Calc. Var. (2023) 62:136

https://doi.org/10.1007/500526-023-02475-w Calculus of Variations
()

Check for
updates

Evolution driven by the infinity fractional Laplacian

Félix del Teso' - Jargen Endal . Espen R. Jakobsen?( - Juan Luis Vazquez'

Received: 4 November 2022 / Accepted: 31 March 2023 / Published online: 21 April 2023
© The Author(s) 2023

Abstract

We consider the evolution problem associated to the infinity fractional Laplacian introduced
by Bjorland et al. (Adv Math 230(4-6):1859-1894, 2012) as the infinitesimal generator
of a non-Brownian tug-of-war game. We first construct a class of viscosity solutions of
the initial-value problem for bounded and uniformly continuous data. An important result
is the equivalence of the nonlinear operator in higher dimensions with the one-dimensional
fractional Laplacian when it is applied to radially symmetric and monotone functions. Thanks
to this and a comparison theorem between classical and viscosity solutions, we are able to
establish a global Harnack inequality that, in particular, explains the long-time behavior of
the solutions.

Mathematics Subject Classification 35R11 - 35K55 - 35A01 - 35B45

1 Introduction

In this paper we study a parabolic equation associated to the (normalized) infinity fractional
Laplacian operator. We recall that the local version of the game had been introduced by Peres
et al. in 2009 [33] where it is shown that the standard infinity Laplace equation is solved by
the value function for a two-players random turn “tug-of-war”’ game. The game is as follows:
a token is initially placed at a position xo € €2 and every turn a fair coin is tossed to choose
which of the players plays. This player moves the token to any point in the ball of radius
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& > 0 around the current position. If, eventually, iterating this process, the token reaches a
point x, € 9%, the players are awarded (or penalized) f(x.) (payoff function). For a PDE
overview of the infinity Laplacian operator and its role as an absolute minimizer for the L
norm of the gradient, see [26, 27].

In 2012 Bjorland et al. [6] introduced equations involving the so-called infinity fractional
Laplacian as a model for a nonlocal version of the “tug-of-war” game. Following their
explantation, instead of flipping a coin at every step, every player chooses a direction and it
is an s-stable Lévy process that chooses both the active player and the distance to travel. The
infinity fractional Laplacian, with symbol AY_, is a nonlinear integro-differential operator,
the original definition is given in Lemma 2.1 below. However, for the purpose of this paper,
we also consider the alternative equivalent definition introduced in [6] (see also [16]) given
by

00 d
A ¢ (x) == Cs sup ‘}lefl/o (P(x +ny) +¢(x —nj) —2¢(x)) ?71% where s € (1/2,1).

[yl=1
(1.1)

The constant is usually taken as Cy = (4°sT (% +s5)) /(7 3 I'(1 —s)) but the value is irrelevant
for our results. In their paper [6] the authors study two stationary problems involving the
infinity fractional Laplacian posed in bounded space domains, namely, a Dirichlet problem
and a double-obstacle problem.

Here, we consider the evolution problem

{8,u(x, 1) = A u(x, 1), xeR" t>0, (1.2)
u(x,0) = uo(x), x e R, (1.3)

with s € (1/2,1) and n > 2. When n = 1 the operator —AY_ is just the usual linear
fractional Laplacian operator (—A)* of order s, and Eq. (1.2) is just the well-known fractional
heat equation [7, 23]. See also a detailed study of that equation using PDE techniques in
[3, 8, 20, 38]. Note that for n > 2 the operator is nonlinear so a new theory is needed.
A non-normalized version is introduced in [12] along with a well-posedness theory for the
corresponding equations of the type (1.2)—(1.3). However, the two problems are not equivalent
nor closely related.

The local counterpart of (1.2), given by d;u = Asou, is studied in [21], where the authors
present several applications such as image processing [10] or tug-of-war games over a finite
time horizon [4]. In this case, the game finishes when the terminal time is reached, instead of
when the boundary of the domain is reached. In the nonlocal case treated in the present paper,
the application to image processing has not been described to our knowledge. However, a
derivation similar to the one in [4], based on dynamic programming, seems to be reasonable.

Here, we develop an existence theory of suitable viscosity solutions for the parabolic
problem (1.2)—(1.3), based on approximation with monotone schemes. We show that the
obtained class of solutions enjoys a number of good properties. As in the elliptic case [6], we
lack a uniqueness result in the context of viscosity solutions. However, we are able to prove
an important comparison theorem relating two types of solutions, classical and viscosity
ones, see Theorem 2.6. As a counterpart, we also obtain uniqueness and comparison of
classical solutions. Moreover, we show that for smooth, radially symmetric functions which
are nonincreasing along the radius in R" with n > 2, the operator —A¥_ reduces to the
classical fractional Laplacian (—A)* in dimension n = 1 (Theorem 6.1). A similar example
regarding nondecreasing one-dimensional profiles can be found in Lemma 6.3. In this way we
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may construct a large class of classical solutions that make the comparison theorem relevant
(Theorems 2.10, 2.12). Note that no similar reduction to a lower dimensional problem applies
in general, even in the radial case (see Sect. 6.2 for a counterexample).

Using the developed tools, we study the asymptotic behavior of the constructed solutions,
and obtain a global Harnack type principle, see Theorem 2.13.

1.1 Related literature

It is interesting to compare the nonlocal model (1.2) with the local version of the infinity
Laplacian that has been studied by many authors, both in the stationary and evolution cases,
cf. [1, 2, 21, 26, 27, 33-35]. Asymptotic expansions for the game theoretical p-Laplacian in
the local case and related approximation schemes in the elliptic case are studied in [19, 29,
30] and in the parabolic case in [28]. For the variational version of the p-Laplacian operator
see [17].

There exist in the literature other nonlocal generalizations of the p-Laplacian and the
infinity Laplacian. Let us mention (i) the normalized version [5, 6] with asymptotic expansions
and game theoretical approach [9, 16, 25]; (ii) nonnormalized version [12] both elliptic and
parabolic; (iii) Holder infinity Laplacian [11]; and (iv) the (variational) fractional p-Laplacian
[13, 14, 31, 32, 36, 37, 39].

2 Preliminaries and statement of main results

First let us fix some notation that we will use along the paper.
For given § > 0, standard mollifiers are denoted by ps. Following [6], we say that ¢ €
Ch1(x) at some x € R” if there exists px € R" and Cy, n, > 0 such that

p(x+3) = p(x) — py -y < Cely>  forall [y| <. 2.1

Note that CS(BR (x)) ¢ CH1(x). Here C,’;(U) is the space of functions on the set U with
bounded continuous derivatives of all orders in [0, k]. Let us also define:

B(R") :={¢ : R" — R| ¢is pointwisely bounded},
UC@R") :={¢ : R" — R| ¢is uniformly continuous},
BUC(R™) := B(R") N UC(R") with lollc,rry == sup | (x)],

xeR”
and for 8 € (0, 1], we define D1 0.6 R") = SUP, yern [@(X) —@(W)I/|x — y|# and
COP(R") := {p € Cb(R") | |pllcos <00}  where lgllcos = Idllc, + llcos.

A modulus of continuity is a nondecreasing function @ : Rt — RT such that
lim, g+ w(r) = 0. For a function f € BUC(R"), we define the corresponding modu-
lus of continuity as follows:

wr(r) = sup | f(+y) = fllc,@mn.

