its small-ness, possesses large uncertainties
at O(p°) due to the uncertainties in the low-energy constants.

1. Introduction

Quantum Chromodynamics (QCD) in a magnetic background has generated interest in recent years, due to its phenomenological
importance to the astrophysics of neutron stars, which are in a cold and possibly magnetized state (within magnetars), and their
relevance in non-central heavy-ion collisions in which QCD may undergo a transition to a deconfined, high temperature phase [1-4].
Furthermore, the QCD phase diagram at finite magnetic field has generated interest even at zero temperature and zero baryon density
due to its roles in modifying the chiral condensate, the chiral order parameter that characterizes the ground state of QCD. For two
massless flavors, the QCD Lagrangian has an SU(2); X SU(2)g X U(1)p symmetry associated with independent rotations of the left
and right handed quarks, the ground state breaks this symmetry down to an SU(2),, x U(1)p giving rise to three Goldstone modes,
i.e. pions in the low-energy spectrum. For three massless flavors, the Lagrangian has an SU(3); X SU(3)g X U(1)g symmetry which
is broken down to SU(3),, by the formation of the light and strange quark condensates giving rise to eight Goldstone modes, namely
the three pions, four kaons and an eta, consistent with Goldstone’s theorem. In reality these degrees of freedom have masses that are
smaller than the typical hadronic scale of approximately Ay,q ~ 1 GeV due to the finite constituent quark masses and are referred
to as pseudo-Goldstone modes. The effective field theory that encapsulates the interactions of these low-energy degrees of freedom
is chiral perturbation theory (yPT) [5-9]. ¥PT is constructed solely using the global symmetries of QCD and its low-energy degrees
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of freedom. Given a consistent power-counting scheme, one can systematically calculate model-independent corrections to processes
involving pions and kaons in a low-energy expansion.

While there are numerous model-dependent studies of the QCD vacuum in the presence of electromagnetic fields, here we
focus on yPT, which is a model-independent low-energy effective theory of QCD. Studies at O(p*) of two-flavor yPT in a uniform
magnetic field at T =0 were conducted in Refs. [10,11] using the Schwinger formalism [12] first developed in the context of
quantum electrodynamics. The standard Schwinger integral for the effective potential of charged bosons gives rise to a magnetic
field-dependent contribution that decreases in magnitude with increasing boson mass and increases with increasing magnetic fields.
The chiral condensate, which is negative in the QCD vacuum, is in effect a measure of the first-order change of the vacuum energy as
a function of the quark mass, and increases in magnitude with increasing magnetic fields. This is an example of magnetic catalysis,
first discussed in Refs. [13-19]. At T =0, magnetic catalysis is a robust phenomenon observed in low-energy models and theories
as well on the lattice [20-25]. On the lattice, the mechanism behind magnetic catalysis can be understood in terms of the so-called
valence and sea contributions, as discussed in e.g. Ref. [23]. To a very good approximation, the change of the quark condensate
with increasing magnetic field is the sum of terms coming separately from the change in the Dirac operator and the measure in
the partition function. At zero temperature, both contributions enhance the condensate as the field increases. On the other hand,
inverse magnetic catalysis refers to either to the decrease in the deconfinement transition temperature upon the introduction of an
external magnetic field, or to the decrease in the size of the chiral condensate with increasing temperature as observed in lattice QCD
calculations. As discussed in Refs. [26,27], yPT calculations at O(p®) produce a behavior that is opposite to those observed in lattice
calculations.

Zero temperature studies at O(p®) in two-flavor yPT were first conducted in Refs. [28,29]. In Ref. [29], the conclusion is that due
to the uncertainties in the low-energy constants of yPT, the chiral condensate may or may not be enhanced in magnitude relative to
the O(p*) values. In this paper, we study in addition to the chiral condensate and magnetic catalysis, the renormalized magnetization
of the QCD vacuum in a uniform magnetic background in three-flavor yPT to O(p®). Magnetization, the response of the vacuum free
energy to a first order change in the magnetic field or the derivative of the vacuum energy with respect to the external magnetic field,
was first considered briefly within yPT in Ref. [30], and more recently in Ref. [31], in the deconfined phase of QCD in Ref. [32],
and in the hadron resonance gas model in Ref. [33]. Within lattice QCD, it has been studied in Ref. [34].

In this paper, we generalize the O(p*) yPT comparison to lattice QCD of Ref. [35] and calculate the vacuum free energy density,
the condensate shifts, and the renormalized magnetization in three-flavor yPT to ©(p°®). The paper is organized as follows. In
Section 2, we discuss the relevant yPT Lagrangian required for the calculation of the free energy (density). In the following Section 3,
we derive the translationally non-invariant, Schwinger propagator associated with mesons in a background magnetic field and discuss
simplifying features of the two-loop mesonic diagrams. In Section 4, we discuss the free energy, quark condensates and magnetization
at zero temperature, compare with recent lattice calculations and conclude with a summary in Section 5. Finally, we list the various
constants and renormalized yPT low energy constants required for renormalization in Appendix A, the relevant yPT Lagrangian in
Appendix B, useful Schwinger integrals and in Appendix C and the zero magnetic field vacuum free energy in terms of bare quantities
in Appendix D.

