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Abstract. The direct topographical correction is composed of both local effects and long-wavelength
contributions. This implies that the classical integral formula for determining the direct effect may
have some numerical problems in representing these different signals. On the other hand, a
representation by a set of harmonic coefficients of the topography to, say, degree and order 360 will
omit significant short-wavelength signals. A new formula is derived by combining the classical
formula and a set of spherical harmonics. Finally, the results of this solution are compared with the
Moritz topographical correction in a test area.
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1 Introduction

The geoid is frequently determined from gravity data by the well-known Stokes' formula. This
formula is the solution of an exterior-type boundary value problem, implying that masses exterior to
the geoid are not permitted in the formulation. This is achieved mathematically by removing the
external masses or shifting them inside the geoid (direct effect). The masses are then restored after
applying Stokes' integral (indirect effect).

Recognizing that a valid solution to geoid determination would occur only if there were no
masses outside the geoid, Helmert suggested that the masses outside the geoid be condensed as a
surface layer at sea level in a spherical approximation of the geoid. A discussion of some attributes
of Helmert's second method of condensation may be found in Heiskanen and Moritz (1967),
Wichiencharoen (1982), Martinec et al. (1993) and Vanicek et al. (1995).

Sjoberg (1994) suggested a spherical harmonic approach to derive the topographical
corrections. This approach has been implemented by Sjoberg (1995a, b, 19964, b, c) to the second
power of elevation H and by Nahavandchi and Sjoberg (1998) to the third power of elevation H .
The direct effect is derived at the surface of the Earth.

Two different formulas for the remove-restore problem were presented by Moritz (1980) and
Vanicek and Kleusberg (1987). Moritz (1968, 1980) examined the role of the topography to show a
relationship between Helmert's condensation reduction and the approximate solution of the
Molodenskii boundary value problem. He derived the direct effect referred to the geoid. In Vanicek
and Kleusberg (1987), the classical boundary value problem was restated and the solution was
reformulated. This reformulation led to the derivation of expressions for corrections to free-air
gravity anomalies due to the presence of masses above the geoid, i.e., the direct effect referred to the
Earth's surface. This means that the gravity anomalies corrected with their formula need a downward-
continuation correction to be used in Stokes' integral. These two classical formulas are limited to the
second power of elevation H and suffer from planar approximation. Wang and Rapp (1990) com-
pared the direct topographical effect in Moritz's, and Vanicek and Kleusberg's approaches. They



discovered a significant difference between these two methods. The difference was explained later
by Martinec et al. (1993) as being due to the fact that while Vanicek and Kleusberg's results refer to
the Earth's surface, Moritz's results refer to the geoid.

A recent description of the Stokes-Helmert method for geoid determination was given by
Vanicek and Martinec (1994). The specific problem on determining the direct effect was treated by
Martinec and Vanicek (1994), who pointed out that the classical formula may be severely biased
because of the planar approximation in the derivations.

In this paper, we will start to compare the Vanicek and Kleusberg formula, which is based
on a planar approximation, with those based on a spherical harmonic approach (a difference between
planar and spherical models). A compromise between these two methods is derived. The gravity
anomalies corrected with this combined formula are then downward-continued to the geoid by the
Poisson integral. Finally, these downward-continued gravity anomalies are compared with those
corrected with the Moritz formula for topographical correction.

2 Direct topographical correction in Stokes' formula

Nahavandchi and Sjoberg (1998) have derived a spherical model for the direct effect on gravity and
the geoid to the third power of elevation, H. The direct topographical effect on gravity at the
topographical surface of the Earth, point P, can be evaluated from Nahavandchi and Sjoberg [1998,

Eq. (20)]
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The addition theorem for spherical harmonics yields
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where P,(t) is Legendre's polynomial of order n, t = cos, ¥ is the geocentric angle between the
computation point P and the running point, and Y,,, are fully normalized spherical harmonics
obeying
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Here, P is a point on the topographical surface. It should be mentioned here that all the series in Eq.
(1) are truncated in maximum degree and order 360, and Nahavandchi and Sjoberg (1998) have
shown that to this degree and order all the series are convergent. Nahavandchi and Sjéberg (1998)
also showed that the dominant part of the power series in Eq. (1) is the second power of elevation H.
The contribution from the harmonic expansion series H3 is smaller than 9 cm everywhere. In order
to be sure of the convergence of Eq. (1), our preliminary computations show that the contributions
from H* and H® can safely be neglected (see also Nahavandchi 1998).

This harmonic presentation of the direct topographical effect is limited to the third power of
elevation H and is very simple to compute. It is free from the problems encountered in classical
integral formulas, e.g. the singularity of the integration kernels and planar approximation. However,
the harmonic expansion series of H? and H3 will include only the long wavelengths. In order to
incorporate all significant contributions from both short and long wavelengths, an expansion of
spherical representation of H2 and H3 to very high degrees is necessary, which is practically difficult
and ruins the simplicity of this method.

