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A sequential combustor architecture consists of two longitudinally staged combustion zones featuring a
propagation-stabilized flame in the first stage and an autoignition-stabilized flame in the second (reheat)
stage. This layout allows for increased fuel flexibility compared to single-stage systems and enables clean
and efficient combustion of carbon-free fuels such as hydrogen. Interactions between the autoignition-
stabilized flame and the acoustic field created by the unsteady ignition front and the surrounding bound-
aries can result in self-sustained (thermoacoustic) flame oscillations in the reheat stage of the sequential
burner, causing performance losses and structural damage. In this paper, an intrinsic flame-acoustic feed-
back mechanism causing self-sustained thermoacoustic oscillations in a reheat combustor is studied. The
intrinsic thermoacoustic feedback is established when an acoustic wave generated by the unsteady igni-
tion front travels upstream and introduces local temperature, pressure and velocity perturbations in the
unburnt mixture. These modulate the ignition chemistry and the front kinematics and thus, in turn, act
as a new source of perturbation for the ignition front that generates heat release rate oscillations and
upstream-traveling acoustic disturbances, closing the feedback loop. Compressible reactive Euler equa-
tion computations of autoignition fronts in a simple one-dimensional reheat combustor configuration
with fully non-reflecting boundaries are first performed to demonstrate and characterize the intrinsic
thermoacoustic oscillations associated with autoignition fronts. These computations show that the au-
toignition front exhibits distinct harmonic thermoacoustic oscillations which tend to become unstable at
some conditions. Next, frequencies and growth rates of the intrinsic thermoacoustic oscillations in the
linear regime are predicted using a hybrid approach with flame response transfer functions taken from
a forced Euler calculation and using a linearized Euler equation framework to describe the combustor
acoustic field. The predictions of the intrinsic thermoacoustic eigenvalue from the linearized Euler equa-
tion framework show good agreement with the linear behaviour of these oscillations observed in the
Euler computations. The findings of the present work are useful both from a fundamental standpoint for
prediction of intrinsic thermoacoustic instabilities and from an industrial perspective for prevention of
thermoacoustic instabilities in staged combustion systems.

© 2023 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)
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1. Introduction is to separate the combustion process into two stages where, in

the first stage, an ultra-lean hydrogen-air mixture is burnt with

Increasingly stringent regulations on greenhouse gas emissions
from gas turbines used for power generation is motivating a grad-
ual transition to carbon-free fuels such as hydrogen. When highly-
reactive hydrogen is burnt in a combustor designed to operate
on natural gas, the flame position shifts closer to the combus-
tor inlet resulting in a risk of flashback. An attractive alternative
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a propagation-stabilized flame. Thereafter, the rest of the fuel is
added to the burnt product mixture exiting from the first stage
and, due to the high temperature associated with this vitiated-
oxidant mixture, it spontaneously ignites in the second (reheat)
stage resulting in the formation of an autoignition front [1]. Thus,
varying the fuel splits between the first and second stage in a
longitudinally-staged combustion system allows for clean, efficient
and fuel-flexible power generation [1,2]. In such a staged combus-
tion system, unsteady interactions between the autoignition front
and the acoustic field associated with the unsteady flame and
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the surrounding boundaries can cause self-sustained oscillations in
all flow quantities [3]. This unsteady flow-flame-acoustic coupling
phenomena, also known as thermoacoustic/combustion instability,
can result in structural damage, loss in performance and can be
very detrimental to the efficient operation of the system [4].

Combustion instabilities have been conventionally thought of as
a feedback loop involving the combined dynamics of the flame,
flow and the resonant acoustic modes of the combustion cham-
ber. Unsteady heat release rate oscillations associated with the
flame front generate acoustic waves [5], which travel upstream
and downstream and are reflected by the chamber boundaries
and in turn perturb the flame, thus closing the feedback loop. In
this well-established framework, feedback is not expected to oc-
cur if the boundaries of the combustor are perfectly non-reflecting.
More recently, the seminal works of Hoeijmakers et al. [6], Em-
mert et al. [7] and Bomberg et al. [8] proposed an intrinsic feed-
back mechanism through which self-sustained thermoacoustic os-
cillations may be established even in the absence of acoustic re-
flection from boundaries (also, see the comprehensive review by
Silva [9]), which is discussed next. In these works, propagation-
stabilized flames were considered.

Propagating flames are usually stabilized at low values of mean
flow Mach numbers, owing to typically low flame speeds associ-
ated with reactant mixtures used for gas turbine combustion. The
magnitudes of the relative pressure (p’/pg), temperature (T'/Ty)
and velocity (u'/ug) fluctuations induced by an acoustic wave can
be related to each other as [10]

/ ’ /
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where M is the mean flow Mach number, and y is the ratio
of specific heats. At low Mach numbers typical of propagation-
stabilized flames, the normalized pressure and temperature oscil-
lations are, hence, much smaller than the normalized velocity os-
cillations. Thus, the propagation-stabilized flame does not directly
respond to acoustic waves, but primarily to velocity oscillations in-
duced by the acoustic wave upstream of the flame front. These ve-
locity oscillations can induce a flame response, for example, by cre-
ating equivalence ratio fluctuations at the fuel injector [11] or by
creating a vortical wave at the swirler upstream of the flame [12].
The unsteady heat release rate oscillations (Q’) created by the
velocity oscillations generate upstream-traveling acoustic waves,
which in turn cause perturbations upstream of the flame front and
closes the feedback loop. Thus, feedback between the flame dy-
namics and the velocity perturbations induced by the upstream-
traveling acoustic disturbances can result in intrinsic thermoacous-
tic (ITA) instability even in the absence of acoustic wave reflection
from the boundaries. Intrinsic thermoacoustic modes associated
with propagation-stabilized flames have been observed both in
experiments [6,8], flow computations [13,14] and analytical mod-
els [7,15,16].

Intrinsic thermoacoustic feedback is expected to be highly rele-
vant for autoignition fronts, too, because of the following reasons.
Autoignition fronts reside at locations in the combustor where the
ignition time of the reactant mixture is equal to the residence
time. Unlike the case of a propagating flame where the advection-
diffusion-reaction balance governs the flame position to leading
order, the balance between the advective and the chemical time
scales governs the location of an autoignition front. Typical ig-
nition times of vitiated hydrogen-air mixtures at reheat condi-
tions are usually very small, i.e.,, of the order of a few millisec-
onds or less. At these conditions, mean flow velocities of the or-
der of a few hundred m/s are required to maintain the ignition
front at desirable locations inside the combustor, which corre-
spond to non-negligible values of Mach numbers (0.25 — 0.3). At
such finite values of Mach numbers, the normalized pressure and
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temperature fluctuations have comparable magnitudes to the nor-
malized velocity oscillations [Eq. (1)]. The pressure and tempera-
ture oscillations induced by the upstream-traveling acoustic waves
modulate the chemical kinetic processes associated with sponta-
neous ignition, which modulates the ignition time of the reactant
mixture, and therefore the ignition front position, over one cycle
of acoustic forcing. The fluctuations in the ignition front position
create significant oscillations in the global and local heat release
rate [17,18], which in turn induces upstream-traveling acoustic dis-
turbances [19], thereby closing the feedback loop. This mechanism
of combustion instability was first investigated in the context of se-
quential combustors by Ni et al. [20] who proposed and validated,
with engine measurements, a simple numerical model to predict
the frequencies and growth rates of thermoacoustic oscillations in
an idealized combustor configuration.

Figure 1(a) plots the variation of the ignition time (7) of a re-
actant mixture with temperature (T). A constant-pressure reactor
calculation in Cantera [21] with static variations in temperature is
used to generate Fig. 1(a). As expected, an increase in temperature
accelerates the ignition chemistry and results in a decrease in ig-
nition time. A parameter ({) can now be defined to quantify the
sensitivity of the ignition time to small changes in temperature as

(BT/BT)TO

2
0/To (2)

¥ (To) =

where a small change in temperature 6T centered around a tem-
perature Ty results in a small change in ignition time 8t centered
around an ignition time ty. The quantity i, which is plotted in
Fig. 1(b), measures the relative change in ignition time induced by
a change in temperature. In the band of temperatures between 950
to 1000 K, small changes in reactant temperatures (created by an
acoustic wave, say) result in much larger changes in the mixture
ignition time, which leads to significant oscillations in the igni-
tion front position and heat release rate, potentially driving intrin-
sic thermoacoustic oscillations. Therefore, intrinsic thermoacoustic
feedback can be quite important for autoignition fronts, given that
small changes in temperature and pressure can significantly change
the ignition front position and heat release rate by perturbing the
ignition chemistry.

For combustors containing propagating flames, Mukherjee and
Shrira [15] showed that ITA modes are infinitely damped in the
limit of low flame response gain and become less stable as the
gain is increased. Additionally, Hoeijmakers et al. [6] and Em-
mert et al. [7] derived a simple criterion to show that for a
one-dimensional propagating flame, unstable ITA modes can result
when the flame response gain is higher than a certain critical value
(see Eq. (11)). While a simple criterion for ITA instability does not
currently exist for autoignition fronts, it can be deduced by extrap-
olation that the high sensitivity of the ignition time to tempera-
ture fluctuations can result in significant flame response gains for
autoignition fronts, thus, favouring intrinsic thermoacoustic insta-
bility. The inset in Fig. 1(b) plots the frequency and growth rate
of the ITA oscillations obtained from reactive Euler equation com-
putations of autoignition fronts at different inlet temperatures. The
autoignition front tends to be progressively less stable (growth rate
increases), in an intrinsic thermoacoustic sense, as the inlet tem-
perature approaches the maximum of the i vs T curve.

