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Abstract

We prove global existence, uniqueness and stability of entropy solutions with L2 initial data for a general
family of negative order dispersive equations. These weak solutions are found to satisfy one-sided Holder
conditions whose coefficients decay in time. The latter result controls the height of solutions and further
provides a way to bound the maximal lifespan of classical solutions from their initial data.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

We consider the initial value problem

u+ 5y = (G *u)y, (t,x) eRT xR,
u(0, x) = up(x), x eR,

(1.1)
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for initial data ug € L2(R) and an even convolution kernel G € L' (R) admitting an integrable
weak derivative G’ =: K € L' (R). Included in this family of equations is the Burgers—Poisson
equation

o]

u,+%(u2>x=( / —%e"“yu(r,y)dy) (1.2)

X
—0o0

which in [22] is derived as a model for shallow water waves.
1.1. Outline of main results

The paper can be divided in two parts: Section 3 establishes the well-posedness of entropy
solutions of (1.1), while Section 4 demonstrates the one-sided Holder regularity that the solu-
tions enjoy. To the best of our knowledge, these results are new. It was shown in [9] that the
Burgers—Poisson equation (1.2) admits unique entropy solutions with L' data that satisfy one
sided Lipschitz conditions. Still, the results here add new insight also for Burgers—Poisson: The
L? setting is more natural (albeit harder) to work in due to the dispersive right-hand side. For the
L? norm of a solution is guaranteed to be non-increasing in time, which can be used to deduce
a one-sided smoothing effect of (1.1). In particular, our Corollary 2.4 shows that the one-sided
Lipschitz coefficients of solutions of Burgers—Poisson can at worst behave like ‘const + 1/¢’
whereas the corresponding expression in [9] takes the form O(re’ + 1/¢). An interesting con-
sequence of having an explicit smoothing effect of (1.1), as given by Theorem 2.3, is that it
provides a necessary condition on terminal data when seeking to solve the backward problem;
this is exploited in the proof of Corollary 2.6 which bounds the lifespan of classical solutions of
(1.1).

We give a brief discussion of our results which are presented in Section 2. The first main
result, Theorem 2.1, provides existence, uniqueness and L2 stability for entropy solutions of
(1.1) — as defined by Definition 1.1 — for initial data in L?>N L®R). Corollary 2.2 then extends
this result in a unique and continuous manner to pure L? data. The results are proved in Section 3.
There, uniqueness and stability is proved through a variation of Kruzkov’s doubling of variables
technique [16], while existence follows from an operator splitting argument. While there are less
laborious approaches for proving existence (fixed point methods, vanishing viscosity), operator
splitting has the advantage of allowing for a straightforward analysis of the regularizing effect of
(1.1) which constitutes the second part of our results.

The second main result, Theorem 2.3, guarantees one-sided Holder regularity for entropy
solutions of (1.1), and it is proved in Section 4. Like the classical Ole ik estimate (4.1) for
Burgers’ equation, this one-sided regularity improves over time. The proof is based on an operator
splitting approach, used to study the evolution of the quantity w(¢, k) := sup, (u(t,x + h) —
u(t,x)), for t,h > 0 and a solution u. As seen by Lemma 4.3, the nonlinearity in (1.1) has a
smoothing effect on w. The dispersive term on the other hand has no clear convenient effect on
w, and it is instead treated as a source term that we limit using the non-increasing L? norm of u
(as done when combining Lemma 4.4 and 4.2).

The result has two interesting consequences. First, Corollary 2.5 provides an explicit height
bound for a solution u in terms of || K|, 1(R), lluoll 2Ry and the time 7. This bound decays

initially like 1/¢3 and converges to a positive constant for large times. Generally, the height of
a solution will not tend to zero due to the existence of solitary waves [7] for several instances
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of (1.1). Second, Corollary 2.6 bounds the lifespan of classical solutions of (1.1) provided the
initial data satisfies a skewness condition (2.6). One may wonder how these classical solutions
break down, and wave breaking is the natural candidate. A proof of this is beyond the scope of
this paper, but not hard to obtain; demonstrating that (1.1) is classically well posed for times
t S —1/inf, uy(x) (the hyperbolic lifespan) would leave wave breaking as the only type of blow
up (as we already have height bounds). We point out that our skewness condition (2.6) differs
from that of both [9] and [5]; neither imply the other.

1.2. Other dispersive equations

Central questions in the study of water wave model equations include well-posedness, per-
sistence and non-persistence of solutions, the latter two exemplified by solitary and breaking
waves. The answers depend intricately on the type of nonlinearity and dispersive term featured
in the equation. In the case of a quadratic nonlinearity, the fractional Korteweg—de Vries equation
(fKdV)

u+ 5@y = (ID1Pu), (1.3)

where F(|D|Pu) = |£|P4 and B € R, has been suggested [17] as a scale for studying how the
strength of the dispersion affects the questions of well-posedness and water-wave features. To
connect (1.1) to the fKdV setting, observe that our assumption on G implies that G &) =o0(&™H
as |&€] — oo and so one may place (1.1) in the region 8 < —1 for fKdV. However, G will in our
case be bounded, whereas |£|# blows up at zero, and thus (1.1) can not match the low-frequency
effect of negative order fKdV which assigns (very) high velocities to (very) low frequencies.
This qualitative difference disappears in a periodic setting; the dispersion of fKdV on the torus
is for B < —1 precisely of the form assumed in (1.1). We point out that the methods in this paper
can be carried out on the torus; our results can thus be extended to periodic solutions of fKdV
for B < —1. With the relation between (1.1) and (1.3) accounted for, we now summarize a few
results for the latter to sketch what one may expect of well-posedness and water-wave features
in our case.

The fractional KdV equation of order 8 € (g, 2] is globally well-posed in appropriate function
spaces. The regions B € (g, 1) and B € (1, 2) are treated in [21] and [10] respectively, and there
are numerous works on the well posedness for § = 1 (Benjamin—Ono equation) and 8 =2 (KdV
equation); see for example [13] and [14] and the references therein. For values 8 < % only local
well-posedness results have been established [8,21]. Still, numerical investigation [15] suggests
that fKdV is globally well-posed for dispersion as weak as 8 > %, but not for g < %; this is also
conjectured in [17]. One might expect the culprit of this loss of global well-posedness for weak
dispersion, to be the appearance of breaking waves (shock formation), i.e. bounded solutions that
develop infinite slope in finite time. In the negative order regime 8 < 0 this might be true: the
occurrence of breaking waves has been proved for the case 8 = —2 (Ostrovsky—Hunter equation)
by [18], for the case B = —1 (Burgers—Hilbert) by [23] and for the region 8 € (—1, —%) by [12].
However, no such results exist in the positive order regime 8 > 0, and it is believed that instead
other blowup phenomena occur in the range 8 € (0, %] inhibiting global well-posedness; see the
discussion in [15,17] or [20] where an example of L°° blowup in finite time is constructed for the
modified Benjamin—Ono equation. In the absence of classical global solutions, several authors
have for the 8 < 0 regime turned to the concept of entropy solutions. Adapted from the study of
hyperbolic conservation laws, entropy solutions are weak solutions that satisfy extra conditions
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— the entropy inequalities — automatically satisfied by classical solutions (whenever they exist).
This solution concept allows for continuation past wave breaking and a global well-posedness
theory may then be achieved. In [4] existence and uniqueness of global entropy solutions for
the Ostrovsky—Hunter equation (8 = —2) is established for appropriate initial data. Similarly,
[3] provides global entropy solutions for the Burgers—Hilbert equation (8 = —1) and a partial
uniqueness result. And as mentioned above, the Burgers—Poisson equation (1.2) is in [9] shown
to admit unique global entropy solutions for L' initial data. There, the authors also provide
sufficient conditions on the initial data leading to wave breaking. This equation is not an isolated
instance of (1.1) featuring wave breaking; [5] shows that the phenomenon is present whenever
G € C N L'(R) is symmetric and monotone on R*. More generally, our Corollary 2.6 hints that
every instance of (1.1) features wave breaking as explained above.

1.3. The entropy formulation

We define the concept of entropy solutions on the function class L5, ([0, 00), L>(R)), which
here denotes the subspace of L{> ([0, 00) x R) of functions u(z, x) that are essentially bounded
on [0, T] x R for each T > 0. We will in Section 2 be more liberal in our definition of entropy
solutions (allowing then for L? initial data) as explained after Corollary 2.2.

Necessary is the notion of an entropy pair (7, g) for (1.1), which is to say that

n: R — R is smooth and convex, while ¢'(u) = 1’ (u)u.

Definition 1.1. For bounded initial data ug € L°(R), we say that a function u € L}, ([0, 00),
L*°(R)) is an entropy solution of (1.1) if:

(1) it satisfies for all non-negative ¢ € C°(R* x R) and all entropy pairs (1, g) of (1.1) the
entropy inequality

//n(u)tpt +q@ex +1' W) (K *u)pdxdr >0, (1.4)
0 R

1

loc SENSE, that is

(2) it assumes the initial data in L

-
esslim/ lu(t, x) — up(x)|dx =0,
N0
—r

for all » > 0.

The concept of entropy solutions lies between that of strong and weak solutions. If u €
L ([0, 00), L>(R)) N CHR* x R) is a classical solution of (1.1) then it is necessarily an
entropy solution as multiplying (1.1) with n’(u)¢ and integrating by parts yields (1.4) as an
equality. And if u is an entropy solution of (1.1) then it is necessarily a weak solution as follows
from considering the two entropy pairs (n(u), g(u)) = (u, %uz) and (n(u), q(m)) = (—u, —%uz)
respectively.
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1.4. A fractional variation

The exponents of the one-sided Holder conditions provided by Theorem 2.3 depend on the

regularity of K = G’; the smoother K is, the higher the exponent. More precisely, we attain the

Holder exponent % if |K|rys < oo where the latter seminorm is for s € [0, 1] defined by

IKCG+h) =Kl r
|K|7vs = sup ®

(1.5)
h>0 h$

When s = 1 this seminorm coincides with the classical total variation of K, while s = 0 gives
twice the L! norm of K, and thus we necessarily have |K|7y0 < 00 as we assume K € L'(R).
For s € (0, 1) the seminorm is a measure of intermediate regularity between L'(R) and BV (R).
This seminorm does not coincide with the scaling invariant fractional variation from [19] used in
[2] to attain maximal smoothing effects for one-dimensional scalar conservation laws.

2. Main results

We here present the two main results, Theorem 2.1 and Theorem 2.3 and corresponding corol-
laries. For a general discussion of the content given here, see the end of the above introduction.
We start with Theorem 2.1, which provides a global well-posedness theory for entropy solutions
of (1.1) with initial data in L2 N L% (R). The theorem is established in Section 3.

Theorem 2.1. For every initial data ug € L> N L°(R) there exists a unique entropy solution u of

(1.1). The mapping t — u(t) is continuous from [0, 00) to L>(R) and u(t) satisfies for all t > 0
the bounds

lu@llL2®) <lluoll2w)- lu()ll Loo®) <€ lluoll o) 2.1

where k = ||K|| 1R). Moreover, we have the following stability result: if two sequences
(f)keN C [0, 00) and (ug 1)ren C L? N L¥®(R) admit the limits

lim # =¢t, and lim uox=uo in L*(R),
k— 00 k— o0
where ug € L?> N L*®(R), then the corresponding entropy solutions satisfy

klim up(te) =u(t) in L*(R).

The following corollary is an extension of the result to a pure L? setting which is proved at
the end of Subsection 3.3.

Corollary 2.2 (Global L?* well-posedness). Equation (1.1) is globally well-posed for L*>(R) ini-
tial data in the following sense: The solution map S: (t,uqg) — u(t) mapping L* N L°(R)
initial data to the corresponding entropy solution evaluated at time t > 0, extends uniquely to a
jointly continuous map S: [0, 00) x LZ(R) — L*(R). In particular, the L*-bound, -continuity
and -stability of Theorem 2.1 carries over to all weak solutions provided by S. Moreover, for
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any ug € L?(R), the corresponding weak solution u(t,x) := S(t,uo)(x) is locally bounded in
(0, 00) x R and satisfies the entropy inequalities (1.4).

