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Abstract

We apply the framework of curvature to the recently derived quasiclassical Usadel
equation for an antiferromagnet-superconductor system. The addition of curvature
makes it so we can tune the triplet generation by adjusting the physical parameters
of the system. We transform the antiferromagnetic Usadel equation into describing
a curvilinear system, which we then use to look at the case of a 1D wire with and
without torsion. The main result is a Riccati parametrization of the Usadel equation
for antiferromagnets along a curved 1D wire. We also look at the weak proximity
equations for the system, and use numerical methods to solve for the density of
states and magnetization in the antiferromagnet. The weak proximity equations
showed that we needed torsion, in the form of a nanowire helix, in order to get
mixing between the singlet and triplet states. In addition, no spin-orbit coupling
was needed for mixing to occur when looking at the nanowire helix. Finally, looking
at the density of states and magnetization of the electrons in the antiferromagnet
indicated that there exist an optimal relationship between the antiferromagnetic
exchange energy and the physical parameters of the system for generating triplet

components and increased magnetization.



Sammendrag

Vi legger til krumming i den nylig utledede kvasiklassiske Usadel-ligningen for et
antiferromagnet-superleder-system. Tillegget av krumning gjor det mulig a justere
triplett generasjon ved a endre de fysiske parameterne i systemet. Vi transformerer
den antiferromagnetiske Usadel-ligningen til a kunne beskrive et krummet system,
som vi deretter bruker til a se pa en 1D-ledning med og uten torsjon. Hovedresultatet
er en Riccati-parametrisering av Usadel-ligningen for antiferromagneter langs en
krummet 1D-ledning. Vi ser ogsa pa de svake proksimitetsligningene for systemet,
og bruker numeriske metoder for a undersgketilstandstettheten og magnetiseringen
i antiferromagneten. De svake proximitetsligningene viste at vi trengte torsjon i
nanotraden i form av en helix for a oppna en miksing mellom singlett- og triplett-
tilstandene. I tillegg var det ikke ngdvendig med spinn-bane-kobling for at miksingen
skulle skje nar vi sa pa helixen. Til slutt viste tilstandstettheten og magnetiseringen
til elektronene i antiferromagneten at det eksisterer et optimalt forhold mellom den
antiferromagnetiske utvekslingsfeltstyrken og de fysiske parameterne i systemet med

tanke pa a generere triplett komponenter og sterk magnetisering.
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1 Notation and Units

1 Notation and Units

Vectors will be denoted with a bold font, e.g. r. Covariant, contravariant and
physical vector components will be denoted by 2, z;, z(;, respectively, where a
physical vector means a vector defined in a specific basis, like v; for the component
of a Cartesian vector in the €;-direction. If it is stated which basis the vector is
defined in, physical vector components are implied so we will drop the parenthesis
notation.

Matrices will in general be denoted by capital letters, e.g A, B,.... If it is not
clear if the capital letters are matrices or not, we will denote them with a bold font
similar to vectors. We will use the notation - if we want to specify that we have
a 2 X 2 matrix in spin-space. * will be used for matrices in 4 x 4 Nambu particle-
hole space and * will be used for 8 x 8 matrices in Keldysh space. If a matrix
sum or product is taken with non-matching dimensions, is should be interpreted
as taking the Kronecker product between the matrix with the smallest dimension
and the appropriate identity matrix before multiplication. For example, we have
AB+C = AI ® B) + (L ® C). i denotes the complex number, i = /—1, and
we write complex conjugation as (a + ib)* = (a — ib). Matrix transposition will be
written as M7T and Hermitian conjugation as 1.

x; will be used to specify both the position and time coordinate, e.g. f(z;) =

f(ti,r;). The Pauli matrices, o;, in spin space are defined by:

(o)) o) o
0 1 10 1 0 0 —1

We can combine the last three Pauli matrices into a vector called the Pauli vector,
defined as o = o'é, + 0%&, + 0°8,. Note that one should not confuse the notation
used for unit vectors, €;, with the notation for 4 x 4 matrices. The Pauli matrices
in Nambu space are defined in exactly the same way, and will be denoted by 7;.
7, = diag(1,1,—1,—1) is the 4 x 4 extension of 7,, with similar definitions for the
rest of the Pauli matrices. We will also use o to denote spin of a particle with spin
o, V. It should be clear from the context if we are talking about spin or the Pauli
matrices.

The commutator of two operators or matrices are defined as [A,B] = AB—BA,
while the anticommutator is defined as {A, B} = AB + BA.

Partial differentiation will be written with the shorthand 0;f = %, and the
gradient is V = 0,€, + 0,&, + 0.¢€..

The function O(t; —t2) is the Heaviside step function, d(t; —t2) is the Dirac delta
function, and d;; is the Kronecker delta. We will also write §(x—2') = 0(r—r’)d(t—t').

In this thesis, we will use natural units where
h:CIEOIILLO:kB:L (12)

where A is the reduced Planck constant, ¢ is the speed of light, ¢ is the vacuum

permittivity, po is the permeability and kp is the Boltzmann constant. Using these



2 Introduction

units where physical constants are chosen as the fundamental scales of the corre-
sponding physical quantities has the advantage of making the notation easier, while

still conserving the physics in the equations [1].

2 Introduction

As the technology in the world continues to evolve, so does the energy requirements.
Increased interest in e.g. cryptocurrencies have raised the energy consumption in
the world dramatically. For instance, the energy consumption of mining Bitcoins
alone is estimated in 2023 to be 134.15 TWH/y, about 0.6% of the worlds total
energy consumption [2]. This is comparable to the yearly consumption of countries
such as Norway and Pakistan [3]. Finding a way to make computer components
more energetically efficient could therefore help reduce the worlds emissions, as many
processes producing power emits pollution. This is where the use of superconductors
comes in. One of the fundamental properties of superconductors is that currents may
flow without resistance. This means that, unlike traditional conductors like copper
or other metals, superconducting materials can carry electrical current with almost
no energy lost to heat due to the resistance in the material. This could result in
significantly reduced energy consumption.

Superconductivity emerges due to the formation of bound states of electrons,
known as Cooper pairs [4]. These electrons usually have opposite momentum and
spin. In addition to reducing the energy needed to run different components, the
spin of the quasiparticles in the superconductor can be used as information carriers.
Not all combinations of spins for the quasiparticles are ideal to use as information
carriers. Looking at a superconductor-ferromagnet (SF) system, one problem arises
when we consider how the spin of the Cooper pairs interact with the magnetic
field. When we put a superconductor in contact with another material, we get a
phenomenon known as the prozimity effect [5-8]. Here, the superconducting Cooper
pairs may leak into the material, and thus influence its properties. This effect in a SF
system is complicated with the fact that magnetic fields will tend to align spins, and
thus break up the Cooper pairs. Spin singlets 1)) — |[{1), and the triplet component
IT) + [J1) will therefore decay over a short distance. However, if we where to
generate triplet components with finite total spins (|11), |Jl)), these can penetrate
the ferromagnet over a much longer distance [9-11]. These triplets are known as long
range triplets (LRTs), while the triplet decaying over a short distance are known as
short range triplet (SRT). Since the LRT's also have a finite spin direction, they can
be used to represent 0- or 1-bit in a computer.

It is known that generation of LRT's happens in the presence of magnetic inho-
mogeneities [12-14]. Another possible source of LRT generation can happen in the
presence of spin-orbit coupling (SOC) [9, 15]. Recent studies have also shown how
a SF structure with a curved ferromagnet gives rise to SOC, which can be used to

tune the triplet generation inside the ferromagnet [16, 17].
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The deformation of the material due to bending leads to an additional potential
in the material, which for small strains is assumed to be linear in strain [18, 19].
The potential leads to an electric field, which in turn couples to an electron’s spin
via the Zeeman coupling, leading to an effective spin-orbit coupling. By tuning the
curvature of the ferromagnet, one can then adjust the amount of LRTs generated in
the system. A possible application of this system could be to use it as a spin logical
gate. Using a SF'S Josephson junction, one could have a system where singlets and
SRT's would not pass through the junction, while the LRTs would. This could then
be encoded as 1 when a current passes through, and 0 when no current passes. This
would allow for superconductors to be used for transferring information with zero
resistance inside a computer.

Recently, Fyhn et.al. developed a method for using the quasiclassical framework
to derive an equation of motion for an antiferromagnet-superconductor (AF-S) bi-
layer. [20] Antiferromagnets have many important advantages over ferromagnets
in the context of spintronics, like being more stable and impervious to external
magnetic fields while creating negligible magnetic stray fields of their own [21]. This
makes them less intrusive to neighboring components, which is important if we want
to use antiferromagnets in spintronics systems. Another advantage of antiferromag-
nets is the fact that their resonance frequency is of the order of terahertz, which
allows for fast information processing [22, 23]. This is in comparison to ferromag-
nets, which have resonance frequencies of the order of gigahertz [24]. The fact that
the derivation for the equation of motion for the AF-S system performed by Fyhn
et.al. uses the same theoretical framework as for curved SF systems, allows for
the possibility of looking at the effects of a curved antiferromagnet using the same
framework. Spin transport have been shown to be long range in antiferromagnets
[25], and it will therefore be interesting to see how the effect of curvature will affect

these processes.

2.1 Superconductivity

Superconductivity is a quantum phenomenon observed in some materials at suf-
ficiently low temperatures, and is characterized by having the ability to conduct
electric currents without any resistance and excluding external magnetic fields. Su-
perconductivity was discovered in 1911 by Heike Kamerlingh Onnes [26], but it took
many years for the phenomena to be explained. The most used and successful theory
to describe superconductors in the BCS theory, named after the creators Bardeen,
Cooper and Schrieffer [27]. BSC theory is founded on the idea of Cooper pairs,
which is a quasiparticle consisting of pairs of electrons. These pairs form due to
an attractive interactions between the electrons, which for most superconductors
is mediated by phonons. Superconductivity appears when an attractive interaction
works on an ensemble of electron, making it a many-body quantum effect. The over-

all angular momenta of the Cooper pairs have to bee antisymmetric. This means
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we can have Cooper pairs with an odd spin state (singlet) and even spatial part,
known as a s-wave superconductor, or an even spin state (triplet) and odd spatial
part, known as a p-wave superconductor [28, 29].

One important parameter when discussing superconductivity is the mean field,
or order parameter. Consider @Za(r, t) as the operator annihilating an electron with

spin ¢ at position r and time ¢. The order parameter is then defined as

A(I‘,t) = )\<1$¢(I‘,t)@2¢(r, t)): (2'1)

where (...) denotes a statistical average, and A > 0 is the effective coupling con-
stant of the electron-phonon-electron attractive interaction. In general, the order
parameter is a complex function, A = |Ale"?, where the norm |A| describes the
size of the superconducting gap, and ¢ describes the superconducting phase. When
only considering a single superconductor, which will be the case in this thesis, the
superconducting phase is not of importance. One can then perform a U(1) gauge
transformation in order to cancel the superconducting phase from the equations. We
will therefore assume a gauge where A is real. Note that for systems with multiple
superconductors, such as for the Josephson junction, the superconducting phase is

of great importance, and will dictate the transport properties.

2.2 Quantum Mechanics

The building block of elementary quantum mechanics is the wave function, . The
wave function is most often represented as a ket vector |¢) in Hilbert space, along
with its Hermitian conjugate, the bra vector (p|. The wave function is a representa-
tion of the state of a physical system, and can be used to find different observables.
All physical observables of the system can be represented in terms of some Hermi-
tian operator A, which acts on the wave function. These operators, along with the
wave function, can be used to find the expectation value of physical observables. If
a system is prepared in a state |@) at time zero, the observable corresponding to the

operator A will, at time t, have the expectation value given by:
(A) = (ple™* A7) , (2.2)

where H is the Hamiltonian operator of the system. The time evolution operator
eTHt connects the states and measurements defined at different times. Usually, we

absorb the time evolution operator into either the states, observables, or both:

e Schrodinger picture. Here we absorb the time evolution operator into
the states, e7|p) = |p(t)). The expectation value then becomes (A) =
(p(t)|Ale(t)). The time evolution of these states must satisfy the Schrodinger

equation:

i lolt)) = H (1) (2.3
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e Heisenberg Picture. In this case, we absorb the time evolution operator
into the operators, et Ae="#* = A(t). The time evolution of these operators
satisfy the Heisenberg equation:

d
"at

Note that if the operator A has an explicit time-dependence, we need to add

A(t) = [A(t), H]. (2.4)

a term 19, A to the right hand side of the equation.

e Interaction Picture. Here we have some of the time evolution in the op-
erators, and some in the states. If we split the Hamiltonian into two parts,
Hy and H;, we can define the time dependent states as e!fole =t |p) = |p(t))
and operators as et Ae="Hot = A(t). The states then follow a Schrodinger

equation, while the operators follow a Heisenberg equation:
.d d
ig o)) = Hile(t)), i Alt) = [A(t), Ho. (2.5)

2.2.1 Second Quantization

The systems we will look at will contain a large number of particles. A more con-
venient way to describe many-particle systems than what was discussed above, is
to use the second quantization formalism. Here, fields are thought of as field op-
erators just like e.g. position and momentum are thought of as operators in the
first quantization formalism. We introduce a creation field operator 1} (r,t) that
creates an electron with spin ¢ at position r and time t, and an annihilation field
operator 1, (r,t) that destroys the same electron. These field operators act on a
state in Fock-space, which is a combination of many single particle states given by
|r101, 209, ..., r,0,) = |r101) @ ... ® |r,0,). Many-particle states can be created by
operating with the field operators onto a special vacuum state, |0,0,...,0) = |0),

which contains zero electrons:

‘1'10'1, rq09, ... ,I'nO'n> = ¢21 (I‘l,t) |O,I‘20’2, ce ,I‘nO'n>
=... =9l (r1,t).. .Yl (r,,1)]0).

The electron field operators satisfies the following fermionic anticommutation rela-

(2.6)

tions:
{1/)3(1‘,15),1/12,(1‘/,15)} = 07 (27&)
{1o(r, 1), 01 (¢ 1)} = 8yprd(r — ¥)O(t — 1), (2.7D)
{tho(r,t), 1o (r',£)} = 0. (2.7¢)

We would like a way to relate the non-interacting Hamiltonian of a single particle in
the first quantization formalism to the equivalent non-interaction Hamiltonian for a
many-particle system in the second quantization formalism. This relation is given
by:

Hy = / d*r i (r, t) Hoto (r, 1), (2.8)

10
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where Hj is the non-interacting Hamiltonian for a single particle in the first quan-
tization formalism, and Hq is the corresponding many-particle Hamiltonian in the

second quantization formalism.

2.3 Tensors

In this thesis, we will work with curved geometries. It will therefore be convenient
to introduce tensors in order to rewrite relevant equations from Cartesian to curved
coordinates. In this section we will summarize the most important points for under-
standing the notation used in this thesis. For a more detailed review, see e.g. [30,
31].

In physics, we use coordinates to describe where physical objects are and how
they change. We do this by assigning them a value based on where they are relative
to a given coordinate system. For instance, we could use a Cartesian coordinate
system to describe the motion of a particle in three dimensions, or a spherical
coordinate system to describe a particle moving in some circular motion. While
the unit vectors used to describe the different coordinate systems are different, the
objects they describe move along the same line regardless of the choice of coordinate
system. This is where the use of tensors comes inn. Using tensors, we can express
equations using notation that is invariant with respect to a change of coordinates.
This will become useful later when we want to rewrite equations like the Usadel
equation from Cartesian to curved coordinates.

To describe what a tensor is, we have to describe how they change. First, consider
a scalar such as the distance between two points in Euclidean space. For a number
A to be a scalar, it has to remain unaffected if we transform from, say, coordinates
(z,y,2) to (), 2'):

A= N, (2.9)
where we use the notation A = A\(z,y, z) and X = A\(2/, v/, 2). This statement uses
how they transform under a change of coordinate systems to formally define what
it means for a quantity to be a scalar. In contrast to scalars, vectors are often
described as "arrows” that carry information about a magnitude and a direction.
The length and magnitude of the vector is independent of any coordinate system,
but we can use coordinates to describe the orientation and scaling of the vector along
the coordinate axes. Since coordinate systems can change, equations that contains
vectors must in some way contain information about how they would behave if we
where to change coordinate systems. The next step up from a vector is a tensor,
which is described as a mathematical object that is independent of a specific basis,
and is defined by how it changes under a transformation of coordinates. Tensors
are usually classified by its rank, and can be described by N™% numbers. A rank 0
tensor can be described with N° = 1 number, and can therefore be represented by a
scalar. A rank 1 tensor can be described by N numbers, and can be represented by

a vector. Furthermore, a rank 2 tensor can be represented by N2 numbers, which is

11
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equivalent to a matrix. Note that even though a vector and a matrix can be used to
represent a rank 1 and 2 tensor, not all vectors or matrices are tensors. For instance,
since we need N? numbers to describe a rank 2 tensor, only square matrices can be
used as a representation.