Iyl=r

For a Holder continuous function f € C 0.8 @R, wr(r) < |flcos rB.
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We will also need ¢; := (0,0,...,0,1,0,...,0) € R”, where 1 is at the ith component,
and denote average integrals by

o dn 1 o° dn
. g(ﬂ)m-—w i g(ﬂ)m-

e 7 1425

2.1 Alternative characterization of the infinity fractional Laplacian

We have the following alternative characterization of operator A% that we will use through-
out:

Lemma 2.1 (Alternative characterization) Assume ¢ € C'!(x) N B(R"). Then:
e I[fVo(x) #0O, then

ALP(x) = Cs/o (P +n)+¢x—no)— 2¢(X)) 1+25 where § ==V (x)/IV(x)].
e I[fVp(x) =0, then

AL (x) = Cs sup/ (p(x +ny) — ¢(X)) %

lyl=170
+C5\§?:fl/0 (@(x —ny) = () 57 1+2s

The equivalence when V¢ (x) = 0 follows from the fact that the integrals in this case are
well-defined and can be combined to get (1.1). When V¢ (x) # 0, it can be shown that the
supremum and infimum of (1.1) is actually taken at ¢, see Proposition 2.2 in [16]. To sketch
the proof, assume for simplicity that the supremum in (1.1) is taken at y, and let us argue that
y = ¢. Indeed, by splitting the integral and using the definitions of C-! and the infimum,

AL () < cs/0 (6 G+ 19+ (x — n0) — 20.(0) %

d
< Cs(Vox) - (y — C))/ nrfb +C

Now, since A% ¢ (x) is well-defined and the integral diverges if y 7 ¢, we musthave y = ¢.
A similar argument holds for the infimum.

2.2 Existence of solutions and basic properties

We are able to construct a suitable class of viscosity solutions of (1.2)—(1.3). The two steps
are as follows:
(i) Approximating AY_ by removing the singularity, i.e., we introduce

o0
Le[](x) == Cy s sup ‘;?fl/ (@ +ny) + o (x = nF) = 26(0) 757 1+2S
y
(ii) Discretizing in time by letting T > O and ¢; := jz for j € N, i.e., ; € TN, and then
considering the semidiscrete problem
Uit (x) — UJ (x)
T

= LJ[U/]1(x), xeR" jeN, (2.2)
U%(x) = up(x), x € R™. (2.3)
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We study the properties of (2.2)—(2.3) in Sect. 3. Existence of viscosity solutions follows
by taking the limit in this approximate scheme, as well as properties inherited from the
approximations.

Theorem 2.2 (Existence and a priori results) If ug € BUC(R"), then there is at least one
viscosity solution u € C,(R" x [0, 00)) of (1.2)-(1.3). Moreover:

() (Cy-bound) For all t > 0, [lu(-.0) |y < luollcyee)-

(b) (Uniform continuity in space) For all y € R" and all t > 0,
G-+, 1) —ul, ey < @ug(Iy)-

(¢) (Uniform continuity in time) For all t,t > 0,

lu(,t) — uC, Dllcyrny < @t — i) where @) := inf5>o[wu0(8) +

7 SUpg~q ||£s[uo,¢s]||cb(Rn)]

is a modulus satisfying &(r) < wu,(r'?)+C(r'3 +7), C == ¢s luollcy@n IVl T2

LI (Rm)
1 D%p ”iﬂzﬂé")’ and p is a standard mollifier.

Remark 2.3 The definition of viscosity solutions is given Sect.4 (Definition 4.3). We obtain

viscosity solution as limits of monotone approximations of the problem in Sect. 3.

Note that if u¢ is Holder continuous and s € (1/2, 1), then the above modulii will be
(more) explicit.

Lemma 2.4 Ifug € COP(R) for B € (0, 1], then
Wuo (8) = luolcopd?  and || Leluoslllcymny < c(s, p)luglcopdP .

The above result will be proved at the end of Sect. 4.

~ 1 . .
It follows after a minimization in 6 that w(r) = c(s, p)|uo|co.s7 2, and the solution u will
be Holder continuous with the correct parabolic regularity.

Corollary 2.5 (Existence and a priori results) If ug € CO-B(RM) for B € (0, 1], then there is
at least one viscosity solution u € Cp(R" x [0, 00)) of (1.2)—(1.3). Moreover:

(a) (Cp-bound) Forallt > O [lu(-, t)llcy®m) =< lluollcy@n)-
(b) (Holder in space) Forall y € R" and all t > 0,
lut- 4y, 0) = uC, D)llcymn) < luolcoslyl?.
(c) (Holder in time) There is a constant c(s, p) only depending on s and p such that for all
t,f>0,

. "
lu(-, 1) — u(-, H)llc,®ny < Cluglcoplt — 1.

2.3 Classical solutions, radial solutions, comparison, and uniqueness

There could be other ways of obtaining viscosity solutions, and unfortunately, we lack gen-
eral comparison and uniqueness results. Nevertheless, we can obtain that classical solutions
are unique and we can compare our constructed viscosity solutions with classical sub- and
supersolutions of (1 2)—(1.3).1

1 We will work with classical solutions in Cg. Actually, we can reduce to Cg for the temporal variable, and
to -1 N B for the spatial variables.
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Theorem 2.6 (Comparison between classical and viscosity solutions) Assume ug € BU C (R").
Letu,u € Cg (R™" x [0, 00)) be respective classical sub- and supersolution of (1.2)—(1.3), and
letu € BUC(R" x [0, 00) be a viscosity solution of (1.2)—(1.3) as constructed in Theorem
2.2. Thenu <u <uin R" x (0, 00).

The above result is proved in Sect.7. We want to emphasize that it is done in a rather
nonstandard way, since we inherit the comparison from the approximation scheme when the
solution is classical. In general, this cannot be done in the context of viscosity solutions since
the approximation scheme only converges up to a subsequence.

Remark 2.7 By Theorem 2.6, we can in addition get comparison of constructed viscosity
solutions as long as the initial datas are separated by an initial data which produces a classical
solution.

An immediate consequence of Theorem 2.6:

Corollary 2.8 (Comparison of classical sub- and supersolutions) Let u, v € Cg (R™ x [0, 00))
be respective classical sub- and supersolutions of (1.2)—(1.3) with initial data ug, vo. If
ug < vg, thenu < v.

Corollary 2.9 (Uniqueness of solutions) Classical solutions of (1.2)—(1.3) in Cg (R" %[0, c0))
are unique.

Theorem 2.6 might be an empty statement unless we provide a class of classical solutions
of (1.2)—(1.3). The following result, proved in Sect. 6, solves this issue.

Theorem 2.10 (Existence of classical radial solutions) Assume that ug € C3°(R") is radial
and radially nonincreasing. Then there exists a classical and radial solution u € Cg°(R" x
[0, 00)) of (1.2)—(1.3). Moreover; if Uy(r) := ug(|x|) and Uy(—r) := Uy(r) forr = |x| > 0,
then

o0

ulx,t) = (Ps(-,t) x Ug)(r) = / Ps(r —s,t)Up(s)ds  forall |x| =r,

—00
where Py is the fundamental solution of the one-dimensional fractional heat equation (cf. 5.3).
Remark 2.11 (a) The idea in the above result is that, for radially nonincreasing radial func-
tions, the operators —ASOO’RH and (—A)i{1 coincide (Proposition 6.1), and (1.2) then

reduces to the one-dimensional fractional heat equation.
(b) In view of Theorem 2.6, this classical solution is also a viscosity solution in our sense.

Another class of classical solutions are:

Theorem 2.12 (Existence of classical solutions with one-dimensional profiles) Assume that
Up € CE°(R) is nondecreasing, and let ug € CZ°(R") be defined as

ugp(x) := Up(x1).

Then there exists a classical solution u € Cp°(R" x [0, 00)) of (1.2)—~(1.3). Moreover,

o0

u(x, 1) = (Ps(-, 1) * Uo)(x1) = / Ps(x1 —s,1)Up(s) ds,

—0o0
where Py is the fundamental solution of the one-dimensional fractional heat equation (cf.

(5.3)).

The proof is similar to the one of Theorem 2.10, and we will omit it. One just needs to
note that Ps(-, t) * Uy is nondecreasing.
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2.4 Asymptotic behavior and Harnack inequality

Having established Theorems 2.6 and 2.10, we can prove that solutions of (1.2)—(1.3) behave
like solutions of the one-dimensional fractional heat equation, up to suitable constants. In
Sect. 5, we recall some results on that equation and its fundamental solution denoted by P;.
In Sect. 8, we prove the following result.

