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Modeling the Effect of Excess Vacancies
on Precipitation and Mechanical Properties
of Al–Mg–Si Alloys

OLE RUNAR MYHR, CALIN DANIEL MARIOARA, and OLAF ENGLER

A model for vacancy annihilation during aging has been combined with a precipitation model
for coupled nucleation, growth, and coarsening in AA 6xxx series aluminum alloys. The
simulation results were compared with precipitation parameters from TEM measurements and
hardness data obtained for various times during artificial aging. Both simulations and
measurements indicated that a combination of an excess concentration of non-equilibrium
vacancies at the start of aging and a fast vacancy annihilation rate significantly affected the
resulting precipitation and strength evolution. Hence, the model reproduced the short aging
time required to reach the maximum strength when direct artificial aging was applied (DAA). In
contrast to the fast aging response of DAA, the hardness measurements showed a much slower
aging response when artificial aging was performed after prolonged natural aging. This aging
behavior was captured in the model simulations by assuming that an equilibrium vacancy
concentration is present from the start of the aging.
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I. INTRODUCTION

THE mechanical strength of age-hardening
Al–Mg–Si AA 6xxx series alloys is obtained through
precipitation hardening, solid solution hardening, and
strain hardening.[1–3] Because precipitation hardening is
usually the most important strength contribution, the
precipitation sequence and resulting strength evolution
occurring during the artificial aging of these alloys have
been extensively investigated (e.g., [4–6]). In addition,
various high-resolution experimental techniques have
been used to study the chemical composition and atomic
structure of the clusters and hardening precipitate that
form.[7–9]

Recently, there has been an increased understanding
of the important role of vacancies during aging of
aluminum alloys.[10–18] Following the solution heat
treatment, excess vacancies may be ‘‘frozen-in’’ during
cooling to room temperature if the cooling rate is
sufficiently high. When the alloy is heated to the aging

temperature, the excess vacancies are annihilated by
diffusion to sinks like grain boundaries and dislocation
jogs[19,20] at a rate that depends on the density of such
vacancy sinks. Recent studies using positron annihila-
tion lifetime spectroscopy have revealed more details on
how long the excess vacancies survive after heating to
the artificial aging temperature.[10,17] Even though the
lifetime of the excess vacancies is short, they may have
an important effect on early-stage precipitation of
metastable particles since they increase the diffusion
rate significantly.
The annihilation of excess vacancies to sinks during

artificial aging occurs simultaneously with a continuous
partitioning and repartitioning of vacancies that com-
bine with solute atoms to form different types of
solute-vacancy ‘‘complexes.’’ This continuous process
is temperature-dependent, and the equilibrium concen-
tration of solute-vacancy complexes and monovacancies
can be estimated from the Lomer equation.[10,21] This
equation shows that high temperatures promote the
dissociation of complexes into monovacancies and
solute atoms, while low temperatures promote the
formation of solute-vacancy complexes.
Since the effect of vacancies is important for the

precipitation during artificial aging, it seems necessary
to include vacancy calculations for realistic simulations
of the evolution of the precipitation structure. Recently,
Yang and Banhart developed a precipitation model that
includes vacancy annihilation, trapping, and reparti-
tioning.[10] This model has been successfully used to
explain many of the mechanisms related to the effect of
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excess vacancies versus equilibrium vacancies during the
aging of AA 6xxx alloys.[10] The model assumes that
once clusters or precipitates form, they do not dissolve,
which leads to a continuous increase in the cluster and
precipitate volume fraction.

The present article attempts to couple a previously
developed precipitation model named NaMo[22–25] with
a vacancy annihilation model developed by Fischer and
co-workers.[19,20] The instantaneous vacancy site frac-
tion is calculated from the vacancy annihilation model
at each time step and used as input to the nucleation law
and the rate law for particle growth and particle
dissolution of the precipitation model.

The simulation results are compared with dedicated
experiments where a cold rolledAl–Mg–Si alloy sheet was
subjected to various aging heat treatment types, including
direct artificial aging (DAA) and natural aging followed
by artificial aging (NA + AA). The experiments include
TEM measurements and hardness measurements at
different holding times during artificial aging.

II. MATERIAL AND EXPERIMENTAL
PROCEDURES

A. Alloy and Mechanical Tests

Material for the present study was taken from sheets of
an Al–Mg–Si alloy with composition 0.85 wt pct Si–0.15
wt pct Fe�0.25 wt pct Mn–0.70 pct Mg. The sheets were
produced by conventional direct chill (DC) casting,
homogenization, and hot and cold rolling down to a final
gauge of 2 mm on commercial production lines at the
AluNorf rolling mill in Norf, Germany. Samples were
taken from the as-rolled sheets and shipped to SINTEF
Industry, Trondheim for further heat treatment. The
sampleswere solution heat treated at 550 �C for 5minutes
in a sand bath, followed by water quenching. Some
samples were immediately (i.e., within a few seconds)
heated to the artificial aging (AA) temperature of 185 �C
in an oil bath and annealed for 10, 20, 30 minutes, 1, 5,
15 hours, and 4 days. Vickers hardness was measured as
the mean of five indentations per condition. TEM
investigations were performed for the 30 minutes,
5 hours, and 4 days conditions. This routewill be referred
to as direct artificial aging (DAA). Other samples were
kept at room temperature for about 28 days prior to
artificial aging at the same temperature and for the same
holding times as above. This route has, therefore, natural
aging prior to AA and will be referred to as NA + AA.
Hardness measurements were performed for each aging
time in the sameway as for theDAA route. A summary of
the measured hardness data is given in Table I.

