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Abstract

In this master’s thesis, we study a Mean Field Game system in the whole space driven by a fractional
Laplacian —(—A)®/?2 of order « € (1,2). We prove existence and uniqueness of classical solutions to
the Hamilton-Jacobi-Bellman and Fokker-Planck equations, and discuss how our results contribute
to the study of the coupled Mean Field Game system. Unlike previous work, we assume Hoélder
continuous initial and source terms, and provide improved spatial regularity estimates for our
solutions. The proofs use a combination of fixed point arguments on a Duhamel map, fractional
heat kernel estimates, interpolation in Holder spaces and comparison principles.

Sammendrag

I denne masteroppgaven studerer vi et Mean Field Game-system i hele rommet drevet av en
fraksjonell Laplace-operator —(—A)®? med orden a € (1,2). Vi beviser eksistens og entydighet
av klassiske lgsninger til Hamilton-Jacobi-Bellman- og Fokker-Planck-ligningene, og diskuterer
hvordan resultatene vare bidrar til a studere det koblede Mean Field Game-systemet. Til for-
skjell fra tidligere arbeid antar vi Holderkontinuerlig initial- og randdata, og presenterer forbedrede
romlige regularitetsestimater for Igsningene vare. Bevisene benytter en kombinasjon av fikspunk-
targumenter pa Duhamelavbildninger, estimater for den fraksjonelle varmekjernen, interpolasjon i
Holderrom og sammenligningsprinsipper.
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1 Introduction

Game theory is a branch of mathematics that aims to model strategic interaction between rational
agents. The field was first introduced by John von Neumann in 1928 [23], and has since seen
numerous advancements both mathematically and application-wise. A particularly noteworthy
contribution was made by John Nash who explored the concept of equilibria in non-cooperative
games in 1951 [19]. Several applications have since emerged within fields such as social sciences
and economics.

In classical game theory, each agent’s action depends on the behavior of all other agents. This
causes the number of interactions to grow rapidly as we increase the population, and computational
approaches become unviable. A natural idea that arises is to look at the agents from a statistical
point of view instead. Since each agent has negligible impact upon a large population system, we
choose to view the agents as a statistical distribution. This is the main idea behind Mean Field
Games (MFGs) which was introduced by Jean-Michel Lasry and Pierre-Louis in 2006 [17], and
almost simultaneously by Huang, Malhamé and Caines [11].

The MFG system consists of a Hamilton-Jacobi-Bellman (HJB) equation, essentially an optimal
control problem, coupled with a Fokker-Planck (FP) equation representing the distribution of
agents.

—0w — eAv + H (z,m,Dv) = F (m(t),z) in [0,T) x R,

U(Tv') = G(m (T)’) in Rda (1)
oym —eAm +V - (DpH (z,m,Dv)m) =0 in (0,7] x R?,
m(0,-) =mg in R%.

Much of the early work studied variations of (1), with particular emphasis on existence and unique-
ness of classical solutions [1, 5, 17]. There has since been a variety of generalizations. Of particular
interest to us are the Mean Field Games with nonlocal fractional operators in the work by Olav
Ersland and Espen R. Jakobsen [8]. Instead of only working with the Laplace operator A, they
showed existence and uniqueness of classical solutions to a large class of fractional MFGs. Oper-
ators considered were of order a € (1,2), and initial and source terms were imposed with Cf and
Wk:%_type assumptions in space.

The core of this thesis is to study MFGs with less regular initial and source terms. We consider a
special case of the nonlocal coupling system in [8] of the form

-3

—0w + (=A)2 v+ H(Dv) = F(m(t),2) in [0,T) x R%

v(T,)=G(m(T),") in R?, @)
om+ (=AY 2 m+ V- (D,H (Dv)m) =0 in (0,T] x RY,
m (0,-) = mg in R?,

where a € (1,2). The spatial regularity of the solution (v, m) will be closely related to the operator
and assumptions imposed on the source term. For the HJB equation, we expect v to be an order
of o more regular in space than F. Similarly, m is expected to be an order of (o — 1) more regular
than the D, H (Dv)-term. Since we are working with a fractional operator, however, we will not be
able to express the entire regularity through C¥-spaces. This is nicely highlighted in [%], where we
go from F(m,-) € CZ(R?) to v(t,-) € C3(R?), hence only gaining an order of 1 in terms of spatial
regularity in the HJB equation. In order to utilize the operator to its fullest, we therefore need
a new way of looking at spatial regularity. This motivates our main deviation from earlier work,
namely the introduction of Holder spaces, which is a generalization of the Cf-spaces (see sections
2.1 and 2.8).

The main part of the text is dedicated to proving existence and uniqueness of classical solutions to
the HJB and FP equations. We view the equations seperately, and finish the thesis by discussing
how these results contribute to the study of the coupled MFG system in (2). Main results include

(i) Existence and uniqueness of classical solutions to the HJB equation, given spatial 5-Hdélder
continuity of initial and source terms where 5 € (0,1). The resulting solution is (o + 5 —€)-
Hélder continuous in space for any € > 0. We refer to Chapter 3.




(ii) Existence and uniqueness of very weak solutions to the FP equation, given v-Holder con-
tinuous initial data where v € (0,1), and spatial p-Hoélder continuity of the drift term where
w€ (0,a). The resulting solution is (o + p—e — 1)-Hélder continuous in space for any € > 0,
and classical whenever > 1. We refer to Chapter 4.

Existence results are mainly tackled through fixed point arguments, using a combination of frac-
tional heat kernel estimates and interpolation in Holder spaces. Uniqueness for the HJB equation
is shown through the comparison principle, whereas positivity and mass preservation properties
are used in the Fokker-Planck case. The proofs in the thesis will closely follow [8], but differ in
some key aspects which we will briefly review.

As we only assume Holder continuity on the terminal data G (m (T),-) in (2), Dv will not exist
at time ¢t = T. This requires us to impose a global Lipschitz condition on H (Dv), since we lose
control over its function argument close to the terminal time. When tackling uniqueness results
for the FP equation, we work with so-called very weak solutions, drawing inspiration from [13].
This is due to insufficiency of the corresponding proof in [8] when considering less regular initial
and source terms. Lastly, we comment on the choice of operator. Although we are only working
with the fractional Laplacian — (—A)a/ 2, the majority of our assumptions hold for all operators
considered in [8] (see sections 2.5 and 2.6). Results in the thesis may therefore hold for these
operators as well, but this requires further exploration.

The HJB equation was originally treated in the present author’s project thesis [2] for the case
where a4+ 8 = 2. In order to consider a4+ 3 < 2 as well, we have heavily revised our approach and
present mostly new proofs in Chapter 3. Much of the preliminary material is also from the project
thesis, and we will specify where this is the case later in the text.

The structure of the thesis is as follows:
e Chapter 2 presents the preliminary material. This includes technical results in Holder spaces,
fractional heat kernel estimates and well-known results from analysis and measure theory.

e Chapter 3 contains existence and uniqueness results for classical solutions to the Hamilton-
Jacobi-Bellman equation. We also present spatial Holder regularity estimates for this solu-
tion.

e Chapter 4 treats similar results for very weak solutions to the Fokker-Planck equation. We
also prove positivity and L!-regularity of the solution, and study when it is classical.

e Chapter 5 discusses further work and how results in the thesis contribute to the study of the
coupled Mean Field Game system.




2 Preliminary Material

Before we begin with our main analysis, we give a review of preliminary material. This chapter is
mainly from the present author’s project thesis [2], and we will therefore omit most of the proofs.
Particular focus is placed upon new results, including the generalized Gronwall inequality (Lemma
2.11) and some of the technical results for Hélder seminorms in Section 2.4.

2.1 Spaces and norms

We begin by defining spaces and norms that will be referred to frequently throughout the text.

Definition 2.1 (The spaces C® and C}). For s € Ny, we denote by C* (Rd) the space of continuous
functions on R® with s continuous derivatives. Furthermore, we define

cy (Rd) = {g eC? (Rd) : HgHCs(Rd) < OO}7 (3)
where the || - || ¢ (ray-norm is defined as
gl Cs(Rd) = ”gHLOO(]Rd) + 2 [g]cj(Rd) where [g]cj(Rd) = lfillf?]i ”DkgHLOO(]Rd)v (4)
i=1 -

and k is a multi-index, meaning that

olklg

Dkg =——
oxhroxk ... oxke

where k| = k1 + ko + ... + kq. (5)

The spaces above provide us with important information about the regularity of a function and its
derivatives. We are able to derive even finer regularity results by introducing the notion of Holder
continuity, which is stronger than uniform continuity but weaker than Lipschitz.

Definition 2.2 (Hélder space and seminorm). For s € Ny and 8 € (0,1), we define the Holder
space

CHF (RY) = {g e Cy (RY) : |gllcs may + (9] e (ray < oo}, (6)

where the Holder seminorm is defined as

glx +h)—gx
[lceo (BY) = max[D*g) oo sy where  [gloosas = sup 2 )/3 o
[k|=s o, heR? |h]
h£0

We say that a function g is 3-Ho6lder continuous if [g] 0.6 (Rd) 18 finite. All Holder spaces are Banach
spaces, as stated in Section 3.1 in [15]. Intuitively, the Holder spaces work as a continuation of the
C}-spaces, which is nicely highlighted through the following embedding theorem.

Theorem 2.3 (Embedding theorem for Holder spaces). Let s € Ny and B,u € (0,1) such that
B < p. Then,
cHP (RY) c oo (RY)  and C*F (R?) < C5F (RY).

Proof. The result is proven in Theorem 2.3 in [2]. O

The embedding results above give us a key understanding of how Hélder spaces of different orders
relate to each other. We will investigate these relations further in Section 2.8 where we look at
interpolation inequalities for the Holder seminorms. In order to simplify our calculations later in
the text, we introduce some remarks regarding notation.

Remark 2.4 (Notation). For simplicity, we will refer to spaces C7 for a moninteger v > 0. By
this, we mean the space C*B where v = sy + By such that s, € Ng and 3, € (0,1). Similarly,
we let []oygay 1= []osv.60 (may- When working with Hélder seminorms over Re, we simplify our
notation by letting [-]ces = []ospray. Similarly, we let | - | = | - |po(gay. Furthermore, for
any s € N, we use the conventions |D® - | := [-]os and [D*-] 05 =[] s -




2.2 The Hamilton-Jacobi-Bellman equation

The Hamilton-Jacobi-Bellman equation (HJB) is a nonlinear PDE arising from optimal control
problems, and serves as the first of two equations in the Mean Field Game system (2). We will
throughout the text consider a specific version of this equation driven by a fractional Laplacian
— (—A)a/ 2 In addition, we assume that the Hamiltonian H only depends on the derivative of the
solution.

Definition 2.5 (The Hamilton-Jacobi-Bellman equation (HJB)). For some terminal time T > 0
and o € (1,2), we consider the equation

%v (t,z) + (—A)% v(t,x) + H (Dv (t,z)) = f (t,z) in (0,T] x R%, (8a)

v (0,2) = vg (z) in R%. (8b)

We refer to f (t,z) as the source term. Working with this PDE is difficult for multiple reasons.
Since the Hamiltonian is general and only subject to regularity assumptions, its dependence on Dv
makes us unable to solve the equation explicitly. Furthermore, the fractional Laplacian — (—A)a/ 2
is a nonlocal operator and has no simple explicit definition in the real space. We discuss the
fractional Laplacian in detail in Section 2.5.

2.3 The Fokker-Planck equation

The second equation in the Mean Field Game system is the Fokker-Planck equation (FP), which
describes the time evolution of a probabilistic distribution.

Definition 2.6 (The Fokker-Planck equation (FP)). For some terminal time T > 0 and a € (1,2),
we consider the equation

%m (t,z) + (—A)% m(t,x) + V- (b(t,x)m(t,z)) =0 in (0,7] x R4, (9a)

m(0,z) = mg (z) in R% (9b)

We refer to b (¢, ) as the drift term. This PDE is easier to deal with than the HJB equation, due
to the abscence of the Hamiltonian term. There are, however, some additional considerations to be
taken. Since m (t,-) is generally viewed as a probabilistic distribution, we need to ensure positivity
and L'-regularity of possible solutions.

2.4 Some central results

In this section, we recall some well-known results from analysis and measure theory. A core
ingredient in our analysis is Banach’s fixed point theorem, which will be used when deriving
existence results for the HJIB and FP equations in sections 3.1 and 4.1.

Theorem 2.7 (Banach’s fixed point theorem (Theorem 5.1 in [9])). Let (X, |- |x) denote a real
non-empty Banach space, and let ¢ : X — X be a contraction mapping, that s, there exists L < 1
such that for any u,w e X,

I (u) = ¢ (w) [x < Lfu—w|x.

Then, ¢ has a unique fized point, meaning that v € X such that ¢ (v) = v.

We proceed by introducing two well-known results for interchanging limits and integrals, namely
the Fubini-Tonelli theorem and Lebesgue’s dominated convergence theorem. Both results can be
found in [3], and will prove useful when showing existence of classical solutions to the HJB and
FP equations in sections 3.3 and 4.4.




Theorem 2.8 (The Fubini-Tonelli theorem). Let X € R4 and Y < R% for some dy,ds € N. If
f is a measurable function, it follows that

JX <fy |f (z,v)] dy) dr = JY <JX |f (z, )] d:zr) dy = JXXY \f (z,y)|d (2,y).

Furthermore, if any of these integrals are finite, then

fx (J-Y [ (z,y) dy> dx = Jy (JX f(z,y) da;) dy = JXXY f(zy)d(z,y).

Theorem 2.9 (Lebesgue’s dominated convergence theorem). Let X € R4 — R for some dy € N
and let f : X — R. Suppose that () is a sequence of measurable functions on X that converges
pointwise to f almost everywhere, and that there exists g : X — R such that |f, (z)] < g(z) a-e.
for all n in the index set, and

J lg (z)|dz < o0.
b

Then, it follows that
lim fn )dx = J f(z

n—0o0

The next result provides us with a useful relation between Lipschitz continuity and differentiability.

Theorem 2.10 (Rademacher’s theorem (Theorem 2.2.4 in [22])). Let f : RY — R be a Lipschitz
continuous function. Then, f is totally differentiable at xo for almost every zo € R%.

Lastly, we introduce a generalized version of the Gronwall inequality. The result is inspired by
Corollary 1 in [24], and will be used when deriving regularity results for the HJB equation in
Section 3.2. We present it slightly different from [24], and will therefore give a proof.

Lemma 2.11 (Generalized Gronwall inequality). Let ag, ar,,c =0, v,{ <1 and Ty > 0. Suppose
that u (t) is nonnegative and locally integrable on [0,Ty], and that for any t € [0, Ty],

¢
u(t) <apt™ +arp, + cf (t —s) Cu(s)ds.
0
Then, there exist constants by,br, = 0 independent of t such that u(t) < bt~ + by, for any
te [O7 To]

Proof. Notice that agt™ + ar, is nonnegative and locally integrable on [0, Tp]. By Corollary 1 in
[24], we then have that

u (t) <aopt™ " +ar, +J0 (Zl m (t B S)n(lfC)*l (aos—’y + aTo)) ds, 0<t<Tp. (10)

Tt suffices to show that the integral is finite and uniformly bounded in time for ¢ € [0,Tp]. Notice
that

(t —s)"1=O-1 = ((t - 5)1*4)7%1 (t—s)"° < (TOH)W1 (t—s)"C, VYn=1,

where the inequality holds since (1 — ¢) (n — 1) = 0. The gamma function I' () is positive whenever
0 < z € R. This follows quite directly from its definition (see [14]). By 1—¢ > 0 and n (1 —¢{) > 0,
we then get that

1— n—1
(A=) w01 _ p (g i e N (er1-Q 1)
LTy ¢ STA-00-9" 2 1 g)

= (-9 Brcac (TU-QT ) < (1= (t-5) " Com. (D)




Here, E1_¢1—¢ is the two-parametric Mittag-Leffler function, which is an entire function in C of
order 1/(1 — ¢) (see [10], Section 4). It is therefore finite at any z € R, and we can bound it by
some Cp 1, = 0 at the particular point where it is evaluated. Inserting (11) into (10) yields

¢
u(t) <apt™ " +ar, + Cg el (1 — ()f (t —5)" (aos™" +an,) ds

0
1

1
=apt™" +ar, + Cgrycl (1 —C) (aotl_c_wf (1- r)_C r~Vds + aTOtl_CJ (1- r)_C ds) ,
0 0

where we have used the substitution r = s/¢. Since all exponents on r and 1 — r are greater than
—1, we have integrability. Hence, there exist constants C7,Cy > 0 independent of ¢ such that

U (t) <apt ™"+ ar, + Cltl_c_’y + Cgtl_g <apt™ 7 + ar, + ClTol_Ct_’y + CQTOI_C,

where we have let t — T{ since 1 — ¢ > 0. By letting by := ag + ClTOPC and bp, = ar, + CQT017C7
the proof is complete. O

2.5 The fractional Laplacian

We proceed by familiarizing ourselves with the fractional Laplacian, written — (fA)a/ ? where

€ (1,2). Intuitively, this operator can be thought of as a generalization of the ordinary Laplacian
operator A, in the sense that it extends the notion of spatial derivatives to fractal powers. Unlike
the ordinary Laplacian, — (—A)a/ % is a nonlocal operator. This means that for any function f
and z € R?, we cannot determine — (—A)a/ % f () solely by looking at some neighborhood of .
Instead, we need to consider function values f(y) for all y € R?, which makes it hard to define the
operator explicitly. A summary of some of the existing definitions can be found in [16], where the
complexity of defining the operator is nicely highlighted. We will define the fractional Laplacian
in two seperate ways, as a Fourier multiplier and as a singular integral. Both definitions are stated
and shown equivalent to each other in [16].

Definition 2.12 (The fractional Laplacian (Fourier definition)). For o € (1,2) and a sufficiently

reqular function f, we define the fractional Laplacian — (—A)a/2 as the operator satisfying the
following relation in Fourier space:

Fl- 0 rf©=—1e"Fi3©. (12)

The consistency with the Fourier transform of the ordinary Laplacian becomes evident by letting
a = 2 above. We will use this definition when working with the fractional heat kernel in the next
section.

Definition 2.13 (The fractional Laplacian (Singular integral definition)). For o € (1,2), we define

o/

the fractional Laplacian — (—A) 2 applied to some function f on R® by the singular integral

~ (-8 J (@) = lim (f (@ +2) = f () 52 d, (13)
r=0* Jr\B,.(0) K

where B, (0) := {zx € R?: |z] <r}, and cq,o > 0 is a constant only depending on d and «.

We can also write the singular integral in terms of second-order differences. This follows quite easily
by considering the radial symmetry of the domain R%\ B, (0), and is inspired by Definition 2.7 in
[16]. The second-order difference representation will only be used in combination with Definition
2.13 for specific subdomains of R4\ B, (0). We will therefore only formulate the equivalence in
domains on the form B, g (0) = Bg (0)\B, (0). It can, however, be extended to hold in the entire
R4 B, (0).

Proposition 2.14. Let f be a function on R% and let 0 <7 < R < 0. Then,

f (f (& +2) — f (x)) St dz=1f (Fa+2)—2f (1) + f (2 —2) 5 gz (14)
B, 1(0) 2] 2B, r(0) Ellsie

where B, g (0) = Bgr (0)\B; (0).




Proof. The result is proven in Proposition 2.8 in [2]. O

As for the ordinary Laplacian and derivatives in general, the finiteness of — (—A)a/ 2 f (x) is highly
connected to the regularity of f. In order for — (fA)O‘/2 to be consistent with the ordinary

Laplacian, we expect — (—A)O‘/ 2 f to be finite whenever f e C* (Rd). A slightly weaker result is
shown in [2], requiring that f is (o + ¢)-Holder continuous for some small § > 0. We present a

somewhat rewritten result, where we include an explicit bound for the L*-norm of — (—A)a/ 2.

Proposition 2.15. Let f € C**? (Rd) for a € (1,2) and 6 > 0 where a + 6 < 2. Then,
- (—A)% felL® (Rd). Furthermore, there exist constants C1,Cy = 0 such that

|- (=a%) 7], < Cullflleo + C2[flgss - (15)
Proof. The proof follows quite directly from the singular integral definition in (13). Note that

|- (—A3) f (2)| < lim If (z+2) — f(x)] -2 g2

r—0% Jra\B,(0) Ellsti

By the definition of Hélder spaces, f € C*™° (R?) implies f € Cj, (R?). Then, ||f]w and [f]ga+s
are finite. By splitting the integral above into integrals over R%\B; (0) and B,.; (0), and using
Proposition 2.14 on the integral over the latter domain, we get that

Sans@ls ] ) - s @l

. 1 Cd,a
+hmff flx+z)=2f(z)+ f(x —2)| ——=d=z. 16
Jim > BM(O)\ (z+2) (@) + f (z —2)| NI (16)

Since f is continuous, and by the mean value theorem, there exists some &, , € (z — 2, x) such that
flet+z)=2f (@) + f (2= 2) = [2| (Vof Loz + 2) = Vo f (&)
where V, f denotes the directional derivative of f along the z-direction. By o+ < 2, we get that
@ +2) =2 @)+ f@=2)| _ Vaf (e +2) = Vel )l _ [Dfoowrss _ [Flones

d+a dta—1 = d—3 = =35
2|4 2] 2| 2|
We can now estimate (16) by
o Cd.o . d Cd,a
- (A% f@)| <20fl | Sode ot lim 5 (oo | o g
= ) | * JraB, (0) |2 =0+ 2709 g on o 2|

Since we integrate in d dimensions, the second integral will not attain a singularity at z = 0, and
will be finite in the limit » — 0%. Furthermore, since o > 0, the first integral is also finite. This

foll b
T cd * Cda 4 Agcq
, & dZ:AdJ. ’ap_ldp: 7017
fRd\Bl(O) |z|d+a 1 pite o

where A, is the surface area of the d-dimensional unit sphere. We can then take the supremum
over z € R? in (17) to deduce that there exist constants C,Cy > 0 such that (15) holds. It follows

directly that — (~A)*? f e L* (RY). O

We finish the section with a result on how the fractional Laplacian behaves in global maxima of
a function. The result will be used in Section 3.4, where we use comparison principles to show
uniqueness of solutions to the HJB equation.

