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Abstract

With increasing adoption of autonomous vehicles, so does the safety requirements
of such systems increase. An essential factor in guaranteeing safe operations is
good estimates of the extrinsic parameters of sensors, that being the position and
orientation of the sensor. However, most of current calibration methods are costly
both in time and money. Additionally, the orientation of a sensor may change
slightly over time or with differing temperatures and levels of humidity. Common
methods for data-driven extrinsic calibration often require infrastructure like cal-
ibration plates or use algorithms only applicable to that specific sensor. By develop-
ing an algorithm for automatically calibrating the extrinsic parameters of cameras
this project tests combining Structure from Motion-algorithms with Hand-Eye Cal-
ibration solvers for the purpose of providing as-good-as-human accuracy for the
orientation of ship-mounted cameras, while at the same time keeping the com-
plexity of the problem formulation low. The novel pipeline and tests are imple-
mented in Python. The problem of estimating the full extrinsics was simplified to
only the orientation, due to the position of ship-mounted sensors generally being
known with higher accuracy than the orientation. Through tests with both syn-
thetic and real-world data, an ability to discern the orientation of cameras with
high precision is demonstrated. The results are achieved requiring only ship poses
and image streams as input to the developed method, and the algorithm demon-
strates some robustness in simulations. The report describes the mathematical
requirements of the input data for the Hand-Eye Calibration solvers to converge,
and documents how the negative effects of failing to meet these requirements can
be mitigated in the specific case of ship-mounted cameras. Discussion on the dif-
ferent parts of the algorithm pipeline concludes that iterative optimization with
a cost-function inspired by the work of Park and Martin to yield best results, but
more in-depth analyses should be performed to strengthen this finding. Further
work on the topic of optimal data selection is motivated and discussed.
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Sammendrag

Med økende bruk av autonome fartøy vil sikkerhetskravene til slike systemer også
øke. En viktig faktor for å kunne garantere sikker drift er gode estimater av “ex-
trinsic” kalibreringsparametre, hvilket beskriver posisjonen og orienteringen av
sensorer på fartøy. De fleste metodene brukt i dag for å finne disse parametrene
tar lang tid og er kostnadsrike. I tillegg kan orienteringen til sensorer endre seg
over tid og som følge av endringer i temperatur eller luftfuktig. Dette motiverer
bruken av metoder som utfører kalibreringen fortløpende, men eksisterende met-
oder for datadrevet kalibrering av “extrinsic” parametre krever spesiell infrastruk-
tur eller bruker algoritmer som kun kan brukes på én spesifikk type sensor. Gjen-
nom å utvikle en algoritme for å automatisk kalibrere “extrinsic” parametre for
kamera montert på skip tester dette prosjektet kombinasjonen av “Structure from
Motion”-algoritmer med metoder for å utføre “Hand-Eye Calibration”, med mål
om å oppnå estimater for kameraenes orientering med lik presisjon som manuell
måling oppnår. Dette gjøres samtidig som metodikken holdes så enkel som mu-
lig. Algoritmen og tester er implementert i Python. Valget om å forenkle problem-
stillingen til å kun estimere orientering ble begrunnet ved at posisjonen til sensorer
på skip ofte er kjent med mye høyere nøyaktighet enn orienteringen. Gjennom
tester som bruker både syntetisk og ekte data viser algoritmen en evne til å es-
timere kameras orientering med høy presisjon. Algoritmen krever kun skipsdata
og bildestrømmer som inn-verdier for å oppnå resultatene, og den viser noe robus-
thet i simulasjoner. Rapporten gir matematiske krav som dataen må oppfylle for at
“Hand-Eye Calibration”-løserene skal konvergere, og dokumenterer hvordan kon-
sekvensene som følger når data ikke oppfyller disse kan minskes. Designvalg på
de forskjellige delene av algoritmen diskuteres og det konkluderes med at iterativ
optimering av en kostnadsfunksjon inspirert av arbeid av Park og Martin gir best
resultat. Forslag til videre arbeid på problemstillingen om optimalt valg av data
diskuteres og motiveres.
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Chapter 1

Introduction

Of the research being done on autonomous systems, the case of autonomous ships
has shown to be both worthwhile academically and strongly motivated by the
industry. Norway, with its rich history of seafaring, has seen several recent projects
on semi- or fully autonomous ships in use in the industry. Yara Birkeland, Asko
Maritime and the startup Zeabuz are examples of such ventures. While the radar
historically has been one of the most important sensors in safe marine operations,
recent advances in computer vision have enabled the use of the dense camera-data
in autonomous systems.

The high amount of research on situational-awareness and robots which model
their surroundings, as well as methods in autonomy applying sensor-data to make
decisions, point to the importance of accurate calibration of these sensor-systems.
All types of sensors have specific sets of parameters which must be calibrated
with methods specific to that type of sensor. One important set of calibration-
parameters relevant to all use-cases and calibrated more or less the same way for
all sensors are the extrinsic parameters, meaning the relative position and orient-
ation of the sensors. The extrinsic parameters are key to successfully interpreting
sensor-data in a way that represents reality. To illustrate its importance, consider
an autonomous car with side-mounted distance sensors. If the sensors are angled
differently than assumed, the control system could end up interpreting a danger-
ously close vehicle as being at a safe distance.

