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Abstract: This paper presents a novel extended state observer (ESO) approach for a class of plants
with nonlinear dynamics. The proposed observer estimates both the state variables and the total dis-
turbance, which includes both exogenous and endogenous disturbance. The study’s changes can be
summarized by developing a sliding mode higher-order extended state observer with a higher-order
augmented state and a nonlinear function for the estimation error correction terms (SMHOESO). By
including multiple enhanced states, the proposed observer can monitor total disturbances asymp-
totically, with the second derivative of the total disturbance serving as an upper constraint on the
estimation error. This feature improves the observer’s ability to estimate higher-order disturbances
and uncertainty. To extend the concept of the linear extended state observer (LESO), a nonlinear
function can modify the estimation error in such a way that the proposed observer can provide
faster and more accurate estimations of the state and total disturbance. The proposed nonlinearity
also reduces the chattering issue with LESOs. This research thoroughly examines and analyzes the
proposed SMHOESQO'’s convergence using the Lyapunov technique. According to this analysis, the
SMHOESO is asymptotically stable, and the estimation error can be significantly reduced under
real-world conditions. In addition to the SMHOESO, a modified Active Disturbance Rejection Control
(ADRC) scheme is built, which includes a nonlinear state error feedback (NLSEF) controller and a
nonlinear tracking differentiator (TD). Several nonlinear models, including the Differential Drive
Mobile Robot (DDMR), are numerically simulated, and the proposed SMHOESO is compared to
several alternative types, demonstrating a significant reduction in controller energy, increased control
signal smoothness, and accurate tracking of the reference signal.

Keywords: mobile robot; sliding mode control; extended state observer; output tracking; feed-
back stabilization

1. Introduction

As a result of unknown system dynamics or external perturbations, almost all physical
systems in the real world have disturbances and uncertainties. Disturbance observers
and related techniques are powerful tools for dynamically estimating, compensating, and
controlling diverse disturbances in such systems [1]. This section describes the extended
state observer (ESO), the disturbance observer (DOB), the perturbation observer (POB),
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and several other classes of approaches (ESO). The external disturbance is modelled as an
enhanced state and estimated with a state observer in the Unknown Input Observer (UIO),
one of the oldest disturbance estimators dating back to 1969 [2].

The DOB is another important class of disturbance estimators because it avoids using
the plant’s nominal transfer function in some of its variants. DOB is based on the function’s
inverse. Although POB and DOB are theoretically equivalent, POB is conceptualized in
state space and designed in a discrete-time environment. UIO and DOB have been shown
to be equally good at estimating disturbances, but UIO also provides state estimation [2].

An extended state observer (ESO) is used as a central component of Han's active
disturbance rejection control method and analyzes all internal and external disturbances [1].
As a result, it was possible to estimate both the extended state and the system state at the
same time. Accurate uncertainty estimation contributes to improved disturbance rejection
and a smooth control profile for the closed-loop system. Because an ESO can estimate
internal uncertainties, the model’s required accuracy is reduced without compromising
control performance [3]. Because of its convenience and high efficiency, the ESO is used in
a wide range of industries, including robotics, aerospace, and electrical machines [1].

Throughout its rapid development in recent years, the ESO has been divided into two
common types: linear ESO (LESO) and nonlinear ESO (NLESO). The LESO was developed
as a backup option that also demonstrated the ease of tweaking parameters for theoretical
analysis [4]. Significant gains may also result in peaking behavior, as seen in other high-gain
observers [1,5-7]. The NLESO, on the other hand, was chosen in the early study due to its
ability to effectively estimate nonlinear structures. Nonlinear ESO (NLESO) is created by
feeding back the output estimation error using nonlinear functions. The nonlinear function
is the mathematical fit of “big error, small gain” or “small error, big gain” and is usually
chosen as a piecewise continuous, saturating, and monotonously increasing function.
NLESO'’s nonlinear gains are intended to reduce “peaking phenomenon” and to avoid
large transient behaviors. A nonlinear observer is also used to ensure fast convergence and
robustness against noise. Furthermore, because of its complex nonlinear features, proving
the stability of a system using an NLESO is difficult. Han evaluated the convergence of the
ESO estimation errors using the Lyapunov approach. Unfortunately, many assumptions
were made in this study, and it can be difficult to find suitable nonlinear functions in
practice. More generalized convergence results for single-input single-output (SISO) and
multiple-input multiple-output (MIMO) systems have recently been discovered in [8,9],
respectively.

Active Disturbance Rejection Control (ADRC) is becoming more popular as a tech-
nology, having been used successfully in engineering on numerous occasions. The recent
implementation of ADRC technology at a Parker Hannifin Extrusion Plant in North Amer-
ica resulted in over 50% energy savings per line across 10 production lines, as well as
significant improvements in product quality. Furthermore, thanks to the Kinetis® motor
suite’s simple interface and design approach, the field-oriented control (FOC) motor control
design time cycle is reduced, system performance is increased, and support costs with
ADRC are reduced [10]. It supports three-phase BLDC and PMSM motors via an algorithm
with controls that are either low-cost but without sensors or very accurate with sensors.
ADRC is used in [11] to evaluate the nonlinear kinematic model of the differential drive
mobile robot (DDMR). Texas Instruments used ADRC technology in the development and
global distribution of a new series of motion control chips (InstaSPINTM-MOTION). LineS-
tream Technologies” SpinTAC Motion Control Suite also includes an ADRC implementation.
SpinTAC [12] is a Texas Instruments microcontroller (MCU) that uses InstaSPIN-MOTION
technology. The National Superconducting Cyclotron Lab in the United States has used
ADRC in several high-energy particle accelerators as a result of significant advances in the
amplitude and phase regulation of electromagnetic fields [13].

This paper proposes a continuous nonlinear error function that is beneficial near the
origin with limited large error values. A higher-order extended observer is also proposed,
which allows an accurate estimation of high-order total disturbance. In this paper, a
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brief stability analysis is presented for both single-input single-output and multi-input
multi-output systems.

This paper’s content is divided into six sections, with the related work outlined in
Section 2. The proposed SMHOESO is described in Section 3, along with the relevant
stability tests for single-input single-output systems, and the stability analysis for multi-
input multi-output systems is covered in Section 4. Section 5 contains numerical simulations
that confirm the accuracy of the proposed configuration, and Section 6 concludes.

