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1. Introduction

The classical Douglas formula [19] (see also Radé [40, (5.2)] and Chen and
Fukushima [11, (5.8.4), (5.8.3)]) relates the energy of the harmonic function u
on the unit disk B(0,1) C R? to the energy of its boundary values g on the
boundary of the disk, identified with the torus [O 27):

) 1 27 27 ))2
/ |Vu(x)]| d:vf / i 5 n/2)d77d§. (1)

B(0,1)

The formula is important in the trace theory for Sobolev spaces, since the
left-hand side of (1) is the classical Dirichlet integral and the right-hand side
is equivalent to the Gagliardo form in H'Y2(9B(0,1)), the trace space for
Wh2(B(0,1)). The identity inspired important developments in the theory
of Dirichlet forms; see [11,21,28]. Doob [18, Theorem 9.2] generalized (1) to
arbitrary Greenian open sets D C R? with d > 2. In this paper, we propose
another extension of (1):

[ 19u@) Pl do
o P (g(m)¢ )P (g(n) — g(&)) 2
P~ — g(&)P ) (g(n) — g
—1 / / 47 sin® ((€E=n)/2) din de.

Here and belovv7 p € (1,00) and a'® = |a|"sgn(a) for a,x € R, in fact, we
prove that for all open bounded OV gets D C RY with d > 2, and harmonic
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functions w in D with boundary values g,

[ IVu@)P a2 da

D
(3)
- ﬁ / / (9(2)P~ = g(w)"=V)(g(2) = g(w)) Y (2, w) dz dw.
oD dD

Here dz, dw refer to the surface measure on 9D and
vp(z,w) 1= 05Pp (-, w), (4)

is the inward normal derivative of the Poisson kernel Pp, see Sect. 2.2. A direct
calculation shows that the kernel in (2) is indeed the normal derivative of the
Poisson kernel of the unit ball; therefore, (3) is an extension of (2). We refer
to (3) as p-Douglas identity (Douglas identity for short) and to the sides of (3)
as p-forms. We remark that P. Stein [43, (4.3)] obtained an early version of the
p-Douglas identity for the unit disk (3) under the assumption that u € C?(D),
but without the explicit form of the right-hand side, which Douglas only gave
for p = 2. A more general variant of Stein’s identity can be obtained by taking
p = 2, a power function h, and a harmonic function u in the work of Kalamajska
and Choczewski [12, (5.1)]. The non-ezxplicit terms in [12,43] have the form
fBD uP~ 1 95u, which usually appears in the Green’s formula. One of the main
features of the p-Douglas identity is that it presents this integral in a more
explicit form, seen on the right-hand side of (3). This contributes to a better
understanding of the boundary behavior of functions in Sobolev-type spaces.

The precise statement of identity (3) is given in Theorems 3 and 11. In
the first of these results, we assume that g on 0D is given with the right-hand
side of (3) finite, we define u as its Poisson integral, and we establish that the
left-hand side of (3) is, in fact, equal to the right-hand side; in particular, it is
finite. Therefore, this result may be thought of as an extension-type theorem.
In Theorem 11 we start with a harmonic function v on D with the left-hand
side of (3) finite and we obtain the function g on 9D, of which u is a Poisson
integral and for which (3) holds. Therefore, the result may be thought of as a
trace-type theorem.

It is worth noting that formally we have

u<p/2>x2x:p—2 w(x)|?|u(z) P2 du.
| 19 @pde =1 [ wute)Pup-2d (5)

The former integral is convenient for studying the trace of (not necessarily
harmonic) functions with this energy form finite; see Theorem 9. We stress
that equality (5) should not be taken for granted in the case 1 < p < 2; then
we only prove it under certain assumptions of regularity of w.

For nice non-harmonic functions v that vanish at the boundary, there is
another formula:

2 p=2 x:i v(@)|v(x)|P~2u(z) dx
| 1vo@P@p2ar = = [ so@h@poe a6
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Here, again, the case 1 < p < 2 requires special attention; we refer to Metafune
and Spina [36] for details. In this connection, we mention the work of Seesanea
and Verbitsky [41, Theorem 3.1], who studied (6) in the context of Green
potentials of non-negative measures. A variant of the Douglas formula with a
remainder term, which we propose in Theorem 15 below, combines [36,41] and
our identity (3) for harmonic functions. However, we adopt the simplifying
assumption v € C%(D), allowing for the use of Green’s identity, which is not
easily available in the setting of (3).

One of our main tools is the Hardy—Stein identity of Bogdan, Dyda, and
Luks [7], which states that for every harmonic function u: D — R and = € D,

sup B |u(Xo, )" — |u(2)[” = p(p - 1)/ Gp(z, y)uly) P~ Vu(y)? dy.
vcch D

(7)

Here, Gp is the Green function of D and 7p is the first exit time from D of the
Brownian motion X; (more detailed definitions can be found in Sect. 2). Note
that (7) characterizes harmonic functions u for which the Poisson integrals
of |ulP are uniformly bounded up to the boundary, i.e., the functions in the
Hardy class H?(D), see Koosis [31, p. 68]. Our Douglas formula is a similar
characterization of harmonic functions in Sobolev-type spaces; see also Bogdan,
Grzywny, Pietruska-Paluba, and Rutkowski [8] for an analogous discussion of
nonlocal operators such as the fractional Laplacian.

On a general level, the present paper deals with the classical potential
theory in the L? setting. This may indicate why the usual harmonic functions
have a distinguished role for the considered p-forms. Integral forms similar to
(3) have already proved useful for optimal Hardy identities and inequalities
in L? and the contractivity of operator semigroups acting on LP, see Bogdan,
Jakubowski, Lenczewska, and Pietruska-Patuba [9, Theorem 1-3] and the dis-
cussion in [9, Subsection 1.3]. Moreover, the nonlocal Douglas identity was
applied to show bounds for the nonlocal Dirichlet-to-Neumann operator in
certain weighted LP spaces, see [8, Section 6]. We expect similar results for the
classical Dirichlet-to-Neumann operator. Recall that the classical Dirichlet-
to-Neumann operator is the integro-differential operator on 9D with vp as
the kernel, see Hsu [26, Section 4], Guillen, Kitagawa, and Schwab [25, Theo-
rem 1.1], and Piiroinen and Simon [38, Theorem 4.6]. The operator is one of
the motivations for the present work; however, an extension of [8, Section 6]
seems delicate.