The classical integral formula for direct effect de- termination at point P, on the surface of
the Earth, can be approximated as (see Vanicek and Kleusberg 1987)
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where u = Gp,, G being the universal gravitational constant and p, the density of topography
assumed to be constant(2.67 g cm® ); H, Hp = orthometric heights of the running and
computation points; ¢, = \/2(1 — cosy) = 2R sin%; R= mean Earth radius; and o = the unit
sphere.

This formula was derived from a planar model taking into consideration only the far-zone
effect where £, > H , and the effect of the near zone is missing. As we will show later [see Eq. (14)],
another term which cannot be derived from a planar model is also missing in Eq. (7). This term,
which represents a correction for the sphericity of the geoid, has also been derived (called Bouguer
shell effect) in Martinec and Vanicek (1994). It should also be mentioned that the accuracy of power
series used in the integration is limited to the second-order terms in height. The classic integral
formulas are not practical for numerical computations, as they require a global integration to include
the long-wavelength information. Thus, a compromise may be in order.

Equation (1) can be reformulated as an integral similar to Eq. (7). In order to achieve this, we
first re-write Eq. (1) to the second power of H as follows:
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and (Heiskanen and Moritz 1967, p. 39)
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we finally obtain
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Comparing the classical formula of Eq. (7) with the new one of Eq. (14), we obtain the difference
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or, in view Eqg. (13)
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or, in spectral form
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This difference is significant. The first term on the right-hand side of Eq. (17) may reach as much as
0.36 mGal for H = 4 km, which cannot be neglected when a precise geoid is to be determined. It is
also evident that the second term in Eq. (17) cannot be neglected either. For a smooth topography,
this term can be approximated by
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where s, is the maximum polar radius. For example, with s, = 555 km (corresponding to a geocentric
radius of about 57) and Hp = 6 km it ranges to 0.04 mGal, which cannot be neglected for a precise
geoid determination. It should be noted that there might be some other topographic reduction errors
in high elevations that could infer that the difference in Eq. (17) is insignificant. They are not under
investigation in this study. In Eq. (14), the effect of bending the Bouguer plate into the Bouguer shell
(first term on the right-hand side) and some long-wavelength contributions (second term on the right-
hand side) are present. However, the problem with this formula is the third term, which only
considers the far-zone contributions, where £, > H. It has to be modified in some way to consider
both the far- and near-zone effects (see below).

Equation (17) shows that there are some long-wavelength differences of power H? between
the classical and the new formulas. The most likely explanation of this difference is that the classical
method suffers from the planar approximation. Hence ASA(Hp) above can be regarded as a correction
to the classical method, which leads to the formula

SA(Hp)™Y = SA(Hp)<@ssic — ASA(Hp) (18)

In order to modify Eq. (14) to consider both the far- and near-zone effects, we rewrite Eq. (1) for a
point P at the topographical surface only to the second power of H, resulting in
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Equation (19), similar to Eq. (1), can be rewritten as a surface integral (see also Sjéberg 1998)
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where £ = \/rPZ +r? —2rprcosy), and r» = R+ Hp. As it can be seen from the above

equation, the first two terms are the same as those in Eq. (14). The third term uses ¢ instead of
2 2 2 o2

£, and also an additional term — %ffa %% do is present. These differences with Eq. (14)

take into consideration both the far- and near-zone effects. Rewriting Eq. (20), therefore, Eq.
(14) is modified to
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Martinec and Vanicek (1994) divided the integration area (o) into a near zone (o) and a far
zone (o,), resulting in
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which differs from Eq. (21) by
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This difference has been evaluated in a test area in the north-west of Sweden with a height variation
between 354 and 1147 m. The maximum difference for the maximum height elevation of H = 1147
m has reached 2.31 pGal. The difference between the two methods is acceptable for a precise geoid
determination in our test area. However, it should be tested in different test areas.

3 Downward continuation of gravity anomalies by Poisson’s integral
The new formula of Eq. (21) refers the gravity anomalies to a surface with elevation H (Earth's
surface) and is free of the downward-continuation of gravity anomalies from the surface point to the
geoid. The gravity anomalies corrected by this formula thus cannot be used in Stokes' formula. The
downward continuation of these topographical corrected gravity anomalies must
first be carried out. Hence, we write

Ag® + 8A*(Hp)"™" = f(Ag™) (24)
where Ag* is the gravity anomaly on the geoid (the one which is supposed to be used in Stokes'
formula), Ag°®s is the gravity anomaly coming from the gravity observations and function f is easily

expressed (including the spherical harmonics of degrees zero and one) by the Poisson integral as
(Kellogg 1929; MacMillan 1930)

t2(1-t? Ag*
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where

Ag = Ag°s + A(Hp)™"

t =R/rand D =,/1— 2t cosy + t2. In this equation, the spherical approximation has been used.
Equation (25) can be solved in different ways; for example by a linear approximation as

Agh = Bgp — S22 Hy (26)
This linear approximation makes sense if the higher orders can be neglected, i.e. if the Taylor
series converges very rapidly.

