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Topological superconductivity mediated by magnons of helical magnetic states
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We recently showed that spin fluctuations of noncoplanar magnetic states can induce topological supercon-
ductivity in an adjacent normal metal [Mæland et al., Phys. Rev. Lett. 130, 156002 (2023)]. The noncolinear
nature of the spins was found to be essential for this result, while the necessity of noncoplanar spins was
unclear. In this paper we show that magnons in coplanar, noncolinear magnetic states can mediate topological
superconductivity in a normal metal. Two models of the Dzyaloshinskii-Moriya interaction are studied to
illustrate the need for a sufficiently complicated Hamiltonian describing the magnetic insulator. The Hamiltonian,
in particular the specific form of the Dzyaloshinskii-Moriya interaction, affects the magnons and by extension
the effective electron-electron interaction in the normal metal. Symmetry arguments are applied to complement
this discussion. We solve a linearized gap equation in the case of weak-coupling superconductivity. The result
is a time-reversal-symmetric topological superconductor, as confirmed by calculating the topological invariant.
In analogy with magnon-mediated superconductivity from antiferromagnets, Umklapp scattering enhances the
critical temperature of superconductivity for certain Fermi momenta.

DOI: 10.1103/PhysRevB.108.224515

I. INTRODUCTION

Topological superconductors are currently of enormous
interest due to their possible application in fault-tolerant
quantum computing [1–6]. This class of superconductors
are characterized by a fully gapped superconducting state
where the gap function displays a nontrivial winding. The
Kitaev chain posits the existence of Majorana bound states
(MBSs) at the edges of one-dimensional (1D) topological
superconducting wires [7]. A possible realization of this is
in superconductor/semiconductor hybrid wires. Together with
spin-orbit coupling (SOC) in the semiconductor, a magnetic
field turns the conventional superconductivity into topologi-
cal superconductivity (TSC) [8]. Experimental signatures of
the existence of MBSs at the ends of such wires have been
reported [9]. MBSs may also appear in the core of supercon-
ducting vortices in 2D topological superconductors [1–4,10].
Spatially separated pairs of MBSs form nonlocal fermionic
states that are insensitive to local sources of noise. Since
MBSs are non-Abelian anyons with nontrivial particle ex-
change statistics, braiding of MBSs can realize fault-tolerant
quantum computation [1–3,5].

One proposal to realize 2D TSC is at the interface of
conventional superconductors (SCs) and chiral magnetic in-
sulators (MIs) [3,11–19]. An exchange interaction across the
interface, between noncolinear spins in the MI and spins of
electrons in the SC can be shown to effectively act like SOC
and a magnetic field, facilitating the formation of TSC [3].
Still, it is found that noncoplanar spins are needed in the MI
to yield fully gapped strong TSC [1,11]. Coplanar, helical
states give nodal gaps [11,12]. These nodes can be shown to
be topologically nontrivial giving rise to weak TSC [1,11,12].
This paper focuses on fully gapped strong TSC.

*Corresponding author: asle.sudbo@ntnu.no

Many studies have considered replacing phonons with
magnons as the paring mechanism in the search for uncon-
ventional superconductivity [20–30]. In Ref. [29], we showed
that magnons from a skyrmion crystal can induce TSC in a
normal metal (NM). Skyrmions are noncoplanar spin textures,
which are topologically protected [31,32]. Due to a nonzero
winding number of the spin a large energy barrier has to
be traversed to deform the skyrmion into topologically triv-
ial magnetic states. This topological protection is cast into
doubt for small skyrmions containing few spins, so-called
quantum skyrmions, where the quantum nature of the spins
is important. Nevertheless, it is found that quantum fluctu-
ations stabilize skyrmions [33,34]. Additionally, it has been
shown that quantum skyrmions display topological magnons
[35–37]. A natural question then arises if the real space topo-
logical nature of skyrmions, or the topological nature of the
magnons are crucial for the TSC found in Ref. [29].

In this paper we answer both questions to the contrary by
studying helical states, i.e., coplanar, noncolinear magnetic
states. We show that a coplanar, noncolinear magnetic state
along with the presence of the Dzyaloshinskii-Moriya interac-
tion (DMI) can induce TSC in a normal metal. DMI originates
with SOC [38], which is often a component in topological
superconductors. In MI/SC interfaces, the classical coupling
between spins in the MI and spins in the SC can yield TSC in
the case of noncoplanar magnetic states [11]. In our case, the
superconductivity is induced by the spin fluctuations, which
are affected by SOC in the form of DMI. Hence, the precise
structure of the magnetic ground state appears less important,
as long as it is noncolinear. The noncolinear nature of the spin
state facilitates Cooper pairs of electrons with the same spin,
an essential ingredient in TSC [29,39,40]. By considering two
models of DMI and comparing them in terms of symmetry,
we gain further insight into the origins of magnon-mediated
TSC.
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FIG. 1. (a) A heterostructure of a normal metal (NM) and a magnetic insulator (MI). Orange arrows illustrate a noncolinear ground state
(GS) in the MI. The interfacial exchange interaction affects electron spins (blue arrows) in the NM. (b) The NM dispersion relation along with
the electron Brillouin zone (EBZ), the magnetic Brillouin zone (MBZ), and two Fermi surfaces (FSs) in white for μ/t = −5.9 (solid) and
μ/t = −5.43 (dashed) where the FS touches the edge of the MBZ. (c) The classical GS in the MI at zero easy-axis anisotropy. Arrows and
colors indicate the x and z components of spins, respectively. Periodic boundary conditions apply and the numbers 0 to 9 indicate the chosen
sublattice numbering.

We consider weak-coupling superconductivity using gen-
eralized Bardeen-Cooper-Schrieffer (BCS) theory [41,42].
The structure of the gap function is obtained by solving
the linearized gap equation. We show that a time-reversal-
symmetric 2D TSC state is realized in the NM by computing
the topological invariant. The topologically nontrivial su-
perconducting state is a result of the form of the effective
electron-electron interaction mediated by the magnons of the
MI.

II. MODEL

We consider a heterostructure of an MI and an NM with an
interfacial exchange interaction between spins in the MI and
spins in the NM,

H = HNM + HMI + Hint. (1)

The following subsections explore the components of the
Hamiltonian. Figure 1(a) illustrates the heterostructure. We
focus on the physics at the interface, and only consider a 2D
monolayer of each material. We assume lattice matching with
a triangular lattice at the interface, lying in the xy plane.