2. The yPT Lagrangian

The fundamental building blocks of the yPT Lagrangian are the pseudo-Goldstone modes, which are encoded in an SU(3) matrix,
3. Their masses are incorporated through a scalar-pseudoscalar source y = 2B (s +ip), where the scalar source, s is equal to the quark
mass matrix, M = diag(m,, m,, m,) and the pseudoscalar source p is zero. The external magnetic field is incorporated through left and
right sources, which are defined as

1
rﬂ=l”=—eQA;’“=—§ </13+%/18> , (@)

where Q0 = diag(+%, —%, —%) is the quark charge matrix, which has been written in terms of the Gell-Mann matrices 4; and Ag and the

corresponding field-strength tensors associated with the left-and-right sources are

R _ ; L _ ;
Fuv—ayrv—z)vrﬂ—t[rwrv] Fﬂv—aﬂlv—dvlﬂ—t[lwlv] s 2

and Az’“ is the electromagnetic gauge field, which is required to define the covariant derivative that enters the chiral Lagrangian
V,E2=0,Z—ir,E+i%l, =0,5 - ieAT[Q,3]. 3)

The Lagrangian is organized in a power counting scheme where the SU(3) field X is O(p°), derivatives and covariant derivatives are
O(p") with the external left-and-right fields, r, and I, and the gauge field counting as O(p") and the scalar-pseudoscalar source count
as O(p?). The field strength tensors are consequently O(p?). We require the yPT Lagrangian upto O(p°) — we will use the notation £,
for the Lagrangian at O(p") in the chiral expansion. The @(p?) Minkowski space Lagrangian in yPT is

Ly=—Lp pwvg f—zTr[V S(VHE) ]+ f—zTr[;(zuzf] 4)

2T g 4 # 4 ’

where f is the bare pion decay constant and F,, the electromagnetic tensor associated with the external gauge field. The O(p*)
Lagrangian in Minkowski space required for our calculation is



P. Adhikari and I. Striimke Nuclear Physics, Section B 997 (2023) 116389
L4=L,Tr |V, S(VFE) | Tr(xE" + ¢12) + Ls Tr [V, 2V E) (427 + 4TD)]

+ Lo [T + D)) + Ly [Tr(r= = 1)) + Ly Tr (4720 + 437 427)

. . 5
—iLyTr [F;VME(VVE)' +FL(v45) vvz] + Ly Tr [ZFMLVZTFR’”] )
+HTr [F‘ﬁFR”V + F”LVFL“V] +H Tr(xx")
where L; (H;) are the low-energy (high-energy) constants, which are defined as
A% 1
Li=L+T,A, Hy=H'+A, A=-— (:+1). 6)
i i 2(4r)2 \&

where I'; and A; are constants required for renormalization, see Eq. (A.1).
The running of the renormalized couplings, L] and H], is deduced straightforwardly from their definitions since the bare low-
energy and high-energy constant are scale independent,

dL! I, dH! A,
i —_ i , A 1 [ L , (7)
dA ~ (4n)? dA (@dr)y?
and will be important in verifying the scale-invariance of the free energy (density). There is further low-energy constants that enter
through the ©(p®) yPT Lagrangian,
Lo=CroTrl(xZ" + 12?1+ Co Tr[r = + 1T ZP Tr[y=F + 4121+ Gy Tr[r=F + 472
1 1 1 1
+Co Tr(22) ¢(22)T + 22 y'221+ Cgy Trlr =7 + Sy 1 Tr (£, /1] ®
+ Coy det[y + ;f],
with only terms relevant to our analysis presented. Magnetic field dependence enters exclusively through f,,,, which is defined in
1 | . 1 1
terms of the left-and-right field strength tensors and the SU(3) field, f, v =22 FMLV ) +@2)t Ffv %2. The bare coupling constants,
C;,

Dy | TOA (1 )2 @+ ri)A-2 (1 )

= Gnf? T @n? 4Ty 24nf) et

)]

3

are defined in terms of their renormalized counterparts lej = (475)2C’.rj, the constants FEIZ.) and I“gjl.), see Egs. (A.2), (A.3) and (A.4), and
FS}.L) are linear combinations of the renormalized low energy constants, L} - we list these in Egs. (A.5)-(A.10). The running of the
renormalized couplings D! is most conveniently expressed in combinations that appear in the O(p®) free energy (density) and the
quark condensates, see Egs. (A.11)-(A.18).

The contribution to the free energy at O(p®) arises through two-loop diagrams with vertices from £,, one-loop diagrams with
vertices from £, and tree-level diagrams with vertices from L. There we need to expand £, up to quartic order in the meson fields, £,
up to quadratic order and require the tree-level £ contributions. In order to do so, the SU(3) field is most conveniently parametrized
in an exponential representation X = exp (%), involving the Gell-Mann matrices, 4,, and Einstein summation convention for

repeated indices is assumed. In an external background magnetic field, it is convenient to work in the basis of the charged eigenstates

0+ \/Lgn Vot V2Kt

bady=| V21 0+ V2K | (10)
V2K- V2K —%n

The static Lagrangian in the isospin limit is
1 1 o o
£2,0=—§H2+ Efz(mi+2m§<), (11
where H is the external magnetic field and the Lagrangian quadratic in the meson fields is
Lyy =D,z D'z~ —iz*x” + D,K*D'K™ — i} KT K~

1

_ _ (12)
+0,K%9"K® — ik K°K® + Eaﬂnoa”no - %ﬁli(ﬂo)z + %aﬂnaﬂn - %ﬁzinz ,

where the covariant derivatives are defined for the charged scalar fields, z* and K* as D, C* = (9, + ieA;’“)Ci. In the isospin limit,
m, = my, there is no mixing between the neutral pion and the eta. The meson octet bare masses, ;, in terms of the degenerate light
quark mass, = %(mu + my), and the strange quark mass m,, are