Theorem 2.13 (Global Harnack principle) Letu € BU C (R" x [0, 00)) be a viscosity solution
of (1.2)—(1.3), as constructed in Theorem 2.2, with initial data ug € BUC (R") such that
ug #= 0 and

0<uox) < (1+xH~2  forall|x] >R > 1.

Then, for all t > 0, there exist constants C1, Co» > 0 depending only on s, R, and u, such
that

CiPy(lx|. 1) Su(x,t) < CoPs(Ix], 1) forall (x,1) € R" x [1, 00).

Moreover, for all T > 0, there exist constants C’l, 62 > 0 depending only on s, R, and uy,
such that

~ t

C <u(x,t) <Gy - forall (x,t) € R" x [t, 00).

1+25s — 1425

177
@ + ) @+

In particular, u > 0 in R" x [t, 00).

Remark 2.14 (a) Note that uq is not necessarily in L' (R") since the decay required for large
x is the one corresponding to the one-dimensional fractional heat kernel Ps.

(b) The above theorem provides a counterexample to conservation of mass for (1.2)—(1.3):
For any smooth compactly supported 0 < uo € L'(R"), the corresponding solution u
satisfies

~ 1
/ u(x,l)deC]/ — 0 dx
: B (14 [x )

The last integral is infinite if 1 + 25 < n, and hence there is no conservation of mass for
n>3.

(c) In Theorem 2.12, we construct other types of special solutions which could also be used
to prove the global Harnack principle.

3 Properties of an approximation scheme
We will now start the detailed development of the theory. The basic idea we follow is to

discretize explicitly in time and use the asymptotic expansion of AY_ found in [16] to provide
a monotone zero-order approximation of the operator.
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We recall that, for s € (1/2, 1),

[yl=1

o© d 1
(sup/ ¢>(x+ny) 1+2; l;?:fl/ ¢(x+ny)lfz_y—v82s¢(x)>

lyl=1

Lolp)) 1= Cozs (sup][ Bx+ )~ ,% inf 17[ B x+ my)— M —2(x ))

Cs‘s?plli?fl/ (@@ +ny) + o (x =) —2¢(x)) 1+2x 3.1
y

Lemma 3.1 The operator L, : C,(R") — Cp(R") is well-defined and bounded.

Remark 3.2 Note that, in general, A%, : C;°(R") /A Cp(R"). See Sect.9.

Proof of Lemma 3.1 Let ¢ € Gp(RM. Since [Zn~U29dr = Le72% we have
ILe[P1llcprry < ||¢||Cb(R”)<9 s for any ¢ > 0. It follows that £.[¢] is bounded. If

Le[@]is continuous 1t also follows that £, is a bounded operator on C, (R"). To show conti-
nuity at an arbitrary point x; € R", we fix € > 0. By the above bound there is (large) R > 0
such that

€
ILrID1cprry < T

For x, € B(x1, 1), we find by the triangle inequality and supinf(---) — supinf(---) <
sup Sup( ....... )’
|Le[@(x1) — Le[@](x2)|

dn

R

SCSﬁ?pHSFpl / (¢ x1 +ny) + @ (x1 + 1)) — (¢ (x2 + 1Y) + d(x2 + 1)) | 5 ES
l=tlyl=1/e

R dp € €

+2Cs/€ mhf)()ﬂ)—¢’()€2)|‘|‘Z‘|'Zl

R dp €
= 2Cswy, R(X1—x2) Ry +t35

where wg g is the modulus of continuity of ¢ in the ball B(0, |x{ |+ 1+ R). Since the integral
is finite, the last expression is less than € when |x; — x| is small enough and continuity of

L [¢] follows. ]

To state the consistency, we introduce admissible test functions ¢: There is , > 0, such that
() ¢ €C*B,) and (i) ¢ € BR")NUCR"\ B,,).

Lemma 3.3 (Consistency, Theorem 1.1 in [16]) Under the above assumptions on ¢, for every
& < 1x,

Le[p(x) — A%p(x)| = 04(1),
where the bound o4 (1) depends only on |V (x)|~!, ||D2qb||ch(1§,7 ) and Wy fe -
X T Nx

We also need ¢ independent bounds to send ¢ — O.
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Lemma 3.4 (Uniform bound) If ¢ € C,f (R™), then there is a constant c(s) only depending
on s such that

1Le[@10)] < eI VI, G I D*BUE @)
Proof We add to L, the gradient term

1 o dr L dy .
sup lnf tpx O3 = | "I Sup lnf px(y—y =0,
Iy|=1131= rre e M lyl=11yI=

Since the intgrand is bounded, we then split the resulting integral in two—an integral with
the inf and an integral with the sup. The result for the sup-part is:

00 dn
sup [ (PCx+ny) — @) — 1py - ynlo<p<1) —5s T
yi=1Je

Splitting this integral in two, f Er + f roo, and Taylor expanding, we find the following upper
bound

1 D2 " 2 dn 2V ©  dpy D 1 p2-2s
310% e, [ nH%+ IVolic, r%H%_zn *Bllc, 5 —-

1 _
+20Vle, ;'

Minimizing with respect to r then proves the result for the sup-part. The inf-part is similar.
]

Remark 3.5 Note that £, is monotone in the following two ways:

(1) L:[¢] < 0 at any global maximum of ¢.
(i) In the sense of monotone approximations in viscosity solution theory:

Y1 <y inR" = L(e,¥1,7) < L(e,¥,7)  inR",
where Lo[Y](x) = L(e, ¥, ¥ (x)) and L : Ry x BUC(R") x R is given by

lyl=1

* dn . o dn 1
L(e, ¢, r) = Cy | sup V(x +ny) 35 + inf v+ 15 5T
€ n IyI=1J¢ n s€

These properties are crucial in order to obtain approximation schemes that preserves the
properties of the limit problem (1.2)—(1.3).

3.1 Semi-discrete scheme defined on R" x {TN U0}

We will now study the semi-discrete scheme (2.2)—(2.3).

Proposition 3.6 (Well-posedness and properties) Assume ug € BUCR") and e,t > 0.
Then there exists a unique solution U’ € Cy,(R™) of (2.2)—(2.3). Moreover; if

S 25
T < —g7, (CFL)
Cs
then the following properties hold:

(a) (Co-stability) [|U7 ||,y < lluollcyen)-
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(b) (Comparison principle) Let U I and V7 be sub- and supersolutions of (2.2)—(2.3) with
respective initial data uy € BUCR") and v9 € BUCR"). If ug < vg in R", then
Ul < VIiinR" forall j € N.

(¢) (Cyp-contraction) Let U/ and V/ be solutions of (2.2)—(2.3) with respective initial data
ug € BUCR") and vg € BUC(R"). Then

U7 = Vi@ < lluo = vollcy@ny ~ forall j € N.

(d) (Equicontinuity in space) Forall y € R" and all j € N,
U7+ y) = Ulllcy®ny < @ug(lyD)-
(e) (Equicqntinuity jn time) Forall j,k € Nandall) < ¢ < 1,
U/ — U cymny < @(Itjsx —tj]),  where & is defined in Theorem 2.2 (c).