2. Related Works

The LESO is similar to the Luenberger observer [14]. It is employed to simplify the
calculation for an nth-order single-input-single-output system [9,15],

é‘l(t) = (),  ¢1(0) = Cro,
Go(t) =383(t),  2(0) = oo,
1)

GulD) = F(£,81(8),82(8), -, Gu(t)) + u(t) +w(t),  Eu(t) = Eno
y(t) = G1(t)

where ¢(0) = (&10, 820, - - -, &no) is the initial state, &(f) = (&1(¢), &2(¢), ..., &x(t)) is the state
vector of the system, y(t) is the measured output, f(.) € C(R,, R) is an unknown system
function, w(t) € C(R,R) is the uncertain exogenous disturbance, u(t) € C(R,R) is the
control input, L(t) = f(t,.) + w(t) is denoted “total disturbance” [16]. By adding the

extended state ;11 (f) def f(t,.) +w(t), the system (1) can be restated as,

Gi(t) =&(t),  61(0) =&,
a(t) = 83(t),  82(0) = G0,
| 5 @
gn(t) = gn-&_—l(t) + u(t)/ g(t) =&no
Cup1(t) = f(£,C1(8),82(t), ..., Cn(t)) + w(t),  Cnia(t) = Cntr0,
y(t) =&i(t)
A linear extended state observer [1],
&1(6) = &a(t) + Pr(y(t) — (1),
() = & (1) + Ba(y(t) — &a(1)),
: (©)

A

Eu(t) = Euen (1) + () + Baly(t) — E1 (1)),
Eur1(t) = Bupa (y(t) — &a(1)),

where ; = % is the observer coefficient to be designed, i € {1,2,...,n,n+1}.

There are two common techniques for LESO tuning: pole placement [17] and the
bandwidth method [18]. If the ultimate goal is to limit the number of ESO parameters
(i.e., only one ESO parameter should be selected or modified), the ESO coefficients can be
expressed in terms of the ESO’s bandwidth [19]. Choosing a bandwidth that is too large
will result in a decrease in estimation error within a reasonable bound [20]. To avoid this,
the observer bandwidth is set to be lower than the frequency of the unmodeled dynamics
but higher than the frequency of the disturbance [21]. The ESO, on the other hand, will
perform worse if its bandwidth is set to a value that is either too low or too high. When
the ESO and controller bandwidth are too large, strong tracking performance and external
disturbance rejection are possible.
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The negative effects of using a large bandwidth value include the following, measure-
ment noise degrades output tracking and introduces chattering on the control signal [22].
Secondly, the transient response of the ESO is reduced because large bandwidth values
result in high-gain observers [23]. Finally, some unmodeled high frequencies dynamics may
be activated above a certain frequency, leading to inconsistency in the closed-loop system.
The two main reasons that prevent the bandwidth from being expanded are regarded to
be noise and sample rates. As a result, an estimator bandwidth that balances tracking
performance with noise tolerance must be chosen. To outperform the LESO, the authors
of [1] developed a new class of adaptive ESO (AESO) in which the observer bandwidth
changes over time. The disadvantage of this method is that as the AESO order increases,
parameter adjustment may become more difficult [1].

The small variable € was set as in [24] to mitigate the peaking phenomenon brought
on by various ESO initial values,

1 f100 0<t<1
e 100 t>1

Optimization methods such as Bacterial Foraging Optimization (BFO), Particle Swarm
Optimization (PSO), and Evolutionary Algorithms (EA) are used instead of manually
adjusting the ESO parameters. Eventually, the ESO begins to estimate the states. As a
result, aggregated disturbances have no effect, and the controller compensates for them
in real-time [11]. The parameters of ESO were also determined using a non-dominated
Sorting Genetic Algorithm (NSGA-II) [25].

The nonlinear gains of NLESO are designed to reduce such peak phenomenon, as
well as to avoid large transient behaviours [26]. A nonlinear observer is also applied
to guarantee fast-convergence and robustness with respect to the noise [27]. A general
nonlinear ESO is given by [28],

: 4)
Eu(t) = Euia (1) +u(t) + uly() — &1(1)),
&1 (t) = gura (y(t) — &1(1).

If nonlinear functions g; : R — R,i € {1,2,...,n + 1} were chosen, the state variables
of the nonlinear system might track the state variables of the original system and the total
disturbance L(t). The mathematical representation of “high error, small gain or small error,
big gain” is known as a nonlinear function g;(.) [29]. This function can be illustrated as
follows [30-34], and is typically chosen as a nonlinear combination power function,

fal(e,a,0) = { 5t el <0 ®)

lel*sgn(e) |e| > ¢

where ¢ is a small number that is used to express the length of the linear part. The func-
tion fal(.) is a piecewise continuous, nonlinear, saturation, and monotonically increasing
function. Studies have shown that when the value of § is too small, it is still easy for the
phenomenon of high-frequency chattering to appear. Conversely, when the value of J is too
large, there is still a chattering phenomenon owing to its non-smooth feature at the point
e= ¢ [35]. When « = 0.75, the degree of linearity of fal(.) function is best. Practically, the
value of « is generally selected as « = 0.01 [28] in order to select the appropriate observer
gains and fal(.) function parameters.

In this case, a genetic algorithm (GA) is used to find better ESO parameters. Other
effective optimization algorithms, on the other hand, may be good candidates for this
purpose [33]. The function proposed in [28] eliminates non-smooth transitions between
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linear and nonlinear parts of the fal(.) function. To allow it to be applicable under many
different circumstances, this function is able to adjust the curve shape, the range, and
the central location. On the other hand, the function in [36] is smoother, and the shape
and center position of the function can be better controlled. The work suggested in [37]
proposes a nonlinear function that not only has a nonlinear characteristic but is also very
smooth. In particular, this function can be separately adjusted as the function in [28] to
adapt to the practical application of different situations and requirements [37]. There are
further nonlinear control laws proposed in [38—42].

3. Observer Design for SISO Systems

This section presents the nonlinear single-input single-output LESO and SMHOESO’s
convergence analysis.

3.1. Linear Extended State Observer (LESO)

Firstly, some assumptions are required:
Assumption 1. The function f is continuously differentiable for all (t,Z(t)) € R x R™.
Assumption 2. w(t) and w(t) are bounded and w(t) belongs to a known compact set W C R.
Assumption 3. There is a positive constant M such that |A(t)| < M for t > 0.

