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Abstract: In this paper, we develop multiple synergistic hybrid feedback control laws for
mechanical systems on matrix Lie groups with left-invariant metrics. With the goal of globally
asymptotically tracking a desired reference trajectory, we propose a hybrid proportional-
derivative (PD) type control law and an output feedback version which only utilizes configuration
measurements. Moreover, to ensure global asymptotic tracking in the presence of a constant and
unknown disturbance in the system dynamics, we introduce two novel proportional-integral-
derivative (PID) type control laws with slightly different properties in terms of gain selection
and integral action. The theoretical developments are validated through numerical simulation

of an underwater vehicle.
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1. INTRODUCTION

Synergistic control is a hybrid feedback control methodol-
ogy that selects the state-feedback control action based on
the value of multiple Lyapunov-like functions (Sanfelice,
2021; Mayhew, 2010; Mayhew et al., 2011). A hybrid syner-
gistic control law solves the tracking problem robustly and
globally on noncontractible manifolds, which is unattain-
able using conventional continuous or discontinuous con-
trol laws (Bhat and Bernstein, 2000; Mayhew et al., 2011).

The synergistic control paradigm is applied to orientation
tracking control for rigid bodies utilizing quaternions in
Mayhew et al. (2011), where a globally asymptotically sta-
bilizing PD-controller is derived. The paper also introduces
an output-feedback version of this control law. Synergis-
tic potential functions are utilized to derive PD-controllers
for global asymptotic tracking control for rigid body ori-
entation on SO(3) in Mayhew and Teel (2013). A smooth-
ing approach for the devised controller is presented, which
ensures continuity of the control signal provided that de-
sired acceleration is continuous. The work also presents
a constructive procedure for a class of synergistic poten-
tial functions on SO(3). A class of global synergistic con-
trollers with integral action for tracking control on SO(3)
is presented in Lee (2015). The switching mechanism de-
pends explicitly on the value of the integral state. Syn-
ergistic potential functions are generalized to synergistic
Lyapunov functions and feedback pairs in Mayhew et al.
(2011) and further generalized in Schmidt-Didlaukies et al.
(2022), which allows the logic variable to change during
flows. The synergistic framework has also been utilized in
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Marley et al. (2021), where synergistic control barrier func-
tions are proposed.

An adaptive hybrid feedback control law ensuring global
asymptotic tracking for marine vehicles is developed in
Basso et al. (2022). This control law is derived from a set of
potential functions and a hysteretic switching mechanism,
which are required to satisfy a set of assumptions. These
assumptions are less restrictive than the synergistic con-
ditions in Mayhew (2010) and Mayhew and Teel (2013).
However, the switching mechanism is not directly encoded
through the potential functions as with synergistic poten-
tial functions.

A continuous intrinsic controller with integral action on
compact Lie groups is presented in Maithripala and Berg
(2015). The integral action stems from integration of the
P-action in the controller. The controller ensures bounded
tracking error in the presence of uncertainty, and almost
global asymptotic stability in the absence of uncertainty.
Several similar controllers with integral action are pre-
sented in Zhang et al. (2015). Here, the integral action
stems from integrating the PD-action in the controller.
This controller achieves almost global asymptotic stability
in the presence of a constant disturbance.

The contribution of this paper is threefold. First, we pro-
pose a baseline synergistic PD control law ensuring global
asymptotic tracking for mechanical systems on matrix
Lie groups with a left-invariant Riemannian metric. The
second contribution is a generalization of the synergistic
output-feedback control law proposed for orientation con-
trol in Mayhew et al. (2011) to any system whose config-
uration space can be identified with a matrix Lie group.
Finally, we present two novel synergistic PID type control
laws, both of which ensure global asymptotic tracking in
the presence of unknown constant disturbances.

2405-8963 Copyright © 2023 The Authors. This is an open access article under the CC BY-NC-ND license.
Peer review under responsibility of International Federation of Automatic Control.

