CATEGORICAL MATRIX FACTORIZATIONS

PETTER ANDREAS BERGH AND DAVID A. JORGENSEN

ABSTRACT. In this paper we give a purely categorical construction of d-fold matrix fac-
torizations of a natural transformation, for any even integer d. This recovers the classi-
cal definition of those for regular elements in commutative rings due to Eisenbud. We
explore some natural functors between associated triangulated categories, and show
that when d = 2 these are full and faithful, and in some cases equivalences.

1. INTRODUCTION

In 1980, Eisenbud introduced matrix factorizations in [Eis] for elements in commu-
tative rings. The motivation was to study free resolutions over the corresponding factor
rings, in particular hypersurface rings. It was shown that over such a ring, every mini-
mal free resolution corresponds to a matrix factorization over the ambient regular ring.
The homotopy category of matrix factorizations is triangulated, and it was remarked by
Buchweitz in [Buc] that Eisenbud’s result implies that this homotopy category is equiv-
alent to the singularity category of the corresponding hypersurface ring. In [Orl], Orlov
gave an explicit proof of this fact.

In this paper, for any even integer d = 2 we give a categorical construction of d-fold
matrix factorizations for any suspended category and natural transformation commut-
ing with suspension. Our construction recovers the classical notion of matrix factoriza-
tion due to Eisenbud referenced above. It also recovers other notions in recent literature,
in particular the 2-fold factorizations in abelian categories defined in [BDFIK].

The paper is organized as follows. In Section [2] we give our construction of d-fold
matrix factorizations, and show that the collection of such objects naturally forms an
algebraic triangulated category. We also show that specific restrictions yield the previ-
ously studied triangulated categories of matrix factorizations.

In Section[8|we study natural triangle functors between our triangulated category of
matrix factorizations and other well-known triangulated categories. We show that when
d = 2, these functors are full and faithful, and in some contexts, equivalences. We end
with some examples, which illustrate new sources of concrete matrix factorizations.
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2. FACTORIZATIONS

Fix an even integer d = 2, and let (¥, S) be a suspended additive category, that is, an
additive category % together with an additive automorphism S: ¥ — %. Furthermore,
fix a natural transformation n: 1 — S with the property that

nsan = SMm)
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for every object M of € (we shall usually drop parentheses when we apply S to objects
and morphisms).
A d-fold (¥, S) -factorization (M;, f;) of  is a sequence

fa- fi
M h My 12 -1 M, a SM,

of d morphisms in ¥, in which every d-fold composition equals 7:

faofa—10o-0fi = num
Sfiofac-ofa = nNm
Sfa-10--oSficfa = nuy,

A morphism ¢: (Mj, f;) — (N;, g1), between two such (%, S)-factorizations of 1), is a se-
quence (¢1,...,¢4) of morphisms in € such that the diagram

fa- fe
M, h M, f2 -1 M, d SM;
an sz Jw J&m
Nl 81 NZ 82 L 8d-1 Nd 8d SNl

commutes. It is an isomorphism if all the ¢;, and hence also S¢;, are isomorphisms.
The composition of two morphisms is a new morphism, thus we obtain the category
Fact; (%, S,n) of d-fold (¥, S)-factorizations of 1. Since the original category ¥ and its
automorphism S are additive, so is the category Fact, (%, S,7), in a natural way. Addition
of morphisms is induced from ¢, and the zero object is the trivial (¢, S)-factorization
(0,0) of . The coproduct of two (%, S)-factorizations of 7 is performed pointwise, with
the result being a new (%, S)-factorization since

_|nm 0
nMSBN—[ 0 TIN]

for all objects M, N € %.
Let ¢ = (¢;) and ¢’ = ((p’l.) be two parallell morphisms in Fact, (%, S, 1), from (M;, f;)
to (N;, gi). Then ¢ is homotopic to ¢' if there exist diagonal morphisms

h f2 fa-2 fa-1 fa

M M, e My, M, SM;
S1 Sd-1 Sd
1 ¥ »2 @ Pa-1 o ®q o, Sg1 S,
81 82 8d-2 8d-1 8d
N N, e Ny Ny SN
satisfying
! -1 -1
Qp1—@p; = $10f1+S8 8408 "sq
!
P2—@; = S20fr+g108

!
Pa—Pg $a° fa+8d-1°Sd-1

We write ¢ ~ ¢'; this is an equivalence relation on the set of morphisms between the
objects (M;, f;) and (IV;, g;). The equivalence class of ¢ is denoted by [¢]. Note that if
@,¢',0,0’ are four morphisms in Fact, (%, S,n) from (M;, f;) to (N;, g;), with ¢ ~ ¢’ and
0 ~0', then (¢ +0) ~ (¢’ +0'). Consequently, homotopies are compatible with addition
of morphisms, and addition [¢] + [0] = [¢ + 0] of equivalence classes is therefore well
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defined. Moreover, homotopies are also compatible with composition of morphisms in
Fact;(%,S,n): if
® v

/\ /_\
(M, ) o (N, 80) . Wik
~_¢ - ~v -

are four morphisms with ¢ ~ ¢’ and ¥ ~ ¢/, then (wo ) ~ (¥ o ¢'). Thus composi-
tion [y] o [@] = [w o @] of equivalence classes is well defined, too. Now form the homo-
topy category HFact,; (%, S,n) of Fact; (%, S,n). Its objects are the same as the objects of
Fact; (%, S,n), but the morphisms are the homotopy equivalence classes of morphisms
from Fact; (%, S,n). We have just seen that this is indeed a category, whose morphism
sets are abelian groups. The zero object (which is unique only up to homotopy) and co-
products are inherited from Fact; (%, S,7), giving HFact; (%, S,n) the natural structure
of an additive category.

