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Abstract

Several simulations strategies have emerged to predict the permeability of solutes

across membranes, which is important for many biological or industrial processes such

as drug design. The wide-spread inhomogeneous solubility-diffusion (ISD) model is

based on the Smoluchowski equation and describes permeation as purely diffusive. The

counting method, which counts membrane transitions in a long molecular dynamics

(MD) trajectory, is free of this diffusive assumption, but it lacks sufficient statistics

when the permeation involves high free energy barriers. Metadynamics and variations

thereof can overcome such barriers, but they generally lack the kinetics information.

The milestoning framework has been used to describe permeation as a rare event, but

it still relies on the Markovian assumption between the milestones. Replica Exchange

Transition Interface Sampling (RETIS) has been shown to be an effective method for

sampling rare events while simultaneously describing the kinetics without assumptions.

This paper is the first permeation application of RETIS on an all-atom lipid bilayer

consisting of 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC) to compute the

entrance, escape and complete transition of molecular oxygen. Conventional MD was

performed as a benchmark, and the MD rates from counting were converted to rate

constants, giving good agreement with the RETIS values. Moreover, a correction factor

was derived to convert the collective order parameter in RETIS, which was aimed to

improve efficiency, to a single-particle order parameter. With this work, we showed

how the exact kinetics of drug molecules permeation can be assessed with RETIS even

if the permeation is truly a rare event or if the permeation is non-Markovian. RETIS

will therefore be a valuable tool for future permeation studies.

Introduction

Permeation of compounds is essential for the biology of cells and organelles. Where exper-

iments often miss the details of transport at the atomic scale, such as the inhomogeneity

and anisotropy of phospholipid membranes, computational studies can give this detailed
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insight. In molecular dynamics (MD), trajectories of the permeants are created that give

explicit information on the transport properties. An example is the passive transport of

small molecules through a series of phospholipid bilayers1–6 for which Bayesian analysis

(BA) based on the Smoluchowski equation could provide the permeability with reasonable

computational cost.7 Another approach is the counting method, where direct counting of

membrane crossings observed in the MD trajectories gives the permeability.7–10

However, when the membrane crossings are a rare event, conventional MD might not

reach long enough time scales to obtain sufficient statistics for the BA nor the counting

method.10,11 In the case of a high membrane barrier, there are numerous enhanced sampling

methods that aim at constructing the free energy profile across the membrane,12,13 but these

methods often lack information on the kinetics. Some recent studies, therefore, relied on

the milestoning algorithm to compute the membrane crossing rate.14–17 A disadvantage of

milestoning is that the kinetics between milestones is assumed to be Markovian.

Recently, Replica Exchange Transition Interface Sampling (RETIS)18,19 has been put

forward as a method that can sample rare permeation events while simultaneously describing

the kinetics without diffusive assumptions. In the present paper, the RETIS framework will

be used for the first time to treat the transport kinetics of small molecules through an all-

atom phospholipid bilayer consisting of thousands of particles. In RETIS, the transition

from a reactant to a product state is divided in multiple subsequent steps (interfaces), where

the probability to reach the next step is measured. In this divide-and-conquer approach, the

overall crossing probability is expressed as a product of probabilities that paths in the i-th

path ensemble, denoted [i+], reach the next interface i+ 1. The path ensemble [i+] contains

all paths that start at interface 0, end at interface 0 or at the last interface, and cross interface

i at least once. The paths are collected via a detailed-balance Monte Carlo (MC) procedure

such that one obtains a statistical distribution as if they are cut out from an endlessly long

MD trajectory. By evaluating the series of conditional probabilities to reach interface i + 1

given interface i is reached from interface 0, one can evaluate the very small probability
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that the last interface is reached after a crossing with interface 0, i.e. the overall crossing

probability. The conditional crossing probabilities are much larger such that only relatively

few paths in the respective path ensembles are needed to evaluate them. RETIS has one

additional path ensemble [0−], which contains all paths starting and ending at interface 0,

similar to [0+], but they explore the left side of interface 0 between start and end. Hence,

[0−] explores the reactant state instead of the barrier region. The rate is finally expressed

by the product of the overall crossing probability and the flux, where the latter is obtained

from the average path lengths in the [0−] and [0+] path ensembles.19 This technique allows to

evaluate rates that would otherwise not be accessible with currently feasible computational

resources.

The framework of RETIS as a rare event method differs strongly from conventional MD.

In RETIS, the path ensembles are sampled with MC moves in path space. From a given path

(trajectory), a new path is generated using some MC move, and the new path is accepted

or rejected according to a certain importance sampling acceptance probability. An example

is the shooting move which randomly selects a phase point of the current path and then

randomly changes the velocity component as if shooting away from the current trajectory.