Assumption 4. There exist constants A1, and Ay, and positive definite, continuously differentiable
functions V, W : R™1 — R* such that:

MlyIP < V(y) < Aallyl®, W) = Iyl (6)
n AV, aV
. —(Yy; —a; _ < —

Zz:l ayz (}/1 alyl) a]/n+l Apr1¥1 = W(y) (7)

Theorem 1. Assume that we have the ESO of (3) and the system presented in (2). Then,
0 fim|i(t) — ()] =0 57h)
@) lim |G(H) = G(H)] =0
t — o0
wy —

where &(t), and &;(t) symbolize the solution of (2) and (3) correspondingly, i € {1,2,...n+1}.
Proof. Set ¢;(t) = &(t) — &(t), i € {1,2,...n + 1}. Then by subtracting (3) from (2),

E1(0) = 81(0) = (1) — (&2(0) + Bay(1) — &a(1)

Ga(t) = Ga(t) = &a(t) — (Ga(t) + Ba(y(t) — &1(1))

Eult) = Eu(t) = Gt (1) + u(H) = (Gara (1) +u(H) + Bu(y(H) — (1))
Eue1(B) = Ensa (1) = A0 = B (v(t) ~ E1(8)

The estimating error dynamics are demonstrated by a straightforward calculation to
satisfy,

e1(t) = ex(t) — Pre(t

ex(t) = e3(t) — Boe(t

~— —

: (8)
en(t) = epi1(t) — Bre(t)
ent1(t) = A(t) — Buiae(t)
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Let 8; = a;wo’, where a;, i € {1,2,...n+ 1} are design parameters, and wy is the ESO

bandwidth. The final form of (8) is,
e1(t) = ea(t) — woar.eq(t)
€2(t) = eg(t) — a}oza261(f)
: )

én(t) =ejpt1(t) — woay.e1(t)
eng1(t) = A(t) — wo"Mayqy.e1(t)

Time scale (9) to get,

t
del(‘TO) _ t t
= e\ - | —wopar.e1 wy

dwio wo
()
i0 — A 2 _t
dwio —€3(w0) wo az.el(wO>
(10)

dey (
- t t
( 10) - €n+1(w0) 7(‘)0”“”'61(‘4’0)

qd-t
wo
di’n 1 wi
;(L 10) — A*w0n+1an+l-el (WLO)
wo
Let ;
ni(t) = wO”“*iei(wf), ic{1,2,..n+1} (11)
0
t 1
€i<wo> - W’?i(t) (12)
Taking the derivative (11) with respect to t yields,
(L t (L
d;(t) _ n+17idel(“’0) (o) _ nfidel(“’0>
T = gt e i) (13)
dt At dt dt
wo wo
Then,
Y
dei(d) 1 an)
dwig wot dt
Both (12) and (13) are substituted in (10) and the result is,
dnq(t
woLl qét() = wO}HlUZ(t) - woal-%onﬂl (t)
dny (¢
o ) a3 (1) — woaz. g (1)
dy, (t ‘
W‘Qt( ) = Nint1(t) — wo”ﬂn-w%qﬂi(t)
d in (t)
ﬁ T2 = A— wo"HﬂnH-wtn 11 (t)
The time-scaled estimation error dynamics are,
dnq(t
dﬂ(},{(t)) =12(t) — a1 ()
122 = nia(t) — az (t)
: (14)

: () = i1 (t)
t
Wl = & g (1)
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Using the solution of (14) as a guide, we can determine the derivative of V(1) with
respect to f,

n+1 BV

V(U) along( ) ( )
nt1
r av(n) (’71+1( ) —aii(t)) + ?,m]) (wo — Gy 771(t))
i=
Then,
‘ = V() A av(y)
Vi) along(14) ; i ’71+1 t) —aim(t)) + W @0 Fnia an+1.171 ()

from (9) of assumption 4,

<-wy)+ T2

ven along(14) — My41 Wo

Given Assumptions 3 and 4 assume the Lyapunov functions V, W : R"*1 — R* de-
fined by V(5) =< Py, >, where € RP*! and P is a symmetric positive definite
matrix. Suppose (6) in Assumption 4 with Ay = A,,;,(P) and Ay = Apgx(P). Thus,

d
when (1) < Amax(P)5]|* and |52 < [ a0 7| < 2Vmax(P)|n]|. More-
over, V(1) < Amax(P)||7]1* = Amax(PYW(5). Thus, —W(5) < —ALS]&)). Finally, because
Amin(P)|[7]1* < V(1), this leads to ||5|| < ((gj).Asaresult,
Vi) M Vi(n)
Vi(ni) < + —2A P
R PN 1 I IV won o
Since,
d 1 1
Vi) == V(n),
ZVV =5 0 ()
Then,
d 1 1 V(n) M V(n)
L v < = - + 0N e (P)
A N T ) TV o

\/7 \/ + M /\max(P) (15)

2/\mux Wo \/ Ain (P)
Solving the ordinary differential Equation (15) gives,

2MA? 0 (P) SR e
V(U) S AR Llccd S <1 —e ZAmax(P)) + V(W(O))g 2Amax(P)
w0/ Ain (P)

V()
)\min(P)

1 2MA? a0 (P) = T 7 " Dax P
||77(t)|| = /\min(P) <(,U0 Amin(P) <1 e | >) " V(U(O))e | )>

MA? 0y (P — V(in(0)) -t
()] < W(l —e 2"'””(”>> + /\rii((;;e Tnax (P) (16)

Using ||77]| < one gets,
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Therefore, it follows from (16) that,

S

&) — &) = ﬁmi(wom = &) — &) < #nn(wmu

Then, Sub. (16) in the above equation gives,

0800 5 e (20 (i) VOO
(Y

On+1_i WO/\min(P) /\min( )
. . 2 2MAZ 0 (P
Finally, lim [2(1) ~ (0] = b= 24250 = O( k)
lim |i(t) = &(t)]
t— o0
wy — 00

O

3.2. Sliding Mode Higher Order Extended State Observer (SMHOESO)

Starting again from the nonlinear system (1) and by adding the extended states

Cna1(t) d:eff(t, D) Fw(t), Cuaa(t) d:eff(t,.) + w(t), it can be restated as,

R
N
—
~
—
-l
It
s}
—
~
—

‘ : 17)
gn(t) = gn—l—l(t) +u(t)

Cnr1(t) = Cusa(t)

Cnra(t) = A(E)

where A(t) = f(t&(t),&(t),...,E(t)) + @(t). In order to prove the convergence of
SMHOESQO, the following assumptions are needed.

Assumption 5. w(t), w(t) and w(t) are bounded and w(t) belongs to a known compact set
W cCR

Assumption 6. There exist constants A1, and Ay, and positive definite, continuously differentiable
functions V, W : R"*2 — R* such that,

Myl < V) < Aallyl® W) = lly)® (18)

2 2 (g () = k(L) n () = 5 Daak () (1) < -wi(y) 19

Yi ayn+2 wo"

The proposed nonlinear sliding mode higher-order extended state observer (SMHOESO) is
described as,

2

&1(H) = &a(t) + Pra(y(t) — & (1)),
& (1) = & (t) + Bag (y(t) — & (1),
. : (20)
Ea(t) = G (1) + u(t) + Bug (y(£) — E1(1)),

Cns1(t) = Cust (1) + Busrg (y(t) — G1 (1)
Erpa(t) = Busag (y(t) — &1 (1)).
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The mapping ¢ : R — R is selected as,
7(¢) = Kule|“sign(e) + Kgle|’e (21)

where Ky, Kg, o and B are nonzero design coefficients (see Figure 1). Let p; = a;wy', and rewrite

le*

(21) a3 G proposed (€) = (K,x?sign(e) + Kﬁ\e|ﬁ>e. Then,

0 e=0
gi(e) = { k(e).e e#0 (22)

The mapping k : R — R is an odd nonlinear gain mapping with,

k(e)= Kule|* ™" + Kgle|?