Remark 2.1. Homotopies do not in general commute with the maps in the correspond-
ing (¥, S)-factorizations. Thus, for the homotopy s above, it need not be the case that
gios; = Si41° fi+1. However, as in the case of ordinary complexes, homotopies do com-
mute with the square of the maps in the factorizations: gj+10g;08; = Si+20 fi+20 fi+1.
This follows from the defining equations combined with the fact that ¢ and ¢’ are mor-
phisms.

We shall now equip the homotopy category HFact; (%, S,n) with the structure of a tri-
angulated category, in terms of standard triangles defined in much the same way as for
the homotopy category of complexes. The suspension Z(M;, f;) of a (¢, S)-factorization
(M;, f;) of n is the sequence

- - —fa- -/ =S
M, f2 Ms K] . d-1 M, d SM, fi SM,

of morphisms in ¥. This is again a d-fold (%, S)-factorization of r. Namely, since d
is even, the signs cancel when d morphisms are composed. Moreover, the equality
nsm = Sy guarantees that when d consecutive (possibly suspended) morphisms are
composed, the result is a component map of 1. Next, let ¢ be a morphism

fa- f
M, h M, f2 . -1 M, d SM;
le sz de JS(PI
Nl 81 Nz 82 . 8d-1 Nd 8d SNl

in Facty (%, S,n). From the suspensions of the two (%, S)-factorizations of 1 involved,
we obtain the commutative diagram

- - ~fa- -/ =S
M, 12 Ms 13 -1 M, d SMy fi SM,

N2 —82 N3 —83 . —8d-1 Nd —8d SNI 81 SN2

displaying a morphism in Fact; (%, S,n) from Z(M;, fi) to Z(N;, g;). This assignment is
easily seen to respect homotopies: two homotopic morphisms from (M;, f;) to (IV;, gi)
give two homotopic morphisms from X(M;, f;) to X(IV;, g;). Moreover, the suspension
respects coproducts, addition and composition of morphisms. We therefore obtain an
additive functor

HFact, (¢,S,1) >

HFact, (¢,S,1)
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which is clearly an automorphism; its inverse ™! is given by right rotation.

Having defined the suspension X on HFact; (%, S,7), we next define mapping cones
as in the classical case. Let ¢ be the morphism above. Its mapping cone, denoted Cy, is
the sequence

¥ [ & ol e st 4]
P2 81 ¢3 82 d &d-1 1 &8d
My® Ny —— M3® N» SMy e N; — SMy® SN,

in €. This is again a d-fold (¥, S)-factorization of n); the commuting squares in the mor-
phism diagram ensure that the product of d consecutive (possibly suspended) matrices
is always a component map of 7.

Remark 2.2. The construction of mapping cones is the main reason why the integer d

must be even. Consider the composition of the d maps. For the cone to be a (%, S)-
0. .
711(\)42 ] in matrix nota-
N
tion. The even number of commuting squares in the morphism diagram guarantees
that the lower left entry of this matrix is zero. If d were odd, the composition would

0 . . . .
equal [fhgz Ny ], with h = S0 fzo---0 f,. Thus, in this case, the composition would not

factorization of 7, this composition must equal ny,en,, OF [

equal 1y, en,, in general.

Given a morphism ¢: (M;, f;) — (Nj, g;) as above, there is a natural morphism
i
(N;, gi) ———— Co

in Fact; (%, S,n), displayed in the diagram

81 82 8d-1 8d

N N, Ny SN
(9] (9] (9] (9]
J [ J Cogal Lol
My Ny —= 2 Myo Ny —= 20 . 2 SMy @ Ny ———2 SMp & SN,

Similarly, there is a natural morphism
Cp ——— (M, f3)

displayed in the diagram

(%4 [ & o son )
Myo N; — 20 Myo Ny —2s .. 2225 SMy @ Ny ———— SMs & SNy
J[IO] J[IO] J[lo] J[IOJ
_ - -f, _s
M, fa Ms 13 N d SM, g1 SM,

We now follow normal procedure. Define a triangle in the homotopy category
HFact, (%, S,n) to be a sequence

u v w

X Y Z X

of objects and morphisms. A morphism between two such triangles is a commutative
diagram

ul U1 w1

X1 Y, 2 Xy

T

uz v2 w2

X, Y Z X,
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in HFact;(%,S,n), and it is an isomorphism of triangles if all the vertical mor-
phisms are isomorphisms in HFact; (%, S,n). For a morphism ¢: (M;, f;) — (N;, g;) in
Fact; (¢, S,n), we call the corresponding triangle

[i(p] [JT(p]

M, fi) —2— (N;, g1) Cy S(M;, )

in HFact, (%, S,n) a standard triangle.

Remark 2.3. Suppose that ¢ and ¢’ are homotopic morphisms, with a homotopy
(s1,...,84) as earlier in this section. Then the mapping cones C, and C, are iso-
morphic in HFact,(%’,S,n), with an isomorphism A: C, — C, being given by A =
([£9],-..[& 9] 1ts inverse is obtained by replacing the s; in the matrices by —s;.
Moreover, the diagram

[p] ligp] [l
(Mj, f;) ———— (N, &) ———— Cp ——— (M, f3)
A
o] li ] 7, ]
(Mj, f;) ———— (N, &) ———— Cpp ——— (M, f3)

commutes in HFact; (%, S,n); in fact, the equalities iy = Aoi, and Ty © A =my hold al-
ready in Fact; (%, S,n). Thus, up to isomorphism of triangles in HFact; (%, S,7n), a stan-
dard triangle is independent of the representative chosen for its base morphism [¢].