Proof Since (2.2)—(2.3) is explicit and L, : Cp(R") — C,(R") is well-defined and bounded
by Lemma 3.1, existence and uniqueness follows by construction.
Let us then show the different a priori estimates:

(b) Since ug < vo, we have U? < V. Then, by induction assume that U/ < V/. By (2.2),
we get

U ) = VI ) < U700 = VIE) + 1 (£0710) = LoV 1)
= (Vi - viw) <1 - Tés)

o j dr o j dn
+71Cs | sup U’ (x +ny) 37 — sup Vi +ny) 4=
lvl=1Je N N nte

: R dn . Ry dn
+1Cy | inf / Uj(x‘f'ny)m — inf / V](x—i—ny)m
IyI=1J¢ n IyI=1J¢ n

=<0,

where the last inequality follows from the induction hypothesis U/ < V/ and CFL.
(a) Note that

V= inf {ug(x)} and W/ = sup {ug(x)} forallj e N
X€E n

xeR"

are solutions of (2.2)—(2.3). Since inf ,crn {uo(x)} < up < sup,cgn{uo(x)}, we have by (b)
that

inf {ug(x)} = V/ < U/ < W/ = sup {uo(x)}.
xeR? xeRn

(c) By the proof of (b) and the fundamental inequalities | sup(---) —sup(---)| < sup(]---—
.-+ and |inf(---) —inf(---)] <sup(|--+ —--- |), we can also get that
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Cs
% |+ 7Cy

o0
- Sup/ Vj(x‘f‘ﬂy) 1+25
lyl=1Je

U () — VIt )

sup/ U’ (x +ny) 1+25
[yl=1

< ‘Uj(x)—Vj(x)‘(l

+ 1Cy

inf [T S~ i [TVt

Cy
< |vien - v1<x>\( —r?>+2fc sup/ \Uf(x+ny> v1(x+ny>\ Ty
[yl=1

. . C, . g
§HUJ—VJ -t +21C, —Vf’ / Sl
Cp(R") S82 Co@®M) /¢ n1+23
- H Ui —vi :
Co(R™)
In this way we have proved that
HUJ'“ _yit < ” Ui — Vf" forallj € N.
Cp(R") Cp(R™)

An iteration then concludes the proof.
(d) This follows by using the translation invariant properties of (2.2)—(2.3) and part (c).
More precisely, W/ := U/ (- 4+ y) is the unique solution of (2.2)—(2.3) with initial data
wo := ug(- + y) for all y € R”. Part (c) then yields
1U7 ¢+ y) = Ulleywny = W/ = U7 ey < llwo — uollcyeny = luoC- + ¥) — uollcy@n)-
(e) Consider a mollification of the initial data ug s := ug * ps, and denote the corresponding
solution by U 6’ . Choose j = 11in (2.2)—(2.3) to get

1U3 = Ulicy@ny < ThLelUS ey = TlLelugllicymn) = TK (uo,s)-
Now, define

V5j = 5j+1 forallj e N.

Then Véj is the unique solution of (2.2)—(2.3) with initial data vO=yu 51 By (c),

j+1 / / /
1U7 = Ufllcywmy = 1V = Ul llcy®ny < I1Vs — Ullcymn)

(3.2)
= 1U5 = Ullcye) < 7K (0,5).-
Repeated use of the triangle inequality then yields
k—1
107 = U ey = YN0 = U7 ey < koK (0,5) = ek — 1)K (0,).

i=0
Then by (c),
, _ A - e S
IO — U7 ey < 10T — U cymny + 11U = UL ley@ny + 11U = UV llcymm)
< 2llug — uosllcy, + (tj1x — ;) K(uo,s) < 20,(8) + (tjrk — ;) K (uo,s),

uollc,®r) < wuy(8). Hence the result follows by the definition of @. ]

where we used that by properties of mollifiers, [ug — uosllc, < SUP|y <5 luo(- + y) —
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3.2 Semi-discrete scheme defined on R" x [0, c0)

In order to get uniform convergence of our approximation scheme, we need to define it on
R"™ x [0, 00). Let us therefore consider the solution of (2.2)—-(2.3) U, : R" x {t N U0} - R
and the function u, : R" x [0, c0) — R defined as:

e (x,0) == U (x) = up(x),
L tip1—t g 1—tj y,j+1 . . .
ug(x, 1) = L—U{(x) + LU (x) ifr e (1, 1j41] with j € N.

Corollary 3.7 (Well-posedness and properties) Under the assumptions of Proposition 3.6,
there exists a unique pointwise solution u, € BUC (R" x [0, 00)) of (2.2)—(2.3) with initial
dataug € BUC(R"™). The solution, moreover, enjoys Cy-stability, comparison principle, Cy-
contraction, continuity in space, and continuity in time in form of |ug (-, 1) —us (-, D) || ¢y @) <
ot —f) forallt,t € [0, co].

Proof We easily inherit all properties from U, to u,, e.g.
I 1)) HUéj—Fl
Cy T

tjr1—1)  (t—1t))
(s

g1 — 1) ||,
e Dl = == v

Cy

) luolie, = luollc, -

The other properties follows in a similar way, and we only explain the most difficult one, the
continuity in time. Repeating the steps of the proof of Proposition 3.6(e), for
t € (tjsk, tjrkr1landt € (¢, tj41],

()5 (x, 1) — (ue)s(x, )]
< ue)s(r, D) — (ue)s (x, 14| + 1we)s (x, tj41) — (e)s (x, 1)
JHk—1
+ Y Hwe)s(x, tip1) = (ue)s(x. 1)
I=j+1
= |(ue)s(x, D) — (U )5 (0) [+ (U Ts(x) — (ue)s(x, 1)
jHk—1
+ ) WU = (UDHs()1-
I=j+1
By the definition of linear interpolation

(f —tj4x)
T

Ie)s (-, 1) — (UL sl cymny < (U5 — U500y

(tj+1—1)

IUITs — @e)s (- Dl cyrny < U5 — (UDsllcy@n)s

and then by repeated use of (3.2),

jHk—1
1Ge)s (. B = ue)s G D llcy@ny < [ E—tim) + D T+ (41 — 1) | Kuos)
I=j+1
= (7 — K (u.9).
We can then conclude the proof continuing as in the proof of Proposition 3.6(e). O
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3.3 Compactness in UCj,. (R" x [0, 00))

Proposition 3.8 (Compactness) Under the assumptions of Proposition 3.6, there exists a
subsequence {ug, }ren and a u € C,(R" x [0, 00))
such that

ug, — u  locally uniformly in R" x [0, oo)as k — oo.

Proof The sequence {u.}. is equibounded and equicontinuous by Corollary 3.7 (see also
Proposition 3.6). The result then follows from the Arzela-Ascoli compactness theorem. 0O

Taking pointwise limits in the a priori estimates of Corollary 3.7 (see also Propostion 3.6),
the limit # immediately inherits these estimates.

Corollary 3.9 (A priori estimates) Assume uy € BUC(R"). Then the limit u from Propostion
3.8 enjoys the following properties:

(a) (Cy-stability) Forall t > 0, [|u(-, H)llcy@rn) < lluollcyrn)-
(b) (Uniform continuity in space) Forall y € R" and all t > 0,
uC-+y, 1) —u, Olcy®n < @ug([y)-
(c) (Uniform continuity in time) For all t,t > 0,
luG, 1) —u, Dllcymny < @@ —7)  where & is defined in Theorem 2.2.

4 Definitions, existence and properties of viscosity solutions

In this section we define the concept of viscosity solution. Before doing so we need to
introduce two new operators that will be used when testing at zero gradient points.