We note in passing that for d = 1, all harmonic functions on the interval
D = (a,b) are of the form u(x) = cx + d, and then the following identity holds
for 1 < p < oo (and is left for the reader to check):

2
b—a’

b
Alu(@)|P 2 de = ———(u(®) PV — u(a)P ) (u(b) — ula
[ lutap2 e = 5w (@) (u(b) — u(a))

(8)
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Since the Green function of D = (a,b) for A is given by

(b—a) Nz —a)b—y), ifa<z<y<b,
(b—a)"tb—2)(y—a), ifa<y<z<b,

G(a,b) (1’, y) = {

(see [13, (29) in Section 2]), it can be verified that (8) is an analogue of (3).
Having discussed the case d = 1, for the remainder of this paper we assume
that d > 2.

The article is organized as follows. In Sect.2 we introduce the main no-
tions and properties. In Sect.3 we prove the Douglas identity and extension
theorem when the function g on 0D is given. In Sect.4 we prove the Douglas
identity and trace theorem when the harmonic function v on D is given. In
Sect. 5 we study minimization properties for the p-forms and give a variant of
(3) for non-harmonic functions.

2. Preliminaries

All the sets, functions, and measures considered are assumed to be Borel. For
functions a,b > 0, the inequality a = b means that there is a number ¢ > 0,
i.e., constant, such that a > cb. We write a = bif a 2 b and b = a.

2.1. Geometry

In the remainder of the work we assume that p € (1, 00) and D is a C*! domain
at scale ¢ > 0, that is, for each z € 9D there exist balls By := B(c,,q) C D
and By := B(c,,q) C (D)¢, mutually tangent at z (that is, By N By = {2}).
For later convenience, we denote

ro = ro(D) :=sup{qg > 0: D is O at scale ¢}.

It is well-known (see Aikawa et al. [1, Lemma 2.2]) that this definition is
equivalent to the one in which the boundary is locally isometric to the graph
of a C1! function. The inward normal vector at w € 9D will be denoted by
Ty (We write 7, = @ if w is implied from the context). Note that w — 7,
is a Lipschitz mapping, because in a local coordinate system there is a C!
function f such that 7 = (Vf,—1). If u: DU{w} — R for some point w € 9D,
then the inward normal derivative of v at w is defined as

Ofu = lim uw + hi) - u(w)
h—0t h

We also let §p(x) = d(z,dD) for x € R4,

2.2. Potential theory
Let Gp be the Green function and Pp be the Poisson kernel of A = Z?zl 59—;
for the C! open set D. We have Gp(x,y) = 0 if x € D¢ or y € D¢ and

Pp(x,2) =0:Gp(x,-), x €D, z€dD.



NoDEA The Douglas formula in L? Page 5 of 22 55

We also let Pp(w,z) =0 if w € 0D and w # z and Pp(z, z) = oo for z € OD.
The kernels satisfy the following sharp estimates:

Gota) = (10 B0 o0, wyep,itazs, (o)
GD(amy)zlm(l—i—6D|(m)6[)|§y))7 x,y €D, if d=2, (10)
r—y
and
PD(zz)zm re€D, z€dD, d>2. (11)
bl |Z_$|d7 b bl ey

The formula (9) was given by Zhao [44], (10) comes from Chung and Zhao [13,
Theorem 6.23], and the estimate (11) can be found in the book by Krantz [32,
Chapter 8.1] or derived from (9) and (10), see also Bogdan [6, (22)].

We slightly abuse the notation by using dz or dy for the Lebesgue measure
on R? and dz or dw for the surface measure on dD. By the result of Dahlberg
[14], w*(dz), the harmonic measure of A for D, is absolutely continuous with
respect to the surface measure for all x € D and

(.u””(A):/APD(ac,z)dz7 reD, ACOD.

To prove (3) we employ probabilistic potential theory. Let X; be the Brownian
motion in R? and let
mp =inf{t > 0: X; ¢ D}.

By P? and E* we denote the probability and the expectation for the process X;
started at x. It is well-known since Kakutani [30] that the harmonic measure
is the probability distribution of X, : w®(A) = P*(X,, € A).

As usual, u is harmonic in D if u is C? in D and Au(x) = 0 for every
x € D. Harmonic functions are characterized by the mean value property or
with respect to the Brownian motion [30]. Namely, u is harmonic in D if and
only if for every U CC D and = € U we have

u(z) = E*u(X,, ).

Here and below we write U CC D if U is a relatively compact subset of D,
that is U is bounded and U C D. Conversely, the Poisson integral,

Polg)(z) = /a :)Po(@.2)dz, 2 e D.

is harmonic in D if absolutely convergent at one (therefore every) point « € D.

2.3. Feller kernel

Recall that the Feller kernel vyp is defined in (4). The existence of yp was
studied before, see, e.g., Zhao [44, Lemma 1], or Hsu [26, Section 8], but we
give a short proof for completeness of the presentation.