One popular method for performing calibration of extrinsic parameters for a
camera mounted on a robot arm involves solving the Hand-Eye Calibration prob-
lem. This is a mathematical equation for which the unknown parameter is the ex-
trinsic calibration [1]. The formulation is simple and concise, being based only on
a handful of mathematical equalities. Research has shown some Hand-Eye solvers
able to get estimates of the extrinsic parameters as close as within 0.1◦ and 2 mm
of the ground truth parameters in optimal controlled experiments [2]. The prob-
lem was first formulated in 1989, and research has since then mostly focused on
methods to solve the problem with higher accuracy or lower runtime [2, 3]. The
mathematical properties required of input data to yield the extrinsics observable
has been known for quite some time [1, 4], but authors provide mostly general
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2 Daniel Bjerkehagen: Automatic extrinsic calibration

guidelines rather than optimal strategies for selecting data in large datasets. Fur-
ther, most research on the topic relies on the use of geometric calibration targets
to reconstruct the camera motion to the correct scale.

The problem of estimating camera motion is a problem of interest in computer
vision, and multiple algorithms exist for reconstructing the motion of a camera
even when a calibration target is unavailable [5]. Such methods often rely on
feature-detection and -tracking algorithms, and have become widely successful
due to a number of impressive results like SLAM and VO.

Methods exist for combining structureless camera motion estimation with the
Hand-Eye calibration formulation, notably the method developed by Andreff et
al. [4], but most other Hand-Eye solvers assume scale of the camera motion is
known. For the case of ship-mounted sensors, work has been done on automat-
ically finding the extrinsics of the camera relative a sonar [6]. Roy et al. [7] use
sensor egomotion reconstruction from a vessel with planar movement to estim-
ate the extrinsic parameters through maximum a posteriori estimation method.
To the authors knowledge, no research exists on the topic of using a camera ego-
motion reconstruction algorithm as data-baseline for extrinsic calibration of ship-
mounted sensors using the Hand-Eye Calibration problem formulation.

By identifying the components of the Hand-Eye calibration problem with meas-
urements available when cameras are rigidly mounted on ships, this project tests
a novel algorithm pipeline for estimating the camera extrinsics using only images
and measurements of the ship’s position and attitude as input to the algorithm.
The presented pipeline is thereby purely data-driven. The report also addresses
some challenges when using ship-data for Hand-Eye Calibration, and a qualitative
way of measuring the excitation in data for the purpose of Hand-Eye Calibration
is presented.

In many applications, including marine operations, the position of a sensor
is known with high precision due to extensive surveys done both before launch
and during the lifetime of the ship. Finding good estimates for the orientation
of the sensor, however, is not as easy. Due to this fact, and the fact that the de-
veloped pipeline works better on pure orientation-estimation, a simplification of
the problem is made by not considering calibrating the position of the sensor.



Chapter 2

Theory

2.1 Basic mathematical concepts and objects

2.1.1 Frames and Conventions

Coordinate frames are used to represent orientations of rigid object as well as de-
scribing the rotation of vectors between multiple rigid objects. For 3-dimensional
space defining the coordinate system A is done by defining three orthonormal
vectors, or axes, (xA,yA,zA) centered at an origin OA. With this, any point may be
defined relative frame A as a unique linear combinations of the three axes.

Further, if three new orthonormal vectors are defined as a linear combinations
of the coordinate axes of frame A one may define a second coordinate frame. Nam-
ing this system B, defining its origin OA

B and collecting its axes into the columns
of a matrix RAB as in Equation (2.1), orientation and position of B relative A has
successfully defined numerically.

RAB =



xA
B yA

B zA
B



 (2.1)

Notation

In this project, the following notation is adherred to when it comes to the notation
of coordinate frames and similar mathematical objects.

• Any non-scalar object is given in bold. v,A.
• Vectors are written in lowercase, matrices in uppercase.
• The coordinate system for which a vector is defined in is superscripted. va

• Coordinate transforms are given on the form Hab, being understood as either
a matrix finding the coordinate expression in coordinate system “a” of a
vector given in coordinate system “b”, or as the pose of coordinate system
“b” relative system “a”.

3
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• TThe angle-axis representation of orientations is denoted with θ as the
angle, a as the unit-norm axis, and ω= θa.

The following describes different ways to define commonly used coordinate
frames which are relevant for this project.

The Body Frame

For vessels a common practice when defining a coordinate system rigidly attached
to the ship is to define the X-axis pointing foreward along the bow, the Z-axis to
be pointed downwards and the Y-axis to complete the right-handed coordinate
system [8]. This coordinate frame is simply dubbed the body frame.

The Camera Frame

Some users [9–11] prefer to define the Z-axis of cameras to point along the op-
tical axis, the Y-axis to point downwards along the camera body and the X-axis to
complete the right-handed system. Others, however, prefer to have the X-axis be
pointed along the optical axis, the Z-axis pointing upwards, and the Y-axis there-
after.