2 = 2By % = By(ih + my) = %Bo(ﬁz+2ms). (13)

In order to find the vacuum free energy, we require four mesonic field contributions from L,, tree-level and two-mesonic field
contributions from £, and tree-level contributions from £4. We present these in Appendix B.
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3. The charged propagator

For the calculation of the loop contributions to the free energy, we require expressions for the meson propagators in a background
magnetic field. We work in Euclidean space and choose the fully asymmetric gauge A;’“ =(0,—H x,,0,0) that allows for the utilization
of the harmonic oscillator propagator [36]. For charged scalar fields ¢ and ¢’ (either z= or K* in three-flavor yPT) with mass my,
and charge +e, the quadratic action in Euclidean space is

Squad = / d'x ¢ (x) [—DyD,, +mf,s] $(x) s (14)
which can be simplified using the Fourier representation of the charged scalar field
Bk iz, g
P(x)= We ok, x5) , (15)

where k = (ky,0, k,, k3) and X = (x,0, x5, x3). Then the quadratic action, after an integration over %, which gives rise to (27)*6® (k- k"),
a further integration over k’, becomes

&k ;- 1 1 1 N
Squad =/dx2/ Gy #'Ex) [2 (Epi( + 3 EHPX? 43 [kg +I2+ mé] )] DY (16)
from which the inverse propagator is easily identified
4 L, 1 242 2,2, 2| = 2
D =2<§px+5(eH)X>+[k0+k3+m¢]=2H+El, a7

where X =x, + :—,‘1, px =—idy and ET =k} + k3 + mi The propagator can be recast in the Schwinger proper time form, which in the
| X) basis is
DX’ X)=(X'|D|X)= % /ds (X'|e=M | X)e SEL/2 (18)
0

Utilizing the harmonic oscillator propagator,

s H eH
XM X) =1/ — [- X2+ X?)cosheHs —2X'X ] 19
(X'le X 2z sinheH's xp 2sinheH s {( JcosheH's } 19)

and performing the momentum integrals in the quadratic action, which are all Gaussian, the propagator in position space (after a
change of variables s — 2s) is

0

2 H(Ax2+Ax2 2 2
D(x’ x)= eieHAxli(z 1 ﬂ eHs e_md’s exp _e ( X1+ XZ) _ Ax0+Ax3 (20)
’ (47)? s2 sinheH's 4tanheH s 45 ,
0

with Ax, = x; —x, characterizing the difference between Euclidean coordinates. The propagator satisfies the Green’s function identity
(=D, D, +m)D(', x) = 6D (' - x) , (21)

as is seen by first writing m2D(x’,x) in terms of a proper-time derivative of e_méx in the integrand. An integration by parts then
produces a boundary term with a non-vanishing contribution in the s — 0 limit, which is a Gaussian representation of a four-
dimensional §-function in Euclidean space. The non-boundary term cancels exactly with the term that arises through the double-
covariant derivative in the first variable of D(x’, x).

For coincident points, the propagator is coordinate-independent and can be separated into a divergent H =0 contribution and a
finite H contribution

D(x,x) = D(m}) = Dy(my) + Dy (m}) - (22)
The divergence can be handled in dimensional regularization in 4 — 2¢ dimension that results in the standard expression
2
m 2
o |1 A
Dy(m2) =~ —+1+log=1|, 23
W) =~ [E g'"i] (23)

consisting of a chiral log and a dependence on the MS scale A. The finite magnetic field-dependent contribution

eH m,
L (2 24
(4”)2 H~2(eH) ( )

is best expressed in terms of a dimensionless function 7 ,(z), which has a closed form expression [37] that depends on the I'-function,

Dy(my) =

Ty ,(z)=2log I“(%) +z—zlog % —log(2x) . (25)
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Fig. 1. Next-to-next-to-leading order graphs that contribute to the vacuum free energy (density). The solid lines represent charged mesons, the dashed lines represent

neutral mesons and the wiggly line represents a magnetic field insertion. The solid vertex contributes at O(p?), the dashed vertex at O(p*) and the empty vertex at
o).

When evaluating vacuum diagrams that contribute to the free energy, the O(p*) contribution is the standard one-loop effective
potential. At O(p%), on the other hand, there are diagrams with one or two loops that consist of operators with either one or two
covariant derivatives in each loop,

lim (6" ("D, (x)) = lim D,D(x',x), (26)
lim <D;¢T (YD, ¢(x)) = lim D! D, D(',x), 27)

with the covariant derivative taken prior to the coincident limit. There are corresponding operators for neutral mesons with covariant
derivatives replaced by regular ones. Here, we focus only on the charged fields, since unlike their neutral counterparts, the contribu-
tions of the charged fields do not vanish trivially. The vacuum graph containing Eq. (26) is non-vanishing in the first spatial direction
and an odd function in x,. In a one-loop diagram, the contribution vanishes upon integration but in a two-loop diagram with a second
charged meson loop, the overall contribution is even in x, but ultimately cancel to zero — contributions from £, 4 proportional to
qu.’)* Dﬂcpqﬁ*qﬁ cancel with those proportional to D”q.’ﬁ Dﬂc/)*c/)qb + qu.')qu.’)cp*qﬁ*. The contribution with a single covariant derivative
acting on the primed coordinate vanishes trivially in the coincident limit. For the neutral mesons, both single derivative operators
vanish but for the charged mesons, the result is asymmetric due to the presence of the Schwinger phase factor, which produces a
minus sign upon the exchange of the first spatial coordinates.

