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A B S T R A C T

Liquid-filled corners and capillary bridges can establish networks connecting seemingly isolated clusters during
drainage in porous media. Coupled with drainage through the bulk of pores and throats, the flow through
these networks constitutes a secondary drainage mechanism that can significantly affect fluid configurations
and residual saturations. In order to investigate the prevalence of this drainage mechanism, we propose a
quasi-static pore-network model based on modifying the trapped-cluster-identification algorithm in an invasion-
percolation model. With the modification, wetting-phase connectivity is provided by direct successions of pores
and throats, represented by sites and bonds, as well as by chains of interconnected capillary bridges. The
advancement of the fluid interface in the porous matrix is determined by the bonds’ invasion thresholds and
local capillary pressure values, calculated taking into consideration gravitational effects. With the proposed
model, experimentally verified phenomena related to slow drainage in granular porous media are reproduced,
showing good qualitative agreement.
1. Introduction

Pore-scale modeling of fluid–fluid displacements has been an active
research topic for the past few decades, with applications spanning
multiple fields (Blunt et al., 2013; Bultreys et al., 2016; Golparvar et al.,
2018; Zhao et al., 2019; Chen et al., 2022). In particular, extensive
efforts have been directed toward the development of models related
to CO2 storage in subsurface geological reservoirs (Gao et al., 2017;
Tahmasebi et al., 2017; Basirat et al., 2017; Masoudi et al., 2021; Pay-
ton et al., 2022), oil recovery methods (Zhao et al., 2010; Kallel et al.,
2017; Zhu et al., 2017; Raeini et al., 2018; Su et al., 2018), drying (Prat,
2002; Surasani et al., 2008; Panda et al., 2022; Fei et al., 2022; Zhao
et al., 2022), and water management in fuel cells (Mukherjee et al.,
2011; Molaeimanesh and Akbari, 2014; Zhu et al., 2021; Fu et al.,
2022; Guo et al., 2022). The quality of predictions from such models
relies on appropriately identifying and representing the primary forces
driving the flow, as well as the fundamental geometrical aspects of the
pore space, which can vary greatly according to the system of interest.
In this work, we narrow our focus to effectively modeling the impact
of film flow during slow drainage in granular porous media. With this
aim, first, we identify the main flow mechanisms exhibited during slow
drainage and how their prevalence can be affected by the particular
geometrical features of pores within granular materials. Then, we
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propose an approach to incorporate these mechanisms’ essential effects
in a computationally efficient pore-scale model.

Slow drainage flows are characterized by the displacement of a
wetting fluid by a non-wetting fluid under no significant influence of
viscous or inertial forces. During such flows, two main mechanisms
are commonly identified, namely, a piston-like invasion of the non-
wetting phase, followed by the removal of the wetting phase through
networks of contiguous corners and/or capillary bridges (Hoogland
et al., 2016a,b; Moura et al., 2019). The piston-like displacement is
characterized by the advancement of the fluid interface through the
bulk of pore bodies and throats in fast discrete events known as
Haines jumps (Haines, 1930; Måløy et al., 1992; Furuberg et al., 1996;
Armstrong and Berg, 2013; Moebius and Or, 2014; Måløy et al., 2021;
Mansouri-Boroujeni et al., 2023). These sudden interface jumps are
triggered when a pore entry pressure threshold (𝑃𝑡) is exceeded by the
capillary pressure (𝑃𝑐), as expressed by:

𝑃𝑐 > 𝑃𝑡 = 𝛾 cos 𝜃
(

1
𝑟1

+ 1
𝑟2

)

(1)

where 𝛾 is the interfacial tension between the fluids, 𝜃 is the contact
angle between the fluids and the porous material, and 𝑟1 and 𝑟2 are the
two main interface curvature radii. Haines jumps are associated with
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a local transient pressure response and fluid reconfiguration (Sun and
Santamarina, 2019). Piston-like displacement is generally responsible
for most of the defending fluid mobilization and will be referred to as
the primary drainage mechanism.

In the regions of the porous medium swept by the invading fluid
front, the primary mechanism is followed by the displacement of the
wetting fluid through film flow (Zhou et al., 1997; Tuller and Or,
2001). At this stage, the wetting fluid can be found in the medium
either in the form of isolated clusters – structures containing one or
several defending-phase-filled pores surrounded by the invading phase
– or at angular porous features passed by the interface, where 𝑃𝑐

as insufficient to mobilize the defending phase. In this unsaturated
one, the secondary drainage mechanism takes place, provided that
ontiguous sets of corners and capillary bridges constitute paths for
etting fluid flow (Flekkøy et al., 2002; Ryazanov et al., 2009; Han
t al., 2009; Moura et al., 2019). Given the comparatively lower per-
eability of the corner/bridge flow paths, the secondary mechanism is

haracterized by distinctively longer time scales for drainage than the
rimary mechanism (Hoogland et al., 2016a; Moura et al., 2019).

The efficiency of both drainage mechanisms is inherently tied to
eometric aspects of the pore space (Romano et al., 2011; Xu et al.,
014; Vahid Dastjerdi et al., 2022). During piston-like displacement,
he size distribution and spatial arrangement of pores define the pore-
nvasion order, delineating the fraction of the porous medium bypassed
y the front, i.e., the amount of wetting fluid retained in clusters. As for
he secondary mechanism, the shape of the porous space – along with
ettability – is the key element dictating the hydraulic conductance
nd connectivity of the wetting-phase film flow paths established in
he medium. In the following passage, a brief review of wetting phase
onnectivity in granular porous materials is presented.