The rank of a tensor appears in the number of indices needed to describe the
object. For instance, a rank 1 tensor is written as A; or B*. The placement of the
index is important as it determines how the tensors transform. A; with a lowered
index is called a covariant vector, and is said to transform covariantly. B* with a
raised index is called a contravariant vector, and transforms contravariantly. Under

a change of coordinate x — 2’ they transform as:

, O
A= 554 (2.10)
B = gij B, (2.11)

where we use Einstein summation convention for summation over each index re-
peated twice in a product. A general tensor of rank k41 with £ raised and [ lowered
indices Til._,iljl"'jk transforms as a product of [ covariant and k contravariant vectors:
o 0x™ Ox™ 9z Ol

LTk —
et ox' Ozt Ox™ O™

The reason we need two different types of vectors is because different physical quan-

oo™ (2.12)

tities changes in different ways when we transform coordinate systems. For instance,
if we where to change the units of a coordinate system from meters to centimeters,
we would divide the scale of the coordinate axes by 100, so 1m would now corre-
spond to 1ecm. The components of e.g. a velocity vector would however change by
being multiplied by 100. This change is the inverse of the change for the coordinate
axes, and is what happens to a contravariant vector. A gradient with respect to
position, for example, has units of distance !, and changes in the same way as the

coordinate axes. This is what happens to a covariant vector.

2.3.1 The Metric Tensor

We will now look at an important tensor called the metric tensor. Let us consider
the displacement vector dr, measured in units of length. In Cartesian coordinates,
it is given as

dr =dze, +dye, +dze,, (2.13)

while in spherical coordinates it is given as
dr=dpe, + pdfey + psin(h) deo e,. (2.14)

We can now generalize the differential coordinate displacement for an arbitrary

coordinate system by introducing scale factors h;

dr = h;da’é;. (2.15)

12
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Since dr is given in units of length, the scaling factors h; makes sure that each coor-
dinate displacement dz’ has the correct unit of length. The differential coordinate

displacement squared is found by taking the scalar product with itself:
(dr)* = hihjé; - & da’ da’ = n; da’ da’ (2.16)
12
where
nij = hihjé; - &; (2.17)

is defined as the covariant form of the metric tensor (remember the summation
convention). If we now consider the examples given in equations (2.13) and (2.14),

we may write the metric tensor as a square matrix:

100 10 0
pgrter =10 1 0|,  greti=1fo 22 0 . (2.18)
00 1 0 0 p?sin®(9)

Note that if the coordinate systems are orthogonal, then €; - €; = d;; and the metric
tensor is thus diagonal. One important fact is that the covariant and contravariant
metric tensor is the inverse of each other, 771-;1 = n%. A fundamental property of the

metric tensor is that we can use it to convert between covariant and contravariant

vectors:
Az’ = nijAj, A’L = T]ijAj. (219)
This is also the case for a general tensor:
7—%1.”imjl---]nflk]n+1---]l — nk‘jnj—‘il...tmjl'“]l'

Finally, when we refer to a physical vector, we mean a vector defined in a given
basis, e.g. Cartesian or spherical, and is denoted A(;). This is in contrast to the

more general covariant/contravariant vectors which are independent of a basis.

2.3.2 Christoffel Symbols

In the later chapters, we will see that we will end up working with derivatives.
We therefore have to look at the transformation properties of the derivative of
covariant /contravariant tensors. Consider a contravariant vector z in a coordinate
system S that we want to transform to a primed coordinate system S’. We would

then use equation (2.11) and write:

19
i O
oxI

We can then find the transformation rule for the derivative of a covariant vector by

o (2.21)

differentiating this equation by some scalar t:

dx" B ox' da? - d (8x’i) B ox' dx? S 9% dak

— - J_— — — J -
dt OxJ dt T dt \ Oz7 Oxi dt v Oxioxk dt

(2.22)

13



2 Introduction

The first term is what we would expect if we where to just replace B in equation
(2.11) with the derivative of a contravariant vector da’ / dt. If we only had this term,
the derivative of the contravariant vector would follow the transformation rule for
it to also be a tensor. However, as we can see, we also have a second term involving
second derivatives. Ordinary derivatives of tensors are therefore not necessarily
tensors, since they do not generally follow definition (2.11). In order to make the
derivative have a proper contravariant transformation, we redefine the derivative
operator in such a way that this additional second derivative term cancels, which will
then preserve the tensorial nature of the transformation. This redefined derivative
is called the coordinate covariant derivative, denoted by D, first introduced by Ricci
and Levi-Civita in 1900 [32]. The coordinate covariant derivative of a contravariant

vector A7 with respect to a coordinate z’ is defined as
DA = 9, A7 + T AR, (2.23)

where ng is known as the Christoffel symbol or the affine connection and is related
to the metric tensor in the way that
1

Iy = §nkl(aj77li + Oimi; — Oimij). (2.24)
The Christoffel symbol ensures that the coordinate covariant derivative of a tensor
remains a tensor, but it is not itself a tensor. Terms including derivatives, such as
for the Usadel equation in section 8, will include this coordinate covariant derivative.
The coordinate covariant derivative of a covariant vectors is defined similarly, but

with a minus sign instead of a plus sign

2.4 Curvilinear Coordinates

In later chapters, we will look at how a curved material changes the singlet and triplet
generation of Cooper pairs inside a S-AF system. For this, it will be convenient to
use curvilinear coordinates, which is beneficial when looking at systems with curved
symmetries. Curvilinear coordinate systems are characterized by the fact that the
coordinate lines may be curved, and the direction of the basis vectors can change
depending on the point you look at. Examples of such coordinate systems are
spherical and cylindrical coordinates. This section is based on section 3.1 in the
thesis by M. Svendsen [30].

Our system will be defined by a set of orthogonal basis vectors N (s), T (s) and
B (s) in the normal, tangential and binormal direction respectively. This is a general
orthogonal curvilinear coordinate system, defined on the curved structure as shown
in figure 1. Here, s is the distance along the arclength from a reference point to the
point we are interested in. Since the direction of the basis vectors are functions of
the arclength parameter, they will point in different directions depending on which

point on the surface we look at.

14
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Figure 1: Figure showing the curvilinear coordinate system. It is described by an
arclength s measured from some reference point and a set of orthogonal unit vectors
N (s), T (s) and B(s) normal, tangential and binormal to the curved nanostructure,
respectively. The radius at the arclength point s is given by R = —, where k(s) is

the curvature.

When deriving the different relations for the system, we will start by assuming
that the binormal unit vector is independent on the arclength s, i.e. no torsion.
Later we will look at the case with torsion included. We will also assume that the
structure in the plane follows a differentiable curve, so we can parameterize the
surface in terms of the arclength coordinate s and the binormal coordinate b as
r(s,b) = &(s)+bB(s). Here £(s) is the parametrization of the differentiable curve in
the plane of curvature, along the arclength s. Similarly, the three-dimensional space
around the surface R can be parametrized using the normal unit vector, normal

coordinate n and the parametrization of the surface:
R(s,n,b) =r(s,b) +nN(s). (2.26)

The unit vectors N, T and B are connected through the Frenet-Serret formulas

[17, 30]. In the case of no torsion, these relations are

AT (s) 0 k(s) 0\ [T(s)
ON(G)| =] -r(s) 0 0 | N |, (2.27)
9,B(s) 0 0 0/ \Bs)

where #(s) = & is the curvature at at the arclength point s with radius R. We can

now write the total differential displacement of the space R as:
dR(s,n,b) = OsR(s,n,b) + 0,R(s,n,b) + R (s,n b)

= (1= KmAsT(s) + dnfV (o) + (o) = 3 e (2.28)

where we have used the fact that 8,&(s) = 7~ from the definition of the derivative.
In the last line of the equation, we have written the total differential displacement
like we did in equation (2.15), where ¢’ are the curvilinear coordinates, €(;(s) are

the curvilinear unit vectors, and the scale factors are given as

]’LT =1- Ii(S)TL, hN = 1, hB = 1. (229)
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We can now find the metric tensor for the system by taking the square of the total

differential difference in equation (2.28)

(dR(s,n,0))* = > " hihjéq) - é)dg'dg’ = nidg'dg’, (2.30)

2
where we use the Einstein summation convention in the last equality, and the fact
that the basis vectors of the curved system are orthogonal to write the metric tensor
as 1;; = h;h;0;;. Using the expressions for the scale factors h; we found above,

we can write the metric tensor for our curvilinear coordinate system as a diagonal

matrix:
H(s,n)> 0 0
Nij = 0 1 0], (2.31)
0 0 1
where we defined the scale factor
H(s,n) =1—k(s)n. (2.32)

Later, we will see how this scale factor appear in equations like the Usadel equation.

In the following sections we would like to take the covariant derivative of the
Usadel equation. To be able to do this, we need to find the expressions for the
Christoffel symbols used in the covariant derivative. The Christoffel symbols are

related to the metric tensor through equation (2.24)

1
Iy = §nkk(aj77ki + Oine; — Okiz), (2.33)
where we have set | = k since the curvilinear metric is diagonal. Most of the

components are zero, but the four non-zero components are given as:

s 1
I, = H(Sm)@SH(s,n), (2.34a)
I =—H(s,n)0,H(s,n), (2.34Db)
S _ S _ 1
=1 = His.n) n)anH(s,n). (2.34c¢)

Note that the elements in the matrix (2.31) are labeled such that element 7, is the

upper left element, 7, the center element, and 7, the lower right element.

2.4.1 Torsion

In the case where we include torsion, the Frenet-Serret-type equations are given as

337:'(3) 0  k(s) O 7:'(3)
85./Y(3) =|—-r(s) 0 7(s) ./Y(s) , (2.35)
0sB(s) 0 —7(s) 0 B(s)

where k(s) and 7(s) denotes the curvature and torsion of the space curve, respec-

tively [33]. For a 1D-line, the inclusion of both torsion and curvature would turn it
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into a helix. In the case where 7 — 0, we get the system described above. Here the
torsion is given by 7 and the curvature x.

The metric tensor for the curvilinear coordinate system with torsion is given as
33]

Nij = —7(s)b 1 0 ) (2.36)

2.5 Antiferromagnetism

Antiferromagnets are a type of magnetic material where the magnetic moments of
the individual particles are aligned in opposite directions, which creates a pattern
of alternating up and down spins as is seen in figure 2. The total magnetization
of the antiferromagnet can either be zero when the total net spin is zero, or it can
have a small net magnetization in one direction. This can happen if the magnetic
moment is stronger in one direction, or if there are more particles with one type of
spin direction. Usually, one can construct the lattice of an antiferromagnet with a
unit cell consisting of two points, one for each spin direction. The lattice therefore

consists of two sublattices, where each sublattice contains only points with the same

-

RN
¢ 4~ ¢
¥4 8¢

Figure 2: Figure showing a typical unit cell for an antiferromagnetic lattice with

spin direction.

up and down spins. z,, is the distance between the unit cells, and ¢ is the distance

between the nearest neighbor lattice cites.

There are different combination of alternating spins that will give us an anti-
ferromagnet. In 3D-space, there are three different ways to structure the spins to
achieve this, if we consider the spins on a square lattice, as is seen in figure 3. These
are the A-, C-, and G type antiferromagnets. If we want to end up with a spin chain
in 1D-space, we need to cleave these 3D-structures into 2D, and then finally into
1D. Cleaving the antiferromagnetic structures in figure 3, we end up with the 2D

planes in figure 4, which we can then cleave into the 1D chains in figure 5.
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MR

Figure 3: Different spin structures for a 3D square lattice.

Figure 4: Different spin structures for a 2D square lattice.

- ——<40——9>

Figure 5: Different spin structures for a 1 lattice chain.

The spin direction is also determined by what direction is most energy efficient
to point in. An example which will be relevant for later is the ground state in
an antiferromagnetic helix with magnetic dipolar interaction. Here, we get two
cases depending on the strength of the curvature and torsion of the helix [34]. The
Néel vector is a vector pointing in the direction of the magnetic moment of the
antiferromagnet. For this system it is determined by the geometrical parameters
curvature and torsion. The first case is the homogeneous state, which is the case
when the Néel vector stays at a fixed angle. Here, he Néel vector tilts at an angle v
away from the binormal unit vector ég of the helix. The second case is the periodic
state, which is the case when the Néel vector rotates. Here, the Néel vector oscillates
almost uniformly in the plane perpendicular to the helix axis, with a small oscillation
in the binormal direction. These two cases are illustrated in figure 6. It is worth
noting that ref. [34] models the Curvilinear antiferromagnet as a classical spin chain

with nearest-neighbor exchange and dipolar interaction, which is different form the
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model we will use in section 6 when deriving the antiferromagnetic Usadel equation.

(d)

€g
- €y
= e,

- _

Figure 6: Figure taken from [34]. Schematics of the (a, b) homogeneous and (b, c)
periodic states for an antiferromagnetic helix with magnetic dipolar interaction in
the TNB reference frame. (a, ¢) Bloch spheres illustrate the trajectories of the Néel

vector n.

2.6 Mixed Representation

In future calculations, it will be useful to use a center off mass and relative represen-
tation for the position and time coordinates. To achieve this we do a transformation

to the mixed or Wigner representation, given by the following relations:
1
T =17 — T2, R = 5(7“1 +73), (2.37)

1
t=ti—ty,  T=(t+t) (2.38)

The time and spatial derivatives in the mixed representation are then given by [35]:

o 10 0 o 19 0

— =t = — = — = 2.
o 20T "ot o, 20T ot (2.39)
1 1
Vi=;Ve+ Ve Vo= Vp-V, (2.40)
1 1
VZ = vaﬁvr-vlwv,%, Vi= Zv;—vr-vR+v3, (2.41)

where V; operates on particle i.

2.7 Notation for Integrals Using Products

We will now define a useful product known as the bullet product that will simplify

further calculations. This product is defined by
A(fEh ,TQ) o B(I‘Q, $3> = /d4$2 A(xl, $2)3($27 ,T3), (242)

where A and B are functions that depend on at least one common spacetime coor-
dinate. If A or B is a function of only one or zero spacetime coordinates, A e B is

interpreted as an ordinary matrix product AB with no integral present.
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We can also express the bullet product using mixed coordinates, in addition to
Fourier transforming the center of mass time 7" and position R into energy ¢ and

momentum p, respectively. The bullet product then becomes [36]

AeB = exp{%(afﬁTB — aﬁaf)} exp{%(vgvf — vg‘vg)}

A(R,p,e, T)B(R,p,e,T),

(2.43)

where the notation V4, 9/ means we differentiate with respect to R and t, only
affecting the function A.

Next we introduce another convenient product known as a ring product. This
product only consist of the energy/time differentials from the bullet product. We
define it as:

AoB= exp{%(@f@? - 8?85)}A(R,p, e, T)B(R,p,e,T). (2.44)
We can then write the bullet product as:
1
AeB = exp{i(V’évg — vgvf;)}A(R,p, e,T)o B(R,p,e,T). (2.45)

In the stationary limit where 0r = 0, the ring product reduces to ordinary matrix
multiplication. We have the following commutation relations for the bullet- and ring
product:

[A,B],=AeB—BeA, [A,B], = AoB— BoA, (2.46)

{A,B},=AeB+ BeA, {A,B} , =AoB+BoA (2.47)

If the spatial variation of A and B is small, then the gradient expressions in
equation (2.45) are also small. We can then linearize the exponential function in

the expression:
AeBr~ AoB+ %((VRA) ° (VpB) = (VpA) o (VrB)). (2.48)

This is known as the gradient approximation. Using this, we can write the commu-

tator for the bullet product as:
4Bl =[4 B, + - ({(Vad) o (V,B)} ~ {(Vpd) o (VeB)}). (249

These approximations will be useful when we later look at the Quasiclassical ap-

proximation in section 4.

2.8 Structure

The goal of this thesis is to derive the Usadel equation for an antiferromagnet-
superconductor system in curvilinear coordinates. We then want to look at the case
of a 1D nanowire and helix, and solve them numerically in order to investigate the

density of states and magnetization of the electrons in the curved antiferromagnet.