The latter contribution can be handled within one and two-loop vacuum diagrams through integration by parts, which amounts
to utilizing the identity

xl/iinx(u;qﬁ(x/)pmx)) = —méD(x, x). (28)

The boundary term that arises vanishes either because it is spatially independent or because the integral is odd in x,. A non-boundary
term proportional to the §-function vanishes in dimensional regularization since the resulting integrand is coordinate-independent.

4. Vacuum free energy, quark condensate shifts and renormalized magnetization at T =0
4.1. Vacuum free energy (density)

The vacuum free energy, 7, relates to the partition function, Z through a proportionality constant that depends on the physical
volume V' and the inverse temperature f

F= _ﬂ—V mz=3 F"= Z(Pé") +FM). (29)
n

In the second equality, 7 is the contribution at ()(p") that in the third equality has been separated into contributions independent
of and dependent on the external magnetic field.
The contributions to 7® arise through £, , and consist of a pure gauge contribution, Pg) = %H 2 and a magnetic field independent

2
contribution, P(()z) L (rh]z[ +2im%). Contributions from 7® and F© renormalize the magnetic field. At O(p*), there are contributions

that arise through the charged pions, charged kaons, neutral kaons, neutral pion and eta loops,
PO = Ly Ghe) + Ty (i) + Tohi) + 3 To0hg) + 2 0, (30)

respectively. The integral I, (m,) has a Schwinger proper-time representation

2\e 7
IH(m¢) — _(eyEA ) / 1 e—mis [ 'eHs ] ) (31)
0

(47)? 53¢ sinheH s

which contains divergences proportional to quintic power in the meson mass and another that is quadratic in the external magnetic
field. These are cancelled by the tree-level counter-term contribution, F —L4p-

The vacuum diagrams that contribute to 7© arise through two-loop dlagrams of £, 4, one-loop diagrams of L, , and tree diagrams
of L¢ as depicted in Fig. 1. The two-loop diagrams containing two charged pion loops, two charged kaon loops, and a charged pion
loop and a charged kaon loop, each vanish separately,

2 OO
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This is deduced from the third and fourth lines in £,, — upon utilizing the identity of Eq. (27), one notes that the coefficients of
each of the contributions proportional to D(;)D(1h;), where the masses are either that of the charged pions or the charged kaons.
The cancellation appears accidental and also occurs in two-flavor yPT. The contribution of two-loop vacuum diagrams containing at
least one neutral meson loop is non-vanishing. These are deduced similarly using the remaining terms in £, 4,

/77N %) i
(@ ] E-ITTNT I T

:/—\V”\\ 2 7
Ff)[ \\‘}\’, ] = [——Do(m )2 ——Do(m YDy(iy) + 15 Do) ]
i
+o3 [IDO(mK)DO(m = —Do(m,?)Z] (34)

and so are the single meson loop contributions that arise through £, , and terms proportional to the low energy constants L, through

O

=—= f2 ( +2m )[I;IZ{ZD(m )+ Dy(m, )}+2m {D(mK)+DO(mK)}+m DO(m )]

AL
+f—25[rhi{2D(rh,[) + Dy (i)} + it { DOy ) + Dy (ring )} + it Dy i, )]

+8f—6(°2 +2mK)[n°12{2D(m )+ Dy (i)} + 2 { D(iing ) + Do (rirg )} + DO(m )]

LG4y o 2 16L i) + 210 Dot ) + it { DO "
HEYER — 1 2 Do(,) + f—[ w D) + 313, Do) + iy (Dline) + Do)
+5 (i — i + 21Dy ()] - o

The terms proportional to Ly and L, contain two external magnetic field insertions each. For the former, this is straightforward to
note from the Lagrangian but for the latter an integration by parts is required. Assuming a uniform magnetic field the contribution is
proportional to [D,, D,] = —ieH and the contribution to the free energy contains two external magnetic field insertions and a charged
propagator each for the pion and the kaon,

2
F© C><: ] = 4(;’? (Lo + Lyp)[D(ri,) + D(ring)] . (36)

The final ©(p®) contributions are tree-level counter-terms equal to negative of L and consist of two types of contributions, one of
which is absent of external field insertions,

FO[ o 1==2#8[4C o + 12Cy +4Cy) — Coy]
— 4 2 [12C g + 4Cy) + 12Cy; + Cyy]
+ 322} [3Cg + Cyg — 3Cy 1 — 6415, [Cg + Cyg + Cy | 37)
32 5 32 .
FO[ A~ | = — 3(eH)Zmi[zc61 +3Cgy] - F(eH)zmi [Ce; +6C,] - (38)
The single poles in the external field dependent contribution cancel with the single poles in the contribution proportional to
(eH)*(Lg + L,g). The remaining divergences are single and double poles arising out of the charged pion-neutral meson double
bubble and the charged kaon-neutral meson double bubble, which cancel with the respective one-loop diagrams (arising through

L,,) involving charged pions or kaons. The full renormalized O(p®) vacuum free energy (density), 7, consists of a magnetic field
independent contribution, 7, which is presented in Appendix D, while the field-dependent contribution, F, is

(eH)?
2R (4m)?
i (eH) L e 1

T |26 2wz T isane

w22 (eH) 2 2 2
K 1 A my mK
B Tt e [21”‘2(5) ’ Z”‘z(m)]
n

[ (")+~5H( )]

A iy
log 5 +8(Lj + L)) — 16(L; + Lé)] TG
n

6
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' (eH) 4 A2 2
i (eH) A2 e o #
a7y [9(4”)2 log it 8QL, + L)) — 16Q2LL + L8>] Ty 5(2k)
AeH
(ie f))z( P [IHz(eH)+IH2( )] .