Naming the conventions “A” (Z along optical axis, Y down) and “B” (X along
optical axis, Z up) respectively, Equation (2.2) relates the two through a rotation
matrix.

RAB =
�

xA
B yA

B zA
B

�

=





0 −1 0
0 0 −1
1 0 0



 (2.2)

For marine operations where the body-coordinate system often is defined with
the X-axis foreward and the Z-axis downwards, some might find it intuitive to
define the camera coordinate frame equivalently. Therefore, a third convention
is to have the X-axis points along the optical axis, the Z-axis pointed downwards
and the Y-axis completing the coordinate system. The transformation relating this
convention, “C”, and convention “A” is given in Equation (2.3). An illustration of
all three camera frame conventions is given in Figure 2.1.

RAC =
�

xA
C yA

C zA
C

�

=





0 1 0
0 0 1
1 0 0



 (2.3)

2.1.2 Homogeneous Transforms

Pairing a rotation matrix and a translation vector allows for representing the pose
of an object. Such a pair may be collected into a 4×4 real matrix acting on homo-
geneous coordinate vectors, at which point the matrix is called a Homogeneous
Transform (HT). This is commonly used as representation of pose in Computer
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CA B

Figure 2.1: Three common conventions for defining a coordinate frame rigidly at-
tached to a camera. In the figure, standard coloring of the axes as red=x, green=y
and blue=z is used.

Vision [10, 11]. Given an orientation and position of some coordinate frame “b”
relative the coordinate frame “w”, Rwb and twb, the Homogeneous Transform mat-
rix is constructed as in Equation (2.4). The inverse of a Homogeneous Transform
matrix is given as Equation (2.5).

Hwb =

�

Rwb twb
01×3 1

�

(2.4)

H−1
wb = Hbw =

�

RT
wb −RT

wbtwb
01×3 1

�

(2.5)

Poses are elements of the rigid motion group SE(3), and therefore HTs are a
representation of SE(3)-elements. These elements, in addition to being interpreted
as objects in themself, can also represent an action over vectors. The action of HTs
over vectors transform the vectors from being defined relative one frame to being
defined relative another, see Equation (2.6).

Hwb · pb = Rwbpb + twb = pw (2.6)

2.1.3 Relative pose

The concept of a relative pose is used extensively throughout this project to de-
scribe data and its properties. Relative pose should be understood as the follow-
ing. Let Hna and Hnb be HTs describing the pose of two different frames, “a” and
“b”, relative the same coordinate frame, “n”. Frame “n” is described as a reference
frame to the other frames. The relative movement of b relative a is then computed
as Equation (2.7).

Hab = H−1
na Hnb

= HanHnb
(2.7)

Figure 2.2 illustrates the interpretation of relative pose, as defined in this pro-
ject. The reader should note that though most authors prefer to mainly consider
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HTs as the action on vectors, and therefore reverse the black arrows in Figure 2.2
to signify how the HTs transforms vectors between frames, the reverse interpreta-
tion of poses as transformations of the coordinate axes is employed in this project.

Hab

Hna Hnb Hnc

Hbc

n

Figure 2.2: The relative pose between three coordinate frames, and their rela-
tionship with the reference frame

2.1.4 The SO(3) group: Properties and operations

Poses are made of a translation vector and an orientation, and the set of all ori-
entations also form a group, name SO(3). As shown in Section 2.1.1, valid orient-
ations may be construted by defining 3 orthonormal axes, but multiple simpler
parametrizations of SO(3) ezist. Most notably is the angle-axis representation and
Euler-angles [8]. For a matrix to be a orientation it is required that its columns
are orthonormal, a constraint which may be formulated as Equation (2.8).

RRT = I3×3 (2.8)

Since orientations may be represented by elements of R3×3 that satisfy a con-
straint this means the rotation matrices are elements of a manifold onR3×3 defined
by said constraint. The constraint is differentiable, which classifies SO(3) as a Lie
group [12].

Lie groups are unique in that their nature allows them to be represented by
elements of the tangent space of the group at the identity element, called the Lie
algebra. The Lie algebra is a vector space, and transforming between the Lie group,
the Lie algebra and its corresponding n-dimensional vector space is denoted by
the symbols given in Equations (2.9) to (2.12) [12]. Here, g is the Lie algebra of
the group G.
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(·)∧ : Rn→ g (2.9)

(·)∨ : g→ Rn (2.10)

exp : g→ G (2.11)

log : G→ g (2.12)

Transforming between the vector space and the group allows for certain com-
putations to be performed more easily in the vector space which then are trans-
formed into the group, instead of attempting to operate directly on group-elements.
For this reason, two further transformations seen in Equations (2.13) and (2.14)
are defined as short-hand transformations directly between the vector space and
the group.

Exp : Rn→ G, Exp(a) = exp(a∧) (2.13)

Log : G→ Rn, Log(R) = log(R)∨ (2.14)

Interestingly, elements of the Lie algebra of SO(3) are excactly the rotation
axes of those orientations.