20



2 Introduction

The beginning of the thesis will be used for studying the equation of motion
for the Green’s function of the system for both an SF system and an AF-S system.
Section 3 gives an overview of the Green’s function, and how we can write it in
the mixed representation, while section 4 introduces the quasiclassical approxima-
tion which will be used to simplify the Green’s functions of the system. Section
5 summarizes the derivation of the Usadel equation for a SF system, following the
derivation of J.A. Ouassou [37]. The aim of this section is to make the following
derivation of the Usadel equation for antiferromagnets easier, as the steps taken in
the two derivations are similar but a bit easier to follow in the SF case. Section
6 gives a summary of the derivation of the Usadel equation for an AF-S system,
following the work done by Fyhn et.al. [20].

Sections 7 and 8 will look at how curvature can result in effective SOC, which
will be inserted in the Usadel equation to look at how it behaves for a curved system.
In section 9 we will apply the Usadel equation for curved systems we found in the
previous section to the case of a 1D nanowire arch curved in the form of a portion
of a circle, and a 1D helix. Here, we will also derive the Pauli matrices in the
curvilinear basis, both with and without torsion.

In section 10 we will use the Riccati parametrization on the curvilinear Usadel
equation found in the previous section, which we will use in section 11 to look
at the weak proximity equations for both the case with and without torsion. In
sections 12 and 13 we will look at the numerical results for the density of states
and magnetization of the electrons in the system, using the Riccati parametrized
equations found in section 10. All numerical modeling and plots thereof are provided
by Tancredi Salamone, who collaborated on this work in conjunction with his PhD
degree [38]. Finally, in section 14 we will summarize the main results, as well as

look at possible continuations of the work preformed in this thesis.
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3 Green’s Functions

In this section we will look at Green’s functions, and how we can combine them into
a 8 X 8 Green’s function matrix in Keldysh space which can be used to describe the
motion of electrons in a system.

In many particle physics, a Green’s function G, ,,(r1, t1, ra, t2) tells us something
about the probability amplitude of a particle with spin o; at position ry at time ¢,
moving to position ry at time t, with spin oy. There are several ways to define these
Green’s functions. One way to define a non-equilibrium Green’s function is to use
[39]:

Goroa (1, 72) = —i (0] Tt (1)), (w2) ) (3.1)
where o; is the spin of particle j, x; the spacetime coordinate, 1[1]- the fermionic
annihilation operator (1/1} is then the creation operator), |n) the quantum state of

the system, and T the time ordering operator defined as:
— it (v, )l (¢ ), ¥ <t
W ), (e ), >t

The time ordering operator has the effect of ordering the product in chronological

— Ty (r, ), (¢ 1) = { (3.2)

order, such that the operator with the largest time dependence is on the left. Here

we will use the three Green’s functions from the Keldysh definitions:

GE (w1, 22) = —i{{tho, (1), ], (22) 1O (t1 — 1), (3.3)
G2 o (w1, 2) = +il{tho, (21), 0], (22) 1) O(ts — 1), (3.4)
GE (w1, x9) = —i{[thy, (1), 0], (2)]). (3.5)

By looking at the definitions, we see that the retarded Green’s function G only exists
for t; > t9, which means that the creation @D:fm (x2) of the electron at xo happens before
the annihilation ,, (z1) of the electron at x;. For the advanced Green’s function
G4 it is the opposite, so we have annihilation before creation. We can therefore
interpret these Green’s functions as G describing the flow of electrons, while G4
describes the flow of holes. The Keldysh Green’s function G¥ is special in that it
is the only one of the Green’s functions that contains information about the system
in non-equilibrium [40]. Note that the retarded and advanced Green’s function uses
anticommutators, while the the Keldysh Green’s function uses a commutator.

We will also use the anomalous Green’s function, which describes correlations

between particles at different points in spacetime:

Ff (a1, 29) = —il{tb, (1), Yoy (22) }) Ot — t2), (3.6)
F2 (1, 22) = +il{te, (21), Yoy (22) })O(t2 — t1), (3.7)
FE (@1, 22) = —i{[tho, (1), thy (22)]). (3.8)

In order to more easily keep track of the different spin-dependent Green’s func-

tions defined above, we combine them to form 2 x 2 matrices in spin space:

GR = G G} : (3.9)
Gl Gl
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3 Green’s Functions

The rest of the Green’s functions and anomalous Green’s functions are collected
the same way. We can further combine the Green’s function into 4 x 4 matrices in
particle-hole Nambu space:

GE FR
FE GF

GK FK

GA FA
FA gAY

YR

NA _
= . GA= =

GK

3 =

(3.10)

Note the minus signs in the last row of G¥, which comes from the fact that the

Keldysh Green’s functions are defined in terms of commutators instead of anticom-

mutators, as is the case for the rest of the Green’s functions. Finally, we can combine
all of the Green’s functions into a 8 x 8 matrix in Keldysh space:

GR GK

0 G4

(3.11)

Most physical observables of interest in superconductor-ferromagnetic (SF) systems
or superconductor-antiferromagnetic (S-AF) systems, such as the density of states
and magnetization, can be described by this Green’s function matrix.

In equilibrium, the three non-zero components of the Green’s function matrix in

Keldysh space are related to each other [41]

G = —1.(GP)r, (3.12a)
GE = (GF — G*) tanh (%), (3.12D)

where 8 = 1/T is the inverse temperature. We can therefore determine the complete

8 X 8 matrix by only considering only the retarded component.

3.1 Green’s Function in the Mixed Representation

It will be convenient for us to represent the Greens functions in the mixed represen-
tation discussed in section 2.6. We will use this representation when we look at the
equations of motion for the Green’s function. By using the relations defined in equa-
tion (2.37) and (2.38), we can write the Green’s function in the mixed representation
as:

G(ry,t,19,t) = G(R —1/2,T —t/2, R +1/2, T +1/2). (3.13)
We will now simplify this notation by writing:
GR—-r/2,T—t/2,R+r/2,T +t/2) =G (R, T,r,t) = GR,T,r,t). (3.14)

We will use the same notation G for the Green’s function in both the normal and
mixed representation. These are not necessarily the same function, but we will write
them the same to simplify the notation.

Next we will use a Fourier-transformation to transform from the relative coordi-
nates r,t to p, €, where p is the momentum of the particle, and € is the energy of

the particle. We then get:

G(R,T,p,e) = / dt ciet / dr e PTG(R, Tor, £). (3.15)
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3 Green’s Functions

The mixed representation will allow us to integrate out the rapidly oscillating part

of the Green’s functions, as we will see later in section 4.
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4 Quasiclassical Approximation

In this section we will look at the quasiclassical approximation, which we will use to
transform the full Green’s functions of the system into functions that describe only
the most relevant parts of the system.

The Green function behaves like a wavepacket with a part that varies rapidly
in terms of the relative coordinate r on a length scale of the Fermi-wavelength Ag,
and an envelope part which varies in terms of the center of mass coordinate R on
other characteristic length scales of the system. The envelope part contains useful
information about how different parts of the system influence physical observables,
and it is therefore desirable to only deal with this part. The superconducting coher-
ence length of the Cooper pairs is much larger than the Fermi-wavelength, Ap < &;,
so one can average over the quickly oscillating part, which averages out the rela-
tive coordinate [42]. This is known as the gradient expansion, and is equivalent to
assuming that all length scales of the system must be much larger than A\g. This
is the starting point of the quasiclassical approximation. The key aspect of the
quasiclassical approximation is that we only consider momenta of the order of the
Fermi-momentum, and therefore confine all physical quantities to the Fermi-surface
[42]. We may therefore think of constraining the quasiparticle momentum to the

Fermi-surface by considering the Green function

G(RJ p7€7 T) % (S(Gp)g(R? ﬁF?E:? T)7 (4.1>
where the delta-function is the part that constrains the momentum onto the Fermi-
surface, pr is the direction of the momentum vector at the Fermi-surface and €, =
p2

53— — p is the kinetic energy relative to the Fermi-level . Based on this, we define

the quasiclassical Green function as [35]:

§(R.pr e T) = - / de, G(R, p,=,T). (4.2)

Equation (4.2) does not determine ¢ uniquely. We also need the normalization
condition [43]
gog=1. (4.3)

In this thesis, we will work with systems in equilibrium. In that case, we see from

equation (2.44) that the ring product reduces to an ordinary matrix multiplication
7 =1 (4.4)

This normalization condition will be sufficient for the systems in this thesis.

Similar to equation (3.11), the quasiclassical Green’s function can be expressed

gA K
J = , 4.5
g 0 o (4.5)
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4 Quasiclassical Approximation

where §%, G4, and §¥ are the retarded, advanced and Keldysh quasiclassical Green’s
functions respectively in 4 x 4 Nambu space:

. [gR fR]’ o g4 fA], .

. . . . G =
— R —g" — " =gt

g fK]
g

(4.6)
Looking more closely at e.g. the retarded component, we see that the elements are

not entirely independent, but can be expressed as

(4.7)

| "R, +e)  fER,+e)
TR —e) —g® (R, —2).

The reason for the different sign of the energy in the last row can be seen when we
Fourier-transform from regular to mixed coordinates. Taking the Fourier transfor-

mation of G(R,T,r,t), from equation (3.15) gives
/ dt &Pr @ PIGR, T, r,t) = G(R, T, p, ). (4.8)
Meanwhile, taking the Fourier transformation of G*(R, T r,t) gives

/ dt Pr e PIG(R, T, 1, 1) = ( / dtd’re " PUG(R, T, t)) (4.9)

=G (R, T, —p, —¢).

Applying equation (4.2) on the two Green’s functions, and noting the extra factor i,
we end up with the energy dependence given in equation (4.7). A similar derivation
can be done for the anomalous part f. The matrix in equation (4.7) can be rewritten

by introducing the tilde conjugation
g™ (R, —¢) = §7(R, +2). (4.10)
The quasiclassical Green’s function matrix can then be written as

i g"(R,+¢)  fH(R,+e)

| —fRR, +e) —GR(R, +e) (4.11)

Furthermore, the normalization condition §? = 1 relates the g components to the f

components,

99— ff=1, gf—fg=0. (4.12)
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5 Usadel Equation

In this section we want to summarize the derivation of the Usadel equation for
diffusive transport in a straight SF' heterostructure. The Usadel equation is the
equation of motion for the Green’s functions of the system, and it describes how the
charge carriers propagate through the materials. The reason for deriving the Usadel
equation for a straight SF system is that it will hopefully make the derivation for
antiferromagnetic materials easier to follow, as the steps taken in the two derivations
are similar, but differs in complexity.

This section is a summary of the derivation in [44]. We want to find an equation
of motion for the electron field described by the Green’s function Gy, (z,2’). To
find this, we first need an expression for the Hamiltonian of the system, which we
will use to find the time evolution of the electron field operator v, (z) using the

Heisenberg equation (2.4)

0 (1) = [Yg (), H], 10l (z) = [l (), H]. (5.1)

We want the Hamiltonian H describing our system to have properties describing
impurities, superconductivity and ferromagnetism. We will therefore end up with a

Hamiltonian of the form
H =Ho+Ha + Hn + Hap + Himp, (5.2)
where:
e H, describes the non-interacting part of the system.

e 7 describes superconductivity, which is zero inside the ferromagnet and non-

zero in the superconductor.

Hy describes ferromagnetism, which is zero inside the superconductor, and

non-zero inside the ferromagnet.

Hss describes spin-flip scattering on magnetic impurities.
e H,n, describes scattering on non-magnetic impurities.

For a derivation of each term, see [44]. This Hamiltonian is more general than the
one we will need for our systems. We will not include magnetic impurities in the
systems we will look at later for the antiferromagnet, but we include the spin-flip
term in this derivation because, as we will see in section 6, this term will be similar
to the term we get from the antiferromagnet. The time evolution of ¢, (z) can now

be found by inserting this Hamiltonian # into equation (5.1), and is given as
1006 (1) = P()1o() + Y Quor(2)0r (2) + Y Rowr ()90], (), (5.3a)
—i0}(x) = ¥ (2) P(x) + Y WL (@)Qh,(2) = Y bor(@)Roo(z),  (5.3b)
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where we have defined the following operators:

P(x) = ep(x) = p+ Vimp (), (5.4)
Q(x) = —%@2 —h(z) o+ Vys(r)s(z) - o, (5.5)
R(z) = A(x)ic? (5.6)

Here, ¢ < 0 is the electron charge, ¢(z) is the scalar field, V = V — ieA(z) is
the gauge covariant derivative with vector field A(z), p the chemical potential,
Vimp(x) the background field representing the non-magnetic impurities, h(x) the
magnetization, s(x) the impurity spin field, V,(r) the scattering potential between
magnetic impurities, and A(z) the superconducting band gap. Note that Q and QT
differs in that the former contains V? = (V —4.4)?, while the latter V' = (V 4i.4)?
since A is Hermitian. One should also interpret Q' as operating on wi,(:v) from the
right. Finally, note that RT = RT = —R.

5.1 Time evolution of the Green’s function

The time evolution of the Green’s function is found by differentiating the definition

of the Retarded Green’s function in equation (3.3) with respect to ¢ and ¢’
i0,GR (1, 2') = —@'<{¢at¢g(a:), " (x')}>®(t ) 4 8,z — ), (5.7)

0GR (2, 2)) = —@'<{¢g(x>, iat,¢§,<x')}>@(t ) = 8y — ), (5.8)
where O(t — t') is the unit step function. Inserting the equations in (5.3) into the

above equation, we get:

0GR, = PGE,+3 " QoorGlipr =Y Rogn Fliry + 6506(x — ), (5.9)
_iat’Gfo—/ = Gfo—/Pl + Z G?J"Q/a'”a’ - Z Fol':f)'”R:T”o" + (50-0-/(5(1' - ,CE/), (510)
where we used that F,,, = F,,. We also suppressed the spacetime coordinates

of the functions. All the Green’s functions should be interpreted as depending on
both primed and unprimed coordinates, while P, Q, and R depend on unprimed
coordinates, and P’, Q’, and R’ depend on primed coordinates. We can now express
equations (5.9) and (5.10) in matrix form in 4 x 4 Nambu space, by also deriving
equations of motions for the retarded anomalous Green’s function F' and FF* like

we did for equations (5.9) and (5.10). We then end up with two equations in Nambu

space
GE  FR P+Q -R ||GE FR
0 . = \ .| +o(x =), 5.11
L0t _FR _GR R P 4 Q* FR GR (SE xr ) ( )
) GR _FR GR FR P+ Q/T —R/
—i0y P Rl R PiQT +o(x—2a).  (5.12)
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Comparing these to the definition of GE in (3.10), we see that we can write these

equations in terms of G

i(m° @ o) (8,GT) = HGE + §(x — o), (5.13)
—i(0y G (T? @ 0°) = GFH + 6(x — o), (5.14)
where we define
P+Q -R — |[P+QT -R

H=

(5.15)

Y

R P+ Q* R/ P+ Q/T

The equations of motion for G4 and G¥ are derived in a similar way, and are

respectively given as

i(m° ® o) (0,G?) = HG + 6(x — o), (5.16)
—i(0yGN (TP @ 0°) = GH +6(x — ), (5.17)
i(T° ® 0°)(9,G5) = HGX, (5.18)
—i(0y G (1 ® %) = GKH . (5.19)

Note how we do not get a Dirac delta in the equation for G¥, as it has no step
function in its definition (3.5). Finally, we use definition (3.11) to combine the
equations for GR, GA and G¥ into two matrix equations in 8 X 8 Keldysh space

that cover all of the Green’s functions
i(1? ® 0°)(8,G) = HG + §(z — '), (5.20)
—i(0yG) (T ® ) = GH + 0(z — o). (5.21)

5.2 Quantum Transport equation

The next step in the derivation of the Usadel equation is to attempt to combine
equations (5.20) and (5.21) into a single transport equation, described by the Hamil-
tonian in equation (5.2). Note that we now switch from using primed coordinates
(r,t), (r',t') to numbered coordinates (ry,t;), (ra,t2) to avoid confusion when we
introduce the mixed variables (R, T), (r,t). We start by subtracting equation (5.21)
from (5.20):

i(7° @ 0°)(0,,G) 4+ 1(0,G3)(7° ® 0°) = HyG(x1, x3) — G (1, 22)Ho. (5.22)

If we now transform into relative coordinates (as discussed in section 2.6), con-
sider the contribution from each term in (5.22) separately and introduce bullet-
commutators and -anticommutators, we end up with the exact transport equation
for the system [44]

Plo s [inal)_
(VG —ilA6] ) =
ile(m®® ")+ A(T' ®ic®) + h- 6 — e — Vi — Vigs - 6, G, (5.23)

+ ﬁ({vr CAGY,+ {fl,é},> - ﬁ Fie]
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Here we defined the matrices

- A 0 o 0
— 5 = 24
A (O _A*>, o (0 _U*>, (5.24)

related by the equation
A= (eA+wé)(r° @ 0?), (5.25)

where w(r,t) is a matrix that describes the linearized interaction between the spin
and momentum, and we inserted the expressions for P, Q and R in equations (5.4)
- (5.6). Omne should note that no approximations were used in the calculation of
this transport equation, which means that inaccuracies are due to assumptions and

approximations related to the Hamiltonian itself.