B. Transmission Electron Microscopy (TEM)

TEM specimens were prepared from sheet materials,
with the observation direction perpendicular to the
rolling direction. The cut slices were thinned down to
around 100 lm, punched into 3 mm diameter disks, and
electropolished with a TenuPol-5 machine using a
mixture of 1/3 HNO3 and 2/3 methanol kept at
� 25 �C and a voltage of 20 V.

The samples were characterized with a Jeol JEM-2100
TEM equipped with a LaB6 filament, operated at
200 kV, and used in bright field (BF) and dark field
(DF) modes. Parameters of the needle-shaped hardening
precipitates (number density, average needle cross-sec-
tion, length, and volume fraction) have been quantified
following the methodology described in Marioara
et al.[7] A Gatan imaging filter (GIF), attached to the
TEM instrument, was used for specimen thickness
measurement by the electron energy loss spectroscopy
(EELS) method. For each temper, between eight and
fifteen BF and their corresponding DF images were
recorded, together with their EELS spectra. The DF
images were used to count the needles to determine the
volume density, and the BF images were used to
measure needle length. In addition, between thirty and
fifty BF images at higher magnifications were recorded
to measure the needle cross-sections. Between 400 and
800 needle cross-sections were counted from each DF
image, and a total of 600 and 700 needle lengths and 200
to 300 cross-section areas were measured from the BF
images to ensure good statistical accuracy.
Figure 1 shows TEM images of the precipitate

structure after various aging times following solution-
ing, quenching, and direct artificial aging (DAA). It can
be observed that precipitate density is decreasing, and
needle size is increasing with increasing AA time. The
thickness of the analyzed volume was approximately
50 nm for the 30-minute and 5 h images and 110 nm for
the 4-day image. A summary of the results for the
measured precipitation data is given in Table II.

III. MATHEMATICAL MODELING

The combined precipitation, yield stress, and
work-hardening model of Myhr and Grong, named
NaMo,[22–25] forms the basis for the simulations in the
present work. The model consists of a precipitation
model for predicting coupled nucleation, growth (and
dissolution), and coarsening in dilute alloy systems. Two
separate particle size distributions (PSDs) are used in
NaMo, where one captures the cluster evolution during
natural aging and the other the formation of b00 and b0

during artificial aging. The two different PSDs contain
separate nucleation and rate laws. They are linked via
the continuity equation which records the amount of
solute being tied up as precipitates.[25] This allows the
mean solute concentration in the aluminum matrix to be
computed and shared among the two populations of
precipitates. Since the present modeling mainly deals
with direct artificial aging (DAA), clusters are assumed
not to form. Hence, only the PSD for b00 and b0

formation is relevant, except for the last example, which
deals with natural aging (NA) prior to artificial aging
(AA). For this case study, the PSD for cluster formation
is also included in the simulations.
The PSDs calculated by the precipitation model are

input to an integrated strength module in NaMo, which
uses classic dislocation theory to calculate the room
temperature yield stress of the alloy. The PSDs may also
be input to a work-hardening module, but since
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work-hardening is not considered in the present article,
this part of the simulation model will not be further
discussed.

A detailed description of the assumptions, basic
features, and the solution algorithm used to predict
the time evolution of the particle size distributions have
previously been reported.[22–25] Hence, only the modifi-
cations made to incorporate the effect of excess vacan-
cies are described in the following sections.

The symbols and units used throughout the paper are
defined in the Appendix.

A. Modeling Excess Vacancy Annihilation

The model by Fischer and co-workers,[19,20] com-
monly referred to as the FSAK model, has been used to
predict vacancy loss to sinks, such as grain boundaries
of spherical grains with radius rg, and dislocation jogs
with number density njog, during artificial aging. From
this model, the annihilation rate, which is the change in

the vacancy site fraction Xv with time t, is given as
follows[19,20]:

dXv

dt
¼ � 15

r2g
þ 2panjog

 !
Deq

f0

Xv

Xe
v

ln
Xv

Xe
v

� �
½1�

Here, Xe
v is the equilibrium vacancy site fraction, a is

the lattice constant for aluminum (equal to 0.4048 nm),
Deq is the concentration-weighted diffusion coefficient of
solvent, and f0 is the correlation factor for the fcc lattice,
which is equal to 0.7815. In the present modeling, the
self-diffusion coefficient of aluminum DAl is used as a
reasonable estimate for Deq. DAl is given as:

DAl ¼ D0exp �Qm þQf

RT

� �
½2�

where D0 is the pre-factor for aluminum self-diffusion,
which is set to 1.4 9 10-5 m2/s.[20] R is the universal gas
constant (8.314 J/Kmol), and Qm and Qf are the
vacancy migration activation energy and the vacancy
formation energy, respectively. There are large varia-
tions in the reported values of Qm. According to
Robson,[26] the values vary from 55.9 kJ/mol to
86.8 kJ/mol (i.e., from 0.58 to 0.90 eV). In the present
modeling, we use the average value of Qm=71.4 kJ/mol
(0.74 eV).
The equilibrium vacancy site fraction Xe

v in Eq. [1] is
calculated as follows[27]:

Xe
v ¼ Xe

v0exp �
Qf

RT

� �
½3�

where the pre-factor Xe
v0 is related to the entropy of

vacancy formation. From Reference 28, the vacancy

Fig. 1—Bright field TEM images along the h001i Al zone of samples after various DAA times at 185 �C. (a) 30 minutes. (b) 5 hours. (c) 4 days
(96 hours). 1/3 of the needles are observed in cross-sections, and 2/3 are observed perpendicular to their lengths, parallel to h100i Al
crystallographic directions.