0.08

0.06 o

0.04 /

7

g(©)

-0.02 /
-0.04 /

-0.06 et

-0.08
-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02
€

Figure 1. The function ¢ with § = 0.334, « = 0.533, kﬁ = 0.543,k, = 0.617.
Lemma 1. Assume that we have Lyapunov functions V, W : R"*2 — R* expressed as W(1y) =

V() =< Py, 5 >, where n € R"*2 and P is a symmetric and positive definite matrix. Suppose
Assumption 6 Equation (18) with Ay = A,,;;,(P) and Ay = Apax(P). Then,

(i) ’8176,% < ZAmHX(P)HT]H
.o V( )
@ Il < /x4
i) —W0n) < s
- v
Proof. (i) Since V(1) < )\maé(P)H’?HZ and ’a;?i% = H# ther 3778,17‘12’ N

(ii) Since Ayin (P)||57]|> < V(3). This leads to ||57]| < 4/ /\V,(@,). Finally, (iii) Since V(1) <

Amax(PYWi(17), then V(17) < Apax (P)Wi(7) and —W (1) < /\;Z{((’Q). O

Theorem 2. Assume that we have the plant of (2) and SMHOESO in (20). Then,

t—o0

lim |2(t) — ()] = O(Wo”i“)

where &(t), and &;(t) signify the solution of (2) and (20) correspondingly,i € {1,2,...n 4 2}.
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Proof. Set ¢;(t) = &(t) — &(t),i € {1,2,...n+2}. Then,

En(t) = &, ( ) = Cupr () +u(t) — (Gurr () +u(t) + Bug (y(t) — &1(1)))
§n+1(f) —Cppa(t) = §n+2( ) = (Ensa(t) + Busrgz(y(t) — &1(1)))
€n+2(t) §n+2 ( ) ,Bn-&-lﬁ( ( ) gl( ))

A simple calculation demonstrates that the estimating error dynamics meet,

e1(t) = ex(t) — Prg(er(t))
ex(t) = e3(t) — Bagl(er(t))

: (23)
(?n(t) = €ni1 ( ) .Bng(el( ))
eni1(t) = ensa(t) — Buirg(ea(t))
ens2(t) = A(t) — Buyag(en(t))
The final form of (23) is,
e1(t) = ex(t) — aywok(e1(t)).ex(t)
ea(t) = es(t) — apwo?k(er(t)).e1(t)
: (24)
én(t) = e (1) — aneoo"k(er (1))-e1 (1)
eni1(t) = enya(t) — ay +1wO”+1k(61(f)) 1(t)
enta(t) = At )—ﬂn+2aJo”+2k(€1( ))-ex(t)
Time scale (24) to get,
de;%) = ez(wio) - alwok(el (wi)) 61(6%0)
0 ) - () ()
dey, _t (25)
e = enna(8) = anone(e (35) ) 1 (35)
dentil}ufo —_ en_,_z(t) —a +1w0n+lk(€1<wi>)'el<wio)
den;zugwo) = Ay k(e () ) ()
Let
7;i(t) :a}on-‘rl_iei]‘(wio), ie{l,2,...n+2} (26)
i) = Ggran® ‘27)

Taking the derivative (26) with respect to t yields,

(L Y
d(t) _ w0n+1—jdel<‘4’0) d(g) _ won—idel(wo)
dt d(L) dt d(g;)
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then,
St
dei(ds) o dn(o
7 = Wy (28)
d(w—o) dt

Both (27) and (28) are substituted in (25) and the result is,

dig, (¢ ¢
MOL Wét() = wiolm m(t) — woﬂlk<@,§n)>-w%n’11(t)

d
= Y = () - woak (B ) 2k (8
d .
B0 — 1 (8) = woank(B50). ke (1)

dij, oy (¢ ¢
wlﬁ1 U ;rtl() _ w01—1’7n+2(t) _ w0”+1ﬂn+1k(@én)).w}]n m(t)

d
L, Bua — p wo”+2ﬂn+2k(%i))owin m(t)

wo dt

The time-scaled estimation error dynamics are,

MO — () — ark () (1)
# 1 (t)

(29)

i .
Wgt(t) = 771 n+1(t) - llnk(zl}(()i) Ul,](t)
d
Un;l(ﬂ = 77n+2(t) an+1k<'z‘1](§i)>‘;71 (t)
f) )

Ay (t) A
R = S — ﬂn+2k< wot )t

. n+2 n+1
V0 = 2 g0 = 3 0 (a0 ik (20 ) @)) + 50 (5 — ok (25 ) o)),
Then,
. n+1
V() dlong(29) l; 8\;(117) (771+1( ) — ﬂik(w)-’h(fo - 3"7/:2 ﬂn+2k(w>~’71(t) + g:;sz) on

from (19) of Assumption 6,

v(

17) along(29) — aﬂn+2 wy

With the aid of Assumptions 2, 3 and 6 and the results of Lemma 1, it results in,

o V) M Vi)
V1(771) = Amux(P) * WOZZ/\mN(P) Amin(P)

Since, i
1 1 .
ZV() =2 —=V
ZVVn =5 70 (1)
Then,
d 1 1 V(iy) M V(iy)
Vi) < = - + = ZAmx
dt ('7)*2 V(U)( Amax (P) g )me(n
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7 i y ﬂz Amax(P)_ (30)
2)\mux wo Ain (P)

Solving the ordinary differential Equation (30) gives,

/ 2M)\$rmx ) < 2A> / —
1—e mag + V(U(O))e 2Amax (P)
\/ m”’l

1 2MA2?,05(P) ( ot ) ot
t < 1—e 2Mmax(P) | 4 Vv 0))e 2Amax(P)
(o) Amm(P)<am2 T (1(0)
2W(P)( t> V(#00)) -5t
1—¢ Zmax(® | 4 e 2Amax(P) 31
|| ()” —= W02Amm(P) )\min(P) ( )

