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Abstract. We investigate the frame set of regular multivariate Gaussian Gabor
frames using methods from Kéhler geometry such as Hérmander’s 0-L? estimate
with singular weight, Demailly’s Calabi—Yau method for Ké&hler currents and a
Kéhler-variant generalization of the symplectic embedding theorem of McDuff-
Polterovich for ellipsoids. Our approach is based on the well-known link between
sets of interpolation for the Bargmann-Fock space and the frame set of multivariate
Gaussian Gabor frames. We state sufficient conditions in terms of a certain extremal
type Seshadri constant of the complex torus associated to a lattice to be a set of
interpolation for the Bargmann-Fock space, and give also a condition in terms of
the generalized Buser-Sarnak invariant of the lattice. In particular, we obtain an
effective Gaussian Gabor frame criterion in terms of the covolume for almost all lat-
tices, which is the first general covolume criterion in multivariate Gaussian Gabor
frame theory. The recent Berndtsson—Lempert method and the Ohsawa—Takegoshi
extension theorem also allow us to give explicit estimates for the frame bounds in
terms of certain Robin constant. In the one-dimensional case we obtain a sharp es-
timate of the Robin constant using Faltings’ theta metric formula for the Arakelov
Green functions.
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1 Introduction

Let A be a lattice in R*" and
9 :={Qcgl(nC): Q=0T ImQ is positive definite} (1.1)

be the Siegel upper half-space. Fix ) € §, a Gaussian Gabor system, denoted by
(ga, A), is the family of functions {mygo}ren, where A is a lattice in R?" and

(Trga)(t) = e2m£Tth(t —xz), A= () €A, th = Zgjtﬁ
j=1

denotes a time-frequency shift of the Gaussian g (t) := e™" 2, Letting I denote the
identity matrix, we note that g;;(¢) is the standard Gaussian e ™t”. The frame set
of g is the set of all lattices A in R?" such that {myga}ren is a frame for L?(R™).
Here, by a frame, we mean there exist positive constants A, B (called frame bounds)
such that
AP < DI mage)l? < BIfIP for fe L*(R),
AEA

where (-, -) denotes the L2-inner product. Using the Bargmann transform, one may
reformulate the frame property for Gaussian Gabor frames in terms of sampling
property of the Bargmann—Fock space in complex analysis. In the one-dimensional
case there is a density criterion for the interpolation problem in the Bargmann-Fock
space due to Lyubarskii and Seip-Wallstén, which implies a seminal result in the
theory of Gaussian Gabor frames. Namely, that {m)gir }rea is a Gabor frame if and
only if the covolume |A| < 1, [Lyu92, Sei92, SW92]. Recent progress on the descrip-
tion of the frame set of a Gabor atom has been made for totally positive functions
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[GS13, GRS18] and for rational functions [BKL21]. Note that all aforementioned
results on frame sets for Gabor systems are for uniformly discrete point sets in the
plane. The generalization to the higher-dimensional case has been one of the most
intriguing problems in the study of Gaussian Gabor frames since the methods in
[Lyu92, Sei92, SW92] do not have natural counterparts in the theory of several com-
plex variables. The reason being that the theory of sampling and interpolation in
several complex variables [MT00, Lin01, Groll, GL20, LMO09] is far more intricate
than in the one-dimensional case (see [PR13, section 3]) and despite considerable ef-
fort not well understood. In particular, the following central problem in multivariate
Gaussian Gabor frame theory is still open.

Problem A. Is there an equivalent Gabor frame criterion for (g;7, A) only in terms
of the covolume |A| for almost all lattices A in R*" (n > 1)?

We obtain the following partial result, which is a direct consequence of Proposi-
tion 1.4 and our Hormander criterion in Sect. 1.2.

Theorem 1.1 (First main theorem). Fiz Q2 € ), if |A| < 7’;—,: then (gq, A) is a Gabor
frame for almost all A in R?*™. More precisely, (9o, ) is a Gabor frame if |A| < n%'
and (2, A) is a transcendental pair (see the definition and the remark below for
explicit examples of the transcendental pairs).

DEFINITION 1.1. Let A° := {(n,y) € R" xR" : Ty —aTn € Z, ¥V (£,2) € A} denote
the symplectic dual of A (also known as the adjoint lattice of A). Put

Cope = {ImQ) V22 eC:2=n+Qy, (n,y)€A°}, (1.2)

where (Im Q)*1/2 denotes the unique positive definite matrix whose square equals
(Im Q)L We call (2, A) a transcendental pair if the complex torus C" /T p- has
no analytic subvariety of dimension 1 < d < n (see Definition 1.4 for a related
notion).

REMARK. From the definition we know that all (2, A) are transcendental in case
n = 1. In case n = 2, by [Shal3, p. 161] we know that (Q,A) is a transcendental
pair if C2/ I'q ae is biholomorphic to C2/T for some lattice

r:=7(1,0) +7Z(0,1) + Z(a,b) + Z(c,d), a,b,c,d € C,
with the set {1,a,b, ¢, d,ad — bc} being linearly independent over Z (for example, if
(a,b,c,d) = (7r,i7r2,i773,7r4), (\/i,i\/?;,i\/g, \ﬁ),etc

then I' is transcendental). In fact, the argument in [Shal3, page 160-163] can also
be used to prove that (€2, A) is transcendental for almost all lattices A in C™. The
proof of our first main theorem also suggests the following conjecture, which would
answer our Problem A (just take Q = iI).
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CONJECTURE A. Let (Q,A) be a transcendental pair (see Definition 1.1). Then
(ga,A) is a Gabor frame for L?(R™) if and only if |A| < &

nne

REMARK. Since all (©, A) are transcendental in case n = 1, the above conjecture
is precisely the Lyubarskii-Seip-Wallstén theorem [Lyu92, Sei92, SW92] in the one
dimensional case. In case n > 1, the only known necessary condition is |A| < 1,
which is a consequence of the Balian-Low type theorems (see [AFK14, GHO19] or
a complex analysis proof of |[A| <1 by Lindholm [Lin01]).

Our second main result is a multivariate Gaussian Gabor frame criterion for
general lattices (see the remark after Theorem A in Sect. 1.2 for the proof and
Corollary 1.8 for applications).

Theorem 1.2 (Second main theorem). Fiz Q € § and a lattice A in R®™. Assume
that there exist r > 1, B = (P1,---,Bn) € R™ with

and a holomorphic injection f from the ellipsoid

n
B :={zeC':x Zﬁj]zj]2 < r?
j=1

to the torus X := C"/T'q - (see (1.2)) such that

f*(w+i00¢) = Zdzj/\dzj nt
] 1

for some smooth function ¢ on X, where w := %Z?:1 dwj N\ dwj is the Euclidean
Kabhler form on X (note that the holomorphic cotangent bundle of X is trivial with
global frame {dw;}). Then (9o, A) is a Gabor frame.

REMARK. In case (2, A) is transcendental the above theorem is equivalent to our
first main theorem. In order to prove this equivalence, we generalize (see Theorem
A in Sect. 1.2) McDuff-Polterovich’s result [MP94] (see Theorem 3.4) to all K&hler
ellipsoid embeddings (see Sect. 3.1).

In the one-dimensional case, we also obtain the following frame bound estimates
(see Theorem B in Sect. 1.3 for more results), which can be seen as an effective
version of [BGL10, Theorem 1.1].

Theorem 1.3 (Third main theorem). Let A be a lattice in R x R. Suppose that the
lattice

I:={:ecC:z=n+iy, (ny) <A},
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in C is generated by {1,7} with Im7 > 1. Then for all f € L*(R) with ||f|| = 1, we
have

4r(ImT — 1)|n(1)|° 9 Im7 T 9
<V2- i)|? < ————, = — - inf |5, (1.

where n(1) := ™12 (1 — ™) s the Dedekind eta function.

The above three main theorems are special cases of the Hormander criterion
(Theorem 1.7), Theorems A and B in Sect. 1.2. The whole paper is organized as
follows.

1.1 Background. Our starting point is the following observation, which is an
extension of a well-known duality result for Q =il [Jan82, Lyu92, Sei92].

PROPOSITION 1.4. (gq,A) is a Gabor frame for L*(R™) if and only if Tqa- (see
(1.2)) is a set of interpolation for the Bargmann—Fock space F? (see (1.4) and Def-
inition 1.2 in Sect. 1.2).

Our first main theorem is an extension of the approach by Berndtsson—-Ortega
Cerda [BO95] for one-dimensional Gaussian Gabor frames to the multivariate case
by utilizing the theory of Hérmander’s L?-estimates for 0 in the higher-dimensional
case, which has been developed during the past two decades and has received quite
some attention [OT87, Ohs94, Dem92, Berl0, Ber06, Ber09, Blo13, GZ15, BL16].
The new idea is to apply Demailly’s mass concentration technique [Dem93| (see
[Tos16] for a nice survey).

A crucial notion in the proof of our second main theorem is a generalized ex-
tremal type Seshadri constant (see Definition 1.5 and Theorem 3.3 for the extremal
property), which replaces the covolume of a lattice in the one-dimensional case. Note
also that the Seshadri constant has a quite different flavor than the (Beurling) den-
sities used in the discussion of Gabor frames, since it actually takes into account the
volumina of all subvarieties of the complex torus (see Theorem 3.9) and not just of
the whole complex torus.

Our third main theorem is based on a recent result of Berndtsson—Lempert
[BL16], which also yields explicit estimates for the multivariate Gaussian Gabor
frame bounds (see Theorems 5.1 and 5.2).

A short account of our other related results is given in Sects. 1.2 and 1.3 below
(the Hérmander criterion, Theorems A, B are among the most crucial ones).