Table II. Summary of Precipitation Data Obtained from
TEM for Different Aging Times at 185 �C for Samples that

were Immediately Heated to the Artificial Aging Temperature

After Solutioning (DAA). N, L, CS, req, and f are Measured

Average Values of Particle Number Density, Particle Length,
Particle Cross-Section, Equivalent Spherical Radius, and

Particle Volume Fraction, Respectively

Time
(min)

N
(#/m3)

L
(nm)

CS
(nm2)

req
(nm)

f
(-)

30 2.36 9 1023 8.73 5.55 2.26 0.0114
300 1.76 9 1023 12.21 6.97 2.73 0.0150
5760 2.36 9 1021 158.24 30.76 10.51 0.0115

Table I. Measured Hardness Data HV5 for Different Aging Times at 185 �C for Samples That were Immediately Heated to the

Artificial Aging Temperature After Solutioning (DAA), and for Samples that were Natural Aging for About 28 Days Followed by

Artificial Aging at the Same Temperature (NA + AA)

Time (min) 0.17 10 20 30 60 300 900 6000

HV5 (DAA) 48 108 120 128 132 134 127 88
HV5 (NA + AA) 73 70 73 77 92 110 108 80
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formation energy is given as Qf=73.3 kJ/mol (0.76 eV).
This value is similar to the value that can be extracted
from the data in Reference 29, where Xe

v is given as a
function of temperature for pure aluminum. From these
data, Xe

v0 was estimated to 17.7, which has been used in
the present modeling.

As will be addressed later in more detail, vacancy
sinks from dislocation jogs have been ignored in the
present modeling since the grain structure consists of
recrystallized grains with an approximate radius rg of
about 10 lm, and a relatively low dislocation density.

B. Precipitation Modeling

Provided that the incubation period can be neglected,
the steady-state nucleation rate j during artificial aging is
conveniently expressed as[27]:

j ¼ j0exp � Qd

RT

� �
exp �DG�

RT

� �
½4�

Here, j0 is a pre-exponential term, Qd is the activation
energy for diffusion of solute, DG� is the energy barrier
for heterogeneous nucleation, and T is the absolute
temperature. According to Russel,[30] the nucleation rate
scales with the vacancy concentration. If it is assumed
that Eq. [4] is valid for nucleation with an equilibrium
vacancy site fraction Xe

v it follows from the statement of
Russel that nucleation at a given vacancy site fraction
Xv can be expressed as follows [24]:

j ¼ j0
Xv

Xe
v

� �
exp � Qd

RT

� �
exp � A0

RT

� �3
1

ln C=Ce

� �
 !2

2
4

3
5
½5�

Here, A0 is a parameter related to the potency of the

heterogeneous nucleation sites,[22] C is the mean solute
concentration in the matrix, and Ce is the equilibrium
solute concentration.

Several articles deal with the precipitation of
non-spherical particles in aluminum alloys[31–33] using
non-spherical diffusion fields that represent the shape of
the precipitates to give a more accurate description of
the diffusion problem. In the present work, the rate law
for the dissolution or growth of particles is based on
spherical particles, where the equivalent spherical radius
r defines the volume of each particle. Even though this is
a simplification, it has been shown in several publica-
tions that this approach gives a good estimate of the
evolution of the size of the metastable particles in
Al–Mg–Si type of alloys.[23–25] Hence, the following rate
law is used in the simulations[34]:

dr

dt
¼ C� Ci

Cp � Ci

D

r
½6�

Here, Cp is the solute concentration of the particle,
and Ci is the particle/matrix interface concentration,
which is related to the equilibrium value Ce through the

Gibbs-Thomson equation,[22] and D is the equilibrium
diffusion coefficient of the solute. If the vacancy
concentration deviates from equilibrium, the diffusion
coefficient in Eq. [6] must be replaced by the effective
diffusion coefficient of the solute Deff, which is defined
as.[35,36]

Deff ¼ D
Xv

Xe
v

� �
½7�

By replacing D in Eq. [6] by Deff from Eq. [7], we get:

dr

dt
¼ C� Ci

Cp � Ci

D

r

� �
Xv

Xe
v

� �
½8�

It is seen that the rate law, as expressed by Eq. [8],
depends on the instantaneous value of the vacancy
concentration which is given by Xv=X

e
v as calculated by

Eq. [1].

C. Strength Modeling

The strength model of NaMo has not been changed in
the present work, and only a brief description is given
below, while details are given in References 22–25. The
strength contributions are added linearly as follows:

ry ¼
M

Mr
ri þ rss þ rp þ rd
� �

½9�

Here, ry is the yield stress, M and Mr are the Taylor
factor for the relevant alloy and for a reference alloy,
respectively. ri denotes the intrinsic yield strength of
pure aluminum, which is set to 10 MPa.[35] rss, rp, and
rd represent the strength contributions from elements in
solid solution, hardening precipitates, and dislocations,
respectively.
In Eq. [9], the strength contribution from elements in

solid solution is calculated as follows[1]:

rss ¼
X
j

kjC
2=3
j ½10�

Here, Cj is the concentration of a specific element in
solid solution and kj is the corresponding scaling factor
for the specific element with values given in Reference
25.
Based on dislocation mechanics and estimated inter-

action forces between dislocations and obstacles, the
strength contribution from hardening precipitates rp is
calculated using parameters extracted from the precip-
itation model described in References 23–25. In the
present work, the particle size distribution of b00 and b0

particles that precipitate during the artificial aging has
been used to calculate rp. The relationship between the
macroscopic yield strength rp and the mean obstacle

strength F is then given as follows[35]:

rp ¼ MF

bl
½11�
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where b is the magnitude of the Burgers vector, l is the
mean effective particle spacing in the slip plane of the
dislocation line, and M is again the Taylor factor.