Therefore, it follows from (27) that,

|am—&uﬂ=w&LiMMmm=wam—&&wstLiwmwm

Then using (31) gives,
. 1 2MAZ,0:(P) _ Lt V(n(0)) -«
() = E(D] < i 1— 2Amax (P) 2Amax (P)
|€l( )~ &l )’ ~ wo ( WOZ/\min(P) ( ‘ ) * Amin(P)e
Finally,

s 1 2MA%,,(P) 1
tll)ngo|§1 g’(t)’ T w3 Ay (P) O w3
In the special case when the bandwidth of the SMHOESO goes very large, then,

lim |i(t) = &(t) = 0|
t— o0
woy — 0

O

4. Observer Design for MIMO Systems

In this section, a class of MIMO systems with uncertainties and exogenous disturbances
are considered as follows,

V) = AL ®), V@ E V) o)+ T by ()

&) = ot &(0) &0, V() + walt) + Xy b1
: (32)

) = fult, & (), 8@ BT (0) () + Ty b (1)
( )=2¢Ci(t)fori=1,2,...,n

where u(t) = (u1(t), ua(t), ... un(t))" € R isthe controlinput; y(t) = (y1 (), y2(t), ... ym(£))"
€ R" is the output measured output; f; € C(RT x R"*" R") an unknown system function
fori € {1,2,...n};w;(t) € C(R,R) the uncertain exogenous disturbance fori € {1,2,...n};
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and ¢(t) = (C1(t),C2(),...,Cn(t)) € R" is the state vector of the system. A convenient
way to represent the system (32) is,

‘%:; (t) fi() wi(t) by b ... by up(t)
3 .(t) _ f2:(~) N wzz(f) N 5:21 bfz b?n Mzz(f) 39
o £ wa(t) b b e ban ) \un(®)

Foreveryi,j € {1,2,...n} there exists a constant b; ; such that the matrix B with entry
b; ; is invertible with inverse matrix given by,

by, - b}, by - b\
o = (34)
by ... by, byp ... bun
Let the control inputs be denoted by,
"o by bl o B\ (00
uy(t by, by, ... b uk(t
.( ) |2 "=z . 2n 2.( ) (35)
un(t) by by oo b/ \ug(t)
Substitution of the control law (35) into the system (33) yields,
& (1) A wi () by by . b \ (b b ... b5\ [ui(t)
& (t) () ws(f) by by ... bo || B3 b . bh, | [w(®)
) = . + . +1 . . ) ) . . ) . .
d[n)(t) fu(.) wy (1) byi by ... bun b, b, ... by, u ()
This with (34) gives,
§UO N (AO (@ (e
Yt f() wa(t) us (t)
R I P e e (36)

i) Lo ) e )\

Then, Equation (36) is transformed into a first-order system described by n number

of subsystems of the first-order differential equations, where ¢; ;(t) = (’,‘l{j - (t)fori,j €
{1,2,...n}

Gia(t) = ia(t)
Gin(t) = Cip(t)
: (37)

En(t) = fi(tBra (), ELn (), B (£)) + wi(t) + 1} ()
vi(t) =Ci1(t)fori=1,2,...,n
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By adding the extended states &; 11 (t) def fi(t,.) +wi(t), Einsa(t) def fl-(t, )+ w;(t),

the system (37) can be written as,

é:fm(f) = Gia(t)
Gin(t) = Cis(t)

éi,n(t) = Cinp1(t) +ui(t) (38)
Cint1(t) = Ginga(t)
‘:i,n+2(t) = Ai<t)
yi(t) =Ci1(t)fori=1,2,...,n

where A;(t) = f:(t,G1(t),C2(t),...,Cu(t)) + w;(f). In order to prove the convergence of
NLESQ, the following definitions and assumptions are needed.

Definition 1. A function g; : R — R is an odd nonlinear function with ¢;(0) = 0. The nonlinear
function g;(.) is selected as follows:

7i(e) = Kiale[“sign(e) + Kigle|” (e) (39)
where K; o, K; g, aj, and Bjare the positive design parameters. Rewriting (39) as,
le]*

gi(e) = (Ki,a ‘

e

sign(e) +I<l-,ﬁ|e|ﬁ")e

since sign(e) =e/lel, for|e|# 0, then,

0 e=0
zi(e) —{ ki(e).e e#0 (40)
where,
ki(e)= Kiqle| ™" + K gle| (41)

The function k; : R — R™ is a nonlinear gain function.

Assumption 7. There exist continuous differentiable positive definite, functions V;, W; : R"+2 — R+
and constants A; 1, and A, o, such that:

Ayl < Vily) < Aallyl® Wily) = |yl (42)

n+1 9Vj yia(t) Vi yia(t)
ijl i <yi,j+1 - ajk< g )Y An2k vin < —Wily) (43

ay in+2 wo"

The following nonlinear higher-order extended state observer is proposed for the subsystem (37) with
ie{1,2,...n}.

éi,l(t) =Cia(t) + Bingi(yi(t) — & (t

A A A

Gin(t) = Giz(t) + Bipzi(yi(t) — Gin(t

~—

)
)

~—

. ) ' ) (44)
Cin(t) = Gins1(t) +ui () + Bingi(yi(t) — Cin(£))

Cimr1() = Cinsa(t) + Binrgi(vit) — Ein (1))

Cinra(t) = Binragi(vi(t) — &ia(t))

—~

~— —
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Theorem 3. Consider the system with augmented states given in (38), and the proposed nonlinear
extended state observer (44). Then tlim |&i,i(t) — & ;(t)| = 0, where &; j(t) and &; ;(t) represent the
— 0

solution of (38) and (44), respectively, i € {1,2,...n},j € {1,2,...n+2}.

Proof. Set e; ;(t) = ¢;(t) — fi,j(t), forie {1,2,...n},j €{1,2,...n+2}. Then,

Gia(t) — C 1(t) =
gz,Z(t) z, (t) =

i2(t) = (Ein(t) + Bingi(yi(t) — &ia (1))

ia(t) = (&ia(t) + Bingi(vi(t) — & (1))

Ein(D) = Ein(8) = Gt () + (1) = Eona (1) + s(8) + Binga(wit) — &2 (1))
gi,n—i-l(t) 1n+1( ) = Cins2(t) = (Ginsa(t) + Binsrzi(yi(t) — & (1))
Cin2(t) =& pa(t) = Ai(t) = Bingagi(yi(t) — & (1))

A simple calculation demonstrates that the estimating error dynamics meet,

ezl(t) = ezz(t) ﬁzlgz( i1 1(1))
elZ(t) = ezB(t) ﬁlZgz( il (t))

, : (45)
?i,n(t) =€, +1( ) - ﬁi,ngi(ei,l(t))

eint1(t) = 1n+2( ) = Bint1gi(ein(t))

Cint2(t) = Ai(t) — Bin+2gileir(t))