1.2 Part I: Interpolation in Bargmann—Fock space. Consider the
Bargmann—Fock space

f2 — {F e O((Cn) : HFH2 — / ‘F(z)|2€*ﬂ|z\2 < OO}, (1.4)
Ccn

where O(C") denotes the space of holomorphic functions on C" and we omit the
Lebesgue measure in the integral. Let I' be a lattice in C™.
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DEFINITION 1.2. We call T a set of interpolation for F? if there exists a con-
stant C' > 0 such that for every sequence of complex numbers a = {ar}aer with
Y oxer lax|2e= ™M = 1, there exists F € F? such that F(\) = ay for all X\ € T and
IFIP <C.

Denote by |I'| (the covolume of I') the volume of the torus X := C"/T" with
respect to the Lebesgue measure. In the one-dimensional case, Lyubarskii, Seip and
Wallstén [Lyu92, Sei92, SW92] (see [OS98] for the most general one-dimensional
generalization) proved that

Theorem 1.5. A lattice I' in C is a set of interpolation for F? if and only if |T| > 1.

Another proof of the “sufficient” part of the above theorem was given by Berndts-
son and Ortega Cerda in [BO95] using the Hormander O theory. In order to make
best use of the Hormander theory, we shall introduce the following notion of the
Hérmander constant, which is an analogue of the Seshadri constant introduced by
Demailly in [Dem92].

DEFINITION 1.3. Let I' be a lattice in C™. The Hormander constant of I' is defined
by
up :=sup{y > 0: there exists a T'-invariant function ¢ on C" such that 1 + 7T|Z|2 is psh and
Y= 'ylog(\zl|2/ﬁ1 + -+ |zn|2/ﬁ") near z =0 for some B; > 0,51 +--- + Bn = 1},

where “T'-invariant” means that (z + X) = (z) for all z € C" and A € I'; “psh”
means subharmonic on each embedded disc.

By using of a result of Tosatti (see [Tosl8, Theorem 4.6]), we can prove the
following:

PROPOSITION 1.6. Assume that the only positive dimensional analytic subvariety of
X :=C"/T' is X utself, then

(n)/n

— ) rYn, 1.
tr - | (1.5)

The above result suggests the following definition.

DEFINITION 1.4. A lattice I' in C" is said to be transcendental if the only positive
dimensional analytic subvariety of X := C"/T" is X itself.

By Proposition 1.4 and Proposition 1.6, we know that the following criterion
implies our first main result — Theorem 1.1.

Theorem 1.7 (The Hérmader criterion). Let I' be a lattice in C". If ur > 1 then I’
is a set of interpolation for F2. In particular, if T is transcendental and |T'| > %,
then T is a set of interpolation for F2.
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In order to use the above criterion for non-transcendental lattices we have to
investigate the Hormander constant in more depth. Our main idea is to introduce
the following definition.

DEFINITION 1.5. Let (X,w) be an n-dimensional compact Kihler manifold. Fiz x €
X and take a holomorphic coordinate chart z = {z;} near x such that z(xz) = 0. Put

Ty :=log(|z1[? + -+ |za|P), B >0, fr+--+B,=1 (L6
The [3-Seshadri constant of (X,w) at x € X is defined by

€x(w; B) :=sup{y > 0: there exists an w-psh function 1)
on X such that p = ~Tg near x},

where “w-psh” means that v is upper semi continuous on X with
w+dd >0, d°:= (0 — 9)/(4mi),
i the sense of currents on X.

REMARK. In case X = C"/T and w = dd°(r|z|?), we know that e,(w;3) does not
depend on x € X. Comparing the above definition with Definition 1.3, we further
get

lr = sup €z (w; B). (1.7)

it t+B,=1, 3;>0,1<5<n

In case f1 = -+ = (3, = 1/n, we know that ne;(w;3) equals the classical Se-
shadri constant of Demailly (see [Tosl8, section 4.4]). A famous result of McDuff—
Polterovich is a symplectic embedding formula [MP94] for the classical Seshadri con-
stant. Theorem 1.2 follows from the following generalization of McDuff-Polterovich’s
result to all #-Seshadri constants.

Theorem A. Let (X,w) be a compact Kihler manifold. Denote by K,, the space of
Kdhler metrics for the cohomology class [w]. Fiz x € X and 5; >0, 1 < j < n with
b1+ -+ Bn = 1. Then the $-Seshadri constant e, (w; 3) is equal to the following
G-Kdhler width

¢z (w; B) :=sup {777“2 . BP Joke, (X,0), dwe /Cw},

n
B ={zeC": Zﬁj\zj\Q <r?
j=1

where “BY Jote, (X,w)” means that there exists a holomorphic injection f : B} - X
such that f(0) =z and f*(@) = 5 > i_, dz;j A dz;.
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REMARK. The above theorem implies Theorem 1.2. In fact, by the above theorem
and (1.7), the assumption in Theorem 1.2 implies that (p > 1. Hence our second
main theorem follows from the Hérmander criterion, Theorem 1.7 and Proposition
1.4.

In case X = C"/T' and w = dd®(r|z|?) is the Euclidean Kihler form, we know
that BY is included in X if and only if (v + B,@) NnBe = (), VO0#~eTl, which is
equivalent to that

1
=3 071AD£F Z Bilzl?

Hence Theorem A gives

1
(@i B) = eolwiB) 2 mr® Vr<g | inf Zﬁ]m

Put
B:={BeR":3;>0,1<j<n, B+ + 0, =1}, (1.8)
then (1.7) gives

> T f 2
s, ;&Izlel“ Z izl

Apply the Hérmander criterion above we get:

COROLLARY 1.8. Let I" be a lattice in C". If supgepinfos.er Z;‘L:1 Bjlz]? > %, then
the Hormander constant tp > 1 (see Definition 1.3) and T' is a set of interpolation

for F2.

REMARK. In case all 3; are equal to 1/n,
1nf Zﬁ]\zj\ mf \z|2 (1.9)

is known as the Buser—Sarnak invariant m(I") (see [BS94, Laz96], [Laz04, Theorem
5.3.6]) of I'. For general € B we call

mg(I') := inf Zﬁj|zj|2 (1.10)

O;ﬁzEF

the B-Buser—Sarnak invariant of I'. In gelrleml7 we have that supgep mg(I') > m(I) /n.
For example, if

I':=7(A,0) + Z(Ai,0) + Z(0, B) + Z(0,Bi), A> B >0,
then a direct computation gives
A?B? B?  m(T)

in = —
supmsl) = oy m” 7 T 2
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1.3 Part II: Gaussian Gabor frames. In this section we shall show how to
apply the preceding results on sets of interpolation in F? in Gabor analysis. We use
the same symbol I'g p- in (1.2) to denote the underlying lattice

{(n,y) e R" xR" : p+iy € Cgp-}

in R" x R™. By a direct computation, we know that the symplectic dual of I'q A- is
equal to

Toa = {(ImQ)"2(¢ + ReQz,Im Qz) € R® x R™ : (¢£,2) € A}.
Hence Proposition 1.4 gives the following:
COROLLARY 1.9. (ga,A) defines a frame in L*(R™) if and only if (gir,Ta.a) does.
REMARK. Notice that I'g 4 is equal to fo(A), where
fa(&,z) :== (ImQ)~Y2(¢ + Re Qz, Im Q)

is a linear mapping preserving the standard symplectic form w := d¢T A dx on
R™ x R™. In dimension one, we know that (g, A) defines a frame in L?(R) if and
only if (g;7, A) defines a frame in L?(IR) by the Theorem of Lyubarskii-Seip-Wallstén.
However, the following result implies that this is not the case for multivariate Gabor
systems.

Theorem 1.10. The Gabor system (g1, (Z& 37Z)*) does not give a frame in L*(R?).
Note that we have

(1) There exists an R-linear isomorphism f of R* preserving the standard sym-
plectic form déT Adx on R? x R? such that (gir, f(Z @ %Z)Q) does give a frame
in L%*(R?);

(2) There exists Q € § such that (ga,(Z & 3Z)?) does give a frame in L?(R?).
Moreover, the set {Q0 € 9 : (ga, (Z & 3Z)?) is not a frame} is included in a
closed analytic subset of the Siegel upper half-space $).

In the one-dimensional case, we obtain the following estimates thanks to Faltings’
Green function formula [Fal84] (see also Sect. 5.3).

Theorem B. Let A be a lattice in R x R. Put

inf A2

T
.= Tz = ) A° =7
{zeC:iz=n+iy, (ny) €A}, C 4 0#£Ael

Then |A|=! = |T'| > C and we have the following estimates:
(1) If C > 2 then for all f € L*(R) with ||f|| = 1, we have

B NGY ; P 1.11
4‘A’ —\/> )\EZA‘(fvﬂ-)\gI)‘ = (1—6_0)‘A‘ ( )
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(2) If 1 < C < 2 then for all f € L*(R) with ||f|| = 1, we have

(C —1e !
02|A| <V2. )\EZA| fﬂU\gzI > m- (1.12)

(3) The most general case. Suppose that A’s symplectic dual lattice T in C is gener-
ated by {a, 7} witha >0 and almT > 1. Then for all f € L*(R) with ||f|| = 1,
we have

dr(almr — Dln(r/a)® _ 5. S (o mgnl? < 2T (1.13)

(EnGZ € 7rn2ImT/a) AEA Tl

where n(1) == ™12, (1 — €2™7) s the Dedekind eta function.