Metrics are functions defined over some set which allows for a notion of close-
ness between two elements of the set. Defining a metric over SO(3) is then use-
ful when comparing e.g. an estimated orientation against the true value. Many
metrics may be defined over this group, but one metric of particular geometric
interpretation is the one used in [13], restated in Equation (2.15). Here, || · ||2 is
the length of a vector.

d(A,B) = || log(AT B)∨||2, A,B ∈ SO(3) (2.15)

The metric may be understood as the angle of the shortest rotation connecting
the orientations A and B.

2.2 Egomotion estimation algorithms

Multiple algorithms exist in computer vision which produce an estimate of the
movement of a camera given an ordered set of pictures. Some of the approaches to
estimate camera motion include Simultaneous Localization and Mapping (SLAM),
Visual Odometry (VO), and Structure from Motion (SfM). These methods are uni-
fied under the term “camera egomotion estimation” [5]. Egomotion algorithms
often produce, in addition to the camera motion, an estimate of the geometric
structure in the scene captured by the images. What follows is a short summary
of the techniques enabling these methods.

Estimating egomotion is often based on tracking points or parts of an image
between subsequent frames for which the same point or part is visible. This cre-
ates a distinction between what is called “direct” and “indirect” methods. Direct



8 Daniel Bjerkehagen: Automatic extrinsic calibration

methods are categorized by tracking all or nearly all pixels of each image to estim-
ate camera motions. Indirect methods first extract geometric “features” and then
track the movement of these between pictures [14].

Given the tracks of points across multiple images, the next step is often to
estimate the camera motion based on these tracks. Assuming the observed points
are static relatibve the environment allows for geometric and numeric methods for
estimating the camera motion. Examples include using the properties of projective
cameras to restrict the set of possible camera motions given the observed tracks
by applying “epipolar geometry”, as well as finding the optimal linear movement
given two closely related images [15].

Lastly, most methods refine the initial camera egomotion estimates through
softly enforcing some sort of constraint, for instance minimizing the reprojection
error in a bundle adjustment scheme or requiring points to have static positions
in the reference frame [14].

2.3 Hand-Eye Calibration

2.3.1 History

The “Hand-Eye Calibration problem” originates in robotics, being the issue of find-
ing how a sensor, often a camera, is mounted rigidly relative an end effector. The
problem is often attributed to be studied first by Shiu et al. in 1989 [1]. Since
then many papers have been written on different solution techniques to recover
the extrinsic parameters [4, 13, 16], with research mostly focusing on improv-
ing the accuracy given better computational power. Today, numerical solutions
to the problem are implemented in open-source software like OpenCV, as well as
commercial products like Zivid’s calibration library.

A

B
X

X

Figure 2.3: Conceptual illustration of the Hand-Eye Calibration problem. The
setup consists of a camera (red), an end-effector and a calibration plate. In the
illustration, the rigid system undergoes some controlled motion.
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To understand the mathematical fomulation in Section 2.3.2, consider Fig-
ure 2.3. In the original formulation the system is attached to a robotic arm, al-
lowing for precise movement of the end effector. The setup is moved between
predetermined poses and pictures are taken of a stationary calibration target at
each pose. Employing a geometric algorithm, like the 8-point algorithm [17], the
camera movement between each picture is recovered. By combining knowledge
of the “hand”-movement with the “eye”-movement, the mathematical equivalence
presented in Section 2.3.2 may be made.

2.3.2 Mathematical formulation

Observing Figure 2.3, it can be shown that the geometry of the setup allows for
the equality in Equation (2.16) to be made.

AX= XB (2.16)
�

RA tA
01×3 1

��

RX tX
01×3 1

�

=

�

RX tX
01×3 1

��

RB tB
01×3 1

�

(2.17)

∼
RARX = RXRB (2.18)

RAtX + tA = RXtB + tX (2.19)

Here, A is the Homogeneous Transform (HT) describing the motion of the
end effector between two poses, B is the HT describing the reconstructed camera
motion and X is the unknown extrinsic parameters, also represented as a HT. The
matrices A and B are therefore the relative pose between two absolute poses, as
defined in Section 2.1.3. If these movements instead are chosen to be relative a
fixed reference frame the formulation becomes the Hand-Eye-World Calibration
problem [2], which is not considered in this project.

Multiple methods exist for finding the X which solves Equation (2.16), either
by some closed-form equation or by iterative optimization of a loss function. A
summary of select methods are given in Section 2.3.4.

2.3.3 Mathematical properties

Existence, uniqueness and degeneracy

It has been shown that to be able to uniquely determine X, the robot hand must
undergo at least two motions with non-parallel axis of rotation [18]. Additionally,
Andreff et al. show in [4] how failure to meet these conditions will results in
different indeterminate cases, depending on the nature of the performed motions.
Especially of note for this report is the case of purely planar motion, for which
Andreff et al. prove that two nonzero movements will cause the entire extrinsics
to be solvable except the height of the sensor relative the plane of motion.
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It should be noted that in the case of planar motion, there is no restriction on
the last degree of freedom. This fact can cause certain strategies for finding the
unknown extrinsics to diverge.