Definition 4.1 For ¢ € C'!(x) N B(R"),

o0 d
AL () = Cy sup /O (8 0+ + (= 1) = 26(0) -
yl=

00 d
AL 9(x) = Cy |;I\l:fl/o (¢ (x+ny) + ¢ (x —ny) —2¢(x)) nlf%-

We immediately have:
Lemma4.2 For¢ € C1'(x) N B(RY),

AL P() < ALp(x) < AL ().
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Proof Recall Lemma 2.1. The result is trivial unless V¢ (x) = 0. In that case,

A, (x) = Cy sup /0 (P +1y) — p(x)) 1+2S

[yl=1

+CH§I|£1/0 (p(x —ny) — ¢(x)) 1+2v

= C; sup/ (¢(x+ny)—qb(x)) 1+2s

[yl=1J0

— Cy sup (—/0 (¢(x —ny) — ¢ (x)) 1+2§>

lyl=1

< Cy sup <(/0 (p(x +ny) — ¢(x)) 1+23>

[yl=1
~( —/0 (B0 =ny) = $()) 1+2s)>
= ALTo(x).
The result A% ¢ (x) < AS ¢ (x) follows in a similar way. O

We are now ready to define the concept of viscosity solution.
Definition 4.3 (Viscosity solution)

(a) A globally bounded upper semicontinuous function u# : R” x (0,00) — R is a vis-
cosity subsolution of (1.2) if, for all (xg, 1) € R” x (0, 00), all ¢ € C2(Br(xg, to)) N
BUC@R" x (0, 00)\Br(x0, t9)) for some R > 0 and such that

@) u(xo,20) — ¢ (x0, 10) = SUP(x )& B (x0.10) (u(x, 1) — p(x, t)),
(i) u(xo,t0) — @ (xo,t0) > u(x,t) — ¢(x,t) forall (x, 1) € Br(xo, t0)\(x0, t0),
(iii) u(xo, to) — ¢ (x0, t9) > u(x,t) — ¢(x,t) forall (x, ) € R" x (0, c0)\Br(xo, to),

then
1 d (x0, t0) < AL (x0, t0), if V¢ (xo, 70) # 0
{aﬂlﬁ(m, 10) < A" (x0, 10), if V¢ (xo, 70) = 0. .1
(b) A globally bounded lower semicontinuous function u : R" x (0, co) — R is a viscosity

supersolution of (1.2) if, for all (xg, fp) € R" x (0,00), all ¢ € C2(Bgr(x0, 19)) N
BUCR"™ x (0, 0c0)\Bg(xo, t9)) for some R > 0 and such that

(i) u(xo, t0) — ¢ (x0, t0) = inf(x )eBg(xo.10) U (X, 1) — P (x, 1)),
(i) u(xo, t0) — ¢ (xo, t0) < u(x,t) — ¢(x,1) forall (x, 1) € Br(xo, t0)\(x0, 1),
(iil) u(xo, to) — @ (xo, to) < u(x,t) —¢(x,t) forall (x, 1) € R" x (0, 00) \ Br(xo, to),
then
3 b (xo, t0) = A ¢ (xo, to), if Ve (xo,120) #0
3 p (xo, 10) = A ¢ (x0, 10), if Ve (xo,1) = 0. 4.2)
(¢) A function u € Cp(R" x [0, 00)) is a viscosity solution of (1.2) if it is both a viscosity
subsolution and a viscosity supersolution.

(d) The viscosity solution u takes the initial data in a pointwise way: u(x, 0) = ug(x) for
all x € R".
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Remark 4.4 (a) In points where the gradient of u is zero, we only require d;u €
[A% u, A ul.

(b) In the local elliptic and homogeneous case [22], comparison follows without any
condition at points where V¢ = 0. In more general cases conditions are needed. We
impose conditions (4.1) and (4.2) which are generalisations of the conditions introduced
in the local parabolic case [1]. It is easy to show that comparison and uniqueness cannot
hold without such conditions: E.g. u(x,¢) = 1 and v(x, t) = 2sin(¢) would then both
be viscosity solutions of (1.2) since Vu = Vv = 0 at every point. However comparison
does not hold since u(x,0) =1 > 0 = v(x, 0) while u(x, 7/2) =1 <2 = v(x, 1/2).
Let us check that v is not longer a viscosity solution when we impose (4.1). Let K > 0
and0 <y € Cg(R) be radial with ¥ (r) = r2 for |r| < 1 and Y (r) =0for |r| > 2. We
define

¢(x,t) =v(t)+ Ky (x]) + (¢ —t9) forsome 1y € (0, 00).

It is then immediate that v — ¢ has a strict local max at (0, tp) and V¢p = Vv = 0. Now
let tp = 2m, then 9;¢ (0, 2r) = 0;v(0, 2wr) = 2cos(2w) = 2, and by radial symmetry
and followed by compact support of ¢ leads to

00 dn
A5 (0,27) = KC; /0 (¢ (e, 2m) + ¢(—ne1, 2m) — 290, 277))@
5 i , dﬂ . 2-2s
<KC T = KC RS
- /0 e i e g =5 =

if K is small enough. This contradicts (4.1) since
3¢ (0,2m) =2 > 1> AT ¢(0,27).

We conclude that v(x, t) = 2 sin(#) is not a viscosity subsolution in the sense of Defini-
tion 4.3.

(c) Since 9;, A%, A‘é’oJr and AL, are invariant under translations of ¢ by constants, without
loss of generality, we can replace the conditions on the test function in Definition 4.3 by

(i) ¢ (xo, f0) = u(xo, 10),
(ii") ¢ > u (resp. ¢ < u)in Br(xo, fo) \ (xo, f0),
(iii’) ¢ > u (resp. ¢ < u)inR" x (0, 00) \ Bg(xo, tp).

(d) We can also assume that the max is globally strict by adding a small in C% perturbation
to ¢ supported in B, e.g. replacing ¢ by ¢ + 5y where ¢ € Cg issuchthat0 <y <1,
Y = 0in Bg and ¥ > 0 in B%. This new test function also satisfies (c), but with a
strict inequality in part (iii’). Moreover, at the max point local derivatives up to order
2 coinside with those of ¢, while nonlocal derivatives differ by an O(§) term since
|AS U]+ AR Y| + 1A% v < C||1/f||ck2). Before concluding the proof we then need
to send § — 0. Since this is never a problem, we will omit this modification in some
proofs and simply assume globally strict max in the definition of viscosity solutions.

4.1 Existence and properties of solutions

We are now in a position to prove Theorem 2.2.
Proof of Theorem 2.2 By Proposition 3.8 there is a subsequence u, such that

Ug — U locally uniformly inR”" x [0, c0) as & — ot,
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and by Corollary 3.9, u € BUC(R”" x [0, 00)) and satisfies the a priori estimates in Theo-
rem 2.2. Let us prove that @ has the property claimed in part (c). To do this we use two basic
facts about mollifiers: Since ug € BUC(R"), it follows that (differentiate p, use Young for
convolutions)

ID*ug sllc, < ID*plipilluolic,6™  fork e N.

Then by Lemma 3.4, we have the following bound:

1Leluosllley, < cOIVIE T ID? ol uolley,d ™.

Since §72 < 1 4 82, the estimate on & follows after taking § = ri/3,

It remains to check that u is a viscosity solution according to Definition 4.3. By
Remark 4.4(d), consider (xg, 79) € R" x (0, 00) and ¢ € C2(Br(x9, to)) N BUC(R" x
(0, 00)\ Bg (xq, tg)) such that

() u(xo,0) — ¢ (x0, 10) = SUP(x 1)e B (xp,10) (U (X: 1) — P (x, 1)),
(i) u(xo, to) — P (x0,20) > u(x,t) — p(x,t) forall (x, 1) € R" x (0, 00)\ (x0, t9).

Local uniform convergence ensures that there exists a sequence {(x¢, #:)}¢=0 such that

(1) ue(xe, 1e) — P (Xe, Be) = SUP(x eBg(xe o) @(X, 1) — P (x, 1)) 1= M,
(1) ue(xe,te) — P(xe, 1) > ue(x, 1) — ¢p(x,t) forall (x,1) € R” x (0,00) \ (x, te),

and
(xg, tg) = (x0,10) ase — 0.