Equation [11] is based on a distribution of spherical
particles of equal size, whereas the hardening particles
shown in Figure 1 are needle-shaped particles aligned
along three independent< 100> directions in the alu-
minum matrix. The justification for using Eq. [11] for
particles that deviate significantly from an idealized
spherical particle distribution is discussed in more detail
at the end of the article.

The strength contribution from dislocations rd in
Eq. [9] can be calculated by evolution equations for
statistically stored and geometrically necessary disloca-
tions[37] but, as already alluded to earlier, this term is not
relevant in the present study since work-hardening is not
considered.

In the present work, the measured strength evolution
during aging is based on hardness measurements, which
means that the predicted yield stress from Eq. [9] is not
directly comparable with the measurements. Hence, a
simple conversion has been applied based on the
following regression formulae[23]:

HV ¼ 0:33 ry þ 48:1
� �

½12�

Here, HV is the Vickers hardness in VPN, and ry is
the yield stress in MPa from Eq. [9].

IV. MODELING RESULTS AND VALIDATION

In the following, simulation results are shown where
the combined vacancy and precipitation model has been
used in various case studies related to aging of the
present alloy. In this modeling, no attempts have been
made to predict annihilation of vacancies during cooling
from the solutioning temperature prior to the artificial
aging heat treatment. Instead, the vacancy concentra-
tion has been introduced as initial values when simulat-
ing the aging heat treatment. Furthermore, the
simulations do not consider any clusters that may have
formed prior to the artificial aging heat treatment. Even
though the retention time at room temperature is short,
at the same time as the cooling rate from the solutioning
temperature and the heating rate to the artificial aging
temperature are both fast in direct artificial aging
(DAA), some clusters are still expected to form. In the
simulations, pre-existing clusters are ignored since it is
assumed that nucleation of particles starts from a
supersaturated solid solution.

The input data used in the vacancy annihilation
model are given in the section above, while input data
used in the precipitation and yield stress module of
NaMo can be found in Reference 25.

A. Precipitation with Constant Vacancy Concentration

The first example is related to precipitation at a
specific temperature with constant vacancy concentra-
tion, which means that the relative vacancy

concentration Xv=X
e
v is constant throughout the simu-

lations. In the precipitation model, this ratio affects the
nucleation and the growth/dissolution rates as given by
Eqs. [5] and [8], respectively. The results are shown in
Figure 2 for the time evolution of the particle number
density and the mean particle radius when Xv=X

e
v was

kept constant at 0.01, 1, and 100, respectively. It is
evident from Figures 2(a) and (b) that the Xv=X

e
v ratio

does not affect the shape of the aging curves, but rather
leads to a translation of the curves along the time axis.
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Fig. 2—Calculated precipitation parameters during isothermal heat
treatment at 185 �C for the present alloy as a function of the relative
vacancy concentration Xv=X

e
v. (a) Particle number density. (b) Mean

particle radius. (c) The curves in (a) and (b) plotted as a function of
the scaled time t Xv=X

e
v

� �
, with particle number density and mean

particle radius at the left and right y-axis, respectively.
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Hence, by introducing the scaled time t Xv=X
e
v

� �
, the

three curves for particle number density shown in
Figure 2(a) are merged into one curve. The same holds
for the three curves for mean particle radius in
Figure 2(b). By introducing the scaled time t Xv=X

e
v

� �
in Figure 2(c), the curves in Figures 2(a) and 2(b) are
represented by one curve for particle number density,
and one curve for the mean particle radius, respectively.

Since the time evolution of the precipitation param-
eters scales with t Xv=X

e
v

� �
for heat treatment at a

constant temperature (i.e., isothermal heat treatment), it
follows that the time evolution for the yield stress, and
likewise for the hardness, also scale with t Xv=X

e
v

� �
. This

is because the yield stress is calculated directly from the
particle size distribution (PSD), updated at each time
step of the aging heat treatment as described in
References 22–25. Hence, the precipitation model gives
the same PSD at two different aging times as long as the
scaled time t Xv=X

e
v

� �
is identical.

The curves in Figure 3(a) for yield stress and hardness
correspond to the curves in Figure 2(a) for the precip-
itation parameters. A similar scaling as was done in

Figure 2(c) gives the combined curve for yield stress and
hardness in Figure 3(b) as a function of the scaled time
t Xv=X

e
v

� �
.