Selecting data for Hand-Eye calibration

The previous section outlines how yielding the Hand-Eye Calibration observable
requires only two Hand-Eye-pose pairs. For numerical estimation purposes it is
beneficial to include more data than the absolute minimum necessary. However,
it is not necessarily clear which poses the robot-arm should be commanded to
assume, as to optimize the numerical results.

In [19], Schmidt et al. present criteria for what qualifies as good data to be used
in a Hand-Eye estimation problem. If only the orientation-part of the extrinsics is
to be estimated, their criteria may be condensed to:

1. Maximize the angle between rotation axes of relative movements (influence
on error in rotation, no translation recovery possible for parallel axes).

2. Maximize the rotation angle of relative movements (influence on error in
rotation and translation).

These criteria are based on the calculation performed by Tsai et al. in [18].
Restated briefly, Tsai et al. prove how uncertainty on the data propagates more
strongly through to the estimate of the orientation when these criteria are not
fulfilled. The precise relationship between these criteria and the uncertainty of
the estimate is restated in Equation (2.20). Here, ωab and ωbc are the rotation
axes of two relative poses, while Var(ωA) and Var(ωB) are the uncertainties on
Hand- and Eye movements respectively.

Var(ωX)∝
p

Var(ωA)2 + Var(ωB)2

sin [∠(ωab,ωbc)]

√

√ 1
||ωab||2

+
1

||ωbc||2
(2.20)

2.3.4 Hand-Eye solvers

With the Hand-Eye Calibration problem formulated, and requirements of the input
data quantified, the last step is to solve the equation. Methods for finding the
matrix X which solves the Hand-Eye Calibration problem are hereby dubbed Hand-
Eye solvers, and may be assembled in two groups of two: They can be closed-form
solutions or iterative solutions, and they can be either simultaneous or step-wise
solvers [2]. For the first group, preliminary calculations are performed on the data
before a single line of mathematical calculation computes the extrinsic calibration,
for instance preparing data for- and performing a linear least squares solution.
As for the iterative solvers, techniques such as optimization or contraction are
employed to iteratively approach the solution [2]. Regarding the second group,
simultaneous solvers find both the orientation and position of the sensor at the
same time while step-wise solvers solve for the orientation first and then use that
estimate to compute the position.
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For this project, only the orientation of the camera is of interest to estimate.
This means only part of the full Hand-Eye equation needs to be solved, and the
relevant term is restated in Equation (2.21) for simplicity.

RARX = RXRB (2.21)

Below, a selection of Hand-Eye solvers are presented.

Park-Martin

In their 1994 paper, Park and Martin propose a technique for solving the Hand-
Eye Calibration problem [13]. Their method differs from the methods presented
in the first Hand-Eye papers [1, 18] in the sense that instead of being derived from
geometry, Park and Martin’s solution technique is derived using group theory. The
technique provides a step-wise closed form solution, but the method can also be
formulated as a step-wise iterative optimization.

Consider first the following mathematical properties, for which the authors
provide proofs.

Property 1: log
�

XBXT
�

= X log (B)XT

Property 2: X log (B)XT = (XLog (B))∧

By these two properties, it is clear the rotational Hand-Eye Equation, Equa-
tion (2.21), may be reformulated into Equation (2.22).

RXLog (RB) = Log (RA) (2.22)

Further, Park and Martin derive the closed-form solution of Equation (2.22)
to be RX = (MTM)−1/2MT, where M is as shown in Equation (2.23).

M=
∑

i

Log
�

RBi

�

Log
�

RAi

�T
(2.23)

The equality in Equation (2.22) can be understood as the following: Changes
in the orientation of the camera is directly linked to how the ship changes orienta-
tion. Meaning, all rotation performed by the camera must stem from some rotation
of the ship, and the two are linked numerically through the extrinsic parameters
of the camera.

Andreff-Horaud-Espiau

The authors Andreff, Horaud and Espiau present in their 2001 paper an alternative
formulation of the Hand-Eye Calibration problem, which recasts the problem as a
linear equation from which the scale of camera movements also may be estimated.

The formulation uses the Kronecker product, defined in Equation (2.24), and
matrix vectorization, defined in Equation (2.25), as well as properties of these.
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A⊗B=





a11B · · · a1nB
...

. . .
...

am1B · · · amnB



 (2.24)

vec(A) = [a11, . . . , am1, a12, . . . , am2, . . . , amn]
T (2.25)

Property 3: vec(AXB) = (BT ⊗A)vec(X)
Shuffling Equation (2.21) and applying vectorization and property 3 allows

for rephrasing the rotational Hand-Eye Calibration problem as Equation (2.26).

RARX = RXRB

RARXRT
B = RX

vec(RARXRT
B) = vec(RX)

(RB ⊗RA)vec(RX) = vec(RX)

(I9×9 −RB ⊗RA)vec(RX) = 09×1

(2.26)

The authors show how the same method can be applied on the translational
part of Equation (2.16), while including a factor for unknown scale of the camera
movement to form Equation (2.27). This does, however, require flipping the Hand-
Eye problem so that the A matrices represent camera movements, and B matrices
are the arm movements, meaning the estimated extrinsic is inverted. Also, Andreff
et al.’s definition of the Kronecker product is the transposed of the definition used
in this report. Their derivations lead to the linear formulation in Equation (2.27),
which is dubbed AHE simultaneous in this report. AHE from the three authors and
simultaneous as it solves for both orientation and position at the same time.