Proposition 2.16 (The fractional Laplacian in a global maximum). Let o € (1,2) and let f €
coto (Rd) for some small 5 > 0. Suppose that o € R? is a global mazimum of f. Then,

—(=A)# £ (20) <0.

Proof. The result is proven in Proposition 2.10 in [2]. O




2.6 The fractional heat kernel

Since much of our analysis involves the fractional Laplacian, it seems useful to introduce its fun-
damental solution. This is called the fractional heat kernel, and we define it implicitly through an
initial value problem.

[N

Definition 2.17 (The fractional heat kernel). The fractional heat kernel for the operator — (—A) 2,
where « € (1,2), is the function K (t,x) solving the initial value problem

QK (t,x) = — (-A)F K (t,2), (18a)

K(0,2) = 5(0), (18h)

where 6(x) is the Dirac measure.

Since the initial value problem above includes a fractional Laplacian, it is not possible to define
K (t,z) explicitly in real space. This is because we lack an explicit definition of — (—A)a/ % as
discussed in the last section. We can, however, define the fractional heat kernel explicitly on the

Fourier side, by using the Fourier definition of the fractional Laplacian.

Lemma 2.18 (The Fourier transform of the fractional heat kernel). The Fourier transform K (t,€)
of the fractional heat kernel K (t,x) in (18) with respect to x is

K (t,€) = e El", (19)

Proof. By the definition of the Fourier transform, (18b) yields K (0,¢) = 1. Furthermore, by the
Fourier definition of the fractional Laplacian in (12), we have

F{- 0K o)} © = —1¢" K (t.8).

Since our Fourier transform is applied with respect to z, differentiation with respect to ¢ remains
unchanged. Thus, we get the initial value problem

atK (t75) == ‘£|a K (t,f) ) (203)
K(0,6) =1, (20b)
which has the solution K (£,£) = e *I¢I", O

Although we lack an explicit definition of the fractional heat kernel, properties and estimates of
this mathematical object have been extensively studied. A summary of some of the fundamental
results for the one-dimensional case can be found in Proposition 1 in [7]. Since we will be working
in multiple dimensions, however, we need to know whether these hold in the d-dimensional case as
well. Two such results are proven here.

Proposition 2.19. Let K (t,) be the fractional heat kernel. Then, for anyt > 0 and x € R?,

K (t,z)dx = 1.
R4

Proof. By the inverse Fourier transform,

K (t,z) e ¢da = e HEI",
Rd

Letting & = 0, the Proposition is proven. O

Proposition 2.20. For any t,7 > 0 and x € R?, we have that

K{t+rz)=K(r,)=K(t-)(z).




Proof. By the Fourier transform of the fractional heat kernel in Lemma 2.18, and since multiplic-
ation in Fourier space translates to convolution in real space,

K(t+7,2)=F1 {e—(t+7—)\§|“} _r1 {e—flé\“e—t\ﬁl“} =K(r,)*K(t,)(x).

O

We proceed by stating two well-known results for the fractional heat kernel, namely a pointwise
bound (see [6]) and an L!-estimate (see [3]).

Proposition 2.21. Let K be the fractional heat kernel. There exists a constant cx > 0 such that
for allt > 0 and x € R,

. _d t
K(t,x)gCKmln{t ‘17x|d+a}.
Proposition 2.22. Let K be the fractional heat kernel. For any t > 0,

1K (t, ) |1 (ray = 1.

The next result is quite technical but provides us with a useful relation between space and time
regularity of convolutions with the heat kernel. Specifically, we will see that we can estimate
(K (1,+) # g) (x) — g (z) only by the time 7 and the spatial regularity of g. Note also that by letting
7 — 07 in the Lemma that follows, we immediately get that (K (7,-) * g) (z) — g (z). This proves
useful when deriving time continuity of solutions to the HJB and FP equations in sections 3.1 and
4.1.

Lemma 2.23 (Corrected from Lemma 2.17 in [2]). Let K be the fractional heat kernel and let
g€ CY (RY) for some 0 <~ < 1. Let Ly = [g]co, if ¥ <1 and Ly = |Dg|e if v = 1. For any
given time T > 0, we have that

2 ol L ol
5 (7)) &)~ 9 0)] = Agere (22 4 o) (21)

where ci s the constant from Proposition 2.21 and Ag is the surface area of the d-dimensional
unit sphere.

Proof. The result was incorrectly proven in Lemma 2.17 in [2], and we will provide a revised proof.
By Proposition 2.19, we have that

g(x) = RdK(Tam—y)g(x)d%

for any 7 > 0. Combining this with the definition of the convolution, the left hand side of (21) can
be rewritten as

(K (7,-) % g) (z) — g ()| = fRd K (2 —y) (9 (y) — 9 ()] dy. (22)

In order to derive an estimate for this expression, recall the pointwise inequality for the fractional
heat kernel in Proposition 2.21. For some p > 0 yet to be determined, we divide our integral into
integrals over R\ B, () and B, (z). It follows that

(K(T")*g)(x)_g(x)lchfRd\B ()WWHKL oW =g @iy
T . (23)

Since g € C7 (R?), | g]« is finite and

lg(x) =g ()| < Lglz—y|".




By (23), we then get that

T _4d
(K (1,) *g) (z) —g ()| < 26KHglloof — dy+cz<Lgf |z —y|" T ady. (24)
RI\B.p(z) [T — Y| Bo(x)

Substituting r = |z — y|, and letting A4 be the surface area of the d-dimensional unit sphere, we
get that

P
T _d _
7qonr1d7‘—|-AdCKLgJ a1y

0

Q0

(K (r, )+ 9) (2) — g (2)] < 2Ach||gHooj

TP

T 1 AdCKL
= 2A4ck|glo— — + LT
oT

— & pld+y)
pa d+~

By inserting p = (2d 4+ ) / (2a (d + 7)), it follows that

2 ‘ 5 L
5 (7)) (&) = 9 0)] = Agere (202 4 o)

and the proof is complete. O

The remainder of this section is dedicated to deriving L'-estimates for derivatives of the heat
kernel. This will be a key ingredient when showing existence of solutions to the HJB and FP
equations. We begin by presenting a self-similarity result.

Lemma 2.24 (Self-similarity for the fractional heat kernel). Let K be the fractional heat kernel.
For any x € R?, we have that

K(tz)=t oK (1,3375—%) . (25)

Furthermore, for any multi-index k,
DFK (t,z) =t~ o~ DFK (1, xt*é) . (26)
Proof. The result is proven in Lemma 3.2 in [2]. O

By utilizing this result, we are able to derive pointwise and L!-estimates for the derivatives of the
heat kernel. The following results were incorrectly proven in [2], and revised proofs are attached
in Appendix A. The general approach is inspired by Proposition 1 in [7] where similar results are
shown for the one-dimensional case.

Lemma 2.25 (Pointwise estimate for D¥K (1,u)). Let K be the fractional heat kernel and let

k be any multi-index such that |k| = 1. Then, there exists a constant C' > 0 such that for any

u € R\ {0},

C

IDFK (1,u)| < ——.
\u|lk|

Theorem 2.26 (L'-estimate for D*K (t,z)). Let K be the fractional heat kernel. There exists a

constant A > 0 such that for any t > 0 and any multi-index k,

k]

|D*E(t, )] 1 ray < At

2.7 The Duhamel principle

One of the most common methods of obtaining solutions to inhomogenous PDEs is Duhamel’s
principle. In general, this approach consists of finding a solution to the homogenous version of a
problem, and afterwards including the inhomogenities with an integral over time. In simpler PDEs,
the Duhamel formula may provide us with an explicit formula for solutions. Due to the complexity
of the HJB and FP equations, however, this seems challenging in our case. We therefore need a
more general way of looking at existence, motivating the introduction of Duhamel maps.

10



Definition 2.27 (Duhamel map for the HJB equation). Given functions vo, f and H as in
Definition 2.5, we define the Duhamel map for the HJB equation by

¢ (v) (t,x) = K (&) #vo () (x) — L K (t—s,)«(H(Dv(s,) = f(s)) (x)ds. (27)

Definition 2.28 (Duhamel map for the FP equation). Given functions mg and b as in Definition
2.6, we define the Duhamel map for the FP equation by

d ot
¥ (m) (t,x) = K (t,-) mo (-) (x) — ZL Oz, K (t —s,-) % (bi (s,-)m (s,-))) (x) ds.  (28)

These maps coincide with ordinary Duhamel formulas whenever ¢ (v) = v and ¢ (m) = m. This
gives rise to the definition of mild solutions.

Definition 2.29 (Mild solution). We say that v is a mild solution to the HJB equation (8) if it is
a fized point of ¢. Similarly, m is a mild solution to the FP equation (9) if it is a fized point of 1.

We will see in sections 3.3 and 4.4 that mild solutions correspond to classical solutions when the
source and drift terms are sufficiently regular.

A key observation is that Duhamel maps work independently of the initial time, in the sense that
we for any ¢y > 0 achieve similar maps by substituting vy and mg with ¢ (v) (o, -) and ¥ (m) (to, -)
respectively. The following result is heavily inspired by Lemma B.1 in [13] and is shown for ¢ (v)
in Lemma 2.19 in [2]. Here, we provide a result that holds for both ¢ (v) and v (m) by considering
a Duhamel map on a more general form.

Lemma 2.30. Given a terminal time T > 0, let ugp € L™ (Rd) and denote by w (t,x) the function
¢

w(t, ) = K (t-) *uo () (z) —f K(t—s)#g(s,)(x)ds, V(tz)e(0,T] xR, (29)
0

where g is a function defined on (0,T] x R%. Let to,7 > 0 where to +7 < T and assume that there
exists a constant C' > 0 such that

to
L |K (to — s,-) * g (s,-) (x)|ds < C. (30)
Then, the following holds:
w(to+7,x)=K(7,")*xw(to,) (z) — f 0JrTK (to+7—35,)*g(s,-)(x)ds. (31)

Proof. By dividing the integral in (31) into integrals over (0,tg) and (tg,to + 7), as well as using
Proposition 2.20, we have

w (to +7,2) = (K (7,-) * K (to,") * uo () (¥)

—JO(K(T,o)*K(t0—5,~)*g(s,~))(x)ds

0

to+T
_ L K(to+7—s5,-)xg(s,)(z)ds. (32)

0

In order to complete the proof, we need to take K (7, -) outside the second integral. We begin by
writing out the convolution.

fo" (K (r,) % K (o — 5,7) # g (5,)) () ds

:LU RdK(T,x—y) (K (to — 5,-) * g (s,°) () dyds. (33

11



The inner and outer integrals can be interchanged by the Fubini-Tonelli theorem (Theorem 2.8) if
the integrand is absolutely integrable over (0,y) x R, We have that

f fo|K(Tv$—y)(K(to—5w)*9(57')(3/))\d8dy
R4 JO

<fRd|K(T’x_y)‘JOO|K(t0_87')*9(57')(y)|dsdy.

The inner integral is finite by the assumption in (30), and it follows that

f \K(m—ynf|<K<to—s,->*gu (s,)) ()] dsdy
Rd 0

< CIK (1,2 —y)ldy = C|K (7,) |11 (ze) = C,
where the last equality holds by Proposition 2.22. Hence, the integrand in (33) is absolutely
integrable, and we can use the Fubini-Tonelli theorem to deduce that

fo(K(T,-)*K(to—s,-)*g(s,-))(m)ds

0

- K(r,wwf°K<to—s,->*g<s,-><y>dsdy
Rd 0

:K(T,.)*( K(to—s,-)*g(s,-)ds>(x).

0
Combining this with (32), we complete the proof by

to

w(to+7,x)=K(T,-)=* <K(to,')*uo(') K(tos,~)*g(s,~)ds> ()

0

—LO TK(t0+T—s,~)*g(s,~)(x)ds

0
to+T7

:K(T,')*w(to,')(iﬂ)—J K({to+71—s5,:)%g(s,-)(x)ds.

to

O

By letting w = ¢ (v) and ug = vg, (29) is identical to the Duhamel map for the HIJB equation
(27). A similar result holds for the FP equation by introducing % (m) and mg in the lemma. Note
that by subtracting w (to, «) from both sides in (31) and using Lemma 2.23, we are able to bound
w(to + 7,2) — w (to, ) only by the time difference 7 and the spatial reguarity of w (to,-). This
relation between space and time regularity will be used when deriving time continuity of solutions
to the HJB and FP equations in sections 3.1 and 4.1.

2.8 Technical results in Holder spaces

Much of our analysis involves estimating Holder seminorms. In particular, we need estimates for
convolutions, interpolations and generalized versions of the product and chain rules in differenti-
ation. This section presents a brief review, and will frequently refer to [2] where most of the results
are proven.

A particularly important result for estimating convolutions is Young’s convolution inequality, which
can be found in Theorem 3.9.4 in [3].

Theorem 2.31 (Young’s convolution inequality). Let f € LP (Rd) ,g€ L1 (Rd), and let
1< p,q,r < o0 such that




It follows that f*ge L" (Rd) and that

If * gllor@®ay < [fle@a)llglLemay-

This inequality will be used extensively for the case where p = 1 and r, ¢ = o0 in sections 3.1 and
4.1. We also need a similar result for Holder seminorms, which follows quite directly.

Proposition 2.32 (Convolution inequality for Holder seminorms). Let s € Ny and § € (0,1). For
functions f € W51 (Rd) and g € C%P (Rd), we have that

[f * gloss < [ D°fllorray [9]co.s -
Proof. The result is proven in Proposition 2.22 in [2]. O

Relations between Holder seminorms and ordinary derivatives of functions will be important in
the upcoming analysis. By drawing inspiration from [15], specifically chapters 3.2 and 3.3, we can
derive interpolation inequalities that provide us with such relations.

Theorem 2.33 (Hoélder interpolation between 0 and p). Given a function g € COH (]Rd) where
B, e (0,1) such that B < u, there exists a constant Cg,, > 0 only dependent on 8 and p such that
the following inequality holds:

r=8 B
[9]cos < Copullgle” [9)&o. -

Proof. The result is proven in Theorem 4.1 in [2]. O

Theorem 2.34 (Holder interpolation between 0 and 1). Given a function g € C} (]Rd) where
B € (0,1), there exists a constant Cg 1 > 0 only dependent on f such that the following inequality
holds:

915 7 1Dgll5

[9]lcos < Cpa
Proof. The result is proven in Theorem 4.2 in [2]. O

We will frequently need to estimate terms on the form [K # f].o, where f € coB (Rd) and K
is the fractional heat kernel. Since we only have estimates for the derivatives of K (see Theorem
2.26), we need to put an integer order of regularity on the heat kernel. This motivates our last
interpolation inequality, where we interpolate between 5 and 14 3. The resulting terms can then be
estimated as [K # f]oos < | K1 [f]cos and [DK # f]oos < |[DK|1[f]co.s by Young’s inequality,
hence utilizing the entire regularity of f.

Theorem 2.35 (Hoélder interpolation between S and 1 + ). Given 8,u € (0,1) and a function
geC'B (Rd), there exists a constant C; > 0 only depending on 5 and p such that the following
statements hold:

(@) lodoon <Crlgles " Doleals,  ifu>5,
(b)  [Dgleon <Crlollals [Dglcils”,  ifu<B,
(c) |Dgllee < Crlglgns  [Dglgos -
Proof. The result follows directly from Exercise 3.3.7 in [15]. O

We proceed by presenting generalized versions of the chain and product rules in differentiation.
Particular focus is placed upon the latter, which is not proven in [2].
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Lemma 2.36 (Generalized chain rule for Holder seminorms). Given a function f € C%# (Rd) such
that f : R* — R, and a globally Lipschitz function g : R — R, consider the composite function
g(f (). We have that

lg (f (D]cosgay < Lg [flcosray -

where Ly > 0 is the Lipschitz constant, meaning that

lg (y2) — g ()| < Lg ly2 — 1], Vy1,y2 € R%

Proof. The result is proven in Lemma 4.4 in [2]. O

Lemma 2.37 (Generalized product rule for Holder seminorms). Let 3 € (0,1) and let f,g €
Cco8 (Rd). Then, the following inequality holds:

[f9)cos®ay < |flLemay [9)co.emay + [floo.sway 9]0 ae)- (34)

Proof. By writing out the definition of the Holder seminorm,

ap @D g h) = f@)g @)

x,heR? |h|ﬁ
h#0

oy FEEN G h) @)+ @t h) ~ @) g @)

z,heR? ‘h’|,8
h#0

[fg]co,ﬂ(Rd) =

) lg (x +h) — g (2)| g ()] [f (= +h) = f(2)]

< sup |f(z+h
)

@, heR? |h\5
h£0
< | fllpee ey [Q]co,ﬂ(Rd) + [f]COﬁ(Rd) gl Lo (ray- (35)

O

A similar estimate can be derived for when the product of functions is convolved with a third
function. This is a quite specific result, but proves useful when deriving Hélder regularity in
Theorem 3.3 (c).

Proposition 2.38. Let B € (0,1) and let f,g € C%P (Rd). Furthermore, let p € L (Rd). The
following inequality holds:

[P (fD]cosmay < [flp=me) [P glcosway + [9lLe ey [P * fleosgay -

Proof. By writing out the convolution, we get that

J p(y)(f(x+h—y)g(x+h—y)—f(x—y)g(w—y))dy
R |h|” '

[p* (fg)]c'oﬁ(Rd) < sup
z,heR?
h#0

A calculation similar to (35) yields

T+ h— —qg(x —
o * (f9)]cos gy < |l ma) sup f p(y) (g( g) g( y))dy
z,heR? d |h|
h#0

J p(y)(f(r+h*y)*f(x*y))dy

+ |l gll o (ray sup 5
x,heR |h‘
h#0

= | flroe @y [P * g]co,B(Rd) + gl Lo (may [P * f]coﬁ(Rd) :

We finish the section with Holder’s inequality, which can be found in Theorem 2.11.1 in [3].

Lemma 2.39 (Holder’s inequality). Let 1 < p,q < o where 1/p + 1/q = 1. Assume that f €
LP (]Rd) and g € LY (Rd), Then, fge L' (Rd) and

Ifgllr@ay < [flze@ayllgllLamey-
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2.9 The comparison principle

In order to investigate uniqueness results for the HJB equation, we need to show that any two
solutions are equal at each point in the given domain. By drawing inspiration from the maximum
principle, we can reduce the problem to a finite number of points, which seems desirable.

Maximum principles and their applications have been studied extensively, and previous work can
be found in for instance [9] and [18]. To motivate its application for uniqueness, we introduce the
principle in its most simple form.

Lemma 2.40 (The maximum principle). Given a terminal time T > 0, let Q = [0,T] x R? and
let u: Q — R? be a sufficiently reqular function. Let L be any linear spatial operator such that
Lu (to, z9) < 0 whenever (to,xo) is a global mazimum of u.

If ou/ot (t,x) — Lu(t,x) <0 in O\ ({0} x RY) and u < 0 on {0} x R, it follows that u < 0 in the
entire €.

This lemma is inspired by Lemma 2.1 in [18] where a proof using a contradiction by considering a
global maximum can be found.

Maximum principles allow us to bound a function in a domain only by restrictions on its initial
data and an inequality involving the terms in the PDE. Its application to uniqueness becomes
clear when we let u be the difference between two possible solutions of a PDE. Since the initial
data is the same for both solutions, we should be able to use the maximum principle to bound
the difference between the two solutions in the whole domain, which can be optimized to show
uniqueness. This generalization of the maximum principle is called the comparison principle. In
order to introduce this, we need to define the notion of sub- and supersolutions.

Definition 2.41 (Sub- and supersolution). Let Q2 and T be defined as in Lemma 2.40 and consider
a general PDE on the form

{@u (t,x) — Lu(t,x) = F(t,x), inQ, (36)

u(0,z) = g(x), in {0} x RZ
The function u™ is called a subsolution to (36) if it is sufficiently reqular and satisfies

owu” (t,x) — Lu(t,z) < F(t,z), inQ,
u” (0,2) < g(x), in {0} x R%.

Similarly, u* is a supersolution to (36) if it s sufficiently reqular and satisfies

owut (t,x) — Lu(t,z) = F (t,x), inQ,
ut (0,z) = g(z), in {0} x R%.

By using sub- and supersolutions and a similar argument as in the proof for Lemma 2.40, we can
show that u~ (¢,2) < u™ (t,z) holds in the entire 2. Proving this is quite technical, and will be
different for each PDE. We therefore omit the proof for now, and prove it specifically for the HJB
equation in Section 3.4. The relation between the inequality v~ (¢,z) < ut (¢, z) and uniqueness
is then evident by the following result.

Lemma 2.42 (Uniqueness by the comparison principle). Let Q and T be defined as in Lemma
2.40 and assume that (36) has a solution u: Q2 — R. If u™ (t,z) < u* (t,z) holds in the entire Q
for any pair of sub- and supersolutions (u™,u™), the solution u to (36) is unique.