Within unsaturated granular porous media, the wetting liquid not
ertaining clusters is mostly retained in the form of capillary bridges
nd rings (Herminghaus, 2005; Rieser et al., 2015; Cejas et al., 2018;
hen et al., 2017, 2018; Moura et al., 2019) enclosing grain–grain
ontact areas. Despite their minor contribution to the wetting-phase sat-
ration, these structures can have a significant impact on the transport
roperties, given that the conditions for their interconnectivity are met.
n a study related to drying in granular media, Cejas et al. (2018) inves-
igated the role of grain packing in the stability of film networks able to
ransport water from the bulk of the porous medium to its surface. Their
esults pointed to the existence of a packing threshold in loosely packed
ystems above which the liquid connections break and water removal
rom the porous medium is undermined. In a similar set of studies, Chen
t al. (2017) and Chen et al. (2018) investigated the effect of geometry
n the formation of elongated liquid films using transparent quasi-2D
icromodels of cylinders arranged between two planes. Depending on

he spatial distribution of the cylinders, the authors could observe the
ormation of films consisting of chains of capillary bridges providing
ydraulic connectivity between internal liquid clusters and the outer
im of the micromodels. Quasi-2D models were also adopted by Moura
t al. (2019) to evaluate the impact of film flow on slow drainage under
he influence of varying gravitational forces. Their experiments using
odified Hele-Shaw cells filled with a single layer of monodispersed

lass beads allowed the analysis of several phenomena related to film
low, such as its relative impact on the residual saturation, the size
nd spatial distributions of capillary bridges, and the establishment
f a film-flow active zone trailing the invasion front. Interestingly,
he results indicated the drainage of seemingly isolated wetting-fluid
lusters through dynamic networks of capillary bridges non-coincident
ith the pore network invaded during piston-like displacement.

Although significant experimental evidence points to the critical
ole of capillary-bridge-chain flow paths during drainage in porous me-
ia, few computational models represent their effect on the flow explic-
tly. A pioneering model in this direction was presented by Vorhauer
t al. (2015), with the intent of predicting isothermal drying rates
2

n porous media. Based on experimental observations of drying in t
tched-silicon micromodels, the authors proposed a 2D pore-network
odel (PNM) that explicitly takes into account the role of capillary

ridges and rings in wetting-fluid-cluster connectivity. With this new
odeling approach, better agreement with experimental results was

btained, when compared with classic PNMs that represent film-flow
aths as interconnected corners of angular-shaped pores. An extension
f this work was later presented by Kharaghani et al. (2021), by
hanging the network topology from 2D regular square lattices to 3D
egular cubic lattices. Drying rates predicted by the 3D PNM showed
ood quantitative agreement with experiments using monodisperse-
pherical-glass-bead packs initially filled with distilled water. Another
odel taking into account the role of capillary bridges during drying in
orous media was developed by Chen et al. (2018), accompanying their
xperiments on quasi-2D porous media formed by cylinders arranged
etween two parallel planes. In their model, liquid films consisted
f successions of capillary bridges connecting neighboring cylinders,
ithin which flow dynamics were shaped by the effects of viscous and

apillary forces. Using experimental drying rates as model inputs, their
umerical results were able to qualitatively predict invasion patterns
nd the extent of films as the water evaporated from the pore space.

In the present work, we incorporate the capillary-bridge role in
etting-phase connectivity successfully explored in drying models into
n invasion-percolation model for slow drainage under the effects of
apillary and gravitational forces. Driven by the experimental findings
resented by Moura et al. (2019), in addition to some new analyses of
heir experimental data, we use the proposed PNM to investigate the
apillary bridge size and spatial distributions, the contribution of film
low to residual saturations, and the existence of film flow active zones
n quasi-2D porous media.

. Methodology

The proposed model is based on the invasion-percolation (IP)
ethod with trapping (Wilkinson and Willemsen, 1983). Designed to

epresent immiscible fluid–fluid displacements in porous media, this
ethod involves the description of pores and throats as networks of

ites and bonds, to each of which an invasion threshold is assigned.
low in the idealized porous networks is then predicted based on
he movement of the fluid interface through the least resistivity path,
ictated by the available bonds’ invasion thresholds in the case of
rainage, and the available sites’ invasion thresholds in the case of
mbibition (Wilkinson and Willemsen, 1983). Only bonds and sites
ocated at the interface of the main defending-fluid cluster are available
or invasion, and disconnected finite clusters are considered trapped.
n particular, a loose trapping assumption is adopted in our model,
eaning that fluid can be drained through bonds connected to the same

ite, irrespective of the site’s fluid occupation (Joekar-Niasar et al.,
008). This modeling approach has been widely adopted in the past
ecades (Blunt, 2001) due to its ability to sensibly predict porous
edia flows in the capillary-dominated regime associated with low

omputational effort.
In the direction of investigating fundamental aspects of film flow

hrough corners and capillary bridges in granular porous media, our
odified IP model is specially tailored to reproduce slow drainage –

.e., drainage in the absence of significant viscous and inertial forces –
n Hele-Shaw cells filled with a single layer of monodispersed spherical
eads. This choice of quasi-2D model porous media allows us to clearly
dentify drainage events related to film flow and generate results that
ould be readily compared with available experimental data (Moura
t al., 2019).

Insights related to fluid–fluid displacements obtained via visualiza-
ion of flow in transparent quasi-2D models can be generalized to more
omplex media, by acknowledging how inherently 3D features of such
odels affect the observed flow phenomena. For the study of flow
hrough films formed by corners and capillary bridges, an important
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Fig. 1. Examples of wetting-fluid configurations around pairs of cylinders and spheres,
represented as triangular meshes, contained between transparent parallel planes,
obtained with Surface Evolver (Brakke, 1992). The blue, magenta, and gray surfaces
represent the portions of fluid in contact with the planes, the structures representing
grains, and the non-wetting fluid, respectively.

geometric feature of quasi-2D models is the intersection of the struc-
tures representing the porous media grains, e.g. cylinders (Zhao et al.,
2016; Chen et al., 2017; Måløy et al., 2021; Vincent-Dospital et al.,
2022) or spheres (Méheust et al., 2002; Løvoll et al., 2005; Moura
et al., 2015, 2019), with the planes containing them. Following the
piston-like displacement of the interface, fluid collected in these regions
can play a fundamental role in wetting-phase continuity by linking
capillary bridges formed between pairs of grains, as indicated in Fig. 1.
Several recent pore-scale models incorporate aspects of these fluid
configurations stemming from 3D structures in 2D lattices representing
the porous space (Chen et al., 2018; Primkulov et al., 2018, 2021,
2022), and we here adopt a similar approach.