Here, Hy = Z H is the renormalized magnetic field with

_ 4% . - e? A? A?
ZH_[I_T(L10+2HI)+6(4E)2 logm—i+logrh—2—2

K

i 32 a4 1 10e N
“SarrE | 9 @D 3D+ AL+ L log 2 a2
< (D 6D},) +4(Ly + L' )1 A (40)
- . +6D. ) +4(Ly+ L' )log — .
24 f)? o T M0

A corresponding renormalization of the pion and kaon charge, i.e. eg = Z ;,le ensures the product eH, through which the magnetic
field contribution enters the matter contribution to the free energy is scale independent. This finite renormalization procedure was
first adopted by Schwinger [12] and deserves further discussion [33,35]. All contributions that are quadratic in the external field
have been absorbed into the pure gauge contribution of the free energy. This choice is not unique since one is free to add and
subtract finite pieces ad hoc under the constraint that the total free energy remains unaffected. Preference for Schwinger’s scheme
is based on its physical virtue: it separates the contribution to the free energy into a pure gauge that incorporates all the quadratic
contributions, while the pure hadronic contribution incorporates the free energy associated with virtual hadron loops interacting
with the external field. This creates current loops that magnetize the (quantum) field theoretic vacuum [35] and on physical grounds
are expected to vanish in the infinite mass limit. On the other hand, this hadronic contribution to the magnetization, later referred
to as the renormalized magnetization, asymptotes to infinity as the mass of any pair of the charged mesons approaches zero, again a
physically virtuous result.

Prior to discussing the effect of the magnetic field on the condensates and the free energy (through the renormalized magne-
tization), it is worth noting that the free energy is a scale-independent quantity, as can be verified by utilizing the running of the
renormalized low and high-energy constants of Eq. (7) and Egs. (A.11)—(A.16). We have arranged the various contributions to the
free energy such that each line in Eq. (39) is independently scale-invariant. The same is true for Z in Eq. (40). Its scale-invariance
ensures that both the renormalized electric charge and renormalized magnetic field are separately scale-invariant.

4.2. Quark condensate shifts

The mass term of the QCD Lagrangian, in the isospin limit, £, = —[/#(iu + dd) + m,5s], permits the calculation of the total light
quark condensate, (Gq), the sum of the up-and-down quark condensates, which are degenerate in the isospin limit, and the strange
quark condensate, (5s). The former is defined as the differential change in the free energy when the average light quark mass, 7 is
altered while the latter is analogously defined for differential changes in the strange quark mass, m,,

- JoF
=2 =2 1
=2, =2 @1

s

Here we focus on the study of the shift induced by the external magnetic field using PDG parameters and also compare our results to
those from a recent lattice study [25]. Since the effect of the external field enters through the interaction of virtual (charged) mesons
with the magnetic background, the condensate shift first appears at O(p*). Then,

(@a)n =(q9)%) +(da)'y) . (5s) = (5s)'y) +(39) (42)
where the O(p*) shift of the condensates is
_ By(eH) _ By(eH) w2
(@) === Pl O S e N e a0 43)

The light quark condensate depends on the charged pion and kaon masses with the factor of two explained by the number of valence
up-and-down quarks or anti-quarks in the charged pions compared to the charged kaons. The contribution of the charged kaon
to the condensates is identical. The O(p®) contribution to the condensates is rather lengthy compared to two-flavor calculations.
Nevertheless, we present them below for completeness,

(0)® = By(eH)? [160 128

=D +-—=D,
@rf2 | 9 3

A2 A2 22 )
~MLy+ L)) <3 ~2log 5 ~log - 2eH) Ty (52) +1H,1(ﬁ)})]
f K
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Bom (eH) A? . . , , 2
(47r)2f2 9(47r)2 (471')2 log W A8LY —32L5+96Lg +64Lg | Ly o( )
b/
B m2 eH "
(e H) — 8L, +16L¢ IHz(m—K)
C@nf)? 9(4;;)2 20
Bom (eH) "
=320, +64LE | Ty (=
CGnf? [9(47;)2 o8 2 ] n2(GE)
B()m (eH) A2 e
@rfy [9(4”)2 Tan 08 gz ~48L —16L5 49615 + 32Lg] Ty 505k
n
By (eH) 2 |
s L 0g A + L log + 161, +16L% —32L; —32L; | Iy (=)
@Grf)? |@n? T2 9(4n)? 1GE
By (eH) 1 A2 " i
(4rf) —9(4”)2 log$+8L2—16Lg [4IH~1(§)+ZH,1(E)]
n
Byt (eH) 4 A2 2
W Y logﬁ+16L2+8Lg—32Lg—16Lg IH,l(ﬁ), (44)
n
and
B (eH) 64 A2 o
s\ _ _ Do\t , . 2
: Di + — D, —4(Ly+ L 1—log 22 —(eH)I, (K
(5s)y = “@rf)? [9 61 T 3 (Lg + 10){ Ogl’h%( (eH)Ty1(55)
Byi2(eH
o) | 2 2 lgA 6L+ R2LL | Tya( L
4z f)? 9@4rn)?  9(4r)? oH
By (eH S
R | lgA — 8L+ 16L] | Iy ,(25)
(47tf)2 9(47[)2 2NeH
By (eH) .
. 2 i 10g A — 321 — 16L% + 64 L] +32L | Ty ,(=X)
Grf)? | 9@n? ~ 9@n)y 2
B() 02 2 (QH) | -
r K
Arf)? _9(4”)2 4~ 16Lg ZH,l(m)
By} (eH) 4 A2 "
W Y log e} + 16L£ + SLg - 32Lg - 16L?g IH,I(e_I,;) R 45)
n

which depend on the dimensionless, negative definite integrals I, — their closed form expressions are presented in Appendix C.
Both quark condensates are independent of the MS-bar scale, a fact that follows from the scale-invariance of the free energy, and can
be verified independently using the running of the low-and-high energy constants in Eq. (7), Eq. (A.17) and Eq. (A.18).