Let B;; = ai,ja)iof, wherea; ;, i € {1,2,...n},j € {1,2,...n+ 2} are design parameters,
and wy is the observer bandwidth. The estimation error dynamics (45) given that g; is
represented by (40) and the final form is,

ei1(t) = eio(t) — wipairki(ei1(t))-ei1(t)
éin(t) = ei3(t) — wig?ainki(ei(t))eiq(t)

. : (46)
Cin(t) = eins1(t) — wio"ajnki(ein (t))-€in ()
?i,n+1(f) = e na(t) — wio"ag yi1ki(ein(t)).ei1(t)
€insa(t) = Ai — wig"a; i oki(ei1(t))-ei1(t)
Time scale (46) to get,
dei,l wi
(i) _ oy () — oo (e () )1 (o)
wio
de"r2<wim) _ t 2 t t
ﬁ =63 (QTO) — Wjp ai,zki (ez‘,l (6710) ) €1 (QTO)
, ' (47)

W

— i
i0
dein1(5) t t t
M = eina( gn ) — wio ki (ein (o5 o0

dej 1 =
i) ;- ok (en () )

Letn; ;(t) = wl-,()”“_fel]( ), i€{1,2,...n},j € {1,2,...n+2}, then,

. t t 1
Y R L R .
i <wi0> = e <wi0) wi0”+1*] 771,]( ) (48)

7,1
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Taking the derivative (48) with respect to s yields,

t t t
ang() o dei(d)dGh) de(ay)de(ag) 1 dny)
— = Wjp = Wjp = : (49)
dt d(L) dt () dg- wp—I dt

Both (48) and (49) are substituted in (47) and the result is,

i (t)
w,-oln—l s wioln_lm,z(t) —wioairlki(eiﬂ(s))'ﬁyﬂ?i,l(t)
dn,(t
- 01,172 Ul[izt( ) _ w,»oln*Z 1i,3(t) — wig®a;oki(ein (S))'%O"Ui,l(f)
dn, (t '
mt;lr:f( ) = i1 () — wio"ainki(ein (@)-ﬁﬂi,]‘(f)
;11 ()
wi;—l ’rr,’;tl = wl_;_177i,n+2(t) - wi0”+1ﬂi,n+1ki(ei,1 (S))'#O"T]i,l (t)
dn. t
e Ml — A; = i i 2ki(ei () ool (b)

The estimation error of the time-scaled dynamics is given as,

2 (5) = 10 () — agaks (B80) g1 (1)
Ri2(t) = 1ia(t) — aiok; 1) Aia(t)

W 0)1

(50)

i (8) = i1 (8) = ag ki (2252 ) i (1)
ﬁi,n+1(t) =1, n+2(t) azn+1k g’ﬁl( )> i1 ( )
’.7i,n+2(t) = (UAT —4aj n+2k ( wo(n ) 771 ( )

Obtaining the derivative of V;(7;) w.r.t. t along the solution #; of (50),
1 b5l t
U18)] e s0) ]§1 i (1)

= jjll ax;(q,) (’71]+1( ) - az]k (ml(t)) M ( )) + % (wAi(;z - ai,n+2ki<17(iio(£))-77i,l(t))/

Then,

= ril Vil ( ij+1(t) — ai,jki(ml( )) i (t )) - gvi(ﬂi)ﬂi,nﬂki(;Eis;?)-ﬂi,l(f) + AVi(1:) Aiz

“l"”g (50) = Mij Mint2 07, 42 Wio

from Lemma 1(ii),

1 < —Wi(n;) + 3 1(771)%
along (50) Tinta Wi

Vi(’?i)

With Assumptions 5-7 and the results of Lemma 1, that gives,

lm) My V)

Vi) < ———22
1(171) o Amax(Pl) wip )\mm(Pz

Since %/ Vi(ii) =

1 7 (.
it /i), then,

N—

(51)

)
4/ Vi) < - QAT ﬂw

2)\max(Pi> t inZ /\min(Pi)
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Solving the ordinary differential Equation (51) gives,

2MA2 pax (P e Trmeme -t
VIlp) < 2l (1 ) V(0]

wig

2MA2 i (P; ~ T P ~ D P
()] < )‘minl(Pi)(u;iOZ\//\mm((Pz)-) (1—e Z\Wu:(P,)> + /Vi(5:(0))e Zmax(P) ) (52)

IMA ax (Pr) ~ T P Vi(1:(0)) ,~ Pz
. < 2V max i) _ max (P;) 2Amax (P;)
()] < Wio Amin (P (1 € + win (P7) €

Therefore using (48), one gets,

o 1 - 1
&iji(t) = &) = WW(WOW = [&ii(t) — &ij(1)] < WHU:‘(“’M)H

Then using (52) gives,

|€ij(t) _ éij(f)| < 1 ZMi/\zmux(Pi) (1 e 2,\,:7?(19,.)) + Vi(m(o)))e_z)\n?;?:(zvi)
’ ’ T w

0" 1 Wig? A (P;) Amin (P;
. . 2 o 1 ZMiAZ;nax(Pi)
Finally, lim [Z;;() — i, (t)] = ST D)
as w;y — oo, then tlgrng!Cl,](t) — ‘:i,j(t)‘ =0.
U

5. Numerical Simulations

Three numerical simulations are considered in this work and are described below.
Case Study 1: Industrial MIMO system
Consider the following MIMO system,

él,l = gl,llé%,z = fl(é’, é,w1) + ayju1 + apup
21 = 622,60 = f2(¢, 8, w2) + aguy + axus (53)

{ =212+ G2 +sin(Q) +sin(t)
y1=23C11,92 =822

where 11, i are the outputs, 11,1, are inputs and

f2(81,1,81,2, 621,822, 5, w2) = C10 + C22 + { +sin(81,1 + Go1)wa (54)
a1 =1+ f—osin(t),alz =1+ ll*OCOS(t),azl =1+ %Z_t, ay = —1

{ f1(611,61,2, 621,822, w1) = 81,1 + 821 + § +sin(G12 + G22)wn

where f1, f2, f3,and f4 are unknown functions. Suppose that external disturbances wy, wo
and the reference signals rq,7;, are as follows: w; = 1+ sin(t),ws = 2 fcos(t),r; =
sin(t), 7, = cos(t). The proposed feedback control law is formulated as,

Uy = Sat(%T _n (52) (55)

where
* A
uy =kyafal(ens, a,010) +kipfal(erp a12,612) = G13,

uy = ko fal(exs, a21,61) +koofal(ern, 022,620) — &3,
and

0 u>9d,
Sat(u,0) =qu —o6<u<jd
-0 u<-94.
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The tracking error vector is given as,

T
T s 2 s s AT
(6%,6%,6%, 6%) = (r1,12m1,722) — (11,812,821,822)

The desired transient profile vector (11,712, 72,1, rz,z)T is generated by the following
tracking differentiators,

ri1 = Ti2,

tip = —Rjsign (Vi,l —ri+ ri'22|1g2'2|>"’ {12} 6)

where R;, i € {1,2} is a design parameter is an application-dependent parameter and it is
set accordingly to speed up or slow down the transient profile. The sample data for the
ADRC units are given in Table 1. The virtual control signals u7,i € {1,2} in (55) are derived
from the fal-based control law given below

u = fal(ey,aq,01) + fal(es, a2,87) — &3 (57)

Table 1. The parameters of the ADRC units.