Lemma 1. The kernel vp(z,w) exists for all z,w € dD, z # w and
’YD(Zaw) ~ |z_w|7da Z#w (12)
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Proof. Let z,w € 9D, z # w. Since Pp(z,w) = 0, we only need to calculate

where 7 = 7i,. Let g € D and h > 0 be small. We have

Pp(z +hil,w)  Pp(z+ hit,w) Gp(xo,z+ hi)
h o GD(l‘o,Z—f—hﬁ) h ’

and

lim GD(SCO7 z+ hn)

h—0t h - PD (1:07 Z)

The existence of the limit

P _
lim D (2 + hit, w)

_— 13
=0+ Gp(xg, z + hit)’ (13)

follows from the boundary Harnack principle [29, Theorem 7.9].
The estimates (12) follow directly from (11) and the fact that dp(z +
hit) = h for small h. O

2.4. Bregman divergence and its properties

The expression on the right-hand side of the Douglas identity (3) comes from
the symmetrization of the so-called Bregman divergence [2]. Namely, for p > 1
and a,b € R we define

Fy(a,b) = o]” = a” — pa? V(b — a).

Recall that a(*) = la|* sgn a, so F, is the second-order Taylor remainder of the
convex function b — |b|P. Therefore, it is an instance of Bregman divergence
[2] and, indeed, we have

5(Fp(a,b) + Fy(b,a)) = Hy(a,b) := (a1 =P V)(a —b).

The following approximations hold true:

Hy(a,b) = Fy(a,b) ~ (a — b)2(p] V |a]}~> = (a/? —5#/2)2, a,beR.
(14)

The second comparison was proved in [39, (2.19)] in a multidimensional setting.
The one-dimensional case was rediscovered, e.g., in [7, Lemma 6]. Optimal
constants are known for some arguments (in the lower bound for F, with
p € (1,2) and the upper bound for p € (2,00)), see [10] and [42, Lemma
7.4]. The first comparison in (14) follows from the second one. A historical
discussion of the third comparison in (14) is given [9, Subsection 1.3]. Many
special cases of (14) can be found in the earlier works [5,15,34]; we refer to [8,
Section 2.2] for a full proof.
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3. The Douglas identity
Recall that p € (1,00). We define the following forms:

€2 [u] = p(p — 1) /D () P2 |Vu(2)? d,

90, g] = /a ) /8  Byfae)glw) oz w) de du.

By symmetrization we get

3ol = 5 [ [ (07 = a(w)")(0(2) = gl) o) d

Since F, > 0, H% ,[g] is well-defined (possibly infinite) for all Borel g: D — R.

Lemma 2. If HY[g] < oo, then g € LP(0D) and Pplg](z) is finite for all
rzeD.

Proof. Assume that H% [g] < oo, so that

/ F,(9(2), g(w))yp (2, w) dz dw < oo.
oD JoD

We fix w € 0D, such that

| Bulal) gt (e w)d= < .
oD

From Lemma 1 it follows that  inf  ~yp(z,w) > 0, so
z€0D, z#w

Fo(9(2), g(w)) dz < oo.
oD

From (14), for |a| > 2|b| we get
Fy(a,0) 2 (la| = 3laD)*(1b] V a)P=* = fla|”.

It follows that

l9(2)P dz < / Fy(9(2), g(w)) dz < oo,

/BDF]{Z: lg(2)|>2|g(w)|} oD

therefore,

| latyp iz

/8Dm{z: lg(2)|<2[g(w)[}

< ?lgw)loD]+ [ lg()I dz < o0,
aDN{z: |g(2)|>2]g(w)|}

s+ | 9P d
oDN{z: |g(2)|>2[g(w)|}

so g € LP(OD). By Jensen’s inequality and (11), Ppllg|](z) < oo for every
r € D. O
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We note that the proof of Theorem 3 is mostly self-contained and avoids
abstract potential theory, in contrast to the approaches in [18] and [11, Chap-
ter 5.8] for p = 2.

Theorem 3. Assume that H},[g] < oo. Then the Douglas identity (3) holds
true:

Hoplgl = EplPold]l-

Proof. Let u = Pplg]. The martingale convergence argument from the proof
of [8, Proposition 3.4] applies, and we get

sup E*[u(Xr,)[" = E*[g(X7p)["-
vcch

Therefore, by using the Hardy-Stein identity (7) we find that

E*|g(X7p) [P = u(z)[” = p(p — 1) /D Gp(z,y)lu(y) P Vuly)|* dy. (15)
By the proof of Lemma 2,

- Fp(g(w), 9(2))7p (2, w) dz < 00 (16)
for almost every w € 9D. For such w, we shall compute the corresponding
normal derivative of the left-hand side of (15). Recall that the inward normal
vector at w € 0D is denoted by 7i = 7,,. By the “p-variance” formulas [8,
Lemma 2.1] (see also [18, (9.4)]) we have

Blg(Xr )P~ @)l = [ Fyfu(o).g(2)) Po(a,2) d= an
oD
— [ Bu(gtw).g(:) Pole,2) dz = Fylg(w),u(e))
oD
{0
Taking x = w + hfi with small A > 0 and using (12), we get
Fy(atw). 9N 2 = By g(u),o() T2 < Fyfgtw). oo eo)

We let h — 07, in particular, x — w. By the Lebesgue Dominated Convergence
Theorem and (16),

0 | Flow)g(@)Pol2)ds = [ Flgw) g(2)nw.) de
oD oD
By (18) and the fact that Fj, > 0, we get (for z # w)

1
Jim sup / Fy(u(w + hii), g(2)) Po (w + hif, =) d=
h—0t h o

D
< /@  Fylaw).g(:) o) d=
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On the other hand, [29, Theorem 5.8] states that u(w + hfi) converges to g(w)
as h — 07 for almost every w € dD. For such w, by Fatou’s lemma and Lemma
1, we find that

1
lim inf — F i P i
im inf p(u(w + hii), g(2)) Pp(w + hii, z) dz

/ Fy(g(w), (=) vp (w, 2) dz.

Therefore,

0% (B [g(Xrp) [ = [u()") :/ar) Fyp(9(w), 9(2))yp(w, 2) dz.