B. Precipitation with Varying Vacancy Concentration

In the aging of aluminum alloys, an excess vacancy
concentration may be present at the start of the aging
but gradually decrease toward the equilibrium vacancy
concentration as the aging proceeds due to loss of
vacancies to different type of sinks. When the vacancy
concentration changes continuously during aging, it is
impossible to scale the time axis, as the previous section
did. In such cases, realistic simulations require using the
combined vacancy and precipitation model outlined
above, where the vacancy model provides the instanta-
neous vacancy concentration at each time step of the
simulation as input to the precipitation model.
In the following case, simulation results using the

combined vacancy and precipitation model have been
compared with TEM measurements of precipitation
parameters and hardness measured during direct artifi-
cial aging (DAA). In the first example, the initial

vacancy site fraction X0
v has been varied while the grain

radius rg was kept constant at 10 lm, corresponding to
the assumed grain size of the present alloy. The results
for the vacancy model simulations are shown in
Figure 4(a) where the excess vacancy site fraction has
been represented by the relative vacancy site fraction
Xv=X

e
v, where Xe

v is the equilibrium site fraction at the
aging temperature equal to 7.7 9 10�8 according to
Eq. [3]. The figure shows a gradual decrease of Xv=X

e
v

for increasing aging time, until the equilibrium vacancy
concentration Xv=X

e
v =1 is reached after about 30

minutes independent of the initial vacancy
concentration.
The corresponding results for the particle number

density are shown in Figure 4(b) for the various initial

vacancy site fractions X0
v=X

e
v. The figure gives measured

values from TEM for three different aging times. The
simulations underestimate the particle number density
for the two shortest aging times and overestimates the
particle number density for the longest aging time for all

values of X0
v=X

e
v for the given grain radius of 10 lm.

This result contradicts the results for the mean particle
radius shown in Figure 4(c), where the simulations
overestimate the mean particle radius for the two
shortest aging times and underestimate the mean par-
ticle radius for the longest aging time. Generally,
however, these over- and underestimations give a
reasonable prediction of the resulting particle volume
fraction, as shown in Figure 4(d).
The resulting hardness curves from the present

simulations are shown in Figure 4(e). The measurements
indicate that there seems to be a kind of plateau where
the hardness varies between 127 and 134 HV from 30 to
about 1000 minutes. For the simulations, the aging
curve for equilibrium vacancy concentration from the

start, i.e., X0
v=X

e
v =1, does not show such a plateau, and

does not match the measurements very well since the
initial hardness increase is too slow compared with the
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Fig. 3—Calculated hardness and yield stress evolution curves during
isothermal heat treatment at 185 �C for the present alloy. (a) Effect
of relative vacancy concentration Xv=X

e
v on the aging response. (b)

The same results as shown in (a) plotted against the scaled time
parameter t Xv=X

e
v

� �
.
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measurements. The hardness seems to reach a peak

rather than a plateau. The curve for X0
v=X

e
v=30 on the

other hand, shows a pronounced plateau and resembles
the measured hardness reasonably, even though the

initial hardness increase of the curve is too strong
compared to the experiments.
This effect of vacancy concentration on the resulting

shape of the aging curves for hardness is further
illustrated in Figure 5. Here, two of the curves from
Figure 4, i.e., the curves for varying vacancy concen-

tration and a start value X0
v=X

e
v =30, as well as the curve

for constant Xv=X
e
v=1, are supplemented with a new

curve for a simulation with a constant X0
v=X

e
v ratio of 30.

The corresponding relative vacancy site fraction Xv=X
e
v

is shown in Figure 5(a), while the simulation results for
the coupled vacancy and precipitation model are shown
in Figure 5(b). A closer inspection of Figure 5(b) shows
that the two curves for constant Xv=X

e
v ratios are similar

but shifted along the time axis, since this corresponds to
precipitation with constant vacancy concentration as
explained in the previous section. These curves display a
relatively sharp peak in the hardness, without any
indication of a plateau which contrasts the curve for
varying Xv=X

e
v ratio, showing a pronounced hardness

plateau. At short aging times, this curve follows the
curve for constant Xv=X

e
v =30, but at longer aging

times, it starts to deviate from this curve as it gradually
approaches the curve for constant Xv=X

e
v =1. Hence,

these simulations seem to indicate that the fast aging
response of DAA, and the observed hardness plateau
can be explained from an initial excess concentration of
‘‘frozen-in’’ vacancies that are gradually annihilated by
diffusion to vacancy sinks during aging.
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Fig. 4—Calculated curves for the present alloy during aging at
185 �C for different initial values of the relative vacancy site fraction
X0

v=X
e
v. (a) Evolution of the relative site fraction Xv=X

e
v. (b) Particle

number density. (c) Mean particle radius. (d) Particle volume
fraction. (e) Resulting hardness and yield stress with error bars
representing the estimated standard deviation. The grain radius rg is
10 lm.

(d) 

(e) 

0.0001

0.001

0.01

0.01 0.1 1 10 100 1000 10000

Pa
r�

cl
e 

vo
lu

m
e 

fr
ac

�o
n

Time at 185oC (min)

Xv0/Xv_e=30

Xv0/Xv_e=15

Xv_0/Xv_e=7.5

Xv_0/Xv_e=3.75

Xv0/Xv_e=1 (const.)