Proof. The result is proven in Lemma 2.25 in [2]. O
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2.10 A penalization method

Since the comparison principle requires the existence of a global maximum, we run into complica-
tions when looking at unbounded domains, even for bounded functions. Let u € L* ([0, T] x Rd)
be a function bounded by some constant C' > 0, and let u (z) — C asymptotically as |z| — c0. Since
u has no maxima, the comparison principle cannot be used directly. By utilizing the boundedness
of the function, however, we can make a modified function that attains a maximum by penalizing
the function outside some compact set in R?.

Lemma 2.43 (Existence of a smooth penalty function). Let R, K > 0. There exists a function
deC™ (Rd) such that
0 <R,
R
K, |¢|>2R,

where ® is monotone increasing with respect to |x| in R < |z| < 2R.

Proof. The result follows from Corollary 2.3 in [20] and is proven in Lemma 2.26 in [2]. O

Lemma 2.44 (Global maximum by penalization). Consider Q := [0,T] x RY. Let u € L® ()
be bounded by some constant C' > 0. Furthermore, assume that u has no global maxima. Let
preC® (Rd) be the function from Lemma 2.43 where we let K = 2C + § such that

PR TN 90 16, Jaf

for some § > 0. Then, @ (t,z) :=u (t,z) — pgr (z) has a global mazimum in [0,T] x {z : |x| < 2R}
for any R > 0.

Proof. The result is proven in Lemma 2.27 in [2]. O
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3 The Hamilton-Jacobi-Bellman Equation

The first equation in the Mean Field Game system (2) is the Hamilton-Jacobi-Bellman equation
(HJB), which we briefly introduced in Section 2.2. In this chapter, we show existence and unique-
ness of classical solutions to this equation, as well as providing spatial Holder regularity estimates.
The chapter is based on [2], where similar results were shown for the case where o+ § > 2. In
order to also consider a+ 8 < 2, the text is heavily revised and we will comment on the differences.

We consider the HJB equation of the form

o (t,x) + (fA)% v(t,x) + H(Dv(t,x)) = f(t,z), (t,x)e (0,T]x R,

p (37)
v(0,2) =vo(z), zeRY

where o € (1,2). The initial data vy is assumed to be g-Hélder continuous where 5 € (0,1).
We impose the same spatial regularity on the source term f, as well as continuity in time, hence
fecC ([O,T] :COP (Rd)). For the Hamiltonian, we assume H € C! (Rd) and that it is globally
Lipschitz.

Our results are summarized in Theorem 3.8, where we conclude with the existence of a unique
classical solution v € Cj, ([O7 T] x Rd), where v (t,) is (o + 8 — ¢)-Holder continuous in space for
any t € (0,T] and € > 0. This is slightly less than the optimal regularity, as it should be possible to
show that v (¢,-) is (o + )-Hélder continuous. The additional regularity we gain when going from
source term to solution is highly connected to the order of our operator. Hence, since f(¢,-) is
B-Hélder continuous, we expect v (¢,-) € C**F (R?) for any ¢ € (0,T]. We will later see that letting
¢ = 0 causes singularity issues in our regularity estimates. Showing (« + §)-Holder continuity is
therefore outside the scope of this thesis, and will likely involve scaling properties and more delicate
bounds for the fractional heat kernel.

Another key observation in the upcoming results is the blowup on derivatives and Hélder seminorms
of v ast — 0. As an example, in order to bound the first order derivative uniformly in time, we will
need to multiply it by 5. This is because our initial data is only S-Holder continuous, meaning
that Dvg does not exist.

Due to the complexity of the HIB equation, it seems challenging to find explicit solutions. This is
especially caused by the Hamiltonian term H (Dv) and its dependence on v. Since H is considered
a general function, only subject to regularity assumptions, it may introduce nonlinearities to the
system. These are often hard to tackle using ordinary solution methods, and we need a new
approach for studying existence.

Recall the Duhamel map ¢ (v) for the HJB equation in (27). As stated in Definition 2.29, any
fixed point of ¢ is a mild solution to (37). This motivates our existence approach, where we use
Banach’s fixed point theorem (Theorem 2.7) to show that there exists v (¢, z) such that ¢ (v) = v.
Although this is a promising approach, it has its limitations. In order to use Banach’s fixed point
theorem, we need to ensure that ¢ is a contraction mapping in some Banach space X. We will
later see that this restricts our existence proof to some short time interval [0, Tp]. This is discussed
in detail in Section 3.1, where we show short time existence of mild solutions to the HJB equation.
The section will also entail continuity and boundedness results for the first spatial derivative Dwv.
We follow the general approach in [2], but in order to consider cases where a + 8 < 2, the fixed
point argument is revised and does not address Holder regularity.

Spatial regularity estimates for mild solutions are instead studied in the subsequent section. These
results play a vital role when showing that our solution is classical in Section 3.3, since this requires
- (—A)O‘/2 v to be well-defined. By Proposition 2.15, we then need (« + §)-Holder continuity in
space for some d > 0. We will specifically show that v (¢,-) is (o« + § — )-Holder continuous in
space for any t € (0,Tp] and € > 0, as well as commenting on why our approach is insufficient for
the case where ¢ = 0. In addition, we show that the g-Holder seminorm of v (¢,-) is uniformly
bounded in time, and prove existence of D?v whenever o + 3 > 2.

Section 3.3 addresses whether our mild solution is classical and is mostly based on [2]. This also
applies to Section 3.4, where we show that classical solutions to (37) are unique. Section 3.5 proves
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the existence of a unique classical solution in the entire [0,7"]. Here, we use a patching argument
by combining unique short time solutions on overlapping time intervals. Finally, we finish the
chapter with a uniform continuity result for v and its derivatives in Section 3.6.

3.1 Short time existence results

We begin with proving short time existence of a mild solution in Theorem 3.1. By combining
Banach’s fixed point theorem (Theorem 2.7) with the Duhamel map ¢ (v) in (27), we show that
there exists a fixed point ¢ (v) = v where v € C,, ([0, Tp] x RY) and t*<*Dve G, ((0,Tp] x R?) for
some Ty € (0,7T). By Definition 2.29, this is a mild solution to the HJB equation (37). The time
blowup on Dv as t — 0 appears since vg is only -Holder continuous, implying that Dvy does not
exist.

Unlike [2], we will not include the second derivative D?v or Holder regularity estimates in our
fixed point argument. This is done in order to avoid differentiating the Hamiltonian, which would
complicate the contraction argument for ¢ drastically.

The proof uses a combination of Young’s inequality (Theorem 2.31), L!-estimates for the fractional
heat kernel (Theorem 2.26) and interpolation results from Section 2.8. Time continuity of the
Duhamel map is shown by using its relation to spatial regularity through the fractional heat kernel
(see Lemma 2.23).

Theorem 3.1 (Short time existence of mild solutions). Let a € (1,2),8 € (0,1) and sup-
pose that vy € C%P (Rd). Let A be the constant defined in Theorem 2.26, and assume that
feCy ([07 T);C%8 (Rd)). Furthermore, suppose H € C* (Rd) 1s globally Lipschitz with Lipschitz
constant Ly = |0pH | = 0. Given a terminal time T > 0, there exists Ty € (0,T) only depending
on a, B, A and Ly such that there exists a unique mild solution v € C ([O,Tg] X ]Rd) to the HJIB

equation (37) where '+ Do e Cy ((O,TO] X Rd).

Proof. Let X be the Banach space
X = {v cu,t'% Du e Gy ((0,Ty] x Rd)} , (38)
and define the corresponding norm by |[v||x := sup,eo 17 [v (¢, ) |x where

1-5
lo(t, ) llx = vt ) |pemay + [t Do (t, ) | ray- (39)
We note that the norm |- | x depends on t, but we skip it in the notation for the sake of readability.
Recall the definition of the Duhamel map ¢ (v) in (27).

t

¢ (v) (t,2) = (K (L) *vo () () —J (K (t —s,-)  (H (Dv(s,-)) = f (s,°))) (x) ds. (40)

0

We want to use Banach’s fixed point theorem to show the existence of a fixed point ¢ (v) = v.
This requires ¢ : X — X, meaning that gb(v),t%DqS (v) € Cy ((O,To] X ]Rd) for any v € X.
In order to show these regularity requirements for ¢, we need L*-bounds on H and f. By f €
Cy ([0, T];C%8 (Rd)), there exists Cy > 0 such that

sup | f () oo < C. (41)
te[0,T]

Since H is not necessarily bounded, we need to use its global Lipschitz condition to arrive at an
L*-bound. Denote the Lipschitz constant by Ly > 0 such that

|H (p2) — H (p1)| < L [p2 — p1|,  Vp1,p2 € R
By letting H (0) := Hy, it follows that
|H (Dv (t,+)) oo < [H (Dv (t,-)) — H(0) |l + Ho
_1=8,,1=8
< Ly|Dv(t,)|p+ Ho = Lyt~ = |t Duv(t,") | + Ho. (42)
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Notice that Ht% Du (t,) |ls is bounded uniformly in (0,Tp] by the definition of X.

We proceed by estimating [¢ (v) (¢, ) |x, looking at the two parts of the norm in (39) individually.
Convolution and interpolation inequalities from Section 2.8 will be used quite extensively, as well
as the L'-estimates for the heat kernel in Theorem 2.26. The constants A and C; come from
Theorem 2.26 and 2.35. Note that since both parts of | - || x include a supremum, we can move the
integral outside the norms and seminorms in the inequalities below.

We begin by estimating ||¢ (v) (¢, ) [lo. Recall that | K (¢,-) | = 1 from Proposition 2.22. By the
triangle inequality, Young’s convolution inequality in Theorem 2.31, (41) and (42),

|6 (v) (t) oo < K (2, -) # volloo +L K (= s,-) « (H (Do (s, ")) = [ (5:°)) [ods

< K@) [a]volleo + L | B (¢ =s,) |1 (1H (Do (s,-) oo + [f (55-) o) ds

¢
_1=-B 1-5
< |\U0Hw+f (LHS a |s7= Duv(s,-) \|OO+H0+Cf) ds
0

[0 at+p—1 1-8
< |voloo + Lu————t o sup |s = Duv(s,- +t(Hy+C
[vo oo P Sup | (s57) oo +2( r)
o atfol 1-8
< |lvolleo + Lu———T, ° sup |[s7& Duv(s,) | + To (Ho + Cy), (43)
a+pf-1 s€(0,To]

where the last inequality holds by the positivity of Ly, Ho, Cy and the exponent (o + 5 — 1) /a.
Since the upper bound in (43) is independent of ¢, it follows that |¢ (v) (¢, -) |« is uniformly bounded
in (0,Ty] by the definition of X and since vy € C%# (Rd).

We proceed by estimating Ht¥ D¢ (v) (t,-) |- Notice first that

|75 D (v) (t,) oo < t = | DK (t,) #vollp + = f |DE (t — s, (H (Dv (s,-)) — [ (5,-)) |oods.

(44)
The first term in (44) is estimated by using the interpolation inequality from Theorem 2.35 (c) on
K (t,-) *vg, heat kernel estimates from Theorem 2.26 and the convolution inequality in Proposition
2.32. We get that

1-p 1-8 _
te HDK (tv') * UOHOO <Crt= [K (tv ) *Uo]gﬂﬂ [DK (tv') * ’UO]ICO,%

1-p

1-8 — _B,1=8 _ —
<Ot = [ooloos K (8) [TIDEK (t,-) |17 < CIN P47 [wo) o = CrA ™ [0 gous
(45)

which is bounded since vy € C%F (]Rd). For the second term in (44), we differentiate the heat
kernel in the integral, and use bounds for f and H from (41) and (42).

152 f |DK (t —s,) % (H (Do (s,-) = f (5,)) |uods
0

<% DK (1) I (1 (Do (5.) o+ 1f (52 ) ds

¢
<t = )\(t—s)_i (LHsf%HSTBDv (5,~)HOO+H0+Cf) ds
0

1 1
<ALy sup ||5%Dv(s,-)uwTO”le (1—r)—ar—%dr+A(Ho+cf)To%f (1= )% dr,
SE(O,TU] 0 0

(46)

We can let t — T in the last inequality above by Ly, Hy, Cy = 0 and since the exponents (o — 1) /a
and (a — ) /a are positive. Furthermore, integrability is ensured since all exponents on  and 1 —r
are strictly greater than —1. We conclude with boundedness in the last line by the definition of X.
Having shown boundedness of both terms in (44), with upper bounds independent of ¢, it follows

that ||t% D¢ (v) (t,) ||oo is uniformly bounded in (0, Tp].
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We proceed with showing continuity in space, namely that ¢ (v) (¢,-) 5 Do (v) (t,-) € Cy (RY)
for each t € (0,Tp]. Notice that since ¢ is fixed, we do not need to consider blowup in time. For
every tg € (0,Tp], we then have that | D¢ (v) (to, ) |« is bounded, and it follows that ¢ (v) (to,-) is
Lipschitz continuous in space.

For D¢ (v) (to,-), we use an interpolation as in Theorem 2.34 combined with heat kernel estimates
from Theorem 2.26. Then, for any ¢ € (0, 7],

[Dé (v) (to, N cos < Mo~ = [W0]gos + ACpa JOO (to =)= (IH (Do (s,)) oo + | f (5.°) |0) s

to

< Mo~ @ [volo.s + )\CBJJ

_1+8 _1=5, 1=5
(to — )" @ (LHS s Do (s, ) \|OO+HO+cf) ds, (47
0

where we used (41) and (42) to bound the L®-norms of f and H. Integrability above is ensured

by the uniform boundedness of Hs% Dv (s,-) | in time, and since the exponents on ty — s and
s are greater than —1. It follows that D¢ (v) (tg,-) is B-Holder continuous in space, implying

75" D (v) (t,-) € Cy (RY) for any t € (0, Ty].

Next, we show that ¢ (v) and t" D¢ (v) are continuous in time. Whenever ¢t < Tp, it suffices to
show that ¢ (v) (to + 7,2) — ¢ (v) (to, z) and D¢ (v) (tg + 7,2) — D¢ (v) (to, x) go to zero as 7 — 0T
for any (to,z) € (0,7p) x R

Letting w := ¢ (v), g := H (Dv) — f and ug := vg in Lemma 2.30, and subtracting ¢ (v) (tg, z) from
both sides in (31) yields

¢ (v) (to + 7,2) = ¢ (v) (to, 2) = (K (7,-) * ¢ (v) (0, ) (x) — ¢ (v) (fo, )

to+T
- L (K (to+7=s,) % (H(Duv(s,-)) = f(s,)) (z) ds. (48)

0

The latter term is estimated as in (43), such that

to+T
L (K (to +7— 5,) % (H (Dv (5,7) — £ (5.))) (x) ds

0

a+p—1 atpf—1

(t0+T) o« =ty “

1-8
sup 7= Dv (s, ) [

<L @
x H— (1
a+B—1 s0,1]

+7(Ho+Cf). (49)

a+B8—1 atf—1

+ ot B
Notice that 0 < %ﬁfl < 1. Then, 0 < (to+7) =« —t, © <7 2=, and by the uniform

boundedness of ||S%DU (s,°) | in time, the right hand side of (49) goes to zero as 7 — 07.

It remains to derive an estimate for the first term in (48). Letting g := ¢ (v) (to,-) and v = 1 in
Lemma 2.23, we get that

| (K (7,-) ¢ (v) (to, ) () =9 (v) (o, 7) |
| D¢ (v) (to, ") oo o

2”¢ (U) (th ) HOO R -
< _— 7 2(d+]) - L T 732 |,
Ach ( + l 1 (50)

Since both || ¢ (v) (to,-) |e and | D¢ (v) (to,-) |« are finite for tg € (0,Tp], the right hand side goes
to zero as 7 — 0. By combining (49) and (50), we get from (48) that

Tim |6 (0) (o + 7,0) = 6 () (o )| < T (K (7,7) % 6.(0) (t0,)) (#) = 6 (0) (t0, )

0+

+ lim

T—0t

to+T
| W ot (1 (Do) = £ ) @) ds| =0

It follows that ¢ (v) (to,-) is continuous in time for any tg € (0,7p). In order to show continuity
in the entire (0,7p], we need to let ty = Ty above. This would imply to + 7 > Ty, which is
outside our scope in terms of regularity assumptions. By instead repeating the argument with
o (v) (To,z) — ¢ (v) (To — 7, x) in (48), we circumvent this problem. The proof is very similar, and
we conclude that ¢ (v) € Cj, ((0,Tp] x RY).
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The approach for deriving time continuity of D¢ (v) is similar. By differentiating (31), subtracting
D¢ (v) (to, x) from both sides and taking the absolute value, we get that

|D¢ (v) (to + 7, 2) = D¢ (v) (to, z)| < |(K () * Do (v) (to, ) (x) — D¢ (v) (to, )|

to+T

| (DK (o= s 2 (1 (D0 () = £ ) @) s

<K (7.) % D6 (0) (t0, ) (2) = Do (v) (fo, )

FOL s 155 D (5 Lo (o 4 1) 0
s€(0,Tp]

+

a—1 a—1

+cg‘(to+7) St |, (51)

for some C1,Cs = 0 independent of ¢ty and 7. In the last line, we estimated similarly to (46). The
third term goes to zero as 7 — 0% by 0 < O‘T_l < 1 and an argument like in (49). If o+ 8 > 2, this

argument holds also for the second term in (51). In the case where 1 < a+8 <2, let k = —%H.
Then, k € (0,1) and we get that
atp-z  ars-2| ] 1 (to + 1)~ — tk
(to+7) "o —ty © == P 2. (52)
0 (t0+7') t()(to+T)

The numerator goes to zero as 7 — 07 by k € (0,1) and an argument like in (49). It follows that
the second term in (51) goes to zero.

For the first term, we use that D¢ (v) is 8-Holder continuous in space. By letting g := D¢ (v) (to, -)
and v = f in Lemma 2.23, we get that

[K (7,) * Do (v) (to, ) () =D (v) (to, ) |

< g (D00 o)y (D0 folene £ (s

which goes to zero as 7 — 07. Since all terms in (51) go to zero as 7 — 07, we conclude that

lim [D¢ (v) (to + 7, %) = D¢ (v) (to, )| = 0.

This holds for all ¢y € (0,7p). For tyg = Ty, the argument is repeated with D¢ (v) (Tp,z) —
D¢ (v) (Ty — 7,2) in (51). We then get time continuity of D¢ (v) in the entire (0,7,], and since
' is continuous in time, we have t'& D¢ (v) € Gy ((0,Tp] x R?). Combining this with ¢ (v) €

Cy ((O,TO] X ]Rd), we get that ¢ : X — X.

In order to use Banach’s fixed point theorem (Theorem 2.7), it remains to show that ¢ is a
contraction mapping. This means that there must exist L > 0 such that ¢ (u) — ¢ (w) ||x <
L|ju — wl||x for any u,w € X. Notice that

¢ (u) (&) = (w) (t,-) |x < JO [ K (t—s,-)« (H (Du(s,-)) — H(Dw(s,-))) | xds. (54)

We proceed with looking at the two parts of || - | x seperately, similar to what we did earlier in the
proof. Recall that by the definition of || - ||x, [Du(s,:) — Dw (s,*) [ < s~ [lu — wl||x. Using
that H is globally Lipschitz, there then exists a constant ¢y > 0 only depending on «, 8, A and
Ly such that

¢ (u) (£, ) = ¢ (w) (£,-) |0 < L K (¢ = s,) WL [Du(s, ) = Dw (s, ) [ods

at+B—1

t
_1-8
<J As~ 5 Ly llu — wl|xds < ALt % Ju—wllx.  (55)
0

Similarly, by differentiating K in the convolution, there exists ¢; > 0 depending on the same
constants such that

[#75° (D (u) (t,) — D (w) (1)) oo <t 5 L IDK (t —s,-) [1Lu|Du(s, ) — Dw(s,:) | ods

t

1-p _1 _1-8 a—1

<t f)\(t—s) s Ll — wllxds < 1t % Ju — wl) x. (56)
0
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By combining these estimates, and noticing that both (a + 8 — 1) /a and (o — 1) /v are positive
exponents, we can take the supremum over (0,7y] and deduce that

6 (u) — 6 () lx < (T s )|u—w|x.

By choosing Ty sufficiently small, there exists L < 1 such that ||¢ (u) — ¢ (w) ||x < Ll|u — w||x-
Then, ¢ is a contraction mapping. Furthermore, since ¢y and ¢; only depend on «, 8, A and Ly,
it follows that Ty depends solely on these constants as well.

Since ¢ : X — X and ¢ is a contraction mapping, it follows from Banach’s fixed point theorem
(Theorem 2.7) that there exists a unique v € X such that ¢ (v) = v. This is a mild solution to
the HJB equation in (37) by Definition 2.29. Finally, since v (0,-) = vy € C, (R?), we get that
v e Cy ([07 To] x Rd) and the proof is complete. O

3.2 Regularity estimates

In the last section, we showed that given certain regularity assumptions on vy, f and H, there
exists a short time mild solution v € Cj ([O,TO] X Rd) to the HJB equation where t="Du €
Cyp ((O,TO] X Rd). We will now derive additional spatial regularity results for this solution. By
using the generalized Gronwall inequality (Lemma 2.11), we show that v (¢, ) is (o + 5 — &)-Holder
continuous in space for all t € (0,7p] and & > 0. Since vy is only S-Holder continuous, however, this
estimate will blow up as t — 0. We will therefore consider the function ¢t v (t,-) instead, such
that its Holder seminorm can be bounded uniformly in time. Spatial Holder regularity without
time blowup is also considered, as we show uniform boundedness in time for [v (¢,-)]co.s as well.
These results are presented in Theorem 3.3.

Our approach will be insufficient for proving (a + 8)-Hélder continuity in space. This is due to
singularity issues in the upcoming analysis. Notice specifically that the first integral in (69) blows
up if e = 0.