From (15) it follows that for almost every w € 9D,
/ Fy( 9(2)vp(z,w) dz

— p(p—1)0Y /GD P Vuly)P dy.
By Fatou’s lemma, for w € 0D,

35#/ GD(wy)IU(y)\p*zIVU(y)IQdyZ/ Pp (y, w)lu(y)["~*Vu(y)|* dy.
D D

It follows that

|| Flatw).a)m () d o

—p(p— / /GD P2 Vu(y)? dy duw
> p(p—1) /a ) /D Po (g, w)u(y) P2 Vu(y) [ dy dw

—p(p— 1) /D ()P~ V() dy.

In particular, the last expression is finite. We next show that the inequality
above is actually an equality, that is, the reverse inequality holds. By Fatou’s
lemma and Fubini—Tonelli,

/ o / G () u(w) P~ Vuly)? dy duw
oD D

< liminf/ / M|u(y)|p*2|Vu(y)|2dydw
oD JD h

h—0t

— liminf / u(y) P2 Vu(y))? / CoMHh.Y) 1y (20)
h—0t Jp oD h

With the intent of using the Lebesgue Dominated Convergence Theorem in
(20), we next show that

i Gp(w+ hil, y)

o W dw = /BD Pp(y,w)dw=1, yeD, (21)
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and that there exists C' > 0 such that for small A > 0,
Gp(w + hit, y)

oD h
For the remainder of the proof, we assume that h < (r9/2) A (1/2 L), where

L is the Lipschitz constant of the mapping w — 7i,,. For y € D, w € 9D and

dw<C, yeD. (22)

. w—
S|w+fm—y|+%,

hence |w — y| < 2w + hit — y|. Thus, by (9), (10), and (11), the inequalities

Gpw+hiy) - dply) . dply) _

h ~w+hit —ylt Y w -yt

hold with constants independent of y and h. Hence, the Lebesgue Dominated
Convergence Theorem gives (21) for every y € D.

From the above, we also get (22) in the case dp(y) > 2h. It remains to
prove (22) for ép(y) < 2h. Assume first that d > 3. Then, by (9),

G hit 1 h?
[ G gy o [ (1 B Y na et
aD h op I |w + hit — y|

(23)

Since h < ro/2 and dp(y) < 2h, there is a unique point w, € 0D for which
dp(y) = |y — wy|. If we let y* = w, + hil,,, then ép(y*) = h. We claim that

|lw+ hit — y| 2 |w+ hit — y*|. (24)

lw—y| <|Jw+hi—y|+h <|w+hi—y|+

dp(y)
2

PD(yv w)

In order to prove this we first define
Dy, :={x e D:op(z) > h}.
Note that
ODp ={x =w+7h:w e ID}

and the correspondence between x = w + 7ih and w is one to one (this is true
because D is C*! and the interior ball with radius smaller than rq is unique
and tangent to exactly one point of the boundary). Therefore, since y lies on
the line segment connecting w, and w, + 2hnw,, we have

B(y,ly —y*[) N 0Dy = {y"},
because if any other point was in the intersection, then it would mean that
dp(y) is attained at two points of dD. Consequently, for every « € 9Dy,

ly* — x| < |Jy* =yl + [y — 2] < 2Jy — 2],

which proves (24). As a consequence, we see that

/ 1<1/\h2>|w+hﬁ 2= oy
op b lw + hil — y|? y

1 h?
<[ “(in—"" Nt hi— > dw.
N/aDh< w+hn—y*|2)' v
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By the C1! geometry of D, we find that
|w —wy| < [w+ hit —y*| + hliy — fw,| < |w+ hil —y*| + hLlw —w,|.
Therefore, since h < 1/2L, we get
|lw —wy| < 2lw+ hit —y*|, (25)

so that
(/ 1<1A}ﬂ>hu+hﬁ— P gy
on I [w+ hit — y* 2 Y
1 h?
,S/ (1/\2>|w—wy2ddw
op h |w — wy|

:/ +/ =11 + I>.
[w—wy|>h [lw—wy|<h

By using polar coordinates,

Ilgh/ lw — w, |~ dw
{wedD:|lw—wy|>h}
1
mh/ |§\‘dd§mh/ r2dr~1
{€eRI—:n<[g]<1} h
and
I, < / lw — w, >~ dw
{wedD:|lw—wy|<h}

= S

Q

1 h
/ €2~ de ~ 7/ dr =1,
{€eRI-1:0< €| <h} h Jo

thus the case d0p(y) < 2h is completed, and so (22) is proven for d > 3. For
d =2, (22) is obtained by similar arguments using (10). Indeed, the proofs of
(24) and (25) remain valid, so the only difference is that for d = 2 we want to

estimate the integral
1 h?
/ —1In (1+2) dw.
op h [w — wy|

To this end we use the following computation:

1 h2 > In(1 4+ u? > In(1 4+ u?
/ln(lw)dt:/ Mdug/ LG DA
0 h 0

h u? u?

Having proven (21) and (22), we may use the Lebesgue Dominated Con-
vergence Theorem to interchange the limit and the integral in (20), ending the
proof.

Note that the case d = 1 is summarized in (8). O
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4. Trace-type results

In the previous section the starting point for our considerations was the func-
tion g on the boundary; our results could be thought of as an extension-type
theorem. In this section we focus on a complementary trace-type theorem for
Sobolev-type functions on D. In particular, we prove the Douglas identity for
harmonic functions v in this class and exhibit the boundary function g for
such u, see Theorem 11.

Definition 4. We define a Sobolev-type space
VIP(D) = {u € L*(D): / (VulP/? ()| de < oo}
D

To clarify, the above gradient of u{?/?) is understood in the distributional
sense and is assumed to be a square integrable function. Since D is C':!,
by Maz’ya [35, p. 21, Corollary], the assumption v € LP(D) is redundant,
because the finiteness of [, |Vu(P/? (z)[2 dz implies uP/? € L?(D). We note
that V1P(D) is not a linear space for p # 2. For example, if D = (0,1), u = 1,
and v(z) = x/®"2) then for 1 < p < 2 we have u,u + v € V'P(D), but
v ¢ VIP(D), and for p > 2 we have u,v € V1P(D), but u + v ¢ V1P(D).