In the next sections, we introduce the network representation of the
porous space, the criteria for fluid interface advancement, and the role
of capillary-bridge flow paths in fluid connectivity.

2.1. Porous-media representation

The description of porous media as networks of nodes (pore bodies)
connected by edges (pore throats) is a common approach in the devel-
opment of computationally-efficient models for multiphase flow (Blunt,
2001; Joekar-Niasar and Hassanizadeh, 2012). In this study, we pro-
pose a 2D regular lattice representation of the quasi-2D porous media
designed for the experimental investigation of film flow effects during
drainage performed by Moura et al. (2019). Their porous-media models
were created by randomly placing and securing spherical glass beads
with a diameter of 1 mm between two parallel transparent plates.
The resulting porous matrices could be divided into pore bodies and
pore throats located at the vertices and edges of the Voronoi diagrams
created using the center of the beads as seeds. Considering dense
homogeneous packings of spherical beads, these porous matrices are
approximated as regular honeycomb lattices, as indicated in Fig. 2.

In the lattice representation, the edges portray throats with both
length and height equal to the diameter of the beads, and with width
related to the distance between the beads adjacent to them. The choice
of width values assigned to the edges followed the probability density
function of beads’ separation found in the experimental models. We do
not address the geometrical aspects of the lattice nodes and assume that
pores do not exert significant resistance to the drainage flows under
investigation.

2.2. Modified IP algorithm

The proposed model for slow drainage can be described as an
invasion-percolation model with trapping, in which the defending clus-
ter labeling algorithm was modified to allow connectivity via capillary
bridges. Its implementation exploits some basic concepts of graph
theory, which will be briefly addressed next. A graph is an object
composed of a set of nodes and a set of edges. Nodes can be, but are
not necessarily, connected by edges. Pairs of nodes connected by an
3

edge are called adjacent, and the edge is incident on the pair of nodes
it connects. The number of edges incident on a node determines the
node’s degree. A sequence of adjacent nodes in a graph defines a path.
A group of nodes is connected if there exists a path between every two
nodes, and is referred to as a connected component of a graph.

By using these concepts, the model’s main idea is to create a
graph in which the connected components represent the wetting fluid
occupation of the porous medium. As the drainage simulations start
with a fully saturated porous matrix, this graph’s topology initially
matches the honeycomb lattice presented in Section 2.1. The nodes
corresponding to the medium’s source of non-wetting fluid and sink of
wetting fluid are identified and labeled as the inlet and outlet nodes,
respectively.

The representation of the role of capillary and gravitational forces
in the drainage process is achieved by assigning weights to the graph’s
edges. In analogy with Eq. (1), these edge weights are calculated as the
difference between the local capillary pressure (Eq. (2a)), and the local
capillary pressure threshold for invasion of each throat, given by the
Young–Laplace Eq. (2b). In this calculation, the local capillary pressure,
𝑃𝑐 (𝑦), varies as a function of the vertical distance between a throat and
the porous-medium outlet, to which a reference pressure 𝑃0 is assigned.
In this way, we map the hydrostatic pressure field into the pressure
difference between the wetting and non-wetting phases, incorporating
the effect of gravity during slow drainage (Wilkinson, 1984; Birovljev
et al., 1991; Auradou et al., 1999; Ayaz et al., 2020).

𝑃𝑐 (𝑦) = 𝑃0 + 𝛥𝜌𝑔𝑦 sin 𝛽 (2a)

𝑃𝑡 = 2𝛾 cos 𝜃
(

1
𝑡𝑤

+ 1
𝑡ℎ

)

(2b)

where 𝑃0 is the wetting-phase pressure at the outlet, 𝛥𝜌 is the density
difference between wetting and non-wetting fluids, 𝑔 is the gravita-
tional acceleration, 𝑦 is the perpendicular distance between a throat
and the model’s outlet, 𝛽 is the inclination angle between model and
the horizontal plane, and 𝑡𝑤 and 𝑡ℎ are the throat’s width and height,
respectively.

As with IP models, our drainage simulation unfolds in discrete
steps, in each of which the available bond with the lowest resistance is
invaded. This invasion is expressed by deleting the available edge with
the largest weight from the graph representing the wetting-fluid occu-
pation of the porous medium, as indicated in Fig. 3. At the beginning of
the drainage simulation, only the edges incident on the inlet nodes are
considered available for invasion (Fig. 3a). As an edge is deleted, the
degree of the nodes on which it was incident is decreased, and these
nodes’ remaining edges become available for invasion (Fig. 3b–d). The
reduction of a node’s degree can be understood as the change in its
occupation from wetting to non-wetting fluid. During the edge-deleting
process, the graph can be split into multiple connected components.
Connected components that do not contain outlet nodes represent
wetting-fluid trapped clusters, and their edges become unavailable for
invasion (Fig. 3e). Following these rules, the drainage process continues
in the model until all available edges are deleted.

2.2.1. Cluster merging via capillary bridges
The drainage process illustrated in Fig. 3 does not comprise the

formation of capillary bridges and could be reproduced with a regular
bond invasion percolation model. The cluster-labeling modification we
propose in our model comes into being when capillary bridges are
formed in a way that connects otherwise disconnected clusters, as
suggested in Fig. 4.