In order to compare the light quark condensate calculated in this work to that of Ref. [25], we utilize the dimensionless quantity

i (H)=———(Gq)g +1, (46)

m2 f2
which is unity in the absence of magnetic catalysis, in which case (ggq) is zero. The parameters used in the lattice study to generate
the light quark condensate [25] are

m, =220.61 MeV , my =508.20 MeV , m, = 684.44 MeV (47)
#1=9.30 MeV , my =93.0 MeV , fr=96.93 MeV , (48)

with the pion mass (m,) and the eta mass (m,) both considerably larger than their physical counterparts [38]
m, =139.58 MeV , my =493.68 MeV , m, = 547.86 MeV , (49)
=342 MeV , m; =93.4 MeV , fr=9221 MeV , (50)

though the kaon mass (m), the strange quark mass (m,) and the pion decay constant (f,) are comparable. We further require the
follows O(p*) [39] and O(p®) low energy constants (LECs) [40]

10°L; =0.0+03, 10°L=12+0.1, 10°L; =0.0+04, 10°L; =0.5+02, (51)

10°C;, =1.0+03, 10°C;, =0.0£02. (52)
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Fig. 2. Plot of the light quark condensate shift as characterized by ¥;,(H) in Eq. (46) as a function of the magnetic field (eH). The left panel is generated using PDG
parameters [38] while the right panel is generated using lattice parameters [25].

The physical meson masses and pion decay constant must be related to the bare quantities that appear in the condensates. Working
in the isospin limit and recalling that the bare eta mass can be expressed in terms of the pion and kaon masses, we have three
independent bare quantities, namely f and two meson masses. Therefore, we need three physical quantities to determine these bare
parameters. We can use the renormalized m,, mg, and f,. These can be calculated by utilizing the two-loop expressions for the
renormalized physical masses and decay constants at least in principle though the two-loop expressions available in literature are
very cumbersome. A more efficient approach is to utilize inverted expressions for the renormalized pion and kaon masses, and the
pion decay constant

2

2
1 A2\ m; 16mK
2(4—”)2 log m_2) — + (L) —2Lg)
b4

2 =m? [1 + <8Lg +8LL—16L, — 161, +

12 12
2
+6(4:7)’72f7%10g2—§] , (53)
i = [1 + (L, —2LY) 8;’? +QL, + L —4L! —2Lg)% + 3(%)’2’2}(’% log 2—2] , (54)
fi=r? [1 - (SL; +8LL + ﬁlo 2-2) ';—]’;f - <16L;+ (4;)2 log %) %] . (55)

The bare masses are then fully determined by the O(p*) LECs. In the O(p*) expression for the light quark condensate shift, we can
replace the bare quantities with the inverted expressions above. This gives rise to @(p°) contributions to the shift while in the O(p°)
expression, we can simply replace the bare quantities with physical ones since corrections are O(p®). In the left panel of Fig. 2, we plot
X;, and compare our results with the lattice while on the right panel, we plot X, using PDG parameters with the bands representing
the uncertainties due to those present in the low energy constants. The monotonic increase of X, is evident in the plots. At o,
the lattice results agree with that of this work for eH approximately equal to '”3( while for larger fields the O(p*) results are an
underestimate. The ©(p®) result, on the other hand, is consistent for all magnetic fields up to eH =~ 3.25m,2[. For the PDG parameters,
the O(p®) results are consistently larger than the @(p*) but by an amount that is significantly more modest than in the right panel.
For completeness, we define a quantity analogous to Eq. (46) for the strange quark condensate,

A+myg
2 2 (5s)g +1 (56)

K’ K

T (H) = -

that measures the magnetic catalysis associated with the strange quark condensate, which we plot in the left panel of Fig. 3. As
with the light quark condensate, the strange quark condensate increases monotonously with the external field, though the increase
is weaker due to the significantly larger mass of the kaon.

4.3. Renormalized magnetization
The renormalized magnetization measures the first order change in the matter contribution to the free energy (density) as the
external field is altered,
oFy

Mo == (57)

where f’H =Fy — %H,z2 excludes the pure gauge contribution to the total free energy (density). Since the effect arises due to the

interaction of virtual pions and kaons with the external magnetic field, the leading contribution, M§4), appears beginning at O(p*),

o ,;12 i ,;12
M= [2eH {SH(;"—E,) + SHQ—;)} HMS (M) + 5, (M) (58)
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Fig. 3. Left: Plot of the shift in the strange quark condensate as characterized by X, defined in Eq. (56). Right: Plot of the renormalized magnetization as a function
of the magnetic field.

where prime on J; represents its derivative with respect to e H. For an alternative version of this expression, see Eq. (63) of Ref. [35].
The next-to-leading order contribution due to two-loop diagrams is

<4

MO = m 1 log A2 1 logA—z +8(L + LDy —16(L. + L) D,(r;l”)
TGnf)? 2042 T2 18(4n)? i 4t Ls 6+ Lg
it [ 2
+ K- log = +8(L" =2L)| 2D’ 3.y + D' (2
@rf? | o@n? ¢ i (L —2Lg) | [2D'Gy) + D' g
o4 r
"k 4 A2 r r r /oo
+ log — +8Q2L, + L.)— 16Q2L. + LY) | D' ik
@rf P | oy g TICH ) 0@+ Ly | D)
YeHY (v e U iryes s o SEHD) o
~nf? [L§+ L] [D'Ghy) + D Ging)] + anfy [Ly + L}y| [Dh,) + Dig)] (59)
2
where D(my) = %In.z(j_z) and D’'(m,) is its derivative with respect to eH. Finally, the renormalized magnetization is scale-

invariant, as follows from the scale-invariance of 7 and eH.