The following result shows that the homotopy category HFact, (¢, S, n), together with
its suspension X and the collection of triangles that are isomorphic to standard trian-
gles, is a triangulated category. For the proof, one could adapt the classical proof for the
homotopy category of complexes over an additive category, with some modifications.
However, we shall instead prove that HFact; (%, S,n) is an algebraic triangulated cate-
gory. Recall that a triangulated category is algebraic if it can be characterized — up to
equivalence of triangulated categories — in one of the following equivalent ways:

(1) as the stable category of some Frobenius exact category;

(2) as a full triangulated subcategory of the homotopy category of some additive
category;

(3) as the (zeroth) cohomology category of some pretriangulated differential
graded category.

For the equivalence of these three characterizations of a triangulated category, we refer
to [BoK} Kel, [Kra} [Sch]. We shall use the approach via differential graded (DG) categories,
by constructing a DG enhancement of HFact; (%, S,n).

Theorem 2.4. Let (¥,S) be a suspended additive category, and n: 14 — S a natural
transformation with the property that nspy = Sny for every object M of €. Further-
more, let d = 2 be an even integer, HFact; (¢, S,n) the homotopy category of d-fold (¢, S) -
factorizations ofn, and ¥ : HFact; (%, S,n) — HFact; (%, S,n) the suspension constructed
above. Finally, let A be the collection of all triangles in HFact, (%, S,n) isomorphic to a
standard triangle. Then

(HFact, (¢,S,n),%,A)

is an algebraic triangulated category.

Proof. We construct a DG category Z as follows. The objects are the same as in
Fact;(%,S,n), that is, all the d-fold (¥, S)-factorizations of 7. For two objects M =
(M;, f;) and N = (N, g;), and an integer n € Z, we define Hom;’j(M,N) as the set of
all d-tuples ¢ = (¢1,...,¢4) of morphisms ¢;: M; — Nj.,, with the property that each
double squarein the diagram



6 PETTER ANDREAS BERGH AND DAVID A. JORGENSEN

h f2 f3 fa-1 fa
M, M, Ms; M, SM,;
Jtpl sz J<P3 de JStpl
81+n 82+n 83+n 8d-1+n 8d+n
Niyp — Noyp 3+n d+n SNitn

commutes:
Qis20 fis10 fi = it14n° &i+n O Qi
The indices are here taken modulo d, in the sense that if m = gd + r with 1 < r < d, then
Ny =S9N, and g, = S9g,.
We now turn the graded Z-module

Hom7,(M, N) = @ Hom?, (M, N)

nez

into a DG Z-module in the usual way: for the element ¢ € Hom’gj (M, N) above we define

@) =gop+(=D""pof
Thus d(¢) is the element in Hom”érl (M, N) displayed in the diagram

hf f2 13 fa-1 fa

M M, M; M, SM;
J5(<P1) Jﬁ(wz) Jﬁ(%) Jﬁ(tﬂd) Ja(Stm)
82+n 83+n 84+n 8d+n S81+n
N2+n 3+n 4+n SN1+n i’ SN2+n

with 8(¢;) = gi+no@i+ (—1)”*1(p,-+1 o fi. The requirement that each double square in the
¢p-diagram commutes now gives

2% () d(gop+(=1""pof)
= go(go(p+(—1)nﬂ(pof)+(—1)’”2(go(p+(—1)n+1(/)°f)°f
= gogop-—¢@ofof

0

showing that (Hom’gj(M ,N), 6) is a cochain complex, that is, a DG Z-module.
Compositions of morphisms in & are morphisms

Hom, (N, L) 7 Homy, (M, N) ——— Hom, (M, L)

of complexes. Furthermore, for each object M € Z, the identity morphism 1y €
Homgj(M, M) satisfies 0(1p7) = 0. Thus Z is a DG category; we must show that it is
pretriangulated.

As above, consider two objects M = (M;j, f;) and N = (Nj, g;) in 9. For an
integer t € Z, the shifted DG Z-module Hom*@(M,N)[t] is the cochain complex
with Hom”@” (M, N) in degree n, and with differential (—1)’d. The right Z-module
Hom*@ (=, N)[¢] - that is, the contravariant DG functor

M ——— Hom, (M, N)[1]

from & to the category of DG Z-modules — is representable: one checks that it is isomor-
phic to the right Z-module Homj‘@(—, 2! N), where 2 is the suspension in Fact; (%, S, 7).

Next, let ¢ € Z° (Hom_’g](M, N),a), that is, ¢ € Hom, (M, N) and 0 = (p) = go g — o f.
Then each square in the diagram
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fa- fe
M, h M, f2 M f3 N d-1 M, d SM,
J(ﬂl Jtﬂz Jtp3 J‘Pd JStm
N 41 N, & N 83 L 8d1 N, &d+n SN

commutes, so that ¢ is a morphism in Fact; (%, S,n). It induces a morphism

Hom_’gj(—, M)

Hom’;j(—,N)

of right Z-modules, and the mapping cone C(p) of the latter is the right Z-module
defined as follows. For an object L € &, the graded Z-module C(®)* (L) has

Hom["! (L, M)  HomJ, (L, N)

in degree n, with differential C()"(L) — C(§)"*!(L) given by

©0,9) ——— (-0(6), o0 +0(y))

This turns C(p)* (L) into a cochain complex, and one now checks that C(p) is repre-
sentable: it is isomorphic to the right Z-module Hom’gj(—, Cy), where C, is the map-
ping cone of ¢ in Fact, (¢, S,n). Consequently, the DG category Z is pretriangulated.
Since 2 is pretriangulated, its zeroth cohomology H%(2) is triangulated. More-
over, as for the homotopy category of complexes over an additive category, it now
follows from the definition of H(2) that it is equivalent, as a triangulated category,
to (HFacty(¢,S,m),Z,A); for details, we refer to [Schl Section 2], keeping in mind
that we use cohomological notation. Namely, for all objects M,N € 2 and mor-
phisms ¢ € A (Hom?j(M, N),6) - in other words, morphisms in Fact; (%, S,1) — the
above representability properties in & of the mapping cone C,, provide universal mor-
phisms i,: N — C, and 7,: Cp — ZM in Z° (Hom*@(M,N),O), and these are precisely
the morphisms in Fact; (%, S,n) we denoted the same way. The distinguished trian-
gles in H'(2) are now the ones that are isomorphic to the images of the triangles in