Measured

70

120

170

220

270

320

370

40

60

80

100

120

140

0.01 0.1 1 10 100 1000 10000

Yi
el

d 
st

re
ss

 (M
Pa

)

Ha
rd

ne
ss

 (H
V5

)
Time at 185oC (min)

Xv0/Xv_e=30

Xv0Xv_e=15

Xv0/Xv_e=7.50

Xv0/Xv_e=3.75

Xv0/Xv_e=1

Measured

Fig. 4—continued.
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A similar evolution as for the hardness also exists for
the evolution of precipitation parameters during aging
when an initial excess vacancy concentration is gradu-
ally approaching the equilibrium concentration. As for
the hardness curves shown in Figure 5(b), the particle
number density, the mean particle radius, and the
particle volume fraction follow the curve for constant
Xv=X

e
v =30 at short aging times, but for long aging

times, the curves gradually approach the curve for
Xv=X

e
v =1. Due to space limitations, these curves are

not shown in the present article.
In the next simulation example, the effect of the

density of vacancy sinks on the precipitation is inves-
tigated. In the simulations, the initial vacancy concen-

tration X0
v is set equal to 2.3 3 10�6 for all simulations,

which gives X0
v=X

e
v=30, while the sink density, as

represented by the grain radius rg, has been varied from
2.5 to 10 lm. Vacancy sinks from dislocation jogs have
been ignored in the simulations, but since the effect is
similar for grains and dislocation jogs according to
Eq. [1], the results are easily transferrable if this type of
vacancy sinks dominates.

As can be seen from Eq. [1], rg has a strong effect on
the vacancy annihilation rate, which is confirmed by the
simulation results in Figure 6. Figure 6(a) shows that the
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Fig. 5—Calculated curves for the present alloy during aging at
185 �C for different values of the relative vacancy site fraction
X0

v=X
e
v, and measured hardness values during aging. (a) Evolution of

the relative site fraction Xv=X
e
v. (b) Resulting hardness and yield

stress with error bars representing the estimated standard deviation.
The grain radius rg is 10 lm.
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Fig. 6—(a) Calculated curves for the present alloy during aging at
185 �C for different values of the grain radius rg. (a) Relative
vacancy site fraction Xv=X

e
v. (b) Particle number density. (c) Mean

particle radius. (d) Resulting hardness and yield stress with error
bars representing the estimated standard deviation. The initial
relative vacancy site fraction X0

v=X
e
v=30.

METALLURGICAL AND MATERIALS TRANSACTIONS A



excess vacancies are almost annihilated after only 2
minutes for rg = 2.5 lm, as Xv=X

e
v is close to 1 at this

aging time. For the largest rg of 10 lm, the correspond-
ing aging time to reach the equilibrium vacancy con-
centration is about 30 minutes.

The effect of the grain radius rg on the precipitation is
shown in Figures 6(b) and (c) for the particle number
density and the mean particle radius, respectively. Since
both the nucleation rate, as given by Eq. [5], and the
growth/dissolution rate, as given by Eq. [8], are pro-
portional to Xv=X

e
v, it is not surprising that the fastest

increase in particle number density and mean particle
radius is obtained for the largest grain size, i.e., for
rg=10 lm, for which a significant excess vacancy
concentration is maintained for a relatively long aging
time as shown in Figure 6(a). This is in contrast to the
smallest grain size rg=2.5 lm where the increase in
particle number density and the mean particle radius in
Figures 6(b) and (c) show a much slower increase than
for rg=10 lm because the excess vacancies are quickly
annihilated due to the high density of vacancy sinks
caused by this small grain size.

The resulting hardness and yield stress curves are
shown in Figure 6(d) together with measured hardness
values. All curves coincide at short aging times, but the
curve for the smallest rg value of 2.5 lm starts to deviate
from the others already after about 0.2 minutes (12
seconds), since the initial excess vacancy concentration
for this grain size is reduced to about half the initial
value at this aging time as shown in Figure 6(a). For
long aging times, all curves are approaching the one for
the equilibrium vacancy concentration Xv=X

e
v =1, but

the transition is rather complex and depends on the
actual value of rg.

C. Simulations of Natural Aging Prior to Artificial Aging

The simulations and measurements described above
are all related to direct artificial aging (DAA), i.e., when
the alloy is heated to the artificial aging temperature
without any intermediate storing at room temperature
after solutioning and quenching. In the rolling industry,
DAA is not common since the alloys are usually stored

at room temperature for some time before the artificial
aging. In the following, this type of heat treatment is
referred to as NA + AA.
For NA + AA, the formation of clusters at room

temperature must be accounted for in the simulations.
Cluster formation in Al–Mg–Si alloys and the interplay
between clusters, vacancies, and metastable particles
during artificial aging is very complex. A simplified
model for cluster formation during natural aging and
the effect of the clusters on the subsequent precipitation
during artificial aging is implemented in NaMo and is
described in Reference 25. The model assumes that
clusters that form at low temperatures may survive for a
certain period during artificial aging and therefore
temporarily tie-up solute that otherwise would have
been consumed in precipitation of hardening parti-
cles.[25] During artificial aging, the model predicts a
gradual dissolution of the clusters, and a simultaneous
precipitation of hardening metastable particles pro-
moted by the increase in available solutes as the clusters
dissolve.
Figure 7 compares the results from NaMo simulations

of NA + AA with hardness measurements. In the
figure, simulation results for DAA from Figure 4 for

X0
v=X

e
v=30 and rg=10 lm are included together with

measured hardness values. The model simulations cap-
ture the main trends displayed by the measurements, i.e.,
a significantly faster aging response for DAA compared
with NA + AA, and the development of a plateau in
the hardness curve for DAA, compared with a sharper
and more pronounced peak for the NA + AA curve.
The model simulations for NA + AA underestimates
the hardness at short aging times, possibly due to a
corresponding underestimation of the strength contri-
bution from clusters or the contribution from solid
solution strengthening.