Vanicek et al. (1996) proposed an iterative process to solve the integral of Eq. (25),
which is more accurate than the linear approximation of Eq. (26). Fortunately, the Poisson's
integration kernel vanishes quickly with increasing distance from the computation point P. This
means that it is enough to integrate Eq. (25) over a small area o, around the computation point
P, instead of the whole Earth (o). However, limiting the area of integration to o, causes an error
which is here called the truncation error. We have tested different radii of integration and found
out that a radius of integration 1, = 1°gives a truncation error of about 0.3 mGal (see also
Vanicek et al. 1996; Nahavandchi 1998). In order to achieve accurate results for the downward-
continuation correction, Poisson's kernel is also modified by minimizing the upper limit of the
truncation error (Molodenskii et al. 1960; Sjoberg 1984; Vanicek and Sjoberg 1991). Describing
Poisson's kernel by K(H,v), the modified Poisson kernel is expressed as
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where s, (r, R,,) are the unknown coefficients to be computed from the following system of
equations (see Vanicek and Kleusberg 1987):

b0 su(H, Po)em (o) = Qu(H, o), 1=0,1,...,L (28)
where
ein(o) = [, P.(cOS) Py(cosy) siny dyp (29)
and
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We have selected L = 20 in our computations.

As we are integrating the Poisson kernel over a small area o, around the computation point,
the contribution T, (P) of the rest of the world must be evaluated. Considering the smallness of this
contribution after 1, = 1°, it can be evaluated from a global gravity model (Vanicek et al. 1996) as

Ty(P) = 22y X —n(n — 1) Qu(H, ¥0) T Yo (P) (31)
where

Qn(H, o) = [, K™(H, 1, %0) P (cosy) sinyp dyp (32)

y is the normal gravity and T;,,,, are the potential coefficients taken from a global gravity model. The
modified Poisson kernel K™ in a spectral form is

2n+1 =
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The low-degree harmonics Ag, (L = 1, 20) are also subtracted from the gravity anomalies Ag at
the surface of the Earth, resulting in Agt, which is the high-frequency part of the gravity
anomalies on the topography (see also Vanicek et al. 1996). Ag, is computed from the EGM96
global model (Lemoine et al. 1997). This long-wavelength part is downward continued,
separately. Finally, the contributions from the (downward-continued) long-wavelength part and
truncation error are added to the short-wavelength part of the gravity anomaly which is
downward continued by the iterative procedures.
The iterative process begins with (see also Vanicek al. 1996)
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for the ith and jth cells, and the summation is taken over all the cells contained within the
integration cap of radius y,. The initial values are

q} =Ag, — Ty(P) — Ag, = Ag; — T4(P) (35)

where
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q= Ag — —47_[ ffg Fda (36)

Once all the individual g¥ are calculated, we can obtain the final gravity anomalies Ag* and the
downward continuation of gravity anomalies, DAg;, as

* l
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and

% l
DAg: = %y qP — T,y(P) — Ag, (38)

We end up with gravity anomalies, Ag;, which are downward continued to the geoid and can be
used in Stokes' formula.

Moritz (1980) had derived a different correction term to be applied to the gravity anomalies
due to the topography, as

UR? -3
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The topographical correction C is applied to the anomalies at points on the geoid. In order to derive
this formula for topographical correction, Moritz (1980) assumed that the gravity anomalies in a
downward continuation integral were linearly proportional to topographical height according to the
so-called Pellinen approximation. Hence, the resulting Moritz topographical correction includes the
effect of the downward continuation of gravity anomalies. This effect is, however, described
somehow approximately since the linear relationship between gravity anomalies and topographical
heights describes the reality only approximately (see e.g. Heiskanen and Moritz 1967).

Now we are in the position to compare our new formula (including downward-continuation
correction) for topographical effect with that of Moritz.

4 Numerical investigations

A test area of 1° x 1° is chosen. This area is located in the north-west of Sweden and limited by
latitudes 62 and 63°N, and longitudes 13 and 14°E. The topography in this area, depicted in Fig. 1,
varies from 354 to 1147 m.