To study intrinsic thermoacoustic oscillations associated with
an autoignition front, we consider a simplified one-dimensional
(1D) combustor (Fig. 2) with a perfectly premixed reactant mix-
ture entering the inlet at a sufficiently high temperature, resulting
in autoignition at a downstream location Xig. The boundaries are
fully non-reflecting, and acoustic (f;, g,) and entropy (h;) forcing
are applied at the inlet (fy, hy) and the exit (g;) to study flame
dynamics.
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Fig. 1. (a) Variation of the ignition time of a vitiated hydrogen-air mixture with temperature. The equivalence ratio of the reactant mixture is 0.12, and the pressure is
1 atm. (b) Sensitivity of the ignition time to small changes in temperature. The inset in (b) shows the frequency and growth rate of the ITA oscillations associated with the

autoignition front at different inlet temperatures.
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Fig. 2. Schematic of the one-dimensional configuration used throughout this article.
The various waves propagating in the domain are shown. The green box shows the
waves nomenclature adopted in the NSCBC formulation. Waves coloured in black
are acoustic, while the ones coloured in red are entropic. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

The acoustic-flow-flame interactions causing the ITA feedback
in autoignition fronts is schematically depicted in Fig. 3, which
represents the signal flow graph of an active flame placed in an
anechoic environment (as in Fig. 2). This graph is inspired by sim-
ilar ones constructed for propagation-stabilized flames by Emmert
et al. [7] and Bomberg et al. [8]. It is to be noted that the en-
tropy wave imposed at the inlet is assumed to be zero. This does
not change the dynamics of the ITA feedback, and is done purely
to make the signal flow graph more presentable. Each of the blocks
in Fig. 3 represent a frequency dependent transfer function relating
the output to the input. The outgoing waves are generated, partly,
by the transmission and reflection of the imposed acoustic and en-
tropy waves due to the change in acoustic impedance associated
with the ignition front (blocks T; and R; - also see Eq. (13) for the
definition of these blocks). For example, the g; wave is created by
the reflection of the wave f; via the transfer function Ry and trans-
mission of the wave g, via the transfer function T;. In addition
to this mechanism, the waves f; and g; introduce temperature,
pressure and velocity perturbations in the unburnt reactant mix-
ture, modulating the ignition chemistry and the front kinematics
thereby creating harmonic heat release rate (Q’) and flame posi-
tion (Xi’g) fluctuations via the flame response functions F and 9.
Finally, these heat release rate and position fluctuations associated

with an autoignition front also generate outgoing acoustic and en-
tropy waves f,, g and h; via the transfer function 8,, 8g1 and 8p,.
Thus, we have the intrinsic thermoacoustic feedback loop shown
in dashed lines in Fig. 3, consisting of the g; wave modifying the
flow and creating a flame response via § and the unsteady flame
generating a g; wave via Sg.

Gruber et al. [22] and Gopalakrishnan et al. [23] performed
Navier-Stokes and Euler computations of the initial ignition pro-
cess of hydrogen autoignition fronts in a one-dimensional con-
figuration similar to Fig. 2. They observed that the ignition front
exhibits significant harmonic oscillations in its position and heat
release rate before attaining steady state (see Fig. 8). This, they
hypothesized, was due to an intrinsic interaction mechanism be-
tween the flame dynamics and the upstream-traveling acoustic
disturbances. While these works provide initial evidence of the
occurrence of ITA oscillations in autoignition fronts, a detailed
characterization of these oscillations using flow computations is
essential.

Detailed flow computations give useful insight into the intrinsic
thermoacoustic oscillations in reheat combustion systems. From an
industrial standpoint, however, an efficient framework capable of
predicting the linear stability of the ITA oscillations in simple re-
heat combustor configurations would be very useful. A linear sta-
bility analysis for thermoacoustic systems requires two essential
elements. The first one is a model for the flame response, in terms
of the unsteady heat release rate, to acoustic and convective per-
turbations. The vital component of such a model is the frequency-
dependent flame transfer function (FTF), which relates the global
heat release rate to the acoustic perturbations [24,25]. The sec-
ond required element is a model for the combustor acoustic field.
This is simply a set of (possibly simplified) equations which govern
the generation and propagation of acoustic and entropic perturba-
tions in a flow domain. For an inviscid 1D flow at non-zero Mach
numbers, the linearized Euler equations model the generation and
propagation of small disturbances [26]. When applied to react-
ing flows in the limit of zero Mach number where entropy wave
propagation is neglected, these equations reduce to a single wave
equation in terms of the acoustic pressure perturbations, or the
Helmholtz equation in frequency domain [10,27]. As an additional
simplification, the acoustic field of many combustor configurations
have been modeled by a low-order network approach consist-
ing of a collection of interconnected elements which model area
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Fig. 3. Signal flow graph of an active flame in an acoustic environment without reflection from the boundaries. Each block represents a frequency-dependent transfer
function relating the output to the input. The intrinsic thermoacoustic feedback loop is represented by the dashed lines composed of: the upstream-traveling (g;) wave
modifying the flow, the flame response to the g; wave - G, and the unsteady flame response generating a g; wave - Sg;.

changes, boundary conditions and active flame elements [14,28-
30]. A transfer matrix relating the pressure and velocity pertur-
bations upstream and downstream of each sub-element is formu-
lated, and the full system matrix is obtained from assembling all
sub-elements. Thus, the flame response model in conjunction with
the model for the acoustic field of the combustor yields the ther-
moacoustic eigenvalue(s) of the full system, giving quantitative in-
sight into the frequencies and growth rates of the thermoacoustic
modes.

In the context of thermoacoustic modeling of reheat combus-
tors, Zellhuber et al. [31], Gant et al. [17] and Gopalakrishnan
et al. [18] have proposed simplified models for computing the re-
sponse of an autoignition-stabilized flame to acoustic and entropy
perturbations. All these works treat the flow as a collection of in-
dependently evolving fluid particles and the global flame response
is constructed by stitching together the individual particle evolu-
tion. An important aspect to consider when modeling the response
of an autoignition front to acoustic perturbations is the continu-
ous modulation of the chemical state of the reactant mixture by
the acoustic wave during its downstream advection [18]. Simple
models based on the balance of flow residence time and mix-
ture ignition time are insufficient for acoustically perturbed au-
toignition fronts, and the continuous modulation of the ignition
chemistry by the acoustic temperature and pressure fluctuations
needs to be accounted for. Gant et al. [32] and Gopalakrishnan
et al. [23] proposed simplified frameworks based on the Rankine-
Hugoniot jump conditions and the linearized Euler equations, re-
spectively, to model the acoustic field associated with an unsteady
autoignition front. While simplified models for the flame response
and the acoustic field have been proposed, an effort to use them
and predict the linear stability of intrinsic thermoacoustic oscil-
lations associated with an autoignition front and compare these
predictions with more detailed approaches has not yet been per-
formed. This the main focus of this article.

The primary objectives of the present work are the following:

1. To perform unsteady reactive Euler equation computations to
establish the occurrence and characterize the linear dynamics
of the intrinsic thermoacoustic oscillations associated with au-
toignition fronts in a one-dimensional setting as depicted in
Fig. 2. This is discussed in Section 2.

2. To predict the linear stability of the ITA oscillations using a hy-
brid approach where the flame response functions, extracted
from forced Euler equation computations, are used within a lin-
earized Euler equation framework [23]. The predictions from
this hybrid approach are compared to the linear thermoacous-
tic eigenvalue obtained from the flow computations performed
to meet Objective 1. These results are presented in Section 3.

In the present work, all flow computations are performed
within an Euler equation framework. This is mainly motivated by
the prior results of Gopalakrishnan et al. [23], who compared Eu-
ler and Navier-Stokes [22] computations of intrinsic thermoacous-
tic oscillations observed during the initial ignition process of an
autoignitive mixture. These comparisons revealed identical igni-
tion front behaviour and identical frequencies and growth rates
of the ITA oscillations, suggesting that diffusive effects (viscosity,
heat conduction and species diffusion) play a relatively minor role
in the dynamics of the ITA feedback associated with the autoigni-
tion front, at least in the present one-dimensional setting. How-
ever, diffusive effects contribute to the dispersion and dissipation
of entropy waves which are convected from the first-stage of the
sequential burner downstream to the autoignition front [17,33,34],
and therefore must be taken into account in realistic combustor
systems.

2. Intrinsic thermoacoustic oscillations from forced Euler
computations of autoignition fronts

In this section, the occurrence of intrinsic thermoacoustic oscil-
lations associated with autoignition fronts is demonstrated by way
of reactive Euler equation computations. Section 2.1 presents
the framework used to perform these computations and
Section 2.2 discusses the results. The geometrical configuration
that is considered is a simplified 1D combustor model introduced
in Section 1 and schematically depicted in Fig. 2.

2.1. Computational framework

The equations governing the flow of an inviscid reactive fluid in
one spatial dimension (x) can be written in compact form as [35]

au ou

5 tA5, =S (3)
where U is the vector containing the primitive variables density,
velocity, pressure and species mass fractions: [p, u, p, Y;]T, the sec-
ond term represents all the terms involving the spatial derivatives,
and S is the vector of the source terms: [0, 0, Sp, Sy, |T. The matrix
A in the non-linear convective term is a function of U. In writing
the above equations, body forces were neglected.

Non-reflecting boundary conditions (NRBC's) are imposed for
the flow computations since we wish to study intrinsic thermoa-
coustic oscillations. The basic principle behind the formulation of
the NRBC’s is that the waves traveling from the interior of the
computational domain towards the boundaries should leave the
domain unaltered and unreflected. Furthermore, we model a fully
premixed reactant mixture entering the inlet of the computational
domain at all time instants, which implies fixed values of species
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Table 1

Values of the characteristic variables, wave amplitudes and source terms
in Eq. (4). The wave indices correspond to the classical NSCBC nomencla-
ture [36,37], where indices 3 and 4 represent the advection of transverse ve-
locity components which are absent in the present one-dimensional configura-
tion. S, and Sy, denote the source terms of the energy and the ith species mass
balance equations, respectively [35,38].