On the right panel of Fig. 3, we plot the renormalized magnetization for PDG parameters. Unlike the other plots, the size
of uncertainties associated with the 9(p®) LECs leads to a renormalized magnetization that almost covers the entire plot and is
therefore not particularly informative. This is unlike the quark condensate shifts plotted previously. The renormalized magnetization
(normalized by ’";zr) is at least an order of magnitude smaller compared to the relative shift of the quark condensates, defined in
Eq. (46) and (56), modulo the additive constant of plus one. Consequently, the impact of the LECs is more prominent in the plots —
this was also observed in the study of finite volume effects in a magnetic field, see Ref. [41]. Therefore, we plot the uncertainty in
the renormalized magnetization that arises due to the uncertainties in the O(p*) LECs (shown in light blue). We find that the vacuum
at this order is likely to be paramagnetic, although the O(p®) result allows the possibility of a diamagnetic vacuum at low external
fields. The magnetization remains negative for eH < 0.9m> and becomes positive for larger values of the magnetic field.

5. Summary

In this work, we have studied the QCD vacuum in a uniform background magnetic field using three-flavor yPT. In particular,
we have calculated the vacuum free energy, light and strange quark condensate shifts and the renormalized magnetization. The
calculation of the O(p®) vacuum free energy (density) is particularly non-trivial though as we have noted there are many simplifying
features. By utilizing the renormalization group equations associated with the running of the low-and-high-energy constants, we
have checked explicitly that the scale-dependence in the chiral logs are canceled precisely by those in the low-and-high energy
constants. We also compared the light-quark condensate shift to that from a recent lattice study and find that ©(p®) results are in
better agreement than the result at ©(p*). Finally, we studied the renormalized magnetization, which at ©(p*) is positive definite but
due to the uncertainties in the LECs can be either positive or negative at O(p°).
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Appendix A. Useful renormalized LECs and constants for renormalization

In this appendix, we list quantities that are necessary for renormalizing the one and two-loop contributions to the free energy in
a background magnetic field. We begin with the constants I'; and A; necessary to determine the running of L and H]
1 3 11 5 1 1 1 5

F4:—,F5:—,F6:— F7:O, ng— F9:_’F|0:_Z’A1:__’A2:ﬁ-

, > (A1)
8 ° 8 144 48 4 8

The running of the renormalized low-energy-constant that appears in the O(p®) Lagrangian requires the constants F(lzg) and F(llg) listed
below

(119) - (471r)2 91353—1172’ F(Zt)) = (471r)2 61252%’ 1_<21I> - (471[)2 1;254’ Fél‘) =0 (A.3)

=0T =~ s e (A.4)
FEL) are particular linear combinations of the ©(p* LECs that determine the running of Dy,

r§g>=+gq+%L;Jrng+§L;_%Lg+2“—7Lg_%L;_éLg (A.5)
r=-2r- - Zrne s Srs- e s -2 (A.6)
r§?:+%q+%L;+%L;+%L;-2—17Lg-;—;L2+%L; A7)
re = —%(LE +Li) (A.8)
I = ‘i(LS +Li) (A.9)
N =Gl - L - L AL - G L - L (A.10)

which are useful to determine their running. For succinctness, we only list the running of the particular combinations of D! that
appear in the free energy, chiral condensates and renormalized magnetization,

d 13, 43, 26, 8., 17
ALL3D} + Dy = D5 1 ==L+ 15 21— anh - 20y (A12)
A2, 4D, + 1205 + DG = 2 B - S - S - Dy (A.13)
d 12, 320, 224, 64, 64
d 9

A= (2D; +3D] == 7(Ly + Ljy) (A.15)
AL o vep ) =-2Lr+ L A16
J[ o1 + 62]—_1(9+ 10) (A.16)

d [160 . 128
A |55 Dy + 5 D | = 24w+ 1) (A17)

d (32, 64
A= [ Dy + 5D | = 8Ly + L) - (A18)
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Appendix B. yPT Lagrangian required to compute the O(p®) free energy

The free energy calculation requires the four-meson contribution from the ©(p?) Lagrangian

I .2 04 I 2 0022 L oo 4+ _ > 1
Lyy=——m(n") + —m’(x + —mix"x +
2= () 1272 (@) n 672 n 21672
1 0y2 - - 0310 _ 52, 02
- @[2(” YD, at D'z + ¥ r {20,704 " — i (x°)*}]
- 6177#”—[2%7#1)”7:— —mlxtx” + D, KT DK™ — i KT K™

- L k*k~2D, K*D'K~ - i KYK™ + D, a* D'z~ —iitatn™|
6f2 H H

x

- 6—/1(2[2K0K00#K06”K0 — % (KK

- # [K°K%9,7%0"7° + (z°)20, KO0" KO — (% + 1z )(z°)* K° K"