For the remainder of the section, we broaden the definition of an entropy solution: for ug €
L%(R) we say that u is the corresponding entropy solution of (1.1) if, and only if, u(¢) = S(z, up),
where S is as in the previous corollary.

The second theorem infers one-sided Holder regularity for the entropy solutions. The Holder
exponent depends on the regularity of K = G’, here measured using the fractional variation
|K|7vs defined in (1.5). The theorem is proved in Section 4.

Theorem 2.3 (One-sided Holder regularity). For initial data ugy € L%(R), let u be the corre-

sponding entropy solution of (1.1), and let s € [0, 1] be such that |K |7ys < 0o. Then u satisfies
the one-sided Holder condition

u(t,x) —u(t,y) <a(x -y, (22)
forall x >y and t > 0, where the Holder coefficient a(t) is given by

1—s

24e Lis ol 3 g
a(t) = C1($)IKIF ol g, + Cals) —= 2, (2.3)
t73

for two constants C1(s) and Cy(s) written out in (A.1).

Since u(¢) is in LZ(R) it is not necessarily true that x — u(t, x) is well defined pointwise; in
the previous theorem we have identified u(¢) with its left-continuous representation which exists
due to Lemma A.1.

Since K € L' (R) and |K|7yo =2[K| 1), the s = 0 case of Theorem 2.3 is valid for any in-
stance of (1.1). In particular, entropy solutions of (1.1) are guaranteed to admit one-sided Holder
regularity of order % In the case of the Burgers—Poisson equation, where K = %sgn(x)e"" |
we find |K|7y1 = |K|ry =2 and so by the s = 1 case of Theorem 2.3 we get the following
corollary.

Corollary 2.4 (One-sided Lipschitz smoothing of Burgers—Poisson). For initial data ug € L*(R),
let u be the corresponding entropy solution of the Burgers—Poisson equation (1.2). Then u satis-
fies the one-sided Lipschitz condition

1
u(t, x) — ut, y) < [125||M0||L2(R) ](x—y>,
forallx > yandt > 0.

While it was already established in [9] that entropy solutions of the Burgers—Poisson equation
are one-sided Lipschitz continuous, our result has the advantage of a Lipschitz coefficient that
decreases with time.

We conclude this section with two less obvious corollaries of Theorem 2.3: a decaying height
bound for entropy solutions of (1.1) and a maximal lifespan estimate for classical solutions.
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Corollary 2.5 (Height bound). For initial data ug € L*(R), let u be the corresponding entropy
solution of (1.1). Then for all t > 0 we have the height bound

| [\
ENIo

~
W=

u_1 1 2
lu@llLo®) < |:2‘233 ”K”ZI(R) + ]||M0||ZZ(R)- 249

Proof. See Appendix B.

Observe that together, the two height bounds (2.1) and (2.4) imply that when ug € LZNL>®(R)
the corresponding entropy solution of (1.1) is globally bounded.
For the final result of the section, we need to introduce the following seminorm

[upls :=esssup 2.5)

xeR
h>0

[uo(x —h)— uo(x)}

1+s
2

which is a (left) one-sided Holder seminorm of exponent %

Corollary 2.6 (Maximal lifespan). There are universal constants C,c > 0 such that: if initial
data ug € L* N L°°(R) satisfies the skewness condition

) 2 1
ol ™> > el K73 luoll $og (2.6)

for some s € [0, 1] such that |K |7ys < 00, then the lifespan T of a classical solution u € L*° N
Cl((0,T) xR) of (1.1) admitting ug as initial data must satisfy

1
luoll )35, 17
T < C[ﬂ . 2.7)

[uol3
Proof. See Appendix B.
3. Well posedness of entropy solutions

In this section, we provide for (1.1) a global well-posedness theory of entropy solutions as
defined by Definition 1.1. In particular, the content of Theorem 2.1 follows from Proposition 3.1,
Corollary 3.6 and Proposition 3.9; see the summary at the beginning of Subsection 3.3. Corol-
lary 2.2 is also proved here at the end of Subsection 3.3. For entropy solutions of (1.1), the
proofs of existence and uniqueness are the same for L? N L™ data as for L data; only the L'
setting allows for ‘shortcuts’. Thus for generality, many results in the two coming subsections
will be presented for initial data ug € L°°(R). We also note that in these two subsections only
Lemma 3.3 exploits the dispersive nature of (1.1), that is, that K = G’ is odd.
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3.1. Uniqueness of entropy solutions

It is natural to start with the proof of uniqueness, as this equips us with a weighted L!-
contraction that can further be used in the existence proof. The involved weight w),(, x) can
be interpreted as a bound on the propagation of information for solutions of (1.1). Its technical
role in the coming proof is to serve as a subsolution of a dual equation, namely the one obtained
from setting the square bracket in (3.17) to zero. A similar method can be found in [1] where
nonlocal conservation laws are treated.

The weight is constructed as follows. Writing | K| to denote the function x — |K (x)|, we

introduce for a parameter ¢ > 0 the operator ¢’'K* mapping L” (R) to itself for any p € [1, oc],
defined by
K - "
(e ) =reo+- (k1" ) o=, (.1
= n!

where (] K |*)" represents the operation of convolving with | K| repeatedly n times. Observe that
by repeated use of Young’s convolution inequality we have for any p € [1, 0co] and f € LP(R)

e P Fllo®y < €I fllLow), (3.2)
where « := || K|| 1 (R, For parameters r, M > 0, we further introduce
, 1, |x|<r+ Mt,
Xp (&%) = 3.3)
0, else,
and set
whe(,0 = (g1, 0) @), (3:4)

By (3.2), this weight satisfies for p € [1, oo] the bound

1
lwi, &, HlLr®r) < e Qr +2M1)7, 3.5

where the case p = oo is evaluated in a limit sense. Thus, wi, (¢, ) € L'n L*®°(R) forallt,r, M >
0. With w), defined, we are ready to state Proposition 3.1 establishing the uniqueness of entropy
solutions. Although the following result is stated to hold for a.e. # > 0, it can be extended to all
t > 0, as we later prove that entropy solutions of (1.1) are continuous when viewed as LIIOC(R)—
valued time-dependent functions.

Proposition 3.1. Let u,v € Ly, ([0, 00), L*(R)) be entropy solutions of (1.1) with ug, vy €

L% (R) as initial data. Then, for any r > 0 and a.e. t > 0 we have the weighted L'-contraction
r oo
/ lu(t, x) —v(t, x)ldx < / |uo(x) — vo(x)|w), (¢, x)dx, (3.6)
—r —00
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where w), is given by (3.4), and M is any parameter satisfying

M

- lull Lo o,nxR) + IVl oo 0, /1xR)

> 3.7

Thus, there is at most one entropy solution of (1.1) for each ug € L°°(R).

Proof. We begin by reformulating (1.4) in terms of the KruZkov entropies; parameterized over
k € R, they are given by (nx(u), gx (u)) = (Ju — k|, F(u, k)) where

F(u, k) := Ssgn(u — k)(u* — k*).

These entropy pairs lack the required smoothness, but are still applicable in (1.4) as they can
be smoothly approximated. Indeed, consider for § > 0 and k € R the entropy pairs n,‘i(u) =

V(u—k)2+68%and g (u) = fk"(n,‘z)’(y)ydy. As we have the pointwise limits
lim 2 (u) = |u — k|, lim g? (u) = F(u, k), lim () (u) = — k),
lm ) =lu—k,  Jimgp@) =Fk).  lim@}) ) =sen(u —k)
we can substitute (17, q) — (’72’ q,‘j) in (1.4) and let § — 0O to conclude through dominated con-

vergence that u satisfies

e ¢]

0< /f lu —klo; + F(u, k)px + sgn(u — k) (K * u)epdxdt, (3.8)
0 R

for all k € R and all non-negative ¢ € C2°(R™ x R). For brevity, we set U = R* x R for use
throughout the proof. Let » € C°(U x U) be non-negative, and consider # and v as functions
in (¢,x) and (s, y) respectively. For fixed (s, y) € U, we can in (3.8) insert the test-function
¢: (t,x)— ¥, x,s,y) and the constant k = v(s, y) so to obtain

0< / lu — vl + F(u, v)¥y +sgn(u — v) (K *xx u)ydxds, (3.9)
U

where we write K *, u to stress that the operator K is applied with respect to the x-variable.
As (3.9) holds for all (s, y) € U we can integrate (3.9) over (s, y) € U giving

0< / f = vl + Fu, v) + sgnlu — v) (K %, wpydxdidyds. 31,
U U

Swapping the roles of u(z, x) and v(s, y) we similarly find

0< // lu —v|Ys + F(v, )y + sgn(v — u)(K *, v)dxdrdyds. (3.11)
U U

As F(u,v) = F(v,u) and sgn(v — u) = —sgn(u — v) we can add (3.10) to (3.11) so to further
obtain
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0< lu —v|(Yr +g) + F(u, v)(Yy + y)dxdedyds

Q\

(3.12)
+ /sgn(u —V)(K #x u — K *y v)dxdrdyds.
U

/
/

Let p e C° (R2) be non-negative and satisfy || p|| LI(R2) = 1, and let p; denote the expression

1 t—s x—y
pe=pg(t—s,x—y)=—2p< ; )
& & €

for ¢ > 0. For afixed T € (0, 00), we further let ¢ denote a non-negative element of CZ°((0, T') x
R) and set

YV, x,5,y) =9, x)pe(t —s,x —y),
or simply ¥ = @p, for short. Note that, for ¢ > O sufficiently small, this i is non-negative,

smooth and of compact support in U x U; in particular, it satisfies the prior assumptions posed
on it. Using that (9; + d;) 0. =0 = (3dy + 9y) p¢, We can conclude

(Vs + ¥s) = @1 0, (l/fx‘i‘wy):wxpe,

and so inserting for ¥ in (3.12) we get

OS//[Iu—vlfpz—i-F(u,v)fpx]pgdxdtdyds—i—//sgn(u—v)(K*xu—K*yv)q)psdxdtdyds.
U U A

(3.13)
We now wish to ‘go to the diagonal’ by taking limsup,_, of (3.13); for simplicity we study
each line separately. For the first one we pick M € (0, 0o) satisfying the inequality (3.7) with T
replacing ¢, and use > —v3) =W+ v)u—v)to compute

// [Iu —vlgr + Fu, v)wx]pgdxdtdyds
U U

S//W—U|[¢;+M|¢x|]pgdxdtdyds

vu (3.14)
< [ e = v [or+ Ml Jaxar
U
+ [ 16 = v i + Mg |peararayas
uvu

As pg(t — s, x — y) is supported in the region |( — s, x — y)| < ¢ and satisfies loell L1 m2y = 1,
the very last integral in (3.14) is bounded by
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sup /|v(t,x)—v(t+€,x+8)|[<p,+M|(px|]dxdt—>0, e—0,
I(e,8)|<e
U

where the limit holds as translation is a continuous operation on LlloC (R) and ¢ € C°((0, T) x
R). Thus we have established

limsup// [|u — vlgs + Fu, v)gpx]pgdxdtdyds < / lu(t, x) — v(t,x)|[gp; + M|¢x|]dxdt.
e—0
U U U

(3.15)
Turning our attention to the second line of (3.13), we start by observing

//sgn(u —V)(K #x u — K %y v)pp.dxdrdyds
U U

< /// K @)|u(t,x —z) —v(s,y — 2)|@t, x)ps (t — s, x — y)dzdxdrdyds

UUR
=//f|K(Z)||“(I,x)—U(S’y)kﬂ(f,x-i—z)ps(t—s,x—y)dzdxdtdyds
U U R
://|u—v|[|[(|>kx gp]pgdxdtdyds,
U U

where the third line holds by the substitution (x, y) — (x +z, y +z) and the last by the symmetry
of z = |K (z)|. By similar reasoning used to attain (3.14), we conclude

limsup/ / sgn(u — v)(K #x u — K *, v) podxdtdyds
U U

e—0
(3.16)
- / u(t.x) — vt DK * @)dxdr,
U
Combining (3.13) with (3.15) and (3.16), yields the inequality
Of/lu—vl[got—l—Mlﬁﬂxl+|K|>kg0]dxdt, (3.17)
U

where both # and v are now functions in (¢, x). By density, we may extend (3.17) to hold for all
non-negative ¢ € W(}’l ((0, T) x R). Thus, we can set ¢(t, x) = 68(t)¢p (¢, x) for two non-negative
functions 0 € W(;’] ((0,T)) and ¢ € W10, T) x R) where we note that ¢ need not vanish at
t =0and r =T. In doing so, (3.17) yields

O§/|u—v|9’¢dxdt~|—/|u—v|9[¢,+M|¢x|+|K|*¢]dxdt, (3.18)
U U
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To rid ourselves of the second integral, we now construct a particular ¢ such that the square
bracket in (3.18) is non-positive in (0, 7) x R. Let f: R — [0, 1] be smooth, non-increasing
and satisfy f(x) =1 for x <0 and f(x) = O for sufficiently large x, and define

gt,x)=f(x|+M@—T)). (3.19)

It is readily checked that g € C2°([0, T] x R). We now define the function ¢ to be

9 (t.x) = (Kl g (1, ) (o). (3.20)

where we used the operator defined in (3.1). Observe that ¢ is non-negative and smooth on
[0, T] x R with integrable derivatives; this last part follows when using (3.2). That the square
bracket in (3.18) is non-positive, can be seen as follows: note first from (3.19) that

g, x) =Mf'(|lx| + M(t = T)),

gx(t, x) =sgn(x) f'(|x| + M(t = T)).