A. Normal metal

We model the normal metal using a nearest-neighbor hop-
ping t and a chemical potential μ, which we consider to be
tunable, e.g., by gate voltages,

HNM = −t
∑
〈i j〉σ

c†
iσ c jσ − μ

∑
iσ

c†
iσ ciσ , (2)

where c†
iσ creates an electron with spin σ at lattice site i,

located at ri. The notation 〈i j〉 indicates that sites i and j
are nearest neighbors. The Fourier transform (FT) of electron
operators is defined by ciσ = 1√

N

∑
k∈EBZ ckσ eik·ri . The sum

over (quasi)momenta k covers the first Brillouin zone of the
triangular lattice. This is referred to as the electron Brillouin
zone (EBZ). Furthermore, N is the total number of lattice sites
at the interface. The FT yields HNM = ∑

k∈EBZ,σ εkc†
kσ

ckσ ,

where εk = −μ − 2t[cos kx + 2 cos(kx/2) cos(
√

3ky/2)].

B. Magnetic insulator

In Ref. [33], we noted the importance of the four-spin
interaction to yield skyrmion states. Here, we treat an MI
where we assume the four-spin interaction is negligible. Then,
with no magnetic field, we expect to find helical states, also
referred to as spiral states. The Hamiltonian is

HMI = Hex + HDM + HA, (3)

where

Hex = −J
∑
〈i j〉

Si · S j, (4)

HDM =
∑
〈i j〉

Di j · (Si × S j ), (5)

HA = −K
∑

i

S2
iz. (6)

The spin operator Si for lattice site i, has magnitude S. We
consider a ferromagnetic exchange interaction of strength J >

0. In the DMI term, Di j = Dr̂i j × ẑ, where r̂i j is a unit vector
from site i to site j. HA represents an easy-axis anisotropy in
the z direction. Units are chosen such that Planck’s constant
h̄ = 1 and the lattice constant a = 1.

The DMI term promotes magnetic states where the spin
rotates from site to site. In competition with the exchange
interaction this yields helical magnetic states. DMI originates
with SOC, and is present in chiral magnets, which break in-
version symmetry [31,43] and in magnetic monolayers on top
of heavy metals [32,44]. Helical states have been observed in
chiral magnets [43], in ultrathin films grown on heavy metals
[45,46], in van der Waals materials [47], and in synthetic
antiferromagnets [48].

For comparison, we also consider a model where the DMI
vector Di j is nonzero only if ri and r j have the same y com-
ponent. That is, DMI only acts on links in the x direction. We
refer to this as 1D DMI, and note that it could possibly arise
from a special linear combination of Rashba and Dresselhaus
SOC [49]. The case of equal DMI vector magnitude on all
links is referred to as full DMI for clarity, and could arise
from pure Rashba SOC [49]. With 1D DMI and zero easy-axis
anisotropy it is possible to find an analytic expression for the
helical periodicity given D/J [39,40]. For full DMI, and/or
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nonzero easy-axis anisotropy, the magnetic ground state (GS)
must be found numerically by minimizing the classical ver-
sion of the Hamiltonian, i.e., by setting Si = Smi, where mi is
a unit vector giving the classical spin direction.

As in Ref. [33], we tune parameters to get a preferred peri-
odicity using trial states. Then, we use self-consistent iteration
[50] to obtain the lowest energy state with that periodicity.
Additionally, we use simulated annealing [51] and iteration on
various larger lattice sizes to search for lower energy states. If
none are found, we conclude that we have found the magnetic
GS, or at least a metastable state. For 1D DMI we find that
D/J = 4.98 leads to a helical state in the xz plane with a
period of λx = 5 lattice sites in the x direction, illustrated in
Fig. 1(c). For full DMI, D/J = 2.16 leads to a helical state in
the xz plane with the same periodicity. With full DMI it is less
obvious that the helical state should choose the xz plane. We
have not found any helical states in other planes with lower
energy than those in the xz plane and in planes rotated by
integer multiples of 2π/6, where the GS degeneracy reflects
the sixfold symmetry of the lattice and full DMI Hamiltonian.
By comparing energies per site of trial states, we found that
the preferred periodicity is in the range 4.99 < λx < 5.01 in
both cases. The easy-axis anisotropy does not appear to affect
the periodicity of the helical state, unless K is the dominant
energy in the Hamiltonian. Its effect is to slightly increase the
magnitude of the z component of all the spins, meaning that
new GSs must be derived at each chosen value of K/J . All
GSs in this paper have zero net magnetization.

The helical GSs we consider have ten unique spin direc-
tions, giving ten sublattices. Each sublattice is a rectangular
lattice with primitive vectors a1 = (5, 0) and a2 = (0,

√
3).

Hence, all sublattices have the same first Brillouin zone,
which we refer to as the magnetic Brillouin zone (MBZ).
In reciprocal space the primitive vectors are b1 = (2π/5, 0)
and b2 = (0, 2π/

√
3). Hence, the MBZ is a rectangle, as

shown in Fig. 1(b). The high symmetry points are � = (0, 0),
X = (π/5, 0), S = (π/5, π/

√
3), and Y = (0, π/

√
3).

In the experiment of Ref. [48], the helical state periodicity
was found to be approximately 190 nm. With a typically a
few tenths of a nm, this is a much larger periodicity than
that considered in this paper. This is because, since SOC is
a relativistic effect, one usually has D/J � 1. In ultrathin
films, experiments have found helical states with much shorter
periodicities, namely 2.2 nm [45,46]. From first-principles
calculations, this is attributed to a relatively strong DMI
and frustrations in the exchange interaction. While there is
a strong ferromagnetic exchange interaction between nearest
neighbors, longer ranged exchange interactions are antifer-
romagnetic [45,46,52]. For computational convenience we
replace a frustrated exchange interaction by a weak ferromag-
netic exchange interaction limited to nearest neighbors. There
exist theoretical proposals for how to tune D, J , and their ratio
using lasers [53–55], potentially making helical states with
arbitrary periodicities possible.

The experiments in Refs. [45,46] consider a magnetic
monolayer of Mn grown on a W(001) substrate. This is a
square lattice, but we do not believe our main results are
limited to triangular lattices. Hence, by growing a conductor
with negligible SOC on top of the Mn monolayer, the model
we consider in this paper could be realized at the interface.

This requires that the magnetic monolayer does not diffuse
into the conductor forming alloys. Additionally, the conductor
should not become superconducting due to electron-phonon
interactions, such that any observed superconductivity is due
to electron-magnon coupling. Alternatively an increase of Tc

in a low-Tc phonon-driven superconductor could also confirm
the presence of a magnon-driven pairing mechanism.