10.1016/j.ifacol.2023.02.021



Erlend A. Basso et al. / IFAC PapersOnLine 56-1 (2023) 120125 121

This paper is organized as follows. Section 2 introduces the
notation used in the paper and a background on matrix Lie
groups. Section 3 introduces the equations of motion and
the assumptions on the desired trajectories. In Section 4,
we derive the error system and give the problem state-
ment, before Section 5 defines the concept of a synergistic
function. Then, we present a synergistic hybrid PD con-
trol law in Section 6 and an output feedback version which
only utilizes configuration measurements in Section 7. Sec-
tion 8 introduces two novel synergistic control laws with in-
tegral action, both of which globally asymptotically track
a given bounded reference trajectory in the presence of
a constant and unknown disturbance. Finally, Section 9
presents a case study with simulation results of both PID
control laws, before Section 10 concludes the paper.

2. PRELIMINARIES

The Euclidean inner product in R™ is written (x,y), and
the Euclidean norm is denoted |z| = (z,z)'/2. The entry
of a matrix a € R™*"™ corresponding to the ith row and
jth column is denoted a;;. The closed ball of radius r
in R"™ is the set rB = {& € R™ : |z| < r}. The range
(or equivalently, the image) of a mapping f : R™ — R”
is defined as rge f = {y € R™: 3z € R™ such that y =
f(z)}. A function V : Y — R, where Y C R", is proper
if the preimage of any compact set K C R under V is
compact. For f: R™ — R™ and A € R™*™  we say that
[ is A-monotone if (f(z) — f(y),z —y) > (A(z —y),z —y)
for all (z,y) € R™ x R™. We say that f is monotone if it
is 0-monotone. A matrix Lie group G is a closed subgroup
of the general linear group GL(n) = {g € R™*" : det g #
O}. The Lie algebra of a matrix Lie group G is denoted g,
and is defined as g := {a € R™" : t €e R = exp(at) €
G}, where exp : R"*™ — GL(n) is the matrix exponential.
The Lie algebra g is a real vector space with dimension
equal to the dimension of G as a manifold. Therefore,
there exists an isomorphism (-)": R™ — g with inverse
(-)¥: g = R™, where m denotes the dimension of G. For
g € G, £ e R™and ( € R™, we define the adjoint mappings
Ad:GxR™ - R™and ad : R™ x R™ — R™ by Ady§ =
(g{“g’l)v and ad¢ ¢ = (H(A —(nen )v, respectively. For
each ¢ € R¥, we define a left-invariant vector field X¢(g) =
g€ on G with g € G. The Lie derivative of a continuously
differentiable function V': G — R along the vector field X,
can be written as (DV(g), X¢(g))), where ((a, b)) :== tr(aTb)
is the Frobenius inner product and

v ... B8V
dai1 dayj
DV(@)=| : .
ov. ... BV
da;q da;;

The Lie derivative can be rewritten using the Euclidean
inner product by defining the mapping dV : G — R* by
(dV(9),&) = (DV(g),Xe(g))). Finally, the bilinear map
VM. RF x RF — R* induced by the inertia matrix M is
defined by (Bullo and Lewis, 2005)

Ay ::%ad,,n—%M‘l[adIMn—i—ad;Mu]. (1)
Observe that MVMy = —ad] M.
3. MODELING

Consider a fully actuated control-affine mechanical system
whose configuration space can be identified with a matrix
Lie group G C R™ ™ with dimension m. Let g € G denote

the configuration and v € R™ the body velocity. The
equations of motion are given by

g=gv", (2a)

Mv —ad! Mv = f(g,v) + . (2b)

where M € R™*™ is the inertia tensor and adI Mv
describes inertial forces arising from curvature effects.
Moreover, the continuous mapping f : G x R™ — R™

describes other external forces, and 7 € R™ is an idealized
control force.

Assumption 1. The desired configuration t — g4(t) and
its derivatives up to the second order are bounded and
continuous, and t — det g4(t) is bounded away from zero.

For every desired configuration satisfying Assumption 1,
there exist scalars a > 0 and ¢ > 0 and a compact set {2 C
G such that the desired configuration and body velocity
t — (ga(t), va(t)) is a complete solution to the constrained
differential inclusion

9d = gav
by € cB™ } (9a,va) € 2 x aB (3)

4. ERROR SYSTEM AND PROBLEM STATEMENT

Define the left-invariant configuration and velocity errors
by
Je = g(;lga (4)
Ve =V —VUp =V — Ad;e1 Vg, (5)
which results in the error system
Je = gevy
Ve =M Y(ad] Mv + f(g,v) +7) —0n
9d = gavy
vy € B™

zeX  (6)

where 7, = Adg_: vg—ady, Vp, & = (ge, Ve, gd, Va) € X and
X =G xR™ x 2 x aB.