As f’ is non-positive, we find g; = —M|g,|. Thus, using (3.20) we calculate for ¢ € (0, T')

b +1K|x g =K,
= - M<6(T_t)‘K|*|g)C |>7

< —M‘e(T*’)m*gx‘
= — M|¢xl,

where the last equality holds as differentiation commutes with convolution. In conclusion, the
second integral in (3.18) is non-positive. Next, for a small parameter € > 0 we set 6 = 6, where
f. is given by

t/e, 1€(0,¢),
Oc(t) =11, te(e, T —e), (3.21)
(T —1t)/e, te(T —¢€,T).

Inserting this in (3.18), removing the non-positive integral and letting € — 0, we conclude

T

limi([)lf/ </|u(t,x)—v(t,x)|¢(t,x)dx>%
R

e (3.22)

€

< limsup/ (/ lu(t, x) —v(t,x)lqﬁ(t,x)dx)%
e—0
0 R

where we moved the negative term over to the left-hand side. As u and v are bounded on (0, T') x

R and continuous at t = 0 in LllOC sense, it is easy to see that |u(t, -) — v(z, -)|p (¢, ) — |ug(-) —
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v0(-)|¢ (0, ) in L' (R) when t — 0 since the same is true for ¢ (¢, x) and ¢ (0, x). Thus the right-
hand side of (3.22) is given by

limsup/ (/ lu(t, x) —v(t, x)|o(, x)dx) /|u0 — ol (0, x)dx.

e—>0

As for the left-hand side, we wish to apply the Lebesgue differentiation theorem so to get con-
vergence for a.e. T > 0, but this can not be directly done due to the implicit 7-dependence of
¢. Instead, we observe from (3.19) and (3.20) that ¢ (T, x) = g(T, x) = f(|x|) where the latter
function is independent of 7'. Since ¢(z,-) — f(|-]) in LY(R) ast — T, the boundness of u and
v means that |u(z, -) — v(z, )|(¢(t, ) — f(|-])) = 0in L'(R) as t — T and so we may estimate

T

lim sup f </|u(t x) —v(t, x)|o(t, x)dx)g
e—>0 e
T

. dr

= limsup / (/|u(t x) — v(t, x)If(|x|)dx>
e—0

T—¢

=/|u(T,x)—v(T,x)|f(|x|)dx, ae. T >0,

where the last equality used the Lebesgue differentiation theorem. Thus we conclude from (3.22)
that we for a.e. T > 0 have

[ = v o1 < [ ot = wi(T - M) eodr 323)

where we inserted for ¢ (0, x) using (3.19) and (3.20). As f was any smooth, non-negative, non-
increasing function satisfying f(x) =1 for x <0 and f(x) = O for sufficiently large x, we may
in (3.23) set f = 1(_ ) through a standard approximation argument. Doing this, we observe
that f(|x] — MT) = x;,(T, x) where the latter is defined in (3.3), and so we obtain from (3.23)
exactly (3.6), with T substituting for ¢. This concludes the proof. O

While we in this paper are concerned with global entropy solutions, one may wish to study
entropy solutions on a time-bounded domain (0, 7) x R. Such solutions would be defined as in
Definition 1.1, but with the test-functions in (1.4) restricted to C2°((0, T) x R). Still, no new
solutions are attained this way: the uniqueness of entropy solutions on a time-bounded domain
follows from the same argument as above, and thus an entropy solution on (0, 7) x R is the
restriction of a global one which the following section establishes the existence of.

3.2. Existence of entropy solutions

In this subsection, we prove the existence of an entropy solution of (1.1) for arbitrary ini-
tial data ug € L>°(R). The strategy goes as follows: we first introduce for a parameter ¢ > 0 an
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approximate solution map S, ;: L°(R) — L°°(R) whose key properties are collected in Propo-
sition 3.2. Next, we show in Lemma 3.4 that when S, ; is applied to sufficiently regular initial data
ug, we attain approximate entropy solutions. Further, in Proposition 3.5 we establish the conver-
gence (as ¢ — 0) of these approximations to an entropy solution, and the result is extended to
general L*° data in Corollary 3.6.

By an operator splitting argument, we aim to build entropy solutions of (1.1) from those of
Burgers’ equation, u; + %(uz)x = 0, and the linear convolution equation, u; = K * u. On that
note, we introduce two families of operators (SZB), >0 and (S,K )s>0 parameterized over ¢ > 0. The
operator S,B : L°(R) — L°°(R) is the solution map for Burgers’ equation restricted to L°° data
at time ¢; that is,

SE: fsul@, ), (3.24)
where (¢, x) — uf (¢, x) is the unique bounded entropy solution for the problem

up+ 5@y =0, (t,x) eRT xR,
u,x)= f(x), xekR.

As demonstrated in [6], this solution lies in C([0, c0), LIIOC(R)), the space of functions u €

Llloc([O, o0) x R) such that ¢ — u(z, -) is continuous from [0, co) to LIIOC(R). Note that S,B is

a flow map in the sense that SP o S5 =57, forall 1,7, > 0. The second map S : L*(R) —

L*°(R) is for t > 0 defined by

SK: frs f4+1Kx f. (3.25)

The actual solution map for the equation u; = K *u is the operator ¢! X* defined similarly to (3.1);
the reason we have instead chosen S[K as (3.25) (which can be seen as a first order approximation
of e'X*) is for our calculations to be slightly tidier. Note however, SX is not a flow mapping. With
these two families of operators, we build a third family of operators S; ;: for fixed parameters
& > 0and ¢ > 0, pick the unique pair n € Ny and s € [0, ¢) such that t = s + ne, and define

Se =8P o[sKos]”, (3.26)

where the notation on implies that the square bracket is composed with itself (n — 1) times; if
n = 0, then the square bracket should be replaced by the identity. We shall demonstrate that as
& — 0 the map S ; converges in an appropriate sense to the solution map for entropy solutions
of (1.1). We begin by collecting a few properties of S;; when applied to the space BV (R);
this subspace of L!(R) is equipped with the norm || - lsv@w) = Il - g1y + | - ITv, where the
total variation seminorm | - |7y coincides with | - |71 as defined in (1.5). A short and effective
discussion of BV (R) can be found in either [6] or [11]; we note that functions in BV (R) have
essential right and left limits at each point, and their height is bounded by their total variation,
thus BV (R) — L' N L>®(R).

Proposition 3.2. With S ; as defined in (3.26), we have for all ¢ > 0, t > >0, f e BV(R) and
p €1, 00]
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I1Se.: (FlLr@) €™l fllLr®). (L? bound),
ISe.c (D)llrv <l flirv, (TV bound),
156, (f) = Se i (Ol 1wy <t — 14+ )Cr (1), (Approximate time continuity),

where k == ||K|| 11 ®) and where the factor C ¢ (t) only depends on f and t.

Proof. Consider ¢ > 0 fixed. We will be using the following properties of the mappings StB and

sk
ISEHLr@®) <1 fllLr®)s ISK(O ey <™l flir@wy, (327
ISE(HIrv <Iflrv, ISK(Hlrv <e™| flrv, (3.28)
ISECH) = Fllow) <tfl7y. ISXH) = Flow <txlflpg),. (329

valid for all t > 0, p € [1,00] and f € BV (R). The inequalities involving StB are well known
and can be found for example in [11]. As for the inequalities involving SX, these estimates
follow directly from the definition of SX (3.25) together with Young’s convolution inequality
and 1 4 tx < e'™. We start by proving the L? and T'V bound of the proposition. For this we fix
t > 0 and pick n € Ny and s € [0, €) such that t = s + ne, and pick an arbitrary f € BV(R). By
iteration of the two inequalities in (3.27) we attain

ISe.c(Ollr®) = I1SE o [SK o SE1"(Hllr®) < € I f Lo R) (3.30)

for all p € [1, oo], and by iteration of the inequalities in (3.28) we similarly get

1Se.:(Olry =188 o [SK o SE1"(Hlrv <™ | flry. (3.31)

This gives the first two bounds of the proposition. For the time continuity, we pick 7 € [0, 7] and
ii € N and § € [0, &) such that 7 = § 4 7ie. Suppose first that 1 — 7 < &, and set f = S, . (f). Then
either S ,(f) = Sf%(f) or Se,(f)=8805Ko Sffg(f) corresponding to the two situations
n=n and n =n + 1; we will only deal with the latter as the other case is dealt with similarly.
By the triangle inequality we then have

I1Se. (f) = Sef(Hlpiw) <USE 0 SK 082 (f) —8K 08P (Dllpiw)
+ 15K 0 S2 .(H) = SE.(Dlpw + 182 = Flloiw)-

The three terms on the right-hand side can be directly dealt with using the two inequalities (3.29)
followed by the estimates (3.30) and (3.31). Doing so in a straightforward manner results in the
bound

5™ | f17y +exe™ | fll i) + (8 — e | f1Fy <™ QI f1Fy +&ll flliw))-

Thus, setting for example C (1) = ek f |%V + il fllL1r)) the time continuity estimate holds
whenever t —f < ¢. By breaking any large time step into steps of size no larger than ¢, the general
case follows by the triangle inequality. O
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The L? bound provided by the previous proposition was attained by applying Young’s convo-
lution inequality on the operator K x; in doing so, we miss possible cancellations that might take
place as K, after all, is an odd function. While efficient L? bounds might not be feasible for gen-
eral p > 1, these cancellations are easily exploited for the L? norm as seen from the following
lemma. This L? control is crucial for the analysis of Section 4.

Lemma 3.3. With S. ; as defined in (3.26), we have forall e >0, t >0 and f € L?>NL®(R)

1Se.: (N 22wy <‘325 ||f||L2(]R),

where k == || K| p1(Rr)-

Proof. Consider ¢ > 0 and 7 > 0 fixed. As K is odd, real valued and in LI(R), it is readily
checked that K « is a skew-symmetric operator on L%(R), and consequently (f, K  f) =0 for
all f € L2(R). In particular,

IS O 2 gy = (. )+ (K x £ K % ) <L+ 2D f 172 g)-

Combined with 1 + 2« < ¢#’<* and the fact that IIS; BHl 2@®) = 1 flL2@) (left-most inequal-
ity in (3.27)), the result follows by iteration. O

When ug € BV(R), we can use Sg; to construct a family of approximate entropy solu-
tions of (1.1) as follows. For an arbitrary, but fixed, ug € BV (R), let the family (#®)¢.~¢ C
* ([0, 00), L°(RR)) be defined by

loc
u(t) = Se 1 (uo), (3.32)

where u®(¢) is compact notation for x — u®(z, x). Although (u®).-¢ is considered a family in

L ([0, 00), L°(R)), we stress that each member is for all > 0 well defined in L>°(R). For
small ¢ > 0 these functions are not far off from satisfying the entropy inequality (1.4), as we now
show.