5.3 Quasiclassical transport equation

Even though the transport equation (5.23) is exact, it can be difficult to work with
in practical situations. This is in part due to the infinite series of differentiations
with respect to position, time, energy and momentum found in the bullet prod-
ucts. Therefore, we now want to apply different approximations to find transport
equations which are easier to work with. To start off, we want to apply the quasiclas-
sical approximation, discussed in section 4, where we replace the Green’s function
G(R,T,p,e) — §(R,T,pp,e), where § is the quasiclassical Green’s function. This
works because in most systems of interest, the characteristic length L of the system
is much bigger than the Fermi-wavelength Ar. We can therefore expand the trans-
port equation in terms of the parameter 7 = A\p/L, and only keep leading orders
of n. It then turns out that we can discard the second line of the exact transport
equation (5.23), as it is of order n? while the rest is of order .

Next, we would like to reduce the bullet products to simpler ring products. Since
Vr ~ 1/L and V, ~ Ap we see that the gradient expansion (2.49) of the bullet
product is equivalent to an expansion in 7. This means that to leading order in
1, we can discard everything except the zeroth order term of the expansion. This
allows us to replace the bullet products with ring products.

We will also assume that the background field A is independent of center-off-
mass time 7T". This implies that the left-hand side of equation (5.23) further reduces
to a normal commutator, and can then be written as a covariant derivative of the

Green’s function, where the covariant derivative in this context is defined as
VG = Vel — z‘[/t, G] (5.26)

Performing the approximations discussed above, along with replacing p/m with
the Fermi velocity vp and replacing G(R, T, p,¢) with the quasiclassical Green’s

function g(R, p,e,T'), we obtain the quasiclassical transport equation for the system

vp-Vj= ile(’®0”) + A(T' ®@ioc*) +h-6 — e — Vi — Viys -6, . (5.27)

o"
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This is also known as the Filenberger equation. This result is a lot simpler to work
with than the transport equation (5.23) as we have discarded multiple terms, in
addition to not having an infinite series of differentiations in the bullet commutator.
Moreover, since the quasiclassical Green’s function is dependent on the direction of

p, and not it’s magnitude, there is one less degree of freedom to worry about.

5.4 Diffusive Limit

The final step in the derivation of the Usadel equation is to consider dirty materials,
i.e. materials with a high concentration of non-magnetic impurities and thus a short
mean free path. This means that Vj,,, will be the dominant term in the Eilenberger
equation. Our goal in this section will be to first expand the Green’s function in
terms of its isotropic and anisotropic part. We will then find that we can write
the anisotropic part in terms of the isotropic part, and we can thus focus on the
equation that gives us a solution for only the isotropic part. This equation will be
the Usadel equation.

As mentioned, Vj,,, will be the dominant term in the Eilenberger equation. In
such systems, there will be a high frequency of random scattering events due to
the increased concentration of impurities. This will make it equally probable for
electrons to be scattered in any direction, and since the Green’s function tells us
something about the probability amplitude of a particle moving from one place to
another, we can expect that the Green’s function should be nearly isotropic. This
suggests that we can approximate the Green’s function by a first-order expansion in

terms of its isotropic and anisotropic part:
g<R7 T7 ﬁF?E) ~ QS(R7 T7 6) +15F ' gp(Ra T7 6)' (528>

The s-wave component g, is the isotropic part of the Green’s function, while g, is
the p-wave component that describes the linearized anisotropy with respect to the
transport direction given by pr. We may also rewrite the impurity and spin-flip
potentials for dirty materials as

7 7

Vi & —5(3). Vis o~ —
P 27_0<g> fS o 27-5

(T ®a”){(9)(r* ® 0°). (5.29)

Here, 7 is the momentum relaxation time, 7, is the spin relaxation time, and the
angle brackets (¢) denotes an average of angles over the Fermi surface, which we
can write as (g) = [ dQp g/4m where dQ = sinfdf d¢. Expanding (§) in terms of

the expansion given in equation (5.28) gives

(9) = (gs) + (Pr - Gp) = (J5) (5.30)

since pr has unit length for all angles. If we insert equation (5.30) into equation
(5.29), we get that the impurity potentials can be written as:
1 1
Vimp & —5—3s; Vs o —o—(7° @ 0°)3,(7° @ 0”). (5.31)
2’7’0 27'5
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Inserting equations (5.28) and (5.31) into the Eilenberger equation (5.27), rewriting

the Fermi velocity as vppr and averaging it over the Fermi surface, we get

1 = . .
ngV@]p = i[e(T°®0°)+A(T' ®io”)+h-6—ep+ 23_ (T°®0%)35(T°®07), 5] .-

(5.32)

Next we want to find a relation between the anisotropic part g, and the isotropic part
Js. This is done by looking at the equation we get when we multiply the Eilenberger
equation (5.27) with pr before averaging over the Fermi surface, but after inserting
equations (5.28) and (5.31). This equation, along with the normalization condition

go g =1 of the quasiclassical function, gives the relation
Jp = —T0UFGs © V. (5.33)

From this equation we see that we can find a solution for the anisotropic g, if we
manage to solve the transport equation for the isotropic component g,. We can
therefore insert the above relation into equation (5.32) to get a diffusion equation
for the isotropic Green’s function gj:
iDV - (gs o 698) =

i s o (5.34)

(7° ® 0%)gs(7° ® 0°), gs]
27,

(T @ 0%) + A(T' ®ic®) +h-6 —ep +

o’

1
3

transport equation of the quasiclassical Green’s functions of the system. Note how

where D = irgv%. This equation is known as the Usadel equation, and is the
we have reduced an equation for g(R, T, pr, €) into an equation for only the isotropic
part gs(Ra T7 6)'

5.5 Equilibrium

The final limit we will look at is when the system is in equilibrium. In this limit,
the Green’s functions becomes a time independent quantity gs(R,¢), and the ring
commutator in the Usadel equation (5.34) reduce to a ordinary commutator. Also,
ew is just a scalar in this limit, so it drops out of the equation. Finally one can
also show, by considering their definitions, that the retarded, advanced and Keldysh
component are, in equilibrium, related by

gt =—( 0" ©a®),  §" = (9" - g") tanh(e/2T), (5.35)

where T is the temperature of the system. This means that it is sufficient to only
solve e.g. the 4 x 4 retarded component in equilibrium. The Usadel equation is now
iDV - (3 o VL) =
; (5.36)
o (7 ® 0" @ o), 511,
Ts

(T ®@0%) + A(T' ®ic®)+h -6+

If we want to compare this Usadel equation with the one we get when we solve

for antiferromagnetic materials, we should restrict our attention to a 1D SF bilayer.
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In this case, we assume that the dynamics are effectively one-dimensional and ignore

spin-flip scattering processes. In this case, the Usadel equation is given as
iDV - (§f o Vglt) = (7 ®0°) + A(r! ®ic”) + h- 6,57 (5.37)

These are the same conditions we use for the antiferromagnet, except we have an
antiferromagnet instead of a ferromagnet. However, we will see that the term we
get from the antiferromagnetic part of the Usadel equation looks similar to the term
we got from the spin-flip magnetic impurities.

In order to get a unique solution for the Usadel equation, we need to include a set
of boundary conditions that describe the interactions between the interfaces of the
materials. One set of boundary conditions we can use are the Kuprianov-Lukichev

boundary conditions, valid in the dirty limit and for weak transmission regime [45]

1
2L;¢;

gs,jﬁggj = [Qﬁla ﬁfz} (5-38)

where the label j denotes the material j, L; is the length of material j, and ¢; = %
J
is the ratio between the barrier resistance Rp and the bulk resistance in material 7,

R;
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6 Usadel Equation for Antiferromagnetic metals

6 Usadel Equation for Antiferromagnetic metals

Antiferromagnets are materials where the magnetic moment of the atoms align in a
regular pattern, pointing in opposite directions. This creates a pattern of alternating
up and down spins, in contrast to the ferromagnet discussed in section 5, where the
spins point in the same direction. In this section, we will summarize the main steps
of the derivation of the Usadel equation for an antiferromagnetic metal, following
Fyhn et.al [20]. In later sections, we will also transform the Usadel equation for
antiferromagnets into a curved system, and look at the weak proximity effect for
such a system.

Consider a bilayer consisting of two materials labeled L (left) and R (right),

connected through a tunneling contact. The Hamiltonian is given by

H(t) = Hr(t) + Hr(t) + Hr. (6.1)
We also have
Ha= D lHF®) +V(O)]lumc, (6.2)
n,meAq

where o € {L, R} denotes the material and A, is the set of unit cells in material
a. The hopping parameter, t*, chemical potential, 4, and the exchange energy J*
between localized spins and conducting electrons are all collected in H§'. V' contains
all additional effects that may be present in the model, such as superconductivity,
external spin-splitting fields, spacial geometry, etc.

Since V¢ determines and confines the spatial geometry, we can simplify the sum
in equation (6.2) by letting the lattice A, run to infinity in all directions, such that
A, = 72, where Z is the set of integers. We can do this since the potential V®
makes the extra points outside of A, included in Z? zero. This makes the sum in
equation (6.2) easier to work with.

In this derivation, we will use a square lattice, where each unit cell is labeled by
the 3-tuple n, and contains one orbital associated with the A-sublattice at position
x% and one orbital associated with the B-sublattice at position x 4+ 8¢, as is seen
in figure 2. &“ is therefore the nearest neighbor displacement vector in material
a. For example, the unit cell (1,1,1) means we are looking at the unit cell where
the A-sublattice is located at X1 and the B-sublattice at X111 T 6“. The
antiferromagnet will have alternating spins on the different sublattices, e.g. spin up

on A and spin down on B.

Q

o 1o and

The annihilation operators at the A- and B-sublattice are denoted as ¢
¢ s, respectively, where o denotes the spin at unit cell n in material o. We then
define

_ T T T T
CzT = (CzAT sz CzBT sz Cgm - cm Cgm - CgBT) (6.3)

as a 1 x 8 matrix vector. Furthermore, we only include nearest neighbor hopping,
and assume this hopping is only between two different sublattices. Finally, the spin

space is rotated such that the Néel vector is always parallel to the z-axis.
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Because the lattice used in this section contains two sublattices, and each sublat-
tice can have either spin up or down, the dimension of the Green’s functions will be
different than the ones discussed in section 3. The retarded, advanced and Keldysh

Green’s functions are defined as

GRO(ty,ts) = —im ({cS(t), I (t2) O(t — ta), (6.4a)
Gi’gﬁ(tl,tg) = +’L.TZ<{Cz tz } @ tg - tl (64b)
G (b1, 1) = —iT([en(t ) (t2)}> (6.4c)

Since these definitions contain the different spin values possible for the lattice point,
they are similar to the 4 x 4 Green’s function in Nambu space for SF systems
discussed in section 3. They have different dimensions however, since the dimension
of the operator (6.3) makes them 8 x 8. The 8 x 8 matrices can be collected in larger

16 x 16 matrices,

. GR,aﬁ éK,aﬁ
Gaﬁ — ( nm Tnm ’ (6 5)
=\ o ok

and even larger 32 x 32 matrices,
y C'LL  CILR
Gpm = 07 " ). (6.6)
Goim G
In this section we use the notation that * indicates a 8 x 8 matrix in Nambu space,
“indicates a 16 x 16 matrix in Keldysh space and * indicates a 32 x 32 matrix in
material space.
Using that any operator P evolves in time according to equation (2.4)
d
i P(6) =[P(), H], (6.7)
and using this equation on the creation c®" and annihilation operator ¢, we get the
Gor’kov equations [20, 46]

zn%—f — Y oG =0(t; — t3)0pm, (6.8a)
g—fm +GeX =—d(t — t2)0um, (6.8D)

where 7L /L I'LR wWLL YLR
5 (HOT;LV ﬁ§T+ VR) _ (ERL ERR) (6.9)

is the self energy. The Gor’kov equations are then used to derive the Dyson equations
for the system, given as [20, 47]
G==GCGy+GoedX e, (6.10a)
G=Go+GedX e Gy, (6.10b)
where ¥y = 3 — 0% and Gy inserted into (6.8) solves the the Gor’kov equations with
Y — Y. Gy is then the Green’s function in the absence of impurities. The Gor’kov

equations are the equations of motion for the system, and gives the starting point

for further derivations.
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6.1 Imputity Averaging

The next step in deriving the Usadel equation for antiferromagnetic metals is to
average over impurities, and identify the self-energy which relates the impurity-
averaged Green’s function to the Green’s function with no impurities. The impurity
averaged Green’s function can be found by replacing the impurity potential in the
Gor’kov equations with this self energy. We assume that there are m®* number
of impurities in material o on sublattice X € {A, B}. We also assume that the
impurity potentials are local to the position of the impurities, and that the potential
strength and position of the i’th impurity in material a on sublattice X are U?X and

aX

>4 respectively. The impurity average is then defined as the sum over all possible

r
impurity locations and impurity potential strengths, weighted by some normalized
distribution function pjm,,({U;},{r;}) that makes the impurities independent and

uniformly distributed:

W= 1] 11 H/ZdeX Y (UL Ar AU}, {ri}). (6.11)

ac{L,R} Xc{A,B} =1 roXez3

Finally, the strength and locations of impurities are assumed to be uncorrelated.

The impurity averaged Green’s function, (u}imp = <é>imp can then be written as

v

éimp = éo + éo [ iimp ° Gimp- (612)

To find the expression for the impurity self energy f]imp the impurity average of
the Dyson equations in (6.10) is taken, yielding an expression for the impurity self

energy Xim, as a function of Gy, which to second order is given as

[iimp@la tQ)] o0 =

a «a a «a Yoo 6.13
Oa0nm Z nz‘n)fp(pX<UX Jimp + ({Ureu* >impr(Gimp)nn<t1’t2)pX)7 ( )
Xe{A,B}
where nf‘é} = m®X /N is the impurity density on sublattice X in material «, and
1 z 11— z
pA = —;p and pB = 2'0 (6.14)

are the projection operators in sublattice space A and B respectively. From now on
we drop the subscript on the impurity averaged Green’s function, éimp - G.

Next want to express the self energy Y in a block diagonal form. To achieve this,
closed equations for G and GEF are needed by first removing G and G from

3. This is done by treating the tunneling self-energy as a perturbation in the Dyson

equation (6.10). Let
g 0 TLR
T={ i | (6.15)
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and let Go be the Green’s function with 72% = TEL =, i.e. it solves the Gor’kov

equations

ZTzaaGt( - 20 ® GO = (5( 1 — tg)(snm, (616&)
8G ’ZTZ + GQ L] ZQ (S(tl — tg)énm, (616b)

a /
with 3y = & — 7' = diag(XLL, BER) as we can see from definition (6.9), where now

6% = T. Note that 6% includes the impurity self energy term obtained when we

took the impurity average above. The Dyson equations (6.10) are now given as

G=GCGo+GoeTeG, (6.17a)
G=Go+GeT el (6.17b)
Studying the different blocks of the two equations above, and inserting the results
for the G% and G" blocks into the Gor’kov equations (6.8), the blocks G*F and

G can be removed from the Gor’kov equations, which gives a block-diagonal self

energy,
Y= Hy+ V4 Sipp + 1, (6.18)
where
y HL
Hy="° . ], 6.19a
0 H§> ( )
y VL
V= VR> , (6.19b)
. TLR o (IRR o TRL
Sr = *Zo @ ) (6.19¢)
TRL ° GgL ° TLR

Functions in the quasiclassical framework vary slowly with the center-of-mass
(COM) coordinates, and quickly with the relative coordinate. As discussed in section
4, the COM part contains useful information about how different parts of the system
influence physical observables. It would therefore be useful to Fourier transform in
the relative coordinates, in order to obtain functions in terms of momentum k,
energy ¢, COM time T and COM position x, also known as Wigner coordinates.