The equality (26) in the following result demonstrates the relation of
V1P(D) to the forms studied previously.

Lemma 5. Assume that p € (1,2), u € C*(D) and let x € D. If either
o u(x)#£0, or
e u(x) =0 and Vu(x) =0,

then Vu'P/2) (x) exists in the classical sense and
Vul/2) () = gVu(x)|u(a:)|p/2_1. (26)
If p € [2,00), then (26) holds for every x € D.

Proof. The case p € [2,00) is trivial, so in the sequel we let p € (1,2). If u(z) #
0, then the statement follows immediately from the chain rule. If u(z) = 0 and
Vu(x) = 0, then for y close to # we have |u(y)| = |u(y) — u(x)| < |y — x|?,
hence

Ju(y) 7 — (@) P2 = [u(y) P72 < ly -l
Since p > 1, we find that Vu'P/?)(z) = 0, which ends the proof. O

Lemma 6. Assume that u € V'P(D)NC?(D). Then the gradient Vu'P/?) exists
in the classical sense almost everywhere in D, coincides with the weak gradient,
and (26) holds for a.e. x € D.

Proof. Since u € V'P(D), we have u?/2) ¢ W2(D). By [35, 1.1.3, Theorem
1] we get that Vu(P/2) exists in the classical sense almost everywhere and
coincides with the weak gradient. Formula (26) in case p > 2 now follows
from the chain rule, thus in the sequel we assume that p € (1,2). Note that if
Vu'P/2)(z) exists in the classical sense, then either u(z) # 0 or u(x) = 0 and



NoDEA The Douglas formula in L? Page 13 of 22 55

Vu(z) = 0. Indeed, let e; be the unit vector in the i-th coordinate direction
and assume that u(z) = 0 and 9;u(z) # 0. Then

ulP/?) (x + hey) — u?/2) (z) ulP/?) (z + he;)
h h

> ‘h|p/2 1 — o0,
h—0

which contradicts the existence of Vu?/2) (). Thus by Lemma 5 we get that
(26) holds for a.e. x € D. O

The setting of V1'P(D) is convenient for formulating trace-type results,
owing to the connection with the classical Sobolev spaces. The functions u
in W2(D) have a well-defined trace Tru which belongs to L%(9D), see, e.g.,
Evans [20, p. 272]. The trace Tr is constructed as a continuous extension of
the restriction map from C*°(D) to W12(D). Note that C°°(D) is dense in
W12(D), because D is C11, see [35, 1.1.6, Theorem 2]. Here and below, the
reference measure for L?(9D) is the surface measure on 9D.

Definition 7. Let u € VP(D). We define the trace of u as
Tru = (Tru?/2)@/P),

The above expression makes sense, because u(P/2) e W12(D). In consequence,
Tru € LP(OD).

The next result gives a more explicit description of the trace, but we will
not use it in the sequel.

Lemma 8. If u € VYP(D), then for almost every z € 0D,

1 o (2/p)
Tru(z) = lim ( u(y)'\P dy) .
r—0+ |B(Z? 7‘) N D‘ B(z,r)ND

Proof. Let v € WH2(D). Then, for almost every z € 9D we have

Tro(z )_71i>o+ |B(z,r) OD|/ zr)nD
Indeed, this is true for v € C°°(D). For general v € W2(D), the result follows
from Anzellotti and Giaquinta [3]: Since W-2(D) — W11(D) — BV(D) for
bounded D, by [3, Proposition 4], the right-hand side of (27) exists z-almost
everywhere. Furthermore, if v,, — v in W2(D), then v,, — v in BV (D), so by
[3, Theorem 4] we get (27), from which the lemma follows immediately. O

(27)

Theorem 9. Assume that u € LP(D) satisfies
/ |Vu'P/?) (2)|? da < oo.
D
Then the trace g = Tru satisfies

/6D/0D (w))yp(z, w)dzdw</ |Vu p/2>( )2 dz < co.
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Proof. Tfu € LP, then u‘P/2 € L?(D). By the trace theorem for W12(D) (see,
e.g., Kufner, John, and Fuc¢ik [33, Theorems 6.8.13, 6.9.2]), we therefore get
that the trace g(P/?) of u(P/2) exists, belongs to W1/22(9D) and satisfies

/ / ®/2) (3) — /2 ()2 |2 — |~ dz duw 5/ Va2 ()| da.
oD JOD D
Recall that by (14) we have (a?/2) — b/2))2 = F,(a,b). Tt follows that

/é,D/aD (w))yp(z, w)dzdw</ IVulP/2) ()2 da < oo,

Here is a variant of Theorem 3 adapted to V1?(D) spaces.

Proposition 10. Assume that g: 0D — R satisfies

[ [ ot o < o
oD JoD

Let u = Pplg]. Then Vu'P/?)(z) exists in the classical sense for a.e. x € D

and
/dD/aD (w)vp(z,w) dz dw = p - 4/ IVu®/2) ()2 da.