A (Homz‘j?(M, N),G) of the form

® lp Ty

M N Cy M

However, the morphisms in H’(2) are precisely the homotopy equivalence classes of
morphisms in Fact,(%4,S,n): a morphism 6: M — N in 70 (Homjj(M, N),6) is null-
homotopic if and only if it is the image under the differential 6 on Hom’gj(M, N) of an
element s € Hom‘@1 (M, N). This follows from the definition of Hom‘@1 (M, N), together

with Remark Consequently, the distinguished triangles in H(2) are those that are
isomorphic to triangles of the form

[p] lig] [yl
M—Y s N—" s C,— M

This shows that the category Z is a DG enhancement of HFact,; (%, S, 7). 0
Let us now look at a few examples.

Example 2.5. When the natural transformation 7: 1 — S is the zero transformation,
then we obtain the homotopy category HFact; (%, S,0). The objects are sequences
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fa- fi
M h My f2 -1 M, a SM,

in %, in which all the d-fold compositions

faefa-10--0fi, Sfiofao---ofs, ..., Sfa-10---0Sfiofa
are zero.
The triangulated category (HFact;(%, S,0), %, A) is equivalent to the homotopy cate-
gory of S-periodic d-complexes. The objects of the latter are all sequences

§7 fa- sy, fa- B S
B dls_lMd dMl h M, fo o Ja M, d SM, N

in which the composition of d consecutive maps is zero, and where also the homotopies
are d-S-periodic. The suspension is the (left) shift with a sign change on the maps, and
the distinguished triangles are defined in terms of mapping cones. In particular, when
d =2, we obtain the homotopy category of complexes of the form

s1 st S
N SLM, f2 M, h M, fa sM, N

with 2-S-periodic homotopies. Specializing further, by taking S = 1¢, we obtain the
homotopy category of 2-periodic complexes

2 fi f f
P M 1 My 2 M 1

and 2-periodic homotopies; it is equivalent to (HFact, (%, 14,0),Z,A).

Generalized complexes as above were introduced by Kapranov in [Kap|, using the
terminology N-complexes. Homotopy categories of such complexes were then studied
in [GiH] and [IKM], using a modified version of homotopies.

Example 2.6. The origin of the topic of this paper is the theory of matrix factorizations
for commutative rings, introduced by Eisenbud in [Eis|. Thus let R be a commutative
ring, and x an element of R. Take as % the category &?(R) of finitely generated projective
R-modules, and as suspension S the identity automorphism 1 gg,. Finally, as the natu-
ral transformation 1 gy — 1 () we take the multiplication transformation 77, induced
by x, and set d = 2. Then the objects of the homotopy category HFact, (Z(R), 1 5 g), 1 x)
are diagrams

p h 0 f2 p

in which P and Q are finitely generated projective R-modules, and where the maps sat-
isfy the equalities f>o fi = x-1p and fi o f> = x-1¢. If we specialize further by taking € to
be the category .# (R) of finitely generated free R-modules, then by choosing bases for
the modules the maps are given in terms of square matrices which factorize the diagonal
matrix for x.

Suppose that the element x is a non-zerodivisor in R, and denote the quotient
R/(x) by Q. When we reduce a matrix factorization modulo x and extend in both
directions, we obtain a 2-periodic acyclic complex of finitely generated projective Q-
modules. As shown in [Be]], this assignment induces a fully faithful triangle functor
from (HFacty (2 (R),1 5 r),1x), 2, A) to the homotopy category of totally acyclic com-
plexes of finitely generated projective Q-modules. When R is a regular local ring, then
the latter is equivalent to the singularity category of the hypersurface ring Q, that is,
the Verdier quotient of the bounded derived category of Q-modules by the perfect
complexes (and also equivalent to the stable category of maximal Cohen-Macaulay Q-
modules). In this case, reduction modulo x actually induces an equivalence between
(HFact, (2 (R),1 »r),1x), 2, A) and the singularity category of Q; this was observed by
Buchweitz in [Buc|, and proved explicitly by Orlov in [Orl]. In recent years, there have
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been numerous generalizations of this result, in many different directions. Also, matrix
factorizations with more factors were recently introduced in [Tri], including homotopy
categories of such, using the modified version of homotopies mentioned at the end of

Example

Example 2.7. Let now B be a possibly noncommutative ring, w € B a central element,
and denote the quotient B/(w) by A. Furthermore, suppose that v: B — B is an auto-
morphism satisfying v(wr) = wr for all r € B. In [BeE], certain twisted matrix factoriza-
tions over B were introduced (see also [CCKM] for a related graded concept), and these
give rise to complexes of free modules over A, as in the classical case.