Since « € (1,2) and 8 € (0,1), we will encounter cases where o + 3 > 2. This implies existence
of D?v, which we will investigate in Lemma 3.2. Continuity of the second derivative is proven
together with the Holder regularity results in Theorem 3.3. We begin with proving existence of
D?v whenever o + 3 > 2, using a combination of Rademacher’s theorem (Theorem 2.10) and the
generalized Gronwall inequality (Lemma 2.11).

Lemma 3.2. Let a € (1,2), € (0,1) and assume that o + § > 2. Let assumptions on f and H
be as in Theorem 3.1, and let v be the corresponding mild solution obtained in the theorem. Then,
D2y (t,x) exists everywhere in (0,Ty] x R, In addition, t*=" D2y e L* ((0,Tp] x R).

Proof. We begin with showing that D?v (t,-) exists almost everywhere in space for any fixed
t € (0,Tp]. By Rademacher’s theorem (Theorem 2.10), it suffices to show that Dwv (¢, ) is Lipschitz
continuous in R?, which we will prove using the generalized Gronwall inequality in Lemma 2.11.

Note that v (¢,z) is a fixed point of the Duhamel map in (27) since it is a mild solution of the
HJB equation. By translating in space, subtracting and differentiating, we deduce that for (¢, x) €
(0,7p] x R4 and h € R%\ {0},

Dv (t,x + h) — Dv (t,x) = (DK (t,-) *vg) (x + h) — (DK (¢,-) * vp) (x)
D [ 5 (5 1) = (R 500 7 (5, (0) s
- DL K(t—s,-)*(H(Dv(s,-+h))—H(Dv(s,")))(x)ds. (57)

Recall that for any function g () with a bounded derivative ¢’ (x), we have that

x+h
J g (y)dy
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This lets us bound the spatial differences in (57). For the first term, we use the fact that
|D (DK (t,-) *vo) oo < ACTt™ =8 [v0] co.s by Young’s inequality and an interpolation like in The-
orem 2.35 (c). It follows that D(DK( ) #vg) (z) is bounded in R? for any fixed t € (0,7p].
Boundedness of D (DK (t—s,) = f(s,")) (z ) can be derived similarly, resulting in the bound
ID (DK (t=5,) % £ (5,)) |0 < ACy(t—5)" = Cy, where we let Cy := supye(ony [f (5, )]os-
This holds for any fixed ¢ € (0,T,] and s € (0, ).

Dividing (57) by h, taking the L®-norm over R? and using the relation in (58) yields

' Du(t,z + h) — Do (t,z)

< [D(DE(t-) #vo) oo + L |D (DK (t = s,-) * f (s,°)) |ods

|h s
e oy [H (D)~ HDu(s )|
+LHDK(t ) ] OOd
as t _2=p t _1 || Du(s,- + h) — Du(s, ")
)\CI( & [vo]go.s -|-ij (t—9) ds) +)\LHL (t—9) ] OOdS,
(59)

where we used interpolation and heat kernel estimates, the | - ||-bounds calculated above and the
fact that H is globally Lipschitz. The first integral in (59) is bounded and will reach its supremum
at t = Ty. This follows by integrating and noticing that —% > —1. Then, there exist constants
ag, at, = 0 independent of ¢ and h such that

t

< apt™ = +aT0+)\LHf (t—S)_i
0

ds.
a0

(60)
We will now use the generalized Gronwall inequality in Lemma 2.11 to show boundedness of the
left hand side in (60) for any ¢ € (0,7p]. The resulting upper bound will be independent of h, thus
immediately implying that Dv (¢, -) is Lipschitz continuous. Here are the details.

‘ Do (t, + }ﬁ)u_ Do (t,-)

Duv (s, +h) — Du(s,") ‘
A

0

Let v = (2— ) /a and ¢ = 1/a. Notice that v,¢ < 1. Furthermore, let ¢ = ALy > 0 and define

up, (t) as the left hand side in (60). By the triangle inequality, we get that

Dv (t,-+h)— Duv(t,-)
||

2 18 18
< ot [t7="Dv (") [oo- (61)

0
 |h]

N

up (t) := H

Recall from Theorem 3.1 that +*=~ Dv is bounded over the entire (0, Ty] x R?. By fixing h € R%\ {0},
it follows that up, (t) is integrable over (0, Tp]. We can then use the generalized Gronwall inequality
to deduce that for any ¢t € (0,Tp], there exist constants b, by, = 0 independent of ¢ and h such
that

<bot™ 5 + by, (62)

o0

' Du (¢, + h})L|— Du (t,-)

By noticing that this holds for any fixed h € R% {0}, we conclude that Dwv (t,-) is Lipschitz
continuous in space for any fixed ¢ € (0,7p]. By Rademacher’s theorem (Theorem 2.10), this
implies that D?v (t,-) exists almost everywhere in R%.

In order to show existence everywhere, we use the a.e. existence together with the Duhamel
formula. We begin by expressing D?v as a limit. Dividing (57) by h and letting h — 0 yields

Dv (t,z + h) — Dv (t,x) (DK (t,-) % vg) (x + h) — (DK (t,-) *vo) (x)

A h = h

iy [ D) (D0t ) = (Dl N
h—0 Jo h

o (DK (=55 (5,)) (e h) (D (15,0 f (5,)) (@) -
h—0 Jo h

By the definition of the derivative, D?v exists everywhere if all limits on the right hand side of
(63) exist for any (t,x) € (0,Tp] x R%. The first limit exists by vo € Cj, (R?) and the L'-estimate
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for D2K in Theorem 2.26. For the second term, we fix (t,7) € (0,Tp] x R? and define

H (Dv (s,y+h)) — H (Dv(s,y))
A )

Ay (s,y) = DK (t — s,x — y) (64)

such that

f DK (t—s,)« (H (Dv (8,}'14' h)) — H (Dv (s, ")) (= ds = }LIE%)J fRd Ap (s,y)dy.  (65)

Recall that almost everywhere behavior is sufficient for using dominated convergence (see Theorem
2.9). Hence, by utilizing that D?v exists almost everywhere, we can iteratively move the limit inside
the integrals. We begin by showing that limj_q {5 An (s, y) dy exists for any fixed s € (0,t) and is
equal to {o, limp_o Ay (s,y) dy.

lim
h—0 Jo

Since H € C*' (R?), we have that for every y € R? such that D? (s, y) exists,

lim H (Dv (s,y+h)) — H (Dv(s,y))

oo h = 0,1 (Du(s,)) = D> (5,9) 0, H (Dv (5,9)) . (66)

It follows that limy_,o Ap (s, y) exists almost everywhere in space for every s € (0,¢). In order to
use dominated convergence, it remains to find a dominating function which is integrable over R,
Notice that for any y € R? and h € R\ {0},

|An (5,9)| < Lu |[DK (t — 5,2 — y)|sup
h#£0

67
] (67)
The right hand side dominates Aj, and is integrable over R? by (62) and DK (t —s,-) € L' (R?). It
follows by dominated convergence that limy_.g SRd A (s,y)dy = SRd limp, 0 Ap (s,y) dy exists for
any s € (0,t).

Duv (s,y +h) — Dv (s,y) ‘

[ee)

It remains to show that the limit in (65) can be moved inside the time integral. Since we already
know that limp_,¢ SRd Ay (s,y) dy exists, we only need to find a function which is integrable over
(0,t) and dominates {5, Ay (s,y) dy. By (67) together with (62) and heat kernel estimates, we get
that

1 _
f [An (s,9)|dy < LgA(t—s)" = <a03_¥ +ar, + bTO) .

The right hand side dominates {3, A4 (s,y)| dy and is integrable over (0,t) since the exponents on
(t — s) and s are greater than —1. It follows by dominated convergence that

limf f A (s,y dyds-f hmJ Ap (s,y dyds—f f hmAh (s,y) dyds,
h—0 Rd Rd d h—0

implying that the second limit in (63) exists.

We use a similar approach for the third limit. In order to move the limit inside the integral, recall
from (59) that |D (DK (t —s,) * f(5,°)) |s0 < AC (¢t — s)_¥ C, which is integrable over (0,1).
By using (58), this is a dominating function to the last integrand in (63). In addition, the limit of
this integrand as h — 0 exists since D (DK (t — s,-) = f (s, +)) exists for all s € (0,¢). By dominated
convergence, it then follows that the third limit in (63) exists. Finally, since all limits on the right
hand side of (63) exist, D?v (¢, ) exists everywhere in (0, Ty] x R%.

It only remains to show that t*= D?v e L ((0,Tp] x R%). By (62), we have that
2-p 2 28
D%t ) oo <t (bot = +bTO)<bO+T0a.

Since the right hand side is finite and independent of ¢, we deduce that t*5” D2y is bounded
uniformly in (0, 7Tp] x RY, and the proof is complete. O

We proceed with showing spatial Holder regularity for v (¢,2). As explained earlier in the section,
we need to consider cases where a + § < 2 and a + f > 2 seperately due to the appearance of
the second derivative. We will prove (« + 8 — €)-Holder continuity of v (¢, -) with time blowup, as
well as B-Holder continuity without time blowup. When a + 8 > 2, we will in addition show that
t" D% e G, ((0,Tp] x R?), as we did for v and t*%” Dv in Theorem 3.1.
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Theorem 3.3 (Spatial regularity estimates for mild solutions). Let o € (1,2), € (0,1) ande > 0,
and let assumptions on vy, f and H be as in Theorem 3.1. Furthermore, let v e Cy ([O,TO] X Rd)
be the solution obtained in Theorem 3.1. Then, there exist constants C1,Cy > 0 such that

(0,) [U (t7 .)]Covﬁ < 017 Vt e [O, To] N
(b)) Ifa+B<2, then [t%Dv] < Cy, Vit e (0,T0],

CO.a+f—e—1

(¢) Ifa+B>2, then [t“T’ED%] < O, vt e (0,To],

C0,at+B—e—2

(d)  Ifa+pB>2, then t5° D2 e Oy ((0,Tp] x R).

Proof of Theorem 3.3 (a). By Theorem 3.1, we know that v is a mild solution to the HJB equation,
and that it is a fixed point of the Duhamel map for ¢ € (0,7p]. By a similar calculation as in (47),
working with one less derivative, we get that

t

ot Nows < Poolons + A0t [

(t—s) = (LHS-% 15> D (s, ) oo + Ho + cf) ds.  (68)
0

We know from Theorem 3.1 that H5¥Dv (5,-) |0 is uniformly bounded in (0, Tp]. By an integra-
tion similar to (46), there exist constants C,C = 0 such that

1-8 a-1 ~, 28
[v(t,)]cos < [vo]cos + sup [s7= Du(s,:) [oCt = + Ct™=
SE(O,TQ]

1-8 a—1 ~  a=B
< [voleos + sup |s7& Du(s,:) |CT, > +CTy= =:Ch.
SG(O,T()]

The last inequality holds since the exponents on ¢ are positive. It follows that there exists
Ci > 0 independent of ¢ such that [v(t,-)]q0s < Cp for any t € (0,7p]. Finally, by noting
that [v (0,-)]co.s = [v0]co.s < C1, this holds in the entire [0, Tp]. O

Proof of Theorem 3.3 (b). Let n := o+  —e — 1. We want to use the generalized Gronwall
inequality (Lemma 2.11) to show that there exists Cy > 0 such that [t*= Dv (t,-)]con < Cy for
every t € (0,7p]. The most intuitive approach would be to let u (t) := [Dv (t,-)] 0., in Lemma
2.11 and use the Duhamel formula to conclude. This requires [Dv (s, )]0, to be integrable in
(0, Tp], however, which is not yet known. In order to circumvent this issue, we will instead consider
Holder quotients with fixed h € R%\ {0}. This is similar to our approach in Lemma 3.2. For any
fixed h € R%\ {0}, we have that

t

< [DK (t,-) * vo] o + L [DK (t—s,-) % f(s,-)]con ds

H (Dv(s,-+h))— H (Dv (s,"))
A"

Du(t,-+h) — Du(t,)
LK

0

ds,

oe]

+ﬁwDK@—$m

where we have taken the supremum over h € R%\ {0} in the first two terms on the right hand side.
In addition, we used Young’s convolution inequality in the last integral. By using the interpolation
inequality in Theorem 2.35 (a) on the first two terms, heat kernel estimates from Theorem 2.26
and the fact that H is globally Lipschitz, we get that

t
a—e

< \Cpt~ & [vo] co.s + )\CIL (t—s5)"" [f(s)]cosds

Dv (s, +h)— Dv(s,")
[

Duv (t,-+h) — Dv (t,-)
|l

o0

+ ALy f (t—s)"= ds. (69)

0

‘OO

The second term on the right hand side is integrable and reaches its supremum when ¢t = Ty. Then,
there exist constants ag, ar, > 0 such that
a—e t 1
<aplt” o +ar, + )\LHJ (t — S)_E
0

Dv (s,-+h)— Dv(s,")
|Rl"

ds.

0

(70)

H Do (t,- +|]1?|"_ Du(t,-)

‘OO
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We can now use the generalized Gronwall inequality in Lemma 2.11. Let v = (o —¢) /o and
¢ = 1/a and notice that v, ¢ < 1. Furthermore, let ¢ = ALy > 0 and define up, (¢) as the left hand
side in (70). We estimate uj, similarly to (61) and get that

0

N

Duv (t,-+ h) — Dv(t,- 2 18, 1-8
() o= |2 DE DU R Do 1) (1)
|h w P
Since this upper bound is integrable in (0,7p] for any fixed h € R?\ {0}, it follows that u is
integrable in (0, Ty] as well. Hence, by the generalized Gronwall inequality, there exists bg, br, =0
independent of ¢ an h such that

< bot_% + bTo-

[o0]

H Du (t,- +|i;)|n— Do (t,-)

Finally, by taking the supremum over h € R?\ {0} and multiplying by t°a", we get that

toe [DU (t, ')]Co,n < by + bTOtU(T7E < bg + bTOTOT =: (.

Hence, there exists Cy > 0 independent of t € (0,Ty] such that [t°& Dv (t,-)]com < Ca, and the
proof is complete. O

Proof of Theorem 3.3 (c). Let 1 := o+ 8 — & — 2. We want to show that [t*& D>*v]con < Ca.
By Theorem 3.1, we know that v € Cy ([0, To] % Rd) and t'=° Duv e Cyp ((0, To] x Rd). In addition,
D2y exists and ¢t°& D2y e L™ ((0,Ty] x R?) by Lemma 3.2.

We want to fix h € R%\ {0} and use the generalized Grénwall inequality (Lemma 2.11). By calcu-
lations similar to the previous proof, there exist constants ag, ar, = 0 such that

a—

t,' a—e
U( )' <apt™ @ + ar,
o)

HD% (t,- + h) — D?

K
N Jt DK (t —s,-) * (0.H (Dv (s,- + h)) — 0, H (Dv (s,)))
0 |
The main differences in (72) from the previous proof are that we use Theorem 2.35 (b) instead of
(a) for the interpolation, and that we put one derivative on H in the convolution. Define u, as the
left hand side in (72), and notice that

ds. (72)

o0

D?v (t,-+ h) — D?v (t,-)

2 2-8
@)= Tk

0 < ot 5 D20 (1) |- (73)
w Al

N

Since t5° D2y € L* ((0,Tp] x R?) by Lemma 3.2, it follows that wy, is integrable in (0,7p]. In
order to use the Gronwall inequality, we need to isolate uy, (s) in the integrand in (72), and arrive at
an expression similar to (70). In the previous proof, we simply used the global Lipschitz condition
of H. This is not possible in (70), however, since we now are dealing with the derivative of H. This
complicates our argument, as we need to use the chain rule to estimate this term. Omitting the
function arguments, we have that DK # 0, H (Dv) = DK x D*v0,H (Dv). Hence, the integrand in
(72) essentially becomes a Holder seminorm of a function convolved with a product of functions.
We can estimate this term by using an analogoue of Proposition 2.38 for Holder quotients (i.e.
without the supremum over ). One can easily see that the Proposition holds for fixed h € R%\ {0}
by removing the suprema over h in the proof. It follows that

H DK (t—s,-) * (0H (Dv (s, -+ h)) — . H (Dv (s,-))) ‘
[
<D0 (s,) oo [DK (t = 5,°) % O H (Dv ()] o
DK (t—s,-) * (D?v(s,- + h) — D?v (s, "))
|l

[ee)

+ [0 H (Do (s,)) oo

o0
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In the first term, we want to put as much regularity on DK as possible. Since H is globally
Lipschitz, we can bound 0, H (Dv) by the Lipschitz constant Ly . Furthermore, by our interpolation
result in Theorem 2.34, Young’s inequality and heat kernel estimates from Theorem 2.26, we get
that

[DEK (t = 5,-) * & H (Dv (s,-))]o.n < Coa|DEK (t = s,-) |y " D*K (t = s,-) |70, H (Dv (s, ) |1
_atpB—e—1

<OpA(t—8) * Ly =CpA(t—s) 5 Ly.

By recalling that t5~ D2y (,-) € L*® ((0,Tp] x R?), we have [D?v (t,-) | < C't=*% in (0, Ty] for
some C’ = 0. It follows that

_atpB—e—1 2—-8

|D?v (s,) oo [DE (t — 8,-) % OpH (Dv (8,))] oy < CpaLuC'A(t—s)" &« s =, (75)

which is integrable over (0,¢) since 8 < 1 and a+ 8 > 2. In order to use Gronwall, we need uy, ()
to appear in the last term in (74). We get that

DK (t —s,+) (DQ’U (s, +h) — D?v (s, ))

|0pH (Do (s,-)) oo

i )
D?v (s,-+ h) — D%v (s, - 1
< Ly|DK (t—s,-) |1 ( |h)|77 (5,°) <ALy (t—s8) > up(s). (76)
oe]
By inserting (75) and (76) into (74) and recalling (72), it follows that
a—¢ t _atB—e—1 2-8 t _1
up (t) <apt™ = +ar, +J. CpaLgC'X\(t — s) B s‘Tds-i-)\LHf (t—s) >up(s)ds
0 0

¢
<apt™ % +agp + ait™ =+ )\LHJ (t— s)_é up () ds
0
a—1 a—e t _1
< (ao + a1y > )t‘T +ar, + )\LHJ (t—s) > up(s)ds,
0

a—1

—€ a=1 a—e
for some a; > 0. In the last inequality, we used that =% < T,> t~ =« since > 0.

We can now use the generalized Gréonwall inequality in Lemma 2.11. Let v = (v —¢) /o and
¢ = 1/a and notice that v,( < 1. We already know that uy, is integrable from (71). It follows by
the Gronwall inequality that there exist constants bg, bz, > 0 independent of ¢ and A such that

Up, (t) < bot_% + bry .
Finally, by letting & — 0 and multiplying with ¢*&, we get that

[t%D%) (t7 .)]CO < by + ngt% < by + bToTO% =: (5.
m

Hence, there exists Cy = 0 independent of ¢ € (0,Tp] such that [t°= D?v (t,-)]co.n < Cy, and the
proof is complete. O

Proof of Theorem 3.3 (d). This is very similar to the proof of t¥D¢ (v) € Cy ((0,Tp] x RY) in
Theorem 3.1, and we will be brief. From Theorem 3.3 (c), we know that t*&~ D?v (¢, ) is n-Holder
continuous in space, where n = a + § — e — 2. By fixing ¢ € (0, ], we can ignore the time blowup
and get that t" D% (t,-) € Cy (R?). Recall that v (¢,z) is a fixed point of the Duhamel map
in (27), and assume first that t; < Tp. By differentiating (31) twice, subtracting D?v (t,z) and
taking the absolute value, we get that

|D2v (to + 7, 2) — D?v (to, JJ)| < }(K (1,-) * D?v (t, D) (z) — D?v (to, a:)|

to+T7

L (DK (to + 7 — 5,7) % (H (Dv (s,)) — f (5,)) (x) ds
< |(K (,-) * D?v (to, )) () — D*v (to,x)|

PO sup (55 D% (s, ) o (t0 + 1) g n
s€(0,T0]

+

+ Cy
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for constants C1,Cy > 0. In the last inequality, we used a calculation similar to (59) and that
t*%3 D% e L ((0,Tp] x RY) by Lemma 3.2. By noticing that 0 < %5_2 < 1, we get that

at+B—2 atB—2 atpf—2 A
0<(to+7) = —ty, © <7 o . Thelast term in (77) then goes to zero as 7 — 0F. For

the second term, we argue as in (52) since —1 < %’873 < 0. Finally, we use Lemma 2.23 with
g := D%v (tg,x) and v = 71 to deduce that

|K (7,-) * D%v (to,-) (x) —D?v (tg, z) |
Agck <2||D2U (to,) oo .o [D*0(to,")] o T) . (78)

N

T2+ 4+
@ d+n

All terms on the right hand side of (77) then go to zero as 7 — 0%, and it follows that D?v (tg, )
is continuous in time for any to € (0,Tp). For to = Tp, we repeat the argument with D?v (Tp, x) —
D%y (Ty — 7,x) in (77) and argue as in Theorem 3.1. Finally, since %57 is continuous, it follows
that t°=" D%v e Cyp ((O, To] % Rd), and the proof is complete. O

3.3 Existence of a classical short time solution

In this section, we show that the mild solution v (¢, z) obtained in Theorem 3.1 is classical. The
proof is fairly technical and uses a combination of Fubini-Tonelli and dominated convergence
arguments (see Theorem 2.8 and 2.9). We will use that v (t,-) € C*T#=¢ (R?) for any fixed
t € (0,Tp] as we need at least (« + ¢)-Holder continuity in space for some 6 > 0 to ensure that
— (=A% (t, z) is well-defined (see Proposition 2.15). This follows from our regularity estimates
in Theorem 3.3.