�

I9×9 −RB ⊗RA 09×3 09×1
tT
B ⊗ I3×3 I3×3 −RA −tA

�





vec(RX)
tX
λ



=

�

09×1
03×1

�

(2.27)

Iterative optimization

The general problem of iterative optimization is often formulated in the frame-
work of a nonlinear least squares optimization problem. One popular all-round
solver is found in the open-source Python library SciPy [20], where the optim-
ization problem is defined as seen in Equation (2.28). Here, fi is named the ith
residual, x are the optimization variables, F(x) is the cost function and ρ(·) is
some weighting function.

minx F(x) =
1
2

∑

i

ρ( fi(x)
2) (2.28)

When using nonlinear least squares solvers to minimize error related to the
Hand-Eye Calibration problem, the sum over i in Equation (2.28) is the sum over
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all Hand-Eye movement pairs (Ai ,Bi). A collection of different pertinant choices
for the residual function when attempting to solve the Hand-Eye calibration prob-
lem is presented below.

Park and Martin’s approach [13] to solving the Hand-Eye calibration problem
is itself a least squares solution, so one can expect a cost-function made of the
terms in their method to do well. The residual can be seen in Equation (2.29),
and is directly reflecting Equation (2.22).

fi(x) = RxLog(Bi)− Log(Ai) (2.29)

Similarily, the AHE closed-form solution involves finding the null-space of a
matrix, see Equation (2.26). This can be compared to minimizing a strictly positive
function, and may then be formulated as the residual in a cost-function seen in
Equation (2.30).

fi(x) = (I9×9 −RB ⊗RA)vec(RX) (2.30)

Having defined a metric over SO(3) in Section 2.1.4, an alternative resid-
ual for solving the Hand-Eye Calibration problem can simply be the difference
between the terms in the Hand-Eye equation, Equation (2.18). This is seen in
Equation (2.31).

fi(x) = Log
�

�

RA,iRX

�T �
RXRB,i

�

�

(2.31)

Note how all the presented residuals return vectors while the framework in
SciPy requires each residual to be a scalar function. One can solve this by returning
the norm of fi , or simply returning the vector residual as three seperate residuals.
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Method

3.1 Hand-Eye formulation for ships

The goal in this project is to estimate the orientation of ship-mounted cameras.
Modern ships have advanced sensor-suites fusing GNSS measurements with inertial-
and attitude measurements, meaning the ship’s pose is available frequently and
with high accuracy. Further, as explained in Section 2.2, there exists several al-
gorithms which estimate camera egomotion in surroundings without a calibration
plate, with the downside of the reconstructed motion having unknown scale.

With these two facts in place, it is possible to recognize that modern ships with
rigidly mounted cameras have all the data necessary to formulate a fitting Hand-
Eye Calibration problem, with the solution being the unknown extrinsics. The
ship’s attitude and position sensor gives data analogous of the “hand” movements
in Section 2.3 and the aformentioned egomotion algorithms give the scaleless
“eye” movements. This formulation is presented in Equation (3.1). Here, the λ
represents the unknown scale factor of the reconstructed motion required to map
translations into the same scale as the ship-movements.

AX= XB(λ) (3.1)

Further, Equation (3.1) may be expanded into Equation (3.2), seperating es-
timation of the orientation and position of the camera, RX and tX.

AX= XB(λ)
�

RA tA
01×3 1

��

RX tX
01×3 1

�

=

�

RX tX
01×3 1

��

RB tBλ

01×3 1

�

∼
RARX = RXRB

RAtX + tA = RXtBλ+ tX

(3.2)

A conceptual illustration of the setup is shown in Figure 3.1.

15



16 Daniel Bjerkehagen: Automatic extrinsic calibration

X

X
B(λ)

A

Figure 3.1: Conceptual illustration of the Hand-Eye Calibration problem for the
case of a ship-mounted camera. Note the variable λ representing the unknown
scale factor, and how a feature detection algorithm must be employed instead of
a calibration plate, with a detected landmark represented as a star.

3.1.1 Mathematical derivation

As explained in Section 2.3.2, the matrices A and B in Equation (3.1) are relative
poses. This subsection shows more concretely how these are computed for the case
of a ship-mounted camera, as well as the mathematical derivation of the Hand-Eye
calibration problem for the case of ship-mounted cameras.

For a ship with with high-accuracy navigational units, Hnb(t) is denoted as
the pose of the body-frame relative North-East-Down (NED) at time t and Hmi(t)
as the pose of sensor i relative the unknown mediary frame output by an ego-
motion algorithm for the picture taken at time t. Then given two timestamps,
(tp, tq) such that tp < tq, these relative movements are calculated as follows in
Equation (3.3). It is required that tp be a strictly earlier point in time than tq, since
the case of tp = tq causes the relative motion to be the identity, which contains
no useful information.