Lemma 3.4. With (u®).~0 as defined in (3.32) for some ug € BV (R), we have for every entropy
pair (n, q) of (1.1) and non-negative ¢ € C2°(R* x R) the approximate entropy inequality

o]

//n(ug)wz +qW®) gy +n' () (K *u®)pdxdt > O(e).
0 R

Proof. Fixing ¢ > 0, we observe from the definition of S, ; (3.26) that u? is an entropy solution

of Burgers’ equation on the open sets (¢, _;, ) x R for n € N, where t;, = ne; thus

//n(”e)(pt+Q(u£)¢xdxdt20, (3.33)

£
. R
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for every non-negative ¢ € C2°((¢;_,, ;) x R) and every entropy pair (1, ¢) of Burgers’ equa-
tion, which coincides with the entropy pairs of (1.1) as the convection term of the two equations
agree. Moreover, by the time continuity of StB (3.28) and the TV bound from Proposition 3.2,
we see that u® € C ([t,f_ AR LlloC (R)); at r =1¢{ it is discontinuous from the left, as the left limit

is given by u®(t; —) = Sf (u®(tf_,)), while we have defined

uE(18) = u® (1L =) + e K % u° (15 —). (3.34)

The continuity in time allows us, by a similar trick used to attain (3.22), to extend (3.33) to

i
//n(ue)wz+q(u8)g0xdxdtzfn(ue(t,f—))w(t,f,x)dx—/n(ue(t,f_l))w(t,f_l,x)dx,
R

trffl R R

(3.35)
for all non-negative ¢ € C2°(R™ x R). For the remainder of the proof, consider the entropy pair
(1,q) and ¢ € C°(RT x R) fixed. Summing (3.35) over n € N and using ¢(0, x) =0, we get

0+ agdrdr = 3 [ [nwai-n - nat epJot; e 336)
R+ xR n=1R

By Proposition 3.2, the family (u%)¢~¢ is uniformly bounded on the support of ¢, and so we
can assume without loss of generality that |5'|, |”| < C; for some large C. Using the relation
(3.34), the square bracket from (3.36) can thus be estimated

C 2
M (15 =) = 0 1) = —en' W (=) [ K+ 1) | = 1K wu @502,

which, again by the uniform bound of u* on the compact support of ¢, further implies

[ [ @5=n = nt @ Joz o= —e [ 6-n[K e @) ot 0t - Coe?
R R

(3.37)
for some C; > 0 independent of n and ¢. Combining the uniform time regularity of Proposi-
tion 3.2 and the compact support of ¢, we see that the function

(1) 1= / n/(ug(t))[K % ug(t)]qo(t,x)dx, (3.38)
R

satisfies for all # > 7 > 0 an inequality |g. (t) — g-(f)| < C3(t — f + &) for some sufficiently large
C3 independent of ¢. Thus, the integral on the right-hand side of (3.37) can be bounded from
below as such
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—e [ aon [K e - ot v
R

i
- f [n/(ue(t,f—))[l(*us(t,f—)]go(tn,x)dxdt
R

(3.39)
iy

t€

_ / /n/(us(t))[K*us(t)]go(t,x)dxdt—2C382.
R

v

£
ln—]

Picking the smallest N(¢) € N such that suppgp N (e N(g),00) x R = {J, we combine (3.36),
(3.37) and (3.39) to deduce

NW)er +qu)ex + 0’ W) (K *uf)pdxdt > CN(e)e?,
R+ xR
for some sufficiently large C > 0. And as N (g)e> ~ ¢ the proof is complete. [
With the previous result at hand, it is natural to look for a limit function of (u%).~ as ¢ — 0;

this would be a suitable candidate for an entropy solution of (1.1) with initial data ug € BV (R).In
the next proposition, we do exactly this and collect a few properties about the resulting solution.

Proposition 3.5. For any initial data ug € BV (R), let (u®)¢~q be as defined in (3.32). Then, for
all t > 0 the following limit holds in LllOC (R)

ut (@) — u(), e—0, (3.40)

where u is an entropy solution of (1.1) with initial data uo. Moreover, u is an element of
C ([0, 00), L' (R)) N L.([0, 00), L>®(R)) and satisfies for all t > 0

loc

lu()llLoo®) < e lluoll LooR)> (3.41)
el 2y < ol 2 @) (3.42)
where k == || K| p1(Rr)-
Proof. We first prove the limit (3.40) for a special subsequence of (u%).~¢ and then generalize

afterwards. Fixing ¢t > 0, we see from Proposition 3.2 that the functions (u°(¢))¢~¢ satisfy for
any p €[1, o0]

@O llLe®) < e“lluolle ), (3.43)

and in particular, they are uniformly bounded in L'(R). Moreover, they are equicontinuous with
respect to translation
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||u8(ta : + h) - ug(tv ')"LI(]R) S heZK|MO|TV7

for all & > 0, and so by the Kolmogorov—Riesz compactness Theorem, any infinite subset of
(u®(1))e>o is relatively compact in LllOc (R); as we have skipped developing a tightness estimate
for (u®(t))e~0, we can not claim the family to be relatively compact in LY(R). The family (u%)¢=0
is not equicontinuous in time and so we can not directly apply the Arzela-Ascoli theorem, how-
ever, the family is for small ¢ arbitrary close to be equicontinuous and so the proof of the theorem
is still applicable; for clarity we perform the steps. By a standard diagonalization argument, we
can select a sub-sequence (u°/) jeN C (#°)e>0 such that lim; . e; = 0 and u® (¢) converges
in L}OC(R) for every ¢t € E with E being a countable dense subset of R*. Next, we claim that
u® (t) converges in LIIOC(R) for every ¢t > 0. Indeed, fix r > 0 for locality and pick s € E such
that |s — 7| < € for some arbitrary € > 0. By the time regularity estimate of Proposition 3.2, we
have

.
lim sup/ | () — u® (¢)|dx

Jjyi—>o00

< 1imSuP/ (1) — w7 ()| + |u () — u ()| + |u (s) — u () |dx

j,i—>oo_
< limsup(2e +¢&; +&;)Cy(t +€) + 11msup/ | (s) — u® (s)|dx
Jri—00 i—00

=2eCy,(t +€),

and since r and € were arbitrary, we conclude that u®/ (t) converges in LIOC(R) to some u(t).
Moreover, as u®/ (t) converges locally to u(¢), the bound (3.43) necessarily carries over to u(t),
and so in particular

lu() ey < e™“lluollLr®)

and further by Fatou’s lemma we infer for all t > 7 > 0

@) = @l 1 gy < imminf ) () = D1,

< liminf(t — 7 + &;)Cyy (1) (3.44)

J—00

=(t —1)Cyy (1).

Thus u € C([0, c0), LL(R))N LIOC([O, 00), L°(R)). Next, we prove that u is, in accordance with
Definition 1.1, an entropy solution of (1.1) with initial data ug; the latter part follows from u (0) =
ug and (3.44). To see that u satisfies the entropy inequalities (1.4), we pick an arbitrary entropy
pair (17, ¢) of (1.1) and a non-negative ¢ € C2°(R* x R) and recall Lemma 3.4 to calculate
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/ N + q)ey +n' (W) (K * u)pdxdt
R

0
= 1,iﬁg)/ / nWg: +qWex +n' W) (K *u®)pdxdt
—
770 R
> lim O(gj) =0
j—0

(3.45)

where the second line holds as the integrand converges in L L(R); after all, (u®/) jeN is uniformly
bounded on the compact support of ¢. By Proposition 3.1 we conclude that u is the unique
entropy solution of (1.1) with uq as initial data. What remains to show, is the general limit (3.40)
and the L2 bound of u (3.42); the latter follow by Lemma 3.3 and Fatou’s lemma. We prove (3.40)
by contradiction; if this limit does not exist, then there is a subsequence (u®/) jen C (4°)e>0, @
t > 0 and an r > 0 such that

-
liminf/ lu(t) — u® (r)|dx > 0.
j—o00
—r
But as argued above, the infinite set (/) jey must be precompact in LIOC(R) for every t >

0, and thus we can pick a subsequence converging for every ¢t > 0 in LIOC(IR) to the unique
(Proposition 3.1) entropy solution # which contradicts the above limit inferior. O

The existence of entropy solutions for general L* data now follows from the previous
proposition together with the weighted L'-contraction provided by Proposition 3.1. As entropy
solutions with BV data are L'-continuous in time, said contraction extends to all 7 > 0.

Corollary 3.6. For any initial data ug € L>°(R), there exists a corresponding entropy solution
u e C([0,00), LL (R)) of (1.1) satisfying for all t >0

loc
(@)l oo Ry < €™ [luoll oo (R). (3.46)

where k := ||K || 1) If uo € L2 N L>®(R), it also satisfies for all t > 0

lu@ 2wy < lluoll2R)- (3.47)

Proof. For ug € LOO(R) let (u’) jeN be a sequence of entropy solutions of (1.1) whose corre-
spondlng initial data (uo)]EN C BV (R) satisfies sup; ||M0||L00(R) < lluollz=r) and ”0 — ug in
(R) as j — oo. For a fixed T > 0, set

loc
T
M =e" " |luoll Lo m).

and observe from (3.41) that sup; ||Ltj(l)||LOO(R) < M for all t € [0, T']. Using (3.6), we find for
any r >0
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Jii—>o0 0<t<T Ji—>00

.
limsup sup /|uf(t,x)—uf(t,x)|dxglimsup/|ug(x)—ug(x)|w;4(T,x)dx=o,
—r R

where we used that w), is increasing in ¢. This shows that (ul) jeN is Cauchy in the Fréchet space

C ([0, 00), LlloC (R)) and so the sequence converges to some u € C([0, 00), LlloC (R)). Moreover,

(@)l Loy < liminf [lu/ (1) ]| Lo®) < €™ [luoll L (R).
j—o00

by (3.41), and so u € L{y ([0, 00), L>(R)) too. That u takes uq as initial data in Llloc—sense

follows from the time-continuity of # and u(0) =lim;_, o u‘é = ug where the limit is taken in
LllOC (R). Moreover, as each member (u/) jeN satisfies the entropy inequalities (1.4), the same
can be said for u by a similar calculation as (3.45). Thus the corollary is proved, save for the L?
estimate; this is attained through Fatou’s lemma and (3.42) as we may assume sup j ||ué 2wy <

luoll 2wy O
3.3. L? continuity and stability of entropy solutions

For clarity, we summarize what of Theorem 2.1 has been proved so far and what remains to
be proved. Combining Proposition 3.1 and Corollary 3.6, we conclude that there exists a unique
entropy solution of (1.1) in accordance with Definition 1.1 for every initial data ug € L°°(R) and
thus also for ug € L?> N L*°(R). Furthermore, Corollary 3.6 guarantees that these solutions are
continuous from [0, co0) to LllOC (R) so that the restriction u(t) :=u(z,-) € LllOC (R) makes sense
for all + > 0. The same corollary also provides the bounds (2.1) of Theorem 2.1.

It remains to prove that entropy solutions with L> N L> data are continuous from [0, 00) to
L%(R) and that they satisfy the stability result of Theorem 2.1. To do so, we shall exploit the
height bound of Corollary 2.5. As explained at the beginning of Section 4, Corollary 2.5 can be
proved for the case ug € L> N L>°(R) independently of this subsection; thus we may here use
the height bound (2.4) for entropy solutions of (1.1) without risking a circular argument. From
here til the end of the section, we take the above properties of entropy solutions for granted. We
begin with a variant of Proposition 3.1 which makes use of the discussed height bound.