Next this new phase point is extended backwards and forwards in time to create the new

path. Another example is the replica exchange move, which proposes to swap two paths

belonging to different ensembles. This swap move improves the sampling efficiency in path

space compared to plain Transition Interface Sampling (TIS).18,20,21

For the shooting move, we used aimless velocity change which implies that for the ran-

domization of velocities, all atomic velocities are regenerated from a Maxwell-Boltzmann

distribution. This provides a faster decorrelation from the previous path than the approach

in which momenta are only slightly perturbed.18 Due to detailed-balance and the aimless

velocity randomization, the acceptance probability of the shooting move becomes equal to

the ratio of path lengths of the old path and the new path. In practice this means that a

very long path has a high probability to get rejected, which would imply wasting many MD
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steps. However, to reduce unnecessary MD steps, we effectively include the acceptance step

by defining a maximum allowed path length for the new path, equal to the old path length

divided by an uniform random number between 0 and 1.20 Once the new path exceeds the

maximum path length, the move is immediately rejected and the old path is kept. If the

path is completed within the maximum allowed path length and obeys the path ensemble’s

criteria, it is directly accepted. The acceptance probability of the MC moves ranged from

0.44 till 0.66 for the different path ensembles in our system.

With the aim to simulate the permeation of complex molecules through membranes in

future applications, this paper will validate the estimation of the membrane crossing rate

with RETIS, using the recent implementation of RETIS in the PyRETIS library.22,23 Special

attention will be given to the choice of order parameter and interfaces. As a proof of concept,

the transport of O2 through 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC) will

be studied. This system has the advantage that the statistics on the rates for entering

and escaping the membrane are sufficient with conventional MD,10 such that the RETIS

permeation rates may be compared with direct counting of membrane transitions. The

outset of the paper is therefore straightforward: the oxygen permeation rates are compared

between (1) a long conventional unbiased MD simulation where the counting method is

applied, and (2) RETIS rare event simulations. The counting method yields rates whereas

RETIS yields rate constants, and thus we also report on the steps that need to be taken to

allow interpretation of the results.

The Methodology Section describes both the MD and the RETIS simulation protocols.

In the Results and Discussion Section, the MD permeation rates for entrance and escape

of molecular oxygen are compared to the RETIS rates. The rate of complete transitions is

shown to follow from the entrance rate. The connection between rates in MD and RETIS

rate constants is explained. A correction factor is derived for the escape rate, which is

needed because of the order parameter choice in the present paper. The last section gives

the conclusions.
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Methodology

Benchmark MD simulations of POPC

A homogeneous symmetric bilayer of 72 POPC molecules was investigated with 10 permeat-

ing oxygen molecules, as shown in Fig. 1. This bilayer was found to yield fairly good statis-

tics for membrane crossings by oxygen in previous studies7,8,11,24–26,26 with the CHARMM

software.27 It can therefore provide the entrance and escape rates from conventional MD

simulations, which will serve as the benchmark for the RETIS rates.

Figure 1: Simulation box of POPC membrane with 72 phospholipids (grey), a water layer
(blue) and 10 O2 molecules (red). One POPC is colored light blue.

The membrane was placed in the center of the simulation box. The water solvent layer

consisted of 2242 water molecules. The box was kept tetragonal and periodic boundary

conditions were applied. The MD simulations were performed with the Gromacs software28

using the CHARMM36 lipid force field,29 the modified TIP3P water model,30,31 and the

6



interaction parameters for molecular oxygen given in the supporting information of Ref.

24. The integration time step was 1 fs, global translations of the box were removed every

0.1 ps, and the v-rescale thermostat32 was used to control the temperature at 298 K and

the Parrinello-Rahman barostat for the pressure at 1 atmosphere. After equilibration of the

simulation box for 60 ns, a long equilibrium NPT run of 500 ns was produced. The average

area per lipid was 64.5 Å2 while the average box height was L = 67.0 Å in the z-direction

orthogonal to the membrane surface.

A slight drift of the bilayer’s position over time is possible because this is not prevented

by the removal of the global translations. In the post-processing of the data, the center of

mass of the bilayer was tracked as a function of time, zCOM(t), and the whole simulation

box was shifted by −zCOM(t) at every time step. Next, the periodic boundary conditions

were applied again to ensure that all permeant molecules were in the primary box. We

denote these coordinate as z′: they can be interpreted as the position with respect to the

membrane center. The histogram of these coordinates will have blurred boundaries around

±L/2 because of the fluctuating instantaneous box length L(t). Instead, the coordinates are

normalized with L(t) and rescaled with L to obtain z(t) = Lz′(t)/L(t), which lie between

−L/2 and L/2 at every time step. The histogram p(z) was constructed from these z-

coordinates, from which the free energy profile was derived as F (z) = −kBT ln p(z), up

to an arbitrary constant term, where T is temperature and kB is Boltzmann’s constant.