) First Channel Parameters Second Channel Parameters
Unit Parameter Value Parameter Value
D Rq 92.2713 Ry 88.4424
LESO w1 68.3308 woo 53.1690
011 0.0010 021 0.14456
012 0.2834 022 0.73456
a1, 0.1629 a1 0.02730
fal-based Control law a1, 0.7946 a2 0.93745
ki1 12.8015 ko 18.3095
ki, 11.2999 koo 19.52670
o1 40 ) 40
w1 135.6086 woo 22.8802
a1 2.31423 a1 3.3264
aio 45361 azp 4.66885
a3 2.0465 a3 1.48218
SMHOESO a4 0.1658 a4 0.04076
K14 0.9000 Kon 0.9000
aq 0.9000 %3 0.9000
Kip 0.1000 Kap 0.1000
B1 0.0100 B2 0.0100

The tracking error e driving the control signal is given by: (81,62)T = (rl,rz)T —

(51, 52) T The desired transient trajectories (711, rlfz)T, and (72,1, rzlz)T are generated from
the reference signals 1, » via the tracking differentiators described by (56). For the two
LESO- and SMHOESO-based ADRC schemes, the output responses of the numerical
simulations for the two LESO- and SMHOESO-based ADRC schemes are shown in Figures 2
and 3, respectively. Figure 4 shows the estimated states for the proposed SMHOESO as
compared to that of the conventional LESO. It can be seen that the peaking phenomenon is
obvious in the LESO while the proposed SMHOESO damps well fluctuates in the estimated
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states and produces chattering-free estimated states. The performance indices for the two
t
cases are listed in Table 2, where ITAE = fof tly — r|dt is the integration of the time absolute

t
error for the output signal, ISU = fof v2dt is the integration of the square of the control
signal v, and t is the final simulation time.

15

N ,

Output, %
=

NN

Output, y,

Control signal, u

Time, t

()

Figure 2. The output response of the hypothetical MIMO system controlled by ADRC based on LESO
(a) output curve, y1, (b) output curve, y,, and (c) control signals, u; and u,.
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1.5

0.5

Output, y,
=

-0.5

0.5

Output, y,

-0.5

40

30

N
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>

Control signal, u; and u,
.; <

'
»
S

-30

-40
0

——

Time, t

(©)

Figure 3. The output response of the hypothetical MIMO system controlled by ADRC based on

SMHOESO (a) output curve, y1, (b) output curve, ¥, and (c) control signals, 17 and u5.
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Time, t

(a)
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25

20

state estimate, zeta21

— €Stimated state

- == we Original state zeta2l

20

Time, t

(b)

state estimate, zetal2

— CStimated state

- == == Original state zetal2

Figure 4. Cont.
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25

— €Stimated state

- == = Original state zeta2l

20

state estimate, zeta21

Figure 4. The estimated states response of the hypothetical MIMO system controlled by ADRC based
on LESO and SMHOESO (a) state estimate 61,2 using LESO, (b) state estimate 62,1 using LESO, (c)
state estimate §1/2 using SMHOESO, and (d) state estimate 62,1 using SMHOESO.

Table 2. The numerical results of case study 2.

Perfl‘:l’;“e‘i“‘:e LESO SMHOESO %Reduction
1SU1 314.1064 308.4248 1.8%
ISU2 296.8865 225.7019 24%
ITAE1 0.1628 0.1210 25.7%

ITAE2 0.3536 0.0937 73.5%

As shown in Table 2, the proposed configuration resulted in a significant reduction
in the ITAE and ISU of the two channels. This is reflected in the control efforts u; and
uy depicted in Figures 2c and 3¢, where u; and u; for the SMHOESO-based ADRC wit-
nessed less activity than the LESO-based ADRC. The SMHOESO-based ADRC has a better
tracking output response than the LESO-based ADRC, particularly during the transient
period, where both configurations have completely attenuated the effect of the exogenous
disturbances w; and wj, the state couplings for each subsystem, and the time-varying input
gains by 1, by 2, by 1, and by » on the output response of the two channels.

Case Study 2: DDMR System

The mathematical model of the mobile robot is an approximation of the physical
mobile robot shown in Figure 5; which, is comprised of permanent magnet DC motors
(PMDC), wheels dynamic model, DDMR dynamic model, DDMR Kinematic model, and
the Tractive forces equation. In this model, it is assumed that the lateral slip and forces
arising from dynamic effects are neglected. Lateral slip is zero for straight-line motions and
it can be neglected when the vehicle turns “on the spot” or at low velocities [43—47].
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PMDC motors and the wheels dynamic model is given as [48-50],

g1 =G ( )

r _ RaByg+KKp LgBeq+Raeq 1 K Lgm R

;2 - La]eqr gl o La]eq §2 n Ln]teq (UW B ﬁTLr o ﬁTLr)
C3 = C4

r _RuBetﬁ"Kth _ (LaBL"iJ'_R“]L’q) 1_K; _ Laq _R

G4 = Ly ‘% Lo o4 u T (Ve — & Tu — % Tw)
Ty, = ﬁFtr(/\r) + 1ﬁTe§tr

Trp = " Fy (A1) + 5 Tegul

where the state vector (&1,&2, C3, (',’4)T = (wwr, Wyr, Wyl wwl) T represents the right
wheel angular velocity, the right wheel angular acceleration, the left wheel angular velocity,
and the left wheel angular acceleration, respectively; ], is the total equivalent inertia, k; is
the torque constant, R, is the electric resistance, B, is the total equivalent damping, v, and
v, are the input voltages applied to the right and left motors, respectively; n is the gearbox
ratio, kj, is the voltage constant, L, is the electric self-inductance constant, and Tz, Tegy are
the external torque disturbances applied at the right and left wheel sides, respectively. The
DDMR dynamic model is given as [51-53]:

{ M§5 =Fy+ Fy
Jés = (Fy — Fy) B

The state vector (&s,)" = (Vi wm)” represents the longitudinal velocity of the
center of mass, and the angular velocity of the DDMR. Where Dy, is the distance between
the right and left wheels of the DDMR, M is the effective mass of the DDMR with the
driving wheels and the motors, | is the moment of inertia of the DDMR with the driving
wheels and the motors taken at the center of mass about the vertical axis, and F;, and Fy
are the tractive forces. The DDMR Kinematic model s given as,