C. Magnons

To study spin fluctuations around the GS in the
magnet using magnons, we perform a Holstein-Primakoff
(HP) transformation [56] adapted to noncolinear GSs
[57]. To this end, a site dependent orthonormal frame
{êi

1, êi
2, êi

3} with êi
3 = mi is introduced. Here, êi

1 =
(cos θi cos φi, cos θi sin φi,− sin θi ), êi

2 = (− sin φi, cos φi, 0),
êi

3 = mi = (sin θi cos φi, sin θi sin φi, cos θi ), with θi and
φi the polar and azimuthal angle made by the spin at
lattice site i in the GS. The HP transformation is given
by Si3 = Si · êi

3 = S − a†
i ai, Si± = Si · êi

±, êi
± = êi

1 ± iêi
2,

Si+ ≈ √
2Sai, and Si− ≈ √

2Sa†
i . Here, ai is an annihilation

operator for a magnon at site i related to spin flips along the
local quantization axis. We have truncated at second order
in magnons, assuming that the spin fluctuations are weak.
This should be a good approximation at low temperatures
[33,56,57].

The magnon operators are transformed to momentum
space via the FT ai = 1√

N ′
∑

q∈MBZ eiq·ri a(r)
q , assuming lattice

site i is located on sublattice r. Here, N ′ = N/10 is the number
of sites on each sublattice.

Inserting the HP and Fourier transformations into the
Hamiltonian we get HMI = H0 + H1 + H2, where the sub-
scripts indicate the order in magnon operators. H0 is
independent of magnon operators and corresponds to the clas-
sical Hamiltonian. H1 contains terms that are linear in magnon
operators. These terms vanish when expanding around the
magnetic GS [57]. The quadratic terms may be written as

H2 = 1

2

∑
q

a†
qMqaq, (7)

where a†
q = (a(1)†

q , a(2)†
q , . . . , a(10)†

q , a(1)
−q, . . . , a(10)

−q ) and

Mq =
(

ηq ν∗
−q

νq η∗
−q

)
. (8)

The matrix elements can be written as

ηr,s
q = ηrδr,s + S�r,s

q+, (9)

ηr = 2S
∑

s

[
J (r,s)

0 êr
3 · ês

3 − D(r,s)
0 · (

êr
3 × ês

3

)]
− KS

[
1 − 3

(
êr

3 · ẑ
)2]

, (10)

νr,s
q = νrδr,s + S�r,s

q−, (11)

νr = −KS
(
êr

1 · ẑ
)2

, (12)

�r,s
q± = −J (r,s)

q êr
± · ês

− + D(r,s)
q · (êr

± × ês
−). (13)
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FIG. 2. [(a),(b)] Magnon spectrum for the GS shown in
Fig. 1(c) at K = 0, S = 1, (a) 1D DMI with D/J = 4.98, and (b) full
DMI with D/J = 2.16. The magnon bands are plotted along the
path in the MBZ sketched in (e). Note that full DMI lifts several
degeneracies in the magnon spectrum. [(c),(d)] Magnon bands sorted
by eigenvector overlap in the direction � − X revealing several band
crossings. (c) 1D DMI, (d) full DMI. (f) The gap in the magnon
spectrum as a function of easy-axis anisotropy for both DMI models.
The value of D/J specifies the type of DMI.

Given that there exists i ∈ r and j ∈ s such that i and
j are nearest neighbors, J (r,s)

q = J
∑

δ(r,s)
eiq·δ(r,s) and D(r,s)

q =
D

∑
δ(r,s)

eiq·δ(r,s)δ(r,s) × ẑ. If not, J (r,s)
q = 0 and D(r,s)

q = 0. For

1D DMI, D(r,s)
q = 0 also if δ(r,s) 
= ±x̂. Here, δ(r,s) is the

set of unit vectors from site i ∈ r to sites j ∈ s where i
and j are nearest neighbors. With the sublattice number-
ing given in Fig. 1(c) we have, e.g., δ(0,6) = {(1/2,

√
3/2),

(1/2,−√
3/2)}.

This quadratic Hamiltonian is diagonalized using a matrix
generalization of the Bogoliubov transformation [58], giving

H2 =
∑

q

10∑
n=1

ωqn

(
b†

qnbqn + 1

2

)
, (14)

where ωqn is magnon band number n, the diagonalized
magnon operators are given by bq = Tqaq, and the paraunitary
matrix

Tq =
(

Uq V ∗
−q

Vq U ∗
−q

)
(15)

obeys T −1
q = J T †

q J , with J = diag(1, 1, . . . ,−1,−1, . . . ).
The ten magnon bands are shown in Fig. 2. With 1D DMI

we find paths in the MBZ where several bands are degenerate.
By considering the overlap of eigenvectors [39,40], we are
able to confirm several band crossings as well, see Figs. 2(c)
and 2(d). In either DMI model, no magnon bands are iso-
lated, and so the magnons are topologically trivial [37,59–

62]. This is in contrast to the skyrmionic magnons studied in
Refs. [29,37] where several magnon bands are topologically
nontrivial. At zero easy-axis anisotropy and with all spins or-
ganized in the xz plane, the MI Hamiltonian has a continuous
symmetry. A rotation of all spins in the xz plane by the same
angle, preserves both the dot product and cross product of all
spins. As a result there is a Goldstone mode, ω0 = min ωqn =
0. An easy-axis anisotropy breaks the continuous symmetry,
introducing a magnon gap. Figure 2(f) shows the magnon gap
for both DMI models as a function of K .

D. Electron-magnon coupling

The interfacial exchange interaction [11–30,63] is modeled
by

Hint = −2J̄
∑

i

c†
i σci · Si, (16)

where ci = (ci↑, ci↓)T and σ is a vector containing the Pauli
matrices. Applying the HP transformation yields [29]

Hint = − 2J̄

√
S

2

∑
iσ

[e−iσφi (cos θi − σ )aic
†
iσ ci,−σ + H.c.]

+ 2J̄

√
S

2

∑
iσ

(σ sin θiaic
†
iσ ciσ + H.c.)

− 2J̄S
∑

iσ

[sin θie
−iσφi c†

iσ ci,−σ + σ cos θic
†
iσ ciσ ]. (17)

Here, H.c. denotes the Hermitian conjugate of the preceding
term, σ = 1 for spin up, and σ = −1 for spin down. The
terms in the last line are independent of magnon operators
and would represent renormalizations of the electron spec-
trum of order J̄/t . We will consider J̄/t � 1 and neglect
such renormalizations, as discussed in Appendix B. Since
the MBZ is smaller than the EBZ, Umklapp processes need
to be included when applying a FT to Eq. (17) [29,40].
We choose ten reciprocal lattice vectors Qν = 2π{(0, 0),
(±1/5, 0), (±2/5, 0), (±3/5, 0), (0, 1/

√
3), (±1/5, 1/

√
3)}.