Index (j) dw; L; S
1 dp — pcdu (u—c)(%—pc%) Sp
2 c2dp —dp u(c?92 - 3p) -S,
5 dp + pcdu (u+0)(58 +pcdt) Sp
Y; dy; udl Sy,

mass fractions at the inlet. In practice, upstream-traveling acous-
tic disturbances cause velocity oscillations at the fuel injector lo-
cation [11] resulting in equivalence ratio fluctuations convecting
downstream. For example, a positive velocity oscillation at a ‘stiff’
fuel injector results in a leaner mixture and vice-versa. While this
mechanism of creation of equivalence ratio fluctuations by the
upstream-traveling acoustic wave also contributes to the ITA feed-
back, this is not taken into account in this work. We only focus on
the modulation of the ignition chemistry and the front kinematics
by the upstream-traveling acoustic waves as the primary mecha-
nism for ITA feedback.

NRBC’s are imposed by making use of the Navier-Stokes charac-

teristic boundary condition (NSCBC) formulation [36,37]. The Euler
Eq. (3) at the boundary points are first transformed in terms of
the characteristic variables by applying a similarity transformation
to the matrix A. After this transformation, Eq. (3) reduces to a set
of 1D advection equations at the boundary points:
% +L;=S;, (4)
where W; represents the characteristic variables, which are sim-
ply the acoustic and convective waves traveling with the speeds
u—c,u+c and u, where c is the local speed of sound, and u is the
local flow velocity at the boundary point. The spatial derivatives
are contained within £j, which denotes the characteristic wave
amplitudes, and Sj are the source terms at the characteristic level.
Thus, the NSCBC approach transforms the governing equations at
the boundary points in terms of advection equations governing the
propagation of characteristic waves at the boundaries.

The characteristic wave amplitudes £;’s are composed of the
upstream-traveling acoustic wave (£;), the downstream-traveling
acoustic wave (Ls), the downstream traveling entropy wave (£;),
and the downstream traveling convected wave (Ly,), which con-
veys information about the ith species mass fraction. The direction
of propagation of the acoustic and entropy waves are depicted in
Fig. 2 for a subsonic flow in the positive x-direction. At any bound-
ary point (for example, the inlet), some waves (s, £y, Ly,) enter
the computational domain from the exterior, while the others (£;)
leave the computational domain. The expressions for the charac-
teristic variables, wave amplitudes and source terms in Eq. (4) are
given in Table 1.

Thus, the implementation of the boundary conditions amounts
to solving Eq. (4) where, the amplitudes of the waves (£;’s) en-
tering the domain need to be specified, while the amplitudes of
the waves leaving the domain are computed using the interior
data. Fully non-reflecting boundary conditions are realized when
the time rate of change of the characteristic variables entering the
computational domain are zero [37], that is,
oW,

T:OéﬁjZSj, (5)
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for any wave L; entering the computational domain.
The wave amplitudes imposed at the boundaries is written
next, following [39,40]. At the inlet boundary

Ls =Sp+ {—ch%ut[ +Kpc(u — ugyr — ur — u)},
d
Ly =-Sp+ {—CZ£ +Kc*(p = pore — pr — p- — p.cs)},
Ly, = Sy, (6)
and at the outlet boundary
_ ap
L1=5+ _ZW +K(p — poar — Pt — P+) ¢ (7)

where the terms within the curly braces are used to impose the
acoustic/entropy forcing. In Eqs. (6) and (7), pt,u: and pr repre-
sent the target values of pressure, velocity and density oscillations
induced by the imposed disturbances £, L5 and £;, respectively,
and poy¢, Ugrr and pgq¢ are the target mean values of the exit pres-
sure, inlet velocity and inlet density, respectively. K is a parameter
representative of an inverse time constant given by oc(1 — M2)/I,
where [ is the axial length of the combustor equal to 0.3 m, M
is the local Mach number, and the constant o is set to 0.5. The
magnitude of o depends on how fast any deviation of the inlet
value from the target is to be corrected [40]. It is important to
note that p¢, ur and p; only represent the fluctuating quantities as-
sociated with the incoming waves and not the fluctuating values
of the primitive variables themselves at the boundary points. The
pressure fluctuations at the exit boundary, for example, will be the
sum of p; and the pressure fluctuation (p, ) induced by the down-
stream traveling acoustic wave Ls.

In Egs. (6) and (7), the flow perturbations induced by the acous-
tic waves traveling from the interior of the computational domain
towards the boundaries are determined from a simple time inte-
gration of the corresponding characteristic wave amplitudes [40],
for example,

ps = —% fy Ls(1, t)dt. (8)

The Euler Eq. (3) at the interior points, together with the
boundary conditions [Egs. (4), (6) and (7)] are solved numerically
using a fourth-order accurate finite-difference scheme for spatial
discretization and a second-order accurate multi-level time step-
ping scheme for time marching [41]. The combustor domain is
discretized on a uniform grid of 15000 points corresponding to
a spatial resolution of 20 wm, which was found to be sufficient
to resolve all the chemical and convective length scales associated
with this flow. A constant time step of 4 ns was used to march
the equations in time. In addition, a detailed chemical mechanism
for hydrogen-air combustion, consisting of 9 species and 21 re-
actions [42] is used for computing the source terms in the en-
ergy and the species mass balance equations. The adequacy of
the numerical scheme, the grid and time step size in computing
this flow was already established in [23] by way of comparison
of the unforced Euler computations with a well established DNS
solver [43]. Nevertheless, results comparing the forced Euler com-
putations with corresponding Navier-Stokes results obtained from
a well-established DNS solver are given in the supplementary ma-
terial.

2.2. Results: Characterization of ITA oscillations by forced Euler
computations

The characterization of the linear intrinsic thermoacoustic
modes of the autoignition front can be obtained by computing the
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Table 2

Parameters characterizing the mean autoignition front solution, which is taken
as the initial condition and then perturbed for the Gaussian-Evolution and
forced response computations.

Mean flow parameters

Ppoa (Pa) uor (m/s) poe (kg/m?) Mo
101,325 200 0.3016 0.29
Species mass fractions
Yh, Yo, Yi,0 N,
0.0081 0.1832 0.0518 0.7569
3000
— 0.025
2000 - \?’ q
g o exp (- 47123 ) 20 0.024
— 1000 ‘ "‘\*ﬁ 3 0.023 ]
=) e 0.005 0.01
(=] 5
Il 0 t(s)
i‘!/
_
-1000 | q
-2000 : :
0 0.005 0.01 0.015

Fig. 4. Evolution of the inlet pressure fluctuations and the ignition front position
(inset) for the Gaussian-Evolution computation.

impulse response of the system, i.e., the response of the flow and
the flame to an impulse applied at t = 0. Of course, in a flow com-
putation, an ideal impulse forcing cannot be imposed (since the
magnitude of an ideal impulse tends to infinity, and the thick-
ness tends to zero). The Gaussian function with a unit area and
a small thickness is, nevertheless, a good approximation. We first
present results wherein an autoignition front stabilized in the one-
dimensional combustor with perfectly non-reflecting boundaries
is perturbed by a Gaussian pressure pulse (referred to hereafter
as Gaussian-Evolution computation). Unforced computations of the
initial ignition process of an unburnt reactant mixture are first per-
formed to obtain a stabilized autoignition front [23]. This provides
the initial state (Table 2), which is thereafter perturbed by an im-
pulse. A Gaussian pressure pulse which takes the form

2

n2m 2n

is superimposed to the initial state at t = 0 and evolved in time. In
addition, no forcing is imposed at the boundaries. In Eq. (9), 7 is
the thickness of the Gaussian pulse, and xg is the axial location of
the pulse, which is taken to be at the center of the computational
domain (xg/l = 0.5) whereas the ignition front is located further
upstream at x/I = 0.08.

Figure 4 illustrates the response of the autoignition front to the
Gaussian pressure pulse in terms of the inlet pressure and flame
position. With fully non-reflective boundary conditions, it is some-
what counter-intuitive to observe an oscillatory response of the in-
let pressure. One would rather expect that the pulse reaches the
boundaries and simply gets flushed out of the domain. However,
the harmonic response of the ignition front is no longer surpris-
ing if we take into account intrinsic thermoacoustic feedback. The
Gaussian pulse travels upstream and creates a flow perturbation in
the reactant mixture causing perturbations in heat release rate and
flame position, which in turn generates an upstream-propagating
acoustic wave and thus, the ITA mode of the system is excited. The
oscillations depicted in Fig. 4 occur in all flow variables and ex-
hibit a distinct frequency of 2500 Hz with a temporal growth rate
of —75 s~ 1,
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Fig. 5. Integrated heat release rate oscillations of the autoignition front when
forced by an entropy wave at the inlet at a frequency of 600 Hz. The intrinsic ther-
moacoustic oscillations are visible as the high frequency component superimposed
on top of the response at the forcing frequency at the initial few time instants
(t <0.005 s).

We characterize the ITA oscillations from harmonically forced
flow computations next. The steady autoignition front, with mean
flow parameters listed in Table 2, is forced by acoustic and en-
tropy waves at the boundaries. Three linearly independent forc-
ing configurations are realized using the forced NSCBC formulation
(Section 2.1): (i) acoustic forcing at the inlet with the wave Ls,
(ii) entropy forcing at the inlet with the wave £,, and (iii) acoustic
forcing at the exit with the wave £;. The amplitude of the im-
posed disturbances are maintained to be small (0.1 — 0.5% of the
mean values) to ensure linear flame dynamics.