The Fourier transform of function A in relative time ¢ is

Fi(A)(T,¢) :/ dt A(T +t/2,T —t/2)e™, (6.20)
and the Fourier transform in relative position r is given as
Fr(A)(k, x,« Z e PBkO% 4 m)neika";ae’ik'X%. (6.21)
mezZ3

The Gor’kov equations in the Wigner coordinates are given as

, (6.22a)
(6.22b)
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Note that the circle product using Wigner coordinates is the same as in the contin-
uous models for normal metals discussed in section 2.6. Meanwhile, the spatial part
of the bullet product is different. The bullet product can however still be expanded
as a series of differentiable operators, and the zeroth order term is the same in both
cases. We will end up only keeping the zeroth order terms, except for when calcu-
lating the kinetic energy term, the tunneling term, and the potential which is large

outside the material. These terms must be evaluated explicitly.

6.2 Extracting the Conduction Band

As discussed in section 4, one of the main ideas behind the quasiclassical theory
is that the majority of the interesting physics happens close to the Fermi surface.
It would therefore be beneficial to isolate the contribution from states close to the
Fermi surface. In this case, there will be two energy bands per material o which
are not overlapping, so only one of these can pass through the Fermi surface. To

separate the two bands, H, must first be diagonalize by writing it in the band-basis:

HY = S“D*(8%)7T, (6.23)
where
D* = diag(£2,£2, €2, €2, 65, €5, €5, €8) (6.24)

contains the different energies, and S? denotes the transpose of

—0g9 0 o9 O o, 0 o, 0
1 0 0 ., 0 —o, O
S — 70 70 |7 7 As*|, (6.25)
2n« 0 —o09 0 o9 0 —0o, 0 —0,
0 0o 0 o9 0 —o, 0 Oz

where 0y is the 2 X 2 identity matrix, n® = \/(J*)2 + (K)2, K is the kinetic term,
£ = —p* £, 3% = (s¢ 4+ 5%)/2 and As® = (s§ — s%)/2, with s§ = /> £ Jo.

Next define 5 5

srams = (G G (620

+- Yt

We now want an equation for the Green’s function associated with the energy band
which crosses the Fermi surface. This can be either G** or G’Sﬁ Here G is
chosen. By extracting only one of the bands, we have reduced the dimensional of
the problem by half. This means that when we write * from now on, we mean the
regular 4 x 4 dimensions used for e.g. the SF case and so on. The Gor’kov equations

can then be written as
reo ot —grGee — (S - Hg) e G| =1, (6.27a)
z‘Jaana
Ka
—iK°§® - ApGoa — [(;w o (3 - lf_rg)} _1

G oTe — E2G — VY - ARG — - ArG°% 1.0, (6.27D)
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where X is the block of ¥ in (6.18) corresponding to material a. We also use the

notation that we can write a general matrix A in the sublattice basis as

A A
(S TAS™ = ], (6.28)
A Ay

so the —— index, for instance, indicate that one should take the upper left block in

the conduction basis. Also, the discrete finite difference operator is defined as
2% - ARGo®(k,n,) = G (k, 2% + 22) — G**(k, z%). (6.29)

Looking at the Gor’kov equations (6.27), we are only considering the Green’s func-
tions which stays in either the left or right material, since they are only denoted by a
single index «. This means we we can ignore the « index, as the difference between
the left and right materials we look at will now manifests itself in the boundary

conditions, which are discussed at the end of this section.

6.3 Quasiclassical Green’s function

The next step is to transform into using the quasiclassical Green’s function. To
do this, the Green’s function must be integrated over all momenta, as discussed in
section 4. As mentioned above, we only want contributions from the states close to
the Fermi surface. This means that we cannot simply integrate over all momenta, as
the contributions far from the Fermi surface are small but not negligible. Instead,
we must integrate over a contour close to the Fermi surface. The integral is therefore
decomposed into one part which includes contributions close to the Fermi surface,
and one part which includes the rest, by using the Eilenberger decomposition [48]. To
get the quasiclassical equations of motion, we must integrate the Gor’kov equations
(6.27) over this contour § d¢_. The quasiclassical Green’s function is now defined
as

g = % 7{ e G . (6.30)

Here, only positions inside the materials will be looked at, which means the tunneling
self energy term and any potential outside the material can be ignored. Integrating
the Gor’kov equations (6.27) over the contours in the complex £ _ space, subtracting
the second equation from the first, and using the assumption that V + f]imp varies
slowly with COM position, the equation of motion for the quasiclassical Green’s

function can be derived as [20],

Ve Apg+ [re — (S — Hy)-— ¢ g] =0. (6.31)
This is the Eilenberger equation for antiferromagnetic materials, where vp = Vi£_ (k)
is the Fermi velocity. The Eilenberger equation does not have a unique steady-state
solution, so to compensate for this one typically assumes the normalization condition
that gog=1.
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6.4 Diffusive Limit

In order to arrive at the Usadel equation for antiferromagnetic materials, the dif-
fusive limit of the Eilenberger equation (6.31) must be taken. Before we can do
this, the impurity self energy (6.13) must be expressed in terms of the quasiclassical
Green’s function (6.30). We assume that there are, on average, an equal amount of
impurities of equal average strength on both sublattices, and the impurities are not
magnetic. Using the Eilenberger contour discussed above, the impurity self energy
can be written as [20]
1 J?

<2imp)—— - _T(gs + ngngsUsz)a (632)
mp

where the angular average quasiclassical Green’s function in momentum space is

defined as
_[dQ

= Eg_

We see that the equation for the impurity self energy reduces to the normal state

(9) = 9s (6.33)
impurity self energy in the absence of antiferromagnetism when J* = 0. However,
when J* # 0 we get an additional term which is equal to the term one gets when
adding magnetic impurities in the quasiclassical theory for normal metals. This
means that the impurities in the antiferromagnet behave as if they where mag-
netic [20]. This antiferromagnetic term proportional to J is similar to the spin-flip
scattering term one gets for the ferromagnetic Usadel equation in section 5

We are now ready to derive the equation of motion for the diffusive limit, starting
from the Eilenberger equation (6.31). This equation of motion is valid for diffusive
systems, where the impurity scattering time is assumed to be small. To start off,
the gradient term needs to be replaced with the covariant derivative, in order to
be able to include spin-orbit coupling and the vector gauge potential from the elec-
tromagnetic field. This is done by extracting the p-wave part of V__, writing it

as
V_=vp-A+V,+AV, (6.34)

where V, = (V__) is the s-wave part, and vp - A is the p-wave part of V__. The
p-wave contribution includes the vector gauge potential from the electromagnetic
field, as well as spin-orbit coupling and the spatial variation in the Néel vector. The

covariant derivative is then defined as
Vog—=Apj— i[A, g} . (6.35)
The Eilenberger equation (6.31) is now

ivp-Vog+ [r.e = Vi = AV — (Simp)——, 9] = 0. (6.36)

where ¥ — [:IO =V+ Eimp inside the material, since here the tunneling term is zero.

Also, the matrix current is defined as

i=(vrg). (6.37)
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1
Timp

larger than e, V; and AV, and writing § = g, + Ag where g, = (§) is the isotropic

is much

We can get an expression for the matrix current by assuming that

part of the quasiclassical Green’s function. Next, we assume that Ag® does not
include higher order spherical harmonics with large amplitudes, which is valid under
the assumption that AV® is small. We can then show that the isotropic Green’s
function also satisfies the normalization condition g o g¢. This is consistent as long
as the change in g, over the length of the mean free path l;;,, = vpTin, is small

compared to 1. With these assumptions, the matrix current can be written as

s . J2 .
J=—-gsoVo(Dgs)—gso [ﬁaszgsasz,j} , (6.38)
n o
where
D = Tipmp(VE @ VF) (6.39)

is the diffusion tensor. The next step is to take the angular average of equation
(6.36). We then end up with

S . iJ? 3 5

iVoj+ |me—Vs+ 5 3 0eT0s0:Te Js | = 0. (6.40)

. 2
imp o

This the Usadel equation for systems with antiferromagnets, which gives us the
equation of motion for the system. As we can see, if we set J — 0, we end up with
the usual Usadel equation for normal metals discussed in section 5. This equation
can be used to find useful information about the system, such as magnetization and

density of states.

6.5 Equilibrium

As Fyhn et.al. points out, a simpler equation for the matrix current j can be
found in equilibrium by assuming that (J/n)?*[0.7., Js] < 1. This is valid for time

independent situations, and equation (6.38) can then be written as
j ~ _[1 + (J/T})Z]_ngs@gsa (641)

where D is now constant. Since we are in equilibrium, the ring commutator reduces
to an ordinary commutator. The final version of the Usadel equation is now
2-1: VT (5 7 o ¥ iJ? . .
1+ (J/n)*] " iDV(gsV o gs) = | 1.6 — Vi + 5 " O,T20s0:Tx, Js | - (6.42)
Timp

6.6 Boundary Conditions

The two materials must have some condition which describes how the electrons will
behave when they travel from one material to the other. Let the superconductor
be denoted by S, and the antiferromagnet by A. The general boundary condition
for the matrix current going out of material « € {S, A} into material g € {4, S} is
given by [20, 49|

e jo = [TusgsTsa + iR, ga] , (6.43)
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6 Usadel Equation for Antiferromagnetic metals

where e, is the outwards pointing normal vector, Tag it the tunneling matrix and
R, is the reflection matrix. The tunneling matrix tells us something about the prob-
ability for an electron to tunnel through the boundary, while the reflection matrix
about the probability for it to be reflected at the boundary. For the boundary condi-
tions, we have either compensated or uncompensated interfaces. In the compensated
boundary we assume that the tunneling and reflection are scalars independent of
spin and sublattice, given as Tag = Taﬁ =t, R, = r. These conditions gives us the
same result as the one discussed in the SF case in section 5. The uncompensated
boundary conditions are the same as the spin active boundary conditions. In this
case it is assume that tunneling can only occur between the superconductor and the
A-sublattice in the antiferromagnet, where the boundary contains spins pointing in

the direction m. In this case the tunneling matrix becomes [49]
Tsa=Thg =
sA = dag

; A (6.44)
3 [\/1~|—J/u+ V1—=J/lu+(1+J/u—/1—J/p)r.m- o .

In general, we should also have spin-dependent reflection. The reflection matrix is

for simplicity set equal for both sides

RA :RserZIi’l-O'. (645)
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7 Spin-orbit coupling as a result of curvature

7 Spin-orbit coupling as a result of curvature

We would like to take the Usadel equation for antiferromangets we found in section
6 and use it to describe curved systems. To achieve this, we first need to look at how
curvature can induce a spin-orbit coupling which we will include as a background
field in the derivative operator. This section is based on Ref. [30].

When a material with an initially regular atomic lattice with some constant
distance between the lattice points becomes bent, the interatomic distances becomes
nonuniform, as we can see in figure 7. The deformation due to the curvature is tensile
for n > 0 and compressive for n < 0, where n is the normal coordinate. Suppose we
look at a section of the bent material. The strain along the bent direction is defined

as
L(n) - LO

€ss = L—Ov
where L(n) is the length of the bent material at a distance n from the center of the
material, and L(0) = Ly is the length of the material before being bent. The length
can be expressed in terms of the curvature radius R and curvature angle 6 along the
material, L(n) = (R 4+ n)f. We can then write

(7.1)

i (R+n)0 — RO
88 T Re -

K(s)n, (7.2)

_ 1

= 1s the curvature of the material and s is the arch length parameter.

where k(s)

Figure 7: A part of the cross section of a curved nanostructure. n is the normal
1
w(s)
the radius of curvature, where £(s) is the curvature. L(n) is the length of the section

coordinate, s is the arclength parameter and 6 is the curvature angle. R = is

at a distance n from the center line, indicated by the dotted line.

Since the strain in the material gives rise to different distances between the lattice
points along the normal direction, we get a shift in the energy band [18, 50]. This

shift in the band energies may be treated as a varying potential, which for small
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7 Spin-orbit coupling as a result of curvature

values of the strain are linear in the strain [50]:
V(s,n) = Ness(s,n) = A&(s)n, (7.3)

where \ is a characteristic energy scale, which for semiconductors is in the order of
leV [19]. As we know, a varying potential gives rise to an electric field E = ——VV
Using the gradient in curvilinear coordinates given in [30], the electric field induced

by the strain and the potential (7.3) is given by

E(s,n) = —%ﬁs(ﬁ(s)ﬁ'(s) - A“e(s)ms). (7.4)

We now average over the normal coordinate by integrating over n, and use the

curvilinear Jacobian given in equation [30]:

(E)n(s) = - N (s). (7.5)

This is the average of the electric field over the normal coordinate n at the archlength
point s, and is denoted by (...)n. This shows that the curvature x(s) of the material
induces an electric field in the normal direction, proportional to the curvature.

We will now find how this electric field is coupled to the spin of the electrons.
An electron traveling with a velocity v in an electric field E experiences a magnetic
field B = —v x E. This magnetic field couples to the magnetic momentum pu,. of
the electron through the Zeeman interaction in the Hamiltonian

HSO = — e -B = %S (V X E), (76)

where S is the spin-vector and ¢ is the g-factor, which for an electron is approxi-
mately equal to 2. Writing this in terms of the electron momentum p and the Pauli

spin matrix vector o = 2S, we get

Hso = %a -(p x E). (7.7)
This Hamiltonian shows how the electron momentum is coupled to the spin, which is
mediated by the electric field. This type of coupling is known as spin-orbit coupling.
We can now insert equation (7.5) for the electric field induced by the curvature into

this Hamiltonian and get

Hso = —Xo - (p x N (s)). (7.8)

i ’\”(S) is the Rashba coefficient determining the strength of the curvature-

where oy =
induced spm—orblt coupling. We see that by adjusting the curvature r(s) of the
material, we can directly control the spin orbit strength on the electron through the
Rashba coefficient.

We will now look at how we can express the spin-orbit coupling in terms of
a spin-orbit field A. In addition to the spin-orbit coupling in the normal direction

originating from the curved structure, we may also have a second, intrinsic, spin-orbit
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7 Spin-orbit coupling as a result of curvature

term independent of the curvature [51]. This term comes from the fact that we have
an asymmetric confinement in the binormal direction. To account for these different
types, we may introduce a general spin-orbit vector whose components represents the
spin-orbit coupling strength in the different curvilinear directions: o = aT’f'(s) +
anN(s) + apB(s) [33]. The magnitude of the spin-orbit interaction, and its axis
can now be determined by the magnitude and direction of «, respectively. The
Hamiltonian of the system, only including the kinetic and spin-orbit part, can now

be written as: )
A~ p (81
H=———.0Xp. 7.9
2m  2m P (7.9)
Next, we would like to write this as a covariant equation using tensors. To achieve
this, we replace p = —iV with the coordinate covariant derivatives defined in equa-

tion (2.23) and rewrite the cross product in covariant form:
A 1 i 7 ik
H = —%UJDZ'DJ' + %O@g J O'jak. (710)

Since the ordinary Levi-Cevita symbol € is not a tensor, we introduce the con-

travariant Levi-Cevita tensor £9% = L¢% where /7 is defined as the square root

of the determinant of the metric tensoxf nij. This makes sure that the equations stay
in tensorial form. We can now introduce the contravariant spin-orbit field A* in the
last term of the equation
AF = ;&% ;. (7.11)

The Hamiltonian now takes the form:

ﬁ:—%ﬁmmﬁiﬁﬁm. (7.12)
When operating on a scalar function, regular and covariant derivatives are equiva-
lent. This is the case for the Hamiltonian, as it acts on scalar wavefunctions. We
can therefore replace 0y — Dy, in the last term of the Hamiltonian. After relabeling
the k-index and using the metric tensor to lower the index of the spin-orbit field, we
get:

ﬁ:—%ﬁMM%qmqy (7.13)
If we now assume that the spin-orbit coupling is weak, i.e. the physical components
|A(i)} < 1, we can rewrite this equation in a similar way as for a charged particle

moving in a magnetic field

~

1 ..
H=——n"(D; —iA;)?, (7.14)

2m
where A; acts as a background SU(2) gauge field [52]. Finally, we need to replace

the coordinate covariant derivatives with a coordinate-gauge covariant derivative
to ensure that we have the correct transformation properties under local SU(2)
rotations. The coordinate-gauge covariant derivative of a covariant vector v; is
defined as:

Div; = Div; — i Ay, v)] = Ovj — Ffjvk — 1[A;, v (7.15)
The commutator ensures that the transformation is gauge covariant, while the

Christoffel symbols ensures that it is coordinate covariant.
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8 Usadel Equation for Antiferromagnets in Curvi-

linear Coordinates

Now we are ready to derive the Usadel equation for curved systems. Here we will
insert the different Christoffel symbols in the coordinate-gauge covariant derivative,
and consider them in terms of a curvilinear gradient and physical spin-orbit field A.