By periodicity, the ten MBZs centered around these reciprocal
lattice vectors cover the EBZ. The FT of the electron operators
is rewritten as

ciσ = 1√
N

∑
k∈MBZ

∑
ν

ck+Qν ,σ
ei(k+Qν )·ri . (18)

Applying this FT and inserting diagonalized magnon opera-
tors yields [29]

Hint =
∑

k∈EBZ
q∈MBZ

∑
ν,r,n,σ,σ ′

[
gσσ ′

νr (U †
q,r,nbqn − V †

q,r,nb†
−qn)

× c†
k+q+Qν ,σ

ck,σ ′ + H.c.
]

(19)

with

gσ,−σ
νr = −2J̄

√
S

2

√
N ′

N
e−iσφr (cos θr − σ )e−iQν ·rr , (20)

gσ,σ
νr = 2J̄

√
S

2

√
N ′

N
σ sin θre−iQν ·rr . (21)
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For a helical GS in the xz plane, e−iσφr = cos(φr ) since φr = 0
or π . The diagonalized magnons bqn are linear combinations
of the original sublattice magnons a(r)

q , which have their spin
quantized along the spin direction of sublattice r. As a re-
sult, bqn do not have well-defined quantization axes for spin,
and therefore can be involved both in processes where the
z component of the electron spin flips, and processes where
it remains unchanged. This is in contrast to colinear states
[22–24], where a single magnon can only be involved in
processes that flip electron spins. This distinction is a key
component of noncolinear magnetic states, that later makes
it possible to generate spin polarized Cooper pairs. In some
systems with colinear magnetic states, electron-magnon scat-
terings involving a single magnon are negligible in the context
of superconductivity. Under such circumstances, higher-order
processes dominate and it is possible to generate spin polar-
ized Cooper pairs also from colinear magnetic states [28].

III. SUPERCONDUCTIVITY

Applying a Schrieffer-Wolff transformation [29,64] to Hint,
we get an effective electron-electron interaction Hee,

Hee =
∑

kk′∈EBZ
q∈MBZ

∑
νν ′

αα′ββ ′

V αα′ββ ′
kqνν ′ c†

k+q+Qν ,α
ck,α′c†

k′−q+Qν′ ,βck′,β ′ ,

(22)
with

V αα′ββ ′
kqνν ′ =

∑
n

⎡
⎣ Aαα′ββ ′

qnνν ′

εk − εk+q+Qν
+ ωqn

− Bαα′ββ ′
qnνν ′

εk − εk+q+Qν
− ω−q,n

⎤
⎦,

(23)

Aαα′ββ ′
qnνν ′ = − 1

2

∑
rr′

[
gαα′

νr gββ ′
ν ′r′U †

q,r,n(−V †
−q,r′,n)

+ gαα′
νr gβ ′β∗

ν̄ ′r′ U †
q,r,nU

T
q,r′,n

+ gα′α∗
ν̄r gββ ′

ν ′r′
( − V T

−q,r,n

)
(−V †

−q,r′,n)

+ gα′α∗
ν̄r gβ ′β∗

ν̄ ′r′
( − V T

−q,r,n

)
U T

q,r′,n
]
, (24)

and Bαα′ββ ′
qnνν ′ = Aββ ′αα′

−qnν ′ν . ν̄ is defined such that Qν̄ = −Qν

modulo a reciprocal lattice vector for the triangular lattice.
The effective electron-electron interaction is mediated by the
magnons of the MI and it depends both on the magnetic
GS and the transformation matrix used to diagonalize the
magnons.

We assume zero net momentum Cooper pairs and sym-
metrize the interaction [29,42]

Hee = 1

2

∑
kk′∈EBZ

∑
{σi}

V̄ σ1σ2σ3σ4

kk′ c†
k′,σ1

c†
−k′,σ2

c−k,σ3 ck,σ4 . (25)

Here, V̄ σ1σ2σ3σ4

kk′ = (V σ1σ2σ3σ4

kk′ + V σ2σ1σ4σ3

−k,−k′ − V σ1σ2σ4σ3

−k,k′ −
V σ2σ1σ3σ4

k,−k′ )/2 and V σ1σ2σ3σ4

kk′ = V σ1σ4σ2σ3
kqνν̄

. The momentum

q ∈ MBZ and Umklapp process ν are found from k′ − k.
First, ν is determined from which Qν is closest to k′ − k
modulo a reciprocal lattice vector for the triangular lattice.
Then, q = k′ − k − Qν .

We now treat the electron-electron interaction using
mean-field theory, and define a superconducting gap func-
tion �kσ1σ2 = −∑

k′σ3σ4
V̄ σ1σ2σ3σ4

k′k 〈c−k′,σ3
ck′,σ4

〉 [29,39,40,42].
Since all V̄ σ1σ2σ3σ4

k′k are nonzero in general, all spin combi-
nations in the gaps are possible and they can coexist. The
spin singlet gap is defined as �

O(s)
k↑↓ = (�k↑↓ − �k↓↑)/2 and

the spin triplet gaps are �k↑↑, �
E (s)
k↑↓ = (�k↑↓ + �k↓↑)/2, and

�k↓↓. With details relegated to Appendix A, we obtain a
linearized and Fermi surface (FS) averaged gap equation

λ�(φ) = −N0〈V (φ′, φ)�(φ′)〉FS,φ′ , (26)

where N0 = ∑
k δ(εk) is the density of states per spin

on the FS and φ is the angle k makes with the
kx axis. The gaps are organized in a vector �(φ) =
[�O(s)

↑↓ (φ),�↑↑(φ),�↓↓(φ),�E (s)
↑↓ (φ)]T and V (φ′, φ) is a ma-

trix of coupling elements defined in Eq. (A8). Equation (26)
is solved as an eigenvalue problem. The largest eigenvalue λ

provides an estimate of the critical temperature

kBTc ≈ 1.13ωce−1/λ, (27)

where ωc = max ωqn is the maximum magnon energy. The
eigenvector corresponding to λ gives information about the
angular dependence of the gap function on the FS. Due to the
exponential dependence on λ, Tc is extremely sensitive to the
chosen material parameters. Therefore, this BCS estimate of
the critical temperature is considered nonpredictive, serving
merely as a rough guide of what to expect for Tc. On the other
hand, BCS theory does predict an accurate value of the ratio
of the gap amplitude at zero temperature �0 and the critical
temperature Tc, namely 2�0/kBTc ≈ 3.53, which holds well
for many weak-coupling conventional superconductors [65].

A. Solutions of the linearized gap equation

Solutions of the linearized gap equation are shown in
Fig. 3. With 1D DMI we get that �

O(s)
k↑↓ can be chosen to be

real and displays dxy-wave symmetry. Then, the spin polarized
gaps are purely imaginary, with ipy-wave symmetry. The un-
polarized spin triplet gap is zero, �

E (s)
k↑↓ = 0. There is no bulk

gap in the spectrum Ekη [Eq. (A4)] in the superconducting
state, and we therefore conclude that there is no strong TSC
in the case of 1D DMI.