Proof. By virtue of Theorem 3, it suffices to prove that
4p—4
0= [ Vu@Pu@P2de= 22 [ [gur @, (2s)
D p D

Since w is harmonic, it is also smooth, so according to Lemma 5, (28) obviously
holds for p € [2,00). For p € (1,2) we will show that under present assumptions
on u, the set

A={x e D:u(x) =0, Vu(z) # 0}

has Lebesgue measure zero. Since the left-hand side of (28) is finite we find
that |Vu(z)[?|u(x)|P~2 is finite for almost all z € D, but on the other hand
this expression is infinite for any z € A, hence |A| = 0 and by Lemma 5 we
get (28) for p € (1,2). O

Theorem 11. Assume that nontrivial harmonic function u belongs to VP (D).
Then, for g = Tr[u] we have w = Pplg] and the p-Douglas identity holds:

/ Fo(9(2), g(w))vp(z,w)dz dw = p(p — 1) / \Vu(2)|?|u(z)|P~? dz
ap Jap

4 4
S / |V’ (2)|? da.
p D

Proof of Theorem 11. Since u € V1P(D), Theorem 9 gives the existence of the
trace g = Tru, which satisfies

[ [ B swhmw) dzdo < o.
oD JoD
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Therefore, by Theorem 3 and Proposition 10, the statement of Theorem 11
holds for u and g, provided that u = Pplg]. In order to show that u = Pplg],
we will use another notion of trace, the so-called fine boundary function f of
u, for which it is known that u = Pp[f]. Then we will prove that f = g. Here
are the details. By Lemma 6 we have

/ |Vu(2)|?Ju(z)|P~? de < .
D

Fix 2p € D. Since u is locally bounded in D and Gp(x,x) is integrable and
bounded outside any neighborhood of z, it follows that

oo>/DGD(a:,x0)|Vu(x)|2|u(:E)|p_2dx

> sup /GU(x,x0)|Vu(x)|2|u($)|p_2dx.
vccbJu

By the Hardy—Stein identity (7) we therefore obtain that

sup Eu(X,, )P < oo.
Ucch
According to Doob [16, Lemma 4.1] the above condition puts us in a position
to apply [17, Theorems 9.3 and 5.2] in order to get that u has a fine boundary
function f such that

u(z) = Pp[f](z), x€D.

In order to finish the proof it suffices to show that f = g, which we do below.
Recall that the trace in W12(D) is defined first for functions v € C*°(D) as
the restriction v|gp and for the rest of the functions via a density argument.
Consider a sequence of functions v, € C*(D) which converges to u(?/?) in
W12(D) and almost everywhere, and let f,, be the fine boundary function of
v, for n =1,2,.... By the result of Hunt and Wheeden [27, Theorem 5.7], the
trace and the fine boundary function agree almost everywhere for v,,. Using
this and the definition of the trace operator in W12(D) we get

Ifn = %2200y = 1fn — Tru®? | r20p)

= Tro, fTru<p/2>||L2(aD) "Z30. )
On the other hand, since u‘P/?) is continuous and v,, — u{?/?) in W2(D) (so
in the BLD sense [18, pp. 573-574]), by [18, Theorem 4.3] the fine boundary
functions of v, converge in L? to the fine boundary function h of u(/2), that
is,

n—oo

Ilfrn = hllz2ap) — 0. (30)

Since the function t — t?/2) is continuous, we have h = f{/2). Therefore, by
(29) and (30) we conclude that f = g a.e. on 9D, which ends the proof. [
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5. Minimization and an identity with a remainder term
We define

~ —1
eb [u] = pi)/ IVulP/?) (2))? da.
p D

Note that formally & [u] = 7 [u]. It is well-known that the harmonic function
Pplg] minimizes the Dirichlet energy €% [u] in D among functions satisfying

u = g on 9D. This allows us to easily identify the minimizer of €, under
boundary condition g, as we do in the following proposition.

Proposition 12. Let g € VYP(D). Then u = (PD[g<p/2>])<2/p> is the unique
minimizer of E% with the boundary condition g in the following sense: ufP/2) —
g2 ¢ Wy (D) and for every v € V(D) such that vP/? — gtp/2) ¢
W, 3(D), we have E% [u] < g% [v].

Due to the uniqueness, the harmonic function v = Pplg] cannot be a

minimizer of EPD with the boundary condition g (except for p = 2 or constant
g). It is, however, a quasi-minimizer.

Definition 13. We say that u is a quasiminimizer of g% if there exists K > 1
such that for every open CY! set U cC D and v which agrees with u on OU
we have &7, [u] < K&, [v].

Quasiminimizers were introduced by Giaquinta and Giusti [22]. To keep
the discussion below simple, in Definition 13 we require the sets U to be C':!,
but we should also remark that restricting the test sets may occasionally affect
the notion of the quasiminimizer, see Giusti [23, Example 6.5].

Proposition 14. If HY ) [g] < oo, then u = Pplg] is a quasiminimizer of E%.

Proof. Let U CC D be CY! and let v: U — R? be equal to v on OU. We may
assume that &[v] < co. By the trace theorem for W'2(U) (or Theorem 9
above) and (14),

0[] 2 3 (w2 ~ I [u).

Note that since w is harmonic, we have u = Py[u] in U, therefore by the
Douglas identity in Theorem 11 we get

Hy[u] = €7 [ul,
which ends the proof. O

We will now give a variant of the Douglas identity for functions which
need not be harmonic.

Theorem 15. Assume that p € [2,00) and let u € C*(D). Then

&P [u] = )] /Au uPV () do + = /Au )Pp[ufP=Y)(x) dz

= Hpp[u] /Au u'P~ 1>(x)dx+i/DAu(x)PD[u@_l)](x)dx.
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Proof. Let u € C%(D). Then, since p € [2,00) we get that u*~1 € C'(D)
and

Vu'?~V(z) = (p — 1)Vu(z)u(z)P~2, zeD.