Recall that Corollary 3.7 ensures that u, solves the semidiscrete scheme. For simplicity,
we use the notation in Remark 3.5. Let ¢; be such that 7, € (¢}, t;41]. It is standard to check
that

ug(Xg, te) — e (Xe, tj)
Iy —1j

= L(&, ue, ug(xe, 1j)).

or equivalently

(e (xe, te) — M) — (ue(xe, tj) - M)
Iy — 1

= L(e,ue — Mg, ug(xe, [j) — M)

By defining &, := u, — M., we have that u.(x., 1) = ¢(xe,t) and ¢ > i1, in R" X
[0, 00)\ (x¢, t¢). Let us then rewrite the scheme to obtain

O (Xe, te) = g (Xe, 1e)

. Cs
= U (xe, tj) (1 — (te — tj)@)

> dn . | dn
+ (te —1;)Cs | sup ua(xa“‘ny»tj)m“' inf us(xs‘*"?y’tj)m
lyl=1Je e b=l nre
Cs
< ¢(xe, 1)) (1_(1‘6_1‘].)&‘8?)
o0 dn . o dn
+ (te —1;)Cs | sup ¢(x8+ny,lju)m+ inf ¢(Xe+77y,lj)m
Iyl=1Je n =1 /¢ n
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that is,

O (xe, le) — P (xe, tj)

te — 1

< L(e, ¢, p(x¢,t))). 4.3)

Assume V¢ (xg, t9) > 0 (the Vo (xp, tp) < O case is similar). Then for g > 0 small
enough, V@ (x,, t;) > 0 for & < &9, and we use (4.3) og Lemma 3.3 to find that

P (xe, ) < Ap(xe, 1)) + 0:(1) + O(7), 4.4)

where o, depends on sup, ., |V@(xe, 1) |~! which is uniformly bounded by the above dis-
cusion. Since ¢ is smooth, for every n € [0, 00),

Vo (xe) ) e—07F ( Vo (xo) )
o) ) e L Yoo
¢<x Vool P\ E Wi "

The dominated convergence theorem then ensures that
2 (e 1)) = AL ¢ (x0.10) ase — 0.

We thus pass to the limit in (4.4) and get the correct viscosity subsolution inequality.
When V¢ (xg, tp) = 0 we have (see proof of Lemma 4.2)

o0 d
L(e. ¢, ¢ (xe. 1)) < sup/ (¢ Cxe +ny. 1)) + ¢ (xe — 0y 1)) — 26 (xe. 1)) lf%

lyl=1
= AL P (xe, 1) + 0,(1),

. . ot
and it only remains to check A% ¢ (xe, 1) 5 AT (xo, 1o). To do that, note that

CTNAS ¢ (xe, 1)) — A3 (x0, 10)]

/ ((¢<xs . 17) = $ 0+ 1y 10)) + (e = 1y, 1) = x0 = 1. 10))

< sup
[yl=1

d
= 2(9 e, 1)) = P (o, “’))>n17+7725

R

/0Z <(¢(xe +ny, t;) — ¢(xo + ny, to)) + (¢(xa —ny,tj) — ¢(xo — ny, to))

< sup
lyl=1

d
= 2(9 e, 1)) = P (a0, ro)))nl—fh

+ sup
[yl=1

_2(¢(x87t]) ¢ (xo, to))) e | = L+ I

/ <(¢><x5 0y, 1) = o + 1y, 10)) + (e =0y, 1)) = B(xo = 1y, 10))

Since ¢ € BUC(R" x (0, 00)),

2 o° d’i +
I; < 4wy((xe — x0,t; — 1)) . m—w ase — 0.
T
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R
Then note that I < [;* F.(n) dn where
1
Fep = i sup | (#xe . 1) = oy )
[yl=1

+ <¢(xs —ny,tj) — ¢(xo — 1y, to))
= 2(¢ ke 1)) = o, 10)) |
By a second order Taylor expansion and continuity of all involved functions,
|Fe(m| < 1D*$llcy(Brproionn' > for esmall, and Fe(y) — 0 pointwise as & — 0.

By the dominated convergence theorem it follows that Ig1 — 0. Finally, the initial condition
trivially holds since u(x, 0) = lim,_, o+ us(x, 0) = ug(x). O

It remains to proof Lemma 2.4 and then also Corollary 2.5 is proved.

Proof of Lemma 2.4 Since ug € C%#(R"), w,,(8) < |ug|c0.s8?, and basic facts about mol-
lifiers yields

I D*uo slic, < c(p)luolcosd* for keN,

see e.g. [18, Appendix A] and [24]. Then, by Lemma 3.4, we have | L:[uoslllc, =<

c(s, p)8—25HP, O

5 Review of basic results on the fractional heat equation

Here we collect some well-known results on the fractional heat equation that we will need,
see e.g. [3, 7, 8, 20]. The one-dimensional problem we consider is

ov(x, ) + (—ng)‘yv(x, t) =0, xeR, >0, 5.1
v(x,0) = vo(x), x eR. 5.2)

The fundamental solution of (5.1) is given by
P, = F @ P @)

. . . . 2
where F denotes the Fourier transform and F ! its inverse. Since the Fourier symbol e lE17
is a tempered distribution, it follows that

Py € C®°(R x (0, 00)).
Moreover, it is well-known that
Py(x, 1) = 175 F(x|t™%), (5.3)

with a profile F(r) that is a smooth and strictly decreasing function of » > 0. We can also
deduce that, for all T > 0, there exist constants ¢y, ¢z > 0 depending only on s, such that

t

C <R§(X,I)§CZ

14+2s — 1+2s

= ————5 forall (x,1) € R x [7,00).(5.4)
(t5 + |x|>) 2 (t + |x[>) 2
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Once the basic properties of the fundamental solution are established, we also recall that
given any 0 < vy € L!(R) (actually a bigger class can be considered), the unique (very
weak) solution of (5.1)—(5.2) is given by convolution as

o0

v(x, 1) = (Ps(-, 1) % vo)(x) = / Ps(x =y, H)vo(y) dy. (5.5

Actually, since it is obtained by convolution with a C* kernel, the solution with nonnegative
L!-initial data will be C® smooth in R x (0, co). We will also need:

Lemma 5.1 (Classical solutions) Let vo € Cp°(R) be radially symmetric and radially nonin-
creasing. Then there exists a unique solution v € Cgo (R x [0, 00)) of (5.1)—(5.2). Moreover,
v is radial, radially nonincreasing, and given by (5.5).

Let us also recall Theorem 8.1 in [8].

Lemma 5.2 (Global Harnack principle) Let v be the very weak solution of (5.1)—(5.2) with
initial data vy € L! (R) such that vy # 0 and

0<u(0) =+ kP F  forall x| = R> 1.
Then, for all T > 0, there exist constants k1, ko > 0 depending only on s and R, such that
killvoll L gy Ps (. 1) < v(x, 1) < kallvoll 1y Ps(x. 1) forall (x,1) € R x [1, 00).
Moreover, by (5.4), for all T > 0, there exist constants C1, C» > 0 depending only on s, R,
and |lvoll L1 (g), such that
t t

o = v(x, 1) < Cr— 1425

o — =
(s +|x[»)2 (s +1x]») 2

forall (x,t) € R x [1, 00).

6 Smooth solutions and the 1d fractional heat equation

This section investigates different smooth solutions of (1.2)—(1.3).

6.1 Radial solutions

We will now focus on obtaining Theorem 2.10. To do so, we will demonstrate that for radially
symmetric and radially nonincreasing functions, the operator A reduces to the classical
fractional Laplacian.

Proposition 6.1 Assume that ¢ € C''(x)N B(R") is radial and radially nonincreasing, i.e.,
d(x) = d(x|) forall x € R,
where ® : [0, 00) — R is nonincreasing. Then
AL ) = —(=87,)° @ (lx]).
where ® is the even extension 0fd~> toR: d(r) = &D(r) and ®(—r) = ®&(r) forr € [0, 00).
Remark 6.2 (a) When ¢ is radial and V¢ (x) # 0, a similar observation has been done in

the proof of Lemma 3.1 in [6].
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(b) “Radially nonincreasing” is needed only when V¢ (x) = 0, but it cannot be removed in
general; see the Sect. 6.2 below.