REMARK. With the notation in (3), we have
A"t =|T|=almT,

thus one may look at (1.13) as an effective version of [BGL10, Theorem 1.1] (or the
corresponding Theorem 1.5). By our definition (1.9) of the Buser-Sarnak constant,
we have

C:%m@}

The lower bound estimate in (1.13) is based on a precise Robin constant estimate

(see Theorem 5.5). For the upper bound, note that by [Sie89, Theorem 37|, we have

Cc<—=|I
f”

where equality holds if and only if I' is the hexagonal lattice. Hence the best upper
bound in (1.13) (for fixed a Im 7) is attached if and only if I is the hexagonal lattice.
This fact is compatible with the Strohmer—Beaver conjecture (see [FS17, section
2.4]). However, the upper bound in (1.13) is not optimal in general.

2 Preliminaries

2.1 Gabor transform and Bargmann transform. For Q € § (see 1.1) we
identify R" x R™ with C" via (§,z) + 2z := £ + Qz. We call the short-time Fourier
transform of f € L?(R™) with respect to

go(t) = emit™

the Gabor transform of f:

V(€)= [ 10> Gl -
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The latter can be related to the Q-Bargmann transform
Bof(z):= [ f(t)em™ Ue2m= gy o qt,,.
Rn

as follows:

Vgnf(gv :L') = Bﬂf(z)emeQ:C'
By Moyal’s identity we have (note than ||gq||? = (2" det(Im Q))~1/?)

/C \Baf(2)|2e= 2™ MO ey Aday A- - - Ay Aday, = (27 det(Im Q)24 £|12. (2.1)
Since z = £ + Qx implies that
déy Adxy A -+ Ndéy A day, = (det(Im Q)1 (;aayz2>n ,
we know that (2.1) gives

(det(Im )~ [|BafII3 = (2" det(Im ©))~/2 || f| 2, (2:2)

where
2Tz [ ! a7 "

Bufllh = [ 1Bof(Pe "o (Jaalsi)
Sometimes we shall omit the Lebesgue volume form (%QE\Z\Q)H in the above. Now
we are ready to introduce the following definition.
DEFINITION 2.1. Fiz Q € § and put (notice that (ImQ)x = Im z)

pa(z) == 2T ImQz = (Im 2)T (Im Q) 'Im 2.

We call the space of holomorphic functions F' on C™ with
1FIE = [ 1F@Pe ) <,
(C’n,

the 2-Bargmann—Fock space and denote it by .7-}22.

REMARK. In case 2 = il,, where I,, denotes the identity matrix, .7-?2 is precisely
the following classical Bargmann—Fock space (see [Mum79, page 7| for the related
Von-Neumann-Stone theorem)

B:= {F € O(C") : / |F(2)|2e= 2=l gg, .o de,day - - day, < oo}. (2.3)

In time-frequency analysis, the Bargmann-Fock space F2 in (1.4) is more widely
used. But these two spaces are naturally isomorphic to each other since

’F(z)‘Ze—Qﬂqb“” (2) — ’F(Z)e_ﬂsz/z‘Qe_Wsz.
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Let us briefly recall the basics of Gaussian Gabor frames: We associate to the
Gabor system (g, A) the following operators:

e analysis operator: Cé\g is a map from L2(R") to [?(A) defined by

f=A{(f,m90) baens
e synthesis operator: Dé\n is a map from [?(A) to L?(R") given by Dé‘ﬂc =

Z AeA OATIAIQ;
e frame operator: S;\Q = Dé\n o C’;XQ is an operator on L?(R"™):

Saf=> (f,maga)maga.
AeA

An elementary computation shows that (Cé\n)* = Dé\ﬂ and thus Sé\n = (Cé\n)* o Cé;

is a selfadjoint operator. The following result is well known, see [Gro01].

LEMMA 2.1. For an arbitrary lattice A in R™ x R™, the coefficient operator Cé}z from
L?(R™) to I2(A) is bounded.

Proof. We shall give a proof for readers’ convenience. Using the (2-Bargmann trans-
form, it suffices to show that

DO IF(z)Pe?rtm A tm me < O\ F|R, v F e R,
zel

where I' := {z = £ + Quz : (£,2) € A}. Since for w := (ImQ)~'/2z, we have
’F(Z) ‘26727T(Imz)T(Im Q) 'Imz _ ]F((Im Q)l/Qw)engw ’26777\11)\27
we know the above inequality is equivalent to that

S F(w)Pe ™ < CF|2, ¥ F e P2,
wel”

where TV := {w = (Im Q)" Y/2(¢ + Qx) : (€, 2) € A}. By the submean inequality, we
know that the above inequality is true for

— 2 .
C = e R=  inf |w|/2
lw|<R wel", w#0

hence the lemma follows. O

There is a fundamental duality theory (see [DLL95, Jan95, RS97, CKLO04] and
[JL20, Theorem 4.22]) that links the Gabor system (gqo,A) with another Gabor
system associated to the symplectic dual lattice/adjoint lattice defined in Definition
1.1.
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Theorem 2.2 (Duality Theorem). (ga, A) is a Gabor frame for L?(R™) with bounds
A and B if and only if {mxoga}recre is a Riesz sequence with bounds A|A| and B|A|,
i.e. we have
AIA el < 17 exsmaegall® < BIA | e]®
A°eAe

for all ¢ € F2(A°).

There is an intricate link between Gabor analysis and Bargmann-Fock spaces: a
Gaussian Gabor system (go, A) is a frame if and only if A is a set of sampling for
F3, and (go,A°) is a Riesz basis for its closed linear span if and only if A° is a set

of interpolation for F3, see [GL20] for the standard case Q = il.
Motivated by this we introduce the following well known notions:

DEFINITION 2.2. Let T : Hy — Hy be a bounded C-linear map between two complex
Hilbert spaces. Then

(1) T is called sampling if there exist constants A, B > 0 such that
AlfFIP < |ITAP < BIFIP, Y f € Hy (2.4)

(2) T is referred to as interpolating if T is surjective and there erxist constants
A, B > 0 such that

Alfl? < llell* < BIIfel?, ¥ ¢ € Ha, (2.5)
where f. denotes the (unique) solution of T(-) = ¢ with minimal norm.
The constants A, B above are called the sampling (interpolating) bounds.
PROPOSITION 2.3. T is sampling with (2.4) if and only if T is interpolating with
(2.5).
Proof. Assume that T is sampling with (2.4). Then the eigenvalues of T*T lie in
[A, B], thus T*T has an inverse, say S := (T*T)~!, which implies that T*TSf =
f, Yece€ Hy. Thus T* : Hy — H is surjective and the minimal solution of T*(-) = f
is TSf (note that T'Sf is minimal since T'Sf L ker T*). We need to show that
A|TSFII? < |IfI” < BIITS I

In fact, S~' > AT implies that
" 1
ITSTII? = (TSF,TSf) = (S£,T°TSf) = (Sf. /) < SIIfIP,
thus A||T'Sf||* < ||f||*. Moreover, f = T*T'Sf implies

IfIl = sup (I"TSf,g) = sup (T'Sf,Ty)
lall=1 lall=1

<|ITSfIl - o 1Tgl| < VBI|TS{]|,
g =

which gives || f||> < B||T'Sf||?. This establishes one direction and the other direction
may be deduced in a similar manner. O
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The following theorem follows directly from Theorem 2.2 and Definition 2.2.

Theorem 2.4. Let A be a lattice in R™ x R™. Then C’éxﬂ is sampling with
A
AI<S,, <BI
if and only if Dé\; is sampling with

Al- A< (Sy)" <A B.
Notice that C;\Q is sampling if and only (gq, A) defines a frame in L*(R"™). The

density theorem for Gabor frames states that if Cg[]\Q is sampling, then |A| < 1.
Furthermore, a Balian-Low type theorem (see [AFK14, Theorem 1.5] or [GHO19] for
related results associated to general Fock spaces) further gives:

Theorem 2.5. Given a lattice A in R™ x R™. If C’;XQ is sampling then |A| < 1.

The above two theorems and Proposition 2.3 imply

COROLLARY 2.6. Given a lattice A in R™ x R™. Then Cé\ﬂ is sampling if and only
if C’;\: is interpolation. Moreover, the interpolation bounds are a scalar multiple of

the sampling bounds. In particular, C’é}z can not be both sampling and interpolation.

Proof. The first part follows directly from Theorem 2.4 and Proposition 2.3. For the
second part, notice that if C;\Q is both sampling and interpolation, we must have

Al <1, [A°[ <1,
which is a contradiction since |A] - [A°]| = 1. 0

REMARK. In case n =1 and
g(t) — em‘atZ’

for some complex number ¢ with Ima > 0, we known that C’;\ is sampling if and
only if |A| <1 (see [Lyu92, Sei92, SW92]). For general n, gqo(t) := ™" Theorem
1.10 implies that there exists a lattice A in R™ x R™ such that Cé}) is sampling (resp.
interpolation) for some Q € §) but not for all 2 € §). On the other hand, if Cé‘no is

sampling for some Qy € $ then by Theorem 1.3 in [AFK14], we know that Cé}) is
sampling if €2 is very close to .
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2.2 Proof of Proposition 1.4.