The height coefficients (H?),,,, are determined from Eqs. (4) and (5). For this, a 30" x 30’
digital terrain model (DTM) is generated using the GETECH 5’ x 5 DTM (GETECH, 1995a). This
30" x 30" DTM is averaged using area weighting. Since the interest is in continental elevation
coefficients and we are trying to evaluate the effect of the masses above the geoid, the heights below
sea level are all set to zero. The spherical harmonic coefficients are computed to degree and order



360. The parameter u = Gp, is evaluated using G = 6.673 X 10~ 'm3kg~1s™2 and p, =
2670 kgm~3.R=6371 kmand y = 981 Gal are also used in computations. In the integral equations
a2.5'x 2.5 (GETECH, 1995b) DTM is used. It should be mentioned that this DTM is not adequate
for computing the topographical correction in practice. Denser DTM is in order. In order to avoid
leakage, height data are extended to 6° from the computation point.

First, the direct topographical correction is computed with the new formula of Eq. (21) and
applied to the gravity anomalies. This formula is limited to the second power of elevation H. Figure
2 depicts the direct topo- graphical correction with the new formula on gravity which ranges from
—25.43 to 40.35 mGal with a mean value of —1.35 mGal. It should be mentioned that these
corrections are computed at the surface of the Earth and the corrected gravity anomalies cannot be
used in Stokes' formula. We therefore investigate the downward continuation of these
topographically corrected gravity anomalies by Poisson's integral based on an iterative procedure
(see Vanicek et al. 1996). It should be mentioned that downward-continuation procedures are
implemented with the point values rather than mean values for the Poisson integral. In order to reduce
the effect of leakage of the data coverage for the integration caps, the integration area is increased
6" in each direction, so that the area for which the downward continuation would actually be
computed is 13° x 13°. However, to escape from the edge effect (the effect of leakage of the data
coverage along the edge of the test area), the original 1° x 1° test area is used at the end. The
prescribed limit of convergence in the iterative process is 10 pGal in Tchebyshev's norm. The
potential coefficients used in this study are taken from the EGM96 model.
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Fig. 1. Presentation of topography in the test area [m]

The truncation error is computed in the test area according to Eq. (31). This error reaches at
most 5.6 mm. The effect of truncation error on gravity anomalies ranges from —0.21 to 0.25 mGal.
As our gravity anomalies are in discrete 6’ x 10’ cells, instability of the downward continuation has
not posed any problem in our study. The given iterative scheme has converged after 12 iterations.
Figure 3 shows the differences between gravity anomalies on the topography and on the geoid. The
differences range from —33.65 to 59.56 mGal with a mean value of 3.29 mGal. We are now in the



position to compare the gravity anomalies corrected by the new formula (including downward-
continuation correction) with gravity anomalies corrected by the Moritz formula [Eq. (39)]. Figure
4 shows the direct topographical effect on gravity using the Moritz formula. It ranges from 0.58 to
19.23 mGal with a mean value of 10.35 mGal.
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Fig. 2. Direct topographical correction on gravity computed by the new formula. Contour interval 5 mGal
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Fig. 3. Differences between topographically corrected gravity anomalies on the topography and on the geoid [mGal]

The direct topographical correction is also computed on the geoid. The statistics of
differences on the geoid between the Moritz and new formulas are shown in Table 1. The results
show a maximum difference of 7.21 cm with a mean value of 5.43 cm. There may be two reasons
for these differences. First, the Moritz integral formula suffers from the planar approximation and
only includes the short-wavelength contributions, while both short- and long-wavelength
information is included in our formula. Second, the Pellinen approximation is used in the Moritz
formula. The new formula for the direct topographical corrections treats the effect of the downward
continuation more precisely. Nahavandchi (1998) showed that the difference between an accurate
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treatment by Poisson's integral and the Pellinen approximation for the downward continuation of
gravity anomalies on the geoid reaches 4.28 cm (the test area was the one of the present study).

BT[]
:
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Fig. 4. The direct topographical correction on gravity computed by the Moritz formula. Contour interval 1 mGal

Table 1. Statistics of differences between the topographical correction on the geoid
by the new expression and by the Moritz formula (cm)

Min Max Ave SD

215 7.21 543 3.11

4 Conclusions

The direct topographical effect in gravimetric geoid determination is composed of both local effects
and long-wavelength contributions. This implies that most classical formulas may have some
numerical problems in representing of these long-wavelength contributions. The classical formula
of Eq. (7) requires that the integrated area covers most of the globe to include the long wavelengths,
while a pure set of spherical harmonics, Eq. (1), truncated to, say, degree 360, will not contain the
local details. We conclude that Eq. (21) may be a suitable compromise between the local contribution
[represented by the classical formula of Eq. (7)] and the set of spherical harmonics in Eq. (1). The
results of comparison with Moritz topographical correction show some differences at the centimeter
level. A mean difference of 5.43 cm is computed in the test area. There may be two reasons for these
differences: more precise treatment of the downward continuation correction and the inclusion of the
long-wavelength information in the new formula. Finally, it should be stated that our results are
approximately the same as those obtained from the Martinec and Vanicek (1994) formula. However,
there are significant differences with the Vanicek and Kleusberg (1987) formula.
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