& = &5cos(Zo)
Gs = C5sin (o)
G9 = Co

The state vector (&7, g, Cg)T = (C’ .Y, 9) T represents the Cartesian position in the
coordinate system for the DDMR reference frame, and the orientation angle of the DDMR,
respectively. The tractive forces equation [51,54-57],

&=+ Pegg

I'w

& =05 — ZD,Z, 3
__a=¢
! max(‘:lrsé])
M= G
#(Ay) = Dsin(Ctan~1(BA, — E(BA, — tan™1(BA,))))
#(A;) = Dsin(Ctan~1(BA; — E(BA; — tan~1(BA)))))
Fir(Ar) = w(Ar)N
Fy(A) = p(A)N

where ¢, ¢35 are relative to the ground linear velocities of the left and right wheels of the
WMR in the presence of wheel slipping, respectively, r;, is the nominal radius of the tire, n
represents the adhesive coefficient, which is highly dependent on tire characteristics and
the terrain conditions (such as dry, gravel, and ice), and N is the vertical load. The Magic
Formula is characterized by four dimensionless coefficients (B, C, D, E), i.e., stiffness, shape,
peak, and curvature. The sample data are given in Tables 3 and 4.
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Figure 5. The Differential drive mobile robot.

Table 3. Parameters of the ADRC units.

Unit Parameter Value
wo 4.7400
LESO b 14.8378
TD R 19.1324
aq 0.5000
fal-based 9 0.0100
control law & 0.2500
%3 0.0100
wo 3.9816
| 4

ap 54

as 2.88

SMHOESO a4 0-82

0.99

B 0.9

ky 2.1

kg 0.04

Table 4. The parameters of the robot chassis.

Palr\Ia::::er Pg;amn;)e(:ler Value Unit
Mass M 8.4 kg
The d1s‘tj}1:ggllsaeh/veen Dy, 028 m
Wheel radius r 0.075 m
Depth a 0.31 m
Width b 0.29 m

Inertia ] 0.1261 kg-m?

Figure 6 shows the applied aperiodic disturbance while Figure 7 shows how the LESO-
based ADRC scheme responds to the right and left wheels’ respective angular velocities of
wyr (RPM) and w,,; (RPM). Additionally, Figure 8 clearly depicts how the SMHOESO-based
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ADRC outperforms the LESO-based ADRC. Figure 8e shows the control signals u1 and u»
generated by the proposed SMHOESO-based ADRC control scheme. It is evidently that the
proposed SMHOESO totally removes the chattering in the control signal as compared to the
LESO (See Figure 7e). Figures 7 and 8 showed that utilizing the LESO-based ADRC scheme,
the rising time of the wheels” angular velocities, wyr (RPM) and wy,; (RPM), was longer
than when using the SMHOESO-based ADRC scheme as can be seen from the close-up
figures (Figures 7b and 8b). Therefore, it is evident that the SMHOESO-based ADRC system
yields a quicker response. Additionally, as shown in Figure 8a,c, the final point that can be
reached in the actual trajectory of the DDMR for the SMHOESO-based ADRC scheme was
closer to the final point of the reference trajectory.

0 , :

Applied Disturbance
o
!
i

D o e | e

0 20 40 60 30 100
t{sec)

Figure 6. The applied external torque.
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Figure 7. Cont.
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Figure 7. Output results for LESO, (a) The right wheel angular velocity, (b) close-up of (a), (c) The
left wheel angular velocity, (d) the orientation error of the DDMR, and (e) the control signal.
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Figure 8. Output results for SMHOESO, (a) the right wheel angular velocity, (b) close-up of (a), (c)
the left wheel angular velocity, (d) the orientation error of the DDMR, and (e) the control signal.

The kinematic index (see Table 5) for the ADRC based on SMHOESO significantly
improved as compared to the traditional ADRC, with an OPIy reduction of 99.3447%. The
simulations (see Table 6) demonstrate that, in contrast to a discernible improvement in
the transient response, the ISU, which indicates the energy given to the PMDC motor,
has unintentionally increased. In addition, the suggested observer almost eliminates the
chattering in the control signal brought on by Han’s traditional ADRC.

Table 5. The DDMR kinematics index.

Observer Type
Performance Index
LESO SMHOESO
OPIy 0.0000057838 0.0000000379
Table 6. Performance measures of both wheels.
Observer Type
Wheel Performance Measure
LESO SMHOESO
Right ITAE 10.537531 1.045611
ISU 1349.853127 1376.019003
Left ITAE 5.126353 0.720233
ISU 1323.280874 1333.229224

As a final comparison between the proposed SMHOESO and the conventional LESO,
a step change in the torque disturbance of 3 N.M applied at 25 s; the result (Figure 9) shows
that the proposed SMHOESO outperforms the conventional LESO where the undershoot
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and the overshoot are apparently removed. While the LESO exhibits chattering, the
proposed SMHOESO totally removes the chattering from the output response and settles
at faster settling time of 26 s, while the output response in the LESO settles at 34 s.

1.02 L

094 L A

Right wheel Angular velocity

0.92 — Right wheel reference angular velocity using LESO

————— Right wheel reference angular velocity using SMHOESO

0.88 I I
20 25 30 35

t (sec)
Figure 9. Comparison between the proposed SMHOESO and the conventional LESO.

where ITAE is the Integral Time-weighted Absolute Error (ITAE) and is defined as ITAE =
fotf t|e|dt, ISU is the Integration of the square of the controller energy and is defined as ISU

tf 2 ~ 1 ?
= [} u?(t)dt, and finally OPIy = NZ(HrEf - Gactu,ﬂ) .

6. Conclusions

This paper demonstrated a methodology based on an innovative high-gain observer
class of ESO. If the initial estimation error is large, such high gains may result in the peak
phenomenon, rendering the linear ESO impractical or even dangerous to use. This work
includes two significant enhancements. First, a nonlinear error function with smoothness,
a high gain near the origin, and a small gain for large error values is used. Second, these
improvements are required due to the higher-order extended observer; which, allows for an
accurate estimation of high-order total disturbance. These enhancements resulted in both a
smooth control signal provided by the suggested observer and a minimum overshoot in
the output response. It can be concluded that the proposed observers successfully achieved
the desired response for the DDMR and produced less chattering control signals and better
time-domain performance in terms of steady-state error and transient responses. The
current work will be followed by a fractional order control to design the three parts of the
ADRC to produce a fractional-order ADRC. Furthermore, a practical implementation of this
technique on a well-known application will highlight the method’s distinguishing feature.
Another piece of future work is to conduct the H/W implementation of the proposed
SMHOESO on the DDMR platform, and testing and validating the obtained results.
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