Problem statement: For a given compact set A C G,
design a hybrid feedback control law with state £ € = and
output 7 € R™ such that the compact set

T=Ax{0} x 2xaB xS, (7)
is globally pre-asymptotically stable for the resulting hy-

brid closed-loop system, where & C = is the controller
state attractor.

5. SYNERGISTIC FUNCTIONS

The following definition of a synergistic function is similar
to the ones found in Mayhew (2010) and Mayhew and Teel
(2013).

Definition 2. Let Q C R be a finite set and A C G be
a compact set. A continuously differentiable function V :
G x @ — R is synergistic with respect to the set A if

e V is proper and positive definite with respect to a set
B C A x @ defined such that for every g € A, there
exists ¢ € @ such that (g,q) € B.

e there exists § > 0 such that the synergy gap

nv(9,9) = V(g,q) — min V(g,p), (8)
satisfies vy (g, q) > ¢ for each (g,q) € (EU(AXQ))\B,

where

E={(9,9) €GxQ:dV(g,q) = 0}. 9)
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The function V from Definition 2 can also be thought of
as a family of potential functions indexed by Q, {V,}4c0,
such that V(g,q) = V,(g) for all (g,q) € G x Q. Further-
more, there exists a family of compact sets indexed by @,
{By}qeq, such that A = UyeqBy and B = Ugeq (B, % {¢})-
For each ¢ € @, V, is a proper and positive definite func-
tion with respect to By. It must be remarked that there
may exist ¢ € @ such that B, = (}, in which case the cor-
responding function V; is proper and everywhere positive.

Definition 2 also requires that if g € (£, U A) \ By, where
&4 denotes the set of critical points of V;, then there exists
d > 0 such that V,(g) — min,eq Vp(g) > 0. Hence, if g is a
critical point of V; that is not in By, or g lies in B, with
p € Q\{q}, then the minimal value of s — V;(g) is at least
d lower than V,(g). A consequence of this fact, continuity
of the potential functions, and positive definiteness of the
potential functions is that, for (p,q) € @ x Q, either B, N
B, =0 or B, = B,.

A synergistic function induces the following kinematic
hybrid control law (Mayhew, 2010)

q =0 (97 q) € C’V
¢t €Gv(g) (9,9) € Dy (10)
y=-dV(g,q)

with state ¢ € @, input ¢ € G and output y. Moreover,
the flow set Cy C G x @, jump set Dy C G X @Q and jump
map Gy : G = @ are defined according to

Cv={(9,0) €GxQ:pv(g,q) <5}, (11)
Dy ={(9,9) € G xQ:pv(g,q) >}, (12)
Gv(9) ={q€Q:pnv(g,q) =0}. (13)

Note that the sets Cy and Dy are closed in G X @) due to
the continuity of py . It follows that Cy and Dy are closed
in GL(n) x R, but not necessarily in R™*™ x R.

6. SYNERGISTIC PD CONTROL

In this section, we employ a synergistic function to design
a hybrid PD controller with state ¢ € @ which renders
the closed-loop system globally pre-asymptotically stable.
Moreover, we employ a novel feedforward control which is
independent of the system velocities.

Defining the following velocity independent feedforward
control

ktf(9e, 9ds Vd, Va) = MAdgfe1 g — adIy.MyT — f(g,vr),(14)
we propose the following synergistic PD control law

(967Q) € CV
(ge;9) € Dv (15)

i=0
q+ € Gy (ge)
T= Hff(gemgrh vd, Vd) - dv(gevq) - Kdye

where V is synergistic with respect to a compact set A
and K4 € R™*™_ Observe that the feedback control law
(15) comprises a proportional action dV and a derivative
action Kgv,..