Theorem 3.4 (Existence of a classical solution). Let assumptions on vy, f and H be as in Theorem
3.1, and let v be the mild solution obtained in the theorem. Then, v is a classical solution to the
HJB equation (37) in (0,Tp] x RY.

The proof is similar to Lemma 5 in [12] where equivalence between the time derivative and the
fractional Laplacian of the integral in the Duhamel map is shown. Notice, however, that this
Lemma assumes spatial C%-regularity on the source term. Since we only have f (¢,-) € C%? (Rd),
we cannot use the result directly. We will therefore provide a proof in the case of a S-Hoélder
continuous source term below. The proof is mostly self contained, and will only assume the
following result, which is easily derived from Proposition 1 in [12].

Proposition 3.5 (Proposition 1 in [12]). Let K (t,x) be the fractional heat kernel and let w €
Cy (Rd). Then, for any t > 0 and any x € RY, we have that

0 a
5 (K (t,) xw) (2)) = = (=4)*

Proof of Theorem 3.4 (Corrected from [2]). The result was incorrectly proven in [2], and we give
a revised proof. By Theorem 3.1, v is a fixed point of the Duhamel map in (27), meaning that

t

v (t, ) = (K (t-) # vo) (x) —f (K (t—s,) (H (Dv(s,") = f(s,-))) () ds. (79)

0

Since vg € C%? (RY) and K (t,-) € C (R?), it follows that K (t,-) * vo € C° (R?), and by
Proposition 2.15 that — (—A)% (K (t,-) * vg) is bounded. Furthermore, since vy € €02 (Rd) implies
v € Cy (]Rd), we can use Proposition 3.5 to derive that

FK (1) e w) (0) = &

For simplicity, let g (s,z) := H (Dv (s, x)) — f (s,x). We can show that

—(=4) (K (£,-) * vo) (2). (80)

1-p8

l9(5.) oo < Cyo + Cops™ = and  [g(s,)]cos < Coy + Cs™ =, (81)

28



for constants Cgo,Cgo,Cgﬂ,C > 0. The L*-estimate follows directly from (42) and uniform
boundedness of f. For the Holder estimate, we use that f (s,-) € C%P (Rd), H is globally Lipschitz,
and interpolate [Duv (s,-)]c0.s between ||[Duv (s,-) | and [v (s, )] ga+s-- using Theorem 2.33. The
s~1/_factor in (81) appears from the time blowup on these terms in Theorem 3.1 and 3.3.

By (79) and (80), it only remains to show that

¢ ¢
a 0

e ([ s s @ds) = & ([ eg (s @)ds) g0 (52

0 0

for v to be a classical solution to the HJB equation. Let o (t,s,2) 1= (K (t —s,-) *g(s,-)) (z).

By Young’s inequality and |K (¢t —s,-) |1 = 1, we have that o (,s,") | < |g(s,-) oo Which is

integrable on 0 < s < t by (81). Furthermore, using heat kernel estimates from Theorem 2.26 and

an interpolation as in Theorem 2.35, we get that

[o (8 )]gars—e < CrA(t = S)_% L9 (s, )]cos (83)
which is integrable on 0 < s < ¢ by (81). It follows that

t t
J o (t,5,) |pds < 0 and f [0 (5, V] s e ds < 0. (84)
0 0
By the singular integral definition of K in (13) and the linearity of the integral, we have that
t t
—(~=A)2 (J o(t,s,x) ds) = lim C(Z’ia (o (ty s,z +2z)—o(ts,x))dsdz. (85)
0 r=0" Jra\B,(0) Jo |2

The limit exists if the left hand side is finite, which follows from Proposition 2.15 since (84) implies
that Sé o(t,s,)ds e CotF== (RY),

In order to show (82), we need to move the fractional Laplacian inside the integral. This corres-
ponds to interchanging the integrals and limit in (85), which requires us to use the Fubini-Tonelli
theorem, as well as Lebesgue’s dominated convergence theorem. These are stated in Theorem 2.8
and Theorem 2.9 respectively. We can interchange the integrals in (85) by Fubini-Tonelli if the
integrand is absolutely integrable over (R™\B, (0)) x (0,t) for any fixed > 0. Notice that

Cd,a
|Z‘d+a

(oc(t,s,z+2)—o(ts,x))

< IZ\d’M lo (&, 55-) llo- (86)

The factor |z|_(d+°‘) ensures integrability in R?\B, (0) since we integrate in d dimensions and
a > 1. Furthermore, the resulting function is integrable over (0,¢) by (84). We can now use the
Fubini-Tonelli theorem to deduce that

(- <Jta(t,s,a: ) HOJJN\B Cho (o (t,5,0+2) — 0 (t,5,2)) dzds.  (87)

0 E

In order to interchange the limit and the outer integral in (87), we need to use dominated conver-
gence. Let G, (t,s,z) be the inner integral above such that

() (Jta(t,s,x) ds) i [ G (t5.2) ds.

0 r—=0% Jo
and let G* (t,s,x) = — (—A)?2 o (£, 5,z). Notice that G, (, s, z) converges pointwise to G* (t, s, )
as 7 — 0% for any s € (0,t) by the singular integral definition of — (—A)a/2. In order to use
dominated convergence, we need to find a function which is absolutely integrable over (0,¢), and

that dominates G, (t, s, z) for any r > 0. Notice that

G, (1 5,2)] < f Cha o (1, 5,3+ 2) — o (1, 5,2)| dz
R4\B,.(0) |2]
Cd.«

< [0 (t,5 )]0 f et o (15, ) e f ’

e )Biona. o) 2|70 Re\B, (0) |2]71®
< [0t s )] [f —Cdo gyt Gyl (ts,) o

¢ Bi(0) 277"
< Cl [U <t7 S, ')]Caﬂﬁs + CQHU <t7 S, ) HOO7 (88)
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for constants Cy,Cs > 0, since the integrands above are integrable in their respective domains.
The resulting bound is a dominating function and is absolutely integrable over (0,¢) by (84). Then,
by Lebesgue’s dominated convergence theorem it follows that

_ (—A)% (

_ Lta* (1, 5,2) ds — f—(—A)‘ia(t,s,x) () ds.

0

t t
f o (t,s,x) ds) = lim | G, (¢ s,2)ds

0 r—0* Jo

Having moved the fractional Laplacian inside the integral, we can once more use Proposition 3.5
to show that

_(_A)‘%(

The last equality holds by Proposition 3.5 since o (¢, s,z) := (K (t — s,-) * g (s,-)) (z), and g (s,-) €
Cy, (R?) for any fixed s € (0,1).

fa(t,s,x)ds) _f—(—A)E‘a(t,s,x)ds_Lt %a(t,s,x)ds. (89)

0 0

By (82) and (89), it only remains to show that

t t
0 0

—o ( ds = — t ds | —gl(t . 90
Lata(,s,x) 5= (La(,s,x) s) g (t,x) (90)
We will once more use dominated convergence to complete the proof. By writing the derivative in
the left hand side as a difference, we have that
Jt lim o(t+T1,sx)—0(ts,x)

o T—0F T

t
Jo %O’ (t,s,z)ds = ds. (91)
Define A (t,s,2) = (o (t +7,8,2) — 0o (t,s,2)) /T and let A* (¢, s,x) be its limit as 7 — 0, which
coincides with 0;0 (t,s,z). Then, A, converges pointwise to A* for any s € (0,¢). By g(s,-) €
Cy (Rd), the definition of ¢ and since K is continuous and differentiable in time, it follows that
o (t,s,x) is continuous and differentiable with respect to t. We can then use the mean value
theorem to deduce that for any fixed ¢ € (0,Tp) and s € (0,¢), there exists 75+ (7) € (0, 7) such that

[A; (t,s,z)| = 1 lo(t+7,8,2)—0(tsz)| = ‘aata(t—l—ns,t (1),s8,x)
T

By o (t+ s (7),8,3) = K({t+ns:(7)—5,-) % g(s,-) (x) and g(s,-) € Cy (R?), it follows from
Proposition 3.5 that

0

Ar (bs,2)] = |20 (E+ s (1), 5.0)| = |~ (D) 0 (4104 (7) 5.2 (92)
Furthermore, by a calculation similar to (88), we have
Az (ts,2)] < Crlo (E+ 15,0 (7) 58, ) gars—e + Callo (E+nse (7)) |, (93)

for constants C1,Cz > 0. We estimate as in (83), and get that

A (t,5,2)] < CLOPA(t + 15 (1) = 8) "% [g(5,)] o + Callg (5,-) oo
<CIOAE—5)""% [g(s)]cos + Callg () oo (94)

a—¢&

In the last inequality, we used that 7, ; (1) = 0 and that —%== is negative. Observe that the right
hand side in (94) dominates A, (¢,s,x) for any 7 = 0, and is absolutely integrable on 0 < s < t.
We can then use dominated convergence in (91) to deduce that

ds

t t
2 . o
f 7U(t7s7:1;)d5= lim U( +T’S’I) 0( ,S,.’I})
0 at 70t 0 T

t+7 t 1 t+7
J 0(t+7,5,x)dsja(t,5,:c)ds> lim ff o(t+71,s,x)ds
t

0 0 T—0+t T

t 1
J o (t,s,x) d5> ff lim o (t+7,t+r7,z)dr, (95)

o T—0F
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where we have used the substitution s = ¢ + r7. The limit is moved inside the integral in the
last equality by dominated convergence. The corresponding dominating function was derived by
letting 7 < 79 for some 79 < Ty — t such that for any r € (0, 1),

lo(t+rt+rro)| <|[K@E+7—{F+77), ) [prwaylg (t+ 77, ) [ Lo (may

NN

\
Il oo (2 647y xra) < NGl oo ((8,t470) xRAY- (96)

Integrability of the dominating function was ensured by using the L*-estimate for g in (81), which
holds in the entire (¢, + 79) x R? since t + 79 < Tp.

By writing out the definition of o in the last integral in (95), we get that
t K 0 t 1
f ao(t,s,x)ds =% (J U(t,S,.’L’)dS) —f lim K(1—r)7,")*g(t+rr,-)(x)dr
0

0 0 T—0+
_9
ot

- Jo Tlir(r)l+ K(@A=r)r,)xgt+rr-)(x)—gt+rr-)(x)dr

¢ 1
J U(t,S,.’IJ)dS) —f lim g (t+r7,z)dr

0 o T—0%

The integrand in the last integral goes to zero as 7 — 0" by Lemma 2.23 since
g(t+rr,-)eC%B (Rd) for any r € (0,1) and 7 < 79. Finally, we deduce that

t 0 Kl t 1 )
L aa(t,s,x)ds= g <L o(t,s,x)ds) fJO Tg%l+g(t+r7',x)dr
¢
= % <L O'(t,S,QS) d8> 79(1571'), (97)

where the last equality holds since g (-, ) is continuous in (¢,¢ + 7) for any x € R? and 7 < 79.
This time continuity follows from the fact that H is globally Lipschitz, and since f and Duv are
continuous in time. By combining (80), (89) and (97), it follows that v (¢, z) is a classical solution
to the HJB equation in (0,Tp) x R9.

For t = Ty, we write the difference in (91) as (o (Ty, s,z) — o (Tp — 7,s,x)) /7 and repeat the
argument. The main difference in the proof is in (94), where we get (t — 1, (7) —s)~ "= instead.

By letting 7 < 79, we can bound it by (t — 79 — s)_Tg which is independent of 7, thus reaching
a dominating function. The other calculations are similar, and we conclude that our solution is
classical at t = Tp. It follows that v is classical solution to the HIJB equation (37) in the entire
(0,Tp] x R4, O

3.4 Uniqueness results

In Section 3.1, we proved the existence of a unique mild solution to the HJB equation (37).
Although this solution was shown to be classical in Theorem 3.4, it does not necessarily mean that
it is unique among the classical solutions. We will therefore need to investigate uniqueness in a
seperate argument by using the comparison principle. This was briefly introduced in Section 2.9.

Inspired by the theory on sub- and supersolutions in Section 2.9, we say that v—,v™" are sub- and
supersolutions to the HJB equation respectively if they satisfy the relations

{aw— (t,@) + (=4) v (t,@) + H (Do~ (t,2)) < f (t,)

)

1 d
*(t,x) + H (Dv™ (t,)) in (0,Tp] x R, (98)

VoA

(%
(%

[M[SEN )

ot (t,z) + (—A) f(tz

and if v~ (0,7) < vy (z) < v* (0,7) in R4,

The classical solution v from Theorem 3.4 is both a subsolution and a supersolution since the
inequalities above are non-strict. The existence of functions v~ and v™ is therefore evident.
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It suffices to show that the inequalities in (98) imply v~ < vT in the whole [0,Ty] x R?, as
uniqueness then follows by an argument similar to Lemma 2.42. Notice, however, that since our
domain is unbounded in the spatial dimensions, existence of a global maximum is not guaranteed.
As the comparison principle depends on the existence of global maxima, we will need to modify
our functions through penalization to prove uniqueness. Such a method was introduced in Section
2.10.

Lemma 3.6 (Comparison principle for the HJB equation). Suppose v~ and v are sub- and
supersolutions to the HJB equation defined in (98), and suppose that v—,v" € C} ([O,To] X Rd).
Given functions vy, f and H as in Theorem 3.1, it follows that v~ < vt in [0,Ty] x R9.

Proof. Define the function vy := v~ — v™ as the difference between the sub- and supersolution. It
suffices to show that vy < 0 in (0,Tp] x R? to prove the Lemma. By (98), we have that

ﬁvd (t,z) + (—A) % vy (t,z) + (H (Dv™ (t,z)) — H (Dv* (t,z)))

P . in (0,Tp] x RY, (99a)

<0
vg (0,2) <0, inR% (99b)

Hence, vq (t,2) < 0 is already satisfied whenever ¢ = 0. To prove that this inequality holds in
the entire domain, it suffices to show that any supremum of v, is attained at t = 0. We begin by
assuming that vy has a global maximum in [0, Tp] x R%. As this may not be true, we will need to
inspect the case where only a supremum is attained as well.

Let (to, 7o) be a global maximum of vy such that ¢y € [0,Ty] and xo € R?. We want to show that
to = 0 must hold. Assume by contradiction that there exists some global maximum (o, z¢) where
to € (0,Tp]. The spatial first-order-derivatives are clearly zero at this point. The Hamiltonian term
in (99a) will then cancel due to the Lipschitz continuity of H since

‘H (Dv_ (to, xo)) - H (DU+ (to, xo))’ <Ly ‘DU— (to, zo) — Dv* (t0>$0)| = Ly |Dvg (to, z0)| = 0,

where Ly > 0 is the Lipschitz constant. Furthermore, d;vq (to, 2p) = 0 must hold, since tg € (0, Tp]
implies a zero time derivative and ty = Ty implies a positive time derivative in order for it to be a
global maximum. Combining these observations with (99a), it follows that (fA)O‘/ g (to, o) <0
must hold. However, by Proposition 2.16, we know that (—A)O‘/2 vg (to, o) = 0 whenever (to, o) is
a global maximum. This nearly leads to a contradiction, but since both inequalities are non-strict,
it is not entirely enough. In order to arrive at a contradiction, we will instead consider a modified
difference function with time penalization.

Let vy (t,xz) = v~ (t,z) — v* (t,x) — ¢t for some ¢ > 0. Since we assume that vg has a global
maximum in (0, 7p] x RY, it follows that ; has a global maximum in (0, 7p] x R? as well. Consider
now (to, o) to be a maximum point of ;. This implies (—A)? vy (to, 20) < —¢ < 0 by (99a),
which contradicts (—A)? vy (to, m0) = (—A)? vy (to,z0) = 0. It follows that there cannot exist
any global maxima (to,zo) of vy for to > 0 in (0,7p] x R?%. Since vy has a global maximum by
assumption, the only possibility left is that the maximum is attained at some point (0, z¢) along

t = 0. It follows that
va (6,1) = Ug (6, 7) + gt < Uy (0,70) + gt = v4 (0,70) + qt < gt. (100)

Since this holds for all ¢ € [0,Tp] and x € R?, we can choose ¢ arbitrarily small and deduce that
vg (t,z) < 0.

Suppose now that vy has no global maxima. Since v—,vt € C, ([O,TO] X Rd) by assumption,
our sub- and supersolutions are uniformly bounded. This allows us to draw inspiration from the
penalization method introduced in Lemma 2.44 to arrive at a function with a global maximum.

Let C' = [v™ | o (0,19 xRy + |07 | L (0,7 xRa)- Define the penalization function ¢ (z) € Ci° (R?)
by

’ (101)
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for some 6 > 0, and let the function be monotone increasing in 1 < |z| < 2. The existence of
such a function follows from Lemma 2.43. Since ¢; € C° (]Rd)7 its derivatives are bounded. Let
[Do1]lee < Ky and | D%p1 o < Ko for constants K1, Ko > 0, and let g (x) := ¢1 (v/R).

We can now define our penalized difference function. Let 0y (¢, 2) = v~ (t,z) —v™ ({,2) —gt— R (z)
for some small ¢ > 0 and R > 0. By the boundedness of v~ (¢,z) —v™ (¢,z) — ¢t and the definition
of vg(x), it follows by Lemma 2.44 that vy has a global maximum in [0,7y] x {x: |z| < 2R}.
Let (to,2o) be a global maximum of Uy, and assume by contradiction that ¢; > 0. By (99a) and
observations of the time and first-order spatial derivatives of v4 in the global maximum point, we
get that

o

(—A)2 vg (to, o) < |H (D’U* (to,xo)) —H (l)’UJr (to,xo))| —q
< LH |D’U~d (to,a)‘o) — D(pR ($0)| —q = LH |D(pR (.CL‘())| —q, (102)

where we once more used that H is globally Lipschitz. Since (tg, o) is a global maximum, we also
have by Proposition 2.16 that

o3

(=A)2 0y (tg, 20) = 0 = (—A)2 vy (to, 20) = (—A)2 g (x0) - (103)

Arriving at a contradiction by (102) and (103) seems harder than in the case where a global
maximum was assumed. In order to conclude the proof with a similar argument as before, we

somehow need to let |[Dyg (x0)| and ‘(—A)% R (z0)| go towards zero.

Notice that since | D¢1llo < K7 implies |Dprllo < K1/R, it follows that |Dygllec — 0 as R — o0,
implying |Dyg (z9)| — 0. For the fractional Lapacian, recall its singular integral definition in
Definition 2.13 and Proposition 2.14. We get that

_ (—A)%wR (z0) = Cd,aj vr (xo + z3+—a VR (xo)dz
RI\B1(0) |z]
— 2 _
+ Cda y; f vr (zo + 2) @Rdgio) + ogr (xo — 2) . (104
2 -0+ B, (0)\B.(0) |2|

When evaluating the integrals above as R — oo, it is easier to work with the derivative of ¢ ()
than the function itself, since the derivative will converge to zero as shown above. Notice that
similarly to the first derivative, we have that | D%*pg|s < Ka/R? such that [D2pg (z¢)| — 0 as
R — o0. By a similar argument as in Proposition 2.15, we deduce that

3 1 Cd.o 1
_A 2 ) < o D J 7d + 5 D2 J 7d
&) pnan)| < canllDenlo | gramrds D orl || g
K1 1 Cd.o Kgf 1
< Cga— — 0 —dz+ =0 ——dz.
R Jrag, () 2|77 2 R? Jp, ) |2*T07

Since both integrals in the last expression are finite, it follows that ‘(—A)a/2 or (x0)| goes to zero

when R — c0. Furthermore, since this holds for all z € R?, we get that limp_,o | (=A%) pg|w = 0.

By now letting R — o0 in (102), we deduce that (—A)?2 vy (to, 20) < —q. However, from (103), we

o

get that (—A)2 vg (to, o) = 0 which is a contradiction since ¢ > 0.

It follows that there cannot exist any global maximum (tg,xg) of ¥4 for t; > 0. Since the existence
of a global maximum is assumed, it follows that ¥; must have a global maximum (0, z() for some
zo € RY Remembering that the contradiction is only fullfilled as R — oo, we get by similar
calculations as in (100) that for any = € R? and any ¢ € [0, Tp],

vg (t,x) = Rli_r)noo Ug (t,2) + gt + ¢r (x) < }%gnoc U (0,20) + gt + ©g (z)
= lim vq(0,20) — ¢r (o) + ¢t + ¢r (z) < lim g (z) — ¢r (x0) + qt.
R— R—o0

Notice that ¢r () — pr (z0) = |z — 20| Der (§) for some £ € (zg,x). Since |Dogrlo — 01 as
R — o0, we get that limg_.o (¢r () — ¢r (x0)) = 0. Finally, since ¢ > 0 can be chosen arbitrarily
small, we get that v, (¢, z) < 0.
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Since vq (t,7) < 0 in [0, Tp] x R? both in the case where a global maximum exists, and when we
only have a supremum, it holds in general. We get that v~ (t,z) < v* (¢,7) in [0,Tp] x R, and
the proof is complete. O

By combining this lemma with an argument similar to Lemma 2.42, uniqueness follows directly.

Theorem 3.7. Let a € (1,2), 8 € (0,1) and € > 0. Furthermore, let vy, f, H and Ty be as
in Theorem 3.1. Then, there exists a unique classical solution v € Cj ((O,TO] X Rd) to the HJB
equation (37) which satisfies the regularity results in Theorem 3.1 and 3.35.