We would like to find an expression for the Usadel equation in curvilinear co-
ordinates. To achieve this, we start off by considering the Usadel equation for
antiferromagnets (6.42) we found earlier. We would like to include spin-orbit cou-
pling, and write the equation in covariant form. We therefore replace the derivatives
with the coordinate-gauge covariant derivative, and write the scalar product using
tensor notation. This gives us the Usadel equation for antiferromagnets in tensorial
form, which also includes spin-orbit coupling:

: ij -1 (7). - ¥ iJ? . .
iDpn 1+ (J/n)°]""Di(dD;g) = {erz - Vi+ 57 2079057 0|, (8.1)
Timp']
where f)ivj = 0iv; — Ffjvk —1 [/1@, UJ} and A; = (A;, —A™) is the covariant spin-orbit
field in 4 x 4 Nambu space.

We now want to go from the general Usadel equation using tensor notation, to
using a curvilinear coordinate system as described in section 2.4. We will start
by looking at the case of no torsion. We will see how the equations change when
adding torsion when we look at a more specific case for the nanowire arch/helix
in the next section. The left hand side of the Usadel equation can be calculated

explicitly. Writing it out, we get

iDen”?[1+ (J/n)*) " Di(gD;9) = iDen[1 + (J/m)* ! (@(g&‘jg) — I}5(§0k9)
(8.2)
~i| As,5939] — i0.(a| A, g]) + 59| v g| - [Ai,g[flj,gﬂ).

In section 2.4 we found the expressions for the Christoffel symbols (2.34) and metric
tensor (2.31) for a curvilinear coordinate system with no torsion. In equation (2.28),
we multiply the Christoffel symbols with the diagonal metric tensor. As a result,

only the terms with equal lower indices (i = j) contribute, which are

1

s - -
* H(s,n)

O0sH(s,n), I'' = —H(s,n)0,H(s,n). (8.3)

We now insert the metric tensor and Christoffel symbols into equation (8.2). The
full Usadel equation (8.1) now takes the form [30]

) 1le = 1 ~ N ~ e
iDp[1+ (J/n)? 1[%(9%9) + H(s) Vu(H(s,1)§Vng) + Vis(§Veg) | =
. ’LJ2 3 3 (84>
€T, — Vo + ——0.7.G0.7,, G|,
27—imp772
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8 Usadel Equation for Antiferromagnets in Curvilinear Coordinates

where we have defined the gauge covariant derivative in terms of the physical spin

orbit field component A(i) defined in the curvilinear basis, such that
62‘1)]' = VZ‘U]' - Z[A(Z), Uj] y (85)

where V; is the component of the curvilinear gradient V = (ma& On, Op) in the

i-th direction, and A(i) = (A,, — A7) where the physical spin-orbit field is given as

A = (aom) — amow), «B)o(r) = noE), (o) —amom).  (8:6)

Equation (8.6) is derived by considering the definition of the contravariant spin-
orbit field in equation (7.11), and inserting the determinant of the metric tensor
into the equation while performing the summation using curvilinear coordinates [30].
Here we also defined the set of physical curvilinear Pauli matrices o1y v 5)(s) =
o-{T(s),N(s),B(s)}.

We can perform a similar derivation in order to find the curvilinear expressions
for the boundary conditions given in (6.43). The covariant form of the boundary

conditions can be written as
[+ (/)7 DgeDige = [TapdsToa + ks ] (8.7)

where D; is the coordinate-gauge covariant derivative. Expanding the covariant

boundary conditions in curvilinear coordinates like we did above, we achieve
1+ (J/m)’] " DgaViga = [Tagggifga +iR., ga} : (8.8)

where V; is the gauge covariant derivative in terms of the physical spin-orbit field

discussed in equation (8.5).

47
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9 Nanowire Arc

In this section we will apply the Usadel equation for curved systems we found in the
previous section to the case of a nanowire arch curved in the form of a portion of a
circle, as illustrated in figure 8. In this case, the curvature is constant, k(s) = k =
1/R, where R is the radius of the full circle. We will first look at the case with no

torsion, and afterwards look at how the equations changes after adding torsion.

Figure 8: An illustration of a nanowire arch, here chosen to be a semicircle with
constant radius of curvature R = ﬁ The nanowire resides in the xy-plane, where
at any arclength point s, measured from the right end of the semicircle, we have a
local set of basis vectors T (s), N(s) and B(s), following a right handed curvilinear

coordinate system. For the case of no torsion the binormal unit vector is constant.

We assume that the wire is infinitesimally thin and lies in the xy-plane. This
means that we may neglect the degrees of freedom in the normal and binormal
direction, n,b — 0, and the curvature dependent scale function becomes H(s,n) =
1 — k(s)n = 1. The metric tensor in equation (2.31) thus reduces to the same
form as the Cartesian metric tensor. For coordinate systems with a Cartesian-like
metric, there is no distinction between covariant /contravariant and physical tensor
component. We can therefore drop the parenthesis notation for physical components
in the following sections.

For a 1D nanowire arc, the curvilinear Usadel equation in (8.4) takes the simple

form: 2
iDp[l+ (J/n)*] ' 0:(90sg) = |er. — Vi + %azngozrz, g} . (9

TimpT]
where we defined the gauge covariant derivative 5svj = Ovj — i[AT,vj}, corre-

sponding to H(s,n) = 1 for the coordinate gauge covariant derivative in curvilinear
coordinates used in the curvilinear Usadel equation. Also, Ay = diag(Ap, —A%),
where A; = ayop — apoy is the tangential component of the spin-orbit field (8.6).
Only the Ar component of the gauge covariant derivative remains since we can

ignore the derivatives in the binormal and normal directions due to taking n,b — 0.

9.0.1 Curvilinear Pauli Matrices

Looking at equation (9.1), the only part of the equation that makes this curved case

different from a straight case is that the Pauli matrices changes expressions in the
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9 Nanowire Arc

curvilinear basis. We will therefore need the Pauli Matrices in a curvilinear basis.

The curvilinear Pauli matrices are defined as:
or =0 -T(s), oy =0 -N(s), o5 =0 B(s), (9.2)

where o is the Cartesian Pauli spin vector. As we can see, we need expressions
for the three basis vectors. The basis vectors are related through the torsion-free
Frenet-Serret formulas given in equation (2.27), and can be expressed in terms of
the arc length parametrization £(s) as:

T(s) = Se(s), M= ——e(s),  Bls) = (9.3

s)=—E&(s §) = ———€(s s) =ée,. .
ds> " k(s)ds?> 7 ‘

The arch length parametrization is given by &(s) = % cos (ks)e, + % sin (ks)eé,, using
a Cartesian coordinate system as shown in figure 8. Using this parametrization, the

basis vectors in (9.3) can be written as:

~ ~ A

T (s) = —sin (ks)é,+cos (ks)é,, N (s) = — cos (ks)e,—sin (ks)e,, B(s) = e,.

(9.4)
Finally, we are able to find expressions for the curvilinear Pauli matrices in equation
(9.2):

0 —jeins 0 —eins 1 0
or = . s g = . 5 ag - . 95
T (z‘ems 0 ) N (—ems 0 ) B <0 —1) (9:5)

9.1 Nanowire Helix

We would now like to see how the Usadel equation changes when we add torsion
to the system, as is seen in figure 9. In this case, we need to use the metric tensor

given in equation (2.36)
Nij = —T(S)b 1 0 . (96)

We can now look at the calculation we did for deriving the Usadel equation in
curvilinear coordinates with no torsion in section 8 to see how the equation changes
when we add torsion. Looking at the equations, we see that adding torsion to the
system changes the number of Christoffel symbols we need to include after inserting
the coordinate-gauge covariant derivative, due to the metric tensor having more
terms in the case with torsion. In addition, the metric tensor is no longer diagonal
so we cannot use the Christoffel symbols for diagonal metric tensors in equation
(2.33), but must instead use the full equation (2.24). Fortunately, we would still
like to look at a wire which is infinitesimally thin, so we get a nanowire helix. This
means that we neglect the degrees of freedom in the normal and binormal direction,

n,b — 0. Looking at the metric tensor in equation (9.6), we see that it reduces
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9 Nanowire Arc

Figure 9: An illustration of a nanowire helix, with a local set of basis vectors ’f'(s),
N (s) and B(s), following a right handed curvilinear coordinate system. P is the
pitch of the helix, and R is the radius.

to the same metric tensor we got for the case with no torsion, i.e. to a Cartesian
metric tensor. We therefore have the same form for the Usadel equation with and
without torsion, given in equation (9.1). It is worth repeating that this is only the
case for a 1D nanowire where we take the limit n,b — 0. For a 2D or 3D system, the
equations with and without torsion would look different due to the different metric

tensors and thus different Christoffel symbols.

9.1.1 Curvilinear Pauli Matrices with tortion

The difference between the 1D nanowire arch without torsion and the 1D nanowire
helix with torsion lies in the Pauli matrices. For a nanowire helix, the curvilinear

basis vectors can be written in a Cartesian coordinate system as [33]

A

T () = — cos(a) sin(p)é, + cos(a) cos(p)é, + sin(a)e,, (9.7)
N (@) = — cos(p)é, — sin(p)é,, (9.8)
B(p) = sin(a) sin(p)é, — sin(a) cos(p)é, + cos(a)é., (9.9)

where ¢ is the azimuthal angle in the xy-plane, and a = arctan(7/k). Finally, we

can use equation (9.2) to get the Pauli matrices for a nanowire helix

sin(a)  —i cos(oz)e’¢>

or = .
icos(a)e” —sin(a)
0 —e %
ON = _eilp 0 > , (910)
cos(a) isin(a)e
op — . .
—sin(a)e¥  — cos(a)
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10 Parametrization

10 Parametrization

In this section we will use the Riccati parametrization on the Usadel equation for
curved antiferromagnetic materials we found in the previous section. We will end
up with an equation of motion for the y-matrix, which we can use to solve for the
Green’s function. The equation of motion for the y-matrix can be solved numerically,
and it is a convenient parametrization of the Green’s function as the range of 0 to
1 parametrizes an infinite range of variation in g.

As discussed in section 3, the advanced, Keldysh and retarded Green’s function
are all related to each other in equilibrium. We can therefore focus on only solving
one of them, e.g. the retarded component. Recall that the retarded quasiclassical

Green’s function was defined as

iR (z,e) = ( g'zte) - fE ) ) (10.1)

_fR*(Za _6) _gR*<Za _6)

As we discussed in section 4, the Green’s function has a symmetry between it’s

components, as we can see by using the tilde conjugation
g*(Z, _5) Eg(z7+€) (102)

We can always get the tilde-version of an equation by taking the tilde-conjugate of
the equation, where taking the tilde conjugate simply makes the non-tilde variables
into tilde variables, and vice versa. This allows us to parameterize the matrix using

the Riccati parametrization [10], defined as

N 0 1 Y 2
gR _ _ +~’y’y ’): 7 (103)
0 —N 275 149y

where N is a 2 x 2 normalization matrix defined as N = (1 — ~v3)~!. The form of

the N-matrix gives some useful identities
Ny=+N, N4=4N. (10.4)

The Riccati parametrization reduces the problem from solving for the 4 x 4 Green’s
functions to solving for the 2 x 2 y-matrices.

The left hand side of the Usadel equation for AF-S systems is the same as for the
curved SF case with no torsion (except for an extra constant in the antiferromagnet
case). We will therefore only solve for the right hand side of the equation. For a
derivation of the left hand side, see [30]. We will first consider the case with no
torsion, and then look at the system with torsion.

Recall that the Usadel equation for curved antiferromagnets is given as

iDp[1+ (J/0)%)7'05(90s9) = [er. — Vi + (0.72§0.72, 7], (10.5)
where we define:
(= (10.6)
n 27—z‘mp772. .
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10 Parametrization

We will now insert the v-parametrization of g on the right hand side, and solve for

each term separately.
The first term is given as:

L (1 0\ [N1+yY) 2Ny
mil=ely —2N35  —N(1+77)

N(1+v3) 2Ny 10
N oNy SN+ ) \o -1
_(NA+a) 2Ny ) (N(+97) 2Ny
B ON5  N(1449) —2N5  N(1477)

B 0  4eNvy
 \4eN5 0 )

~ V
Next, we solve for the second term for a general potential V, = (;H ;12> ;
22

Y 21 LA
[—f/ g} _ Vii Vi N(l ‘i:’Y:Y) ~2N7
’ Vo Vo —2N%y _N<1 + '~Y'Y>

+ N(l +~7'~Y) ~2N”Y Vi Vi
—2N% _N(l + ’7’7) Vo Vo
_ <—K11N(1 +77) + 2K12N’~Y =2V Ny + KuN(l + :Y’Y))

—Vu N(1+7) + 2KQQN’~Y —2Vo N7y + Kzzjwl +97)

N(} + ”ﬁ/)zg + 2NV, N(} + P)/:)/)Klg + 2N~V
—2NAV = N(L+97)Vy —2NAV 1y — N(1 +757)Vy

(10.7)

(10.8)

Since we will look at a S-AF system, we will use the potential for a superconductor,

. . 0 Ai

Ve = A = .. =19y . This term should be zero when we are inside the
A%io, 0

antiferromagnet. We get:

8]
2Azaym Aio,N(1+ 37) 2NvA*io, N(1+~9)Aic,
~A%io,N(1+~7) —2A%0,Nv ~N(1+77y)A%0, —2NAAio,
QAZUnyy +2NvA*io, Aio,N(1+47) + N(1 +~%)Aio,
N(1+~%) — N(1 +47)A%io, —2A%io, Ny — 2N7Aia, '
(10.9)
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The third and last term is given as:

[CO‘T GO ;T A]_CJ‘ Lo N(l—f—*y’y) 2Ny o; Lo
IR TNTN g )\ —any =N +ay) T \o <1
(N +97) 2N~ _¢ N(1+~79) 2N~ ot o0

—2N5 =N +737) —2N5  —N@1+3y)) "\o -1
(N1 +97) 2N~y [t oo
—2N5  —N@1+37)) "\o -1

o (N(Hw) 2Ny )U, (N(Hﬁ) 2N~ )

N7 N(1+4y) N7 N(1+4)

¢ N(1++%) 2N~y o N(1+~%) 2Ny [t o
—2N45  —N(1+47)) "\ 285 N@a+4v)) \o —1)°

(10.10)

We now want to insert a specific direction for the spin basis. Here we will use
1 0

0; = op, where og = 0 . Since the Pauli matrices are the same with and

without torsion, the equation we derive here are valid for both cases. Inserting this
into equation (10.10), we get :

. o N(l+~%) 2Ny N(l+~y) 2Ny
[CO-BTZQO_BTzag] = (o ~ ~ - OB ~ - -
2N N1+ 4y) 2N% N1+ 37)

¢ N(1+~79) IN~ i N(1+~%) 2Ny St
9Ny —N@+4y)) "\ 2N Na+47)) "lo -1
o N +~%)ogN(1+~7) + 4NyogN5  2N(1 +~7)osN~y + 2NvosN(1 + 57)
P \2N405N (1 + %) + 2N(1 +47)0sN7  4ANFosNvy + N(1+37)osN(1 +77)
_ NUHosN( ) + ANYopNy  —2N(1+77)opNvy — 2NyopN(1 +57)
—2N50pN(1+77) = 2N(1 +97)opNy  ANJopNy + N(1+757)opN (1 +57)

oB 0
0 opRB .

Inserting equations (10.7) - (10.11) into equation (10.5), we get a set of 2 X 2-
matrix equations for v and 4. From now on, we only need to consider the (1,1)
and (1,2) components of the matrices used to solve for 7, as we can take the tilde
conjugate of these equations to get the equations coming from the (2,1) and (2, 2)
components used to solve for 4. After simplifying these terms (derived in appendix
A), and inserting the parametrization of the left-hand side, we end up with the fully

(10.11)
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Riccati parametrized Usadel equation

DF[<837) + 2(&97) :)/(857)]
=i(yA*y — A) — 2i(|opNopy + VUBNCTB +opNyop + VUBNWUBW -y
7+ 3A7y) + 2Dpi(Ar + YALY)N (057)

— 2iey + 2D pi(dyy) N (A
(A3 + YA7y) + Dp(A3y — v(A})?) — Dril(0sAr)y

+2Dp(Ary +vA3)
+ (9 A7),

N(A
N

(10.12)

where Dp = Dp[l + (J/n)?]~". This parametrized equation for for a curved AF-
S bilayer is the main result of this thesis. Equation (10.12) is valid for both the
case with and without torsion, when we choose the spin direction in the binormal
direction and insert this into equation (10.10). If we want the Usadel equation for
the spin direction in the normal or tangential direction, the equations for the case
with and without torsion would be different, since the Pauli matrices in (9.5) and
(9.10) are different. In the next sections we will look at different numerical results
using the parametrized equation (10.12).