Figure 5 shows the response of the autoignition front, in terms
of the integrated heat release rate fluctuations, when forced by
an entropy wave at the inlet with a frequency of 600 Hz. An in-
teresting aspect to note in the flame response is the high fre-
quency component superimposed on the response at the forcing
frequency at the initial few time instants. A Fourier decomposi-
tion of the data reveals that this high-frequency oscillation oc-
curs at 2500 Hz, which is the frequency of the ITA mode obtained
from the Gaussian-Evolution computation. In addition, the growth
rate associated with these superimposed high-frequency oscilla-
tions can be computed by band-pass filtering the heat release rate
response in Fig. 5 close to 2500 Hz, and using a Hilbert transform
to determine the signal envelope [44]. This process yields a growth
rate of —74.5 s~!, which agrees well with the value obtained for
the growth rate of the ITA mode from the Gaussian-Evolution com-
putation. Analogy can be drawn between the behaviour of the igni-
tion front in Fig. 5 to the forced vibration of a spring-mass-damper
system having a specific natural frequency and damping rate. The
initial condition associated with the system excites oscillations at
the system’s natural frequency (in the case of an autoignition front,
the frequency of the ITA mode), which, for a viscous damper with
positive damping (damped ITA mode), manifests as harmonically
decaying oscillations superimposed on the response at the forcing
frequency [45].

The heat release rate response of the autoignition front to
acoustic forcing at the inlet via an L5 wave at three distinct fre-
quencies is plotted in Fig. 6. The velocity fluctuations imposed by
the £5 wave take the form —u;sin (wt), where w is the angu-
lar frequency of the forcing and u; is maintained at 0.5% of the
mean velocity for all frequencies. Although the amplitudes of the
imposed disturbances are the same across the different frequen-
cies, large flame response amplitudes are observed when the forc-
ing frequency is equal to the frequency of the ITA mode, signify-
ing an internal resonance occurring in the system due to the ITA
feedback.

Further evidence, and characterization, of the ITA oscillations
associated with the autoignition front can be obtained by comput-
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Fig. 6. Integrated heat release rate fluctuations associated with the autoignition
front when forced by acoustic waves at the inlet with a constant amplitude of
U’ /ug = 0.5%. The flame response exhibits large amplitudes at 2500 Hz.

ing its scattering matrix. The scattering matrix is a useful concept
that has been extensively used in the past for studying intrinsic
thermoacoustic oscillations in combustors with propagation-
stabilized flames [6-8]. The scattering matrix relates the outgoing
characteristic waves to the incoming characteristic waves in fre-
quency domain and thus, unlike the transfer matrix, offers an
inherently causal representation of the flame-acoustic coupling.
Furthermore, the eigenvalues of the ITA modes of the system can
be obtained from the poles of the scattering matrix [6,8]. For the
present one-dimensional flow configuration depicted in Fig. 2, the
scattering matrix can be written as

ip) Sn S SuIh
g1 |=|Sn Sn Sxn||g] (10)
h, S3t S:2 S:dlh

where the expressions for the various characteristic waves are
derived by performing a characteristic variable transformation
of the linearized Euler equations [46]. The expressions for the
characteristic waves are

g = (P~ pocoll)/2,
f =B+ pocotl) /2.
h =30 — . (1)
The quantities with the tilde in Eq. (11) denote the Fourier-
decomposed complex-valued quantities representing the ampli-
tude and phase of the corresponding fluctuations in time domain.
The waves fi,g; and h; are measured at the inlet boundary
(x =0), while the waves f,, g, and h, are measured at the exit
boundary (x =1). At a given frequency, all the elements of the
scattering matrix can be obtained from the three independent
forced Euler calculations.

Figure 7 plots the gain and phase of two representative el-
ements of the scattering matrix obtained from the forced Euler
computations of the autoignition front. A distinct peak in the gain
is visible at a frequency of 2500 Hz implying significant amplifi-
cation of the incoming waves, which also points towards a res-
onance with the ITA mode in the system at that frequency. The
other elements of the scattering matrix exhibit qualitatively sim-
ilar behaviour, and are shown in the supplementary material. For
frequency-domain variables we stipulate z(t) ~ ei“t. The real part
of w is, hence, the angular frequency and the negative imaginary
part the growth rate. The associated Laplace variable is s = iw,
so that the real part of s corresponds to the growth rate, and
the imaginary part to the angular frequency. System identification
tools commonly work with s instead of w; therefore, in this article,
we interchangeably use both notations.

Figure 8 plots the poles of each element of the scattering ma-
trix. The poles of each frequency-dependent term (S;;) were deter-
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Fig. 7. Representative elements of the scattering matrix of the autoignition front. A
distinct peak in gain is visible at 2500 Hz signifying a resonance originating from
the ITA mode.

Table 3
Least stable pole s/2m, where s = iw, of each element of the scattering matrix
associated with the autoignition front.

Sn S12 S13
—74.1 £ 2508.1i —72.7 £2507.5i —72.1 £2508.2i
Sa S» S23
—73.1 £2509.7i —72.9 £2508.1i —73.2 £2508.2i
Ss1 S32 S33
—73.5 +£2507.3i —72.7 +£2506.1i —70.2 +£2508.2i

mined using a system identification tool (Vectorfit [47]). The com-
plex variable s = i(w; + iw;) is plotted. Therefore, the real axis rep-
resents the growth rate and the imaginary axis represents the fre-
quency of the relevant mode of the system. The dashed blue and
red lines denote the frequency and growth rate of the ITA mode
obtained from the Gaussian-Evolution computation. While each el-
ement of the scattering matrix has a set of poles all distributed
in the stable left half-plane, a set of common poles of all the ele-
ments of S;; are clustered very close to the imaginary axis around
—75 £ 2500i. These least stable poles are listed in Table 3 and in-
deed show that all the elements of the scattering matrix have a
common denominator, whose zeros lie close to —75 + 2500i. This
observation prompts us to factor out the common denominator
D(s) from all the elements of the scattering matrix, analogous to
what was done for propagation-stabilized flames in [7,8], and the
dynamics of the ITA feedback is governed by the zeros of this fre-
quency dependent function. At frequencies where D(s) = 0, small-
amplitude forcing applied to the system results in significantly am-
plified system responses.

We conclude this section by highlighting that intrinsic ther-
moacoustic oscillations are generally present in reheat combustion
systems with autoignition fronts. The ITA feedback, for an intrin-
sically stable system, manifests as damped harmonic oscillations
in the forced flame computations. Furthermore, the linear dynam-
ics of the ITA feedback, in terms of the frequency and the growth
rate, were obtained from the flow computations using various ap-
proaches showing excellent overall agreement.

3. Prediction of ITA oscillations associated with the
autoignition front

In this section, we propose a methodology for predicting the
linear dynamics of an ITA mode associated with the autoignition
front in the one-dimensional configuration (Fig. 2). This is achieved
with a frequency-dependent flame response model extracted from
the forced Euler computations, in combination with a linearized
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ITA oscillations obtained from the Gaussian-Evolution computation.

Euler equation (LEE) framework. This section is organized as fol-
lows. An analytical expression governing the eigenvalues of the
ITA feedback for an autoignition front is derived in Section 3.1.
In Section 3.2, the sound field generated by an unsteady autoigni-
tion front in the one-dimensional setting is computed using the
LEE framework and compared with the forced Euler computations.
Section 3.3 discusses the results pertaining to the prediction of ITA
modes associated with the autoignition front.

3.1. The dispersion relation for ITA modes associated with
autoignition fronts

In simplified one-dimensional configurations, such as Fig. 2, it
is common to compute the acoustic field by treating the reac-
tion front as a spatial discontinuity which causes a jump in the
mean flow quantities, and formulating a set of jump conditions
linking the flow perturbations upstream and downstream of the
front [10]. This approach is especially effective when the spatial
extent of the flame is much smaller than the wavelength of the
relevant acoustic modes under consideration. Both propagation and
autoignition fronts harmonically change their position in response
to acoustic disturbances. The importance of considering the flame
motion when computing the combustor acoustic field was demon-
strated by Chen et al. [19]. The effect of flame front motion is ex-
pected to also be important for autoignition fronts, since, in addi-
tion to acoustic velocity oscillations kinematically causing ignition
front fluctuations, the pressure and temperature disturbances in-
duced by an acoustic wave modulate the ignition chemistry caus-
ing oscillations in ignition time, which lead to oscillations in the
flame position. A propagating flame is usually anchored by a me-
chanical flame holder or a recirculation zone, which impedes the
flame movement under velocity fluctuations to some extent. Fur-
thermore, due to the high sensitivity of the ignition time to tem-
perature fluctuations and due to the direct effect of the ignition
delay time on the front location, the movement of the flame can
be expected to be much larger for autoignition fronts for a given
acoustic perturbation magnitude.

The Rankine-Hugoniot jump conditions applied to a moving
discontinuity [19,48] can be written in compact form in the fre-
quency domain as

f fi
M|g | =N|g | +KQ + X, (12)
hz hl
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Fig. 9. Schematic illustrating the heat release rate fluctuations created due to igni-
tion front motion. The top tile shows the instantaneous heat release rate profiles at
two time instants in the ignition front oscillation cycle. The bottom tile depicts the
fluctuations in the heat release rate created due to this ignition front motion.

where M, N are 3x3 matrices, and K,] are 3x1 vectors; their el-
ements are given in the supplementary material. Eq. (12) can be
rewritten by multiplying both sides by M~ giving

f2/po L R T fi/po S3 ~ Sa
&/po|= |Ri T R &2/Po |+ | S1 g-i- S Xig. ,

Q Xigo
ha/po I, Ry Ts h1/po Ss Se

transmission and reflection generation by the ignition front

(13)

where the R; and T; denote frequency-dependent functions that
govern the reflection and transmission of the incoming character-
istics to the outgoing characteristics by the ignition front. These
terms are present even in the hypothetical case when the flame
does not actively respond to the imposed disturbances (Q’ = Xi/g =
0). The frequency response functions S; govern the outgoing char-
acteristics generated by the integrated heat release rate and igni-
tion front position fluctuations, that is, the sound/entropy gener-
ated by an unsteady ignition front. While integrated heat release
rate fluctuations (Q’) act as a monopole source of sound [5], fluc-
tuations in ignition front position (X{g) act as an (axially oriented)
acoustic dipole. This is illustrated schematically in Fig. 9, where the
fluctuating heat release rate profiles due to a pure ignition front
motion (Q/ = 0) are plotted. The net effect of ignition length fluc-
tuations is to create oscillations in the heat release rate, which ap-
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pear as two distinct sources placed close to each other and os-
cillating with a phase difference of 180°, similar to an acoustic
dipole [26].