Proof of Proposition 1.4. By our definition, (g, A) defines a frame in L?(R") if and
only if C;Xn is sampling, which is equivalent to that C’gﬂo is interpolation (see Corollary
2.6). Using the Q Bargmann transform, we know that Cé}: is interpolation if and
only if Cé\: is bounded and

F={{+QrxeC":(,x) c A°}

is a set of interpolation for F3. By Lemma 2.1, we know that CA is always bounded,
hence (gq,A) defines a frame in L?(R") if and only if ' is a set of interpolation for
F3. Notice that

|F(2)]2e7272() — | F((Im Q)Y 2w)ez® | 2e 0 4= (ImQ)~1/22
implies that
F(z) — F((ImQ)Y?w)ezw (2.6)

defines an isomorphism from F3 to F2. Thus (gq,A) defines a frame in L?(R") if
and only if

(Im Q) 71T = Ig A
is a set of interpolation for F2. O

The duality principle Theorem 2.4 further implies:

Theorem 2.7. With the notation in the above proof, the following statements are
equivalent:

(1) Taa- is a set of interpolation for F* and for all F € F* with
> )P =1,
Y€l A0

we have

A< inf |F'||* < B;
F'eF2?, F'=F onl'g ao

2) T is a set of interpolation for F2 and for all F € F3 with
Q Q
> IR 1
yel

we have

A-det(ImQ) < inf ||F'||> < B - det(Im Q);
F'eF3,F'=F onT
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(3) (A, gq) defines a fmme in L*(R™) and for all f € L*(R™), ||f]| =1,

JIAN-T
LB e N
27det(Im Q) — =X 27 det(Im )

Proof. (2.6) implies (1) < (2). By (2.2), we know that (2) is equivalent to that C;}S:
is interpolation (see 2.5) with

B ||ful? Al
el e <

<—2 8 Vel
2" det(Im Q) 2" det(Im Q)

By Proposition 2.3, the above inequality is equivalent to that
B! o At
TS (SN) T
2" det(Im Q) 27 det(Im )
Thus Theorem 2.4 gives (2) < (3). 0

2.3 Proof of the Hérmander criterion (Theorem 1.7).

2.3.1 L?-estimate for the O-equation. ~ We shall use the following special case of
Hormander’s theorem (see [Dem, page 378, Theorem 6.5], see also Chapter 4 in
[Hor90]):

Theorem 2.8. Fiz a smooth (0,1)-form v with v = 0 on C". Let ¢ be a plurisub-
harmonic function such that —3§|z|? is also plurisubhamonic on C™ for some positive
constant §. Then there is a smooth function a on C™ such that Ou = v and

1
/ e <+ / of2 e,
. 5 Jon

where [v|? := 3" |v5|* for v =3 v;dz;.

Proof of the Hormander criterion (Theorem 1.7). Notice that the (-Seshadri con-
stant does not depend on the choose of z € C™/T". Thus, if the Hormander constant

is bigger than one then there exist v > 1 and an weye-psh function ¢ on C"/T" such
that 1) = yT3 near 0 € C"/I for some 3 € B. Let

p:C"—C"/TI,
be the natural quotient mapping. Fix ¢ = {c)\} such that
St
el

Let us apply Theorem 2.8 to

mlz|* + w(pv(z)), v(z) = ZcAeﬂ(z_A)gx(\z - ),

Ael

¢(2) :=
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where x is a smooth function on R that is equal to 1 near the origin and equals to
0 outside a smooth ball of radius r. Let us take r such that

{zeC:lz=A<r}n{zeC":z-N|<r}=0, VAX£XeT.

Then we know that v is smooth, dv = 0 and

/ lv|?e~? < C,

for some constant thay does not depend on the sequence ¢ = {cy}. Moreover, since 1
is Weue-psh, we know that ¢(2) — (1 — v~ H)7|z|? is plurisubharmonic. Thus Theorem
2.8 implies that there exists a smooth function u such that Ou = v and

/n lu?e™? < (1_’6;1)71_ (2.7)

By a direct computation we know that e~7# is not integrable near 0 € C"/T", hence
e~ is not integrable near I and (2.7) implies that u vanishes at I". Take

F(z) =Y exe™ENx (| = A) — u(2),
el

we know that F'is holomorphic in C”,

/ [F(2)Pe ™ < 0,

for some constant Cy does not depend on ¢ (notice that ¢ is bounded from above)
and F'(A) = ¢, for all A € I'. Thus I' is a set of interpolation. The final statement is
a direct consequence pf Proposition 1.6, which will be proved in Sect. 3.1. O

In order to estimate the L? norm of the extension F in the above proof, we
shall introduce the following Ohsawa—Takegoshi type theorem [OT87] proved by
Berndtsson and Lempert (see [BL16, Theorem 3.8], the main theorem in [GZ15] and
[Blo13] for related results).

Theorem 2.9. Let I' be a lattice in C™. Assume that there exists a non positive
U invariant function v on C"™ such that ¢(z) + w|z|? is plurisubharmonic on C", 1
is smooth outside T and 1(z) —log |z|? is bounded near the origin for some constant
v > n. Then for every sequence of complex numbers {cy}xer with Yy lea|2e ™M =
1, there exists F € F? such that F(\) = ¢y for all A € T and

2 n -1 7Tn _ﬁp . . 2
[|1F|]* < 1—; e p:zllrzrl_}(r)lfw(z)—fylog]z\.
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Proof. Since 1 is I' invariant, we know that ¢ has isolated order  log poles at I,
one may use Ohsawa-Takegoshi extension theorem to extend L? functions from T’
to C". Denote by F the extension with minimal L? norm. By our assumption

i00 <”¢(z) + 7r\z|2> > <1 - ") i09(x|2]?).
Y v
Hence [BL16, Theorem 3.8] or the main theorem in [GZ15] implies

<1 _ ”) / FRem < ™ Jim sup e (4) 7 logl<l?)
Y n n! .0

thus our theorem follows. O

2.4 Transcendental lattices and jet interpolations. Let us first introduce
the following definition for jet interpolations.

DEFINITION 2.3. Let k > 0 be an integer. Let I" be a lattice in C™. Put
N ={a=(ai,...,an) € Ly :a; >0, Zaj < k}.

We say that T is a set of k-jet interpolation for F? if there exists a constant C' > 0
such that for every sequence of complex numbers {cxa}treraen, with
D AT 0N, lexal2e™ ™ =1, there exists F € F? with

, , 6a1+"‘+an
(eﬂlz‘ 8a(e_ﬂ|z‘ F)) ‘Z:)\ = C)\,On \V/)\ € F7 (oS Nk7 8af = 8 f

20z
and ||F||?> < C.
The proof of the Hormander criterion above also implies the following result.

Theorem 2.10. Let k > 0 be an integer. Let I' be a transcendental lattice in C".
Assume that
(n+ k)"

Tl > n!

) (2.8)
then T is a set of k-jet interpolation for F2.

Proof. Since T is transcendental, by (3.2), we know that (2.8) implies that there
exists a non positive I' invariant function ¢ on C" such that v (2)+7|z|? is plurisub-
harmonic on C", 1 is smooth outside " and v(z) — vlog|z|? is bounded near the
origin for some constant v > n + k. Thus the Hérmander L? estimate with singular
weight ¢ (similar to the proof of the Hérmander criterion above) gives the above
theorem. O
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REMARK. If I is transcendental with |I'| > ¢ then

(n+ k)"
n!

)

‘ n;:kr‘>

thus we know that 4/ ”T*k I'is a set of k-jet interpolation for F2. In one dimensional

case, we have the following theorem [GL09].

Theorem 2.11. Let I' be a lattice in C. Then the followings are equivalent:

(1) T is a set of interpolation for F?;
(2) VE + 1T is a set of k-jet interpolation for F? for some positive integer k;
(3) IT'| > 1.

For the higher-dimensional cases, we can prove the following result.

Theorem 2.12. Let I' be a transcendental lattice in C™. If |/ % I is a set of k-jet

(k+1)" n™
(n+k)™ n! -

interpolation for F? for some non-negative integer k then |I'| >

Proof. Put VOF := e 9% (e~*" F) and T, := \/”T*k I'. Assume that ”TH“ I is
a set of k-jet interpolation for F2. Let us define
G(z) == sup{|F(2)|?e ™" : F e F2, VOF(\) =0, V A € T}, }. (2.9)

Then by the Balian-Low type theorem, we know that G is not identically zero on
C™. We claim that G is I'y invariant. In fact, if we put

T\F(2) i= F(z 4 A)e A 2e=m,

Then F ~ T)F is an isomorphism on F? with |[|[F|| = [|T\F||, |TZ\F(0)]* =
|[F(\)|2e~™ and

VO(TAF)(0) = 0 < VEF()) = 0.

Hence G is T, invariant. Put 1) = log G, we know that v is I" invariant, 1(z)+|z|? is
plurisubharmonic on C” and v(2) — (k+1) log |2|? is bounded above near z = 0. Since
I' is transcendental, we know that I'y is also transcendental, thus the I'; invariant
analytic set {1) = —oo} is discrete. Hence (3.2) gives that

(T > k41,
from which our theorem follows. O

REMARK. The above theorem is our motivation for the conjecture A after Theorem

1.1, moreover, notice that limy_, .o % = 1, the above theorem also suggests the

following higher-dimensional analogue of Theorem 2.11.
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CONJECTURE B. Let ' be a transcendental lattice in C™. Then the followings are
equivalent:

(1) T is a set of interpolation for F?;

+k . . . . 2 e . .
(2) /=T is a set of k-jet interpolation for F* for some positive integer k;
(3) IT[ > 5.

REMARK. From Proposition 1.4, we know that the above conjecture implies conjec-
ture A.

3 Hormander constants and Kahler embeddings

3.1 Hoérmander constants and proof of Proposition 1.6. In Definitions
1.3 and 1.5 we have defined the Hérmander constants and the 3-Seshadri constants
for an n-dimensional compact Kéhler manifold (X,w). If all 3; = 1/n and w € ¢;(L)
for some ample line bundle L then we have

nex(w;/ﬁ) = GI(W), (31)

where €;(w) denotes the Seshadri constant introduced by Demailly in [Dem92] (in
fact, from (6.2) in [Dem92], we have ne,(w; 3) = v(L, x), but Theorem 6.4 in [Dem92]
tells us that v(L,z) is precisely the Seshadri constant used in algebraic geometry
when L is ample). In general, the condition ) 3; = 1 is used to make sure that

— CTﬁ

sup{c>0:e is integrable near z = 0} = 1.