For a discussion on the parametrized versions of the boundary conditions, see
e.g. [53].
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11  Weak Proximity Limit

11 Weak Proximity Limit

In this section we will look at the weak proximity effect for the Riccati parametrized
equation we found in the previous section. We will first look at the case with no
torsion, and afterwards look at the case with torsion.

When the superconductor is in contact with the antiferromagnet, some of the
Cooper pairs will tunnel from one side to the other. If the transparency of the
interface between them is low, only a small number of Cooper pairs are able to
tunnel through. This is known as the weak proximity effect. In this scenario the
components of the v matrix are expected to be small, i.e. |y;;| < 1, which means
we may neglect terms of the order O(?) [10]. In this limit N = 1, so the anomalous
Green’s function given in the upper right block of equation (10.3), f® = 2N4~,
reduces to ff = 2vy. It will also be useful to decompose the anomalous Green’s
function into singlet/triplet components, where the singlet component is described
by a scalar function f, and the triplet component are encapsulated in the so-called
d-vector [54],

f=(fs +n"d;o;)io,. (11.1)

For a nanowire arch, we can write this equation in curvilinear coordinates as
= (fs + dror + dyoy + dpop)io,,. (11.2)

In matrix form, this equation is given as

=gy = [l Fdy)e™™ dp - f, (11.3)
dB — fs (ZdT — dN)ei’“ 7

where we used the expressions for the Pauli-matrices for a nanowire arch with no
torsion given in equation (9.5).

We will consider the weak proximity limit inside the antiferromagnet. This means
that A = 0. In the weak proximity limit, the Riccati parametrized Usadel equation

for a nanowire arch in (10.12) reduces to a linear differential equation in -y

Dpd2y = =2iC [y + o5y08] — 2iey + 2iDp [(0:7) A} + Ar(047)]
+ Dp [ArvA5 +9(A3)?] + Dr [(Ar)*y — v(A7)?] (11.4)
—iDp [(DsAr)y +7(8:A7)]

We now want to express each term of the above equation in matrix form, using the
weak proximity representation of the ~-matrix given in equation (11.3). Here, we
will only solve for the antiferromagnet (-term of the equation. For a derivation of
the remaining terms, see [30]. Multiplying the weak proximity y-matrix with the
spin vector in the binormal direction, the antiferromagnet part in equation (11.4) is

given as

(11.5)

—2i( [y + opyop] = —2iC (ﬁdT T dw)e 0 ) :

0 (ZdT — dN>€mS
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11  Weak Proximity Limit

Comparing the components of the matrix representation of the weak proximity Ric-

cati parametrized Usadel equation in (11.4), we get four coupled differential equa-

tions
ij C N2/ . .. ~
7(85 —ik)*(idy + dy) = —2i¢(idy + dy) — ie(idr + dy) + Dragdp
+2DF [a?v(idT%—dN) +&NaBdB+Oé%;(idT)} (11'6>
—f- 21D~F [O[N(as — Zli)(ldT —|— dN) —|— O[BanB] s
DF C N2/ C g .. ~
7@8 + k) (idy — dn) = —2i((idr — dy) + —ie(idr — dy) — Dragdp
+ 2[)}? [a?\,(zdgp — dN) - OéNOéBdB + &2B<ZdT)] (11'7>
—I— ZZﬁF [—ozN(E?s —f- Zﬁ)(ZdT — dN) —f- OéBanB] s
D 5 N
TFﬁf(dB + fs) = —iE(dB + fs) — DFKCYBdN + 2DF [CEQBdB + OlNCJ!BdN] (11 8)
— QDF [OéB(as(dT) — /idN)] R
DF 2 . ~ ~ 2
Tas(dB — fs) = —ie(dp — fs) — Dpragdy + 2Dp [ahdp + ayapdy] (11.9)

—2Dp lap(0s(dr) — Kdy)],

where «; is the strength of the spin-orbit field in the direction j. These four equa-
tions can be simplified by adding and subtracting equation (11.7) from (11.6), and
equation (11.9) from (11.8). We then end up with four coupled differential equations

for the curvilinear components of the d-vector and the singlet

%ang = 2Cidy + edr + iDp[2(ay + af) + m(g + 2an)]dr (11.10)
+iDp(2ay + k)0sdy + 2iDpagdydp,

%Efd]v = 2Cidy + edy + iDp[203 + m(g + 2ay)]dy (11.11)
—iDp(2an + k)0sdr + iDpag(2ay + k)dp,

%afdfg =edp + 2iDpakdp + iDrap(2ay + K)dy (11.12)
— 2iDpagdydr,

Dr g = ch. (11.13)

From these equations we see how the different components interact with each other.
For instance, starting with only singlets will not generate any triplet components,
and vice versa. For the triplet components (11.10) - (11.12) we see that we only get
mixing between the triplet states when either the spin-orbit coupling strength in the
normal and binormal direction, ayy, ap or the curvature x are non-zero. Comparing
these results to the case of a ferromagnet [16], we see that the weak proximity equa-
tions for an antiferromagnet does not have the terms proportional to the exchange

field components h; which gives a mixing between the states. Instead, we have the
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11  Weak Proximity Limit

term proportional to £ = ﬁ which contributes in an additive way to the tan-
mp

gential and normal component, but does not contribute to the binormal or singlet

component. We will need to add torsion in order to get triplet generation from the

singlet components.

11.1 Helix

We will now look at the weak proximity effect for a nanowire helix. In this case, the

anomalous Green’s function in equation (11.2) takes the form

s icos(a)e dy + e ¥dy — isin(a)e”“dp fs + sin(a)dr + cos(a)dg
a —fs +sin(a)dr + cos(a)dp icos(a)e®dr — e%dy — isin(a)e?dp
(11.14)

where we used the Pauli matrices for a nanowire helix in (9.10).
Again, we consider the weak proximity effect inside the antiferromagnet, so A =
0. We start by looking at the antiferromagnetic ¢-term in equation (11.4), and insert

the weak proximity v matrix:

— 2i((y + opyop) =

R icos(a)e™¥dy + e ¥dy — isin(a)e”Pdp fs + sin(a)dr + cos(a)dp
—1 . . .

—fs +sin(a)dr + cos(a)dp icos(a)e¥dr — e¥dy —isin(a)e¥dp
N cos(a) isin(a)e™"
—sin(a)e®  —cos(a)
icos(a)e ¥dy + e ¥dy — isin(a)e”Pdp fs + sin(a)dr + cos(a)dp
—fs + sin(a)dr + cos(a)dp icos()e¥dr — e?dy — isin(a)e¥dp

_ ( cos(a) isin(a)ew) .
—sin(a)e®  —cos(a)

Adding and multiplying the matrices, we get

(11.15)

—2iC[y + opyos|tY =icos(a)e™ {1 + sin?(a) + cos*(a) }dr
+{e7 + cos*(a)e ™ — sin®(a)e? }dy — isin(a)e?{e ?* + cos?(a) + sin®(a)}dp
—icos(a)sin(a)(e”™ + e} £,
(11.16)
—2iC[y + opyop|t? = —sin(a)e 2 {—e*¥ + cos®(a) + sin®(a) }dr
+ i cos(a) sin(a )( + e ?)dy — cos(a){—1 + cos*(a) + sin*(a)}dp (11.17)
+ {1 4 sin®(a)e %% — cos?(a) } fs,
—2iC[y + opyop]PY = —sin(a)e*?{—e 2% 4 cos?(a) 4 sin®(a) Yy
— i cos(a)sin(a)(1 + e**)dy — cos(a){—1 + cos*(a) + sin®(a) }dp
— {1 + sin®*(a)e*? — cos*(a)} fs,
(11.18)
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11  Weak Proximity Limit

—2iC[y + opyo]?? =icos(a)e®{1 + sin’(a) 4 cos(a) Yy
— {7 4 cos*(a)e'? — sin®(a)e ¥ }dy — isin(a)e”?{e*? + cos®(a) + sin*(a)}dp
+ i cos(a) sin(a){e™" + "*} f,.
(11.19)

Simplifying the terms, we end up with
—2iC[y + opyop|tY = —i¢ [22’ cos(a)e Pdy + {[1 + cos®(a)]e " — sin®*(a)e™ }dy
— 2isin(a) cos(p)dp — 2i cos() sin(«) cos(w)fs] ,
(11.20)
—2iC[y + UB'YUB](LZ) = —i¢ { —sin(a)[e % — 1)dy + i cos(a) sin(a)[1 + e *?]dx

—{cos?(a) — sin?(a)e 2" — 1}fs} ,
(11.21)

~2iCly + opyop] Y = —i( { — sin(a)[€*? — 1]dy — i cos(a) sin(a)[1 + *%]dy

+ {cos*(a) — sin*(a)e*? — 1}fs} ,

(11.22)
b UBVUB](M) - {Qi COS(O‘)ewdT + { SmQ(O‘)e_w -1+ Cosz(a)]ew}dzv

— 2isin(«) cos(p)dp + 2i cos(a) sin(a) cos(go)fs} :
(11.23)

Adding and subtracting equation (11.23) from (11.20), and equation (11.22) from
(11.21), we end up with the four equations

(1,1) +(2,2) = —i¢ [22’ cos(a)dy — isin®(a) sin(2¢)dy — 2i cos(a) sin(a) cos®(¢)dg

+ 2 cos(a) sin(a) cos(¢) Sin(@)fs] ;
(11.24)

(1,1) = (2,2) = —i¢ {z(l + cos?(a) — sin?(a) cos(2¢))dn + 2i sin(a) cos(ip) sin(p)d

+ 2 cos(a) sin(«) COSQ(SO)fs} )
(11.25)

(1,2)+(2,1) = —i¢ {sin(a)(l — cos(2¢))dr + cos(a) sin(a) sin(2p)dn |, (11.26)
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11  Weak Proximity Limit

(1,2) — (2,1) = —i¢| — sin(«) sin(2¢)dr — cos(a) sin(a)(1 4 cos(2¢))dy
(11.27)
—i(cos?(a) — sin*(a)e % — 1) f,|.

To further simplify the equations, we will multiply and sum the equations (11.24) cos(a)+
(11.25) sin(«r) and (11.24) sin(ar) — (11.25) cos(ar). We will also write these equations

in terms of x and 7 by using cos(a) = kL, sin(a) = 7L, where 1/L = v/k2 + 72 is
the length of one turn of the helix. We then get:

(11.24) cos(ar) + (11.25) sin(a) =
—iC {2i/<;2l~'/2dT +iTL(1 + K2L? — TL?(k sin(2¢) + 7 cos(2¢)))dn

_ _ (11.28)
— 2iTL? cos(¢)(k*L cos(p) — Tsin(y))dp

+ 267 L3 cos(p) (ksin(yp) + 7 cos(go))fsl ,
(11.24) sin(ar) — (11.25) cos(a) =
—iC {2i/€7[~12dT —iL(k(1 + K2L?) + T2 L(T Lsin(2¢) — cos(2¢)))dy

. N (11.29)
— 2ikTL? cos(p) (7L cos(p) + sin(p))dp

+ 27 L3 cos(p) (T sin(p) — K cos(go))fs} :

Writing the last to terms (11.26) and (11.27) in terms of s, 7 and L, we get

(1,2) 4+ (2,1) = —i¢ [Tiu — cos(2¢))dy + kTL? Sin(2g0)dN} : (11.30)

(1,2)—(2,1) = —i¢ |:—7'I~/ sin(2g0)dT—an/2(1+cos(2g0))dN—i(f/2(/<a2—7'26_2i“’)—1)f5] .

(11.31)
Combining equations (11.28) - (11.31) with the rest of the terms in equation (11.4)
derived in [38], we end up with the weak proximity equations for a nanowire helix

where ay = ag = 0:
i%(@ng — 2k05dyN — K2dp + m'dB) = edr
—iC|2ik2L2dy + it L(1 4+ k2L — 7L*(ksin(2p) 4 7 cos(2¢)))dy
— 2iTL? cos(p) (k> L cos(p) — Tsin(p))dp + 27 L cos(p) (ksin(p) + 7 cos(@)) fs |,
(11.32)
i%(@gd;v + 2605dr — 2705dp — (K* + 7'2)dN) = edy
— i |2ikT L2 dy — iL(k(1 + K*L%) + T2 L(7 L sin(2) — cos(2¢)))dy
— 2ikTL? cos(y) (7L cos(p) + sin(p))dp + 267 L3 cos(¢) (1 sin(p) — k cos(p)) fs |,
(11.33)
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11  Weak Proximity Limit

b i i -
iTF(8§d3+2785dN—T2dB+mrdT) = edp—iC|TL(1—cos(2¢))dr+kTL?sin(2¢)dy
(11.34)

D - - . .
iTFaffs = ef,—i( | —TLsin(2p)dp—r7L*(14-cos(2p))dy—i(L* (k* =12 *%)—1) f,|.

(11.35)
If we want to go to the case of a nanowire arc, we let kK — 0. The above equations

then reduces to the equations (11.10) - (11.13) when ay = ap = 0. Looking at
equations (11.33) - (11.35), we see that we get mixing between the different singlet
and triplet components when the torsion x # 0. We also note that if we let the
curvature k — 0, the triplet states will not be converted to singlet states, but the
singlet state will be converted to the normal triplet component. Finally, we see that

we do not need any spin-orbit coupling to achieve mixing nor a nanowire helix.
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12 Density of States

12 Density of States

Here we will look at the density of states for the nanowire helix. The normalized

density of states is related to the Green’s function through the equation
1
Np - N(s,e) = ENFRe{Tr{QR(S,S}}, (12.1)

where Np is the density of states at the Fermi-surface [55]. This equation can be

expressed in terms of the y-matrix in the Riccati parametrization as
1 -
N(s,e) = §Re{Tr{N(1 +99)}}- (12.2)

The density of states in the center of the helix with one turn for different values of
curvature s, torsion 7 and (J/u)? are given in figure 10 for compensated boundary
conditions, and in figure 11 for the uncompensated boundary conditions with no
spin-orbit coupling, agp = ay = 0. The density of states for one turn along the
entire antiferromagnet is given in figure 12.

The normalized density of states at zero energy, N(s,0), can be used to gain
further insight into the underlying physics. N(s,0) can be expressed in terms of the
singlet fs and triplet component d of the y-matrix as [56]

N(s,0)=1— |f5<‘;’ Ol |d<52’ Uiy (12.3)

Since the triplet component has a positive contribution to the normalized density

of states, and the singlet contributes negatively, we can look at the zero energy
density of states to see if the system predominantly contains triplets d or singlets
fs- When the system contains more triplets d than singlets, we expect a peak in the
zero energy normalized density of states. Conversely, when the singlet state f; is
dominating, we expect a gap in the normalized density of states around zero energy
due to the negative contribution to the density of states.