In the upper left corner of Fig. 4, a picture of a Hele-Shaw cell
under drainage from Moura et al. (2019) is shown. In this insert, the
two arrows highlight chains formed by capillary bridges through which
fluid transport is permissible. In a standard IP model, this type of
connectivity is not taken into account, as no paths are formed between
the nodes at the endpoints of capillary-bridge chains. This is indicated
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Fig. 2. Sketch of the modified Hele-Shaw porous matrix used in Moura et al. (2019) and its representation by a regular honeycomb lattice of nodes (open circles) and edges (solid
lines).
Fig. 3. Representation of the modified IP model algorithm for drainage.
Fig. 4. Sketch of Hele-Shaw porous-space representation into a 2D regular honeycomb lattice of nodes and edges.
in the sketch on the right side of Fig. 4: capillary bridges appear in the
graph as edges incident on two nodes filled with the non-wetting phase.
Notice that the connection they provide for the wetting fluid, indicated
by the arrow, matches the dual lattice of the network representing the
porous space, as suggested in the experimental work of Moura et al.
(2019).
4

The capillary-bridge connectivity was then incorporated into our
model by considering that edges belonging to the same hexagon in the
honeycomb lattice are part of the same connected component, even if
they do not directly establish a path. This rule is equivalent to acknowl-
edging that the wetting fluid residing in the contact points between the
spheres and the planes in the Hele-Shaw cell links all bridges formed
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Fig. 5. Edge configurations in a lattice unit cell that can lead to cluster-merging.
around the same spheres, as illustrated in Fig. 1. To further clarify the
implemented connectivity rule, Fig. 5 displays all the possible edge
configurations in a lattice unit cell that can lead to the merging of
otherwise disconnected components. Note that configurations A, D, and
E were exemplified in the sketch contained in Fig. 4.

As an additional modification to the standard IP model, we allow
the snap-off of capillary bridges connected to the main defending
cluster, conceding that the local capillary pressure exceeds the throat’s
𝑃𝑡. Although the snap-off pressure of a bridge in the quasi-2D porous
media under investigation should not be identical to the threshold for
throat invasion, we adopt this approximation as a model-simplifying
assumption. More detailed analyses regarding the hydrodynamic insta-
bility of capillary bridges held between spherical beads and parallel
planes, as depicted in Fig. 1, will be incorporated in a future study.

With the proposed modifications related to the cluster-labeling algo-
rithm and the possibility of capillary bridge snap-off, our model could
reproduce experimentally verified aspects of drainage events related to
both primary and secondary mechanisms, as presented in Section 3.
In the next section, the properties of the porous media and fluids
represented in our numerical study are described.

2.3. Porous-medium and fluid properties

The results presented in this work were obtained with drainage
simulations on 100 random realizations of honeycomb lattices with
30703 nodes and 45903 edges, representing quasi-2D porous media
of approximately 15 × 26 cm. The capillary pressure threshold values
of the edges representing throats follow the distribution presented in
Fig. 6, based on the experiments presented by Moura et al. (2019).
In that study, glass spheres with a diameter of 1 mm were placed
between the Hele-Shaw cell plates, and the reported separation be-
tween the spheres varied approximately from 0 to 1.5 mm, character-
izing a porous medium with properties compatible with coarse-grained
soils (Zhai et al., 2020). Adopted fluid properties also proceed from
the same experimental work (Moura et al., 2019), and correspond to
an interfacial tension between wetting and non-wetting fluids of 𝛾 = 64
mN/m, a density contrast between the fluids of 𝛥𝜌 = 1204 kg∕m3, and
an assumption that the wetting-fluid perfectly wets the porous medium.
Such properties lead to a capillary length 𝜆𝑐 =

√

𝛾∕𝛥𝜌𝑔 ≈ 2 mm, much
smaller than the analyzed porous-media sample size, meaning that
gravitational forces are likely to impact the investigated flow. There-
fore, the influence of gravity on drainage was evaluated by adopting
the following values of inclination of the porous media with respect to
the horizontal plane: 𝛽 = [0, 1.25, 2.5, 5, 7.5, 10, 15, 20, 30, 45, 60, 75, 90]◦.

In the lattices, lateral boundaries (𝑥 = 0 cm and 𝑥 = 15 cm) were
closed to the flow, nodes at the upper boundary (𝑦 = 26 cm) were
sources of non-wetting fluid, and all nodes at the lower boundary (𝑦 = 0
cm) were connected to an external wetting-fluid sink by edges with no
resistance to flow. In this way, all drainage simulations came to an end
by the time the non-wetting phase percolated the lattice.
5

Fig. 6. Probability density function of the capillary pressure threshold (𝑃𝑡) of the
porous matrix throats, generated to match the values reported in Moura et al. (2019).

3. Results

Several experimentally reported (Moura et al., 2019) aspects re-
lated to drainage through capillary bridges and liquid rings could be
reproduced with the proposed numerical model, and are described in
this section. An analysis of the advantages and shortcomings of our
modified-IP approach to model slow drainage in granular porous media
is presented thereafter, in Section 4.

Fig. 7 illustrates the change in drainage dynamics predicted by
the proposed model as the influence of the gravitational component
increases. These results were generated using the same network and
with inclination angles indicated in the captions. From 7(a) to 7(h),
only the nodes and edges occupied by the non-wetting phase at break-
through are represented. The color gradient from dark blue to dark red
symbolizes the order of invasion, from early to late invaded pores and
throats. Black regions of the image, therefore, correspond to the trapped
wetting fluid clusters. We can observe that as 𝛽 increases, the unstable
front characteristic of capillary fingering is progressively stabilized,
resulting in a more efficient removal of the wetting phase. This trend
has been observed both in experimental (Méheust et al., 2002; Løvoll
et al., 2005) and numerical (Birovljev et al., 1991) studies of slow
drainage in porous media. The invasion dynamics presented here are
a result of both primary and secondary drainage mechanisms, which
will be discussed in more detail in the next sections.

3.1. The impact of film flow on residual saturation

As presented in Section 1, chains of capillary bridges can es-
tablish connectivity between seemingly trapped clusters and enable
their drainage, leading to a reduction in wetting-fluid residual satura-
tions. The prevalence of primary and secondary drainage mechanisms
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Fig. 7. Representation of the invasion order in the porous matrix during the drainage simulations, from dark blue (early invasion) to dark red (late invasion), at the moment of
the non-wetting phase breakthrough. In the images, the lattice’s bottom boundary, where the outlet is located, corresponds to 𝑦 = 0 cm, while the top boundary, containing the
inlet, corresponds to 𝑦 = 26 cm.
for different degrees of gravitational forces influence is illustrated in
Fig. 8.