REMARK. For transcendental w on a general compact Kéhler manifold, we know
that (see Theorem 3.2 below for the proof and generalizations) ne;(w; 3) is equal
to the generalized Seshadri constant (also denoted by €, (w)) defined by Tosatti in
[Tos18, section 4.4]. In this general case, we shall prove the following result.

PROPOSITION 3.1. Let (X,w) be an n-dimensional compact Kdihler manifold. As-
sume that X has no non-trivial analytic subvarieties, then

o 1/n
sup ey ) = 2@ _ Ux @) (3.2)
BeB n n

Proof. Note that for every § € B, by [Dem, page 167, Corollary 7.4] (our definition
of dd® in Definition 1.5 is half of the one there) we have

(dd°Tp)y = (B1---Bn)~"  (dd°Tp); := lim (dd“T})", (3.3)

r—0 |z—z|<r

which gives

/X W > ea(w; B (B Bu) "t = ealws ).
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Hence

n\1/n
sup €z (w; ) < M

sup ~ (3.4)

On the other hand, we have the following identity proved by Tosatti in [Tosl8,

Theorem 4.6]
. fV wdimV dim V'
= inf | &%——
€ (w) lllgx ( mult,V ’

where the infimum runs over all positive-dimensional irreducible analytic subvarieties
V' containing x and mult,V denotes the multiplicity of V' at x. Hence if X has no
non-trivial subvarieties then (put 8y = (1/n,---,1/n), use (3.1) and the remark
above)

) _ (e

sup ez (w; B) > ez (w; o) = =
BeEB n n
The above inequality and (3.4) together imply (3.2). O

Proof of Proposition 1.6. Apply (3.2) to the case that X = C*/I" and w = dd*(r|z|?),
we get immediately Proposition 1.6 (note that in this case

sup €;(w; B) = tr
BeEB

and [ w" =n!|T)). O

3.2 Relation with the s-invariant. = Our -Seshadri constant is closely related
to the s-invariant introduced by Cutkosky, Ein and Lazarsfeld in [CELO1].

Theorem 3.2. Let (X,w) be an n-dimensional compact Kdhler manifold. Assume

that w lies in the first Chern class of a holomorphic line bundle L on X. Fix 0 =
(B1y -+, Bn) € R™ such that all ﬁj_l are positive integers. Then

ex(w;ﬂ) =

AL (3.5)

where Ly is the ideal of Ox generated by {zi/ﬁl, e ,zi/’g"} and
s(Zg) :=min{s € R : p*(sL) — E is nef}

is the s-invariant of Ig with respect to L (see Definition 5.4.1 in [Laz04]), where p
is the blowing-up of X along Zg with exceptional divisor E.
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Proof. First let us prove €, (w; 3) > m. Note that L is ample since w is positive,
hence

= su >0:u*L —~E is amplel.
@) p{y>0:p v ple}

By Example 5.4.10 in [Laz04], one may replace p by a desingularization f: Y — X
of T3 with exceptional divisor F', more precisely, we have

=su >0: f*L —~F is ample}.
() p{y=>0:f ¥ ple}

which implies that for every v < ﬁ there is a singular metric e=® on f*L with

v-log pole along F such that i00¢ > 0 on Y. Then the weight f.¢ on L will have

the yTs-singularity, from which we know that €x(w; B) = . Hence €;(w; 3) > - IB)

- For every 7y < €.(w; ), we can find

= SL( 5 I
a singular metric e™¥ on L with 77, p-singularity such that 99y > 0. Then e~
defines a singular metric on f*L with y-log pole along F such that i00(f*1) > 0 on
Y, from which we know that e, (w; ) < 0

Now let us prove that e, (w;3) <

= SL(Iﬂ)

REMARK. Since Zg are special monomial ideals, it is not hard to find the explicit
desingularizations. Let us look at the simple example 5 = (1, %) Then, in this case,
we have

= Span{z,23}.
First, one may blow up the origin, so z1 = uv, z9 = u gives
BloZs = Span{uwv, u?},
then we can blow up the point (u,v) = (0,0) := 0, so v = ts,u = s gives
Bl;BlyZs = Span{s?},
from which we know that F' =2 - |{s = 0}|.

3.3 Extremal property of the 3-Seshadri constant. For s-invariant of a
general monomial ideal

Ip:=Span{z®,...,2*"}, ol € Z%,, 2 = zla'i g0,
with isolated zero set {x}, where P is the Newton polytope defined by
P := convex hull of Ui<j<i Poi, Poi i={z e R":2;> a{, 1<i<n},

one may correspondingly define the P-Seshadri constant

€x(w; P) :=sup{y > 0: there exists an w-psh function v
on X with ¢ = 4Tp near z}, (3.6)
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where

Tp :=log Z |2%?, v(P) denotes the set of vertices of P.
a€cv(P)

Then the proof of Theorem 3.2 also implies

1
€x(w; P) = . 3.7
The reason why we only use 5-Seshadri constants in this paper is that they have the
following extremal property.

Theorem 3.3. sup{e,(w; P): (1,...,1) lies in the boundary of P} equals Sups- g, —1
ex(w; /6)

Proof. The proof follows from a very simple fact: for an arbitrary Newton polytope
P such that (1,...,1) lies in the boundary of P, one can always find 5 € R, with

Zﬁjzland
PCPg:={zeRy;: iz1+ -+ Bprp > 1},

hence

ex(w; P) < €x(w; Pg) = € (w3 B)
gives the theorem. O
REMARK. The condition that (1,...,1) lies in the boundary of P is equivalent to

the following identity

— CTP

sup{c>0:e is integrable near z = 0} =1,

see [How01, Guel2] for the proof and related results.

3.4 McDuff-Polterovich’s theorem.  McDuff-Polterovich [MP94] proved that
the Seshadri constant

€z(w) :=sup{y > 0 : there exists an w-psh function

on X with ¢ = ylog|z|? near '}

is always no bigger than the following Gromov width of (X, w) (see [LMS13, Theorem
1.1] and [EV16])

Symplectic

ca(X,w) :=sup {7?7“2 : B, (X,w)}, B, :={ze€C":|z| <r},

Symplectic . L. X
where B, —— (X, w) means there exist a smooth injection f : B, — X such

that f*(w) = weue = %Z?:l dzj A dzj. In fact, the proof in [MP94] also gives the
following stronger result:
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Theorem 3.4. Let (X,w) be a compact Kdhler manifold. Denote by K, the space
of Kdhler metrics in the cohomology class [w]. Then the Seshadri constant €,(w) is
equal to the following Kdhler width

¢x(w) 1= sup {7rr2 : B, Jole, (X,w), dwe Kw},

where

n
B, := zE(C”:Z|zj|2<7“2 ,
j=1

hol, - . L
“B, RN (X,@)” means that there exists an holomorphic injection f : B, — X

such that f(0) =z and f*(0) = weyc-

Proof. The proof here is different from McDuff-Polterovich’s approach in [MP94].
Our main idea is to use the following plurisubharmonic function on C”

10g| 2| +1) |z| <,

Yr(2) = 2< (3.8)
7|z |z| >,

which satisfies

(L1) 9,(2) — 7r?log |z|? is bounded near 0.
(L2) ¥,(2) < |z|> on C" and {z € C" : ,(2) < 7|z|*} = B,.
(L3) For every w € B, and 0 < § < 1 we have

Ur(fs(w)) = thr(w) + mr? log(52),
where fs(w) := (0wy,...,0wy,).
We shall use (L1)-(L3) to prove (P1), (P2) below which imply the theorem:

(P1) If c;(w) > 7r? then e, (w) > 7r?.
(P2) If €, (w) > 772 then c,(w) > 7r2.

Proof of (P1): If ¢, (w) > mr? then then one may think of B, as a Kihler subset
of X. Let us define ¢ such that ¢ = ¢, — 7|z|2 on B, and ¢ = 0 outside B, in X.
Then (L2) implies that 1 is w-psh (note that weye = dd°(7|2|?)). Fix a small & > 0
(assume that & < 772), then by (L1) one may take a sufficiently big C' > 0 such that

Y(2) = max{(z) + C, (mr® — &) log | 2|} (3.9)

is equal to 1) + C near the boundary of B,. Hence % extends to an w-psh function
on X. Notice that ¢ = (772 — ¢) log |z|? near z(x) = 0, hence €, (w) > 7r? — ¢ for all
e >0 and (P1) holds.
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Proof of (P2): To simplify the notation we take r = 1. If €, (w) > 7 then one may
use the construction in (3.9) to produce an w-psh function ¢ smooth on X \ {z}
such that

(%) w + ddp = dd°(¢1 + |2|?) near z(z) = 0,

and w + dd®) > 0 on X, where v; in defined in (3.8). For w € By and 0 < § < 1 let
us define

¢(fs(w)) == Max {91 (fs(w)) + | fs(w)|*, w(jw|* + 2logd) } ,
where Max denotes a regularized max function. By (L3) and (L2)
Y1 (fs(w)) = ¥1(w) + mlog(6?) < m(Jw]® + 2log )

for w € By, with identity holds if and only if w € 9B;; together with (*), we know
that for every 0 < v < 1, one may take a small § such that dd“¢ extends to a Kéhler
form w € K, with

[3(@) = fdd°¢ = dd(¢(f5(w))) = dd(w|w]?) on B,.
Letting v — 1 we finally get ¢;(w) > 7. The proof is complete. O

In order to generalize the above proof to general 3-Seshadri constants, we need to
construct the associated [-version of ¢, in (3.8) (see Lemma 3.8 below). In the next
subsection, we shall use the Legendre transform theory to decode the construction.