Although the form of Eq. (13) has been derived keeping in mind
the Rankine-Hugoniot jump conditions, it is, as such, more general
and applies to ignition fronts with finite thickness. This is because
Eq. (13), in essence, simply states that the outgoing characteristics
are a linear combination of transmission and reflection of the in-
coming waves and the generation by the unsteady ignition front.
Of course, care should be taken when applying Eq. (13) to com-
bustor domains with complicated geometries. In such cases, addi-
tional terms due to, for example, acoustic reflection by solid walls
can appear.

It is important to realize that Eq. (13) represents an open loop

system: Q and )?ig are treated as autonomous inputs, while in real-
ity, they are dependent on the acoustic and entropy perturbations.

Indeed, for autoignition fronts, Q and )?ig intricately depend on
how the various perturbations associated with an incident acous-
tic or entropy wave modify the ignition chemistry and the front
kinematics and, therefore, depend on the flow perturbations in a
non-trivial manner. Closed-loop dynamics of the ITA feedback can
be obtained from Eq. (13) when the heat release rate and ignition
front fluctuations associated with the autoignition front are re-
lated back to the acoustic and entropy perturbations via the flame
transfer functions. For propagation-stabilized flames, it is common
to write the integrated heat release rate fluctuations in terms of
the velocity oscillations at some reference location upstream of
the flame [49]. This makes sense because propagating flames sta-
bilized at low Mach numbers mainly respond to velocity oscilla-
tions induced by an acoustic wave. For autoignition fronts, on the
other hand, it is more appropriate to relate the flame response to
the individual waves rather than to fluctuations in primitive vari-
ables. This is because prior works [17,18] have shown that acous-
tic and entropy waves modify the ignition chemistry differently
and produce qualitatively different frequency responses in terms of
the ignition length and global heat release rate fluctuations. Also,
writing the heat release rate response in terms of velocity fluc-
tuations does not take into account the influence of temperature
disturbances induced by the entropy wave on the flame dynam-
ics [17,50]. The flame response written in terms of the characteris-
tic waves is, thus, written for the integrated heat release rate

Q fi

QD—HG) +5@) +EG) (14)
and for the ignition length as
IO OOk (15)

ig0

In writing Eqgs. (14) and (15), it is assumed that the autoignition
front only responds to the fluctuations created by the characteristic
waves upstream of the ignition front - f;,g; and h;. This is rea-
sonable as it is these waves that modulate the autoignition chem-
istry and also introduce velocity oscillations upstream of the igni-
tion front, creating fluctuations in the front position and the inte-
grated heat release rate. In Eqs. (14) and (15), E(s) and G;(s) repre-
sent the frequency-dependent flame transfer functions relating the
heat release rate and ignition length fluctuations, respectively, to
the characteristic waves. These transfer functions can be computed
from three linearly independent forced Euler equation computa-
tions and are shown in the supplementary material. Figure 10 only
plots the flame transfer functions relevant to the ITA feedback, i.e.,
F, and G,. A system identification tool [47] is then used to identify
a rational model, thus allowing to evaluate the transfer functions
for complex values of w (growing and decaying disturbances). The
flame response transfer functions to an upstream-traveling acoustic
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Fig. 10. Heat release rate and ignition length transfer function of the autoignition
front to a g; wave.

(g1) wave exhibit a distinct frequency-dependent character in gain
and a time-delay-like behaviour in phase. A more detailed discus-
sion on the frequency-dependent behavior of the transfer functions
is given in prior works [17,18].

Eq. (13) is now modified to give insight into the dynamics of
the ITA feedback by substituting Eqgs. (14) and (15) for the flame re-
sponse. The second row in Eq. (13), after this modification, reads

&1
0

=R +5F +5261)L + Ry + 518 +5263)*
+T f-l-(lez +5262)*- (16)
Do Do

Eq. (16) reveals that the term g;/pg is present in both the LHS
(response) and the RHS (excitation) suggesting that a closed-loop
feedback is established through the g; wave. Further simplification
of Eq. (16) and comparison with the second row of the scattering
matrix (10) yields

§=<R1+51F1+5261)f1+< T )gj
Po 1-51K-5G: / po 1-51K -5G2/ po
521 S22
(Rz + 515 +Sng> ﬁ (17)
1-51K—-5G;/ po
Sa3

The first and third rows of the Equation set (13) can also be ex-
panded by substituting Eqs. (14), (15) and (17) into them. The steps
involved in this procedure are omitted and we only present the fi-
nal expression. The first row of Eq. (13) reads

fz ((53F1 +54G1+ ) + (S3E + 5462)521) S
Do

Sn

+ <R3 + (535 + 54(;2)522) %

S12

h
+ ((ngg 454G+ T3) + (S3F + 54(;2)523) o (18)

Si3
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Fig. 11. Intrinsic thermoacoustic feedback loop in terms of the flame response and
sound generation transfer functions.

The third row of Eq. (13) reads

hy

= ((S5Fi +56G1 +Ta) + (5553 +55G2)S2n) ;i
Po Po

S31

+ <R4 + (855 + 5662)522> %

S32

h
+ ((551:3 455G+ T5) + (SsFy + sﬁcz>szg) o (19)
Po

S33

Eqgs. (18), (17) and (19) analytically express each row, and there-
fore each element, of the scattering matrix in terms of the fre-
quency response functions governing the flame dynamics (F; and
G;), the sound and entropy generation by the unsteady ignition
front (S;), and the reflection and transmission of acoustic and en-
tropy waves by the ignition front (R; and T;). A crucial aspect to
notice in Egs. (18), (17) and (19) is that all the terms of the scatter-
ing matrix have a common denominator, given by the expression
D(s) =1—S1FE — S,G,. When D(s) is close to zero, Syq, Sy, and Sy3
reach high magnitudes resulting in significant amplification of the
g1 wave. Furthermore, we also observe from Eqs. (18) and (19) that
both f, and h, are linear combinations of terms involving S,{, Sy»
and S,3. Therefore, when D(s) is close to zero, significant amplifi-
cation of f, and h, are also expected due to the large magnitudes
of the elements S,q, Sy» and Sp3. This suggests that the frequency-
dependent function D(s) =1 - S{F, — S,G, can be factored out of
the denominators of all the individual elements of the scattering
matrix; consequently, the zeros of D(s) govern the oscillation fre-
quencies and growth rates of the intrinsic thermoacoustic modes.
It can be noted that D(s) only involves the frequency-dependent
functions governing the thermal response of the ignition front to
a g; wave (K, and G,) and the generation of a g; wave by the
unsteady ignition front (S; and S,). This is to be expected as the
ITA feedback mechanism, as depicted in Fig. 3, only involves the
g1 wave and the associated thermal and acoustic responses that
it consequently produces. The ITA feedback loop is schematically
shown in terms of the relevant flame response and sound genera-
tion transfer functions in Fig. 11.

To summarize, the prediction of the linear stability of the ITA
oscillations associated with an autoignition front reduces to finding
the complex valued quantity s satisfying

D(s) =0, where D(s)=1-5E —S5,G,. (20)

10
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The real and imaginary parts of the solutions s correspond to
the growth rate and angular frequency of the ignition front’s ITA
modes.

Next, we aim to predict the frequencies and growth rates of
the ITA oscillations by solving Eq. (20), where F, and G, are taken
from the forced Euler computations and S; and S, are determined
from a suitable model for the combustor acoustics. Methodologies
to compute the sound generation transfer functions using simpli-
fied approaches are discussed in Section 3.2.

3.2. Open-loop sound generation computation: Comparison between
simplified models and forced Euler computations

In this section, two simplified approaches to compute the
acoustic field associated with an unsteady autoignition front in the
one-dimensional configuration are assessed by way of open-loop
sound generation computations. Eq. (13) is solved in an open-loop
fashion by specifying the incoming characteristic waves (fj, g, and
h;) and the thermal response of the autoignition front (Q, )?ig) as
inputs and thereafter computing the outgoing characteristic waves.
We refer to these computations as ‘open-loop’ because the inte-
grated heat release rate and ignition length fluctuations are treated
as independent inputs, while in reality they are related to the
acoustic and entropic disturbances [see Eqs. (14) and (15)]. The in-
puts for these computations, in order to be physically consistent
and not arbitrary, are extracted from the forced Euler computa-
tions, and the resulting outgoing characteristics obtained from the
simplified approaches are compared to the forced Euler data to as-
sess their effectiveness. A minor technicality to be noted in this pa-
per is that the term “sound generation” should not be understood
in a literal sense as it includes both the generation of acoustic and
entropy waves by the unsteady ignition front.

The two methodologies used in this work to compute the
sound generated by an unsteady ignition front are (i) the analyt-
ical Rankine-Hugoniot jump conditions and (ii) a time-domain lin-
earized Euler equation (LEE) solver. As explained previously, the
Rankine-Hugoniot jump conditions applied to a moving ignition
front take the form of a matrix Eq. (12), whose individual el-
ements are listed in the supplementary material. As such, the
Rankine-Hugoniot jump conditions represent an efficient way to
describe the acoustic field associated with an unsteady autoigni-
tion front [32]. It only requires as inputs (see Eq. (12) and sup-
plementary material) the integrated heat release rate fluctuations,
ignition length fluctuations, the incoming characteristic wave am-
plitudes and the mean primitive variable values on either side of
the ignition front. However, certain effects are not incorporated in
this analytical framework; these are discussed in the following.