Hb,pq =
�

Hnb(tp)
�−1

Hnb(tq) := Apq

Hi,pq =
�

Hmi(tp)
�−1

Hmi(tq) := Bpq

(3.3)

Denoting Hbi as the extrinsic calibration of camera i, Equation (3.4) shows
how the Hand-Eye calibration problem in fact may be derived given the available
measurements.
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I= I

GG−1 = HH−1, ,∀ G,H ∈ SE(3)

Hnb(tq)Hbn(tq) = Hnb(tp)Hbn(tp) ,∀ tp ̸= tq

Hnb(tq)HbiHin(tq) = Hnb(tp)HbiHin(tp) ,Hbn(tp) ·
Hbn(tp)Hnb(tq)HbiHin(tq) = HbiHin(tp) , · Hni(tq)

Hbn(tp)Hnb(tq)Hbi = HbiHin(tp)Hni(tq)

H−1
nb (tp)Hnb(tq)Hbi = HbiH

−1
ni (tp)Hni(tq)

=

ApqHbi = HbiBpq

(3.4)

It may be observed how the Homogeneous Transform Hni(t) is not a part of
the available measurements, since it is unknown how the arbitrarily constructed
egomotion reconstruction-frame alignes with NED. This can luckily be ignored
when only the orientation is to be estimated, as shown in Equation (3.5).

Rin(tp)Rni(tq) =
�

Rim(tp)Rmn

� �

RnmRmi(tq)
�

= Rim(tp)Rmi(tq) (3.5)

This shows how only the relative motion irrespective of coordinate frame
between two points in time is needed. Note also from Equation (3.4) how choos-
ing tp = tq leads to the equation Hbi = Hbi, which obviously contains no value.

With the Hand-Eye Calibration problem formulated for the case of ship-mounted
camera, the next step is to choose a Hand-Eye solver and generate estimates.

3.1.2 Some considerations when using ship-data in Hand-Eye

Formulating the Hand-Eye Calibration problem for the case of ship-mounted cam-
eras brings some specific challenges which need to be adressed. Firstly, as noted
in Section 2.3.3, the full estimation problem is degenerate when “hand” motions
are mostly planar. This is the case for ship-data and especially when the ship is
near land, where waves are less dominant on the ship movement. This poses a
challenge, as it is the times at which the ship is near land that most egomotion
algorithms have the easiest time tracking features. In this project, this is taken
care of by only estimating the orientation of the camera, which is fully observ-
able even in the case of planar data. Near-planar data will also cause numerical
instability but work such as [21] suggest the possibility of detecting and avoiding
the degenerate directions in the parameter space.

The second main concern when employing this pipeline is the missing scale
in the egomotion estimation. Much research is being done on the topic of scale
estimation, often employing deep learning to achieve this. The Hand-Eye solver
of Andreff et al. presented in Section 2.3.4 also estimates the scale, but is more
sensitive to the planarity of the data. Again, this issue may also be solved by simply
ignoring this fact and solely estimating the orientation, as done in this project.
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3.2 Algorithm pipeline

Ship position &  
attitude sensor

Single camera {i}

Ship-posesLocal coordinate 
transform

Camera-poses

A- and B- 
matrices 

Structure from
motion

Construction of 
relative motion Hand-Eye solver Extrinsic calibration {i}

Figure 3.2: Flowchart of the Automatic Extrinsics Calibration-algorithm pipeline

With the previous sections as motivation, an algorithm is presented for finding the
extrinsic calibration parameters based on nothing but acquired ship-data. The al-
gorithm is implemented in Python. What follows is an explanation of the parts of
the algorithm pipeline, as well as a summary of some questions which challenge
the validity of the given output from the algorithm. Some of these questions and
design choices are addressed, while some questions are left unanswered as poten-
tial further work.

One notable simplification is made: While the pipeline in theory supports es-
timation of the full camera extrinsics, both orientation and position, only the es-
timation of orientation is evaluated in this project. The reason for this is the fact
that the pipeline developed does not yet have a method to compensate for the
planarity and missing scale of the data, leading to unsatisfactory results concern-
ing the estimate of camera position.

3.2.1 Local coordinates

The positional data from the ship’s navigational units are often given in a co-
ordinate system preferred by the GNSS-system, like WGS84 or some geodetic co-
ordinate. The Hand-Eye formulation, however, requires translations to be given in
inertial Euclidian frames. A first step in the algorithm is to process the positional
data to construct a local tangent plane from which to define the NED-coordinate
system.

For the purposes of this project, it was decided that for the short timespans
analyzed (1-2 minutes of data at the time, see Section 4.1) the local flat-earth-
approximation is sufficient. The local tangent plane is defined with its origin at
the first datapoint. This is done for simplicity, even though an objectively less
erroneous approach is to use the middlemost datapoint as origin, thereby halving
the error. Still, considering the short timespan of the data, it was decided that
this difference is negligible. One can, however, imagine that if longer timespans of
data were used for estimation, then it would be advantageous to make a batchwise
approach where the local tangent plane is redefined for each batch.
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Figure 3.3: Example output reconstruction from the COLMAP SfM software.
Shown are camera poses in red and successfully tracked image points.