3.5 Iterated Legendre transform and proof of Theorem A. The main
ingredient in our proof of Theorem A is the theory of iterated Legendre transform.

DEFINITION 3.1. Let ¢ be a smooth convex function on R™. We call

¢* () := sup a -y — ¢(y)
yeER™

the Legendre transform of ¢. Let A C R™ be a closed set. We call

pa(z) :=supa-x— ¢* ()
acA

the iterated Legendre transform of ¢ with respect to A.
REMARK. Notice that

o) +¢*(a) 2 a -,
hence we always have

pa < .
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LEMMA 3.5. Let ¢ be a smooth convex function on R™. Then
¢(z) +¢" () =a -z
if and only if a« = V¢(x), where

Vo(z) = <§£(x), o ﬁ(@) .

Proof. 1t follows from the fact that x is the maximum point of the following concave
function

Py oy = o(y)
if and only if x is a critical point of . O
PROPOSITION 3.6. If ¢ is smooth strictly convex and A C R"™ is closed then
[z € R": (2) = ga(a)} = {z € R" : V() € A},
Proof. By the above lemma, we have
a-x— ¢ (o) < o(x)

with identity holds if and only if o = V¢(z). Hence V() is the unique maximum
point of the following function

pPrrar— a-z— o (a).

The proof of Proposition 2.2 in [Wan18] implies that p* is smooth strictly concave
on V¢(R™). Hence the supremum of p* on the complement of any small ball around
Vé(z) must be strictly smaller than ¢(z). By our assumption, A is closed, thus
o(x) = ¢pa(x) if and only if Vo(x) € A. 0

DEFINITION 3.2. Let ¢ be a smooth strictly convex function on R™ and A be a closed
set in R™. We call

Qa(9) :==A{z e R" : ga(z) < ¢(x)}
the Hele-Shaw domain of (¢, A).
The above proposition implies that
Q4(¢) = (Vo) (R"\ A). (3.10)
Our key observation is the following:

Theorem 3.7. Assume that ¢ is smooth strictly convexr and A C R™ is closed. If
x € Qa(p) then

pa(z) = sup a-x — ¢*(a), (3.11)
acdA

where DA denotes the boundary of A.
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Proof. Since V¢(z) is the unique maximum point of the following concave function
oo - ¢(a)
and V() ¢ A, we know that for every point a € A,
F(t) = pP(tV6(x) + (1 — )
is increasing on ¢ € [0, 1]. Take £ € [0, 1] such that
tVo(z) + (1 —t)a € 9A,
we know that

p*(a) = f(0) < f() < sup p”(a).
a€0A

Hence the theorem follows. O

LEMMA 3.8. With the notation in Theorem A, for each r > 0 there exists 1, €
psh(C"™) such that

(L1) ¥, — 7r?Tj is bounded near 0.
(L2) ¥y (2) < 7|2|2 on C" and {z € C" : . (2) < 7|2|2} = BY.
(L3) For every w € B? and 0 < § < 1 we have

Ur(f5(w)) = ¢r(w) + 717 log(6?),
where f5(w) := (6% w1, ..., 0% wy).
Proof. Let us consider
Ur(2) = pa(log|z1]?, ... log|z[?),
where
p(x) =m(e™ +---+e™), A:={aeR":a-8>nr’}

Then we have

and

where 0log0 := 0. Hence

pa(x) = sup a-m—z (ajlog% —aj> )
a€A+ ]:1 ™
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where
Ay ={a€[0,00)" :a- B> 7r?}.

Proof of (L1): Notice that ¢, — 7r*Tj is bounded near 0 if and only if ¢4(z) —
SUPaea, @ @ is bounded on (—o0, 0]". The above formula for ¢4 implies that

2 2 2
inf (W — 7TTlogT> < pa(x)— sup a-x <nm

j OIGAJr

for all z € (—o0,0]™. Hence (L1) follows.
Proof of (L2): Follows directly from (3.10).
Proof of (L3): Notice that (3.11) implies

a(w + (log(6%))8) = pa(x) + mr?log(s%), V x € Qa(9),
from which (L3) follows. 0

Proof of Theorem A. Similar as the proof of Theorem 3.4 (replace B, by B? ), we
know that the lemma above gives Theorem A. O

3.6 A partial converse of the Hormander criterion. For general higher
dimensional cases, we do not know whether the Hérmander criterion is an equivalent
criterion or not. Based on Demailly—Paun’s generalized Nakai—-Moishezon ampleness
criterion [DP04], a theorem of Nakamaye [Nak96, Oht19], Lindholm’s result [Lin01]
and the Balian-Low type theorem (see [Hei07, Theorem 10] and [AFK14, Theorem
1.5]), we obtain the following partial converse of the Hormander criterion.

Theorem 3.9. Let I' be a lattice in C™. Denote by ir the Hérmander constant of
(C"/T, weuc) -

(1) If T is a set of interpolation for F? and all irreducible analytic subvarieties of
X are translates of complex tori then tp > 1/n.

(2) IfT is a set of interpolation for F? and the only positive dimensional irreducible
analytic subvariety of X is X itself then

(T )

n n

L =

(3) Assume that weye is rational on T or the Picard number of X is n?. IfT is a
set of interpolation for F* then ur > 1/(ne).

Proof. Denote by 0 the unit of the torus and write w := wWeye. The main idea is to
use the following Demailly—Paun identity proved by Tosatti in [Tos18, Theorem 4.6]

1
dll’l’lv dim V'
w
¢o(w) = inf <fV> ,

V30 \ multeV
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where the infimum runs over all positive-dimensional irreducible analytic subvarieties
V' containing 0, and multyV" denotes the multiplicity of V' at 0. Now let us prove
Theorem (1), by our assumption, it suffices to show that for all complex subtorus

/wd> 1, d:=dimV.
1%

Choose a C linear subspace E of C" such that V' = E/(ENT'). Notice that if I" is a
set of interpolation for 72, then £ NT is a set of interpolation for F?|g. Thus the
Balian-Low type theorem implies that

\v;:/wd/d!>1,
\%4

which gives ep(w) > 1, hence (1) follows. Now assume further that X has no non-
trivial subvarieties, then (3.2) implies

(ner)” /ot = | X| = [T,
thus (2) follows directly from the Balian—Low type theorem. To prove (3), we shall
use the following inequality (see [Ito20, Lemma 3.2])

([, wtmY) TV
>
folw) 2 Xl/%fo dim V'

, if w is integral on T, (3.12)

where the infimum runs over all positive-dimensional abelian subvarieties V' con-
taining 0. Notice that the right hand side of (3.12) is 1-homogeneous with respect
to w, we know that (3.12) also holds for all w = cw’, where &’ is integral on I'. In
particular, it holds true if w is rational on I'. In case the Picard number of X is n?,
we know that w can be approximated by rational w’, hence (3.12) is true for all w.
By Balian-Low type theorem, we have

/wd > d!.
\%4

By Stirling’s approximation, we have
(@) /d > e,
hence (3) follows. 0

3.7 Hormander constants and densities of general discrete sets.

DEFINITION 3.3. Let S be a discrete set in C™. Let ¢ be a non positive function such
that 1 + w|z|? is plurisubharmonic on C™. Let v be positive number. We call (1,7)
an S-admissible pair if 1 is smooth outside S, e=¥/7 is not integrable near every
point in S and there exists a small constant eg > 0 such that

inf > —00, V0 <e<e. 3.13
£<|z—)\\<2au}or some /\GSw(Z) > €=« ( )
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Assume that there exists an S-admissible pair, then we call
1(S) :=sup{y > 0 : there exists ¢ such that (1,v) is S-admissible}
the Hormander constant of S.
Since 9 equals to —oo at S, (3.13) implies that
A= N|>2e, VI#N€ES,
thus S is uniformly discrete. The proof of the Héormander criterion also implies:

Theorem 3.10. Let S be a discrete set in C™. Assume that 1(S) > 1. Then there
exists a constant C' > 0 such that for every sequence of complex numbers a = {ay}rcs
with

af? =3 laafPe ™ =1,

AeS

there exists F € F? such that F(\) = ay for all A € S and ||F||*> < C.

DEFINITION 3.4. Let S be a discrete set in C™. We shall define the upper uniform
density of S as

. n(zo,r)
D*(S) :=limsup sup — o,
() :=lmsup sup

where n(zg,r) denotes the number of points in
B(zp,1r):={2€ C: |z — 2| <r}.

In case S is a lattice in C", we know that DT(S)~! is equal to the Lebesgue
measure of the torus C"/S. In the one-dimensional case, we also have the following
general result.

Theorem 3.11. Let S be a uniformly discrete set in C. Then DT (S)-1(S) = 1.