- #[KW‘@W%MO + (%D, K*DHK™ — (1 + iy )(x*) K K]
1

0p0p +pu — 1 4 —3 00 _ (22 | 22 4 —2050
_W[K K'D,x D'r” +rn'r 9, K K" — (i, +m)rtam K K]

~ L (k*k0,K°0" R +K°R°D, K+t D*K~ — 2% KT K K°K?]
6f2 H H K

1 +p— 2 + - o2 T
_WBK K~=0,n0"n+3y"D, K" D* K™ + (i, — 3y )KT K™ 1]

1 > 0 (52 _as >
“hp [3K°K%0,n0"n + 3170, K°0" KO + (2 — 3m% )K° K%,

the tree-level contribution from the O(p*) Lagrangian

. . . . 4
L40=4Lg—2Lg — Hy)(h2 + 20%)* + 4(2Lg + Hy)(i + 2iit}) + E(L]O +2H,)(eH)?,

the two-meson contribution from the ©(p*) Lagrangian

4L i
L= f—;(rhi + 2 )[2D, 7" D*x~ +09,7°0z° + 2D, K* D* K~ + 20, K°9*K° + 9,1n0" 1]

4Ls _ . _ ~ .
+f—25[m,2[(2DM7r+D”7r +0,7°0"x°) + 21 (D, K+ DK™ +0,K 9" K®) + 1i}9,,nd" n]
- Sﬁ(rhz + 202 )2 (2xt 7 + (202} + 2% (KT K™ + KORO) + i?n?]

f2 T K T K ”l’]

64L, ., .

- 3f27( w O

16Lg oy 4 _ 14, 002, 24 gt e 050 1404 02 02 | 3 o4y 2
—T[mﬂﬂ T +§mﬂ(n) +1 (KTK™ + K°K )+§(4mk—4mﬂmk+§mﬂ)n]

2iL 2L
+ f29 eF, (D"z* D'z~ + DYK*D'K™) - f21° (eF, )eF")a*ta™ +K*K™),

and the tree-level contribution from the ©(p®) Lagrangian

Lo =20[4C g + 12Cy +4Cy) — Cog] + 4t [12C 9 +4Cy0 + 12Cy; + Coy
=322 i} [3C g + Cay — 3Cy; 1 + 64105 [Clg + Co + Cpy ]

+ %(eH)Zrhi [2Cq; +3Cgr] + 39—2(eH)2rh§< [Ce; +6C,] -

Appendix C. Useful integrals

The contribution to the one-loop effective potential of a pair of charge mesons, ¢ and ¢ in Eq. (31) is

eH <
IH(m‘f’):ZZ /ln[p(2)+p§+m§1],
N=0
Po-Pz

where the sum is over the Landau levels, mi, = mi +(2N +1)|eH | and the integrals are fp

of the magnetic field,

12

.2 22\ 4
(165, — Ty )n
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. The divergence is independent
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Ty (mg) =I5 (my) + I} (myy) (C.2)
m* 2 2 2
i ¢ 1, 3 A (eH)* |1 A
IWmy=——2- | =+ 2 +log = | + - +log — C.3
") = Sy [e 27 m;] 6(dn)? [e ¢ m;] €3
7 2
i 1 ds -ms eHs (eHs)
Inmy)y=——— [ Ze ™ -1+ . C4
i (mg) @r)? ) 3 ¢ [sinheHs 6 ] ¢4
0
m2
The finite contribution can be written in terms of a dimensionless integral, S (z), where z is a dimensionless ratio, z = ﬁ,
fin (eH)? ~
I (my) = an? Su2
p 2
_zy
S()=— | dy & Yy _1+Z (C.5)
Su(@) / Y ¥3 [sinhy 6
0

=401 H) + (5?1 - 2log £) + zlog £+ 1),

where {(s,a) is the Hurwitz zeta function with the two numbers in the subscripts indicating the number of derivatives with respect
to s and a respectively.
The coincident Schwinger propagator of Eq. (22) can be written in terms of the dimensionless, negative definite integral

Tun@= [ ayr (22— -1 (€6)
Hont 2 Y y* \sinhy ' ’
0

We only require the n =2 and n =1 integrals presented below, see Eq. (25) for an alternate version of the former.

1y 2(2) =200, 57) ~ z(log 5 ~ 1) ()

Tya@=logi—vo () . €8)
y,(z) is the polygamma function that is related to the I'(z) function through derivatives

dn+l
v,(2) = gy logI'(z) . (C.9)

Appendix D. Vacuum free energy (density)

The vacuum free energy (density) in the absence of the external field is
—r® (4) (6)
Fo=F, +F, +F, (D.1)
where Fé”) is the O(p") contribution,

f2

Ry = 0+ 25 0.2)
Fo? = —(@Ly = 2L = HY(i + i)? = 4QL + )i + 2i)
3mt 2 mt 2 mt 2
- g 2| - T o 2| - o | S 10g 2 (D.3)
44 | 2 my | (4m)? |2 i | 4@n)? |2 12
°6 )
© _ Mz A
Fy = GnfR [— 8D}  —24D} — 8Dy +2Dg, +12 (L, + L5 — 2L, —2L})log =
T
+i(3L’—L*—6L’+48Lf+18Lf)1o A—2+—3 log 22 2
27 T s TR TR TR O G T R \ i
2
+ 1 logA—zlogA—2+; 10gA_2
124m)2 b2 T 2 648(4n)? 12
ﬁliﬁli v I I r r r Az
e |~ 48D, — 16D} — 48D} — 4D}, +24 (L}, —2L})log o)
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n
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