This puts us in a position to use Green’s identity in the following way:
/ WV (2)Au(z) do + (p— 1) / V(o) Plu(@)P 2 d
D D

= —/ uPY (w)d%u dw,
oD

or equivalently,

&N [u] = fp/ u'PV () Au(x) dz —p/ uPV (w) 0¥ u dw. (31)
D aD
Let v = Pplu], ¢ = u — v, and note that A¢p = Au and ¢ = 0 (and so, u = v)
on 0D. Furthermore,

0%y = 0%v + OY' 6. (32)

Since u is C?(D), by, e.g., @ksendal [37, Theorem 7.4.1] and [13, page 37] we
have A¢ = Au = f € C(D) and ¢(z) = —1 [, Gp(x,y)f(y) dy. Therefore, by
using an argument similar to the one in [4, Lemma 3.2.1], we get that

/ Gp(y,w + hit) 1
D

046 =y lim T vy == [ Poww)f)

2 h—0+ 2

Note that this means that both derivatives on the right-hand side of (32) exist.
By Fubini’s theorem,

| wrwogodn=—5 [ w0 w) [ Poyu)s)dyde

- /D 1) /aD ™ (w) Pp (y, w) dw dy
- _% /D Au(y) Pplu®=V](y)dy. (33)

By Grisvard [24, Theorem 2.2.2.3], we have ¢ € W22(D), and so v € W2?2(D)
as well. Since v is smooth in D, this further yields v»~1 € W'2(D). By
Green’s identity [24, Theorem 1.5.3.1] and the Douglas identity of Theorem 11,

/u<p*1>(w)8}fvdw:/ vP Y (w) 9% v dw
oD oD

— 1) /D V()2 o(x) P2 da
1

= —~HD [u].
pREIL
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Putting this together with (33) and (32) we get
- p/ uPV (w) 0¥ u dw
oD
= 7p/ uPY (w) 0% v dw fp/ uPY ()0 ¢ dw
oD

oD

= :}ch[u]+73 /D Au(y)Pp[u'P=)(y)dy

N}

= eplPolull+§ | Autw)Polu))ds

where in the last equality we used the Douglas identity of Theorem 3. By this
and (31) we obtain the desired identities. O

Acknowledgements

We thank Katarzyna Pietruska-Patuba and Agnieszka Katamajska for helpful
discussions and the referee for useful suggestions, including Lemma 8.

Author contributions K.B. proposed the topic. A.R. proved Theorem 3 and
developed Section 5. D.F. proved Lemma 1 and 2. Section 4, other results and
editing was done by all authors.

Funding Open access funding provided by NTNU Norwegian University of
Science and Technology. The first author was supported by the Opus grant
2018/31/B/ST1/03818 from the National Science Center (Poland). The sec-
ond author was supported by the Opus grant 2017/27/B/ST1/01339 from
the National Science Center (Poland). The third author was supported by
the Preludium grant 2019/35/N/ST1/04450 from the National Science Center
(Poland). Part of this research was carried out while the third author was an
ERCIM Alain Bensoussan fellow at NTNU.

Data availability No data was used during the preparation of this paper.

Declarations
Conflict of interest None.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from



NoDEA The Douglas formula in L? Page 19 of 22 55

the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Aikawa, H., Kilpeldinen, T., Shanmugalingam, N., Zhong, X.: Boundary Harnack
principle for p-harmonic functions in smooth Euclidean domains. Potential Anal.
26(3), 281-301 (2007)

[2] Amari, S.-I.: Information Geometry and Its Applications, 1st edn. Springer,
Berlin (2016)

[3] Anzellotti, G., Giaquinta, M.: BV functions and traces. Rend. Sem. Mat. Univ.
Padova 60(1-21), 1978 (1979)

[4] Armstrong, G.: Unimodal Lévy processes on bounded Lipschitz sets. Doctoral
dissertation, University of Oregon (2018)

[5] Bakry, D.: L’hypercontractivité et son utilisation en théorie des semigroupes. In:
Lectures on Probability Theory (Saint-Flour, 1992), vol. 1581 of Lecture Notes
in Mathematics, pp. 1-114. Springer, Berlin (1994)

[6] Bogdan, K.: Sharp estimates for the Green function in Lipschitz domains. J.
Math. Anal. Appl. 243(2), 326-337 (2000)

[7] Bogdan, K., Dyda, B., Luks, T.: On Hardy spaces of local and nonlocal operators.
Hiroshima Math. J. 44(2), 193-215 (2014)

[8] Bogdan, K., Grzywny, T., Pietruska-Patuba, K., Rutkowski, A.: Nonlinear non-
local Douglas identity. Calc. Var. Partial Differ. Equ. 62(5): Paper No. 151 (2023)

[9] Bogdan, K., Jakubowski, T., Lenczewska, J., Pietruska-Paluba, K.: Optimal
Hardy inequality for the fractional Laplacian on LP. J. Funct. Anal. 282(8):Paper
No. 109395, 31 (2022)

[10] Bogdan, K., Wiecek, M.: Burkholder inequality by Bregman divergence. Bull.
Pol. Acad. Sci. Math. 70(1), 83-92 (2022)

[11] Chen, Z.-Q., Fukushima, M.: Symmetric Markov Processes, Time Change, and
Boundary Theory. London Mathematical Society Monographs Series, vol. 35.
Princeton University Press, Princeton (2012)

[12] Choczewski, T., Kalamajska, A.: On certain variant of strongly nonlinear mul-
tidimensional interpolation inequality. Topol. Methods Nonlinear Anal. 52(1),
49-67 (2018)

[13] Chung, K.L., Zhao, Z.X.: From Brownian motion to Schrédinger’s equation.
Grundlehren der Mathematischen Wissenschaften, vol. 312. Springer, Berlin
(1995)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

55 Page 20 of 22 K. Bogdan et al. NoDEA

[14] Dahlberg, B.E.J.: Estimates of harmonic measure. Arch. Ration. Mech. Anal.
65(3), 275-288 (1977)

[15] Davies, E.B.: Heat Kernels and Spectral Theory. Cambridge Tracts in Mathe-
matics, vol. 92. Cambridge University Press, Cambridge (1990)

[16] Doob, J.L.: Probability methods applied to the first boundary value problem.
In: Proceedings of the Third Berkeley Symposium on Mathematical Statistics
and Probability, 1954-1955, vol. II, pp. 49-80. University of California Press,
Berkeley and Los Angeles (1956)

[17] Doob, J.L.: Conditional Brownian motion and the boundary limits of harmonic
functions. Bull. Soc. Math. France 85, 431-458 (1957)

[18] Doob, J.L.: Boundary properties of functions with finite Dirichlet integrals. Ann.
Inst. Fourier 12, 573-621 (1962)