Lemma 3.7. There is a function V: [0, oo)3 — [0, 00), increasing in all arguments, such that

for any pair of entropy solutions u, v of (1.1) with respective initial data ug, vy € L> N L% (R)
one has for any t,r > 0 and N > max{||luoll 2r), [lvoll L2(R)} the inequality

l(t) = V@)l 1 () < B0, N, P)lltg = voll 2 ) - (3.48)

Proof. Letu, v, ug, vo and N be as described in the lemma. By (2.4) from Corollary 2.5, and the
property of N, we have for all r > 0

t ) 1 00 1
le () || Loo(R) 42- V(I Loo(R) - CN%<1 n _1) e m(o), (3.49)
3
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1

where C := max{2%3% ||K||zl( ) 2§}. With F(u,v) := %sgn(u —v)(u? — v?), we have for any

non-negative ¢ € C°((0, 00) x R) the inequality

o]

05//|u—v|<p,+F(u,v><px+|u—v|(|1<|w>dxdr. (3.50)
0 R

This is attained by following the first half of the proof of Proposition 3.1 without using the bound
|F(u,v)| < M|u — v| as done in the first inequality of (3.14); one may instead, when ‘going to
the diagonal’, subtract F (u(¢, x), v(t, x)) from F(u(t, x), v(s, y)) and use

[F(u(t,x),v(s,y) — Fu(t, x), v(x, y)| S v(s, y) — v, x)|,

which follows from local Lipschitz continuity of F and the fact that # and v are globally bounded
(as pointed out after Corollary 2.5). With (3.50) established, we may now filter out (1« +v)/2 from
F using the more precise bound (3.49), that is

|F(u(t, x), v(t, x))| <m(@®)]u(t, x) — v, x)|.

Doing so, and additionally setting ¢(#, x) = 6(¢)¢ (¢, x) for two arbitrary non-negative functions
0 € CX((0,T)) and ¢ € C°((0, T) x R), with T > 0 also arbitrary, we conclude from (3.50)
that

T T
05//|u—v|9’¢dxdt+//|u—v|9[¢;+m(t)|¢xl+|K|*¢]dxdt. (3.51)
0 R 0 R

Observe that (3.51) resembles (3.18); for brevity, we skip minor details in the following steps due
to their similarity of those following (3.18). Let f: R — [0, 1] be a smooth and non-increasing
function satisfying f(x) =1 for x <0 and f(x) = 0 for sufficiently large x, and set

gt,x):= f(lx|+M(@) —M(T)),
where we have here defined M (¢) by

t

M) = /m(s)ds —CN3 (r n %r%).
0

Analogous to (3.20), we then set

b(t,x) = (e”*')‘K'*g(;, -))(x), (3.52)
and while this ¢ is not of compact support, both it, and its derivatives, are integrable on (0, 7) x R
and so by an approximation argument it can be used in (3.51). By similar arguments as those

following (3.20) we find also here that the second integral in (3.51) is non-positive, and so we
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may remove it. Letting then 6 approximate 1 7) in a similar (smooth) manner as done by the
sequence (3.21), we may from (3.51) conclude

/ (T, x) = o(T, )| (T, x)dx < / o (x) — vo(0)]b (0, ¥)dx, (3.53)
R R

where we used that 7 — |u(z, -) — v(z, -)|¢(z, -) is L' -continuous which can be seen by a triangle
inequality argument. Note that ¢ (0, x) = f(|x]), and so letting f — L(—c,,) in L' sense, the
left-hand side of (3.53) becomes the left-hand side of (3.48). When f — 1(_ ) We also get
from (3.52) that

90,5 = ("KL e, (1] = M(T) ) ), (3.54)

in L! sense. Denoting the right-hand side of (3.54) also by ¢ (0, x), it follows by Young’s convo-
lution inequality that

1

160, ) 2R, < ™ [2r +2M(T)]? =" [2r +2CN3 (T + %T%)] 2 (355)

where « := || K ||, 1(r). Applying then the Cauchy—Schwarz inequality to the right-hand side of
(3.53), and using the above L? bound for ¢ (0, x), we attain (3.48) (with T substituting for ¢) for
(T, N, r) given by the right-hand side of (3.55). O

We follow up with a tightness bound for entropy solutions with L> N L™ data.
Lemma 3.8. There is a function ®: [0, 00)2 x R = [0, 00), increasing in all arguments, such

that if u is an entropy solution of (1.1) with initial data ug € L*> N L>(R), then for any t,r > 0
and N > |luoll.2r)

/ u*(t, x)dx g/u%(x)cb(t,N, x| — r)dx. (3.56)
|x|>r R
Moreover,
lim &, N, £) =0, O, N, &)=, £>0,
E——00

where k := || K || 1(r), and in particular, § — ®(t, M, §) is a bounded function.

Proof. Pick arbitrary initial data ug € L2 N L®(R) and let u denote the corresponding en-
tropy solution of (1.1). Writing out the entropy inequality (1.4) for u using the entropy pair
(n(u), g(u)) = (u?, 3u’) and a non-negative test function ¢ € C2°((0, T) x R), with T € (0, 00)
fixed, we get
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T
0< //uzwt + %u3<px + 2u(K *xu)pdxdz. (3.57)
0 R

By the height bound (2.4) of Corollary 2.5, we have [lu(#)| Lo (R) < m(t) where m(t) is as defined
in (3.49), and so the second term of the above integrand satisfies

g, <[ 3mlgal .

Additionally, the third part of the integrand satisfies

/ZM(K *u)pdx = //ZM(t,x)u(t,y)K(x — y)e(t, x)dydx
R R R

< [ [ [P + e )R] 1K = lpte. 2 dvas
R R

= /uz[K¢ + | K| *(p]dx.
R

Inserting these two bounds in (3.57) we get for any non-negative ¢ € C2°((0, T) x R)

T
0< / / u2[<p, + %m(t)|¢x| + K x <p] dxds, (3.58)
0 R

where we introduced the measure K := «§ + | K|, where § is the Dirac measure. Like in the pre-
vious proof, we proceed in a manner similar to the second half of the proof of Proposition 3.1,
though some necessary changes are made. We set ¢ (¢, x) = 6(¢)p(x)¢ (¢, x) for three smooth
non-negative functions on [0, 7] x R with € and p having compact support in (0, 7) and R
respectively. Additionally, while ¢ need not be compactly supported, we require ¢ and its deriva-
tives to be bounded. Inserting this in (3.58) we get

T 00

05//u29’p¢dxdz+//u29[p¢t+ %m(r)l(p¢)x|+lc*(p¢)] dxdt. (3.59)
R 0 R

0

Letting 0 approximate 1 7) in a similar (smooth) manner as done by the sequence (3.21), we
may from (3.59) conclude that

f u (T, x)p(x)$ (T, x)dx < f ud (x)p(x)¢ (0, x)dx

R R
(3.60)

+ [ [w[oe+ 3m@noonl + K x (o) | axar,
0 R
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where we used that 7 — u2(z, Jp()e(t, ) is L!-continuous which can be seen by a triangle in-
equality argument. Next, we set p(x) = p(x/N) where p € C2°(R) is non-negative and satisfies
p(0) = 1. Letting N — o0, (3.60) yields by the dominated convergence theorem

/ u* (T, x)(T, x)dx < / 15 (x) (0, x)dx + f / uz[@+%m(r)|¢x|+/c*¢]dxdr, (3.61)
R R 0 R

where the convergence of the integrals follows from the boundness of ¢ (and its derivatives)
combined with [[u(?) [l 2Ry < lluoll2(r) for all # € [0, T']. To rid ourselves of the last integral in
(3.61), we perform a similar trick as done for (3.18) and (3.51), but with a different f; we here
let f: R — [0, 1] be a non-decreasing function with bounded derivatives. Define further g by

where M (t) denotes

t
M) = / 2 (s)ds :czv%@t +t%), (3.62)
0

and analogues to (3.20), we set ¢ to be

9 (t.x) = (T g1, ) 0.

We conclude by similar arguments as those following (3.20) that the square bracket in (3.61) is
non-positive. Thus, removing the non-positive integral in (3.61) we get

[ axhar = [ (e ra- 1+ man)w (.63
R R

where we used the explicit expressions for ¢ (7', x) and ¢ (0, x). Letting f — 1, o) pointwise
a.e. it is clear that the left-hand side of (3.63) converges to fl u?(T)dx. As for the right-hand

side, we get the cumbersome term eThx 1¢,00)(| - | +MT) which we now simplify. Let the Borel

x|>r

measure vy be defined by the relation vy = eTX* and observe that we for x € R have
(vT * L oo)(| - |+ M(T)))(x) = / dvr(y) < / dvr(y).  (3.64)
[x=y|l+M(T)>r [x|=r+M(T)>—|y|

Thus, we define ®(T, N, |x| — r) to be the latter expression after substituting for M (7T") using
(3.62). Inserting this in (3.63) we get exactly (3.56) with T substituting for ¢. The properties of
® stated in the lemma can be read directly from (3.64) when setting £ = |x| — r together with
the fact that T + v7 is increasing (in the canonical sense) and f]R dvr = eThx1 = 2Tk

We may now prove the remaining part of Theorem 2.1.
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Proposition 3.9. Let two sequences (ty)reN C [0, 00) and (uo k) reN C L?>N L*®(R) admit limits
lim | —¢| =0, lim |luox —uoll 2wy =0,
k— 00 k— 00

with t € [0, 00) and ug € L*> N L°(R). Letting (ur)reN and u denote the entropy solutions of
(1.1) corresponding to the initial data (uo r)reN and ug respectively, we have

lim [lug (k) — u(®)|l 2Ry = 0.
k—o00

In particular, entropy solutions of (1.1) with L> N\ L*® data are continuous from [0, o0) to L*(R).

Proof. Suppose first that # > 0. As #ty — ¢ there is a T € (0, c0) such that (% )ren C [0, T].
Similarly, there is an N such that N > |lvol| .2 () for every vo € {uo,1, 10,2, - - -, uo}; observe that
such an N satisfies N > ||v(#)||;2 for all # € [0, T'] and v ranging over the corresponding entropy
solutions. As the function ® from Lemma 3.8 was increasing in its arguments, we infer for all
k € N and r > 0 that

f ui(rk,x)dxs/u%,k(x>d><T, N.|x|=r).
|x|>r R

Furthermore, as £ > (T, M, &) is bounded while u%’k — u} in L'(R) as k — oo, it follows
that

lim sup / ui(rk,x)dxg/ug(x)w, M,|x| —r), (3.65)
k—o00

|x|>r R

for any r > 0. Since u(z) is integrable and limg_, _o ®(T', M, &) = 0, we may for any & > 0 pick
a sufficiently large r > 0 such that the right-hand side of (3.65) is smaller than ¢2. For such a
couple of constants ¢, r > 0 we find

limsup g (6) — w(®) |l 2y < 2€ + limsup lug (1) — u()ll 2qr.rp)- (3.66)

k— 00 k— 00

To deal with the rightmost term in (3.660), we yet again let m be the function defined in (3.49)
using the above N. As t > 0, there are only a finite number of elements in (#;);cN smaller than
t/2; without loss of generality, we shall assume there are none. By the height bound (2.4) from
Corollary 2.5 and m being decreasing in ¢, it then follows that ||v|| Ry < m(t/2) for every
v e {ui(ty),ux(t2),...,u()}. Thus,

k(1) = w22,y <2 /2) k(1) = @)1 1.

and by the triangle inequality, we further have
Nk @) — w1 —prpy < Nk (@) — (@) pr—p ) + i) —uOllipr =) = 0,
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as k — 0. Here we used the Llloc-continuity of y > u(t) and Lemma 3.7. Thus, the last term of

(3.66) is zero, and as ¢ > 0 was arbitrary, we conclude limsup;_, o, [lux (tx) — u(t) ”LZ(]R) =0.
Suppose next t = 0. As above, uy (f;) converges to u(0) = ug in LlloC (R), and in particular, the

convergence holds in the sense of distributions. Moreover, we have norm convergence as

lim sup [[uk (1) | 2Ry < limsup Jluo kll 22wy = lluoll 2Ry

k— 00 k— 00

while [luoll 2Ry < liminfy_, oo [[uk (f) | 2 (r) follows from Fatou’s lemma. Thus, we conclude
luk (k) — uoll L2y — 0 as k — oo. With the stability result proved, the L2-continuity of t —
u(t) follows by setting uo x = ug forallk e N. O

We end the section by proving Corollary 2.2.