Using Lemma A.1, the interconnection between the control
law (15) and the error system (6) leads to the following
closed-loop system

Ge = gev{
Ve = =V, ve
+ M~ (f(g,v) — f(g,vr))
. 1 € Ch
Hy: - M7H(dV(ge,q) + Kave)
9d = gav}
g € cB™
q+ S GV(ge) x1 € Dy

where x1 = (ge, Ve, 94, V4, q) € X1 and
X1 =GxR™"x 2 xaB x Q,
Cy={x1 € X1:(ge,q) € Cv},
Dy ={x1 € X1 :(ge,q) € Dy }.
Theorem 3. If there exist ¢ > 0 and K4y € R™*™ such

that v — —f(g,v) is (eI — K4)-monotone for each g € G,
then the hybrid control law (15) renders the compact set

T1=Ax{0} x 2xaBx Q, (17)
globally pre-asymptotically stable for H;.

(16)

Proof. Consider the continuously differentiable function
W1 : X1 — RZO defined by

Wl(xl) = V(QeyQ) + %<Vea Ml/e>- (18)

Evidently, W7 is proper and positive definite with respect
to the compact set 7{ = {z1 € X1 : (ge,q) € B,v. = 0}.
Using Lemma A.2, the time derivative of W7 satisfies
Wl(iZ?l) < 7€|Ve|2 Vr, € (.

Letting G1(x1) == (ge, Ve, 9a, Va, Gv (ge)), the change of W
across jumps is Wi(s1) — Wi(x1) < =6, for all 2y € D,
and s1 € G1(x1). Since Wi is proper and non-increasing
along flows and across jumps, it follows that 77 is stable
and every solution to #; is bounded. In fact, every sublevel
set of W7 is compact and forward pre-invariant, that is,
given r > 0, every solution starting in the set W, ([0, 7])
remains in it. Consider the hybrid system #;,, defined
such that it is equal to H; with the flow and jump sets
replaced by Cq, = C1 N Wfl([O,r]) and Dy, = D1 N
W ([0, 7)), respectively. Then, for each r > 0, the hybrid
system #; , satisfies the hybrid basic conditions (Goebel
et al., 2012, Assumption 6.5). Furthermore, every complete
solution to H; that starts in the set Wi '([0,7]) is a
complete solution to H; . It then follows from Corollary
8.7 b) in Goebel et al. (2012) that, for each r > 0, complete
solutions to H; , converge to the largest weakly invariant
subset W, contained in W; () N {z; € C; : v = 0} for
some v € [0, r]. The closed-loop system is such that v, = 0
implies dV (g, q) = 0. By construction, the only points in
Cy where dV(ge,q) = 0 are those for which (g.,q) € B.
It follows that Wi C 77 and hence that every complete
solution to Hi, converges to 7;. Since every complete
solution to H; is a complete solution to H;, for some
r > 0, every complete solution to H; converges to T7.
Consequently, 77 is globally pre-asymptotically stable for
H1 since it is stable, all solutions are bounded and every
complete solution converges to 77 . Since 7{ C T1, it follows
that 77 is globally pre-attractive. Moreover, 77 is forward
pre-invariant because 77 is forward pre-invariant and

TNT] ={1 € X1:(ge, ) € (Ax Q)\ B} C D1\ (4
is such that any maximal solution reaching 77 \ 7 is

immediately mapped to 7{ via a single jump. It then
follows from Proposition 7.5 of Goebel et al. (2012) that
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Ty is stable. Since 77 is stable and globally pre-attractive,
it is globally pre-asymptotically stable. O

7. SYNERGISTIC OUTPUT FEEDBACK CONTROL

Due to the fact that the feedforward control in (14) is
independent of the vehicle velocities, we can utilize it in
the design of a Lyapunov-based output feedback tracking
control law. To this end, let U : G x H — Ry¢ be
synergistic with respect to A, let h € H C R be a logic
variable, and consider the output feedback control law

dr = g5 (Adg, K5 dU(go, 1)) (ge, s go, b)) € Co

q+ GGv(ge) .
14,90, h) € D 19
Wt € Gulgo) (9es 4,90, h) € D2 (19)

T= Hff(ﬂs» 9dsVd, Va) — dU(go, h) — dV (ge, q).
where g, == gj?l ge is the filter error and

Co = {(ges 4, 9os 1) : (ge,q) € Cy and (go, h) € Cr},(20)

Dy :={(ge: 4. 9o, h) : (ge,q) € Dy or (go, h) € Dy}. (21)