Namely, denote the category of finitely generated free left B-modules by .% (B). Given
such a module F, its twist , F is again free, and the assignment F — , F induces an addi-
tive automorphism S, on .% (B). Furthermore, as explained in [BeE, Section 3], the map
nr: F — S,F given by m — wm is B-linear, and the collection n,, = {nr| F € Z (B)}
forms a natural transformation 1 # ) — S, with ng r = SynF for all F. We may therefore
form the homotopy category HFact, (% (B), Sy, ), whose objects are diagrams

r h G f2 S F

of free B-modules, and where the maps satisfy the equalities f>0 fi =nrand fio fo =n¢g
(in the latter equality, the map f; should strictly speaking be S, f1, but the automor-
phism S, is the identity on maps). By [BeE, Proposition 3.2], reduction modulo w in-
duces a triangle functor from (HFactg (Z(B),Sy,nw), X, A) to the homotopy category of
complexes of finitely generated free left A-modules. The image of the factorization dis-
played above is the complex

s 1 (GIWG) 2 (FIwF) T i (GIwG) 2 e (FIwE) —— -

with the free A-module F/wF in degree zero. Note that since the automorphism v sat-
isfies v(wr) = wr for all r € B, it induces an automorphism on the quotient ring A; we
have denoted this by v as well.

A specific example was studied in detail in [BeE, Section 4]. Let k be a field, B the
k-algebra

k(x, yy 1 (2%, y2, xyx, yxy)

and take w = xy — qyx for some nonzero g € k. Furthermore, consider the automor-
phism v on B defined by x — —g~ ' x and y — —qy; it trivially satisfies v(wr) = wr for all
r € B. Then by [BeE| Theorem 4.2], reduction modulo w induces a triangle functor from
(HFactz(.Z (B), Sy,nw), Z,A) to the homotopy category of acyclic complexes of finitely
generated free A-modules. Consequently, even though the element w is far from being
aregular element in B, this result is analogous to the classical case in Example[2.6]

The algebra A is the four-dimensional quantum complete intersection

kx, v/ (6%, xy — qyx, ¥°)

Itislocal and selfinjective, and so the homotopy category of acyclic complexes of finitely
generated free left A-modules is therefore equivalent to the stable module category
mod A of finitely generated left A-modules. Thus reduction modulo w induces a tri-
angle functor

(HFactz (9(B)yswnw) )Z)A) I @A

From the construction of the functor, we see that the image is contained in the thick
subcategory (mod A) <1 formed by the A-modules of complexity at most one, that is,
the modules for which there are bounds on the dimensions of the terms in the minimal
projective resolutions. As shown in [BeE} Theorem 4.6], when the field k is algebraically
closed, then the triangle functor
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(HFact, (F (B), Sy,nw), %, A) —— (mod A)

cx=<l

is almost essentially surjective (i.e. dense); namely, all the indecomposable modules of
(mod A) <1 (@and there are infinitely many of them) except two special ones lie in the
image of the functor.

Example 2.8. When the category % is abelian and d = 2, then the homotopy category
HFact, (%, S,n) coincides with the homotopy factorization category introduced by Bal-
lard et al. in [BDFIK]. They introduce resolutions of such factorizations, and use these
to obtain a number of interesting results. For example, given a smooth projective hy-
persurface, they establish a derived equivalence to the homotopy category of matrix
factorizations over a certain noncommutative algebra.

3. TOTALLY ACYCLIC COMPLEXES

In this section we explore some triangulated functors from the homotopy category
of factorizations to homotopy categories over rings. We keep the same notation as in
Section[2} let (¢, S) be a suspended additive category, and 7): 14 — S a natural transfor-
mation commuting with S, in the sense that ngys = Snys for every object M of €.

Fix an object M € ¥. From every object (M;, f;) € Fact; (%, S,n), that is, every d-fold
(¢, S)-factorization

fa- f
M, h M, f2 -1 M, d SM;

of ), we obtain a (doubly infinite) sequence

S e ()« (fa—1) (f)«
I Home (v, M) —22 Y Home (v, M) 2

of abelian groups. This is a sequence of right Home (M, M)-modules.
Now let .2 be any additive category, and consider the homotopy category HSeq </ of

all sequences over 7. Thus the objects are sequences

dn+1 dﬂ
An+1 An An—l

of objects and morphisms in .27, and the morphisms are equivalence classes of chain
maps. Similarly, given a positive even integer ¢ = 2, we denote by K; </ the homotopy
category of all £-complexes, that is, sequences in which each ¢-fold composition is zero.
These are both triangulated categories with the usual shift functor as suspension, and
distinguished triangles defined in terms of mapping cones and standard triangles (the
reason why we need ¢ to be even is to ensure that K; 7 is closed under the taking of
mapping cones in HSeq.«7; see Remark[2.2). The standard proof showing that the ho-
motopy category of complexes is triangulated carries over verbatim; one can also re-
place HFact, (%, S,n) with HSeq .« or K; </ in the proof of Theorem and so the lat-
ter are algebraic triangulated categories. Of course, the category K, <7 is just the usual
homotopy category K.« of ordinary complexes. For a ring R, we denote by HSeq R and
K; R the homotopy categories of sequences and ¢-complexes of right R-modules.

Proposition 3.1. Let (%,S) be a suspended additive category, andn: 14 — S a natural
transformation with nsyr = St for every object M of €. Furthermore, let d = 2 be an
even integer, and (HFact, (€, S,n), %, A) the triangulated homotopy category of factoriza-
tions from Theorem|2.4] Finally, fix an object M € €, and denote the endomorphism ring
Homgy (M, M) byT .

(1) The functor Homy (M, —) induces a triangle functor

(HFact, (¢,S,1),%,A) ——— HSeqT'y

It maps a d-fold factorization (Mj, f;) € HFacty (%, S,n) to the sequence
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-1
. Lfd]*) Homy (M, M) & M Homy (M, M) ﬂ)
of right T'yr-modules, and a homotopy equivalence class of morphisms of d-fold factor-
izations to the corresponding homotopy equivalence class of morphisms of sequences.
(2) Suppose that f is a central element of Ty, and that n s factors through f asny =
ho f for a morphism h € Home (M,SM). Then the functor Homg (M, -) ®r,, I'n/ (f)
induces a triangle functor

(HFact, (¢,S,1),2,0) —— KaTp /()

It maps a d-fold factorization (Mj, f;) € HFacty (%, S,n) to the d-complex

(S~ )« Home (M, M) (fD)= (fa-1+ Homez (M, M) (fa)+
Home (M, M))-f Homeg (M,My)-f

of right T'p;/ (f)-modules, and morphisms as in (1).