Crossings through the bilayer leaflets (escape, entrance) and complete membrane transitions

were detected with the Rickflow package.26

Set-up for RETIS

To start the RETIS simulations, two stable states A and B should be defined that play the

role of reactant and product states. Based on the free energy profile of the oxygen molecules

(Fig. 2), two states can be identified. The first state around z = 0 corresponds to the

interleaflet region of the membrane (called inside), while the second state around z = 3 nm
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corresponds to the solvent region (called outside). To quantify the oxygen transport via a
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Figure 2: Free energy profile F (z) (black line) of oxygen molecules along the direction
orthogonal to the POPC membrane. Membrane center is located at z = 0. The red lines are
the λA and λB interfaces; they define the two stable states: inside (|z| < 1 nm) and outside
(|z| > 2.5 nm). The dashed lines show the position of the other interfaces: blue for escape,
green for entrance.

kinetic theory, the rate of oxygen transits between these two stable states (inside and outside

regions) has to be estimated, i.e. the rate of oxygen permeation from outside the POPC to

the interleaflet region of the membrane, and vice-versa. These rates are hereon labeled as

escape rate and entrance rate.

For both rates, an order parameter is used that is based on the z-coordinate of the center

of mass of the O2 molecules, where zi refers to the i-th molecule. Similarly as described in

the MD subsection, the whole simulation box was shifted to let the center of mass of the

membrane coincide with z = 0, so zi effectively describes center of mass separation between

the i-th oxygen and the membrane center. A difference with the MD subsection is that the

coordinates were not normalized by the instantaneous box length nor scaled back with the

average box length.

The RETIS order parameter is different for the two rates. For the entrance rate, assuming

the first oxygen molecule is selected as the target permeant, the order parameter is defined

as

λ = − |z1| (1)
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which represents the absolute distance of the selected oxygen molecule with respect to the

center of mass of the membrane. For the escape rate, we aimed to increase the sampling effi-

ciency by selecting 5 target permeants out of the 10 oxygen molecules. The order parameter

is defined as

λ = max
i∈{1,...,5}

|zi| (2)

which represents the largest absolute distance from the center of mass of the membrane of

those 5 pre-selected oxygen molecules. In effect, this new order parameter for the escape rate

has the same physical meaning as the entrance rate, but it will provide a rate of the event that

any of the 5 pre-selected oxygens escapes, which is 5 times faster than the escape rate for an

individual O2 if we assume that the transition events are uncorrelated. This assumption will

be checked in the Results and Discussion Section. The minus sign in the definition Eq. 1 is a

purely technical aspect, since the RETIS implementation in the PyRETIS software requires

the order parameter to increase from the initial state to the final state. We will therefore

generally omit the minus sign in the discussion, citing |λ| instead when referring to λ. In

this text, λ is expressed in nanometers.

The absolute value in Eqs. 1 and 2 makes the order parameter a symmetrical function of

zi. It allows observation of membrane barrier crossings in both leaflets within a single RETIS

simulation (see Fig. 3). For the escape, it means that the rate of exiting is computed through

either the upper or lower leaflet (blue arrows), while for the entrance, the permeants can

enter through either of the two leaflets (green arrows) via the periodic boundary conditions.

This flexibility in considering both leaflets at once increases the efficiency of the approach.

The leaflets are defined as the regions λ ∈ [1.0, 2.5]. For the escape, stable state A

corresponds to λ < λA = 1 and stable state B to λ > λB = 2.5. For the entrance, the

role of λA and λB are reversed. The RETIS algorithm computes crossing probabilities from

one side to the other and complements those with a flux calculation through the λ = 1

interface for the escape and through the λ = 2.5 interface for the entrance. In regards to the

simulation set-up, the interfaces for the escape transition are located at (1.0, 1.2, 1.4, 1.6,
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Figure 3: Schematic view of the bilayer showing the definition of the entrance and escape
rate constants through the leaflets. In RETIS, the starting interface is located at λA and
the ending interface is located at λB. Because of the absolute value in the definitions of λ,
RETIS computes the rates through the two leaflets at once.

1.8, 2.5), while for the entrance transition the interfaces (2.5, 2.3, 2.1, 1.0) suffice. A larger

density of interfaces is needed whenever the free energy profile shows a steep increase. Fig. 2

reports the free energy profile (black line) with the limits of the stable states (red lines, λA

and λB interfaces). The location of the other RETIS interfaces for the escape and entrance

simulations are indicated in blue and green, respectively.