V. DISCUSSION

From Eq. [1], grains and dislocation jogs are assumed
to act similarly as sinks for vacancies. Consequently, a
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Fig. 6—continued.
Fig. 7—Comparison between calculated and measured hardness
during aging at 185 �C for NA + AA and DAA for the present
alloy. The error bars represent the estimated standard deviation.
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certain grain radius can be converted to an equivalent
dislocation density with equal vacancy sink density. This
means that the present simulations with varying grain
radius are equally applicable when vacancy sinks from
dislocation jogs are dominating, by simply using the
conversion njog ¼ 15=2par2g. From this conversion, the

estimated grain radius of the present alloy of 10 lm
corresponds to an equivalent jog density of
5.9 9 1019 m�3. By assuming a typical jog fraction of
0.02 (i.e., one jog per 50 atoms),[19,20] this gives a
corresponding dislocation density of 1 9 1012 m-2,
which is about an order of magnitude higher than the
dislocation density expected for undeformed aluminum
alloys[38] like the fully recrystallized alloy used in the
present work. Hence, this estimate indicates that grains
and not dislocation jogs are the dominating vacancy
sinks for the present alloy.

In addition to the loss of vacancies to various types of
sinks, there is a continuous partitioning between free
vacancies and vacancies bound to solute atoms during a
heat treatment. The FSAK vacancy model used in the
present work only considers the diffusion of monova-
cancies and ignores formation of vacancy-solute com-
plexes. More sophisticated models for vacancy
annihilation[10,17] include the effect of vacancy-solute
interactions by updating the partitioning between free
vacancies and vacancies bound to solute atoms at each
simulation time step by applying the Lomer equation.[21]

In such models, positive binding energies between solute
atoms and vacancies tend to reduce the annihilation rate
of vacancies. Since the FSAK model used in the present
work does not consider vacancy-solute interactions, it
will overestimate the annihilation rate compared with
models that incorporate such interactions.

In Reference 17, the vacancy annihilation rate was
calculated following solutioning, quenching, and artifi-
cial aging at 180 �C of a 0.39 wt pct Mg and 0.40 wt pct
Si ternary Al–Mg–Si alloy. The model used in the study
allowed vacancy-solute interactions to be accounted for
in simulations of the vacancy annihilation rate. From
this study, it is possible to compare simulations where
vacancy-solute interactions were accounted for or
ignored, respectively. The simulation results showed
that the artificial aging time required to reduce the
vacancy concentration to a certain level was 55 seconds
when vacancy-solute interactions were included, and 40
seconds when vacancy-solute interactions were ignored.
Therefore, this study indicates that although the simpli-
fied FSAK model overestimates the vacancy annihila-
tion rate, the model may give reasonable estimates
compared with more sophisticated models.

In the present model simulations, a certain initial
vacancy site fraction Xv0 at the start of the artificial
aging heat treatment has been assumed, and no attempts
were made to predict Xv0 from processes prior to the
artificial aging. Xv0 depends on the cooling rate from the
solutioning temperature, the intermediate storing time
at room temperature, and the heating rate to the aging
temperature. Measurements using positron annihilation
lifetime spectroscopy can indicate the Xv0 fraction. In

the above-mentioned study, where Al–Mg–Si alloys
were solutionized, quenched, and artificially aged, the
vacancy concentration was estimated to be three times
the equilibrium concentration after just 1 second aging
time. It was found that the measured positron lifetime
was significantly increased for alloys with higher alloy
composition similar to the one used in the present work,
indicating that the initial vacancy concentration was
much higher than three times the equilibrium concen-
tration. Hence, the chosen initial vacancy concentration
in the present study, up to 30 times the equilibrium value
may not be unrealistic.
The present modeling assumes that the nucleation rate

scales with the vacancy concentration, which agrees well
with the analysis by Russel.[30] In addition, the nucle-
ation barrier DG� is supposed to be unaffected by an
excess vacancy concentration, which is not necessarily
the case since excess vacancies may have several effects
on the nucleation barrier.[20,30] One possible effect is a
reduction in DG� by an increase in the driving force for
nucleation provided that vacancies can be incorporated
into the crystal lattice of the precipitates.[20,30] In
addition, excess vacancies may also relax volumetric
misfit strains and compensate for the elastic stress that is
present around misfitting precipitates. But these effects
of excess vacancies on DG� depend on the degree of
coherency of the precipitate with the aluminum matrix.
According to Russel,[30] the energy barrier would be
relatively unaffected by vacancy supersaturation if the
precipitates are coherent with the aluminum matrix
since vacancies are not created nor annihilated in
coherent precipitation.
Hence, the justification for applying the assumption

that DG� is independent of any excess vacancy concen-
tration depends on whether the precipitates, i.e., the b00

particles, are fully coherent. In the work by Wenner[39]

using scanning transmission electron microscopy
(STEM), it was found that the b00 phase is indeed fully
coherent with the aluminum matrix, which supports the
assumption in the present modeling.
In addition to b00 particles, the NaMo model also

allows the b0 phase to nucleate during artificial aging.
Contrary to the b00 phase, b0 is not fully coherent with
the aluminum matrix.[40,41] In the model, this phase is
assumed to nucleate on dislocations as described in
Reference 25, and which is confirmed by TEM mea-
surements.[40,41] Since the materials were not subjected
to any plastic deformation, the simulation model pre-
dicted a low dislocation density and no b0 precipitation.
However, in future model simulations with imposed
plastic pre-aging deformation, the assumption that DG�

is independent of any excess vacancies should be
applicable since no supersaturation of vacancies is
expected to be present close to vacancy sinks like
dislocations.[30]