This results in the closed-loop system
N

Je = gelVe
. M
Ve = =V}, Ve

+ M7 (f(g,v) = flg,vr))
— M~ (dV(ge, q) + dU(go, h))
Ho:Q ga=gav)
g € cB™
do = go (ve — Ky dU(go, h))"
qt € Gv(ge
Wt e Gufgoi } T2 e
where 2 = (ge, Ve, 9d, Vd, 4, §o, 1) € X2 and
Xo=@GxR"x02xaBxQxGxH,
Cy ={x2 € X2:(ge,q) € Cy and (go, h) € Cy},
Dy :={x2 € X5 :(ge,q) € Dy or (go,h) € Dy }.
Theorem 4. If A is a finite set, Ky is positive definite

and v — —f(g,v) is monotone for every g € G, then the
hybrid control law (19) renders the compact set

To=Ax{0} x 2xaBxQxAxH,
globally pre-asymptotically stable for #s.

z2 € Co

(22)

(23)

Proof. The continuously differentiable function Ws
X2 = R defined by

1
Wa(x2) =V (ge,q) + U(go, h) + 5(1/6, Muv,).

is proper and positive definite with respect to the compact
set T3 = {a2 € Xo2 : (9e,9) € B,(g90,h) € B,ve = 0}.
The derivative of W5 along flows of the closed-loop system
satisfies
WQ(LEQ) < —<Kf dU(go, h)7dU(gO, h)> Vao € Co

Letting Ga(z2) = (ge, Ve, ga, Va, Gv(ge): 9os Gu(go)). the
change of Wy across jumps is found to be Wa(sa) —
WQ(J?Q) < =6, for all x5 € Dy and sy € Gg(l‘g). By a
similar argument as in the proof of Theorem 3, it can
be shown that 75 is stable and that all solutions to Hs
are bounded. Moreover, every complete solution to Hs
converges to the largest weakly invariant subset W, of
Wy t(y) N {xy € Cy : AU(g,, h) = 0} for some y € [0,7]. In
this set, it holds that g, € A. Since A is finite, the closed-
loop dynamics imply that g, = 0 and hence that v, =

(24)

0. It then follows that dV(g.,q) = 0, which implies that
(ge,q) € B. Therefore, 75 is also globally pre-attractive,
and this set is globally pre-asymptotically stable. The
remainder of the proof uses an argument similar to the one
utilized in the proof of Theorem 3. O

8. SYNERGISTIC CONTROL WITH INTEGRAL
ACTION

We now assume that f(g,v) = f(g,v) + b, where f : G x
R™ — R™ describes a known external force and b € R™ is
an unknown constant disturbance. Consider the following
synergistic PID control law

@ =dV(ge, q)

qt e Gv(ge)

T = My — f(g,v)

— (I + MK 'K;)dV(ge,q) — Kave — Kig

where K; and K; are diagonal matrices with positive
entries and

C3 = 1{(ges0s9) €G X Q x R™ : (g, q) € Cy}  (26)

D3 = {(gevqaw)EgXQXRm:(g€7q)€DV} (27)
Observe that the feedback control law comprises a propor-
tional term (I + MK ;'K;)dV, an integral term K;b and
a derivative term K v,.

(g€7q7 (p) € 643
€y b ﬁ
(9e,q,) € D3 (25)

Let 9o = p— K, b denote the estimation error and define
xr3 = (gmyevgda Vdv‘]a‘Pe) S X3 Wlth XS = g X Rm X 'Q X
aB x @ x R™. The closed-loop system is then given by

Je = ge’/eA
ve = —M"HI+MK;'K;)dV(ge,q)
— M 'Kave — M7 K;

' N dVe zﬂoe) 23 € Cs
Hs : 9d = gdVq

g € cB™

Pe = dV(967‘1)

q+ S Gv(ge) x3 € D3

where C5 = {z3 € X3 :
X3 (967Q) S Dv}
Theorem 5. If A is finite, K, is diagonal and positive
definite, and K is diagonal and positive definite, then the
hybrid control law (25) renders the compact set

Ts = Ax {0} x 2 xaB x Q x {0}, (28)
globally pre-asymptotically stable for the closed-loop sys-
tem Hg.