For solutes other than O2, the distinction between entrances, escapes, and complete

transitions in Fig. 3 might not be useful. For H2O, for instance, the membrane represents a

high free energy barrier of over 10 kBT , leading to a short residence time in the membrane

center. For such permeants, only the rate of complete transitions would be computed by

placing the RETIS interfaces on the barrier’s slope.

For both path sampling simulations, the probability of swap moves (replica exchange

moves between path ensembles), time reversal moves and shooting moves was set to 0.5,

0.25, and 0.25, respectively. The order parameter was computed by PyRETIS based on the

Gromacs coordinates every 100 MD integration steps performed by Gromacs, so every 0.1 ps.

Each path ensemble contained 18 500 to 19 200 paths.
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Results and Discussion

Direct observation of rates in conventional MD

The free energy profile F (z) across the membrane in Fig. 2 is derived from the histogram

of the MD trajectories. It has a free energy well of about 3 kBT with respect to the water

phase, indicative of the higher oxygen concentration near the bilayer midplane than in the

water phase. This higher partitioning of oxygen in the membrane is in accordance with

earlier simulations at 298 K.25 To exit the membrane center, O2 should escape over a barrier

of approximately 4 kBT . When in the water phase, O2 should cross a smaller barrier of about

1 kBT to enter the membrane. The location of the barrier is at about zmax = 2.1 nm from

the bilayer midplane.

The number of escapes, entrances and complete transitions can be directly observed in the

conventional MD simulations by detecting the transitions in the oxygen trajectories. This is

referred to as the counting method in earlier work on permeability calculations of oxygen and

water through phospholipid bilayers, where the focus was on complete membrane crossings

events.7,10,11 In this work, also the escape events from the membrane center and entrance

events into the membrane are detected. The dividing surfaces that define an entrance or

escape are the z = ±2.5 nm planes (outside) and z = ±1 nm planes (inside), similarly to

the two stable states of the RETIS simulations. Complete membrane crossings between the

z = ±2.5 nm dividing surfaces are referred to as transitions (Fig. 3).

Table 1: Entrance, escape and complete transitions from the MD simulations
using the counting method: detected numbers by the 10 O2 molecules and rate
r with its C.I. Overall state probability pA is estimated with pout (entrance,
transition) and pin (escape). Last columns contain rate constant k (Eqs. 4, 6)
with C.I. estimated as a percentage (error on pA not taken into account).

count r C.I.(r) pout/in k C.I.(k)
ns−1 ns−1 ns−1

entrance 68 0.0136 (0.0104-0.0170) 0.058 0.234 (±25%)
escape 70 0.0140 (0.0108-0.0174) 0.942 0.0149 (±24%)
transition 36 0.0072 (0.0050-0.0096) 0.058 0.124 (±33%)
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The counts of the events in Table 1 are observed over the duration of Tsim = 500 ns,

where all 10 oxygen molecules were considered. The conversion from the entrance count

Nentr to the entrance rate reads

rentr =
Nentr

Np Tsim
(3)

with Np the number of permeating molecules. The escape rate resc and transition rate rtrans

have similar definitions. These definitions differ from the previously used rate definitions

which had an additional division by the unit cell cross area Axy,
7,11 because in this paper we

aspire comparison with RETIS rates, which have inverse time as unit, rather than the unit

of molecules per area per time.

In Table 1, the escape or entrance rates are approximately equal. This is easily understood

when realizing that the MD simulations occurred in thermodynamic equilibrium, where the

total flux of particles necessarily is overall equal to zero. Therefore, an equal number of

particles has to leave the membrane as the number of particles that enter the membrane, to

avoid a concentration buildup in the membrane, and hence rentr = resc in a long equilibrium

run.

To convert rates to rate constants, the rates are divided by the probability of the overall

state pA.20,33 The need for this conversion comes from the different mindset of observed rates

and rate constants. A rate constant describes the kinetics of making a crossing given that it

is in a particular state. The observed rates do not take into account the condition of being

in a particular overall state. The condition can therefore be introduced by division by the

probability to be either inside or outside. For escape and entrance, this is pA = pin and

pA = pout, respectively, giving

kesc =
resc
pin

, kentr =
rentr
pout

. (4)

Here, pout and pin are associated to the overall states instead of the stable states.18 Hence,

pout is the probability that O2 was last outside the membrane with |z| > 2.5 Å and has
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not entered the membrane center region |z| < 1 Å yet. The definition of pin is similarly the

probability that O2 was last inside the membrane without having fully escaped the membrane

yet. In practive, pout and pin follow from integrating the probability histogram over |z| > zmax

and |z| < zmax with zmax=2.1 nm corresponding to the maximum of the free energy curve

(see Fig. 2) giving the values in Table 1. One should note that generally kesc 6= kentr, since

usually pin 6= pout.