As mentioned previously in the article, Eq. [11] is
based on a distribution of spherical particles of equal
size, whereas the hardening b00 and b0 particles are either
needle- or rod-shaped and aligned along
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different< 100> directions. The justification for using
Eq. [11] for particles that deviate from an idealized
spherical particle distribution is due to two mechanisms
that tend to cancel each other concerning resulting
macroscopic yield strength rp. If we consider needle-
shaped particles, they intercept more slip planes as their
aspect ratio increases, which leads to a decrease in l in
Eq. [11]. But at the same time, the cross-section of the
particles decreases as their length increases for a
constant particle volume, which, in turn, leads to a
decrease in F. As a result, the F=l-ratio remains
reasonably constant for a wide range of particle aspect
ratios, which was first observed in numerical simulations
by Bahrami,[42] who concluded that models assuming
elongated precipitates of constant aspect ratio do not
give significantly better predictions of the strength than
models assuming spherical particles, and that the
assumption of spherical particles, as a first approxima-
tion, is acceptable.

A detailed analysis of the effect of particle strength
and aspect ratio on the resulting F=l ratio for
rod-shaped particles as well as spherical particles was
given in Reference 25 based on the work by Esmaeili.[43]

This comparison of obstacle strengths for the two
different particle shapes, was based on identical particle
volume fractions and particle number densities, an
important prerequisite for an unambiguous comparison
of the particle shape effect. Using indices r and s for
rod-shaped and spherical particles, respectively, it was
shown that the ratio Fr=lr

� �
= Fs=ls
� �

was relatively
insensitive to variations in the particle aspect ratio for
the typical range observed for b00 and b0 particles, which
supports the findings in the numerical simulations by
Bahrami.[42]

Recently, several articles have dealt in more detail
with the effect of the particle shape on the resulting
strength contribution from precipitates than has been
the scope of the present article. Particularly the model
by Holmedal,[44] which has been used in several publi-
cations,[44–46] gives improved estimates of the resulting
strength contribution for non-spherical particles.

VI. SUMMARY

The present article combines the FSAK model for
vacancy annihilation during aging with the NaMo
precipitation model for coupled nucleation, growth,
and coarsening in AA 6xxx series aluminum alloys. The
combined model was applied in simulations of artificial
aging following solutioning and quenching without any
intermediate room temperature storing, i.e., direct
artificial aging (DAA). The simulation results were
compared with precipitation parameters from TEM and
hardness data obtained during the DAA heat treatment.
The measured hardness curves show a rapid increase at
short aging times followed by a plateau where the
hardness remains relatively unaffected for a significant
time. The model captured this observed time depen-
dence of the hardness during the aging, and predicted a
rapid decrease in the excess vacancy concentration at the

start of the aging. Model simulations also captured the
much slower aging response observed when the artificial
aging was performed after 28 days of natural aging
(NA).
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ABBREVIATIONS

a Lattice constant for aluminum (0.4048 nm)
A0 Parameter related to the potency of the

heterogeneous nucleation sites (J/mol)
b Magnitude of the Burgers vector (m)
CS Average cross-section of particles (nm2)
Ce Equilibrium solute concentration (wt pct)
Ci Particle/matrix interface concentration (wt pct)
Cj Concentration of a specific element in solid

solution (wt pct)
Cp Solute concentration of the particle (wt pct)
C Mean solute concentration in the matrix (wt pct)
D Equilibrium diffusion coefficient of the solute

(m2/s)
DAl Self-diffusion coefficient of aluminum (m2/s)
Deff Efficient diffusion coefficient of solute (m2/s)
Deq Concentration-weighted diffusion coefficient of

solvent (m2/s)
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D0 Pre-factor for aluminum self-diffusion (m2/s)
�F Mean obstacle strength (N)
f Particle volume fraction
f 0 Fcc correlation factor (0.7815)
DG� Energy barrier for heterogeneous nucleation

(J/mol or J/K)
HV Hardness (VPN)
j Steady-state nucleation rate (#/m3s)
j0 Pre-exponential term in expression for nucleation

rate (#/m3s)
kj Scaling factor for specific element in solid

solution expression (MPa/wt pct2/3)
L Average length of particles (nm)
l Mean effective particle spacing in the slip plane

of the dislocation line (m)
M Taylor factor
Mr Taylor factor for a reference alloy
N Particle number density (#/m3)
njog Dislocation jog density (#/m3)
Qd Activation energy for diffusion of solute (J/mol

or eV)
Qf Vacancy formation energy (J/mol or eV)
Qm Vacancy migration activation energy (J/mol or

eV)
r Particle radius (m)
req Equivalent spherical radius for the particles (nm)
rg Spherical grains radius (m)
R Universal gas constant (8.314 J/Kmol)
t Time (s)
T Temperature (K or oC)
Xv Vacancy site fraction
Xe

v Equilibrium vacancy site fraction
Xe

v0 Pre-factor in vacancy site fraction expression
rd Strength contribution from dislocations (MPa)
ri Intrinsic yield strength of pure aluminum (MPa)
rp Strength contribution from hardening

precipitates (MPa)
rss Strength contribution from elements in solid

solution (MPa)
ry Yield stress (MPa)
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