With full DMI, �
O(s)
k↑↓ shows dxy-wave symmetry, while

�k↓↓ shows px + ipy-wave symmetry, known as chiral p
wave, where there is a phase difference between the real and
imaginary part. �k↑↑ = −�∗

k↓↓ is also chiral p wave. �
E (s)
k↑↓

has a negligible amplitude compared to the other gaps. Such
a gap solution can be shown to be time-reversal symmetric
(TRS) [29,42]. There is a bulk gap in the spectrum Ekη and in
the next section we compute the topological invariant and find
that the system is a topological superconductor. Note that the
above gap symmetries are the same gap symmetries obtained
in the chiral p-wave phase of Ref. [29]. For full DMI, the
gap symmetries are the same for all parameters in the region
μ/t ∈ (−6.0,−5.43] and K/J ∈ (0, 1].

When the FS approaches the edges of the MBZ, i.e.,
when the Fermi momentum in the kx direction kF ≈ π/5 at
μ/t ≈ −5.43, we find an enhancement of superconductiv-
ity. Figure 4 shows λ and Tc as functions of the chemical

224515-5



MÆLAND, ABNAR, BENESTAD, AND SUDBØ PHYSICAL REVIEW B 108, 224515 (2023)

FIG. 3. (a) A sketch of the FS in green with a definition of the angle φ that k makes with the kx axis. Red and blue indicate the sign of
the relevant gap symmetries, assuming the gap is nonzero in a small region around the FS. (b) Solution to the linearized gap equation for 1D
DMI, D/J = 4.98. �

E (s)
k↑↓ = 0 is not shown. (c) Solution to the linearized gap equation for full DMI, D/J = 2.16, now showing a topologically

nontrivial gap structure in the spin-polarized gaps. �
E (s)
k↑↓/�max ≈ 0 is not shown. �max is the amplitude of the largest real or imaginary part of

any of the four gaps. (d) Same as (c) at higher chemical potential. The parameters are t/J = 1000, K/J = 0.1, S = 1, while J̄ does not affect
the structure of the gap.

potential. We attribute this increase of Tc to Umklapp enhance-
ment. This is analogous to the case of antiferromagnet/NM
heterostructures. The reader is referred to Refs. [26,66] for
analytic expressions showing the mechanism for Umklapp
enhancement. Here, we do not have analytic expressions for
the magnon transformation matrix elements, due to the size
of the matrices. Due to the Bose statistics of magnons, these
matrix elements are not bounded from above. Without Umk-
lapp, large matrix elements tend to cancel. For very small FSs
where there are no Umklapp processes, we find that Aαα′ββ ′

qnνν ′
in Eq. (23) is null close to zero momentum for the lowest
energy magnon. For larger FSs with Umklapp effects, Aαα′ββ ′

qnνν ′
can become large in magnitude at zero momentum also for

FIG. 4. (a) λ and (b) Tc as a function of chemical potential for
some chosen easy-axis anisotropy strengths using full DMI. Note the
enhancement as we approach the chemical potential where the FS
reaches the edge of the MBZ, i.e., where the Fermi momentum kF ≈
π/5. Also note the weak dependence on K/J . The parameters are
t/J = 1000, J̄/J = 50, D/J = 2.16, and S = 1. To find Tc in units
of K, J = 1 meV was chosen.

the lowest energy magnon. This results in a stronger interac-
tion, leading to an enhancement of superconductivity. In the
limit kF → π/5 the interaction becomes so strong that weak-
coupling theory of superconductivity presumably becomes
unreliable, and a strong-coupling approach using Eliashberg
theory should be preferred [26]. A similar Umklapp enhance-
ment was not found in the case of a skyrmion GS in the MI in
Ref. [29], presumably due to the fact that the gap transitions to
chiral f -wave symmetry before the FS approaches the edges
of the MBZ. Hence, helical states may be better candidates
than skyrmions when searching for magnon-induced TSC in
MI/NM heterostructures since they could generate higher Tc.

IV. TOPOLOGICAL SUPERCONDUCTIVITY

Strong TSC requires a bulk gap. Hence, the gap amplitude
must be nonzero, and we must move below Tc. References
[29,66] indicate that gap solutions at Tc generally remain
stable all the way down to zero temperature. A detailed deriva-
tion of the FS averaged zero temperature gap equation is given
in the Supplemental Material of Ref. [29]. Figure 5 shows
solutions to the zero temperature gap equation for full DMI.
We find the same gap symmetry as at Tc, with an amplitude
comparable to the BCS prediction 2�0/kBTc ≈ 3.53 in the
case of μ/t = −5.7. When approaching μ/t = −5.43 Umk-
lapp enhancement increases Tc more than the zero temperature
gap amplitude so that the gap amplitude is below the BCS
estimate.

We intend to apply a topological invariant for TRS TSC
that requires the spin-up and spin-down sector to decouple, as
done in Ref. [29]. Hence, we must show that removing �

O(s)
k↑↓

and �
E (s)
k↑↓ in a continuous fashion does not close the bulk gap.

224515-6



TOPOLOGICAL SUPERCONDUCTIVITY MEDIATED … PHYSICAL REVIEW B 108, 224515 (2023)

FIG. 5. [(a),(b)] The zero temperature gap compared to kBTc for
full DMI. A coexisting �

E (s)
k↑↓ gap with negligible amplitude is not

shown. The gap structure is strikingly similar to that at Tc shown in
Figs. 3(c) and 3(d). In (a), for μ/t = −5.7, the largest gap amplitude
compares favorably to the BCS prediction 2�0/kBTc ≈ 3.53. For a
larger FS in (b), where Umklapp effects become important, Tc is more
enhanced than the gap amplitude at zero temperature. (c) shows the
energy spectrum in the superconducting state, defined in Eq. (A4). In
(d), the minimum of the lowest band Ek− is plotted when the zero net
spin gaps �

O(s)
k↑↓ and �

E (s)
k↑↓ are removed in a continuous fashion as a

function of x. The parameters are t/J = 1000, D/J = 2.16, K = 0.1
and S = 1. The results are weakly dependent on J̄ .

We multiply �k↑↓ and �k↓↑ in the Bogoliubov-de Gennes
(BdG) Hamiltonian in Eq. (A2) by 1 − x. Tuning x from 0 to
1 we do not observe any gap closings in the spectrum Ekη, see
Fig. 5(d). Hence, the present SC state is topologically equiva-
lent to one where �

O(s)
k↑↓ = �

E (s)
k↑↓ = 0. We can then define two

independent BdG Hamiltonians for each spin, Hkσ = dkσ · σ,
with dkσ = (Re�kσσ ,−Im�kσσ , εk). The bulk topological in-
variant is defined as

νZ2 = 1
2 (N↑ − N↓) mod 2, (28)

where Nσ = (1/8π )
∫

EBZ dkεi j d̂kσ · (∂ki d̂kσ × ∂k j d̂kσ ) is a
winding number, counting the number of times d̂kσ wraps the
unit sphere. εi j is the Levi-Civita tensor, the indices i and j are
summed over the set {x, y}, and d̂kσ = dkσ /|dkσ |. νZ2 = 0 for
a topologically trivial superconductor and νZ2 = 1 for a topo-
logically nontrivial superconductor [4]. Away from the FS,
εk � |�kσσ | and so the integrand of Nσ is completely domi-
nated by the behavior on the FS. Solutions of the FS-averaged
linearized gap equation is sufficient to compute Nσ . Using
adaptive integration [67] we obtain N↓ ≈ 1, N↑ ≈ −1 giving

νZ2 = 1 when considering full DMI. Alternate definitions of
the topological invariant based on FS topology [68–71] would
yield the same conclusion.