Next we will look at some numerical results for the density of states. All numer-
ical modeling and plots are provided by Tancredi Salamone, who collaborated on
this work in conjunction with his PhD degree. Salamone has developed a working
code for a curved SF system, which will be made available in conjunction with his
PHD-thesis. I have derived the Riccati parametrized Usadel equation for the AF-S
system, which Salamone has added to his code. Comparing the two figures 10 and
11 with different boundary conditions, we see that we need spin-active boundary
conditions in order to get a significant peak at zero energy. We also see that increas-
ing the torsion 7 increases the amount of triplets d we have in the system. It also
appears that we get a dip in the triplet generation for the increased values of 7 at
zero energy when we increase the fraction J?/u?. This shows that there exist some
optimal relationship between the values of k, 7 and J?/u* which gives the biggest

triplet generation.
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12 Density of States

For the density of states along the entire antiferromagnet in figure 12, we see that
we start off with mostly singlets at the boundary with the superconductor, which
gets transformed into triplets along the antiferromagnet. Comparing this with the
case of two turns of the helix in figure 13, we see that the triplets stays as triplets
after the first turn. This is because while the triplets does get converted back to the

singlet component, more triplets are generated than are converted.
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Figure 10: The density of states in the midpoint of the antiferromagnet in a S-AF

bilayer with compensated boundary conditions. Lap = 2, where L ap is the length

of the antiferromagnet and & is the superconducting coherence length. (; = 3 is

the ratio between the barrier resistance and the bulk resistance. /A is given along

the z-axis, and the normalized density of states N(g) is given along the y-axis. The

different plots shows different values of J?/u?. The different colored functions show

different ratios of curvature x and torsion 7. No spin-orbit coupling is included, so

CL/B:CL/NZO.
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Figure 11: The density of states in the midpoint of the antiferromagnet in a S-
AF bilayer with uncompensated boundary conditions. Lap = 2£,, where L 4p is the
length of the antiferromagnet and &, is the superconducting coherence length. ¢ is the
tunneling constant, r is the reflection constant and the direction of the magnetization
at the boundary is given as m = T as discussed in section 6. Nturns = 1 18 the number
of turns for the helix. /A is given along the z-axis, and the normalized density
of states N (¢) is given along the y-axis, where A is the superconducting cap. The
different plots shows different values of J?/u?. The different colored functions show
different ratios of curvature x and torsion 7. No spin-orbit coupling is included, so
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Figure 12: The density of state along the entire antiferromagnet in a S-AF bilayer
with uncompensated boundary conditions. Lap = 2§, where L4p is the length of
the antiferromagnet and & is the coherence length. The direction of the magnetiza-
tion at the boundary is given as m = T. Nurns = 1 18 the number of turns for the
helix. J?/p? = 0.02. The curvature k = 0.447/ L ar and the torsion k = 1.957/Lap.
e/ is given along one axis, s/Lp is the length along the antiferromagnet and is
given along the other axis, where A is the superconducting gap. The normalized
density of states N(e) is given along the last axis. No spin-orbit coupling is included,

so agp = ay = 0.
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Figure 13: The density of state along the entire antiferromagnet in a S-AF bilayer

with the same conditions as in figure 12, but for two turns instead of one
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13 Magnetization

13 Magnetization

In the quasiclassical limit the magnetization is given as [55, 57]
M = Mo/dsTr{agK}, (13.1)

where M is the constant reference magnetization given by My = gupNoA /16, where
i is the Bohr magneton, ¢ is the g-factor, and N is the density of states at the
Fermi-level. As mentioned in section 3, in thermal equilibrium the Keldysh compo-

nent of the quasiclassical Green’s function is related to the retarded component

% = (G + 7.(g")'.) tanh (%) (13.2)

We can now use the weak proximity limit to get a better understanding of how
the singlet and triplet components influence the magnetization. Due to the small
value of the induced magnetism, a first order approximation of vy will vanish. We
therefore need a second order weak proximity limit, keeping terms of order O(+?).

The retarded component of the quasiclassical Green’s function is then given as
. 29y +1 2
LTSN a0, (13.3)
-2y —2yy-1
while the adjoint is given as
27141 41 —241
G~ (T b (13.4)
21 —29fAt —1

The Keldysh component can now be written in terms of the y-matrices using equa-
tion (13.2)

QK:<2<W+W+1> 20y +4") B s

~ ; R fxt tanh (—
27 +77) —2(y +9"3T+ 1) 2

We can now use the Pauli spin vector for a nanowire helix given in equation (9.10).
We start by looking at the component of the magnetization in the tangential direc-

tion. To second order in the component «;;, it can be expressed as
My = 2M, / de

{ sin(a) [’yu:yn + Y1221 + C.C. + 1} —icos(a)e™"® [721%1 + Y227Yo1 + c.c.]

—sin(a) [y21912 + Y22¥22 + c.c. + 1] + i cos(a)e’ [y11712 + 12922 + c.c.]

— sin(«) [’yn'yll + Y127¥21 + C.C. + 1} —icos(a)e”? [%1711 + Yao¥91 + C.c.]

. ~ ~ . i~ - 9
+ sin(a) [721712 + Y2222 + C.C. + 1} —icos(a)e” ™ [711712 + Y12Y22 + C.C.} } tanh (%

(13.6)
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where c.c. denotes the complex conjugate, which is not the same as tilde conjugation.

Since we integrate over all energies, we can however make the simplification [30]

pe

[t ) ann () = - [ady@mE (5. (30

Using this, equation (13.6) can be simplified to
MT = 4M0/d€

{ sin(a) [y11911 + 112921 + 1] — i cos(@)e™™ [ya1911 + Y22721]

—sin(a) [Y21912 + V22722 + 1] + i cos(@)e™ [y11912 + Y1222 (13.8)

— sin(a) [’711’711 + Y2721 + 1} — i cos(a)e’? [’721’711 + ’?22721}

i 3 5 ~ —ip [~ N 5
+ sin(a) [Jo1712 + Fo2v22 + 1] — i cos(a)e ™ [F11m12 + F12722] } tanh (%)

We now look at each of the sine and cosine terms separately. The sine term is given

as

My, = 4My sin(a) /d5 { (V11911 + 12¥21] — [z + Yaedee] — [Fui + S22

- N £
+ [Fa1mz + Fa2722) } tanh (%)

pe

= 8 M sin(«v) /d5 [fylg’yzl — 721’?12} tanh ( 5 ).

(13.9)

Inserting the d-vector formalism of the v-matrix in curvilinear coordinates for a

nanowire helix in equation (9.10) into the above equation, we get the expression

Mrps = 4 My sin(«) /de [sin(a)(d}fs — dpf,) + cos(a)(dpf, — dst)] tanh (%)

(13.10)

The cosine terms of equation (13.8) are calculated in a similar way, and are given as

Mr. = 4M cos(a) /da [cos(oz)(d}fs — drf,) — sin(a)(dg f, — dst)] tanh (%)

(13.11)
Combining the sine term in equation (13.10) with the cosine terms in equation

(13.11), we get that the magnetization in the tangential direction is given as

My = Mgy + My, = 4M, / de [(dr fs — dr fs)] tanh (%). (13.12)

The magnetization in the normal and binormal direction are derived in a similar

way and are given as

Mg = 4M0/d5 [(dpfs — dpfs)] tanh (%), (13.13)
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My = 4M, / de [dN fo—dy fs] tanh<%>. (13.14)

The magnetization vector can now be expressed in terms of the d-vector as

M = 4M0/d5 [afs - df;] tanh(%). (13.15)

This is the same expression as one gets when looking at a curved ferromagnet with
no torsion [30].

The magnetization for different values of torsion x and curvature 7 are given in
figure 14 for spin-active boundary conditions with one turn. As we can see, increasing
the torsion increases the distance it takes for the magnetization to decay. Also, we
need non-zero torsion for the tangential and normal component to be non-zero. We
can see why this is the case by looking at the equations for the weak proximity.
When 7 = 0, we get the weak proximity equations equations with ay = ag = 0
in equations (11.10) - (11.13). We always have a binormal component since the
electrons start with spins in the binormal direction. However, as we can see we
from the equations we get no conversion from the triplet component in the binormal
direction to the other directions. This makes it so we get no components for the
magnetization in the normal or tangential direction. We therefore need torsion in
order to get magnetization in the normal and tangential direction. Comparing the
case for one turn in figure 14 to two turns in figure 15, we see that we get small
oscillations in the second turn. The amplitude increases for increased torsion, until
we reach zero curvature where we have a very small oscillation. This shows that
there exist an optimal value between x and 7 if we want to have oscillations with
large amplitudes in the second turn. For zero torsion we get no oscillations in the
second turn for the same reason we get no component in the normal and tangential

direction.
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Figure 14: The magnetization inside an antiferromagnet in a S-AF bilayer with

uncompensated boundary conditions. Lap = 2, where Lp is the length of the

antiferromagnet a

nd &; is the coherence length. t is the tunneling constant, r is the

reflection constant and the direction of the magnetization at the boundary is given

as m = T as discussed in section 6. Nurns = 1 18 the number of turns for the helix.

J?/p? = 0.02. The distance along the antiferromagnet is given along the z-axis. The

normalized magnetization M;/M, is given along the y-axis. The different plots show

different ratios of

curvature x and torsion x. The blue, red and yellow functions are

the magnetization in the in the 7 (s), N(s) and B(s) directions, respectively. No

spin-orbit coupling is included, so ag = ay = 0.
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Figure 15: The magnetization inside an antiferromagnet in a S-AF bilayer with the

same parameters as in figure 14, but with two turns instead of one

70



14  Summary and Outlook

14 Summary and Outlook

In this thesis, we derived the Riccati parametrization for the curved antiferromagnet-
superconductor Usadel equation. We started with the AF-S equation of motion
derived by Fyhn et.al. [20], and used tensor notation to rewrite it in terms of a
curvilinear coordinate system in the 1D case. The density of states and magnetiza-
tion were then solved numerically using the Riccati parametrized equations.

From looking at the weak proximity equations for the case with and without
torsion, we saw that we needed torsion in order to get mixing between the triplet
and singlet components. We also saw that we did not need spin-orbit coupling in
the case with torsion for mixing to happen. In addition, letting the curvature x — 0
made it so the triplet would not be converted to the singlet, but the singlet would
be converted to the normal component. Looking at the density of states at zero
energy, we saw that we needed to use uncompensated boundary conditions to get a
significant positive contribution for triplet components. There also appeared to be
an optimal value for the curvature r, torsion 7 and fraction J?/u? which gives the
biggest peak for triplet generation, where p is the chemical potential and J is the
exchange energy between localized spins and conducting electrons. When looking
at the density of states along the curved antiferromagnet, we saw that the singlet
components leaking in from the superconductor were quickly converted into triplet
components. For the Magnetization, we saw that increasing the torsion increased the
distance it took for the magnetization to decay. Furthermore, we saw that adding a
second loop for the helix gave small oscillations in the second loop, due to the mixing
of the different singlet and triplet components. We saw that we needed torsion to get
magnetization in the normal and tangential direction, as there is no mixing between
the singlet /binormal component and the normal /tangential component when 7 = 0.

An application using what we have discussed could be to use a antiferromagnetic
helix as a way to convert and transport triplet components through a system in 1D.
A component inside a computer could perhaps use this as a way to transport spin
triplets as information carriers.

Possibilities for further work could be to take the Riccati parametrization for
different spin directions, not just in the binormal case as is considered in this thesis.
This could lead to different results for the density of states and magnetization of
the electrons, especially when also looking at the spin direction used for the un-
compensated boundary conditions. In this thesis we chose to solve for the binormal
direction as the Pauli matrix in this case was the simplest. This choice is also similar
to the homogeneous case discussed in [34]. It would also be interesting to see the
results for a nanowire with non-constant curvature and torsion. This could allow
for a process where one can vary the amount of triplet components generated along
the nanowire, by adjusting the curvature and torsion. In the clean limit, elliptical
quantum rings have been studied [58], where it was found that the triplet d-vector

exhibits winding along the curved profile. Finally, one could also look at a 2D and
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3D curved structures. One could then study the effect of vortices in the ferromagnet.

It would therefore also be interesting to study the system with a time-dependence.
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A Riccati Parametrization of Antiferromagnetic
Term
We will now simplify the commutators terms in the Usadel equation,
iDp[1+ (J/n)*)7'0s(90:9) = [er = Vi + CoumgouT., g (A1)

After inserting the y-matrix for g, the three terms on the right hand side are given

as

. 0 4eN~y
leT., g] = - , (A.2)
4e N~ 0
[_ A ] B 2Aio, Ny + 2NyA%io, AioyN(1 +47) + N(1 +~%)Aio,
T\ CA%io, N(L 4+ 77) — N(1+37)A%io, _9A*io, N7y — 2N7Aio, ’

(A.3)

[CO-BTZQO—BTZ7 g] =

o N(1+~3)opN(1+~3) + 4NvogN5  2N(1+43)opN~vy 4+ 2NvyopN(1 + 47)
P\ oNFouN(1 +9%) + 2N (1 + 39)0sN7  4NFopNy + N(1 +47)osN(1 + 77)

_of NO+MosN(+a7) + ANyopNy  —2N(1+y9)opNvy — 2NyopN (1 + 77)
—2NA3ogN(1+~3) —2N(1+347)opNy  4NAogNy + N(1 +747)osN(1 +47)

opB 0
0 opB .
(A.4)
We now want to simplify these terms. First, we will operate the (1, 1) components
of the matrices above with v from the right. Then, we subtract this from the (1, 2)

component, and finally operate with %N p— %(1 — %) from the left. Let us first

consider the er,-term in equation (A.2). We get:

1 1
N (e 91 — fere, g1 y) = SN (deN7) =26, (A.5)

Next, we consider the A-term in equation (A.3):

1 7 & 702 IETERY
(R

1 N i

= 5N HAN(1+97) + N(1+99)A - 2ANy — 2NyA™)

1 o n . 1 - T\ A e .

=51 =7ANL+57) + 51 +97)A = (1 = v§)ANFy — 7A%y

1 U o e 1 ~ )
=51 =99AN + 5 (1 =77)ANFy = (1 =717)ANFy + S (1 +77)A — 74"y
1 N - 1 - .

=51 =7)ANI =37) + 5 (1 +77)A 1Ay

=A—7A%.
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Finally, we look at the ¢ term in equation (A.4):
1 A ~1(1.2) A Sy
§N ([CO-BTZ.QUBTzag] — [CoBT-90BT:, §] ”Y) =

1 N N N < N _

56 [2(1 —oN(1+77)opNy +2(1 —y§)opNvopN(1 +77) + 2(1 + v¥)opNyos
+2y05N (1 +37)op — (1 = ¥7)osN(1 +77)osN (1 +73)y — 4(1 — ¥3)opNyosNyy
+ (1 +97)osN(1 +y7)opy + 470'3]{7’70'3'7]‘

(A.7)
Expanding the terms, we get

N (KosmgosT., §)"? — [CopgopT., g ") =

N[y D] —

205N = ionN + apNvT = 1i0pN1H)oNY + 2oN1osN = 15opNyosN
+0pNyopNyy — v305NvopN7y) + 2(05Nyop + vjosNyop)

+2(yopNog +yopNyyop) — A(opNyop Ny — yosNyosNyy) + 4vopNyosy
— (0gNogN + ogNogNyy — yyogNogN — yyopNog N~y + ocgNyyop N
+0pNyyopNyY —y¥osNy¥osN — yjosNyyosNvY) v+

(05N +7705N +05NY7 +1705N79)77].

Next we add and subtract similar terms

1 . . . X
EN_I (KGBTZQO'BTZ, g](LQ) — [CopT.g0oBT, g](l,l),y) -

5 |:(O'BN — 305N + 05Nvy — y305Nv3)os Ny + 2(cgNyogN — yvyogNyopN
— 05 Nyos N7y — ¥jopNvopNAY) + 2(opNyop + yiosNyos)

+2(yopNop +yo5N3y05) + 4o Nyo Ny + 4yosNiopy

— (0pNopN~Yy — yyogNog Ny + opNyyopNvy — vyopNyyop Nyy)y

+ (0N + 305N + opNvy +yJopN W)am} :

(A.9)

Then we collect similar terms

| . . . .
5V Y[¢opTgopT, 9 = [CopmgosT., 9" ) =

5 [(UBN — 305N + 05Ny — 170Ny 9)opNv(1 — 37) + 2(opNyop(N + 1)
— yyo5Nyop(N — 1) — 0 NyopNyy — viosNyop NA7y)

+2(yopNop +yopNyyop) + 405 Nyop Ny + 4yosNyopy

+ (0N +~vy0N + 0Ny + yyogNvY)op7y|.

(A.10)
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On the first line we use the fact that Ny = AN and N1 = (1 —=47). On the second
line we use that we can write N3y = N(1 — N~') = N — 1. We then get

1 N 0 a ~ ~
5V 1([CUBTZQO-BTZ7Q](172) - [gUBngUBTz7g](LI)7) —

2
g[(UBN — 308N + 05Ny — ¥708NYY)opy + 4(osNyop — viopNyop(N — 1))
+ 2(703]\703 + WUB.NWVUB) + 4’}/’?UBN’YO'BN’?’7 + 4703N7ya]37
+ (5N + 730N + opNYT + 1iopNAT)ow)|.

(A.11)

Adding and subtracting similar terms gives
1. . . . .
§N 1([CUBTZQUBTZ>9](1’2) - [CUBTZQUBTmQ](M)”Y) =

5|:2(O’BN+O'BN")/"~)/)O'B")/+4O'BN’}/O'B —|—2<’)/O'BNO'B —F’VOBN"N)/”)/O'B) +4’}/O'BN’~}/O'B")/:|.
(A.12)

10
Finally we use that Nyy = N(1— N~!)= N — 1 and ogop = (O 1) to get

1. . . . .
5N Y¢opmgopT., g — [CoprgopT., 9] ") =

~ ~ (A13)
2¢ [03N037 +~yopNop +opNyop +yopNyopy — 7] -
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