The isolated event of entering the membrane takes about 0.5 ns.34 Compared to the

average time between events, which equals Tsim/Nentr = 6.7 ns, a membrane entrance can

be regarded as a limiting case of a rare event. Consequently, the waiting time distribution

between entrances can be regarded as a Poisson process. The same principle holds for

the escape events. The confidence intervals on the counts are estimated using the Poisson

distribution and are converted to 95-% confidence intervals (C.I.) for the rates (Table 1).26

The average time between events involves the exploration of the stable states and failed

attempts to cross the barrier. In rare events, this time is generally orders of magnitude

larger than the transition time duration, the time to cross the barrier once the transition

is initiated.21 In this situation it is ‘just’ one order of magnitude larger which makes the

oxygen permeation through the POPC membrane a borderline rare event case.

Rates of complete transitions

In the specific case of oxygen permeation through the POPC membrane, the equilibrium

condition moreover makes it possible to derive the rate rtrans of complete transitions from

the entrance or escape rate. O2 molecules get temporarily trapped near the midplane of the

bilayer, for a time span of on average approximately 50 ns.34 This is ample time to randomize

the velocity of an O2 molecule, and it will randomly escape the membrane either towards

the membrane border through which it entered, either towards the other side, with equal

probability 1/2. The (bidirectional) transition rate is therefore equal to half of the escape
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and entrance rates,

rtrans =
rentr

2
=
resc
2

(5)

which is confirmed by the data in Table 1. This is indeed true for molecular oxygen perme-

ation through POPC, while it is not necessarily valid for other permeants.26 Following the

reasoning of Eq. 4, the transition rate is converted to a rate constant by division through

pout,

ktrans =
rtrans
pout

=
kentr

2
(6)

showing that the transition rate constant is equal to half the entrance rate constant. Note

that we cannot replace kentr in Eq. 6 by its ‘escape counterpart’ like in Eq. 5 as generally

kentr 6= kesc (see Eq. 4).

Comparison with rates from transition interface sampling

The rate constants of rare events that occur on a timescale beyond that what is accessible

by conventional MD can be computed by TIS and RETIS. The (RE)TIS approaches express

the rate constant kAB as a flux fA through an interface λA close to the reactant state A

times the crossing probability PA(λA|λB),

kAB = fAPA(λA|λB) . (7)

The crossing probability PA(λA|λB) is the probability that after crossing λA, another interface

λB is crossed before another λA crossing. Interface λB is placed close to the product state.

As previously discussed, to study the transport of oxygen, the entrance transition and the

escape transition have been sampled. For the entrance, the reactant and product state are

the state where the target permeant is outside and inside the membrane, respectively. For

the escape, the reactant and product state are reversed with the additional notion that

the resulting permeant can be any of the 5 pre-selected permeants defining the reaction
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coordinate (Eq. 2). For the complete transitions, no RETIS simulation was performed. We

can link the transition probability to the entrance probability, because once O2 is in the

membrane, it has a probability of approximately 1/2 to exit to either side (see above).

Compared to the entrance rate constant, the crossing probability is divided by a factor two

and the flux remains unchanged, and thus Eq. 6 was used to derive ktrans from the RETIS

value for kentr.

Table 2 shows the crossing probability PA(λA|λB) and the flux fA for the entrance and es-

cape. The C.I. can be estimated by taking twice the reported standard error. The transition

Table 2: RETIS crossing probability, flux and rate constant for entrance, es-
cape and complete membrane transitions. First two lines are direct results from
RETIS simulations. Third line contains correction factors, giving the corrected
escape (1) quantities. Standard errors (s.e.) between brackets from block aver-
aging; standard errors for escape (1) is an underestimation as it does not take
into account the error on the correction factors.

PA(λB|λA) s.e. fA s.e. kAB s.e.
ns−1 ns−1

entrance 4.47× 10−3 (±20%) 72.1 (±6%) 0.322 (±21%)
escape (max{5}) 9.88× 10−4 (±17%) 81.7 (±12%) 0.0807 (±21%)
escape corr. factor 0.285 0.589 0.168
escape (1) 2.81× 10−4 (±17%) 48.1 (±12%) 0.0135 (±21%)
transition 2.24× 10−3 (±20%) 72.1 (±6%) 0.161 (±21%)

rate constants, which are ultimately linked to the membrane permeability, of the RETIS and

MD simulations are comparable, 0.161 ns−1 (±42%) and 0.124 ns−1 (±33%), respectively.

Given the large C.I., there is no statistically significant difference between the two results.