Proof. For (1), note that a homotopy between morphisms in Fact, (%, S,7) induces a ho-
motopy between chain maps of sequences of right I'j;-modules, in a natural way. Thus
we obtain an additive functor HFact; (%, S,n) — HSeqI');. It commutes with the sus-
pension in both categories, since this is just given by left shift of sequences. Finally, the
functor preserves distinguished triangles, since these are defined in terms of mapping
cones and standard triangles in both triangulated categories.

For (2), note first that the tensor product — ®r,, I'ys/(f) induces a triangle functor

HSeqI'yy — HSeqT'y//(f)

Composing this with the functor from (1) therefore gives a triangle functor

(HFact, (¢,S,n),Z,A) —— HSeqI'y/(f)

as in the statement. We must show that the image of this functor consists of d-
complexes. By assumpotion, the morphism 7, factors through f as ny; = ho f for a
morphism # € Homg (M, SM)

Let us prove that the composition (fz). o (fz—1)« ©---o (f1)« is zero; the vanish-
ing of the other d-fold compositions is proved in the same way. For an element g €
Homy (M, M), the composition maps the image g in Hom¢ (M, M;) / Homy (M, M) - f
to the element f;o---0 fjog in Homy (M,SM;)/Homy (M,SM;) - f. Now note that
fao--o fi =nu,, and that n being a natural transformation gives a commutative di-
agram

M—5 M

JTIM Jan
S,

sM—2 . smy

in €. This gives

Jao-ofiog=nmog=Sgonm=Sgohof
which is an element of the right I'y;-module Homg (M, SM) - f. This shows that the
composition (fz)« o (fz_1)« -0 (f1)« is zero. O

We shall now turn our attention to categories 4 of the form add M for an object
M € €, where add M denotes the additive closure of M. Recall that this is the additive
category whose objects are all the possible retracts of the finite direct sums of copies of
M, i.e. every object X € ¢ for which there exist a positive integer » and morphisms
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X Mmer P x

with poi = 1x. When % is of this form for an object M € ¢, then Homy (M, N) is a finitely
generated projective right I'y;-module for every N € €, where I'y; = Home (M, M). The
result therefore takes the following form.

Corollary 3.2. With the same assumptions as in Proposition suppose in addition
that€¢ = add M. Furthermore, denote by & (T pp) and 22 (T p1(f)) the categories of finitely
generated projective right I yr-modules and Ty (f)-modules, respectively. Then the func-
tor Homy (M, —) induces a triangle functor

(HFact, (¢,S,1),Z,A) —— HSeq Z (T'y)

and the functor Homg (M, -) ®r,, I'n/ (f) induces a triangle functor
(HFacty (¢,S,n),Z,A) —— Kqg Z (Tm!/ (f))
Before we specialize further, we include two elementary lemmas. The first one is well

known in the case of modules over rings, but we were unable to find a reference for the
general case.

Lemma 3.3. Let € be an additive category, M € € and object, and denote Home (M, M)
by Tpr. Then the functor Homy (M, ), from € to the category of right T y-modules, is
fully faithful on add M.

Proof. Given objects X,Y € %, the group homomorphism

Homg (X,Y)

Homr,, (Homg (M, X), Homg (M, Y))

maps a morphism f to f., with f.(g) = f o g. Itis bijective when X = M: in this case the
right hand side is just Homr,, (I'ys, Hom¢ (M, Y)), and so when we compose with the
natural evaluation isomorphism

Homr,, (T'm, Homy (M, Y)) —— Homg (M, Y)

the result is the identity on Home (M, Y). By direct sum arguments, the homomorphism
is also bijective when X = M®" for n = 1, and finally also when X is a retract of such an
object. ]

The second lemma is also most likely known, but again we were unable to find a
reference.

Lemma3.4. LetT bearing and x €T a central element. Then for every finitely generated
projective right T'-module P, there is an isomorphism

Homr (BTI') /Homyr (BT) x ~ Homy/(x) (P/Px,T'/(x))
of abelian groups, natural in P.

Proof. Note first that since x is a central element of I', we obtain for each f € Homr (BT
a well defined homomorphism fx € Homr (BT) given by (fx)(p) = f(px) for p € P.
Thus Homyr (B T)x is a subgroup of Homr (B T).

Consider the natural group homomorphism

Homr (B A) - Homryy) (P/Px,T'/(x))

given by reduction modulo x. Since Homr(BT')x is contained in the kernel of 7, we
obtain an induced homomorphism
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Homr (P, A) / Homp (BT) x ——— Homy,(x) (P/Px,T/(x))

One checks that this is an isomorphism when P =T, hence also when P is finitely gen-
erated free, and finally also when P is a direct summand of a finitely generated free
module. Finally, one checks that the isomorphism is natural in P. O

We now restrict the homotopy category HFact, (%, S,n) to the case when d = 2
and S = 1¢. By definition, 7 is then a natural transformation 1 — 1¢, in particu-
lar 1) is a central element in Home (M, M) for every object M € €. The objects of
HFact; (¢, 1¢,n) are diagrams

X Y X

iné,withgo f=nxand fog=ny.