Proof. By Theorem 3.1, 3.3 and 3.4, there exists a classical solution v to the HJB equation that sat-
isfies the regularity assumptions. Since any solution also is a sub- and supersolution, the existence
of sub/supersolutions v=,v* € Cj, ([0, Tp] x R?) is evident. By Lemma 3.6, it follows that v~ < v+
in the entire [0, 7p] x R%. Uniqueness of our solution v then follows directly by an argument similar
to Lemma 2.42. [

3.5 Long time existence

We proceed by proving existence of a unique classical solution in (0, 7] for any terminal time 7' > 0.
This is done through a patching argument where we derive short time solutions in overlapping time
intervals. By utilizing the uniqueness result from Theorem 3.7, we can then conclude that these
short time solutions are part of the same solution.

Theorem 3.8 (Long time existence). Let o€ (1,2), B € (0,1), e >0 and T > 0. Given functions
vo, f and H as in Theorem 3.1, there exists a unique classical solution v € Cjy ((07T] X Rd).
Furthermore, v satisfies the reqularity results in Theorem 3.1 and 3.3 in the entire (0,T] x RY.

Proof. By Theorem 3.1, 3.3, 3.4 and 3.7, there exists a unique classical solution v in (0, Ty] x R?
which satisfies the regularity assumptions. Recall from Theorem 3.1 that Ty only depends on «,
B, A and Lg. Since these are time independent constants, Tp will not depend on the initial time.
Thus, by translating our short time existence proof in time, we achieve solutions on intervals of
equal length.

By vy € C%P (Rd) and Theorem 3.1, there exists a unique classical solution v on the time interval
(0,79). Let v (z) := v (Tp/2,z). By Theorem 3.3, we know that v; € C%? (R?). Using v; as initial
data in Theorem 3.1 gives us existence of a solution on the time interval (Tp/2,3T5/2]. Notice that
the length of the time interval is Ty here as well, since Tj is independent on the initial time. Since
our solutions are unique and overlapping on (7p/2, Tp], they have to be part of the same solution.
It follows that there exists a unique classical solution on (0, 375/2].

Now, let N € N be the largest integer such that NTy/2 < T. By iteratively showing existence of
solutions on time intervals (0, To], (T0/2,370/2], (To,2T5], ..., (N — 2) Ty/2, NTp/2] and arguing
as above, there exists a solution v € Cj, ((0, NTp/2] x R?). For the last iteration, we need to
make sure that we do not exceed the terminal time 7' > 0. This is because our source term
f (t,x) is only defined on the time interval [0,7]. Let therefore Ty := T — (N —1)T/2 and
oy (z) := v (NTp/2,z). By using vy as initial data in Theorem 3.1, there exists a solution on the
time interval (N —1)7,/2,T]. The fact that T3 < T is not problematic, as it still provides us
with a contraction map in Theorem 3.1. We conclude that there exists a unique classical solution
veE Q) ((O,T] X Rd). The regularity results in Theorem 3.1 and 3.3 are satisfied in (0,7] by the
same patching argument. O

3.6 Uniform continuity

In the last section of the chapter, we study uniform continuity of the solution v and its derivatives.
This is an important step towards proving existence of classical solutions to the MFG system, as
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we will discuss in Chapter 5. In order to avoid time blowup, we will only work locally in time and
consider domains of the form [t,t;] x R? for any 0 < t; < to < T

Theorem 3.9 (Uniform continuity). Let o € (1,2), € (0,1), € > 0 and T > 0. Furthermore, let
assumptions on vy, f and H be as in Theorem 3.1, and assume in addition that f (-, z) is uniformly
continuous in [0,T] for any x € RY. Letv e C, ((07 T] x Rd) be the corresponding classical solution
from Theorem 3.8 and choose t1,ts such that 0 < t1 < to < T. Then, there exists a modulus of
continuity w such that for any (t,x), (s,y) € [t1,t2] x RY, the following statements hold:

Ifa+p5<2

lv(t,z) — v(s,y)| + [Dv (t,x) — Dv (s,y)|

+1ow (t2) — dw (s,9)| + | (=A) T v (t2) — (=A) v (s,y) | <w (|t —s], |z —yl). (105)
Ifa+p8>2:

lv(t, z) —v(s,y)| + |Dv (t,z) — Dv (s,y)| + ‘DZU (t,z) — D*v (s,y)|

100 (t,2) = 2w (s,9)| + | (=A)F v (t,2) = (~A)F v (s,9) | <w(t—s| ]z —y).  (106)

Furthermore, w only depends on v through uniform bounds on v and Dv as well as [U]Cwﬁ_s(Rd).
If a + B> 2, w also depends on uniform bounds on D>v.

Proof. We will only prove the case where a + 8 > 2. For a + 8 < 2, the proof is exactly the same
but without the estimates for D?v.

Since the time interval [¢;, 3] is strictly away from zero, we can ignore any time blowup at t = 0.
By Theorem 3.1, 3.3 and 3.8, we then have that v, Dv, D?v € Cj ([to,tl] X Rd). Furthermore,
[v(t,-)]gass—e is bounded uniformly in [¢1,%2]. Then, there exists a constant C' > 0 such that for
any t € [t1,t2] and x,y € R?,

lv(t, z) —o(t,y)| + [Dov (t,2) — Dv (t,y)]
#|D2 (t@) = D2 (L y)| < C (le =yl + o=y 4o —y"F) 0 om)

For the time regularity, we use an analogous approach to the time continuity proofs in Theorem
3.1 and 3.3. By calculations similar to (48), (49) and (50), there exist constants ¢, co, c3,¢4 = 0
independent of v such that for any = € R?, ¢y € [t1,2) and 7 € (0,1 — to],

v (to + 7,2) — v (to,2)| < &1 Hv\|ooT2<d1+1> + CQHD’UHOOT% + (3| Do) + ca) T, (108)

where we let || - |, denote the L®-norm over [t1,%5] x R?. The exponents on 7 are different than
the ones in Theorem 3.1 due to the abscence of time blowup on Dv.

Similarly, by (51) and (53) we get that

s
1D (tg + 7,2) — Do (to,)| < e1|Dv]lo7 @ + e5 [Dv]cos 735 + (¢3|Dvlos + ca) 7, (109)
for different constants also independent of v. The second derivative is estimated similarly to (77)
and (78) such that
2 a—1
|D?v (to + 7,2) — Dv (to, )| < 1 | Dol 7T + ¢y [Dv] o, 725 + 3| Dv| w28 +cam 5, (110)
where n = a + f — e — 2. By (107)-(110), there exists a modulus of continuity & such that for any
(tv :L’) ’ (Sa y) [tht?] x Rd
v (t,2) — v (s,9)] + |Dv (t,2) — Do (s,y)| + [D?v (t, ) — D*v (s,y)| < @ (|t — 5|, |z —y]). (111)
We proceed with estimating space and time regularity of (—A)*?v. Let t, s € t1,t5] and h € R4
p g sp g y ) )

and notice that v (t,- + h) — v (t,-) € C*TP~¢ (R?). We can then use Proposition 2.15 to deduce
that

Ca)Foa ) — (8 o] < |- AF @t en - )|

< Cy|v(t,-+h)—wv(s,-) HLOO(Rd) + Cy[Dv (t,- + h) — Dv (s, -)]CO,QM,I(W) ,  (112)
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for constants C7,Cy = 0, where ¢ is chosen such that 0 < § < § —¢ and a + § < 2. By Theorem
2.33, we can estimate the Holder seminorm by

Col| Do (t,- + h) = D (s,) | ey [0 (6 + 1) =0 (5, )] ass - gy (113)

where ( := % and Cy > 0. Since (111) holds for all z,y € R%, we can bound the L®-norm

in (113) by the modulus @. We let y = z + h and deduce that

Ns)

(=) v (t,0) = (=A)% v (s,y)| < C1i (|t = 5], |2 — y])

+Co ([v(t,- + W aesme + [0(5, )] garse) @ (jt = 5], Jz — y]) . (114)
Finally, we derive estimates for d;v. Recall that v is a classical solution to the HJB equation (37)
in (0,7] x RZ. For any (t,z), (s,y) € [t1,t2] x R?, it follows that
0o (t, ) — O (s,y)]
<|(=2)F v (t,z) = (~A)% v (s,y)| + [H (Do (t,2)) = H (Do (s,9))| + |f (t,2) = [ (5.9)]
<|ftx)=f(s9)l+ (Cr+Lu)a(ft—s|, |z —yl)
+ Co ([0t + W] gasne + [0 (5, )] cara—e) @ (1t = 8] |z = y), (115)

where we used (111), (114) and that H is globally Lipschitz. Furthermore, since f is S-Holder

continuous in space and uniformly continuous in time, there exists a modulus of continuity wy such
that

[f (t2) = f (s, <ws (It =s|,lz—yl), VY(ta)e [t t2] xR (116)
By combining (111), (114), (115) and (116), there exists a modulus of continuity w such that

(106) holds. Furthermore, w will only depend on v through uniform bounds on v, Dv, D?*v and
[’U] Co+B—c. D
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4 The Fokker-Planck Equation

This chapter studies the Fokker-Planck equation (FP), which was briefly introduced in Section 2.3.
We consider the system

m (0,z) =mg (z), zeR?, (117)

{é’tm (t,x) + (=N 2 m(t,x) + V- (b(t,z)m(t,x)) =0, (t,z)e (0,7] x R4,
where o € (1,2). Since the FP equation generally studies probabilistic distributions, we assume
that 0 < mg € L' (R?) and |mg| 11 (ray = 1. In addition, we let mg € C% (R?) for some v € (0,1).
In order to motivate our regularity assumptions for the drift term b (¢, z), we need to take a brief
look at the Mean Field Game system (2).

In (2), the HJB equation moves backwards in time. This means that any time blowup occuring at
t = 0 in Chapter 3 now occurs at the terminal time. In other words, we have that (T — t)%Dv €
Cy ([0,T) x R?) instead of " DveC, ((0,T] x R?) and so forth. Looking at the MFG system,
we observe that b (¢t,x) := D,H (Dv (¢,z)). The time blowup on Dv at t = T will therefore transfer
to the FP equation through b, complicating our existence proof drastically.

We circumvent this issue by working with a terminal time T, < T instead. Notice that for any
t € [0,T:], we have (T — t)% < (T - TE)% < 0, and it follows that Dv € C, ([0,T:] x R?).
Similar observations hold also for the second derivative and the Holder seminorms considered in
Theorem 3.3. For simplicity, we denote the terminal time by T for the remainder of this chapter,

and revisit the issue when discussing the coupled MFG system in Chapter 5.

In order to impose sufficient regularity on b, we will here assume that H € C3 (Rd), where H, 0, H
and agH are globally Lipschitz with corresponding Lipschitz constants Ly, Ly, LY = 0. It follows
that

b(t,z +h) —b(t,x)] < Ly |Dv(t,x +h) — Dv (t,x)|, YzeR? heRA{0}. (118)
Furthermore, if D?v exists, we can use the chain rule to deduce that

|Db(t,z + h) — Db(t,z)| < |D*v (t,x + h) D2H (Dv (t,x + h)) — D*v (t,x) D;H (Dv (t,z))|
<|D*v(t,) |oo |D2H (Do (t,x + b)) — DZH (Dv (t,2))]
+ HD;H (Dv (t,)) |loo |D21) (t,x + h) — D*v (t,ac)|
< Ly|D*v (t,") |0 |Dv (t, 2 + h) — Dv (t,z)| + LY |D?v (t,x + h) — D*v (t,z)|. (119)

Assume now that v (¢, -) is (p + 1)-Holder continuous in space for every t € [0,T] where p € (0, 2).
Dividing (118) by |h|* if u < 1, or (119) by |a[*"" if & > 1, we deduce by taking the supremum
over h that b(¢,-) is p-Holder continuous in space for every ¢ € [0,7]. Furthermore, by instead
considering a time difference b (t + 7,2) — b (¢, z) in (118) and letting 7 — 07, we deduce that b is
continuous in time. This follows from Dv € Cj ([O7 T] x Rd). A similar argument holds for Db in
(119) when > 1 and uses D?v € C, ([0,T] x R?).

This leads us to the assumption we will impose, namely that b € C ([O, T];CH (Rd)). In addition,
if 4 > 1, we assume Db € C,, ([O,T] cOrL (Rd)). By recalling that v (¢,-) is (o + 8 — &)-Holder
continuous in space for every ¢ € (0,77 (see Theorem 3.3), we get that = a+ 8 —e—1. Tt follows
that p € (0, ) since a € (1,2) and g € (0,1).

The outline for this chapter is quite similar to Chapter 3. We begin with showing short time
existence of a unique mild solution in Section 4.1. Regularity estimates are for the most part
proven simultaneously, in contrast to the HJB case where we considered existence of D?v and Holder
regularity in seperate arguments (see Section 3.2). Since the FP equation describes probabilistic
distributions, we need to show that m > 0 almost everywhere and that m (t,-) € L' (R?) with
[m (t,-) [ L1 (ray = 1 for every ¢ € [0,T]. This is dealt with in Section 4.2 where we show positivity
and mass preservation of so-called very weak solutions. By utilizing these properties, uniqueness
follows immediately. Section 4.3 provides a long time existence result for very weak solutions by
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an identical patching argument as in Theorem 3.8. In Section 4.4, we prove that our unique very
weak solution is classical whenever p > 1. Finally, we finish the chapter with a uniform continuity
result for m and its derivatives in Section 4.5.

4.1 Short time existence and regularity estimates

We begin with proving short time existence of a unique mild solution m € C;, ([0, Tp] x R?) where
m(t, ) e L (Rd) for every t € (0,Tp]. The approach is quite similar to Theorem 3.1, but differs
in some key aspects. In contrast to the HIB equation, we will not address existence of the second
derivative in a seperate result. As discussed in Chapter 3, D?v was treated seperately due to
difficulties when differentiating H in the contraction argument. Since the Hamiltonian is not
present in the FP equation, however, we will not encounter this problem when including D?m in the
fixed point argument. Unlike the HJB equation, we may not have existence of the first derivative.
This requires us to consider three different cases in Theorem 4.1, depending on the existence of
Dm and D*m. Other differences from Theorem 3.1 include that we require m (,-) € L' (R?) for
every t € [0,T], and that we show (o + p — e — 1)-Holder continuity of m (¢,-) in space. This is
analogous to the (a + 8 — ¢)-Hdlder continuity of v (¢,-) in Theorem 3.3.

Theorem 4.1 (Short time existence of mild solutions). Let a € (1,2), p€ (0,a), ve (0,1),e >0
and suppose that mg € C%" (R*) AL (R?) where |mg|1 = 1. Definen := a+p—e—1 and let X be the
constant from Theorem 2.26. Given a terminal time T > 0, suppose that b e CY ([O, T];C* (Rd)).
If p > 1, assume also that Db € C, ([0,T];C*~ (R?)). Then, there exists Ty € (0,T) only
depending on «, u, v, X\, interpolation constants from Section 2.8 and uniform bounds on b such
that the following statements hold:

(a) If n < 1, there exists a unique mild solution m € Cj, ([0,To] x R?) to the FP equation (117)
where m (t,-) € L (Rd) for every t € [0, To]. Furthermore, if v <, we have uniform bounded-

ness of t"s [m (t,)] go in (0,T0). If v =mn, this holds for [m (t,")]co. instead.

(b) If1 < n < 2, there exists a unique mild solution m € Cy, ([0, Tp] x R?) to the FP equation (117)
where m (t,-) € L* (]Rd) for every t € [0,To], and t5"Dm e O, ((O,To] X Rd). Furthermore,
t*&" [Dm (t, )] qom-1 is bounded uniformly in (0, Tp].

(c) If n > 2, there ezists a unique mild solution m € Cj, ([0,Ty] x R?) to the FP equation (117)
where m (t,-) € L' (R?) for every t € [0,Tp], and t5° Dm,t55"D?*m € O, ((0,Tp] x RY).
Furthermore, t'=" [D2m (t, .)]Cov"/_Z is bounded uniformly in (0,Tp].

The proofs are similar to each other and the short time existence proof in Theorem 3.1. We will
therefore only provide a complete proof for (c), and comment on the differences in (a) and (b).

Proof of Theorem 4.1 (c¢). Define the Banach space X by

X = {m : m,tl%Dm,t%DQm € C, ((0,Tp] x RY) ;m e B ((0,Tp]; L' (RY)) and ||m[|x < OO} ,

(120)
where |[m||x = supye(o,7, [m (¢, ) |x and
lm @) lx = [m )+ m @) lo
1-—v 2—v n—v
+ta [Dmt,) e+t = [D®m(t,-) o+t [D*m (t,)] cons - (121)

We note that the norm |- | x depends on t, but we skip it in the notation for the sake of readability.
Recall the definition of the Duhamel map 1 (m) in Definition 2.28.

d rt
V) (1) = K () smo () (@)= 3 [ 2K (=) (i (sym () @ds. (122)
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Similarly to Theorem 3.1, we need to show that ¢ : X — X in order to use Banach’s fixed
point theorem. We begin by showing that ||¢ (m)||x is bounded whenever m € X, implying
that o (m) (t,-),t o Dy (m) (t,-) ,t o D2 (m) (t,-) € C (RY) and v (m) (t,-) € L' (R?) for any
t € (0,Tp]. Our approach consists of using interpolation inequalities and heat kernel estimates on
the Duhamel map, similar to Theorem 3.1. We will, however, need some new results when working
with the product b;m. Specifically, we require estimates for the L'-norm and Hélder seminorms
of a product of functions. The latter is presented in Lemma 2.37 and the L'-estimate is a special

case of Holder’s inequality (Lemma 2.39).

We estimate each part of |1 (m) (¢,-)||x seperately, starting with the L'-norm. By Young’s in-
equality, heat kernel estimates and Holder’s inequality with p = 1 and ¢ = o0, we then get that

d rt
I (m) (£, ) | < [ K (£,-) |1 lmolly + Z L |02, K (¢ = s,-) [1]1bi (s, ) m (s, ) [1ds

t 1 a—1
<1-1+4dX <J (t—s) = [b(s, ) [ofm (s,-) |1d3) <1+ dA——t"5" sup [b(s,) |slm (s.) |n
0 a—1 s€(0,t)

o a—1
S1+dA——=T,* sup [b(s,")|cfm(s,-) [, (123)
a—1 s€(0,T0]

where the last inequality holds since (a — 1) /o is positive. It follows that ¢ (m) (¢,-) € L* (R?) for
any t € (0,Ty] since m € X and b is bounded. By a similar calculation, we get that

d rt
[ (m) (t,) oo < 1K (£,) [1lmollee + ) JO 102, K (= s,-) |1]bi (s, ) [co[m (s, -) |0 s
i=1

« a—1
< lmollee +dA——To = sup [b(s,)[w]m (s, ) oo, (124)

s€(0,To]
and it follows that ¢ (m) (t,-) is bounded in (0, 7,] x R

When estimating Ht% D1 (m) (t,-) |0, we need to differentiate the convolutions. This requires
additional regularity on b;m, since we lose integrability if we differentiate K twice in the integral.
By a € (1,2) and n > 2, we have y > 1. This means that Db is bounded since b (,-) € C* (R?).

Furthermore, t*=“ Dm is bounded since m € X. We can then put the derivative on b;m in the
integral. For the initial data term, we interpolate as in (45) and get that

1—

[t

d st
Dy (m) (t,) oo < CIN ™ [mogon +1 = 3 f 00, K (= 5,) 1D (bi (5, ) m (5,)) [odls
i=1

t
1—v

(t— 5)_é <57 a

< CIN Y [mol o + dAE = J

1—v
. [blloof[s™=" Dmo + HDbHoonHoo) ds,

where we have taken the supremum over i € {1,...,d} and s € (0,7p] in the | - |s-terms. The
L*-norms are bounded and independent of ¢ and s. Since the exponents on ¢t — s and s are greater
than —1, we have integrability and it follows that

1—v

a—1 1—v a—v
[t7=" Dy (m) (¢, ) oo < CrX' ™ [mo]ow + c1t = [bloolls™ Do + et ™= | Dblloo|moo,  (125)

for some c1,co = 0. The supremum over ¢ is attained at ¢ = Ty, and we get that tlTTUDw (m) is
uniformly bounded in (0, 7p] x R<.

For ||t2TTV D% (m) (t,) |00, we need to use interpolation in the integral as well. By using Theorem
2.35 (c) as well as Young’s inequality on the integrand, we get that

%5 D2 (m) (t,) e < Co\ [mo] o

2-v d ot
e ZL 10, K (8 = 8,) 171D, K (¢ = s,-) [T [D (bi (5,-) m ()] go.ur s (126)
i=1
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The initial data term was estimated similarly to what we did for " Diy (m), and is bounded
independently of ¢. It remains to estimate the second term in (126). By taking the supremum over
i€ {1,...,d} and using the product rule on D (b;m), we get that

2—v
[t75" D2y (m) (£, ) oo < CrA [mo]co..
_y t _3—p
45 CId)\J (t—s) = ([m(s,-) Db(s,)]cou-1r +[b(s,-) Dm(s,")]c0.u-1) ds. (127)
0
Notice that — (3 — u) /a > —1. We can now use Lemma 2.37 on the Holder seminorms in (127).
Omitting (s, -) for simplicity, we have that
[mDb] o1 + [bDm]cour < [mfoo [Dblgou-1 + [m]cou | Dbl
+ [bllee [Dm] o + [Dlco.u—s [Dm|co-
Boundedness of |||« [b] co.u—1, [|Db] oo and [Db] 0.1 follows from b (s, ) € C* (R?). Furthermore,

since m € X, we know that |m|,, and |s"s~ Dm/ are bounded. For the Holder seminorms on m
and Dm, we need to use interpolation. By Theorem 2.34, we have that

_ _ _A=v)(p=1) _ 1—v _
[m] o1 < CumalmlZ #“IDmlli ™t < Cuigs™ = |m|5#]s = Dmji . (128)
Similarly,
—v —v 2—v
[Dm]cons < Cumra | Dm|Z [ D?mlls ! < Cpuaas™ 5 |ls™= Dm|Z s Dmlfs . (129)

By combining these estimates and taking the supremum over s € (0, Tp] in the norms and seminorms,
there exist constants ¢y, ca, c3,cq > 0 independent of ¢ and s such that

_A-v)(p-1) _ p—v

[MDb] co.u—1 + [bDm]co,—1 < €1 + c25 a +egsT T fegs (130)
All exponents on s are greater than —1, and by inserting (130) into (127), we have integrability.
By calculating the resulting integral, we get that

atpu—v—1 - a+rv(p—2) atp—2

[£55° D2 (m) () oo < CrA [mo]on + @5 4+ 6t ™0 4 530°5 + 2 ™57, (131)

for constants ¢, ¢o,¢3,¢4 = 0. All exponents on ¢ are positive, and we can let t — Ty. It follows
that t =" D% (m) is uniformly bounded in (0, Tp] x R%.