Note again that the escape rate is not needed to determine the transition rate constant, but

the latter is solely based on the entrance rate constant. The escape rate in RETIS is not

directly comparable to MD results due to the chosen RETIS order parameter, Eq. 2, that

depends on the maximum displacement from the center of 5 pre-selected permeants. The

RETIS escape rate constant therefore needs a correction factor to obtain the 1-particle rate

constant that is assessed in MD.

For truly rare events, the correction for obtaining the escape rate for a single particle
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from a 5-particle rate is trivial. For instance in Ref. 35 the dissociation of liquid water

was studied by taking the maximum of all OH-bonds in the system. The initial flux in

that study measured the relatively rare event of an OH stretch beyond 1.07 Å. The related

crossing probability measured the chance that such a stretch leads to a full dissociation

event. The trajectories describing the event after the 1.07 Å stretch, either leading to a

dissociation with an extremely small probability or to a state in which non of the OH bonds

is any longer overstretched, are very short (up to 1 ps). The chance, that during that time

window size another uncorrelated OH stretch beyond 1.07 Å takes place, can be ignored.

Therefore, in this case the frequency of OH stretches beyond 1.07 Å for one particular bond

can be obtained by taking the RETIS flux, measuring the frequency of events in which any

bond in the system stretches beyond 1.07 Å, and dividing this flux by the number of bonds

in the system. The crossing probability is not changed.

In this work, however, the event is not that rare (as it can be studied by MD) and the

transition events are not that short. The flux correction is therefore not a simple division

by 5, since not all crossings of the first interface by the five selected ones are counted when

the reaction coordinate is based on the maximum of z-values. In addition, the crossing

probability based on the maximum of 5 permeants will be an overestimation compared to

the single-permeant crossing probability. The following two subsections derive the correction

factors needed for the escape flux and escape crossing probability.

Correction for escape flux

In order to compute the escape rate constant based on a single permeant, we will make the

assumption of independent migration of the 5 permeants. For O2 this has been found to be

a valid assumption in previous work.24,34 No statistically relevant correlation between the

distance of the atoms from the center of the POPC membrane has been observed. For the

analysis, the correlation matrix based on Pearson’s correlation coefficients and PyVisA has
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been used.36 The unconditional flux f (1) for a single permeant can be expressed as

f (1) =
p(|z1(t)| < λA ∧ |z1(t+ ∆t)| > λA)

∆t
(8)

Here, the subindex (1) refers to the use of a single permeant, and ∆t is the time interval at

which the order parameter is measured. In our case this equals 100 MD steps or ∆t = 0.1 ps.

The interface λA = 1 limits stable state A for the escape transition. The p(·) probability in

the numerator relates to the chance to observe a crossing with this λA interface from inside

(λ < λA at time t) to outside (λ > λA at time t+ ∆t), where t is an arbitrary time.

The flux fA in the RETIS expression is the conditional flux. This implies that fA is

the number of crossing events divided by the time that the system is in overall state A.

The system is part of the overall state A whenever the λA = 1 interface was more recently

crossed than the λB = 2.5 interface.18 The overall state A is, hence, substantially larger than

the stable state A, and will extend beyond λA, generally close to the maximum of the free

energy curve. Therefore, we assume that pA = pin = p(|z| < zmax) = 0.942 for the escape

(see Table 1). We can, henceforth, write for the conditional flux:

f
(1)
A =

p(|z1(t)| < λA ∧ |z1(t+ ∆t)| > λA)

∆tpin
. (9)

Next, the crossing of λA = 1 by the maximum displacement from the center of 5 pre-selected

permeants (Eq. 2) is considered. It should be noted that this corresponds to the crossing

of any of the 5 permeants with the λA interface under the condition that the remaining 4

permeants are in the inner region (λ < λA). Hence, this flux through λA is

f (max{5}) =
5∑

i=1

p(|zi(t)| < λA ∧ |zi(t+ ∆t)| > λA)
∏5

j=1,j 6=i p(|zj(t)| < λA)

∆t

= 5
p(|z1(t)| < λA ∧ |z1(t+ ∆t)| > λA)p4core

∆t
. (10)

Here, pcore = p(|z| < λA) = 0.719 as estimated from the probability histogram p(z).
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To compute the conditional flux, we should also take into account that the definition

of the overall state A is changed due to the definition of the reaction coordinate being a

maximum z-coordinate of 5 permeants. If only one of the 5 permeants exits the membrane,

the system is assigned to overall state B. Reversely, in order to be part of overall state A,

all 5 permeants must be in the membrane region. Hence, we can henceforth approximate

pA ≈ p5in and write for the conditional flux:

f
(max{5})
A = 5

p(|z1(t)| < λA ∧ |z1(t+ ∆t)| > λA)p4core
∆tp5in

(11)

Comparing Eq. 11 with Eq. 9, we see that the intended f
(1)
A can be obtained by multiplying

the flux based on 5 permeants with the correction factor p4in/(5p
4
core) = 0.9424/(5×0.7194) =

0.589.