Proof of Proposition 6.1 Assume V¢ (x) # 0, and let » = |x|. We have that

_ ey Vo) — x
Vo) =——x, VeI =[P, Vol - il

Lemma 2.1 then yields

o d
o (x) = Cx/o <¢ <X(1 + ﬁ)> +9¢ < (1—- ﬁ)> - 2¢(x)) 7717’725
=Cs 1+ — 1- )} —20 —
(o (s gp)ve (= ip) —200m) it

o0 d
=qA @v+m+¢v—m—mw»?%;
= —(=02) 0 (r).
Assume V¢ (x) = 0. Note that

dist(0, 9 B, (x)) = dist <o, x— ni> ,

which implies that

sup WQ»=¢Q—n%O,

€0 By (x)

since ¢ = ®(| - |) is radially nonincreasing. Then,

/O <¢>< ”’ﬁ) ¢ (x )) 1+2v§ fu_pl/ (@ (x +ny) —¢(x)) 1+2v

(7€§gp(x){¢(z)} - ¢(x)) 1525

o (v=ns) o) -
dn
o) o)
In the same way,

™ dn *
|}1’I\l=fl/0 (¢ (x +ny) —¢(x)) MEE =/0 <¢ (x+’7ﬁ> P )) 142s

Finally, Lemma 2.1 and the argument in (6.1) gives the result. ]

so that

I
e
-

sup/ (@ (x +ny) — ¢ (x)) 1+25

lyl=1

Proof of Theorem 2.10 Define vo(r) := Up(|x|) for x € R" and r = |x|, then vo € C;°(R)
is radial and radially nonincreasing. Let v be the corresponding solution of (5.1)—(5.2). By
Lemma 5.1, v is radial, radially nonincreasing, and Cgo smooth. Then by Proposition 6.1,
u(x,t) := v(|x|, t) is a classical solution of (1.2)—(1.3). O
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Fig.1 Characteristic set for the
radial counterexample

Br+

6.2 Counterexample for functions not being radially nonincreasing

We show now an example of a function ¢ not satisfying the radially nonincreasing assumption
in the zero gradient case, and such that the operators AY_ and —(—83,)5 do not coincide. For
R > 0, consider the radial function ¢ : R2 >R given by ¢ (x) = 1p,,\Bg_, (x), see Fig. 1.

We note that at xo = (r,0), we have that ¢ € C"!(xp) N B(R") and V¢ (xg) = O.
Moreover, we have a = 1 and R> + > = (R + 1)%, so that / = +/2R + 1. We denote by
e1 = (1,0) and e» = (0, 1). Then

0 d S d
sup / (¢ (x0 +1y) — $(x0)) 1o = / (¢ (x0 + ne2) = (x0)) —yoge
lyl=1/0 n 0 n

/OO dn 1 1
T ), g T 25 QR+ 1)
and

i > dn * dn
inf /0 (¢ (xo +ny) — ¢(x0)) e /O (¢ (x0 + ner) — ¢ (x0)) piEen

[yl=
. /°° dp. 1
- I 77l+2x - 25'

By Lemma 2.1,

AS > S ! 1
o®(X) = Ts(m—'— )

On the other hand, we define ® : R — R by ®(r) := ¢(|x|) when r = |x| and ®(—r) :=
®(r), and let ro = |xg.
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o0 dn
—(=82)®(ro) = C_\'/ (@(ro+mn) +P(ro—1n) — 2<I>(r0)) MESX

oo

00

oo d’) 2R 1 d77 o] d77
S | n1+2s —Cs | n1+25 -G 2R41 n1+2s

—C
C; 1 1

=—=(2 - .
2s ( TR+ CR- 1)2s>

Finally, taking R big enough, we get

s Cy 1 1 1
_Aoo¢(x0) (=3 @ (ro) < _? <1 + (R + 1)2s - (2R — 1)2s N (2R + 1)&) <0

Thus, the operators cannot coincide.

6.3 Another example of smooth solutions

We present here another example of functions for which A reduces to a one-dimensional
fractional Laplacian. As before, this allows to produce smooth solutions of (1.2)—(1.3). We
will adopt the notation x = (xy, ..., x,) € R".

Lemma 6.3 Assume that ® € Cg (R) is nondecreasing, and let ¢ € Cg(R”) be defined as
¢(x) == P(x1).
Then
ALp () = —(=97,) @ (x1).
Remark 6.4 We could also take & € Cg (R) and nonincreasing in the above result.

Proof of Lemma 6.3 Note that V¢ (x) = ®'(x1)e; and ®'(x;) > 0. On one hand, if ®'(x;) =
0, then it is clear that

AL $(x) = Cy sup / (¢(x +ny) — p(@)) l+2Y+cs inf / (60— 1) — p(0) L %

[yl=1 [yl=1

=Cb/0 (¢(-x+nel)_¢(x)) 1+25‘ +C /0' (¢(x_nel)_¢(-x)) 1+25

= Cs/0 (@1 +m + @1 — 1) — 2¢(x1)) 1+2Y

= (=92, D(x)).
On the other hand, if ®'(x;) > 0, then ¢ = V¢ (x)/|Vo (x)| = e; (cf. Lemma 2.1) and

o0 d
A3 () =cs/ (¢(x+ne1)+¢<x—ne1)—2¢<x))n1—f2s

—(=87 ) P (xy).
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7 Comparison and local truncation errors
We are not able to prove comparison (neither uniqueness) for the family of viscosity solutions
constructed in Sect.4. However, we are able to compare any constructed viscosity solution
with any classical solution.

The argument is based on the fact that for classical solutions we can get full convergence

of the scheme (2.2)—(2.3) (and not just compactness and convergence up to a subsequence).
Then we can inherit the comparison result of the scheme to the limit solutions.

7.1 Comparison and convergence estimates under regularity assumptions

Proposition 7.1 Assume CFLandug € BUC(R"). Letu, v € C2(R" x [0, 00)) be respective
classical sub- and supersolutions of (1.2)—(1.3). Then:

(a) Let Ug, V; respective super- and subsolutions of the scheme (2.2)—(2.3). Then, for all
T < oo,

u+o:.(1)+0() <U; and v+ o0:(1)+ O(r) > Ve, uniformly in R" x {r NUO}.
(b) Let U, be a solution of the scheme (2.2)—(2.3). Then, for all T < oo,
u+o.,(1)+ 0(t) <Us; <v+o.(1)+ O(1), uniformly in R" x {t NUO}.

We immediately get:

Corollary 7.2 Assume CFL. Let u € Cg (R"™ x [0, 00)) be a classical solution of (1.2)—(1.3),
and U, be a solution of the scheme (2.2)—(2.3), both with initial data uq. Then, forall T < oo,

max [lu(-, ;) = Ue (- 1) llcy@ry = 06 (1) + O(7).

1=

Proof of Proposition 7.1 (a) Define the local truncation error,

u(x,tj +1) —u(x,tj)
T

(Re)! (x) := — Leful, 1j)](x). (7.1)

Clearly, since u is a classical subsolution of (1.2) we have (from Lemma 3.3)

u(x,tj +1) —u(x,t;)
T

(Re)! (x) < (

= 0(1) +0:(1)

— deulx, tj)) — (Lelu, 1)) = AL, 1)1(x))

with uniform bounds in #; and x.
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Define now e/ (x) = u(x, t;) — (Ue)! (x) = u(x, t;) — Us(x, t;). By (2.2) and (7.1), we
get

I () = ulx, 1) — U ()

< el () + T(Lelu, 1)) — L[(U) 1)) + T(Re) (x)

00 d 00 . d
v (Sup / u(x +ny, tj)% — sup / Ue) (x + n)’)&)
Ui lyl=1Je n

lyl=1Je

) 0 d'? . o i dT] .
+7C | inf u(x +ny, lj)m — inf Ue)! (x + Uy)m + T(Re)’ (%)

[yI=1 [yl=1

‘STIPI/ el (x + ) 5 1+25 + T(Re)! (x)
y

o0
< sup ¢/ (x)(1 — T )+ 2tCy sup / sup e/ (x + ny) l+2c + 7 sup sup (Re)’ (x)

xeR? |yl=1 xeR? t;<T xeR"
= sup ) (x)
xeR? R ’CER” 1, <T AER"

= sup e-f(x) + T sup sup (Rg)j(x).
xeR” t;<T xeR"

ILe.,

sup ej'H(x) < sup ej(x) + T sup sup (Rg)j(x).

xeR”? xeR”? tj<T xeR"
Iterating, we obtain

sup ej(x) < sup eo(x) + jT sup sup (Rg)j (x)

xeR” xeR" tj<T xeR"
< sup (u(x,0) — (U)’(x)) + T(O(7) + 0:(1))
xeR”?