Complementary to the information presented in Fig. 7, the images
in Fig. 8 introduce the distinction between drained pores and throats
that pertained directly to the main defending cluster (teal), to the ones
that were connected to it via capillary bridges (yellow). It is clear
that a significant fraction of the wetting fluid in the porous matrix
could only be dislocated through the flow paths consisting of capillary
bridges and corners, especially for intermediate inclination angles.
The quantification of the contribution of both drainage mechanisms
averaged over the different lattice realizations is presented in Fig. 9(a),
while corresponding experimental data from Moura et al. (2019) is
presented in 9(b).

As indicated in 9(a), the fraction of wetting fluid displaced due
to the primary drainage mechanism increases monotonically as the
influence of gravitational forces grows, while the maximum saturation
drained due to the secondary mechanism is observed at 𝛽 = 7.5◦. As for
the relative importance of film flow to drainage, the maximum mean
value is achieved at 𝛽 = 2.5◦. This behavior may be explained due to
the opposing effects gravity can have on drainage through film flow.
On one side, gravity can benefit flow from clusters placed above the
average vertical position of the drainage front. Boundaries of clusters
bypassed by the front are associated with higher capillary pressure
thresholds for invasion than the regions in their immediate vicinity.
However, as these clusters get further from the front, the increase in
capillary pressure due to the hydrostatic pressure may place them in a
preferential position for invasion, when compared to nodes belonging
to the front, as described in Eq. (2b). This may justify the relatively
6

low value of saturation, 4.39 ± 1.54%, drained due to film flow at
𝛽 = 0◦. Unlike in the other cases, the distance of a node from the
front without the influence of gravity would not positively impact its
chance of invasion, leading to trapping. On the other side, the positive
influence of gravity on the primary mechanism is so significant that
little is left for the secondary drainage at high values of 𝛽. In these
cases, the efficient sweep of the porous matrix by the invasion front
may, therefore, reduce the saturation drained due to film flow.

The results shown in Fig. 9(a) exhibit a reasonable agreement with
experimental data obtained by Moura et al. (2019), shown in 9(b).
The amount of fluid recovered with the primary drainage mechanism
measured with both methods is almost equivalent, while the drainage
related to the secondary mechanism seems to be overestimated in
the numerical simulations. At low values of 𝛽, however, a one-to-one
comparison between the two sets of results is not straightforward,
as the simulated results with different random networks displayed
considerable variations and the experiments were not repeated. Still,
it is noticeable that in both cases the flow through capillary bridges
is minimized at 𝛽 = 0◦, and its contribution to the total drainage
varies non-monotonically with the influence of gravitational forces.
Moreover, this discrepancy between experimental and simulated results
is expected due to the model’s idealized assumptions, as discussed in
Section 4, and we intend to address these shortcomings in future work.

3.2. The film flow active zone

In this section, we analyze the formation of a region trailing the in-
vasion front where drainage events related to film flow are more likely
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Fig. 8. Representation of the drainage mechanisms related to invasion in the porous matrix during the drainage simulations. Nodes and edges in teal were drained via the primary
drainage mechanism, while nodes and edges in yellow were drained by the secondary mechanism. In the images, the lattice’s bottom boundary, where the outlet is located,
corresponds to 𝑦 = 0 cm, while the top boundary, containing the inlet, corresponds to 𝑦 = 26 cm.
Fig. 9. Wetting-fluid saturation drained via the primary (𝑆1, blue curve) and secondary (𝑆2, pink curve) mechanisms. The green curve represents the relative contribution of the
secondary mechanisms to drainage, based on how much wetting fluid would be drained via the primary mechanism alone. Results presented in (a) correspond to this numerical
work, and its error bars represent the standard deviation in the measurements obtained with a hundred random realizations of the lattice representing the porous space. Results
presented in (b) correspond to the experimental work conducted by Moura et al. (2019), and are obtained with a single experiment for each inclination.
to occur. First identified experimentally by Moura et al. (2019), this
region was termed ‘‘active zone’’, and its detailed characterization can
strengthen our understanding of the secondary drainage mechanism.
7

The extent of the active zone is directly related to the size and
spatial distribution of the portions of the porous matrix bypassed by
the invasion front. First, capillary bridges must form a continuous path
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Fig. 10. Representation of nodes connected to the front via films (pink), nodes at the front (yellow), and nodes inside the main defending cluster (blue) halfway through the
drainage simulations.
between the invasion front and the wetting-phase clusters behind it.
This imposes a constraint on how wide the active zone can be, as long
sequences of connected capillary bridges are significantly less likely to
occur than single bridges or short bridge chains. Second, the frequency
and size of wetting-phase clusters behind the front contribute to the
width of the active zone, as clusters connected to the front by capillary
bridges can then lead to the direct connection of further regions in the
porous matrix. Thus, the existence of large wetting-phase clusters can
broaden the zone where secondary drainage is possible, even if long
chains of capillary bridges are not formed.