The following result shows that when ¢’ = add M for some M € ¥, and 1), is a reg-
ular element of Hom¢ (M, M), then the second functor in Corollary[3.2]is actually fully
faithful. Moreover, its image consists of totally acyclic complexes of finitely generated
projective right '/ () -modules. Recall that a complex C (of, say, right modules) over
aringT is totally acyclic if both C and Homr (C,T') are acyclic, that is, exact. We denote by
Kiac & (T') the homotopy category of such totally acyclic complexes of finitely generated
projective right modules; the triangulated structure is the same as for the homotopy
category of complexes. Thus the following result shows that under the above assump-
tions, the category (HFact,(%,14,7),%,A) embeds as a triangulated subcategory into
the category of totally acyclic complexes of finitely generated projective right I'as/ (1) -
modules, where I'y; = Home (M, M).

Theorem 3.5. Let € be an additive category, andn: 14 — 14 a natural transformation.
Furthermore, suppose that ¢ = add M for some object M € €, and that 1y is a regular
element of Homy (M, M). Then the functor Homg (M, ) ®r,, I'ne/ (nym) induces a fully
faithful triangle functor

(HFact (€,1¢4,1),Z,A) ———— Ktac 2 (Tm/ (1))

where T'p; = Homy (M, M), and & (Ul (M) denotes the category of finitely generated
projective right T/ (1 ) -modules.

Proof. For simplicity, let us denote the ring I'j; by just I. Moreover, given an object
X € €, let us denote the projective right I'-module Homg (M, X) by e(X). Finally, we
denote the quotient ring I'/ () by T, and the projective right T-module e(X)/e(X) -1
by e(X).

The image of a factorization

X Y X

is the sequence

M) e(X) e(Y) e(X) e(Y)
of finitely generated projective right T-modules. By Corollary the sequence is a com-
plex; we show first that it is totally acyclic.

Let w be an element in e(Y), represented by a morphism w € e(Y) = Homg (M, Y),
and suppose that 0 = g, (w) = gow. Then gow € e(X) -np, and so go w = uony for
some u € Homy (M, X). This gives

wor]M:nyow:fogow:fouonM
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where the first equality follows from the fact that 7 is a natural transformation. Now
since 1 is a regular element of T', it is also regular on every projective right I'-module,
in particular on e(Y). Therefore w = fou, giving w = fou = f. (). This shows that
Kerg, = Im f,, and similarly Ker f, = Img,. Consequently, the complex (i) is acyclic.

To show that the complex is totally acyclic, we must show that it is acyclic after we
have applied Homf(—,f) to it. However, by Lemma this is equivalent to showing
that the complex

Homr(e(X),) 89" Homp(e(r)T) " Homr(e(X),T)
Homr(e(X),I)-nm Homr(e(Y),I)-npm Homr (e(X),I)-nm

is acyclic. For the maps displayed in this complex, the lower star denotes the functor
Homg (M, —), while the upper star denotes the (contravariant) functor Homr(—,I'). Now
take an element u € Homr(e(Y),I'), and suppose that (f,)* maps u to zero (where u
denotes the element represented by u in the quotient group displayed in the middle
above). Then uo f, is an element of Homr(e(X),I') - 1157, and we can write uo f, = v-ny
for some v € Homr(e(X),T’). This gives

uo(ny), =uo(fog), =uofiog.=(v-nmog.
as elements of Homr(e(Y),I'). Now take an element w € e(Y) = Hom¢ (M, Y), and apply
uo(ny)« toit:

uo(ny), W) =u(nyow)=u(weonm)=uw)enm

Here, the second equality follows from the fact that 7 is a linear transformation, and the
third follows from the fact that u is a homomorphism of right I'-modules. Next, apply
(v-mp) o g« to w instead:

(v-na)oge (W)= (v-nm) (gow) =v(gowonm) =v(gow)onu
Here, the second equality follows from the way v -7, is defined as an element of
Homr(e(X),T), and the third equality from the fact that v, like u above, is right I'-linear.
Now since uo (ny)« = (v-nm) © g+, and 1 is regular on I', we see that u(w) = v(go w)
for every element w € e(Y). This implies that u = vo g, as elements of Homr(e(Y),I),
giving
=755 = (5] (7

We have now proved that Ker (fi)* = Im (g«)*, and similarly Ker (g.)* = Im (f,)*. Con-
sequently, the the complex (t) is totally acyclic.

We have now proved that the image of a factorization in (HFact, (€,14,m),Z,A) is a
totally acyclic complex of projective right I'modules. Since the triangulated structure
of Kiae Z (1) is the same as in the homotopy category K Z(I'), we see from Corollary
that we now have a functor

(HFact; (¢,14,1),Z,A) ——— Keac 2(T)
of triangulated categories. Let us call this functor F; we must now show that it is both

full and faithful.
To show that F is full, we start with two factorizations

in (HFact, (%, 1¢,1),Z,A), and a morphism ¢ in Keae Z2(T) represented by a chain map
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00— ) X)) — B

R

) — (V) — L s — 2 B(V)

Now adapt the proof of [Be], Proposition 3.4]; this is possible since 7y, is central and
regular in I'. We then obtain a commutative diagram

e(X) — L e(v) — 5 o)

Pk

e(U) ——— e(V) ——— e(U)

(t1)

of projective right I'-modules, in such a way that when we reduce modulo 1), there are
two diagonal homomorphisms

70— ey —F 0 ——Ew)

_ 50 - _
a—¢2 —@1 — 9o h*(p,I

) — vy — sy — B

S
N

satisfying @ — g = 5_1 o fx + Gx © So. As explained in the last part of the proof of [BeJ}
Proposition 3.4], these diagonal homomorphisms can be extended in both directions to
anullhomotopy; this uses only the fact that we are dealing with totally acyclic complexes
of finitely generated projective (right) T-modules. Therefore the periodic chain map
(..,a, E, a,...) also represents the morphism ¢ in Kiac 2.