Proof of Corollary 2.2. The solution mapping S is by Proposition 3.9 jointly continuous from
[0, 00) x (L2NL®(R))* to L*(R), where (L?> N L>(R))* denotes the set L>N L (R) equipped
with its L? subspace-topology. Seeking to extend S to all of [0, 00) x L*(R) in a continuous
manner, we note that we have only one choice: whenever a sequence (u¢ )ieN € L?N L*®[R)
converges in L*(R), it follows from Lemma 3.7 that the corresponding entropy solutions () xeN
form a Cauchy sequence in the Fréchet space C([0, 00), LllOC (R)), and thus they converge to a
unique element u € C ([0, 00), LllOC (R)) in the appropriate topology. We now argue that u inherits
all the nice properties of entropy solutions of (1.1) established so far, apart from being bounded
at t = 0. Denoting ug € L%(R) for the L2 limit of (40,k)keN, we have by Fatou’s lemma

lu@ll 2wy < liminf [[ug (@)l 2Ry < liminf[luo,kll 2Ry = lluollL2(R)-
k— 00 k— 00

Moreover, as each uy satisfy the height bound (2.4) this bound also carries over to u, and thus u
is locally bounded in (0, co) x R. Similarly, as each uy satisfy the entropy inequalities (1.4), the
same is true for u by a limit argument exploiting the uniform bound of (u4);cn on the support
of ¢ and the fact that n and ¢ are smooth; in particular, u is a weak solution of (1.1). Even
Lemma 3.7 and Lemma 3.8 carries over to u by approximation. In conclusion, # — and all other
weak solutions obtained this way — satisfy every property used for entropy solutions in the proof
of Proposition 3.9, and so the proposition extends to these weak solutions. Consequently, S is
continuous on the larger set [0, 00) x L2(R), and the proof is complete. O

4. One-sided Holder regularity for entropy solutions

In this section we show that entropy solutions of (1.1) with L? N L data satisfy one-sided
Holder conditions with time-decreasing coefficients. As Subsection 3.3 exploits Corollary 2.5,
which is proved using the results established here, we stress that the coming analysis will only
depend on the results of Subsection 3.1 and 3.2, thus avoiding a circular argument. In Subsection
4.1 we introduce the necessary building blocks for Subsection 4.2 where the Holder conditions
are constructed; Theorem 2.3 is proved at the very end of this section. Central in this section
is the following object, which in classical terms can be described as a modulus of right upper
semi-continuity.
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Definition 4.1. We say that a smooth and strictly increasing function w: (0, c0) — (0, 00) is a
modulus of growth forv: R — R if forall 4 > 0

ess sup [v(x +h) — v(x)] <w(h).
xeR

The requirement that » be smooth and strictly increasing is for technical convenience. Note
also that we did not require w (0+) = 0O; this is to include the expression (4.10) when s = 0.

4.1. Preliminary results

The classical Olenik estimate [6] for entropy solutions of Burgers’ equation is for (¢, x) €
R* x R and h > 0 given by

h
u(t,x—i—h)—u(t,x)f?. “.1)
For a fixed ¢ > 0, this one-sided Lipschitz condition (or modulus of growth) restricts how fast
X + u(t, x) can grow, but not how fast it can decrease, thus allowing for jump discontinuities
(shocks) whose left limit is above the right. Interestingly, when the initial data of Burgers’ equa-
tion satisfies ug € L”(R) for some p € [1, 00), one can for the corresponding entropy solution u

use (4.1) to attain

@ISRy < ZE NI, ) < EE uoll} ). 4.2)
where the rightmost inequality is just the classical L” bound for Burgers’ equation, and thus, the
height of u(¢) = u(¢, -) tends to zero as t — co. We omit the proof of (4.2), which is similar to
that of the next lemma where we provide a general method for bounding the height of a function
ue LZ(R) admitting a modulus of growth w. We focus on LZ(R) because other L” norms might
fail to be non-increasing for entropy solutions of (1.1); the generalization of (4.1) will require a
generalization of (4.2), so p =2 is the natural choice as |lu(?)|| L2R) = lluoll L2(R) for entropy
solutions of (1.1). In the coming lemma we also provide for later convenience a bound on the
following seminorm defined for v € L°°(R) by

) v(x) —v(y)
|V|oo := €8s sup ————.

4.3
x,yeR 2 3

As |v]oo < [|V]lLoR), any bound on |[v| ) Obviously carries over to |v|x. Note however,

that the next lemma bounds |v|s sharper than it does |[v] .~ (R). Finally, we mention that the
extra assumptions posed on w in the lemma are only for technical simplicity, as the lemma holds
more generally.

Lemma 4.2. Let v € L2(R) admit a modulus of growth  that satisfies w(0+) = 0 and w(c0) =
00. Then v € L2 N L®(R) and moreover

10122y = F (0 m)), (4.4)

S0 gy = F (10100, *5)
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where F is the strictly increasing and convex function

y N
F(y):=2 f / o (y2)dyady. (4.6)
00

Proof. By Lemma A.l from the appendix we may assume v to be left-continuous, and in
particular, well defined at every point. Then, for all x € R such that v(x) > 0 we have for
he 0,07 (v(x)]

v(x —h) = v(x) —w(h) =0,
and similarly, for all x € R such that v(x) < 0 we have for & € (0, ™! (—v(x))]

vix+h) <v(x)+wh)<O0.

Squaring each of these inequalities (the bottom one would flip direction) and integrating over
he 0 (v, yields in both cases

o (lu@)))
l72, = f (lv(x)| — @(h))*dh, @.7)
0

2 2
LA(R)
of variables 4 = w~!(y) the right-hand side of (4.7) can further be written

where the left-hand side has been replaced by the upper bound | v|| Performing the change

[v(x)| [v(x)|
/(|v(x>|—y>2dw*‘(y)=2 / (@) — o~ (y)dy
0 0
()| y
=2 / /w*‘(z)dzdy,
0 0

where we integrated by parts twice. This last expression is exactly F(Jv(x)]|), and so letting this
replace the right-hand side of (4.7) followed by taking the supremum with respect to x € R
yields (4.4). For (4.5), we write vy and v_ for the positive and negative part of v respectively,
and observe that v € L2 N L®(R) implies [v|og = 3 (v |l zo®) + V-]l Loo(R)) and ||v||2Lz(R) =
v+ ||i2 ®) + |Jv= ||%2 ®R)’ Furthermore, as both vy and —v_ admit w as a modulus of growth, we
can use (4.4) followed by Jensen’s inequality to calculate

1 2 _ 1 2 2

L0y = 3[04 122y + 0= 1 g
= [P (lsleem) + F(Io-li~m)) |
= F(3[Ivs ) + lo- e, |)
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=F(|v|oo). O

The calculations of the next subsection, where Theorem 2.3 is proved, can be boiled down to
the three lemmas of this subsection (Lemma 4.2 being the first). The remaining Lemma 4.3 and
Lemma 4.4, induce a natural evolution of a modulus of growth from the mappings S? and SX,
introduced in (3.24) and (3.25). The relevance of these results should come as no surprise; the
previous section showed that entropy solutions could be approximated by repeated compositions
of said mappings.

Lemma 4.3. Suppose v € BV (R) admits a concave modulus of growth w. Then for any ¢ > 0,
the function w = Sf (v), admits the modulus of growth

w(h)

— Toea/ (0 e ) 4.8)

Proof. As S® maps BV to itself, both v and w admits essential left and right limits at point.
Thus, we assume without loss of generality that they are left continuous. For x € R, 4 > 0 and
t € [0, ], introduce the two (minimal) backward characteristics of SZB (v) emanating from (e, x)
and (e, x + h) respectively

§&1(1) =x 4+ —o)w(x),
W) =x+h+ @ —e)w(x +h).

As v and w are left continuous, it follows from Theorem 11.1.3 in [6] that

v(£1(0) =w(x), w(x +h) <v(2(0)+).

Moreover, by the Ole"nik estimate of w (4.1), we find

£0) - &1(0)=h —elwx +h) —wkx)] =0,
and so exploiting w we can calculate
w(x +h) —w(x) <v(E0)+) —vEi(0)

<wh-—clwx+h) —wkx)]) 4.9)
<w(h) — e’ (h)(w(x +h) —w(x)),

where the last inequality holds as w is concave. We conclude that

w(h)

w(x +h) —wkx) < m,

for all x € R and & > 0. That (4.8) is positive, smooth and strictly increasing follows from w
being positive, smooth, strictly increasing and concave. 0O
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We follow immediately with a similar result for the operator SX, which will depend on the
fractional variation | K |7ys as defined in (1.5) and the seminorm | - |, defined in (4.3).

Lemma 4.4. Let s € [0, 1] and assume |K|rys < 00. Suppose v € L°°(R) admits a modulus of
growth w. Then for any € > 0, the function w = SEK (v) admits the modulus of growth

I w(h) + el K |7vs [vlooh. (4.10)

Proof. For simple notation, we introduce the shift operator 7j,: f + f(- + h). As shifts com-
mute with convolution, and since [ 7, K — Kdx =0, we start by noting that for any k € R

(T — D(K xv) =[(Tp, — DK]* (v —k).
Next, we introduce v = ess sup, v(x) and v = essinf, v(x), and we observe that
lv —kllpor) = max{v — k, k — v}.

Thus, we minimize by setting k = %(5-%2) and get [[v —k|| oo (R) = %(U—y) = |v|oo- By Young’s
convolution inequality and the above calculations we infer

1(Th — D(K *v) Loy < 1K +h) = Kl wyllv— kKl L)

<IKlrvs|vlech®.
For any 4 > 0 we then conclude
(Tr = Dw = (Th — Do +&(Th — D(K *v) <w(h) +e|K|rvs|vlooh’,
where the last inequality holds pointwise a.e. in R. O
4.2. Deriving a modulus of growth for entropy solutions

Throughout this subsection we consider s € [0, 1] fixed and assume that |K|7ys is finite.
Further, we let u, ks € (0, 00) denote arbitrary fixed values, though we impose the requirement
ks > |K|rvys. The role of u and k; will essentially be that of placeholders for the L? norm of the
initial data and of |K|rys respectively, but note that u and «; are strictly positive (even if the
quantities they represent might be zero). This positivity is for technical convenience as some of
the coming expressions would otherwise need a limit sense interpretation.

We shall for an arbitrary entropy solution u of (1.1) with L2 N L* data, seek an expression

a(t) such that i +— a(t)h% serves as a modulus of growth (Definition 4.1) for x — u(¢, x).
We begin with an important result, which among other things rephrases Lemma 4.2 for the more

explicit case w(h) = ah 2 . For this purpose, we introduce the constant

CS=|:(2+S)(3+S):| ’ 4.11)

2(1 +9)?
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and the function

22
(2cg) Ts pu z+s
—_—

a2fs

H(@a) = 4.12)

defined for all @ > 0. We also recall definition (4.3) of the seminorm | - |o,. The essential part
of the next lemma is in allowing us to extend the domain for which a homogeneous modulus of
growth is valid. This will be vital when proving the following proposition.