Fig. 10 illustrates the nodes connected to the main defending cluster
via corners and capillary bridges, halfway through drainage, under
different degrees of influence of gravitational forces. We will use the
size of the region covered by these nodes as a proxy for the extent
of the active zone, as it encloses the domain in which the secondary
drainage can take place. From Figs. 10(a) to 10(h), there is a clear
indication that the active zone gets progressively more compact as 𝛽
increases. For the cases where the gravitational component is zero or
relatively small, 0◦ ≤ 𝛽 ≤ 2.5◦, the frequency of large wetting fluid
clusters behind the front – as noticeable in Figs. 7 and 8 – lead to very
large parts of the porous matrix being connected to the front via films.
As the inclination of the porous matrix becomes steeper, there seems
to be a short range of angles where the active zone rapidly shrinks,
2.5◦ ≤ 𝛽 < 10◦, followed by a long inclination interval, 10◦ ≤ 𝛽 ≤ 90◦,
where a narrow active zone is curtailed slowly. This compaction of the
active zone takes place simultaneously with the reduction of wetting-
phase-cluster sizes behind the front, and can also be attributed to the
increased chance of capillary bridge snap-off at steeper angles due to
the increased local capillary pressure values.
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The probability density functions (PDFs) of the distance from the
front to the nodes connected and drained via film flow are shown
in Fig. 11. As suggested before, the probability of finding nodes per-
taining to the active zone closer to the front increases significantly
as gravitational forces become more pronouced during drainage. The
same trend was observed experimentally in Moura et al. (2019) when
comparing the PDF of the distance from the invasion front of film flow
events in experiments with 𝛽 = 10◦, 20◦ and 30◦. Interestingly, the
normalized PDFs presented in 11(a) and 11(b) are remarkably similar.
This resemblance indicates that, among all nodes that could be drained
by film flow at a given moment, there is no clear preference that further
nodes would be invaded instead of nearer ones. Besides, it supports the
validity of using the dynamic networks’ sizes, as shown in Fig. 10, as a
representative of the active zone width.

Another interesting fact is that wider active zones are not necessar-
ily linked to more significant effects of film flow events in drainage.
Fig. 12 indicates the average fraction of all nodes belonging to the
lattice connected to the main defending cluster via films, at any point
during drainage. The joint analysis of data presented in Figs. 12 and
9(a) indicates that the large amount of nodes belonging to the networks
through which the secondary drainage mechanism takes place at very
low inclination angles do no translate into greater transport of wetting
fluid to the main defending cluster. This finding substantiates the claim
presented in Section 3.1 that gravitational effects exert a significant
influence on the occurrence of the secondary drainage mechanism.

The characterization of the active zone using the size of the
secondary-drainage-mechanism networks should also take into account
the fact that the connectivity of such networks is under constant
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Fig. 11. Normalized PDF of the distance to the front of nodes connected via film flow (a), and of the nodes effectively drained via film flow (b).
Fig. 12. Average fraction of the total number nodes belonging to the lattice connected to the invasion front during the drainage under different levels of influence of gravitational
forces. The error bars represent the standard deviation in the measurements obtained with a hundred random realizations of the lattice representing the porous space.
evolution as the porous matrix is drained. This phenomenon was
acknowledged in Moura et al. (2019), where the networks associated
with primary drainage were described as ‘‘static’’ — formed by the
lattice of pores and throats representing the porous space —, and
the ones associated with film flow events as ‘‘dynamic’’ — formed
by unsteady subsets of the lattice following the invasion front. The
magnitude of the fluctuation in the dynamic networks’ sizes during
drainage can be inferred from the error bars in Fig. 12. Additionally,
an insight into these variations is presented in Fig. 13. This figure
illustrates the secondary drainage networks at eight equidistant stages
of a drainage simulation with 𝛽 = 7.5◦. We can observe that even
though their width is somewhat constant, their shape and size can
vary significantly. A reason pointed out in Moura et al. (2019) for
the frequent substantial transformations in these dynamic networks is
the potentially global effect of single capillary bridges in the wetting-
phase connectivity. As shown in detail in Fig. 14, which represents the
region around the invasion front in Fig. 13(d), the five capillary bridges
indicated by arrows are responsible for most of the communication
between the dynamic film-flow networks with the main defending
cluster. Any drainage event in the throats hosting these bridges, or in
their immediate vicinity, could lead to instant disconnection of large
portions of the secondary drainage networks. In order to expand our
understanding of the likelihood of film flow events in a given porous
matrix, an analysis of the capillary bridge frequency in the used lattices,
as well as the probability of their occurrence given a throat’s size is
presented in the next Section.
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3.3. The frequency and size distribution of capillary bridges

Given the central role of capillary bridges in film flow events in
granular porous media, in this section we examine how likely it is
for a capillary bridge to be formed in the quasi-2D porous matrices
under investigation, and where they are mostly expected to occur.
Fig. 15(a) shows the fraction of throats hosting capillary bridges,
among all throats in the lattices, at the moment of the invading fluid
breakthrough. We can see that from 𝛽 = 0◦ to 𝛽 = 20◦ there is
a sharp increase in the occurrence of bridges, which then stabilizes
at approximately 18.5%. The comparison of these results with the
ones presented in Figs. 9(a) and 12 indicates that the pervasiveness
of capillary bridges alone is not correlated with a greater capacity of
connecting, or draining, extensive regions in the lattice to the main
defending cluster. In fact, the increase in the formation of capillary
bridges at higher inclination angles can be linked to the enhanced
displacement of wetting-fluid via the primary drainage mechanism,
leaving smaller – and most likely disconnected – clusters behind the
front. An increase in the relative frequency of capillary bridges as in-
clination angles get steeper was also observed experimentally by Moura
et al. (2019) when comparing cases with 𝛽 = 10◦ and 20◦. In that study,
a fraction of 12.8% of throats was occupied by bridges at 𝛽 = 10◦, and
15% at 𝛽 = 20◦, which is approximately 20% lower than the values
predicted by the model.

Complementary to the information presented in Figs. 15(a) and
15(b) presents the PDFs of the sizes of throats (𝑡𝑤) in which capillary
bridges were formed during drainage at different inclination angles. In
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Fig. 13. Representation of nodes connected to the front via capillary bridges and corners for 𝛽 = 7.5◦, at six stages during drainage.
Fig. 14. Detail of the secondary drainage network shown in 13(d). The arrows point to the bridges responsible for the connection of the surrounded regions with matching colors.
The depiction of the spherical beads surrounded by the networks is included for clarity.
this graph we can see that, even though the porous matrices comprised
throats with sizes up to 1.5 mm, all the bridges were found in throats
smaller than 0.45 mm. It is also noticeable that the same range of throat
sizes hosting capillary bridges was found for all tested 𝛽 values. As
the inclination angles get steeper, however, there is a tendency for the
bridges to concentrate at the lower end of this range.