First, the detailed spatial structure of the mean and the fluc-
tuating heat release rate are not taken into account since, in the
analytical framework, the flame is treated as a discontinuous jump
in the mean flow quantities. Second, autoignition fronts, by virtue
of harmonic oscillations in their position, result in local fluctua-
tions in gas properties, in addition to heat release rate oscillations,
which contribute to additional sources of sound [23]. This situation
is similar to that illustrated in Fig. 9 where, similar to the back and
forth translation of the heat release rate profile associated with the
ignition front, the gas property profiles also harmonically translate
back and forth. This creates local fluctuations in gas properties,
which show up as additional sources of sound in the linearized
energy equation. Source terms involving gas property fluctuations
cannot be trivially incorporated within the Rankine-Hugoniot ana-
lytical framework. To overcome these difficulties, we also describe
the acoustic field associated with an unsteady autoignition front by
a more detailed approach which involves a time domain-solution
of the linearized Euler equations.
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The linearized Euler equations are first derived by using the
ansatz

D(x,t) = Do(x) + €D (x, 1), (21)

for all primitive variables and gas properties (®) in the Euler
Eq. (3). Grouping terms which are O(e) gives the linearized Euler
equations, which can be written in compact form as [23]

U/
N LU =n, (22)
where U’ is the vector of primitive variable fluctuations:

[p/, v, p']". The linear operator L, which acts on U’, is composed
of terms only involving the mean state Uy and the spatial deriva-
tives. The time-dependent source terms are denoted by H and con-
tain terms involving heat release rate (¢’) and gas property (y’,R’)
fluctuations, where y is the specific heat ratio and R is the specific
gas constant. The acoustic field generated by the unsteady ignition
front is computed by specifying the source terms and marching
Eq. (22) in time.

The ingredients essential to enable time-marching of the LEE
are the mean primitive variable profiles, mean gas property pro-
files, boundary forcing and the time-dependent source terms. The
source terms are essentially spatially resolved quantities describ-
ing the fluctuations of the heat release rate and the gas proper-
ties at each time instant. In this paper, these terms are first di-
rectly extracted from the forced Euler dataset at each time instant.
We acknowledge that this approach of directly taking the source
terms and the mean profiles from the forced Euler dataset is not
the most elegant and relies heavily on the expensive Euler compu-
tations. However, the main point of this exercise is to assess the
effectiveness of the analytical and the LEE approach in describing
the combustor acoustic field. A more robust approach to specify
the mean profiles and the time-dependent source terms will be
provided subsequently in this section. Once the mean flow quanti-
ties and source terms are known, the linearized Euler equations are
numerically solved in time using the dispersion relation preserv-
ing scheme [41]. The procedure to impose the characteristic based
boundary conditions for the LEE, and the validation of the LEE
framework with detailed DNS computations are given in previous
work [23].

Figure 12 compares the magnitude and phase of the outgoing
characteristic waves obtained from the two simplified approaches
- Rankine-Hugoniot jump conditions and the LEE solver using
source terms and mean profiles directly interpolated from the
forced Euler computations (hereafter referred to as ‘LEE-IS’ com-
putation) - with the forced Euler data. All the outgoing charac-
teristic waves are normalized by the Fourier transform of the ap-
plied forcing which, for Fig. 12, corresponds to acoustic forcing at
the inlet with an f; wave. Because of the intrinsic thermoacoustic
feedback, significant amplification of the forcing is observed close
to the frequency of the ITA mode (2500 Hz). It is also observed
that both the Rankine-Hugoniot and the LEE framework capture
the generation of the acoustic waves (g; and f,) with good quanti-
tative agreement. In terms of accuracy, the LEE approach is most
effective, yielding identical amplitudes and phase of the outgo-
ing acoustic waves in comparison to the forced Euler data. The
Rankine-Hugoniot approach, on the other hand, shows a notice-
able disagreement (around 15%) in the amplitudes of the acoustic
waves in comparison to the forced Euler data at frequencies close
to resonance.

The scenario is slightly different in the context of the entropy
wave (hy) computation from the simplified approaches in Fig. 12.
While the LEE approach still demonstrates excellent agreement
with the forced Euler data, the Rankine-Hugoniot approach, in
comparison, yields large ‘spurious’ entropy wave amplitudes and
incorrect phase. Previous work of Chen et al. [19] reported sim-
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ilar generation of spurious entropy waves in the context of one-
dimensional propagation-stabilized flames. They observed that the
generation of spurious entropy waves downstream of the flame
arises due to neglect of the flame motion. While the amplitudes
of the spurious entropy waves from the Rankine-Hugoniot ap-
proach are drastically reduced when flame motion is taken into
consideration in Fig. 12 (see inset in |hy|/|f;], which plots the en-
tropy wave with neglected flame motion), however, we observe
that they are not entirely eliminated even when the movement
of the flame is taken into account. This warrants for an approach
wherein a consistent, spatially fine-grained specification of the
mean flow profiles and the fluctuating source terms are taken
into account, similar to the LEE-IS approach, in order to elimi-
nate the spurious entropy wave generation. This observation cor-
roborates the recent findings of Meindl et al. [51] and Heilmann
et al. [52] who proposed a linearized reactive flow solver and an
arbitrary Lagrangian-Eulerian framework to take into account the
fine-grained spatial resolution of the mean flow and the fluctuat-
ing source terms to suppress the generation of spurious entropy
waves. The qualitative observations regarding the open-loop sound
generation prediction using simplified approaches were similar for
other forcing states (inlet entropic, exit acoustic) as well.

While the LEE-IS calculation computed the sound generation
associated with an unsteady autoignition front with high accuracy,
it is important to realize that it is not fully predictive in nature.
This is because it relies on data from the unsteady forced Euler
computation for the inputs, which includes the mean flow, gas
property profiles and the spatio-temporal values of the heat re-
lease rate and gas property fluctuations. To overcome this diffi-
culty, a method is proposed to construct the mean flow profiles
and the time-dependent source terms using only the following
inputs: the integrated heat release rate fluctuations, the ignition
length fluctuations, the mean values of the primitive variables and
gas properties on the unburnt and burnt side of the ignition front,
and the mean ignition front position. This method is described
next.

The spatial variation of the mean heat release rate can be con-
structed by assuming a Gaussian model for the heat release rate
distribution [17] as

. e
QO exp ( - (X - XlgO) i
n2m 2n?
where 1 represents the thickness parameter of the ignition front
and Qy is the mean integrated heat release rate given by

v Y
Q= v -1
where ()g; and ()g; denote mean quantities on the unburnt and

burnt side, respectively. The instantaneous heat release rate at any
time instant t is given by

. . - ,
Qo +€0Q’ exp (X~ Xigo zex{g) ,
nv2mw 2n

where € is a small parameter, and Q’ ,X{g are the integrated heat
release rate and ignition length oscillations which are specified in-
puts. Eq. (25) is written by making use of the fact that the Gaus-
sian profile translates axially due to ignition front fluctuations and
changes in area due to integrated heat release rate oscillations. The
linearized form of the fluctuating heat release rate can be obtained
by subtracting Eq. (23) from Eq. (25), expanding the exponential
term in a Taylor series, and then simplifying the resulting expres-
sion by only retaining terms which are O(e) and neglecting all
terms of higher order. This procedure yields the following expres-
sion for the fluctuating heat release rate:

i = G Y i el Gy Xig®~Xs0)
q(x,t)—exp( ST NG B

Go(x) = (23)

1
(U2 Po2 — Uo1Po1) + 5 (P02, — Portdy). (24)

qx.t) = (25)

(26)
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Fig. 12. Outgoing characteristic waves obtained from an open-loop computation using the Rankine-Hugoniot and LEE approaches and compared with the forced Euler
computations. The ignition front is acoustically forced at the inlet via an f; wave. Inset in the |hy|/|fi| plot shows the corresponding result from the Rankine-Hugoniot

approach with neglected flame motion.

This can be visualized as two contributors to heat release rate fluc-
tuations at any given point: (i) due to integrated heat release rate
fluctuations and (ii) due to harmonic ignition front motion, which
creates heat release rate fluctuations locally even in the absence of
global heat release rate oscillations.

The spatial variation of the mean values of any primitive vari-
able or gas property (@) can be constructed from the values of the
corresponding quantities in the unburnt and burnt side and the ig-
nition front thickness by using a smooth transitional model profile
as
o) = D1 + 5 (Pes - %)(1 - erf"f‘g") (27)
To construct the fluctuating gas properties at any point at a time
instant, the instantaneous value of any gas property (for example,
the specific heat ratio y) is written utilizing the form of Eq. (27) as

1 X — Xigo — eXi/g
V(Xﬁf)=V01+2()/02—)/01)<1+6Ffn). (28)
In writing Eq. (28), it is implicitly assumed that the acoustic and
entropy disturbances create negligible changes in gas properties
and the main contributing factor to gas property fluctuations is
the back and forth movement of the ignition front. The linearized
fluctuations of the gas property y can be obtained by subtracting
Eq. (27) (for yy) from Eq. (28), writing the terms involving the er-
ror function in terms of its series expansions [53], and then only
retaining the terms which are of order O(¢). The resulting fluctua-
tions in gas property can be written as

X/ —X0)2?
/0 = = (n - m)(—i’) exp (—("n)ig“)) (29)
Eqs. (23) and (27) for the spatial profiles of the mean heat
release rate, primitive variable and gas properties, along with
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Egs. (26) and (29) describing the fluctuations in heat release rate
and gas properties, enable us to time march the LEE to determine
the primitive variable fluctuations. Now, this procedure of con-
structing the source terms and mean profiles using model func-
tions is, evidently, not physical because, the Gaussian profile for
the mean heat release rate and the error function profile for the
mean primitives/gas properties are not actual solutions of the
time-averaged non-linear Navier-Stokes/Euler equations. Neverthe-
less, this approach of using model profiles, constructed using com-
mon mathematical functions, to represent mean flows has been
used repeatedly in the past in the context of linear hydrodynamic
instability analysis of canonical flows [54-56].