Lemma 4.5. With fixed a > 0, define w(h) = ah%. Suppose v € L*>(R) satisfies lllp2ry < 1
and admits w as a modulus of growth for h € (0, H(a)). Then v admits w as a modulus of growth
for all h € (0, 00) and moreover

1+s 1+s 1
lvllpoory <22 cyuZHsas, (4.13)

1+s 1
|Vloo ST a T (4.14)

Proof. We begin by proving the two inequalities, so let us assume for now that v admits w as a

modulus of growth for all 2 € (0, co). Since ol y) = a_lzﬁyliﬂ the function F from (4.6) can
here be written

2l 45?2 |y
F(y)= — =
GB+s)@+2s) | 415

with inverse

-1 1+s 1 14
F~ (y) =235 ca s y s,

Combined with ||| ;2 gy < 11, (4.4) and (4.5) give [[v]| L) < F~'(u?) and |v]oo < F~1($02),

which coincides with (4.13) and (4.14) respectively. Next, assume we only know that v admits
w as a modulus of growth for i € (0, H(a)). The steps in the proof of Lemma 4.2 can still be

2 2
carried out if one lets the role of w~!(y) =a ™~ T yT be taken by the truncated version
2

yr—)min{a_my%,H(a)},

to yield the inequalities [|v]| gy < F~'(1?) and |v|og < F~!(314?) with

Y ¥
~ 2
F(y) ::2/ min [aiﬁyQ'“,H(a)}dyzdyl.
00
As F is strictly increasing and agrees with F on (0,aH (a) %), we necessarily have both
F'(u? = F~'(u?) and F~'(3p%) = F~1 (3 1?) provided F~! (u?) < aH(a)'F . As F-1(u2)
is exactly the right-hand side of (4.13), we see that the latter inequality holds since
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_1, 2 dbs las 1 ks 1 Iis
F (M ) = D 4+2s Cs U 245 q2+s < ZCS/'L 245 q2+s = (ZH(CI) 2
Thus, the bounds for |[v]|ze(Rr) and |v|c attained now coincide again with (4.13) and (4.14).
It then follows that v admits @ as a modulus of growth for all i € (0, co); indeed, for any & €
[H (a), 00) we have the two trivial inequalities
I+s

esssup[v(x+h)—v(x)]§2|v|oo, aH(a)% <ah?,
xeR

and so we would be done if 2|v|sc <aH (a)l%, which is precisely the already established in-
equality (4.14) multiplied by two. O

The next proposition combines Lemma 4.3 and 4.4 to attain a corresponding result for the
operator SZ o SX. While it in Section 3 was natural to work with iterations of SX o S8, it will
here be easier to work with its counterpart S5 o SX. We now introduce the useful limit value a
defined by

2+s
2¢c5ks \ 3 14s
= —— 3+2s 415
a (1+s> # (4.15)

This quantity will naturally occur in our calculations to come; it relates to the sought coefficient
a(t) through the relation lim;_, 5 a(t) = a.

Proposition 4.6. For every A > a, there are constants C4, €4 > 0 such that: if ve BV (R) sat-
isfies ||v|| 2Ry < 1 and admits the modulus of growth h — ah' for some a € la, A), then for
every ¢ € (0, e4] the function w = Sf o SEK (v) admits the modulus of growth

his <a—gf(a)+82cA)h% (4.16)

where f(a) > 0 is given by

2o
fla)= [%} |:a3212f _23212.5]_ “4.17)

2 T+s Cg ' U 2ts

Proof. For fixed A > a,letve BV(R) and a € [a, A] be as described in the lemma. We fix the
pair v and a for convenience, but it should be clear from the proof that the construction of Cy4
and €4 do not in fact depend on said pair. Introduce for £ > 0 the auxiliary function v = SgK (v).
Combining Lemma 4.4 and (4.14), v admits the concave modulus of growth

~ Lts 1 s

@(h) =ah™ + scokga™s u2+s h’,
where |K|rys was replaced by the larger k; introduced at the beginning of this subsection.
And since v € BV (R), as follows from (3.27) and (3.28), we can further apply Lemma 4.3

to w = SB (), which combined with &' (1) > (%)ah%, allows us to conclude that w admits
the modulus of growth
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Lts A s
2 +5csl(sa2+slu2+sh

1+ 8(12i)ah%

a)(h):ah

1 1+s
I4s —8(—1'2H YaZh' + ecgksa™s s b
T+

14+ e(1)an'T (4.18)

2 1 l4s
14s (14 s)a® — 2coksa 2+ @ 2+s 14s
:—¢ 1—s h 2 ’
22 +e(l+s)a

B(a,h,e)

where B(a, h, ¢) denotes the square bracket. With a as given by (4.15), this square bracket can
further be factored

1—s

1

l ﬁ 3 S S

Bla.h.e)= | — L4 |:a22++2s —g32++25i|. (4.19)
207 fe(l +5)a

Since a > a it follows that B(a, h, €) is non-negative and thus non-increasing in # > 0. Conse-
quently, we read from (4.18) the inequality

w(h) < (a —¢B(a. k. s))h%, 0<h<h. (4.20)

Since (4.20) can be viewed as implying that w admits a homogeneous modulus of growth on
bounded intervals, we would like to make use of Lemma 4.5; however, we do not necessarily
have ||wll 2Ry < p (as is assumed by said lemma). We deal with this small inconvenience as
follows: define w by

w=p"lw, p= max{l, ! ||w||L2(R)}, 421)
that is, @ is the renormalized version of w if the L? norm of w exceeds w. We proceed by proving
the proposition for w and then extend the result to w. Observe that » must serve as a modulus of
growth also for w since p > 1, and consequently by (4.20), w further admits for any fixed 7 > 0
the modulus of growth

h > (a —eB(a.h, g))h'—?, (4.22)

for the restricted values 4 € (0, k). Lemma 4.5 then tells us that % must additionally admit (4.22)
as a modulus of growth for all 4 > 0 provided

H(a —eBa.h, s)) <7, (4.23)
where the function H is as defined by (4.12). We now show that there is an appropriate constant
Dy so that h = H(a) + e D4 satisfies (4.23). To do so, we start by introducing the closed set of

points (a, h, ¢) defined by

Sa=la, Al x [H(A), 00) x [0, 00),

445



O.LH. Mcehlen and J. Xue Journal of Differential Equations 364 (2023) 412—455

where we abuse notation slightly by reusing a as a dummy variable for referring to elements
in [a, A] (although the original a € [a, A] is fixed). From (4.19) we see that both (a, h, &) >
B(a, h, ¢) and its partial derivatives are bounded on the set S4. We exploit the additional smooth-
ness of B later; for now we need only || Bl s,) < 00. Pick €4 > 0 such that

1
eallBllLe(sy) < 54,

and observe that the argument of H in (4.23) must then lie in [%g ,Alforall (a, h, ¢) € [a, A] x
[H(a),o0) x [0,e4] C Sa. Moreover, as H is smooth on [%c_z, A] we conclude for any such
triplet (a, h, &) that

H(a—eB@ &) < H@ + el H'll gy ap | Blieisy =t Hi@ +eDa.

Thus, the choice_ﬁ := H(a) + e D4 satisfies (4.23) for every a € [a, A] and ¢ € (0, 4], and so
substituting for £ in (4.22), we conclude that w admits the modulus of growth

Its
2

h > (a — ¢B(a, H(a) +&Dy, 8))h , (4.24)

for all 4 > 0, provided ¢ € (0, £4] and a € [a, A] (the latter already assumed). Recalling that the
partial derivatives of B are bounded on S4, we can write

Bla, H(@)+¢eDa.e) = B(a, H@,0) — e[ DAl S w5y + 18 liwisp | 425)

and so letting C4 denote a constant no smaller than the square bracket in (4.25), we combine this
inequality with (4.24) to further conclude that

ts
2

> (a — ¢B(a, H(a),0) +82CA)h , (4.26)

also serves as a modulus of growth for w, again with ¢ € (0,e4] and a € [a, A]. Using the
explicit expressions (4.19) and (4.12) one attains the identity B(a, H(a),0) = f(a), where f
is defined in (4.17), and so the proposition has been proved for the renormalized function . It
remains to extend the result to w; assume from here on out that ¢ € (0, £4]. Introducing a =
(a—c¢ef(a)+ §2Cy) for brevity, it is clear from the relation w = pw, where p is as defined in
(4.21), that w admits & +— péh% as a modulus of growth, as the same can be said for w and

- lds .. . .
h— ah%. Moreover, by a similar and coarser calculation as in the proof of Lemma 3.3, we
have [lw| ;2®) < (1+ &%) ||ull 2r) Where k = [|K|| 11 (R), and s0 p < 1 + &k?. Thus

pi <(1+e*i=a—cef(a)+&*[Cp+r%d] <a—ef(a)+e*Cq,

where C 4 =[Ca+KZA+ 8% C4)], and so this calculation shows that the proposition also holds
for w after choosing a larger constant C4. O

Together with a few results from Section 3, the previous proposition equips us with all we need
to construct moduli of growth for entropy solutions of (1.1). Roughly speaking, we can for small

& > 0 iterate Proposition 4.6 repeatedly to construct a modulus of growth for an approximate
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entropy solution (3.32), and further letting ¢ — O this construction carries over to the entropy
solution itself. To formalize, we shall introduce some notation and assume from here on that
a pair of constants €4, C4, as described by Proposition 4.6, has been chosen for each A > a.
Define the function

g5 (a) :=a—ef(a) +*Ca, 4.27)

which is parameterized over A > a and ¢ € (0, £4] and where

2-s / 342 3425 1+s
fla) =yarts (a 2hs — g 2t ) y = — = (4.28)

The function f in (4.28) is indeed the same as in (4.17), and so gi‘ (a) is the ‘new Holder coeffi-
cient’ that Proposition 4.6 provides. In the coming proposition, we carry out the above sketched
argument consisting in part of repeated iterations of Proposition 4.6, and consequently, we will
encounter repeated compositions of g%. We point out two relevant facts about g¢ . First off, for
any A > g and sufficiently small & > 0, the function g% maps [a, A] to itself. To see this, note
from (4.27) that (gj)/ is strictly positive on [@, A] for small ¢ > 0. Moreover, we have

gh(@ =a, g5 (A) =A —ef (A) +&2Ca,
and since f(A) > 0, it is clear that ¢ > 0 can be made sufficiently small such that
a=gi(a) <gila) <gj(A) <A, (4.29)

for all a € [a, A]. Our second fact, rigorously justified in the coming proposition, is that repeated
compositions of g4 applied to the starting value a = A will, as & — 0, result in a smooth function
au: [0, 00) — (a, A, implicitly defined by

A
da
t= .
f(a)

ax(t)

(4.30)

That (4.30) yields a unique value a4 (t) € (a, A] for each ¢ € [0, co) follows as the positive
integrand has a non-integrable singularity at a = a. Alternatively, the function a4 can be viewed
as the solution of the differential equation

') =— t t>0,
d(0)=—f@a®). 1> @3
a(0)=A.
For the next proposition, we shall exploit the two constants
Mp= max |f'@].  Ma= max |f(a)f @), (4.32)
a€la,A] a€la,A]

both well defined as f is smooth on R*. Note that the latter serves as a bound on (a4)” =
f(ap) f'(aa), and so by Taylor expansion, we infer
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2
MW+@—M®+#WWMS%Mm (4.33)

forallt >0and ¢ > 0.

Proposition 4.7. Let u be an entropy solution of (1.1), whose initial data uy € BV (R) satisfies

luollL2@ry < w and admits a modulus of growth h AR for some A > a. Then forall t > 0,
the function x +— u(t, x) admits the modulus of growth

1+s
hi—as(t)h 7,
with ay given by (4.30).

Proof. Consider 7 > 0 fixed, and assume without loss of generality that [luo|l 2y < w; if the
proposition holds in this case, it necessarily also holds in the case [|uoll;2(r) < 1 as the implicit
pn-dependence of a4 (7) is a continuous one. Pick alarge n € N, sete = % and consider the family
of functions uﬁ € BV (R) defined inductively by

9 =58,
k=8§BosSKwk"), k=1,2,....n

As ugp admits h — AR'F as a modulus of growth, so does ug by Lemma 4.3. Observe also
that each u* € BV (R) as follows by induction and the properties of SZ and SX listed at the
very beginning in the proof of Proposition 3.2. Moreover, by similar reasoning as in the proof of
Lemma 3.3, we have

« k2,2 )
||un||L2(R) <e2®* ||MO||L2(]R) <eu” ||”0||L2(R)v k=0,1,...,n,

where k = | K[| 1(R)- Since we have a strict inequality |luoll;2r) < ®, we can assume n large
enough such that || uﬁ 2Ry < 1 for every k. We define further the coefficients aﬁ inductively by
0
I’l A’
ak =gt @h, k=1,2,....n,

where g4 is given by (4.27). We assume # large enough such that &£ = % is both less than g4 > 0
and small enough such that g§ maps [a, A] to itself (see the discussion leading up to (4.29)).
In particular, each ak isin [a, A]. We may now apply Proposition 4.6 inductively to each pair

(uk, ak), starting with (12, a®). As u® admits h aoh = as a modulus of growth, Proposi-
tion 4.6 infers the same relationship for the pair (un a,ll) and by repeating the argument, the

same can be said for all pairs (uX, a¥). Most importantly, u” admits & > a"h 2 as a modulus
of growth. The proposition will now follow if we can, as n — oo, establish the limits

a’ —au(t), (4.34)

n
n
n
n
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where u(t) = u(t, -) and the latter limit is taken in LIOC (R). Indeed, in this scenario we can let
¢ denote any non-negative smooth function of compact support that satisfies fR @dx =1 so to
calculate for 4 > 0

ess sup [u(t x+h) —u(t, x)] = sup(u(t -4 h) —u(t,-),e)

X€ER
= sup lim (u) (- +h) —ul, @)
n—o00
(4.36)

<sup lim a, npi3t
%) n—o00

—a (Oh'E .