Having defined the topological invariant in Eq. (28), we
now apply symmetry arguments to explain why 1D DMI does
not yield strong TSC. For 1D DMI, the Hamiltonian and
the GS have a Cs

2yT symmetry, where the operation Cs
2y acts

only in spin space and involves a rotation by π around the y
axis, while T denotes time reversal. We then expect that N↑
is invariant when applying Cs

2yT . On the other hand, apply-
ing Cs

2yT to the vector dk↑ = (Re�k↑↑,−Im�k↑↑, εk) yields
(−Re�k↑↑,−Im�k↑↑, εk), i.e., opposite winding. Hence,
N↑ = −N↑, which is only valid if N↑ = 0. By the same ar-
gument N↓ = 0, hence, νZ2 = 0. Thus, the superconducting
state has trivial topology. Full DMI, on the other hand, breaks
the Cs

2yT symmetry. The broken symmetry opens up the pos-
sibility for TSC. The presence of TSC must still be proved by
solving the gap equations for specific systems.

In Appendix C, we discuss in more detail why the full
DMI yields TSC in the specific system we study. We show
that full DMI results in a sufficiently complicated electron-
electron interaction to generate TSC. This shows that the TSC
derived in Ref. [29] does not rely on topological magnons nor
noncoplanar spins in the GS. Results in this paper show that
topologically trivial magnons from coplanar magnetic states
can also induce TSC in a normal metal through interfacial
exchange interaction. This generalizes the results in Ref. [29]
to a larger class of magnetic states. Noncolinear spins in the
GS facilitate spin polarized Cooper pairs, while full DMI
breaks enough symmetries to permit topologically nontrivial
gap functions.

References [2,4,72,73] discuss the possible application of
TRS TSC in topological quantum computation. This requires
the generation of half-quantum vortices, which break TRS
and affect only one spin component [2]. Such half-quantum
vortices are possible in certain superconductors [72,74]. In
general, superconducting vortices can be generated by mag-
netic fields or defects. MBSs would appear in the core of
vortices due to the topologically nontrivial nature of the su-
perconductor. MBSs can also appear if the gap is closed by
variation in the chemical potential or by applying an electro-
static potential [2]. Reference [75] discusses TRS vortices in
TRS TSC. Such vortices would yield two MBSs in the core
and would not be applicable in topological quantum com-
putation [4]. On the other hand, fusion of two TRS vortices
could be used to demonstrate a condensed matter analog of
supersymmetry [75].

Another key component of TSC for the application in topo-
logical quantum computation is the size of the bulk gap. In our
proposed system, we found an enhancement of Tc for certain
chemical potentials. This results in a large gap amplitude at
near zero temperature. However, the unconventional nature of
the superconducting state yielded two bands Ekη, defined in
Eq. (A4) and plotted in Fig. 5(c). The topological gap is the
minimum of Ek,−, which tends to be smaller than the gap am-
plitude, especially at large chemical potential, see Figs. 5(c)
and 5(d). The Umklapp enhancement is strongest at φ = 0
and π [where the FS approaches the MBZ, see Fig. 1(b)], and
so the gap magnitudes are largest there. The gap magnitudes
are relatively small at φ = π/2 and 3π/2. Nevertheless, the
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topological gap is enhanced due to the dramatic increase
in Tc.

V. CONCLUSION

We have studied the interface of a normal metal and a
magnetic insulator with a coplanar, noncolinear helical ground
state. Two models of the Dzyaloshinskii-Moriya interaction
were applied and compared in terms of symmetry. We con-
sidered superconductivity induced in the normal metal due
to an effective electron-electron interaction mediated by spin
fluctuations in the magnetic state. With DMI active on all
nearest-neighbor links, topological superconductivity is in-
duced in the normal metal. Compared to previous study
involving skyrmions, we find that noncoplanar spins in the
magnetic ground state are not essential for the magnons to
induce topological superconductivity. In a certain range of
chemical potentials, Umklapp scattering causes an enhance-
ment of the critical temperature of superconductivity in the
case of helical magnetic states.
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APPENDIX A: DERIVING THE GAP EQUATION

Cooper pair ensemble averages are defined as bkσσ ′ =
〈c−k,σ ckσ ′ 〉. Inserting c−k,σ ckσ ′ = bkσσ ′ + δbkσσ ′ , where the
fluctuations around the mean-field value δbkσσ ′ are assumed
to be small and truncated to first order, the Hamiltonian can
be written as

H =
∑

k

εk + 1

2

∑
k

∑
σ1σ2

�kσ1σ2

〈
c†

kσ1
c†
−kσ2

〉 + 1

2

∑
k

�
†
k Hk�k,

(A1)
with �k = (ck↑, ck↓, c†

−k↓, c†
−k↑)T , and the BdG Hamiltonian

Hk =

⎛
⎜⎜⎜⎝

εk 0 �k↑↓ �k↑↑
0 εk �k↓↓ �k↓↑

�
†
k↑↓ �

†
k↓↓ −εk 0

�
†
k↑↑ �

†
k↓↑ 0 −εk

⎞
⎟⎟⎟⎠. (A2)

The mean-field Hamiltonian is diagonalized, yielding

H =
∑

k

εk − 1

2

∑
kη

Ekη + 1

2

∑
k

∑
σ1σ2

�kσ1σ2

〈
c†

kσ1
c†
−kσ2

〉

+
∑
kη

Ekηγ
†
kη

γkη, (A3)

with the two bands in the superconducting state Ek± being

Ek± =
√

ε2
k + 1

2
Tr�̂k�̂

†
k ± 1

2

√
Ak, (A4)

with [�̂k]σ1σ2 = �kσ1σ2 ,

1
2 Tr�̂k�̂

†
k = 1

2 (|�k↑↑|2 + |�k↑↓|2 + |�k↓↑|2 + |�k↓↓|2),
(A5)

and

Ak = (|�k↑↑|2 − |�k↓↓|2)2 + (|�k↑↓|2 − |�k↓↑|2)2

+ 2(|�k↑↑|2 + |�k↓↓|2)(|�k↑↓|2 + |�k↓↑|2)

+ 4�k↑↑�k↓↓�
†
k↑↓�

†
k↓↑ + 4�

†
k↑↑�

†
k↓↓�k↑↓�k↓↑.