Figure 13 compares the spatial variations of the mean gas prop-
erty and the mean heat release rate with the corresponding model
profiles of Eqs. (27) and (23), respectively. While the model pro-
files capture the qualitative spatial variation of the mean quanti-
ties quite well, the match is not perfect, especially close to the
mean ignition front location (x = Xjgo = 0.024 m). However, com-
ing up with better model profiles to fit the mean quantities more
accurately is not the main objective of this work. Therefore, we
simply use the Gaussian and error function profiles to construct
the time-dependent source terms of Eq. (22) and, thereby, com-
pute the sound generation from the unsteady autoignition front
using the LEE solver. This open-loop LEE computation using con-
structed model profiles is hereafter referred to in this paper as
‘LEE-CS’ computation.

Figure 14 compares the magnitudes of the outgoing characteris-
tic wave g; obtained from an open-loop LEE-CS computation with
three other approaches: forced Euler data, LEE-IS computation and
the Rankine-Hugoniot calculations. The forcing applied is identi-
cal to that in Fig. 12, which corresponds to velocity forcing at
the inlet with an f; wave. From Fig. 14, it can be observed that
the predictions of the g; wave with the LEE solver with source
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Fig. 14. Magnitudes of the outgoing characteristic wave g; obtained from the LEE-
CS computation compared with other simplified and detailed approaches.

terms constructed from model profiles (LEE-CS) lies between the
Rankine-Hugoniot predictions and the forced Euler results. On the
one hand, the predictions of the g; wave from the LEE-CS com-
putation deviate from the forced Euler results, especially close to
resonance with deviations of around 9% in the magnitude. This de-
viation is mainly due to the behaviour seen in Fig. 13, where the
model profiles fail to capture the precise spatial variations in the
mean flow/gas property and the mean heat release rate close to
the ignition front. The errors in these quantities then manifest as
errors in the source terms of Eq. (22), which results in the devia-
tions observed in Fig. 14. On the other hand, the LEE-CS computa-
tion brings down the errors associated with the Rankine-Hugoniot
predictions noticeably. More specifically, inclusion of a finite (real-
istic) thickness to the ignition front and the inclusion of gas prop-
erty fluctuations, both of which are not taken into account in a
Rankine-Hugoniot framework, improves the prediction of the g;
wave. The predictions of the other outgoing characteristics from
the LEE-CS computation are plotted in the supplementary material.

To summarize, the results of this section demonstrate that the
LEE framework, which numerically computes the fluctuations as-
sociated with a reacting flow characterized by a mean flow state
and time-dependent source terms, proves to be most effective
in predicting the acoustic field associated with an unsteady igni-
tion front. Even when the mean flow quantities are approximated
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by model profiles constructed using standard functions, the LEE
framework gives good estimates of the upstream traveling acoustic
wave (gq) generated by an unsteady ignition front. These results
suggest that the LEE framework, in combination with flame trans-
fer functions, can now be used to predict the eigenvalues char-
acterizing the ITA oscillations associated with autoignition fronts,
which is discussed in the next section.

3.3. Results: Prediction of frequency and growth rate associated with
the ITA oscillations

In this section, the simplified approaches presented in
Section 3.2 for computing the sound generated by an unsteady ig-
nition front are employed to predict the frequencies and growth
rates characterising the intrinsic thermoacoustic oscillations asso-
ciated with these configurations. As already pointed out previously,
the equation governing the thermoacoustic eigenvalues associated
with the ITA feedback loop for an autoignition front is given by
Eq. (20), which involves the flame response functions to a g; wave,
F, and G,, and the transfer functions governing the generation of
a g; wave by the unsteady ignition front, S; and S,. Here, we
use the flame response functions extracted from the forced Eu-
ler computations in combination with the sound generation trans-
fer functions obtained from the simplified approaches presented in
Section 3.2 to solve Eq. (20).

Determination of S; and S, from the Rankine-Hugoniot ap-
proach is quite straightforward. Eq. (12) is considered first, all of
whose terms only involve the mean flow parameters (see supple-
mentary material). This equation is then transformed to the form
of Eq. (13), yielding S; and S, directly in analytical form. To de-
termine S; and S, from an LEE approach where the source terms
and mean flow are constructed from model profiles (LEE-CS, see
Section 3.2), two LEE computations are carried out. In the first
computation, only the integrated heat release rate (Q’) associated
with the ignition front is perturbed in a harmonic fashion with
small amplitude. The imposed forcing (f7, hq,g2) and the ignition
length perturbations ( i’g) are all zero. This forcing scenario cre-
ates a heat release rate perturbation at each point in the domain
through the first term of Eq. (26), which contributes to the source
terms in Eq. (22), thereby generating acoustic and entropy pertur-
bations. This calculation is repeated across a range of frequencies
and the g; wave is measured at the inlet, enabling us to con-
struct Sy. S, is similarly determined by performing a second LEE
computation where only the ignition length (Xi’g) of the autoigni-
tion front is perturbed harmonically. Such a forcing scenario cre-
ates local heat release rate oscillations through the second term of
Eq. (26), in addition to gas property fluctuations, which contribute
to the sound generation.

Next, we discuss the determination of S; and S, from an LEE
approach where the source terms and the mean flow are di-
rectly extracted from the forced Euler computations (LEE-IS, see
Section 3.2). The source terms obtained from a forced Euler com-
putation are due to the combined effect of integrated heat release
rate and ignition length fluctuations. Thus, to separate out the indi-
vidual contributions of these two effects, two linearly independent
calculations need to be performed. First, the heat release rate and
gas property fluctuations in the form of Fourier decomposed quan-
tities at the forcing frequency are extracted from two linearly in-
dependent forced Euler computations. These two linearly indepen-
dent forced Euler computations (say, I and II) can be composed of
any two of the three linearly independent forcing states presented
previously in Section 2.1. Second, the source terms, along with the
mean flow, taken from the forced Euler computations are used as
inputs to the LEE solver to compute the g; wave. The imposed
acoustic/entropy forcing is set to zero for these two LEE computa-
tions, and only the fluctuating source terms (resulting from oscil-
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lations of the ignition length, )?ig, and integrated heat release rate,

Q) act as sources of sound. Finally, the transfer functions S; and S,
are determined from these two LEE computations by solving the
following linear system

0 %
© ©p
@ (erlls

where the superscripts I and II signify that the inputs for the
two LEE calculations are taken from the two linearly independent
forced Euler computations, I and II. In short, the second row of
Eq. (13) is solved in an inverse manner to determine S; and S, with
the imposed forcing set to zero and using the fluctuating source
terms consistent with a forced Euler computation.

Figure 15 plots the gain and phase of the sound generation
transfer functions (S; and S,) relevant to the ITA feedback. The g;
wave generated by integrated heat release rate oscillations, which
is characterized by the transfer function S;, exhibits an approxi-
mately constant gain across the frequency range considered. On
the other hand, the g; wave generated by ignition length fluctu-
ations, characterized by the transfer function S,, shows an increas-
ing gain with an increase in frequency. This frequency-dependent
behaviour of the gain of the sound generation transfer functions
S1 and S, is qualitatively similar to the behaviour of an acoustic
monopole and a dipole, respectively [57].

(81/po)!
= . (30)

(g1/po)"

D(s)l
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Figure 15 also compares the results obtained from the various
simplified approaches used to compute the sound generation from
unsteady ignition fronts. The transfer function phase is not shown
for the various approaches since the differences were found to be
negligible. The LEE-IS approach, due to its ability to compute the
open-loop sound generation most accurately in comparison to the
forced Euler (Section 3.2) and DNS computations [23], should be
regarded as the benchmark against which other approaches are
compared. Intuitively, it is easy to deduce that the differences,
if any, between the three simplified approaches to compute the
sound generation, should mainly show up in the transfer func-
tion S,. This is because the primary difference between these
approaches is in the level of detail with which the ignition front
motion is described. The LEE-IS approach takes into account both
the effects of local heat release rate and gas property fluctuations
created due to ignition front motion. In addition, the LEE-IS ap-
proach also takes into account the exact spatial variations of the
mean flow and the fluctuating source terms. On the other hand,
the LEE-CS approach, while accounting for all the effects created
due to ignition front motion, does not take into account the pre-
cise spatial distributions of the mean flow and fluctuating source
terms. This effect, while relatively unimportant for the acoustic
field generated by integrated heat release rate oscillations, is quite
important to describe the acoustic field generated by ignition front
oscillations. Indeed, as illustrated in Fig. 15, the transfer functions
obtained from the LEE-CS computations mainly deviate from the
results of the LEE-IS approach with regards to S, especially at
higher frequencies.

The Rankine-Hugoniot approach does not take into account the
detailed spatial variations of the mean flow profiles and the source
terms either, as it treats the ignition front as a spatial disconti-
nuity in the mean flow variables. Furthermore, the fluctuations in
gas properties are not accounted for in this analytical framework.
These effects show up as significant differences in the S, transfer
function gain when compared to the LEE-IS and LEE-CS approaches
in Fig. 15. The gain and phase of the transfer function S; show
only very minor differences when computed using the different
approaches.

Figure 16 plots D(s), the frequency dependent function in
Eq. (20), whose zeros govern the oscillation frequencies and
growth rates of the ITA modes. Consistent with the observed oscil-
lations, D(s) goes close to zero near a frequency of 2500 Hz, which
corresponds to the frequency of the ITA mode associated with the
autoignition front. The LEE-IS approach and the LEE-CS approach
exhibit similar frequency-dependent behaviour of D(s), with slight
differences in the phase close to the minimum of the gain curve.

200 T ; . .

100

-100

0
0 1000 2000 3000 4000 5000

w/2m (Hz)

— — —LEE-IS computation

w/2m (Hz)

————— LEE-CS computation
——— Rankine-Hugoniot approach

Fig. 16. (a) Magnitude and (b) phase of D(s) as a function of frequency and at zero growth rate computed with various approaches.
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Table 4

Complex eigenvalue s governing the dynamics of the ITA feedback, com-
puted from various approaches. Note: only the most unstable eigenvalue
is listed. Since s = iw, a negative real part implies a stable mode and the
imaginary part is the angular frequency of the oscillations.