Proof. Since S is uniformly discrete, we have +(S) > 0, a change of variable argument
gives

W(1(8) — ) 7128) = (u(S) — ) te(S) > 1

for every sufficiently small € > 0. Thus Theorem 3.10 implies that (.(S) — ¢)~'/28
is 2 interpolating. Apply the main result in [0S98], we know that

1> DY ((u(S) — )" Y28) = DF(S) - (u(S) —¢).
Letting € go to zero, we have

DH(S) - u(S) < 1.
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Now it suffices to show that
(S) > DT (S)L.
Assume that DT(S)™! = b, then for every 0 < a < v < b,

n(zo,r)

sup 5

Z0 G(C wr

1
S VRl
B
for all sufficiently large r, which gives

/ i00|2*/2 = 7 > 7 - n(z,7)
B(z(lv )

for all zy € C. Apply the Berndtsson—Ortega construction in [BO95, page 113-114],
the above inequality implies that ¢(S) > a for every a < b. Hence ((S) > b =
D*(S)~!. The proof is complete. 0

Using results from [BO95, OS98], one may also generalize the above theorem to
general weight function ¢ with ¢, bounded by two positive constants. For general
higher-dimensional cases, by [Lin01, Theorem 2], we know that if S is F2 interpo-
lating then DT (S) < 1. However, in general, S may not be F? interpolating even
D*(S) is small enough. Comparing with Theorem 3.10, this means that there exists
S with very small upper uniform density whose Hormander constant is also small.

3.8 Proof of Theorem 1.10.  Notice that if ((Z @ 1Z)2,e~™!) gives a frame
in L2(R?) then (Z2,e~™") defines a frame in L?(R), which is not true by the Balian-

Low type theorem. Now it suffices to prove (2) since (2) implies (1) by the remark
after Corollary 1.9. Put

X :=RY/(z®27)?,

then we know that (X, w) is of type (1,4). Since the moduli space of polarized type
(d1,d2) (dy,ds are fixed positive integers) Abelian surfaces is equal to the Siegel
upper half-space, to prove (2), by the Hérmander criterion, it suffices to show that
the Seshadri constant of a generic polarized type (1,4) Abelian surface is bigger than
two. Since generically a polarized type (1,4) Abelian surface has Picard number one,
by Theorem 6.1 (b) in [Bau99], its Seshadri constant equals

8/V8+1=28/3>2,

where we use the fact that £k = 1,1 = 3 is the primitive solution of the following
Pell’s equation

1?2 — 8k = 1.

The proof is complete.
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4 Non transcendental examples

4.1 Grochenig—Lyubarskii’s example.  Let us look at the following lattice in
R? x R? (see [GL20, page 3, (4)]):

Az{(@—i—;f, ?f) :e,erQ}.

Its symplectic dual is

-1 2
A=< (e, e*—I—*):e*, *eZz}.
O e I
Fix Q = il,,, where I,, denotes the identity matrix. With the notation in Proposition
1.4, we have

-1 2
Faopre =% (€, —=e"+—=f"|:e", fFeZi];.
o {< V3 ¢J> / [@
Let us estimate the Seshadri constant of

W = Weyc -—

2
Z de A dgj
j=1

N | .

on the complex tori X := C? /T'a.a-. Notice that the Riemannian metric induced by
w is precisely the euclidean metric | - |, hence

4
inf A= XN[°= inf 2 (1, -1/V3)]2 ==,
AENET g ne | | 0T e uf? = |(1,-1/V3)] 3

Thus the following ball
Bi={lz| < 1/v3}

contains precisely one point in I'g - and we can think of B as a Kéhler ball in X,
which gives (see Theorem 3.4) the following Seshadri constant inequality

Mng>1 (4.1)

However, from [GL20, page 3, (4)], we know that (A, gr) does not define a frame
in L2(R?). Thus by Proposition 1.4, I'q a- is not a set of interpolation for F2. To
summarize, we obtain:

Theorem 4.1. There exists a lattice in C*> whose Seshadri constant is bigger than
one but it is not a set of interpolation for F2.
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REMARK. By the Hérmander criterion, we know every lattice in C? with Seshadri
constant bigger than two is a set of interpolation for F2. In the above example, one
may further prove that

- >e(w) > = (4.2)
In fact the complex line C(0,2/+/3) covers a subtorus, say
v~ C/(2/V3)Zi),
of X, thus [Tos18, Theorem 4.6] implies that

<Wﬁﬁzﬁwzmm,

from which (4.2) follows.

4.2 Complex lattices. We call I' a complex lattice if
L =T.

One may verify the following:

PROPOSITION 4.2. For a lattice I' in C™, the followings are equivalent

(1) T is a complex lattice;

(2) I' =Z[i{m,..., v} for some ~; € C";
(3) T = AZ[ | for some A € GL(n,C);
(4

) X :=C"/T is biholomorphic to C™/Z[i]™.
Now we can prove a generalization of (4.2).

Theorem 4.3. Assume that T' = AZ[i|" is a complez lattice. Then
m(T') > ey(w) > max {%m(f‘), emm(A)} ,

where

emin(A) == Zecin‘f;':l |Az|?.

Proof. Choose z = A~'w as the new variable, one may assume that A = I,,. Then
= §Zdwj/\dwj > emin(A) - wo,  wp = §Zdzj/\déj.
j=1 i=1
Denote by 1g(z) the Green function on C/Z[i] satisfying

indz A dZ 4 10y = 100 log | z|?.
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then we know that

Y = emin(A) - max{to(21), -, Yo(2n)}

satisfies 27w 4 i00¢ > 0 and has order one log pole at I'. Thus we know that
€0(w) > emin(A), together with Theorem 3.4, it gives the lower bound of the Seshadri
constant that we need. To prove the upper bound, it suffices to choose a subtorus

Vy = C/Zlily, 04~ €T,
then [Tos18, Theorem 4.6] gives
w@ < [ w=l

12

Take the infimum over all 0 # v € I, the upper bound follows. O
REMARK. In case

I'=aZi] x -+ x apZ[i], a; >0,
we have

emin(A) = m(I') = min{a?, ..., a2},
thus the above theorem gives

co(w) = min{a?, ... a2}

4.3 Seshadri sequence and Grochenig’s result. In this section, we shall

rephrase the main result of Grochenig in [Groll] in terms of the Seshadri constant.
The main idea is to consider a sequence of extensions, more precisely, let

{0} =XoC X - CXp=X:= (Cn/l—‘, ng = dime Xz, k>1, (43)

be an increasing sequence of complex Lie subgroups of X. We shall introduce the
Seshadri constant €;, 1 < j < k, for extension from X;_; to X;. Let

i By — X
be the covering map, where E; is an n; dimensional complex subspace of C". Let
E;=FE; 1 ®F},
be the orthogonal decomposition with respect to the Euclidean metric w. Then
I'j:=F;nN 7rj_1(Xj_1)
define a lattice in Fj. Put
Xjy = Fj/Tj,
(in general, X j{ 1 is not a subtorus of X;). Denote by
€j = €eo(w; le_l) (4.4)

the Seshadri constant at the origin of X f_l with respect to w.
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DEFINITION 4.1. We call (4.3) an admissible sequence of X if
€j > Nj —Nj—1, V1<jg<n.
X is said to be Seshadri admissible if it possesses an admissible sequence.

Theorem 4.4. Assume that X is Seshadri admissible, then I' is a set of interpola-
tion in F2.

Proof. Let w: C™ — X be the covering map. Put

F2i= {F holomorphic on ! (X;) : /I(X )

|F2e A" < oo} .

It suffices to prove that each element f in .7-"3-2_1 extends to an element F in ]—"]2 with
[|F|| < Cj||fl|- Since 7~1(X;) is a disjoint union of translates of F; and

7 (X)) N Ej =751 (X-),

the above extension problem reduces to the extension from ,7-"]-2_1\ (X, ) to .7-?\ E;-

j—1

Apply the Hérmander method, it suffices to construct an w plurisubharmonic func-
tion with order (n; — n;_1) log pole along 7T]71(Xj,1). Now the assumption €; >
n; —mnj_1 gives an w plurisubharmonic v; with order n; —n;_q log pole at the origin
of F}, the pull back of v; along the natural projection

gives the function that we need. O

Now we shall show how to use the above theorem to give a new proof of [Groll,
Theorem 9] on the Gabor frame property for (A, ga). The setup for [Groll, Theorem
9] is the following:

Q2 =1l,, TI'ga- is a complex lattice.

Based on Proposition 1.4, we shall prove a similar result with a weaker assumption,
i.e. we shall only assume that I'g p- is a complex lattice. Let us write

To.ae = AZ[i]",

where A € GL(n,C). By the Iwasawa decomposition (see [Buml3, Proposition
26.1]), we have

A=US,

where U is unitary and S is lower triangular with positive eigenvalues \; (U, S are
uniquely determined by A, )\]71 is equal to ; in [Groll, Theorem 9]). Since the
Fuclidean metric w is unitary invariant, one may assume that

Fopre = SZ[i]"™.
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Put
EjZ{ZE(Cnizlz"':zn—j:O}, 1<j<mn,

and

Then we have
F;~C, T~ X\_j11Z[i],
and
&G =N _ji1, 1<j<n
Since n; = j, we have n; —n;_; = 1. Hence if
A—ji1 >1, 1<j5<n,

then X is Seshadri admissible. Thus Theorem 4.4 implies the following slight gen-
eralization of Grochenig’s result (notice again that v; = )\j_l):

Theorem 4.5 (Theorem 9 in [Groll]). Let I'g a- be a complex lattice. With the no-
tation above, assume that \j > 1 for all1 < j < n. Then I'g z- is set of interpolation
for F2 (and equivalently (A, gq) defines a frame in L*(R™)).