We estimate [t*5 D21 (m) (¢, -)]co.n—2 by a similar calculation as in (126) and (127), using Theorem
2.35 (b) instead of (c) for the interpolations.
|65 D2 (m) (¢,

COm—2 < CrA [mO]CO,u
+c,dAt’%”L (t— )" ([m(s,7) Db (s, )] gonor + [0 (5,-) Dm (s, )] gonor) ds.  (132)

Combining this estimate with (130), we reach integrability and it follows that
|45 D20 (m) (8, )]

which is similar to (131). All exponents are positive, and by letting ¢ — Ty, we get that
[t"s" D24 (m) (t,-)]co.n—2 is uniformly bounded in (0, Ty]. It follows that ||« (m) ||x < oo.

atp—v—1 at+v(p—2) a—1 atp—2
oz S CiA[moloo. + it & +cht™ o +cgt e+t o,

2—v

We proceed with showing ¢ (m), 45" Dip (m), t & D3 (m) € Cy ((0,Tp] x R?). This is very sim-
ilar to Theorem 3.1. By fixing ¢ € (0,7,] and noting that ¢ "=~ Dt (m) (t,-) and =" D24 (m) (£, -)
are bounded in space, it follows that 1 (m) (t,-) and ¢ & Dt (m) (t,-) are Lipschitz continuous.
Furthermore, & D% (m) (t,-) is (n — 2)-Holder continuous in space, as shown above.

Time continuity is proven as in Theorem 3.1. By Lemma 2.30, we have that
¥ (m) (to + 7,2) = (m) (to, x) = (K (7,) * ¥ (m) (to, ")) (x) — ¥ (m) (o, )

d rto+T
=S f 00, KK (o + 7 — 5,) % (bi (5,-)m (s, ) (x) ds.

i=1Yto
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This is similar to (48). By Lemma 2.23 and arguments similar to the proof in Theorem 3.1, it follows
that ¢ (m) € Cy ((0,Tp] x R?). For ' Dip(m), we argue as in (51) and use that ¢t =" Dip(m) is
Lipschitz continuous in space to conclude with Lemma 2.23. For t%D2w(m), we argue as in
(77), and use instead the spatial (n — 2)-Hélder continuity of =" D24(m) (t,-). It follows that
W(m), t =" Dip(m), t°5" D*p(m) € C,, ((0,Tp] x R?), and we can conclude that ¢ : X — X.

It only remains to prove that 1 is a contraction map. Notice that

d st
[ (ma) (£,) =& (m2) (¢,) |x < Z fo 102, K (t = s,-) * (bi (5,-) (ma (s,-) = ma (s,-))) |Ix,

for any my,me € X. By letting m := m; — my in calculations similar to (123)-(129) and (132),
and omitting (¢,-) for simplicity, we get that

1—v
Il (ma) =4 (m2) lx < C(To) sup ](Hml —mafy + [m1 —male + 7D (m1 —ma2) o
te(0,To

1—v 1—v 2-v
s = ma 15D (my — o) [+ 15D Gy — ma) 255 D2 (o — ma) 1457

< 5C (To) [y — ma|| x- (133)

Notice that the last inequality holds since the exponents (2 — ) and (g — 1) sum up to 1. Here,
C (Tp) = 0 is the maximum of the coefficients that appear when estimating the different parts
of || - |lx. It depends solely on «, u, v, A, Ty, interpolation constants and uniform bounds on b.
Furthermore, C (Tp) is strictly decreasing as Ty — 0. Thus, by choosing Ty € (0,T) sufficiently
small, it follows from (133) that there exists L < 1 such that |1 (m1) —¢ (m2) ||x < L||mi—mal| x
for any m1,mo € X. Then, 9 is a contraction map, and by Banach’s fixed point theorem there
exists a unique fixed point m € X such that ¢ (m) = m. This is a mild solution to the FP equation
(117). By also noting that m (0,-) = mg € C% (R?) n L' (R?), we get m € C}, ([0,Tp] x R?) and
m (t,-) € L' (R?) for every t € [0,Ty]. Finally, since T, has the same dependencies as C (Tp), the
requirements for Ty are satisfied. O

Proof of Theorem 4.1 (a),(b). The proofs are essentially the same as in Theorem 4.1 (c), only with
fewer terms.

For Theorem 4.1 (a), we define the Banach space X as in (120), but without the regularity re-
quirements on t-s D?m and t= Dm. If v < 7, the corresponding norm is given by ||m||x =
SUP;e(0,1] [Im (£, ) | x where

Im(¢,) o = e (8 ) |+ () oo + [ m (8 )] o

If v > 5, we omit the time blowup in the Holder seminorm. We show t (m) (t,-) € L' (R?) as in
Theorem 4.1 (c). For ¢ (m) € Cy ((0,Tp] x R?), we derive n-Holder continuity of 1 (m), similar
to (132). Time continuity follows by Lemma 2.23 and that [¢) (m) (¢,-)] 0., is bounded. This is
similar to the time continuity proof for 5= D% (m) in Theorem 4.1 (c). Then, 1 : X — X. The
contraction argument follows as in Theorem 4.1 (c), only with fewer terms. We conclude the proof
by Banach’s fixed point theorem.

The approach is similar for Theorem 4.1 (b). Define the Banach space X as in (120), but
without the regularity requirements on t*5“ D?m. The corresponding norm is given by [|m]|x =
SUPse(0,1p] 17 (2, )] x where

1—v

I () o =l (&) o+ (8, ) oo + 675 Dt -) oo + [¢75 D ()] o

We show ¢ (m) (t,-) € L' (R?) as in Theorem 4.1 (c). Similar to (132), we show (n — 1)-Holder

continuity of t*& D) (m) and conclude the continuity arguments. It follows that ¢ : X — X.
By a contraction argument as in Theorem 4.1 (c) and Banach’s fixed point theorem, the proof is
complete. O
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We finish the section with a spatial Holder regularity estimate for m (¢,-) without time blowup.
This is analogous to the S-Hélder continuity of v (¢,-) in Theorem 3.3.

Lemma 4.2. Let a € (1,2), p € (0,) and v € (0,1). Furthermore, let assumptions on mg and
b be as in Theorem 4.1 and let m € Cy ([O,TO] X Rd) be the solution obtained in the theorem. If
v < a+p—1, there exists a constant Cy > 0 such that [m (t,)] 0. < Cy for any t € (0,Tp].

Proof. By Theorem 4.1, m is a mild solution to the FP equation and a fixed point of the Duhamel
map in (28). Using heat kernel estimates from Theorem 2.26 and an interpolation as in Theorem
2.35, we get that

t

[m (£, )] o < [molgo. + )\CIL (t—s)

_vtl—p
@

b(s,-)m(s,-)]ou ds.

Notice that by v < a + u — 1, and since € > 0 is chosen arbitrarily small in Theorem 3.1, the
exponent on (t — s) is less negative than the one in (132). We can then argue similarly to (132),
and deduce that [m (¢,-)] 0., < C1 in (0,Ty] x R? for some constant C; > 0. For ¢ = 0, we have
that [m (0,-)] co.r = [mo]co.. < C1, and the proof is complete. O

4.2 Uniqueness results for very weak solutions

In this section, we study properties of so-called very weak solutions to the FP equation (see Lemma
4.3). This includes positivity and L!-regularity of solutions, as well as mass preservation. These
are essential properties of probabilistic distributions, and are thus expected for solutions to the FP
equation. The underlying purpose of this section, however, is to show uniqueness, which follows
quite directly from the properties mentioned above (see Theorem 4.7). Our approach is heavily
inspired by the work of Espen R. Jakobsen and Artur Rutkowski in [13].

We begin our analysis with a result stating that mild solutions are very weak solutions for a class
of sufficiently regular test functions. The following Lemma is a simplified version of Lemma C.1
in [13], and is rewritten in terms of notation. Notice, however, that we allow for a larger class of
test functions. Specifically, we assume ¢ € C ([O,To] .ot (Rd)) for some § > 0 instead of only
¢peC ([O,To] ; C2 (Rd)). This is necessary in order for Proposition 4.5 to hold. Although C? is
required in [13], the proof only uses that ¢ (¢,-) € C*+9 (Rd). Hence, our Lemma follows directly
from this proof.

Lemma 4.3 (Inspired by Lemma C.1 in [13]). Let Ty > 0, mo € L* (R?) and b e L* ([0,Ty] x RY)
and assume that m € B ([O,TO] ;L (Rd)) is a mild solution to the FP equation (117). Fur-
thermore, let 6 > 0. Given any t € [0,Ty] and any function ¢ € C ([0,Tp]; CoT (R?)) where
orp € Cy ([0, Tp] x RY), it follows that

y m(t,x) ¢ (t,x)dr = mo(x)¢ (0, ) dx

Rd
+ Lt JRd m (s, x) <@t¢ - (—A)% o — bD¢) (s, ) dzds. (134)

We say that m (¢, x) is a very weak solution to the FP equation if it solves (134) for all test functions
described in the Lemma.

Proof. The proof is given for ¢ € C ([0,Tp]; CZ (R?)) in [13]. The spatial regularity of ¢ is however
only used to ensure that L*¢ (s, x) is well defined, where £* is the operator, in our case — (—A)Q/Q.
By Proposition 2.15, we have that — (—A)a/2 & (s, ) is well defined if ¢ (s,-) € C**° (Rd) for any

0 > 0. Thus, the proof in [13] is valid even for (a + §)-Hélder continuous test functions. O

By applying different test functions ¢ (¢, z) to Lemma 4.3, we are able to derive mass preservation
and positivity. We begin with the following Proposition.
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Proposition 4.4. Let assumptions on mg, b and m be as in Lemma 4.3. It follows that for any
te [07 TO])

m (t,x)de = mo(z)dz. (135)
R R

Proof. We define a penalty function somewhat similarly to what we did for the comparison principle
proof in Lemma 3.6. In contrast to this proof, however, we now let ¢ be nonzero inside some
compact instead of outside. Define ¢ € C* (R?) by ¢g (z) := ¢1 (z/R) where

L Jzl <1,
é1(@) = {0, 2| > 2.
By letting ¢ = ¢ in Lemma 4.3, we deduce that
m(t,2) on (t.0)do = | o (2) 6m (0,) da
R4 R4
t
+ J m(s,2) (06r — (~A)F o —bDoR ) (s,2) dads.  (136)
0 JRd

Since there is no time dependence in ¢g, we have d;¢r (z) = 0 for all z € R? and R > 0.
Furthermore, limpg o bD¢R () = imp_.4 (—A)u/2 ¢r (z) = 0 by a similar proof as in Lemma
3.6, where we use that b is bounded, and that ¢ = C (1 — pg) for some C > 0 where ¢g is the
penalty function from Lemma 3.6. In addition, limg .4 ¢r (z) = 1 for any x € R9.

Notice that all integrands in (136) are absolutely integrable in their respective domains since
mo,m (s,-) € L! (Rd) for any s € (0,7p], and all terms with ¢ are bounded uniformly in RY.
Taking the limit as R — o0, we can move the limits inside the integrals by dominated convergence.
It follows that for any t € [0, Tp],

m(t,z)de = | mo(x)dr, (137)
Rd Rd

and the proof is complete. O

We will now show that m > 0 almost everywhere. This seems harder, since we only want to use
the very weak formulation which considers integrals over the entire R?. In order to conclude with
positivity, we therefore have to show positivity of {3, m (t,2) ¢ (t, ) dz for all sufficiently regular
positive functions ¢. We also want the last integral in (134) to be zero, thus requiring ¢ to be a
classical solution of a specific PDE. We present our requirements for ¢ in the following Proposition,
inspired heavily by Lemma 3.3 in [13]. Our result is however slightly different since we need to
consider b (t,-) € C* (RY) for any p € (0, ).

Proposition 4.5 (Inspired by Lemma 3.3 in [13]). Assume that b€ Cy, ([0,Tp]; C* (R?)) for some
pe (0,a) and let § € (0,1) with § < p. Furthermore, let to € [0,Ty] and 0 < ¢y, € C*T9 (RY).
Then, there exists a unique classical solution ¢ € C ([O,to] ,Coto (Rd)) to the following problem:
at¢ (ta I) - (7A)% ¢ (ta ‘T) —b (tv I) Dd) (t7 17) = 07 (ta ZL') € [07 tO) X Rda

¢ (to,x) = ¢y, (x), xeR™ (138)
Furthermore, ¢ (0,x) = 0 for any z € RY.
Proof. Notice that the PDE moves backwards in time. By defining z (¢, 2) := ¢ (tg — t,x), we are
able to formulate our problem in a more well-known setting.

0rz (t,x) + (=A)2 2 (t,z) + b (t,x) Dz (t,z) = 0, (t,z) e (0,t0] x RY,
2(0,z) = ¢y, (x), xeR™L (139)

The change of signs in (139) follows when shifting from backwards to forwards in time. Since
this is an equivalent problem, it suffices to show that there exists a unique classical solution
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zeC ([O,to] .ot (Rd)) where z (tg,x) = 0. We begin by proving short time existence with a
similar approach as in Theorem 4.1. Let ¢; € (0,t9) and define the Banach space

X = {z :2,DzeC ((O,tl] X Rd) zllx < oo} , (140)
where we let [[[2]|x 1= supe(o 4,2 (¢, ) [x with
Izt ) |x = Nz (&) | e ray + [ D2 (2 -) [ oo ey + [Dz ()] co.ars—1 (gay - (141)

The Duhamel map for (139) is of the form

S (2) = K (t) * by, () = L K (t—s,)%(b(s,") Dz (s,°)) (x) ds. (142)

In order to use Banach’s fixed point theorem, we need to show that S : X — X. We begin with
showing boundedness of |||.S (2) || x whenever z € X. Since our Duhamel map is very similar to the
Duhamel map for the FP equation in (28), we will only show boundedness of [DS (2) (¢, )] co.a+s-1-
For the other terms in (141), we refer to Theorem 4.1.

By heat kernel estimates from Theorem 2.26, Lemma 2.37 and an interpolation as in Theorem 2.35
(a) in the integral, we deduce that for any ¢ € (0, 1],
t —e
[DS (2) (t, )] coars— < [K () [1 [deo] co.ars— + CMJ (t—s)" = [b(s,-) Dz (s,-)]cos+e ds
0

o £
< [Ptolcoars-s + CIAZE ([bloc [D2]gosre + [blcosee [Dzleo),  (143)

where we let 0 < ¢ < § and ¢ < u — 0. Furthermore, we have let ¢ — t; since its exponent is
positive. All terms on the right hand side are bounded independently of ¢, and we conclude that
IS (2) [lx < oo. This immediately implies that z (t,) is Lipschitz continuous, and that Dz (¢,-) is
(e + 6 — 1)-Holder continuous in space.

Time continuity of z and Dz follows by a simpler version of the proof in Theorem 4.1. The main
difference is that we do not have time blowup on Dz. By using Lemma 2.23 with v = 1 and
v=a+ 9 —1 for z and Dz respectively, we get that z, Dz € C, ((O,tl] X Rd). Hence, S: X — X.

By a similar proof as in Theorem 4.1, we know that S is a contraction map when choosing t;
sufficiently small. In addition, we see that ¢; depends solely on «, J, €, A, interpolation constants
and uniform bounds on b. This is similar to the dependencies for T in Theorem 4.1. By Banach’s
fixed point theorem, there exists z € X such that S (z) = z.

We proceed with showing that our solution is classical. Notice that our Duhamel map in (142)
becomes similar to the one in Theorem 3.4 by letting ¢ (s,:) := b(s,-) Dz(s,:). The p-Holder
continuity of vy and g (s, -) in Theorem 3.4 is analogous to the (& + ¢)-Holder continuity of ¢, and
g (s,-), and allows us to arrive at an (o + §)-Holder continuous classical solution. By noticing that
0 + e <, it follows that

g(s,)eC" (R c ¢t (RY)  and ¢ e C*M (R?) < C7F (RY).

Thus, by a similar argument as in Theorem 3.4, we can conclude that the fixed point z €
Cy ((0,t1];C**9 (R?)) indeed is a classical solution to (139). For a more detailed proof of a
similar fashion, we refer to the classical solution proof for the FP equation in Section 4.3.

Uniqueness of z (¢, x) follows from the comparison principle. This is very similar to what we did in
Lemma 3.6 for the HJB equation and we omit the proof. Finally, we deduce that z > 0 by noticing
that the zero function is a subsolution to (139).

Lastly, we use a patching argument similar to Theorem 3.8. We get that t; is independent of
the initial time when translating the short time existence proof above. Thus, by letting N € N
be the largest integer such that Nt;/2 < to, we can iteratively find unique classical solutions on
time intervals (0,t1], (t1/2,3t1/2], ..., (N —2)t1/2,Nt1/2] and ((N —1)t1/2,t9]. Since these
solutions are unique and overlapping in (¢1/2,¢1], (1, 3t1/2],... (N — 1) t1/2, Nt1/2] respectively,
we conclude that there exists a unique classical solution z (¢, z) in the entire (0,%] x R?. We refer
to Theorem 3.8 for a more comprehensive proof. O
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Lemma 4.6 (Positivity of very weak solutions). Let assumptions on mqg and m be as in Lemma 4.3,
and assume that mg = 0. For € (0,a), let b e C, ([0,To]; C* (RY)). It follows that m(t,-) =0
almost everywhere in RY for all t € [0, Tp].

Proof. Let ty € (0,Tp] be fixed, and consider the very weak formulation in (134) with ¢ = ¢y. For
some 4 € (0,1) with § < p, let ¢y, € C*F9 (]Rd) be nonnegative and let ¢ (¢, -) be the corresponding
solution from Lemma 4.5. By (134), we then get that

m (to, x) Pr, (x) dx = mo () ¢ (0,x) dx = 0, (144)
R R4

where the inequality holds since both mg and ¢ (0,-) are nonnegative functions. By letting ¢,
approximate unity at each x € R?, it follows that m (tp,z) = 0 almost everywhere in R? for all
to € (0,Tp]. Finally, since m (0,-) = mg > 0 almost everywhere, the result holds in the entire
[07 To] € Rd. O]

By combining Proposition 4.4 and Lemma 4.6, we can quite easily prove uniqueness of very weak
solutions. We summarize our results in the following theorem.

Theorem 4.7. For i€ (0,a), let be C, ([0,Tp] ; C* (RY)) and 0 < mg € L* (RY) with [mg|1 = 1.
Suppose that m € B ([O,TO] (L1 (Rd)) is a very weak solution to the FP equation (117), meaning
that it satisfies (134) for test functions described in Lemma 4.3. Then, m is a unique very weak
solution where m > 0 almost everywhere and |m (t,-) |1 (ray = 1 for every t € [0, To].

Proof. By Lemma 4.6, we know that m (t,-) > 0 almost everywhere in R¢ for every t € [0, Tp].
Combining this property with Proposition 4.4, it follows that

[m (t,-) HLl(Rd) = JRd m (t,z)dx = fRd mo (z)dx = ||m0HL1(Rd) =1, (145)

for any t € [0,Tp]. We proceed with proving that m is unique. Assume by contradiction that m;
and mg are distinct very weak solutions to the FP equation. It follows that mg := m; — mso is a
very weak solution with mg = 0. Since the mass preservation property in (145) holds for all very
weak solutions, it follows that

J ima (£, 2)] dz — 0,
Rd

for any ¢ € [0,7p]. The integrand is nonnegative and the equation is therefore only satisfied if
mq (t,z) = 0 for almost every = € R? and every t € [0, Tp]. This implies m; (¢,-) = ma (¢,-) almost
everywhere in R?, which is a contradiction. It follows that any very weak solution m to the FP
equation (117) is unique. O

We finish the section by combining our results in a Corollary.

Corollary 4.8. Leta € (1,2), € (0,a),v € (0,1) and suppose that 0 < mg € C%¥ (R?) n L* (R?)
with |molly = 1. Furthermore, let A be the constant from Theorem 2.26. For a terminal time T > 0,
suppose that b € Cy ([0,T];C* (RY)). If p > 1, assume also that Db € C, ([0,T];C*~1 (RY)).
Then, there exists a unique very weak solution m € C ([0, To] x Rd) where Ty € (0,T) is given by
Q, W, v, A, interpolation constants from Section 2.8 and uniform bounds on b. Furthermore, m = 0
almost everywhere, and for any t € [0,Tp], m (t,-) € L* (RY) with |m (t,-) |1 = 1. The regularity
results from Theorem 4.1 and Lemma 4.2 are also satisfied in (0,Tp] x R®.