Correction for escape crossing probability

The 5-particle crossing probability is higher than the 1-particle crossing probability. Assume

that one of the 5 pre-selected permeants crosses the λA interface initially. In a 1-particle

crossing simulation, the trajectory would be ended if this entry permeant falls back to λA,

and this trajectory would be registered as an unsuccessful attempt to cross the barrier. In

a 5-particle crossing probability, the trajectory would not necessarily be ended when the

entry permeant recrosses the λA interface. Indeed, if the entry permeant is not too quickly

recrossing λA again, there is a decent time window in which one of the 4 other selected

permeants can cross the λA interface as well and take over as the leading particle with the

maximum z-coordinate (Eq. 2). If that happens, then even if the entry permeant falls back,

the trajectory is continued until all 5 permeants are back in the core region (λ < λA) or

until one of the 5 reaches the λB interface. In fact, a cascade of λA crossings by alternating

permeants might occur such that for a long time at least one of the permeants is outside the

core region while none of the five are crossing the λB interface nor all five are getting inside

18



the core again simultaneously.

By analyzing all λA → λB trajectories, we obtain a correction factor equal to the fraction

of direct crossings. We identify a direct crossing whenever the permeant crossing the λA

interface at the start of the trajectory (the entry permeant) is also the permeant that crosses

the λB interface at the end of the trajectory (exit permeant) and if that permeant had no

recrossings with λA during that trajectory.

In the collected λA → λB trajectories, we observed 833 trajectories in which the entry

permeant at λA was the same as the exit permeant at λB. In 373 cases, however, this

permeant had at least two recrossings with λA. This means that there were 833− 373 = 460

direct crossings. In 780 trajectories, the exit permeant was different from the entry permeant.

This yields a correction factor equal to (833− 373)/(833 + 780) = 0.285.

Discussion of corrected escape rate

Taking the product of the two correction factors yields an overall correction of 0.589×0.285 =

0.168 for the escape rate constant. Using here the C.I. in percentage between brackets, it can

be seen that the corrected rate constant of 0.0135 ns−1 (±42%) (Table 2) is in reasonable

agreement with the MD result that equals 0.0149 ns−1 (±24%) (Table 1). It also found that

the overall correction (0.168) to the rate constant is not so far off from the normal procedure

used in truly rare events, where the flux would simply be divided by 5 and the crossing

probability taken as it is (yielding an overall correction of 1/5 = 0.2).

In retrospect, it would have been advantageous if the interface λA = 1 would have

been positioned further away from the membrane center. As suggested in Ref. 37, the first

interface should be placed such that the stable state region (λ < λA) will cover about 80% of

the overall state A (λ < zmax). For a 1-particle order parameter, the combination of stable

state probability pcore = 0.719 and overall state probability pin = 0.942 is close to this desired

optimum. Unfortunately, for the 5-particle order parameter, the probability of the stable

state is based on all 5 permeants being simultaneously lower than λA, which is only about
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p5core = 0.192. We therefore assume that our parameter settings were not optimal for studying

this transition that can be categorized as rare but not extremely rare. Comparison of the

error bars even shows that the RETIS simulations achieved lower accuracy for the permeation

rate constants than the BA could achieve for permeabilities in previous work,24,26,34 which

is influenced by both simulation duration and the parameter settings.

Fig. 4 shows the average path length in the different path ensembles for the entrance
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Figure 4: Average path length in RETIS simulations as a function of path ensembles for the
entrance (left) and escape (right).

and escape. For the escape, it can be seen that the [0+] average path length is about a

factor 3 higher than for [0−]. Shifting the λA interface further away from the membrane

center would have moved the ratio towards the expected optimum in which the [0−] paths

are approximately a factor 4 longer than [0+]. As an additional advantage this would also

have lead to a reduced path length in all other path ensembles [i+], i = 1 . . ., since most of

the paths in each ensemble start and end at λA. A more elaborate efficiency analysis and

design for a parameter optimization protocol is planned for a future publication. We also

report on a method of how to use just a single-permeant based order parameter, while still

profiting from the presence of multiple permeants in the system that can be used to explore

transition pathways.38

We further mention that in these types of very slowly diffusive dynamics, where the
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transit time through the membrane is long, a change from RETIS to partial path TIS

(PPTIS)39 could probably be considered where part of the path history is neglected. Both