5 Effective interpolation bounds

5.1 Interpolation bounds in terms of the Buser—Sarnak constant. We
shall use Theorem 2.9 to prove the following:

Theorem 5.1. Fiz a lattice I in C". If

C = inf |ul* >n (5.1)

T
4 0#pel

. . 2 -7y _
then every sequence of complex numbers a = {ay} with Y}~ p |aq[%e * =1 extends
to a function in F2. Moreover,

n—1
M
1—e ¢ E C—g inf HFH2§ (C),
— k! 7 FerF2, F(v) nlen

=a,, V yel'
where

(n+ 1)+t if C>n+1,

M(C) = {C’”“/(C—n) if n<C<n+1.
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Proof of the lower bound. Notice that (by an induction on n)

tnl

—CZ / —tn_l dt

and
{zeC':mlz—7P<CIn{zeC:nlz—+*<C} =0, Vy#+ €T,

It suffices to show that
tnfl

C
F(2)|Pe ™" > |F y 26_”7|2/ et dt. 5.2
J o IFC) e [Tt (5.2

Notice that

/ |F(2))2e 3 = =P / |F(w + ~)e ™" 7| 2eIvl)
{m|z—|><C} {m|w[><C}

The main observation is that the Taylor expansion

G(w) = Flw+7)e ™ 7 = F(y) + Z Cow?,

is now an orthogonal decomposition, i.e.

/ G w)2e ™ = |F ()2 / L
{m|w2<C} {m|w|2<C}

+Z|Ca|2/ ’wa|2e—7r\w‘2’

{rlw><C}

from which we know that

/ F(z)[2e " > |F<v>\26‘””2/ et
{rlz—v|2<C} {mlw[?<C}

Now put t = 7|y|?, we have

C n C tn—l
/ eIl = / e ld— = / et dt,
{mw|?<C} 0 ntJo (n—1)!

which gives (5.2). O

Proof of the upper bound. The main idea is to use Theorem 2.9. The definition of C'
implies that

B:={zeC":7z]* < C}
is embedded ball in X := C"/I". For

Ql=
IA
(=%}
A

S
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put (notice that {§|z|? < 1} C B)

s(2) = log(8|z|?) + (1 —6]z?) 6]z <1
" 0 2e X\ {02 < 1}

Then we have
1005 > —0 - i05|z|2.

Denote by 1 the pull back to C™ of 71)5/6. Apply Theorem 2.9 to v, we get

-1 _n
inf ||FH2 < <1 N n6> Lefn(lJrlogé)'
™

FeF?, F(y)=a,, ¥ yel n!

Put

no

Ti=—

T )

then n/C <z <1 and
-1
LN T g ]
T n! (1—=xz)z" nler
Thus the upper bound follows from
n
inf ' = M(CO).

n/C<z<1 (1 —z)z™
The proof of Theorem B is now complete. O

5.2 Interpolation bounds in terms of the Robin constant. In this sub-
section, we shall generalize Theorem 5.1 to the case that ey(w) > n. The main idea
is to consider the following envelope with prescribed singularity

YT = sup{tbp < 0: 27w + 0y > 0, 1bp has an isolated order a
log pole at the origin}

on the torus X = C"/T". Denote by v, the pull back to C" of 7.

DEFINITION 5.1. We call 1, the a-envelope function on C" associated to the lattice
I' and

Pa = limiélfzpa(z) —alog |z

the a-Robin constant of T

We have the following generalization of Theorems 5.1 and B.
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Theorem 5.2. Assume that € := eg(w) > n. Put

s
C=>. inf |u 5.3
el (5.3)

. _ 2
Then every sequence of complex numbers ¢ = {cy} with Z'yEF ey |2e T =1 ez-
tends to a function in F2. Moreover,

n—1
c* . . ny\—1a"
1—e @) 7 < in IFIP < inf (1-2)7 Toemmele
P k! FeF2, F(vy)=c,, V nel n<a<e a n!

Proof. The proof of the lower bound is the same. For the upper bound, it suffices to

apply Theorem 2.9 to ¥ = 1,. a

REMARK. In case n = 1, we know that

e:/ o
c/T

Moreover, ¢7 is also well defined. In fact, we have the following
PROPOSITION 5.3. 97 is equal to the unique solution, say 1, of
i00Yy + 21w = € -iddlog |z|>,  supv =0,
X

on X =C/T.

Proof. Since

/i86¢+27rw—/ 27rw—27re—/ €-i00log |z|?,
X X X

from the Hodge theory, we know that up to a constant there exists a unique solution
1) such that

100 4 21w = € - 10D log | 2|2

Thus if we assume further that supy ¢» = 0 then ¢ is unique. Moreover, we know
that v is smooth outside the origin and v — elog |2|? is smooth near the origin, thus

Y <

On the other hand, notice that 7 — 1) is subharmonic, thus ¢ — 1 is equal to a
constant, say A. Take zy such that ¢ (z9) = 0, then

A =1 (20) — ¥(20) = 7 (20) <0,
which gives
Y >
Hence ¢ = 7. a

REMARK. The above Proposition implies that 97 is equal to the Arakelov Green
function up to a non-zero constant (see [Fal84, page 393 and 417]).
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5.3 Faltings’ identity for the Robin constant.  Notice that

Jwre=1.

we know that [w/e] is the Chern class of the line bundle, L = [0], over X. Choose a
metric h on L such that the Chern curvature satisfies

i©(L, h) = 27w/e.
Denote by s the canonical section of [0], then we know that
i00log |s|7 = i0dlog |2|* — 27w /e,
which implies that
elog|s|? — sg{pelog |s|2 = 4T (5.4)

The pull back of the line bundle [0] to C is a trivial line bundle, thus one may
identify the pull back to C of s with a holomorphic function, say f*(z) on C. In case
I' = Spany{1,7}, Im7 = ¢, (up to a constant) we have

fs(z):19<z+;+;;7>,

notice that 5+ 5;7) =0) where
i hat % 5 0) wh
19(2; 7_) —. Z e?ﬂ'inzeﬂ'inQT
nez

is known as the Jacobi theta function. The following formula for the Robin constant
is based on the Faltings’ theta metric ||0|| (see [Fal84, page 403, 413 and 416] or the
function U below).

PROPOSITION 5.4. Assume further that I' = Spany{1,7}, Im7 = €. Denote by 1.
the pull back to C of YT, then

€ 1 _ €)2
e _ logU —suplogU, U(z):=[9(z+ -+ z;7' e~ m(Imz+3) /6}2, (5.5)
€ C 2 2
and the e-Robin constant of A defined by

Pe 1= limicr)lfij)e(z) — elog|z|?

satisfies

Pe - 2log(2m) + 6log |n(T)| — suplog U, (5.6)
€ C

where n() is the Dedekind eta function defined by n(r) := e™™/12TI%2_ | (1 — €2™77).
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Proof. One may verify that U is I-invariant and

i00log U = —2mw /e + Z iddlog |z + 7|2,
vyer

thus (5.5) follows. To prove (5.6), it suffices to show that
lim U (2)/|2]* = (2m)* - [n(7)|°

or equivalently

o9 (1 _ 2
bt et o me/4|4 _ 2 6
1 (5+57) ™ = ol

ol (1 7 A
(827 <2 + 2;7) e /4> = (2m)® - (1)

(since both sides are cusp forms of degree 12 with the same leading term). O

which follows from

REMARK. Notice that

suplogU = 2 - sup log |19 (2;; 7') eiﬂ(ImZ)Q/E‘
(o}

zeC
and
sup log }19 (z;7) e_”(Imz)z/E‘ = sup ¢(t) — wt?/e, H(t) := sup log|0(z;7)|.
zeC teR Im z=t

2miz

Since 1 is an even function of z and depends only on ™%, we know that

¢(t) = ¢(—t)
is an even convex function of t. Moreover, since [ (z;7) e~ 7(Im2)*/ 6’ is I' invariant,
we have
suplog ¥ (z;7) e*”(lmzy/e‘ = sup ¢(t) — wt?/e
zeC 0<t<e
and

d)(t) = sup log | ZeQTrin(x—i-it)eﬂinzT‘_
0<z<1 nel

Notice that
e(j)(t) < Z e—27rnte—7rn26
nez
with identity holds if 7 = 7e. By the Poisson summation formula, we have

2 . 2 . 2
ﬁ_ P /e§ :627rznze e _ § :627r2nz/ee ™ /e7

ne”Z nez
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take z = it, we get
e(b(t)fﬂ'tz/e < e*ﬂ't2/€ ZefQﬂntefﬂn% _ i . Z e*ﬂnt/eefﬂ'nQ/e,
nez \/E nez

which gives

2 1 2 )
sup ‘19 (2;7) e~ m(Im2) /6| <. Ze—wn Je _ Ze—wn ‘.
zeC \/E yer4 =

(for a higher-dimensional generalization of the above argument, see [Pal8, Lemma
8.2]). By (5.6), the above estimate gives the following lower bound for p./e.

Theorem 5.5. The e-Robin constant of I' = Spany{1,7}, Im 7 = € satisfies

% > 2log(2m) 4 6log |n(T)| — 2log Z e~ (5.7)
nez

with identity holds if T = ie.
5.4 Proof of Theorem B.

Proof of (1) and (2). Notice that the disc of diameter fo;ﬁAeF |A| is contained in a

fundamental domain of C/T. Hence |A|~! = |T'| > C. The frame bounds estimate
follows directly from Theorem 5.1 and Theorem 2.7. O

Proof of (3). For the lower bound, by Theorem 5.2 (let a go to €), it suffices to
compute the e-Robin constant p, where

e:=almTt

is the Seshadri constant. Denote by p’ the Im 7/a-Robin constant of C/(1,7/a), then
a change of variable argument gives

Thus

p/e =7 /(Im7/a) > 2log(2n) + 6log |n(T/a)| — QInge—ﬂ—nQImT/a’
ne”Z

by Theorem 5.5. Apply Theorems 5.2 and 2.7, we get the lower bound. The upper
bound follows directly from Theorems 2.7 and 5.1. O
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