This heterogeneous occupation of throats by bridges was also iden-
tified experimentally in Moura et al. (2019), as shown in Fig. 16
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(where the number of counts of the experimental results was re-scaled
to match the size of the lattices used in the simulations). For the
drainage experiment conducted at 𝛽 = 20◦, the reported maximum
size of a throat hosting a bridge was approximately 0.5 mm, only
10% larger than the size predicted by the model. In that study, this
maximum size was justified as a result of two main factors: the Plateau–
Rayleigh instability in the bridges — which would lead to the snap-off
of bridges accommodated between spheres set at wider separations —
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Fig. 15. Frequency of throats containing capillary bridges (a) and their size distributions (b).
Fig. 16. Probability density function of the sizes of throats containing capillary bridges experimentally and with the proposed model, for 𝛽 = 20◦.
and the nature of the drainage process — which leads to the invasion
of larger throats during the primary drainage mechanism. Given the
low frequency of snap-off events reported experimentally and the fact
that our model does not incorporate a criterion for capillary bridge
snap-off due to hydrodynamic instabilities, we have a strong indication
that the nature of the drainage process, not the Plateau–Rayleigh
instability (Rayleigh, 1878), is the predominant factor associated with
the size of throats expected to host bridges.

4. Discussion

The results presented in Section 3 indicate that the proposed
modified-IP model, despite its many idealizing assumptions, is able
to reproduce recently experimentally identified (Moura et al., 2019)
phenomena taking place during slow drainage in granular porous
media. Intended to investigate the partition of drainage into two main
mechanisms, namely a primary one — through the bulk of pore bodies
and throats — and a secondary one — through connected corners
and capillary bridges — the developed quasi-static network model was
used to investigate drainage flows under the influence of capillary and
gravitational forces. A summary of the findings is outlined next.

First, the influence of primary and secondary mechanisms was as-
sessed by quantifying the fractions of the wetting fluid drained by each.
As described in Section 3.1, the relative contribution of flow through
corners and capillary bridges is maximized at low inclination angles of
the porous media with respect to the horizontal plane, 1.25◦ ≤ 𝛽 ≤ 10◦.
In the absence of gravitational effects, i.e. 𝛽 = 0◦, very little fluid is
drained by the secondary mechanism, as connected clusters behind the
front do not experience increased capillary forces, for being at the same
elevation as the front itself. At higher inclination angles, 𝛽 > 10◦, on
the other hand, the contribution of the secondary mechanism is greatly
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surpassed by the primary drainage mechanism efficacy, leading to a
diminutive relative importance.

Once the relevance of each mechanism was quantified, we analyzed
the fluids’ configuration in the pore space originated by drainage
through the bulk of pores, and its link to the flow through connected
capillary bridges and corners. In Section 3.2, the concept of an active
zone where the secondary mechanism takes place was introduced.
Analogously to experimental observations presented in Moura et al.
(2019), we identified in our simulations a finite region trailing the front
where clusters could be drained by the secondary mechanism. It was
observed that the width of the active zone decreased monotonically
with the influence of gravity and could not, therefore, be correlated
to the amount of fluid drained through bridges and corners. This
mismatch between active zone size and secondary drainage mechanism
efficacy is attributed to the combination of large clusters formed behind
the front at low 𝛽 values, and their difficulty of being drained subjected
to weak gravitational forces.

The frequency and size of capillary bridges in the pore throats were
also investigated, in Section 3.3. The results indicated that the percent-
age of throats hosting bridges undergo a threefold increase from 𝛽 = 0◦

to 𝛽 = 45◦, followed by a slow decrease at steeper angles. This increase
can be explained by the gain in efficiency of the primary drainage with
𝛽 (see Fig. 9(a)), which enlarges the air-invaded portions of the porous
matrix, where bridges can be formed. For 𝛽 > 45◦, however, this effect
may be overshadowed by the increased likelihood of invasion and snap-
off of capillary bridges, as suggested by the decrease in the mean size
of throats hosting a bridge (see Fig. 15(b)).

The proposed numeric model and drainage mechanisms analysis
summed up above are deemed pertinent amidst a series of studies
published in the past few years acknowledging the role of capillary
bridges and liquid rings in quasi-static fluid displacements in porous
media. Zhao et al. (2016) highlighted the importance of chains of
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pendular rings in fluid transport during strong imbibition in patterned
microfluidics. The wetting-fluid connectivity provided by these chains
in imbibition flows was later incorporated in 2D pore-network models
proposed by Primkulov et al. (2018, 2021) and Primkulov et al. (2022),
departing from the typical concept of representing film flow in porous
media as flow at corners of angular capillaries. The significance of
fluid transport through capillary bridges and liquid rings during drying
in porous media was also pointed out in a series of experimental
and numerical (Vorhauer et al., 2015; Cejas et al., 2018; Chen et al.,
2017, 2018; Kharaghani et al., 2021) studies. In this context, chains of
bridges and rings provide continuous channels for liquid transport from
saturated zones within the porous medium to the evaporation front,
allowing the maintenance of fast drying rates. In the same direction as
the studies regarding imbibition and drying, experimental observations
presented in Moura et al. (2019) made a case for the relevance of
capillary bridges and liquid rings in slow drainage in porous media.
To the best of our knowledge, this work is the first to explicitly incor-
porate these extra paths for connectivity in a simple network model
for drainage in porous media subjected to capillary and gravitational
forces.