RETIS and PPTIS has similarities with milestoning14 that has been used before to study

permeation before.15,16 Milestoning, however, assumes full memory loss when the system hits

the next interface/milestone unlike RETIS and PPTIS which incorporate, respectively, full

and partial history in the condition of the conditional crossing probabilities. The memory

effect vanishes and milestoning becomes exact if the interfaces/milestones are placed at iso-

committor surfaces,40 which is considered as the ideal reaction coordinate. This ideal reaction

coordinate should account for all relevant rotations of the permeant, collective motions, and

deformations of the membrane that could be vital for the permeation process.38 The design of

such a committor-based reaction coordinate is highly non-trivial which makes it advantageous

to use a RETIS or PPTIS formalism since RETIS is exact regardless the chosen reaction

coordinate and PPTIS can be made more and more exact by including more memory when

the distance between interfaces is increased.

Another promising approach is the novel MC scheme of stone-skipping and web-throwing

that has shown to an order of magnitude faster than RETIS based on shooting.41 Using a

reweighting technique, the MC moves show a nearly 100% acceptance while also decorrelating

trajectories much more rapidly than standard shooting. The advantage of that approach is

that it is only altering the MC sampling of the RETIS approach and not the path ensembles

themselves as in PPTIS, and as such, the approach remains exact.

Alternative comparison between MD and RETIS

The connection between rates (MD) and rate constants (RETIS) in Eq. 4 can also be per-

formed without needing to explicitly estimate the overall state probabilities pin and pout.

In thermodynamic equilibrium, the rates are equal, rentr = resc, which is equivalent to a

detailed balance relation: poutkentr = pinkesc. From this relation it follows that the ratio of
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probabilities is equal to a ratio of rate constants, which we call R,

pout
pin

=
kesc
kentr

= R . (12)

The ratio R can be computed from the RETIS 1-particle rate constants. Using R and

pout + pout = 1, the overall state probabilities can be estimated as pin = 1/(1 + R) and

pout = R/(1 + R). Finally, the MD rate of crossings through the leaflets can be predicted

based on the RETIS 1-particle rate constants only,

resc = rentr =
kentrkesc
kentr + kesc

. (13)

In Table 1, conventional MD gives an entrance rate of 0.0136 ns−1 (±25%) and an escape

rate of 0.0140 ns−1 (±24%), which are about equal as discussed before. Using the RETIS

rate constants of Table 2 and error propagation for the C.I., the rate in Eq. 13 is 0.0130 ns−1

(±40%), which is again not statistically different from the MD result.

Conclusion

This paper is the first application of RETIS on a permeation problem with an all-atom

phospholipid bilayer. The obtained rate constants are in good agreement with conventional

MD. With this proof of principle at hand we have paved the way for other permeation cases

in which MD is not an option. The exact kinetics of drug molecules permeation can be

accessed with RETIS even if the permeation is a truly rare event or if the permeation is

non-Markovian.

Moreover, the RETIS path ensembles contain trajectories that are completely physical.

Unlike biased simulations where spurious effects cannot be guaranteed to be absent,13 the

RETIS trajectories can be analyzed42 in a post-processing step, allowing to unravel the

permeation process. This can be especially useful when the permeant is flexible or exhibiting
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an internal degree of freedom that assists in the permeation.

In this exploratory study, we identified some key elements that should be taken into

account in future permeation studies. For instance, the positioning of the first interface

should be optimized when using a collective (here 5-particle) order parameter, which could

substantially improve the efficiency. The design of a new protocol for choosing algorithm

parameters in diffusive systems will therefore be part of our future publications. Moreover,

we mentioned several existing techniques and new developments that are in progress, which

will facilitate the sampling of these kind of systems. These techniques include PPTIS,39

stone-skipping and web-throwing,41 and the new MC moves described in Ref. 38.

In terms of efficiency, RETIS was demonstrated to efficiently sample rare events that are

inaccessible with MD in the past, where it was most advantageous for extreme rare events

with short transition pathways. In this study, the total number of MD steps performed

in the RETIS path ensembles corresponded to 1.4 microseconds, while in the regular MD

simulations, we have performed a 0.5 microseconds simulation. Based on the statistical errors

of the rate constants, we did not necessarily obtain an improved efficiency with RETIS in

comparison with MD. The reason is that we selected a system where permeation is not

that rare, such that escapes and entrances could also be studied with MD. In addition, our

parameter set up was in hindsight not optimal as discussed above. In membranes that involve

higher barriers, RETIS is expected to easily outperform conventional MD in efficiency. With

improved protocols for setting the algorithmic parameters, such as interface positions, and

the development of new path generating moves38,41 the efficiency is expected to increase

even further. We therefore believe that RETIS will be a valuable tool for future permeation

studies.
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