Proof. The existence and regularity results for m follows from Theorem 4.1 and Lemma 4.2. Fur-
thermore, m is unique and satisfies the positivity and L!-regularity requirements by Theorem
4.7. O
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4.3 Long time existence

We proceed with showing existence of a unique very weak solution in the entire (0,7] for any
terminal time 7" > 0. This is done similarly to Theorem 3.8 and uses a patching argument.

Theorem 4.9. Let a € (1,2),pu € (0,a),v € (0,1) and suppose that 0 < mg € C%¥ (R?) n L* (R?)
with |molly = 1. Given a terminal time T > 0, suppose that b € Cp ([O,T] T CH (Rd)). If p>1,
assume also that Db € C ([O,T];C’*‘_1 (Rd)). Then, there exists a unique very weak solution
m € Cy ([0,T] x RY) where m > 0 almost everywhere, and for any t € [0,T], m(t,-) € L* (R?)
with [m (t,-) [L1rey = 1. Furthermore, m satisfies the reqularity results from Theorem 4.1 and
Lemma 4.2 in the entire (0,T] x RY.

Proof. By Theorem 4.1 and Corollary 4.8, there exists a unique very weak solution m (¢, z) in
[0,Tp] x R? for some T, € (0,7T) which satisfies the positivity and regularity requirements. It
then follows that m (Tp/2,-) € C% (RY) n L' (R?) with |m (Tp/2,-) |1 = 1, hence satisfying the
regularity requirements for the initial data mg. By the dependencies of Tj in Theorem 4.1, we know
that T is independent of the initial time in the short time existence proof. Thus, by an identical
patching argument as in Theorem 3.8, we get that there exists a unique very weak solution m in
the entire [0,7] x R?. The positivity and regularity results from Theorem 4.1, Lemma 4.2 and
Corollary 4.8 hold in (0,7] x R? by the same patching argument. O

4.4 Existence of a unique classical solution when p > 1

In this section, we will investigate whether the unique very weak solution in Theorem 4.9 is classical.
For the HIB equation, we considered only classical solutions (see Theorem 3.4). This is however
not the case for the FP equation. In order to have a classical solution, we need V - (bm) to be
well-defined which requires bm to be differentiable in space. By the product rule for differentiation,

we then need Db to be well-defined. This is only the case when p > 1, since we are considering
be Gy ([0,T];CH (R)).

Notice also that any classical solution to the FP equation is a very weak solution. This follows
from integrating by parts in (134) and is similar to Lemma 6.3 in [3]. By the uniqueness result
for very weak solutions in Theorem 4.7, we then know that classical solutions are unique as well,
given that they exist.

Theorem 4.10 (Existence of a unique classical solution). Let a € (1,2), p € (1,a), v € (0,1)
and mg € C* (R?) n L' (R?) with |mo|1 = 1. Given a terminal time T > 0, suppose that
be Cy ([O,T] ;CH (]Rd)) and Db € Cy ([O,T] ol (Rd)). Then, there exists a unique classical
solution m € Cy ([O,T] X Rd) to the FP equation. Furthermore, m > 0 almost everywhere, and for
every t € [0,T], m(t,-) € L' (R?) with |m(t,-) [ = 1. The regularity results from Theorem 4.1
and Lemma 4.2 are also satisfied in (0,T] x R.

Proof. By Theorem 4.9, there exists a unique very weak solution m € Cj ([O,T] X ]Rd) which
satisfies the positivity and regularity requirements. It remains to show that the solution is classical.

The proof is very similar to Theorem 3.4, and we will therefore only comment on the differences.
Instead of working with B-Hélder continuous initial data, we now have mg € C%" (Rd). This
does not alter the proof in any major way, since we assume v € (0,1) which is analogous to
B € (0,1). Instead of letting g (s,z) := H (Dv(s,z)) — f (s,x), we define functions g; (s,z) :=
Oz, (bi (s,2)m (s,x)) for i € {1,...d}. By the spatial regularity assumptions on b and m, we then
get that g; (s,-) € CO#~1 (R?) for any s € (0,T]. Furthermore, we deduce that

~ _1l-v
lgi (s;) oo < Cgo + Cyos™ =,
_ (A—v)(p-1) p—

[9: (5, Vo < Cgp + Cops™ o +C) s 5 +C s~ (146)

for constants Cgo,CQO,C’QMC’QH,C;“,C;L > 0. The Holder estimate is given by (130), and the

L%-estimate follows from the product rule, s s~ Dm € Cj, ((0,7] x R?) and that b and Db are
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uniformly bounded. The estimates in (146) are similar to the corresponding bounds in (81). Since
all exponents on s in (146) are greater than —1, we ensure that for any ¢t € (0,7] and € > 0,
[ K (t—s,-) % gi(s,-) |l and [K (t —s,-) * gi (5,°)] cas+n-1- are integrable in (0,¢). This is similar
to (84), and will be sufficient to complete the proof since a + u — 1 — & > «. Finally, we require
gi (t,x) to be continuous in time for any (t,z) € (0, 7] x R? (see (97)). This holds since m, Dm, b
and Db are continuous in time in this domain.

Based on the observations above, we are able to repeat the proof of Theorem 3.4 with g; (s,x) :=
Oz, bi (s,2) m (s,z). By Theorem 4.1, m is a mild solution and a fixed point of the Duhamel map
in (28). We get that

d ot
m(t,x) = (K (t,-) *mg) (z) — Z L O, K (t —8,+) % (bi (s,-)m (s,)) (x)ds
z; t
= (K (t,) *mo) (z) — Z L K (t—s,) % (0z; (bi (s,-)m(s,"))) () ds

d t
:(K(t,~)*m0)(x)—ZJ K (t—s,)#g; (s, (z)ds.
i=170

This is analogous to the Duhamel map considered in Theorem 3.4, except for the summation. Since
the arguments for the initial and integral terms in Theorem 3.4 are independent, however, we can
argue seperately for each integral in the sum. It follows that

d
om (t,z) + (—A) 2 m(t,z) + Z gi (t,x) =0 in (0,7] x R4,
i=1
m(0,2) =mg (r) in R% (147)

By the definition of g;, we have

d d
D 9i(tx) =Y 0, (b (t@)m(t,a) = V- (b(t,2) m (t,2)) . (148)
i=1 i=1

Finally, by combining (147) and (148), m is a classical solution to the FP equation in (0,7] x R<.
By Theorem 4.7, we know that very weak solutions to the FP equation are unique. Since any
classical solution is a very weak solution, we conclude that our classical solution is unique. O

4.5 Uniform continuity

We finish the chapter by showing uniform continuity of m and its derivatives in [t;,%2] x R? for
0 <t; <ty <T. This is very similar to Theorem 3.9.

Theorem 4.11 (Uniform continuity). Let o € (1,2), p € (1,c), v € (0,1), € > 0 and T > 0.
Furthermore, let assumptions on mqo and b be as in Theorem 3.1, and assume in addition that
b(-,x) and Db (-,x) are uniformly continuous in [0,T] for any x € R%. Let m be the corresponding
classical solution from Theorem 4.10 and choose t1,ts such that 0 <ty < teo <T. Then, there exists

a modulus of continuity w such that for any (t,z),(s,y) € [t1,t2] x R?, the following statements
hold:

If a4+ p < 3:

im(t,z) —m(s,y)| + [Dm (t,z) — Dm (s,y)|

+oem (t, ) — dm. (s,9)| + | (=A)Em (t,z) — (=A)Em(s,y) | <w(t—s|, |z —yl). (149)
Ifa+p> 3:

|m(t,x) — m(s,y)| + |Dm(t,x) — Dm (s,y)| + |D2m (t,z) — D*m (5,y)|

+om (t,2) = am (s,9)| + | (D) F m(t,2) = (=A)E m(s,9) | <w (|t —s|,[e—yl).  (150)
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Furthermore, w only depends on m through uniform bounds on m and Dm as well as [m]asu—c—1-
If o +p >3, w also depends on uniform bounds on D*m.

Proof. The proof is very similar to Theorem 3.9, and we will be brief. Only the case where a+p > 3
is considered. For o + 3 < 3, the proof is exactly the same, but without the estimates for D?m.

The time interval [t1,t2] is strictly away from zero, and we can ignore blowup at ¢t = 0. By
Theorem 4.1, 4.2 and 4.9, we then have that m,Dm,D?*m € Cp ([to,tl] X Rd). Furthermore,
[m (t,)] as+u—c—1 is bounded uniformly in [tq,¢2]. By a similar approach as in Theorem 3.9, there
exists @ satisfying the dependence assumptions such that for any (t,), (s,y) € [t1,t2] x RY,

m (t,) = m (5,)] + |Drm (t,2) — D (s,)| + |D?m (t,2) — D*m (s,)] <& (|t — 5], — y1) .
(151)
The regularity estimate for (—A)®“m is also similar to Theorem 3.9. For ¢, s € [t1,15] and h € R?,
we have m (t,- + h) —m(t,-) € C*T#===1 (R%). We use Proposition 2.15 to deduce that

a/2

(=) Fm(ta+h) = (~2)% m (s,2),
< Ci|m(t, -+ h) —m(s,-) [ Lo (ray + Co [m(t,-+h) —m(s, -)]CO,QH,I(W) , (152)
for constants C7, Cs = 0 where § is chosen such that 0 < §+pu—e—1and a4+ < 2. We interpolate

the Holder seminorm between |[Dm (¢, + h)—Dm (s, ) ||o and [m (¢, + h) —m (s, )] gasp—e—1 and
use Theorem 2.33. By (151) and a calculation similar to (114), we get that

‘ a a

(=A)2m(t,x) = (=A)* m(s,y)| < Cro (|t = s/, |z —yl)

4o (I (4 Mo + (5, o) S =l o=y, (153)
where ¢ := % and Cy > 0.

For 0;m, we recall that m is a classical solution to the FP equation (117) in (0,7] x R?. For any
(t,z),(s,y) € [t1,ta] x R, we then have

e a

|0em (t, ) — dvm (s, )| < |(=4)2 m (¢, 2) = (=A)2 m(s,y)
d
+ Z (|m (tvx) axlb(taz) -m (Say) axzb(57y)| + ‘b(t71‘) axim(t7x) - b(S,y) aﬂfim (Sry)D : (154)

Since b and Db are uniformly continuous in time, and Lipschitz and (p — 1)-Hélder continuous in
space respectively, there exists a modulus of continuity wy such that

d
|b(f,,l‘) - b(s,y)\ + Z ‘aﬂﬂzb(th) - awzb(s?y)| < Wy (|t - 8‘ ) ‘.T - y|) ’ v (t’x) € [tl’tQ] X Rd'
i=1
(155)
By (151) and (155), it then follows that for any i € {1,...,d},
|m (t7 1‘) axlb (t, x) —m (Sa y) axzb (Sa y)|
< Mmoo [02,0 (8, ) — 02,b (s, y)| + | Dblloo [m (¢, 2) —m (s, )]
< [mfoows (It = s, [z —yl) + [ Dbl ([t — s, |z —yl) .- (156)
Similarly, we get that
|b(t,x) Op,m (t,x) — b (s,y) Ou,m (S, y)]
< bl ([t = s, |2 — yl) + [ Dmflows (It — s, |z —yl) - (157)

By inserting (156) and (157) into (154), and by (151) and (153), there exists a modulus of continuity
w such that (150) holds. Furthermore, w will only depend on m through uniform bounds on m,
Dm, D*m and [m]catu—c-1. O
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5 Mean Field Games and Further Work

We finish the thesis with a brief discussion on how our results from Chapter 3 and 4 contribute to
the study of the Mean Field Game system of the form

—0w+ (—=A)2 v+ H (Dv) = F(m(t),z) in [0,T) x RY,

v(T,)=G(m(T),") in R4,
om+ (=AY m+ V- (D,H (Dv)m) =0 in (0,T] x RY, (158)
m (0,-) = mg in RZ.

As mentioned in the introduction, our main deviation from earlier work is the imposition of spatial
Holder regularity on the initial and source terms. In order to be consistent with the analysis earlier
in the thesis, we assume F (m (t),-) and G (m (T),-) to be 8-Holder continuous in space for some
B € (0,1). In addition, we let 0 < mg € C* (R?) n L* (R?) with |1 ga) = 1.

A promising approach for showing existence of solutions to the MFG system in (158) is presented
in Theorem 3.2 in [8]. In order to relate this to our results in Chapter 3 and 4, we give a brief
review.

The proof uses a fixed point argument in C ([0, T);P (Rd)), where P (Rd) denotes the space of
Borel probability measures on R?. The corresponding metric is d(p1, f12) = suppo, 7 do (k1 (), p2(t)),
where dj is the Kantorovich-Rubinstein distance defined by

) i= s [ 0@ - @)

¢€eLip, ; (R%)

where Lip; ; (R?) = {¢: ¢ is Lipschitz continuous and ||¢] e, | D[ < 1}.

Unlike the fixed point arguments in our analysis, the existence proof for the MFG system is based on
Schauder’s fixed point theorem (see Theorem 11.1 in [9]). This is more complicated than Banach,
since it requires us to to show compactness of a subset in C' ( [0,T];P (Rd)). These arguments are
often quite technical, and utilize a combination of Arzela-Ascoli and Prokhorov’s theorem.

The general outline of the proof involves defining a map S (1) := m, where m is given by u through
the following system of equations:

—0w + (=A)2 v+ H(Dv) = F (u(t),z) in [0,T) x R?,

{v ()= G (D). in B 12
om+ (=A)2 m+ V- (D,H (Dv)m) =0 in (0,T] x RY,

{m (0,:) = mg in R%, (160)

The map is defined on some compact convex subset C < C' ([O,T] ;P (Rd)), and fixed points of
the map will be solutions to the MFG system in (158). Existence can therefore be proven by
Schauder’s fixed point theorem, provided that S is continuous and that S : C — C.

Showing that S is a self map requires S(u) := m € C([0, T]; P(R?)) whenever u € C([0,T]; P(R?)).
This means that our solution m must be defined at the terminal time. Recall from the introduction
in Chapter 4 that we only showed existence of solutions to the FP equation in [0, 7.] x R? for some
T. < T. This was done in order to avoid the time blowup on b := D, H(Dv) at t = T, which stems
from the HJB equation.

In order to circumvent this problem, notice that [b] 1= (o, 7)xre) = [|DpH (Dv)| Lo ([0,rxre) < LE
since H is globally Lipschitz, even at the terminal time. The blowup at ¢ = T is therefore only
problematic when working with derivatives or Holder seminorms of b. By repeating the short time
existence proof in Theorem 4.1 with only b € L* ([O, T] x Rd), we are then able to show that there
exists a solution at the terminal time. Since we assume less regularity on b, however, m will not be
regular enough to be a classical solution at ¢ = T'. Therefore, it seems that we only have classical
solutions in (0,7") x R? for the FP equation in the MFG system.
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Our results from Chapter 3 and 4 are essential steps towards deriving existence of solutions to
the MFG system. Firstly, note that S is well-defined only if there exist solutions v to (159) and
m to (160) seperately. Furthermore, we will only have existence of a classical solution (v, m) if
v and m are classical solutions to the HJB and FP equations respectively. Finally, our uniform
continuity results in sections 3.6 and 4.5 prove useful when showing that (v, m) is classical. This is
evident by the proof of Theorem 3.2 in [3], and stems from a compactness argument that requires
equicontinuity of a family of functions.
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Appendix

A Proof of Lemma 2.25 and Theorem 2.26

Proof of Lemma 2.25 (Corrected from Lemma 3.3 in [2]). Let DFK (1, w) denote the Fourier trans-
form of D*K (1,u), and recall that differentiating DFE (1,w) with respect to w; on the Fourier
side corresponds to multiplying D¥*K (1,u) by iu;. We can then express the m'-order derivative
of DVK (1,w) with respect to w; as

(iu;)™ DFK (1, 1) = f et <am§c?((1,w)> dw.
Rd @w]

By combining the absolute values of this expression for all j € {1, ..., d}, and using that |ab| = |al-|b]
for all a,b e C%, we get that

d
m m LU am -
(lua]™ + ...+ Jug| ™) | DK (1,u)] = ] f e | = DFK (1,w) | dw|. (161)
=1 R4 60.)]
Furthermore, the power mean inequality (see Theorem 1, Section 3.1 in [1]) states that
2 2\ 2 1
|U1| +...+|’U4d‘ < |u1\m+...+\ud|m "
d = d '
Combining this with (161) yields
P , L —
lu|™ |[DFK (1,u)] < d™> Z J e | =—DFK (1,w) | dw|. (162)
o1 Rd 5wj

In order to prove the Lemma, we need to bound the right hand side of (162) by a constant C' > 0
for m = |k|. This is possible whenever DFK (1,-) € Wkl (R?). Since repeated differentiation of
D¥K (1,w) results in an impractical number of terms as the differentiation progresses, we need to
look at the derivatives in a more general sense. We propose that any derivative D*(D*K (1,w))
can be written as .

DS(D/"C?( (1,w)) = eI 2 (cjwfj’l cwg |w|bj> , (163)

j=1
for constants n € N, a;1,...,a54 € No, b; € R and ¢; € C. Since Ds(ﬁﬂ?( (1,w)) in (163) has
exponential decay as |w| — 00, it will be absolutely integrable over R? as long as it does not attain
a singularity at w = 0. This singularity can only occur if a;1 + aj2 + ... + a;q + b; < 0 for some
je{l,...,n}. We can easily see this by noting that w; = |w|o; for some |o;| = 1, and letting
|w] — 0. To investigate when this occurs, we define the function
K (8) = min (aj;l +ajo+...+ajq+ bj) s
je{l,..n} ’

where the constants are given by the relation in (163) and s corresponds to the derivative order.
If k(s) > 0 for all multi-indices [s| < |k|, it follows that DFK (1,-) € Wkl (R?). We proceed
with showing that (163) indeed is a general form for the derivatives D*(D*K (1,w)), and that
k(s+1) = k(s)—1 by induction.

First, observe that DFK (1,w) is on the form given in (163). Assume now that (163) holds for
some multi-index s. We include the case where |s| = 0 by letting D° denote the identity operator.
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By differentiating with respect to wi, we get that

0 i 0 o o a; a; a: ]
&—MDS (DkK(l,w)) = 2o (e‘l“’ Z (cjw1]’1w2]’2 cowy”? |w|b’)>

j=1
—|w|® aj1+1l ajo aJd bj+(a—2) —|w| < aj1+1 w2 ajd
=e Z —acjw; Wy L. |ew]™? +e Z ¢jbjwy Wo |w|%
Jj=1 Jj=1

+ e lwI® Z (cj (a1 — Dw?'™ lwgJ 2 ...ng’d \w|b-’> , (164)

with the second and third terms only present when b; # 0 and a;,; > 1 respectively. The resulting
expression is on the form presented in (163). Since we get similar expressions when differentiating
with respect to any w;, we see that (163) must hold for any multi-index s + 1, and by induction
that (163) holds for all derivatives. The positivity requirement on a; 1, ...a;q holds since the term
with a;; — 1 in the exponent above vanishes in the case where a;; = 0. Furthermore, recalling
that o > 1, we can calculate the sum of the exponents in the different terms in (164).

{r}ﬁn }aj,1+1+(aj,2+...aj7d)+bj+(a—2)=/€(s)+a—1>/€(s).

jefl,...,
min  aj1+ 14 (aj2+...a;4) +b; —2=rk(s)— L
jefl,.m}
min aj1 — 1+ (aj2+...a;q4) +b; =K (s) — 1.
je{1,...,n}

Taking the minimum over the terms above, we get that x(s+ 1) = k(s) — 1. By observing that
k (0) = |k|, it follows that

k(|k]) = k(0) — |k| = 0. (165)
Thus, by the argumentation above, DFE (1,w) € Wkl (Rd). Finally, by (162), there exists a
constant C' > 0 such that [D*K (1,u)| < C/ |u|“§| for any u € R%\ {0}. O

Proof of Theorem 2.26 (Corrected from Theorem 3.1 in [2]). By the self-similarity result in Lemma
2.24,

HD’“K(t,.)HLI(Rd):t—“T"“‘f D*K (1 wt~ a)‘dx_t—* |D¥K (1, u)| du. (166)
Rd

Hence, it suffices to show that D*K (1,:) € L* (Rd) to complete our proof. By the exponential
decay of D*K (1,w), there exists a constant Cy > 0 such that for any u € R?,

|DYK (1,u)| = U ikl ...wgde|”|aei“'wdw’ < J
R4 Rd

Combining this with our pointwise estimate in Lemma 2.25, we get that

IDK (1) sy = | (DMK (Ll dut
Bl 0 R

. @
Wi whd eIl ‘dw < Co.

|DFK (1,u)| du < V4Cy +J ¢

A\B1(0) RI\B1(0) |u] Ikl

where Vj is the volume of the d-dimensional unit ball. The last integral is finite whenever |k| = d+1,
and it follows that D*K (1,-) € L' (RY) for these multi-indices k.

When |k| < d+1, we use the Gagliardo-Nirenberg inequality (see p.125 in [21]). For any 1 < [k| < d,
there then exists a constant C' > 0 such that

~ a+1 1‘%
ID*E (1,) [ pigay < C (| DK (1,0) | 1 rey) * (15 (1) [ Rd))( ), (167)
(1,

Since ||K (1,-) /11 ey = 1 by Proposition 2.22 and | D™ K (1,-) |11 (re) is bounded by the argu-
mentation above, it follows by (167) that |D¥K (1,-) |1 (re) is bounded as well. Having shown
that D*K (1,-) e L* (]Rd) for any multi-index k, we deduce by (166) that there exists a constant
A > 0 such that

L]

|D*K(t, )] 1 ray < A,

and the proof is complete. O
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