(ge,q) € Oy} and D3 = {3 €

Proof. Consider the continuously differentiable function
W3 : X3 — R defined by

1 _ —
Wg(l‘g) ::V(g€a q)+§<M(Ve+Kd 1Ki§06)7 V5+Kd 1Ki¢e>

1 _
=+ §<§067Kd 1K190e>~
W3 is proper and positive definite relative to the compact
set
T = {x3 € X3:(ge,q) € B,ve =0, 0. =0} (29)
Differentiating W3 along the flows of the closed-loop sys-
tem yields

W3($3) = —(Kq(ve + K(;lKiQDe), Ve + K;lKiape>.

By a similar argument as in the proof of Theorem 3, it
can be shown that 73 is stable and that all solutions to
Hs are bounded. Moreover, every complete solution to
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‘Hs, converges to the largest weakly invariant subset W3
of W?fl(’y) N{zs € C3 : v + KglKicpe = 0} for some
v € [0,r]. Since v, + K;lKigae = 0 implies that v, +
K; 'Ki¢e = 0, it follows from the closed-loop system Hs
that dV'(ge,q) = 0. Therefore, from Definition 2 and the
fact that A and hence B is finite, it follows that g. = 0
which implies v, = 0. Thus, from 7, = 0 the closed-loop
system implies that ¢, = 0 must hold. Consequently, T3
is also globally pre-attractive, and therefore globally pre-
asymptotically stable for 3. The remainder of this proof
is similar to the proof of Theorem 3. O

Although the cancellation term M K;lKi dV acts as a
rescaling of the proportional action, it may often end
up very small in practice because K, is typically chosen
considerably larger than K;. The cancellation term can be
removed and the assumptions on A and K4 can be relaxed
by modifying the dynamics of the integral state and only
allowing the integral gain to be scalar-valued. To this end,
consider the following synergistic controller with integral
action

$= dv(967 Q) + Kgve

q+ € Gv(ge)
T = MV’V - fT(g7V)
—dV(ge,q) — Kave — ki
which leads to the closed-loop system

(gesq, ) € 6’3

(957‘]730) € 53 (30)

ge = geVé\

Ve = —M 1AV (ge, q) + Kave + kipe)
9d = gavg

Ug € cB™

e =dV(ge,q) + Kave
qt € Gy(ge) x3 € D3
Theorem 6. If k; > 0 and K4 — k; M is positive definite,
then the hybrid control law (30) renders the compact set

Ty = Ax{0} x 2 xaB x Q x {0}, (31)

globally pre-asymptotically stable for the closed-loop sys-
tem Hy.

z3 € C3
Hy:

Proof. Consider the continuously differentiable function
W4 : X3 — R defined by

Wi(zs) ==V (g,q) + 5 (ve, Mve)
+ %<M(Ve + M_lgpe), Ve + M_1906>
W, is proper and positive definite with respect to the

compact set 75 defined in (29). Differentiating W, along
the flows of the closed-loop system yields

Wi(xs) = —(Kqve,ve) — 2ki (Ve, 0e) — ki (M Y00, @o)
= —((Kq— kiM)ve,v.)

- ki<M_1(SDe + MVe)a Ye + MV@>
|2

(32)

< —eq|vel’ — e2lpe
where €1 > 0 and 2 > 0. The remainder of the proof is
similar to the proof of Theorem 3. O

9. CASE STUDY

This section presents simulation results of a small fully ac-
tuated underwater vehicle. The configuration of an under-
water vehicle can be identified with the matrix Lie group
SE(3) = R3 x SO(3). An element g = (p, R) € SE(3)
contains the position p € R? and orientation R € SO(3)

0.5

-0.5

Position [m)]

D3
-1 — — T DP3d

0O 50 100 150 200 250 0 50 100 150 200 250
Time [s] Time 3]
Fig. 1. The position p, desired position pg, roll-pitch-yaw
angles ¢ and desired roll-pitch-yaw angles ¢4.