Now consider the commutative diagram of projective right I'-modules, and recall
from Lemma 3.3]that the functor e(-) is fully faithful on % Since it is full, we can write
the vertical homomorphisms as a = a, and b = §, wherea: X — U and f: Y — V are
morphisms in %. Moreover, since the functor is faithful, the diagram

x—1 .y % |x
v—"—v—7 .y

commutes in %, and therefore represents a morphism 6 in (HFact,(%,1¢,1),Z,A).
From the above we see that F(6) = ¢, and this proves that the functor F is full.

To show that F is faithful, we start with a morphism 6 as above, and suppose that
F(0) =0in K¢ac 2 (D). In other words, there exists a nullhomotopy

200 — I e y) — s — L E()

J ’ J/ J - J
@ B A B
P qx P

e(U) e(V) e(U) e(V)

This time we adapt the proof of [Be]J, Proposition 3.3]; we can do this for the same reason
as before. As a result, we obtain two diagonal homomorphisms
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eX) — s e(v) — s o)

e

o) — 2 e(v) — " e

of right I"-modules, with a, = yo fi, + g« ox and . = xo g, + p« o y. As above, since
the functor e(-) is fully faithful by Lemma3.3} we can write y = s, and x = t, for some
morphisms s: Y - Uand t: X - Vin 4, witha =sof+qgotand f=tog+pos.
Therefore, the diagram

x—l Ly % .x
Ja/ Jﬁ/ Ja
v vy .y

displays a nullhomotopy for the morphism representing 6, showing that § = 0 in
(HFact, (%, 1¢,1),Z,A). This proves that the functor F is faithful. O

Here is an example.

Example 3.6. Let R be a commutative ring, M an R-module, and x € R fixed ele-
ment. Then multiplication by x induces a natural transformation 1y: Inodr — 1Modr,
where ModR is the category of R-modules. The transformation restricts to a nat-
ural transformation 7y: lagam — laddm, and we can form the homotopy category
(HFact, (add M, 1,44,,,Mx),2,A). If x is M-regular, then (1,) s, which is just multipli-
cation by x, is a regular element of Homg (M, M). Then from Theoremwe obtain a
fully faithful triangle functor

(HFaCtg (addM, laddenx) 2, A) — Ktac Z T/ (X))

where I'y; = Homg(M, M). For example, when M = R, then add M = projR, and we
recover the classical fully faithful triangle functor

(HFact; (2 (R), 1), 1x),Z,A) —— Ktac & (R/ (X))

from the homotopy category of matrix factorizations of x to the homotopy category of
totally acyclic complexes of finitely generated projective modules over R/ (x); see Exam-
ple[2.6} This is an equivalence when R is a regular local ring.

The previous example treats the trivial case when R is a commutative ring and M = R;
in this case, Hompg (M, M) is just R itself, so that Theorem [3.5]is just a reformulation of
[Be], Theorem 3.5]. As mentioned, when R is a regular local ring, then the functor is an
equivalence, by [Buc] and [Orll. However, the following result shows that the functor in
Theorem[3.5)is always an equivalence whenever Home (M, M) is a commutative regular
local ring, and not just in the trivial case above.

Theorem 3.7. With the same assumptions as in Theorem 3.5} suppose thatT y; is a com-
mutative regular local ring, and thatnyy is an element in the square of its maximal ideal.
Then the triangle functor

(HFact, (¢,14,1),Z,A) —— Kac Z (Tm/ (M)

is an equivalence.
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Proof. By Theorem we only need to show that the functor is dense. Since I'ys
is a commutative regular local ring, reduction modulo 1), induces a triangle equiv-
alence from the homotopy category of matrix factorizations of n,; (over I'ps) to
Kiac Z (T p/(nr)); this is essentially proved in [Eis|. Since our functor

(HFaCtz (%, 1(5,7}) 2, A) —— K & (FM/(nM))

is Homg (M, —) followed by reduction modulo 177, we are done if we can show that every
matrix factorization of s over I'y; is in the image of the functor Homg¢ (M, —). However,
this is a direct consequence of Lemma 3.3} together with the fact that since I'y is local,
every projective module is free and therefore of the form Home (M, M™) for some inte-
gern=1. (]

We end with an example.

Example 3.8. Let k be a field, k[x, y] the power series ring in two variables, and R the
hypersurface k[x, yl/(xy). Furthermore, let I be the ideal if R generated by x, and put
% = addI. A homomorphism f € Homg(I, 1) is uniquely determined by its action on
x: since xy = 0 in R, there is a power series p¢(x) € k[x] with f(x) = pr(x)x. The as-
signment f — py is easily seen to be an isomorphism Homg(1, I) — k[x] of rings, hence
Homg(I, I) is a commutative regular local ring. For any n = 2, the element x" is regular
on the ideal I, hence from Theorem[3.7|we obtain a triangle equivalence

(HFacty (¢,14,x"),2,A) ——— Ktac & ([1/(x™))

We may of course replace Kae &2 (I';/(x™)) with Keae &2 (k[ x]/(x™)).

Next, let k[x, y, z] be the power series ring in three variables, and S the quotient ring
klx,y,z1/(xz,yz). Let J be the ideal of S generated by x, and put ¢ = addJ. Given a
homomorphism g € Homg(J, /), there is a unique power series gg(x,y) € klx, y] with
g(x) = g¢(x, y)x, and the assighment g — g, is an isomorphism Homg(J, J) — klx, y] of
rings. Therefore Homg(J, J) is commutative regular local, and so since xy is regular on
J we obtain a triangle equivalence

(HFact, (¢,14,xy),2,A) —— Kiac 2 (T / (x)))

where we may replace Kae 2 (T'j/ (xy)) with Keae &2 (klx, y1/ (x1)).
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