We first prove (4.34). Using the explicit form (4.27) of gi with ¢ = % the constants (4.32) and
the inequality (4.33) we can calculate for k > 1,

ak_aA<kt>
“J ) ()
o (Sl ) sl e )

1+ (M) - (“‘;J)\Hg)zm,

(4.37)

IA

I /\

with D4 :=Cxs+ %MA. By repeated use of (4.37), and the fact that a2 =as(0) = A, we conclude

n—1

@ a0 = (7Da Y [1+ (M < [P Dac™]
k=0

and thus (4.34) is established. To prove (4.35), we recall definition (3.26) of the approximate
solution map S; ; and observe the relation

u' =SB oS, (uo) =: St (1)), (4.38)

where the definition of u® coincides with (3.32), although we now work with a particular ug
and ¢ = ’ . As Proposition 3.5 ensures that lim, o u®(¢) = u(¢) in LIOC(R), the same limit then

carries over to u)} (as n — 00) by (4.38) and the time continuity of the map SSB (3.29) together
with the TV bound of u® provided by Proposition 3.2. With the two limits (4.34) and (4.35)
established, the proof is complete. 0O

We may now prove Theorem 2.3.
Proof of Theorem 2.3. We prove the theorem first for ug € C°(R), and without loss of general-
ity we assume ug # 0. As the positive constant x (introduced at the beginning of the subsection)

was arbitrary, we may assume u = [[uollL2(R)- As uo € C°(R), we infer from Proposition 4.7
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the existence of a sufficiently large A such that u, the entropy solution of (1.1) corresponding to

ug, admits i — aA(t)hl_? as a modulus of growth for all # > 0.
Observe that we have the following elementary inequality if a —a >0

5

BEe %T:j % 2-s [ 3425 3425
a—a =\a—a a—a §g2+x a 2+s _a2+s s

where we for the second factor used that x > x? is super-additive when x > 0 and p > 1 (giving

the desired conclusion for x =a —a and p = %) Using this in (4.30) gives

A

d 2 2
‘< a  _ +s _ s (4.39)

S+s. 3 3
aa(t) V(a —g) s 3y(aA(t) —Q> s 3V<A —g) s

Removing the negative term on the right hand side and then rewriting (4.39), further gives

2ts
245\ 3
aa(t) <a+
3y

o =:a(t).

3

In particular, u must also admit s a(t)hl% as a modulus of growth. By Lemma A.2, we see
that a(¢) may equivalently be written

a(t) = C1(s)ks 5 w4 o) B (4.40)

1_
3
e

3
where C1(s) and C»(s) are given by (A.1). This expression is exactly (2.3) save for the fact that
we have required «; (introduced at the beginning of the subsection) to be greater or equal to
|K|rvys and positive. Thus, we may not directly set k; = |K|rys if K = 0. However, by a(f)’s
continuous dependence on kg, it is clear that no problem may occur. Thus, Theorem 2.3 follows
for C2°-initial data.

Next, consider ug € L?> N L% (R) and let u denote the corresponding entropy solution of (1.1).
Pick a sequence of entropy solutions (ux)rcN Whose initial data (4o x)reny C Co°(R) satisfies

lwokllz2ry < luoll 2Ry luo kllLoe®) < lluoll Loo(R)>

and yields the limit limy— oo uox = uo in LIOC(R). By Proposition 3.1, we then also get
limy s 00 (1) = u(t) in L]OC(R). Now Theorem 2.3 carries over to u by a calculation similar
to (4.36), and so the theorem has been proved for L% N L-initial data.

Finally, that this result can be extended to all weak solutions provided by Corollary 2.2 follows
by a density argument as above (using the continuity of the solution map S of Corollary 2.2
instead of the weighted L'-contraction of Proposition 3.1). O
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Appendix A. Auxiliary results

In the coming lemma we work with the concept of a modulus of growth as defined by Defini-
tion 4.1.

Lemma A.l. Let f € LlloC (R) admit a modulus of growth w that satisfies w(0+) = 0. Then f
admits essential left and right limits at each point x € R. In particular, there are functions f~
and {7, respectively left- and right-continuous, that coincides a.e. with f.

Proof. For any x € R the existence of an essential left limit f(x—) of f at x, follows from the
calculation

esslimsup f(x + y) —essliminf f(x + y)
y<0 y<0
y—0 y—0

=esslimsup [f(x +y)— f(x+ J’Z)]
y2<y1<0
y2,51—>0

< limsup w(y1 — y2) =0.
y2<y1<0
y2,y1—>0

By the Lebesgue differentiation theorem, the function f~(x) := f(x—) can only differ from f
on a null set, and moreover, must be left continuous as the above calculation could be repeated
for f~ with essential limits replaced by limits. A similar argument yields the existence of an
essential right limit f(x+) of f at each x € R and further that f¥(x) := f(x+) is a right-
continuous function agreeing a.e. with f. O

The next lemma deals with quantities appearing throughout the paper and the relations be-
tween them. For convenience, we here list the definition of each relevant quantity; some of them
given for the first time. The quantities ¢; and y were in (4.11) and (4.28) defined to be

[Q+9)3+5)]E 1+
*T T 20 192 Y

’ 5 I-s | ¢~

We also introduce the expressions C1(s) and C>(s) by

3+s 145 4425 S5+s 1—s
2655 (2 + 5) (3 + 5)] 05 23 245)F B49) F

:= 9 Cz(s) := I*S 2+Y .
I+s 275375 (1+5)

Ci1(s)

(A.1)
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In the coming lemma, we will also see the quantities © and «;; these are simply placeholders
for the expressions [ugll;2(r) and |K|rys respectively and will not affect the algebra in any
non-trivial way.

Lemma A.2. With cg, y, C1(s), C2(s), u and ks as they appear above, we have the relations

2+s

3+2s 5 245 s
a:= <2€SKS>M W = Oy () 3, (A2)

1+s
24 =5
S\ ° l=s
( ) =Ca(s)p 5. (A-3)
3y

Proof. We start with (A.2): inserting for ¢y on the left-hand side of (A.2) we get

2+s I4s 345 1+s

2 35 (2 +5)(3+5) )\ 2G+29) % % 2605 [(2+5)(3 + 5)]6F% 32++ZSS s
B — Ko s = K¢ s,

1+s 2(1+5)2 s K T+s

Ci(s)

and so (A.2) is established. Second, we prove (A.3): if we on the left-hand side of (A.3) insert
for y we get

@

245 2Q+s) | )
= . —5)(2+
24 5)73 230+ % (e
I s |6 K=
33 (1+s)3

Further inserting for ¢y we obtain

S

s _ 2(2+s) —s s —s
@+5)F 2305 ((2+s)(3+s)>lﬁulTs_ 20+ e )
3 (149 2(1+5)? 253 (1 +9) ’

Ca(s)

and so (A.3) is established. O
Appendix B. Proof of Corollary 2.5 and Corollary 2.6
We prove Corollary 2.5 which provides a decaying L bound for entropy solutions of (1.1).

Proof of Corollary 2.5. By the s = 0 case of Theorem 2.3 we know that u () admits the modu-
lus of growth (Definition 4.1) h a(t)h%, where a(t) is given by

1
4”“0”22(R)

1
luoll 2 gy + ——7—
Ry 1102wy A

41 2
a(t)=2336||K||Z
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This expression is precisely what is provided by (2.3) when using C;(0) = 2%3%, C2(0) =
4/3% and |K|7yo =2||K || 1. Setting o = [luoll2(ry in Lemma 4.5 and using [[u(®) 2Ry <
luoll L2y we infer from said lemma — more specifically (4.13) — that

1.1 1 1
lu(@)l Loo®) <2434 IIMOIIZZ(R)a(t)Z,

for all 1 > 0, where we used that ¢; = 31 when s = 0. Using the sub-additivity of y > | y|% we
infer that

1
1 1 2””0”22(R)

3 6
LI(R)||MO||L2(R)+ 3%t% )

2
3

a(t)? <2331 K|

and so inserting this in the above inequality we get

T
1 2 24””0”L2(R)

zl(R) ”"‘OHEZ(R) + Ta

.1
lu()llLeo®y =27233[|K||

forallr >0. O

Next, we prove Corollary 2.6 which established a maximal lifespan for classical solutions of
(1.1) with L% N L*® data.

Proof of Corollary 2.6. Consider s € [0, 1] fixed for now, and assume |K|7ys < 0o. As
(bounded) classical solutions are entropy solutions, we may associate u € L* N CL((0, T) x R)
with the global entropy solution admitting u¢ as initial data, provided by Theorem 2.1; the dis-
cussion following the proof of Proposition 3.1 justifies this viewpoint. Referring to this solution
also as u, we have by (2.1) that x — u(T, x) is a well defined element of L?>NL®R) approxi-
mated in L? sense by u(¢t) ast /' T. Setting v(¢t, x) :=u(T —t, —x), we see through pointwise
evaluation that v also is a classical solution of (1.1) (and thus an entropy solution) on (0, 7) x R
with initial data vo(x) := u(T, —x). From (2.1) we then infer ||UO||L2(]R) = ||”0||L2(R) since

lvoll 2wy = (Dl 2wy =< luoll L2y = V(T 2wy =< lvoll L2(w)-

Using the identity uo(x) = v(T, —x) for a.e. x € R and applying Theorem 2.3 to v we further
find for all 2 > 0 and a.e. x € R that

ug(x —h) —ug(x) =v(T,—x+h) —v(T, —x) < a(T)h%, (B.1)

where a(T') is given by

1—s

245 s ||’40||§R q
a(T) = CHOKIF! ol g, +Co0)— 1 =rat —r, (2
£ 3
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and where we have substituted [ug|l 2R, for |lvollz2(r) as the two quantities agree. Dividing

each side of (B.1) by & 5 and taking the essential supremum with respect to x € R we get

ug(x — h) —up(x
[10], := ess sup [ 00 =) — o )} <at+-1_, (B.3)
xeR h—=2 T3
h>0
and if [ug]s > a then (B.3) can be rewritten as
¢ 17 [ e \T oG 0l
[uols —a = E <m> R
O e [wol; [uold™ [uo]7™

where the first equality replaced g by its explicit expression as given by (B.2). We now show that
this gives for any p € (0, 1) the following implication

1—s
2+s

Ci(s)\° ™ luoll; 2
ol > (===) 1K uoll't,, = T<Flp)—=2. (B.S5)

0 L?>(R) R

[uO]s ’

Indeed, using the explicit expression (B.2) for a we see that the left-hand side of (B.5) is equiva-
lent to [ug]s > a/p which, as p € (0, 1), implies that [ug]; > a and so (B.4) holds. By observing
that p — F(p) is strictly increasing on (0, 1) and that p > a/[uo]s we see that the right-hand side
of (B.5) then follows from (B.4). With (B.5) established, the corollary follows: for any p € (0, 1)
we get such universal constants ¢ and C by setting

3
3+42s T+
c= sup (Cl (S)> , C C2() . (B.6)

= sup F(p)= sup
se0, ]\ P s€[0,1] sef0,]\ 1 —p

The free parameter p allows us to shrink one of the two constants at the cost of enlarging the
other; in particular, c is at its smallest for p — 1 while C is at its smallest for p — 0. O
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