of a vehicle-fixed frame with respect to an inertial frame.
The equations of motion for an underwater vehicle are
given by (2) with the inertia tensor M = M, + M, com-
prising rigid body and hydrodynamic inertia. Moreover,
f(g,v) =d(v) +~v(g) + b where d : R® — RS is the damp-
ing wrench comprising linear and nonlinear contributions
d(v) = —Dyw — D,(v)v, and v : SE(3) — RS denotes
the net hydrostatic wrench including weight and buoy-
ancy. More details are found in Fossen (2011). The center
of gravity is r4 = (0,0,0.02)m, the center of buoyancy is
rp = 0m, the dry mass is m = 13.69 kg, and the buoyancy
is 1% larger than the weight. The hydrodynamic modeling
is described by

M, = diag(5.5,12.7,14.6,0.1,0.1,0.1)
D, = diag(4.0,6.2,5.2,0.1,0.1,0.1)
Dy, (v) :== diag(18.2|v1],21.7|v2], 37.0|v3|, 1.6]va|, 1.6|vs5|, 1.6|vs])
bi=(2,1,-1,-1,-1,1)

The control law (30) is developed by utilizing the universal
covering group of SE(3), denoted SE(3) := R3 x SU(2),
where SU(2) is the special unitary group of dimension two,
which is isomorphic to the group of unit quaternions. See
Basso et al. (2022) for more details. A unit quaternion
is given by z = (n,e) € S = {x € R* : |z| = 1},
where 7 € R and € € R? describe its real and imaginary
components, respectively. Let ge = (e, ze) = (R(za)(p —
pa),z; " ® 2), where ® denotes the quaternion product
and R : S* — SO(3) is defined by R(z) = I + 2nex +
2(ex)?, where (-)x : R3 — s50(3) is defined by ay 3 =
a x B with o, 8 € R3. It is easily verified that V(ge,q) =
2k(1 — gne) + 2(Kppe, pe) satisfies Definition 2 with k =
1 and K, = 5I3. The other controller gains are set to
K, = blkdiag(1013,2I3) and k; = 0.1. The controller
has been implemented without the feedforward term that
would cancel the acting hydrodynamic and hydrostatic
wrenches to achieve a slightly more realistic picture of its
performance. Simulation results are presented in Figures 1
to 3, from which we conclude that acceptable tracking
performance is achieved despite this simplification of the
control law.
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10. CONCLUSION

In this paper, we have introduced multiple synergistic
control designs for mechanical systems described on matrix
Lie groups. Specifically, we have proposed synergistic PD,
output feedback, and PID type control laws ensuring
global asymptotic tracking of a desired bounded reference
trajectory. Additionally, the PID type control laws achieve
global asymptotic tracking when the system dynamics are
augmented with a constant and unknown disturbance.
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Variational

Appendix A. LEMMAS

Lemma A.1. The feedforward control (14) results in the
error dynamics

Ve = —=Voho, ve + M7 (f(9,v) = f(g, ).
Proof. With 7=kxy¢(ge, 94, Vd, Va), (6) yields
Mv, =M ad,, VT—I—adIMl/ — adITMZ/T + flg,v) — f(g,vr).
Let ((ve,v,) = Mad,, v, + ad] Mv — ad; Muy,. Using
the identities ad¢ v = Véwy — VM¢, adev = —ad, ¢ and
ad, v = 0, it holds that
é(ue, vp) = adI Mv — adIr My, + M ad,, v,
=My, — MVYv + Mad,, v,
= M(V%z/,. — VM4 V%l/,, — V]V\:{Ve)
= M(*V,I,WVe - V%Ve)

(A1)

=-MV), v.. O
Lemma A.2. Forevery £ € R™ and ¢ € R™, it holds that
(€, MV =0, (A2)

Proof. From the identities (n,ad¢() = (adg 7,¢) and
ad¢ € = 0, it holds that

2(¢, MVYE) = (¢, M ad & — ad{ M¢ — ad] M¢)
= (6, Madc & — ad] M¢). (A.3)
By rewriting the last term in (A.3) as ({,—adz M) =
—(ad¢ &, M§), symmetry of M implies that (¢, M ad; &) =
(M¢E,ad¢ €) and the result follows from linearity of the
inner product. O

Lemma A.3. Let A € R™™ and f : R™ — R™ be
continuously differentiable. Then f is A-monotone if and
only if the matrix Vf(x) — A is positive semidefinite for
all z € R™.

Proof. Apply (Rockafellar and Wets, 2009, Prop. 12.3) to
f(z) — Az. O