Beyond the relevance of its targeted flow phenomena, we consider
that the significance of our model also lies in its approach to rep-
resenting film flow, network conceptualization, and implementation
method. Similarly to Primkulov et al. (2018, 2021) and Primkulov
et al. (2022), we incorporated film flow effects in a PNM without
portraying pore throats as angular capillaries with wetting fluid flowing
at corners. By assuming that all solid–solid contacts in the porous
medium (plane-sphere contacts in the case of the modified Hele-Shaw
cell) adjacent to liquid-filled throats must also be filled with liquid,
we could identify connected and disconnected fluid segments at a low-
level description of the porous medium geometric features. With this,
we avoided commonly adopted oversimplifying assumptions, such as
that the wetting phase is connected everywhere in the porous media
through corners (Valvatne and Blunt, 2004), or that all corners in a
pore element act as a bundle of channels with shared start and end
points (Joekar-Niasar and Hassanizadeh, 2012), while also bypassing
the great level of detail required to treat every corner in pore elements
individually (Raeini et al., 2018).

As for our PNM conceptualization, instead of regarding networks
as a representation of the porous space, with nodes and edges either
occupied by the wetting or non-wetting fluid, we took networks as
surrogates for the wetting-fluid occupation of the pore space itself. To
do so, edges invaded by air are deleted from the network, making
the size of the investigated system smaller at each simulation time
step. This approach is suitable for transient flow – as in drainage or
imbibition – when the fluid occupation of a pore is not expected to
change more than once. The resultant evolving networks of liquid
occupation could then be analyzed using some basic graph-theory
concepts, e.g. degree of nodes, paths, and connected graph components,
with related algorithms readily available in various well-established
numerical libraries. Besides facilitating the model implementation, this
particular PNM concept allows one to easily label fluid clusters and
investigate their properties regardless of the network structure.

The straightforwardness of our modeling approach begets, however,
limitations to the generalizability of the obtained results. Notably, the
absence of viscous effects, the lack of a precise stability criterion for
the capillary bridges, and the quasi-2D nature of the analyzed porous
medium can interfere with our findings, as examined next.

For starters, despite the association of slow drainage with negli-
gible influence of viscous forces, there is a distinction between the
effect of viscosity on the flow through the bulk of pores and throats
and on the flow through chains of capillary bridges. The secondary
drainage mechanism employs much less permeable channels than the
primary one, and there should be, therefore, a preference for fluid to
be mobilized from the main defending cluster rather than from isolated
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clusters. The oversight of this effect may justify the overestimation of
drainage via the secondary mechanism observed in Fig. 9, and could be
addressed in a future study with a dynamic PNM. The overestimation of
the contribution of the secondary drainage mechanism could also stem
from the lack of a rigorous criterion for bridge snap-off, which should
take into account the link of fluid arrangements to local capillary
pressure and pore geometry. By equating the capillary pressure for
snap-off to the throats’ threshold for invasion, we are likely overstating
the bridges’ stability, which is corroborated by Fig. 15(a). For this
reason, a criterion derived from a meticulous investigation of stable
interfaces in constricted geometries, analogous to the one presented
by Cox et al. (2023) regarding microfluidic devices, could enhance the
quality of our results.

Finally, the very nature of our 2D PNM – based on experiments in
quasi-2D porous media – imposes limitations on the applicability of
the presented findings to flow in real 3D porous media. Even though
capillary bridges and liquid rings are ubiquitous in unsaturated flows in
3D porous media (Scheel et al., 2008), identifying the conditions for the
extra connectivity provided by them is considerably more difficult than
in 2D geometries (Cejas et al., 2018). The description of such connec-
tions was presented by Kharaghani et al. (2021) for a body-center-cubic
pack of monodispersed spheres, but expanding this concept to more
complex lattices or irregular packings could be challenging. Moreover,
fluid structures beyond rings and bridges could arise in drainage in 3D
porous media, as recently demonstrated by Wu et al. (2023). In their
work, liquid filaments were observed connecting liquid rings in throats
invaded by the non-wetting phase at moderate capillary numbers (𝐶𝑎 >
3 × 10−4). Although these structures are expected to display very low
permeability, they provide a channel for wetting-phase connectivity not
taken into consideration in our model and may expose a way in which
our results fail to represent real 3D flows. Nevertheless, we consider
that the findings presented in Section 3 can be, at least qualitatively,
generalized to more complex porous media geometries, and that simple
idealized models, as described in Section 2, are instrumental in the
understanding of complex physical phenomena.

5. Conclusions

In this study, a quasi-static pore-network model for slow drainage
in granular porous media was presented. The model was based on
the idealized bond-invasion-percolation method and incorporated a
modification in the trapped-cluster identification algorithm, in order
to reproduce the wetting-phase connectivity provided by chains of
capillary bridges. The pore space was represented in the model as a reg-
ular honeycomb lattice of nodes and edges, symbolizing the pores and
throats found in Hele-Shaw cells filled with a single layer of monodis-
persed spherical beads. This choice of idealized quasi-2D porous media
allowed us to clearly characterize drainage events due to film flow,
and the obtained insights about the phenomenon can qualitatively be
generalized to drainage in 3D granular materials.

With the proposed model, the prevalence of primary and secondary
drainage mechanisms under different levels of influence of gravitational
forces was investigated, and the results were compared with experi-
mental data presented in Moura et al. (2019), or newly analyzed by
the authors for this work. Despite the model’s simple representation
of the pore space and drainage dynamics, qualitative agreement with
experimental data was obtained in the analyses regarding the impact of
film flow on residual saturations, the establishment of a film flow active
zone, and the occurrence of capillary bridges in the medium. With
the demonstrated ability to represent fundamental aspects of complex
physical phenomena, the proposed model could be a valuable tool to
interpret and complement experiments, in the quest to complete our
understanding of drainage in granular porous media.

As a future development for the presented model for slow drainage,
we suggest the implementation of a criterion for the capillary-bridge
snap-off taking into consideration the shape of the bridges formed

in the quasi-2D porous medium under investigation, as illustrated in
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Fig. 1. Another relevant advancement in our current line of study
could be achieved with the incorporation of viscous effects in the
fluid displacement represented by the model. This modification could
improve the quality of our findings related to the slow drainage regime,
as well as allow the investigation of the relevance of primary and
secondary drainage mechanisms under varying capillary numbers.
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