(A6)

With the gap symmetries we obtain Ak/16 =
(�E (s)

k↑↓ )2(�O(s)
k↑↓ )2 − �k↑↑�k↓↓(�O(s)

k↑↓ )2 making it clear that Ak

is only nonzero for coexistence of spin singlet and spin triplet
Cooper pairs.

Minimizing the free energy yields the gap equa-
tion [29,40,42]. Introducing B†

kσ1σ2
≡ 1

4
√

Ak

∂Ak
∂�kσ1σ2

,

�k = (�O(s)
k↑↓ ,�k↑↑,�k↓↓,�

E (s)
k↑↓ )T , and Bk =

(BO(s)
k↑↓ , Bk↑↑, Bk↓↓, BE (s)

k↑↓ )T we can write the gap equation as

�k = −
∑

k′
Vk′k

∑
η

(
1

2
�k′ + ηBk′

)
χk′η, (A7)

with χkη = tanh(βEkη/2)/2Ekη,

Vk′k

=

⎛
⎜⎜⎜⎜⎜⎜⎝

Ṽ E (k′ )E (k)
k′k V̄ ↑↓↑↑E (k)

k′k V̄ ↑↓↓↓E (k)
k′k Ṽ O(k′ )E (k)

k′k

−2V̄ ↑↑↑↓E (k′ )
k′k V̄ ↑↑↑↑

k′k V̄ ↑↑↓↓
k′k 2V̄ ↑↑↑↓O(k′ )

k′k

−2V̄ ↓↓↑↓E (k′ )
k′k V̄ ↓↓↑↑

k′k V̄ ↓↓↓↓
k′k 2V̄ ↓↓↑↓O(k′ )

k′k

Ṽ E (k′ )O(k)
k′k V̄ ↑↓↑↑O(k)

k′k V̄ ↑↓↓↓O(k)
k′k Ṽ O(k′ )O(k)

k′k

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(A8)

and

Ṽ E (k′ )E (k)
k′k = 1

4
(Ṽ−k′,−k + Ṽ−k′,k + Ṽk′,k + Ṽk′,−k), (A9)

Ṽ E (k′ )O(k)
k′k = 1

4
(Ṽ−k′,−k − Ṽ−k′,k − Ṽk′,k + Ṽk′,−k), (A10)

Ṽ O(k′ )E (k)
k′k = 1

4
(Ṽ−k′,−k + Ṽ−k′,k − Ṽk′,k − Ṽk′,−k), (A11)

Ṽ O(k′ )O(k)
k′k = 1

4
(Ṽ−k′,−k − Ṽ−k′,k + Ṽk′,k − Ṽk′,−k), (A12)

V̄
↑↓↑↑E

O(k)

k′k =
V̄ ↑↓↑↑

k′k ± V̄ ↑↓↑↑
k′,−k

2
,

V̄
↑↓↓↓E

O(k)

k′k =
V̄ ↑↓↓↓

k′k ± V̄ ↑↓↓↓
k′,−k

2
, (A13)

2V̄
↑↑↑↓E

O(k′ )
k′k = V̄ ↑↑↑↓

k′k ± V̄ ↑↑↑↓
−k′,k ,

2V̄
↓↓↑↓E

O(k′ )
k′k = V̄ ↓↓↑↓

k′k ± V̄ ↓↓↑↓
−k′,k . (A14)

For temperatures close to the critical temperature, the mag-
nitude of the gaps is negligible in χkη. Then, χkη ≈ χk =
tanh(β|εk|/2)/2|εk|. Since χk is peaked at the FS for low
temperatures we expect the most important physics to occur
close to the FS. In the coupling matrix Vk′k we restrict the
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momenta to lie on the FS, and set the coupling and gap
functions to nonzero values only in a small region around
the FS set by the maximum magnon energy. The momentum
sum is converted to integrals perpendicular and parallel to the
FS. The perpendicular momentum integral is converted to an
energy integral and integrated analytically while the parallel
momentum integral is computed as a FS average, defined
as 〈 f (φ)〉FS,φ = ∑

i f (φi )/Nφ , where Nφ is the number of
evenly spaced points sampled on the FS. Details are given in
Refs. [29,40], and the result is the gap equation in Eq. (26).

APPENDIX B: HIGHER ORDER EFFECTS

In momentum space, the fermion terms originating with
Eq. (17) are

−2J̄SN ′

N

∑
rσ

[
sin θre−iσφr

∑
k∈EBZ,ν

e−iQν ·rr c†
k+Qν ,σ

ck,−σ

+ σ cos θr

∑
k∈EBZ,ν

e−iQν ·rr c†
k+Qν ,σ

ckσ

]
. (B1)

If they were included in the NM Hamiltonian, a diagonaliza-
tion would be required. Then, the two degenerate bands εk

in the EBZ, would be folded into the MBZ, giving 30 electron
bands. The lowest two bands would be approximately equal to
εk within the MBZ when J̄ � t . Therefore, we have limited
our description to FSs that fit within the MBZ, so that the
terms in Eq. (B1) only affect unoccupied states.

Another argument for why the terms in Eq. (B1) are negli-
gible comes from the order in perturbation theory in which
the effective electron-electron interaction has been derived.
V αα′ββ ′

kqνν ′ /t is of order (J̄/t )2. The bare NM band εk enters in
the denominator. Hence, renormalization of εk to order J̄/t
would lead to higher-order terms in the effective interaction.
Assuming J̄ � t , their effects should be negligible. Higher
order terms were also discarded in the Schrieffer-Wolff trans-
formation [29,64] for the same reason.

APPENDIX C: EXPLORING THE ORIGINS
OF THE RESULTS

To complement the symmetry argument in the main text,
we elucidate why full DMI is necessary to achieve TSC by
carefully considering the details of the coupling matrix ele-
ments. The key difference between the 1D DMI and the full
DMI is that the gaps �kσσ are purely imaginary in 1D DMI,
and complex in full DMI. In Fig. 6, we show the 2,1 matrix
element of the coupling matrix [Vk′k]2,1 = −2V̄ ↑↑↑↓E (k′ )

k′k for
the two DMI models. This is the matrix element that connects
�k↑↑ to �

O(s)
k′↑↓ in Eq. (A7). This matrix element displays the

same difference between 1D DMI and full DMI as the gap
�k↑↑. It is purely imaginary p wave for 1D DMI, while it is
complex, chiral p wave for full DMI. Similar effects are found
in other matrix elements as well. In the following discussion,
we focus on one matrix element for clarity.