Method to compute s/w s/2m, where s = i®

Forced and unforced Euler computations

Evolution of a Gaussian pulse (Fig. 4) —75 4+ 2500i
Band-pass filtering of forced response (Fig. 5)  —74 4 2500i
Poles of the scattering matrix See Table 3

Prediction: zeros of D(s) with FTF from forced Euler computations

LEE-IS approach —70 £ 2551i
LEE-CS approach —49 + 2644i
Rankine-Hugoniot approach +115 + 2614i

The Rankine-Hugoniot approach, on the other hand, exhibits a no-
ticeably different phase of D(s) close to the frequency of the ITA
mode of the system. In particular, the phase drops by 7 in con-
trast to an increase by m for the LEE approaches. This indicates
opposite stability behaviour.

Table 4 lists the zeros of D(s) obtained from the LEE and
Rankine-Hugoniot approaches. The LEE-IS approach gives the best
estimate of the frequency and growth rate of the intrinsic ther-
moacoustic oscillations, which lie within 8% of the correspond-
ing values obtained from the Euler computations. The LEE-CS ap-
proach still gives a good estimate of the frequency, but predicts a
slightly smaller damping rate. The Rankine-Hugoniot approach, on
the other hand, gives a good estimate of the oscillation frequency,
but predicts an unstable mode (positive growth rate), which is in-
consistent with the ignition front behaviour observed in the Euler
computations.

A graphical confirmation of the effectiveness of the LEE-
IS approach in computing the thermoacoustic eigenvalues of
the ITA feedback can be obtained by looking at the predic-
tions of two representative elements of the scattering matrix in
Fig. 17. The terms of the scattering matrix are computed using
Egs. (18), (17) and (19), where the transfer functions governing
the transmission, reflection and generation of acoustic and entropy
waves (T;, R; and S;) by the unsteady ignition front are determined
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using the LEE solver. Also shown for comparison is the correspond-
ing result from the Rankine-Hugoniot approach. The terms of the
scattering matrix predicted using the LEE approach show an excel-
lent match with the forced Euler computations, demonstrating the
effectiveness of the LEE approach in predicting the ITA modes of
the system. The predictions of all the other terms of the scattering
matrix show a similar trend and are, therefore, omitted.

Lastly, we attempt to understand better why the Rankine-
Hugoniot jump conditions incorrectly predicts the growth rate of
the ITA modes of the autoignition front. As pointed out previously,
the jump conditions make two main simplifying assumptions: zero
thickness of the ignition front and constant gas properties. It is not
clear which of these assumptions results in incorrect predictions
of the ITA growth rates. To first understand the effect of assuming
constant gas properties (and therefore neglecting the source terms
due to gas property fluctuations), we repeat both the LEE-IS and
LEE-CS calculations assuming constant gas properties. The S, trans-
fer function gain from these computations is plotted in Fig. 19 and
reveal interesting aspects, which are discussed next.

Firstly, assuming constant gas properties has a noticeable effect
on the gain of the S, transfer function, even in the low frequency

Prediction of ITA modes
* Solve 1 —S;(s)F,(s) — S5(s)G,(s) = 0fors
* Compute F,(s) and G, (s) from forced CFD

LEE-IS LEE-CS Rankine—Hugoniot
* Time domain computation of * Time domain computation of LEE - Frequency domain direct
LEE system system calculation of S, S,
* Inputs: source terms and mean * Inputs: unburnt and burnt side * Inputs: unburnt and burnt side
flow profiles values, flame thickness, Xjgo values, Xigo

[
Procedure to compute S¢, S,
¢ Two linearly independent LEE
computations: inputs from forced CFD + no
boundary forcing

* Solve g,/py = $1 (é/ Qo) + SZ(Xig/ XigO)

Pros and Cons
e Excellent prediction of ITA modes
e Allinputs obtained from unsteady
CFD, not predictive in nature

Procedure to compute S¢, S,
Two linearly independent LEE computations:
source terms & mean constructed + no

boundary forcing

Solve g1/po = 51 (é/ Qo) + 8, (Xig/ Xigo)

¥

Pros and Cons
Predictive in nature, minimal inputs
only involving mean flow
e Prediction good but spurious entropy
waves exist

Pros and Cons
« Efficient and straightforward
Prediction not accurate +
spurious entropy waves

Fig. 18. Graphical chart describing the model structure and comparison of various models used to predict ITA modes of an autoignition front in this article.
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ation transfer function S,.

region (w/2m less than 2500 Hz). Discrepancies in the gain of S,
in the low frequency range are expected to impact the ITA eigen-
modes, since, in the expression for D(s) [Eq. (20)], S, multiples G,
and G, exhibits low-pass behaviour (see Fig. 10). Furthermore, the
phase of the dispersion relation near the system eigenfrequency
(2500 Hz) determines the growth rate associated with the eigen-
mode. Solving Eq. (20) using the sound generation transfer func-
tions obtained from LEE-IS approach with constant gas properties
resulted in the eigenvalues 78 + 2503i for the ITA modes. This re-
veals that just assuming constant gas properties in the LEE-IS com-
putation results in an unstable ITA growth rate prediction, which is
even qualitatively incorrect to the observed dynamics. This signifi-
cant variation in the ITA eigenvalues when assuming constant gas
properties was observed for the LEE-CS approach as well.

Secondly, Fig. 19 suggests that the effects of neglecting the
precise spatial variations of the mean flow profiles and time-
dependent source terms mainly show up at higher frequencies.
This can be seen by a comparison of the LEE-IS and LEE-CS ap-
proaches (both with constant and varying gas properties). This
is not surprising since details of the spatial variation and im-
pact of the thickness of the ignition front become important for
short wavelengths of acoustic waves. Nevertheless, Fig. 19 and
Table 4 reveal that not taking into account the precise spatial vari-
ations of the mean flow and source terms has noticeable effects on
the S, transfer function gain at high frequencies, which results in
minor deviations in the ITA growth rates.

The preceding discussion suggests that with regards to the
Rankine-Hugoniot jump conditions, assuming constant gas prop-
erties is the main culprit in the incorrect prediction of ITA eigen-
values. While the zero thickness assumption also induces errors in
the computation of S, transfer function, this effect is noticeable
only at high frequencies and has a relatively minor effect on the
phase of the dispersion relation close to the ITA eigenfrequency
(and therefore, on the growth rates). An alternative route to the
same conclusion is presented in the supplementary material.

To summarize, the comparison of predicted eigenvalues from
various simplified approaches in Table 4 illustrates that the LEE
framework is highly effective in predicting, with high accuracy, the
stability of the ITA subsystem associated with an autoignition front
in a reheat combustor. Furthermore, specifying the precise spatial
variations of the mean flow and the fluctuating source terms to the
LEE framework is essential to obtain accurate estimates of the ITA
eigenvalues. The LEE framework, originally proposed in [23], can
be a good starting ingredient for tools used to predict the ther-
moacoustic stability of complex laboratory and industrial-scale re-
heat burners. A pictorial representation of the stability framework
employed in this article is presented in Fig. 18
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4. Conclusions

Intrinsic thermoacoustic oscillations may generally occur when
the flame response gain is large [6,7]. As previous work on the dy-
namics of autoignition-stabilized flames has shown, the response
to temperature perturbations can be very large [50], in fact, an
order of magnitude larger than what is frequently observed for
propagation-stabilized flames. ITA oscillations are, hence, crucial to
consider in systems with autoignition-stabilized flames.

In this paper, intrinsic thermoacoustic oscillations in a sim-
plified one-dimensional reheat combustor with an autoignition-
stabilized flame were investigated by means of computation and
theory. In the context of autoignition fronts, intrinsic thermoa-
coustic feedback arises when an upstream-traveling acoustic wave,
generated by heat release rate and ignition front perturbations,
modulates the temperature, pressure and velocity of the incom-
ing reactant mixture. These flow perturbations, introduced in the
reactant mixture, modulate the autoignition chemistry, which, in
turn, creates oscillations in the ignition front position and the heat
release rate, thus closes the feedback loop. Reactive Euler equa-
tion computations of an autoignition front in a configuration with
fully non-reflecting boundaries revealed the existence of an intrin-
sic thermoacoustic mode, which manifests as harmonic oscillations
in the ignition front position and heat release rate at a distinct fre-
quency. Analytically expressing the flame-acoustic interactions as-
sociated with an autoignition front in terms of the flame response
and sound generation transfer functions revealed that the linear
dynamics of the ITA mode is primarily governed by the transfer
functions relating the response of an autoignition front to a g;
(upstream-traveling acoustic) wave and the g; wave generated, in
turn, by the unsteady flame response.

Using this insight, the linear stability characteristics of the ITA
oscillations associated with the autoignition front were predicted
using a hybrid methodology. In this hybrid approach, the thermal
response of the flame, in terms of the flame transfer functions, is
extracted from the forced Euler computations, and suitable simpli-
fied frameworks are used for describing the acoustic field of the
combustor. Two simplified approaches were assessed for their ef-
fectiveness in predicting the linear intrinsic thermoacoustic stabil-
ity of the system: (i) based on the Rankine-Hugoniot jump condi-
tions, and (ii) a time-domain linearized Euler equation (LEE) solver.
The LEE approach predicted the linear stability eigenvalue of the
ITA feedback with much better quantitative accuracy in compari-
son to the Rankine-Hugoniot approach. This suggests that the LEE
framework used in this paper can serve as a foundational build-
ing block, upon which more complex frameworks can be added to
predict the thermoacoustic stability characteristics of reheat com-
bustors. The present work, hence, represents a useful contribution
both from the viewpoint of getting insight into intrinsic thermoa-
coustic oscillations associated with autoignition fronts, and from
the viewpoint of developing robust tools to predict thermoacoustic
oscillations in reheat combustion systems.
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