[19] Douglas, J.: Solution of the problem of Plateau. Trans. Am. Math. Soc. 33(1),
263-321 (1931)

[20] Evans, L. C.: Partial Differential Equations. Graduate Studies in Mathematics,
vol. 19, 2nd edn. American Mathematical Society, Providence (2010)

[21] Fukushima, M., Oshima, Y., Takeda, M.: Dirichlet Forms and Symmetric
Markov Processes. De Gruyter Studies in Mathematics, vol. 19. Walter de
Gruyter & Co., Berlin (2011)

[22] Giaquinta, M., Giusti, E.: On the regularity of the minima of variational inte-
grals. Acta Math. 148, 31-46 (1982)

[23] Giusti, E.: Direct Methods in the Calculus of Variations. World Scientific Pub-
lishing Co., River Edge (2003)

[24] Grisvard, P.: Elliptic problems in nonsmooth domains, volume 69 of Classics in
Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM),
Philadelphia: Reprint of the 1985 original [MR0775683]. With a foreword by
Susanne C, Brenner (2011)

[25] Guillen, N., Kitagawa, J., Schwab, R.W.: Estimates for Dirichlet-to-Neumann
maps as integro-differential operators. Potential Anal. 53(2), 483-521 (2020)

[26] Hsu, P.: On excursions of reflecting Brownian motion. Trans. Am. Math. Soc.
296(1), 239-264 (1986)

[27] Hunt, R.A., Wheeden, R.L.: Positive harmonic functions on Lipschitz domains.
Trans. Am. Math. Soc. 147, 507527 (1970)

[28] Jacob, N., Schilling, R.L.: Some Dirichlet spaces obtained by subordinate re-
flected diffusions. Rev. Mat. Iberoam. 15(1), 59-91 (1999)

[29] Jerison, D.S., Kenig, C.E.: Boundary behavior of harmonic functions in non-
tangentially accessible domains. Adv. Math. 46(1), 80-147 (1982)

[30] Kakutani, S.: Two-dimensional Brownian motion and harmonic functions. Proc.
Imp. Acad. 20(10), 706-714 (1944)



NoDEA The Douglas formula in L? Page 21 of 22 55

[31] Koosis, P.: Introduction to H, Spaces, volume 115 of Cambridge Tracts in Math-
ematics, 2nd edition. Cambridge University Press, Cambridge (1998). With two
appendices by V. P. Havin [Viktor Petrovich Khavin]

[32] Krantz, S.G.: Function Theory of Several Complex Variables. AMS Chelsea Pub-
lishing, Providence (2001). Reprint of the 1992 edition

[33] Kufner, A., John, O., Fuéik, S.: Function Spaces. Monographs and Textbooks
on Mechanics of Solids and Fluids, Mechanics: Analysis. Noordhoff International
Publishing, Leyden (1977)

[34] Liskevich, V.A., Semenov, Y.A.: Some problems on Markov semigroups. In:
Schrodinger Operators, Markov Semigroups, Wavelet Analysis, Operator Alge-
bras, vol. 11 of Math. Top., pp. 163-217. Akademie Verlag, Berlin (1996)

[35] Maz’ya, V.. Sobolev Spaces with Applications to Elliptic Partial Differ-
ential Equations, volume 342 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], augmented edi-
tion. Springer, Heidelberg (2011)

[36] Metafune, G., Spina, C.: An integration by parts formula in Sobolev spaces.
Mediterr. J. Math. 5(3), 357-369 (2008)

[37] @Oksendal, B.: Stochastic Differential Equations: an Introduction with Applica-
tions, 6th ed. Universitext. Springer, Berlin (2003)

[38] Piiroinen, P., Simon, M.: Probabilistic interpretation of the Calderén problem.
Inverse Probl. Imaging 11(3), 553-575 (2017)

[39] Pinchover, Y., Tertikas, A., Tintarev, K.: A Liouville-type theorem for the p-
Laplacian with potential term. Ann. Inst. H. Poincaré C Anal. Non Linéaire
25(2), 357-368 (2008)

[40] Radé, T.: On the Problem of Plateau. Subharmonic Functions. Springer, New
York (1971). Reprint

[41] Seesanea, A., Verbitsky, I.E.: Solutions to sublinear elliptic equations with finite
generalized energy. Calc. Var. Partial Differ. Equ. 58(1):Paper No. 6, 21 (2019)

[42] Shafrir, I.: Asymptotic behaviour of minimizing sequences for Hardy’s inequality.
Commun. Contemp. Math. 2(2), 151-189 (2000)

[43] Stein, P.: On a theorem of M. Riesz. J. Lond. Math. Soc. 8(4), 242-247 (1933)

[44] Zhao, Z.X.: Green function for Schrodinger operator and conditioned Feynman—
Kac gauge. J. Math. Anal. Appl. 116(2), 309-334 (1986)

Krzysztof Bogdan, Damian Fafula and Artur Rutkowski
Faculty of Pure and Applied Mathematics

Wroctaw University of Science and Technology

Wyb. Wyspianiskiego 27

50-370 Wroctaw

Poland

e-mail: artur.rutkowski@ntnu.no



55 Page 22 of 22 K. Bogdan et al.

Krzysztof Bogdan
e-mail: krzysztof.bogdan@pwr.edu.pl

Damian Fafula
e-mail: damian.fafula@pwr.edu.pl

Artur Rutkowski

Norwegian University of Science and Technology
Hggskoleringen 1

7034 Trondheim

Norway

Received: 17 January 2023.
Accepted: 16 May 2023.

NoDEA



	The Douglas formula in Lp
	Abstract
	1. Introduction
	2. Preliminaries
	2.1. Geometry
	2.2. Potential theory
	2.3. Feller kernel
	2.4. Bregman divergence and its properties

	3. The Douglas identity
	4. Trace-type results
	5. Minimization and an identity with a remainder term
	Acknowledgements
	References