We have 2V̄ ↑↑↑↓E (k′ )
k′k = V̄ ↑↑↑↓

k′k + V̄ ↑↑↑↓
−k′,k . For 1D DMI the

system obeys the symmetry Cs
2yT . Hence, 2V̄ ↑↑↑↓E (k′ )

k′k should
be invariant under this symmetry. In this context, Cs

2yT

FIG. 6. The negative of the 2,1 element in the coupling matrix,
−[Vk′k]2,1 = 2V̄ ↑↑↑↓E (k′ )

k′k , is plotted as a function of the angle k makes
with the kx axis as it moves around the FS, with k′ = (kF , 0) fixed.
(a) 1D DMI with D/J = 4.98, (b) full DMI with D/J = 2.16. Note
that the real part becomes nonzero with full DMI. The parameters are
t/J = 1000, μ/t = −5.9, J̄/J = 50, K/J = 0.1, and S = 1.

flips the sign of the momenta, applies a complex conju-
gate, but does not change the z component of the spin. So,
Cs

2yT (V̄ ↑↑↑↓
k′k + V̄ ↑↑↑↓

−k′,k ) = (V̄ ↑↑↑↓∗
−k′,−k

+ V̄ ↑↑↑↓∗
k′,−k

). We now apply

the Pauli symmetry requirement V̄ σ1σ2σ3σ4

kk′ = −V̄ σ2σ1σ3σ4

k,−k′ [42],

which V̄ σ1σ2σ3σ4

kk′ was designed to obey [29]. This gives

Cs
2yT (V̄ ↑↑↑↓

k′k + V̄ ↑↑↑↓
−k′,k ) = −(V̄ ↑↑↑↓

−k′,k + V̄ ↑↑↑↓
k′k )∗, which proves

that 2V̄ ↑↑↑↓E (k′ )
k′k = −2V̄ ↑↑↑↓E (k′ )∗

k′k , i.e., it is purely imaginary
for 1D DMI.

For the interested reader, we now go into details of
the electron-electron coupling to see how this symmetry
manifests itself in the equations. For 1D DMI, ReV̄ ↑↑↑↓

k′k =
−ReV̄ ↑↑↑↓

−k′,k . Recalling the definition of the barred potentials
in terms of the original potential, we see that part of the
reason for the cancellation of the real part lies in the fact
that V ↑↑↑↓

k′k = V ↑↑↓↑∗
k′k . This is a nontrivial statement, and only

applies to 1D DMI.
We next recall that V ↑↑↑↓

k′k = V ↑↓↑↑
kqνν̄

and V ↑↑↓↑
k′k = V ↑↑↑↓

kqνν̄
.

The definition of V αα′ββ ′
kqνν̄

involves factors Aαα′ββ ′
qnνν̄ divided by a

real, spin independent denominator. Let us simplify to the FS
and focus on the first term. We have

∑
n

A↑↓↑↑
qnνν̄

ωqn
= − 1

2

∑
rr′n

1

ωqn

[
g↑↓

νr g↑↑
ν̄r′U †

q,r,n(−V †
−q,r′,n)

+ g↑↓
νr g↑↑∗

νr′ U †
q,r,nU

T
q,r′,n

+ g↓↑∗
ν̄r g↑↑

ν̄r′
( − V T

−q,r,n

)
(−V †

−q,r′,n)

+ g↓↑∗
ν̄r g↑↑∗

νr′
( − V T

−q,r,n

)
U T

q,r′,n
]
, (C1)

and

∑
n

A↑↑↑↓
qnνν̄

ωqn
= − 1

2

∑
rr′n

1

ωqn

[
g↑↑

νr g↑↓
ν̄r′U †

q,r,n(−V †
−q,r′,n)

+ g↑↑
νr g↓↑∗

νr′ U †
q,r,nU

T
q,r′,n

+ g↑↑∗
ν̄r g↑↓

ν̄r′
( − V T

−q,r,n

)
(−V †

−q,r′,n)

+ g↑↑∗
ν̄r g↓↑∗

νr′
( − V T

−q,r,n

)
U T

q,r′,n
]
. (C2)

It is clear by looking at the GS in Fig. 1(c) that for any
sublattice r there is another sublattice r′ such that φr′ = (φr +
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π ) mod 2π and θr′ = π − θr , i.e. the spin is flipped. With
reference to the sublattice numbering in Fig. 1(c), the sets
are (0,8), (1,9), (2,5), (3,6), and (4,7). In the case (0,8) we
define φ0 = 0, φ8 = π . Since these spins are up and down, φr

is not defined, and so should not have a physical consequence.
From the definition of gσ,−σ

νr in Eq. (20), it is clear that, e.g.,
g↓↑∗

νr′ is the complex conjugate of g↑↓
νr for these sets of r, r′

values. This alone does not prove that V ↑↑↑↓
k′k = V ↑↑↓↑∗

k′k . For
that, the accompanying products of factors from the transfor-
mation matrix must also be complex conjugates of each other.
Numerically we find, e.g.,

∑
n

U †
q,r,n(−V †

−q,r′,n)

ωqn
=

[∑
n

( − V T
−q,r,n

)
U T

q,r′,n

ωqn

]∗
(C3)

for r, r′ such that φr′ = (φr + π ) mod 2 and θr′ = π − θr .
Then, it is clear that V ↑↑↑↓

k′k = V ↑↑↓↑∗
k′k .

Equation (C3) applies only to 1D DMI. With full DMI
it is violated, so V ↑↑↑↓

k′k 
= V ↑↑↓↑∗
k′k allowing the real part of

2V̄ ↑↑↑↓E (k′ )
k′k to become nonzero.

While the arguments for g↑↓
νr and g↓↑∗

νr′ being complex
conjugates of each other for certain combinations of r and

r′ only rely on the GS, the transformation matrix contains
information about the Hamiltonian. Full DMI results in an
interaction that is complicated enough to yield TSC in the
specific system we studied. By complicated enough, we mean
that certain elements in the coupling matrix are complex, with
phase differences between the real and imaginary part. In
MI/NM heterostructures, superconductivity is induced by the
magnons. So the key is that the magnons experience SOC,
and that the magnetic GS is noncolinear. As discussed, 1D
DMI could originate with a special linear combination of
Rashba and Dresselhaus SOC. However, the symmetry Cs

2yT
is preserved, which enforces trivial topology. The key feature
of full DMI seems to be noncolinear DMI vectors, which
ensure that symmetries of the type Cs

2T are broken.
In MI/SC heterostructures a coplanar helical state af-

fects the SC analogously to SOC and a magnetic field [3],
but the resulting interaction is not complicated enough to
give a bulk gap. For that, noncoplanar magnetic states are
needed [11]. For MI/NM heterostructures we believe the
form of DMI is more important than the precise nature of
the noncolinear magnetic ground state. Still, we stress that
gap equations must be solved in any candidate system to
check if the superconducting state is in fact topologically
nontrivial.
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