<0+ O(z) + 0-(1).
By changing the roles of u, U, with —v, —V,, we obtain the other inequality in a similar

way.
(b) Follows directly from part (a). O

7.2 Comparison for classical sub- and supersolutions

In order to continue, we note that Proposition 7.1 and Corollary 7.2 hold exactly as before
with the time interpolant u, replacing U, (cf. the proof of Corollary 3.7).

Proof of Theorem 2.6 The proof is similar for u, u, and we only provide it for u. Since u is
a constructed viscosity solution in the sense of Theorem 2.2, by Proposition 3.8 there is a
sequence uy; € BUC (R" x [0, 00)) of time-interpolated solutions of (2.2)—(2.3) with initial
condition uq such that

ug; —> u locally uniformly in R" x [0, 00) as &; — 0r.

Then by taking the limit as ¢; — 0T in Proposition 7.1(b), we get u < u. O
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“R-1 I-R Ri iR+1

Fig.2 Upper bound for u( in the proof of Theorem 2.13

8 Global Harnack principle

The proof of Theorem 2.13 is based on the relation between our problem and the smooth
solutions of the fractional heat equation, the properties of smooth solutions in 1D for the
fractional heat equation presented in the review Sect.5, and the comparison principle of
Theorem 2.6 for viscosity and classical solutions.

Proof of Theorem 2.13 A key point of the proof is the fact that if v is a smooth, radial,
and radially nonincreasing solution of the fractional heat equation in one dimension, then
u(x,t) := v(|x|, t) is a solution of (1.2)—(1.3). See Theorem 2.10.

(1) Upper bound. Letug : R" — R be such that (i) up(x) = (1+ |x|2)_% if | x| > R+1;
(ii) up is radially symmetric and radially nonincreasing; (iii) #g € C5°(R"); and (iv) ug < uo
in R". Consult Fig.2.

Moreover, let vg : R — R be defined by vy(r) := ug(|x|) with r = |x| and vVo(—r) :=
vo(r). Clearly, vo € Cy°(R) is radially symmetric and radially nonincreasing. Let v be
the corresponding solution of the fractional heat equation (5.1)—(5.2) and define u(x, t) =
v(|x|, t). By Theorem 2.10, u € C°(R" x [0, 00)) is a classical solution of (1.2)-(1.3).

Moreover, u is radial and radially nonincreasing. Since ug(x) = (1+|x|2)_% if|x| > R+1,
then vo(r) = (1 + |r|2)‘1J5A if || > R + 1, so that, by Lemma 5.2, for all # > t we have

_ _ _ t
u(x,tr) =v(x|, 1) < k2||UO||L1(R)Ps(|x|7 N=C—V———%
(s + x>

Finally, since u € Cgo (R™ x [0, 00)) is a classical solution of (1.2)—(1.3) and ug < ugy we
have, by Theorem 2.6, that u(x, 1) < u(x,t).

(2) Lower bound. Without loss of generality, assume 1o (0) = sup, cgn to(x)>0. By continuity
of ug, there exists Ry > 0 such that ug(x) > uo(0)/2 for all x € Bg,(0). Consider e.g. the
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iRy

Fig.3 Lower bound for u( in the proof of Theorem 2.13

scaled standard mollifier

i
]l—— 0
w00 =&y

up(x) =
Clearly, (i) uy(x) = 0 < (1 + [x[2)~ " if [x| > Ro: (ii) u is radially symmetric and
radially nonincreasing; (iii) uy € CS°(R"); and (iv) ug > u, in R" since
2

R,
0) 1-—2— 0
w©) 1~y _ MOTU <uo(x) forallx € Bg,(0)

ug(x) = uy(0) =
and uy(x) = 0 < ug for x € R"\ Bg,(0) (see Fig. 3). From here, the proof follows as in Step
(1) by using the lower bound in Lemma 5.2. O

9 Extensions and open problems

e There is an important open problem concerning the uniqueness and general comparison
principle of viscosity solutions, either defined in our way or another suitable way that
includes existence. For the moment we know that the following two classes of BUC
viscosity solutions are unique: (i) radial radially nonincreasing solutions and (ii) mono-
tone solutions evolving in one dimension only. Uniqueness in these cases follows by
comparison with classical solutions. The problem is also open for elliptic equations of
the same type, cf. [6].

e A main question that we deal with here is: how different is the theory and its results
from the linear case (fractional heat equation)? The answer seems to be that they are
quite different if n > 2, since then the infinity fractional Laplacian is a heavily nonlinear
operator.
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Fig.4 Evolution of the level sets of the solution

CRD

£

o2

t-o1s

e It is not clear whether for n > 2 the solutions evolve in time towards a radial profile
(as in the local case, see below) or preserve a certain distortion. This is an interesting
open problem to which we give a partial answer in our Sect. 8 with the global Harnack
principle. In Fig.4 (obtained with a rigorous finite difference scheme taken from the
companion paper [15]) the distortion of the initial datum can still be observed for all the
computed times.

e Inparticular, the evolution equation for the local version posed in the whole space has been
studied by Portilheiro and the fourth author in [34, 35]. Then, there is a fine asymptotic
behaviour as + — oo that implies a sharp convergence rate to radiality. The Aleksandrov
Principle is a main ingredient in the proof. On the condition that the Aleksandrov Principle
is true for some class of solutions of our Cauchy problem, we could also obtain a similar
sharp asymptotic behaviour as ¢t — oo for such solutions. Such discussion is not included

here.

e Large part of the concepts and results of this paper can be applied to the more general

equation d;u

equation Al u = f(x), thus relating the present results to the results of [6].
e We end the discussion by including an example demonstrating that the operator A
could indeed be pointwise discontinuous, even when applied to some smooth function
¢. Consider ® € Cﬁ (R) satistying ®(x1) = ®(—x) and strictly decreasing for x; > 0.
Asin Lemma 6.3, we define ¢ (x) := ®(x1) (see Fig.5) where, for the sake of simplicity,
x = (x1, x2) € R2. On one hand, when x| # 0, we have ¢ = +e; (cf. Lemma 2.1)
2 )S®(x1). On the other hand, when x; = 0,

which yields A% ¢ (x1,x2) = —(—0
V¢ (0, x2) = 0 and by construction,

inf
lyl=1

X1X1

dn

/0 (¢(0,xz)—ny)—¢(0,m))m 2/0 (@ (xg —n)—<1>(x1))m.

dn

Al u + f(x,t). In particular, this could be applied to the stationary
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1 s
- 5 (*ax‘n) 0(0)

B —(—0uu)®(x1)

Fig.5 Example of discontinuity of the operator A%,

Since x; = 0 is a maximum point and ¢ (0, x3) = ¢ ((0, x2) + nez) = O (xy),

0> sup / (0, x2) + 1Y) — $(0, ¥2) 1+2S

lylI=1

A%

/0 (60, 12) + nea) — $(0, 12)) 1+2s =0

We then conclude by Lemma 2.1 and symmetry of @ that

AL, 1) = C, /0 (D (=) — DO) 1+2s

1

= 3G /O (D) + D(—) — 20(0) mEer

1 S
= =5 (=07, P (0).
Hence,

(=92, P (), it x #£0,

AL (x1,x2) = !
- _%(_ xlxl)sqj(-xl), if x| = 0.
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