3.2.2 Structure-from-Motion

To reconstruct the motion of the camera based solely on images, an open-source
Structure from Motion (SfM) library can be used. Some examples include COLMAP [22]
and OpenSfM [9]. The implementation in this project uses the former, employing
OpenSfM to verify the reconstructions. Both libraries mentioned perform stand-
ard SfM using feature-extraction and tracking, refining estimates through bundle-
adjustment.

An example of the output reconstruction from COLMAP is seen in Figure 3.3.
The points plotted are those which the algorithm successfully tracks across more
than 3 images.

As mentioned in Section 2.2, there are multiple different ways to perform ego-
motion reconstruction. The choice to do this with SfM in this project was mostly
motivated by the simplicity, and one could just as easily implement the pipeline
with either VSLAM or VO algorithms to generate the camera poses. Still, Structure
from Motion methods generally provide higher accuracy reconstruction due to the
lack of runtime-constraints as in VSLAM or VO methods, which are often required
to run in real-time. Nevertheless, if the pipeline presented in this report is to be
extended to work in real-time or near real-time operations, it might be a good
choice to switch to a VSLAM or an online SfM algorithm. It is also possible to skip
the reconstruction frameworks entirely, and simply pick image-pairs to do pair-
wise relative pose estimation based on purely epipolar geometry. This is however
expected to give poorer but faster pose-estimates, since algorithms like SfM and
VSLAM track the scene and use the assumption of world-points being constant to
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build a consistent pose-estimate.
Another weakness of SfM as opposed to VSLAM is the lack of loop-closure

correction. One expects the SfM reconstruction to drift more over time than a
VSLAM reconstruction detecting loop-closures. Again, the short timespan of the
data used to perform analyses in this project is expected to minimize the effect of
drift.

3.2.3 Construction of relative motion

The Hand-Eye problem formulation requires the hand- and eye motions to be
pairwise relative poses. That is, the A and B-matrices fed into the Hand-Eye solver
must be “paired” in the sense that a pair (A,B) must correspond to the relative
pose of the hand and eye between the same two points in time.

When performing Hand-Eye Calibration on the setup with a camera mounted
on a robot arm, the movements of the arm may be chosen arbitrarily, allowing
for construction of a finite set of optimal movements. For real-time operations,
choosing a finite set of optimal movements is not always possible, for three reas-
ons: Firstly, the motion of the system may already be predefined by the user or the
control-system, so the calibration algorithm must work with the data it is supplied.
Secondly, if a calibration method is to be employed for datasets with a large time
horizon, the amount of data mat, over time, be too large to handle efficiently in
software. Thirdly, if the data is corrupted by noise and outliers, it may be beneficial
to pick the set of datapoints which balances most excitation and least noise.

A point of interest therefore lies in developing a strategy for choosing which
pairs of datapoints are to be combined into a single relative pose, which the Hand-
Eye Calibration is then based on. If one considers the movements Hpq and Hqp to
be equal in the eyes of the Hand-Eye Calibration, as the two movements have
the same rotation axis up to a sign difference, then for n datapoints there will
be
�n

2

�

= n!
2·(n−2)! =

1
2 n(n − 1) ∝ n2 unique data pairs to choose from. This is

problematic for the runtime of the algorithm.
For these reasons, one is motivated to have an intelligent strategy for choosing

the datapoints which make up a single relative pose, or alternatively employing
a receding horizon where old datapoints are in turn removed from the dataset.
At the same time, as long as old datapairs are consistent with new observations,
one does not wish to disregard the old datapairs if these are more strongly excited
than the new.

The simplest such strategy is to make all poses be relative the first point in
time. This is the only method employed in this project. Another choice is to pick
the datapairs which fulfill the criteria in Section 2.3.3 best.

3.2.4 Hand-Eye solvers

As briefly discussed in Section 2.3.4, there exist multiple methods of solving the
Hand-Eye Calibration problem, both analytically and through iterative optimiz-
ation. These solvers work directly on the input (A,B) motion pairs, without fur-
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ther knowledge of overarching system or structure therein. In theory, any of these
methods should work about equally well for the purpose of estimating the ex-
trinsic parameters using ship-data. In practice, however, due to the degeneracy
of the data it is expected that closed-form solvers will result in divergent or non-
sensical estimates. Loosely explained, even though the data generated by ships
aren’t exactly planar, just as dividing by a number which is very small but not
exactly zero, the closeness to degeneracy should make sensitive and bad results
expected.

3.3 A qualitative measure of Hand-Eye excitation

In Section 2.3.3, the requirements for what is considered good data for perform-
ing Hand-Eye Calibration is listed, based on calculations performed by Tsai et al.
in [18]. These guidelines are quantitative, but the strategy of movement-selection
suggested by the authors is not applicable in this project since the movements can-
not be decided ahead of time by the calibration system. A data-selection criteria
which works on any given batch of data, and which can be employed in real-time
to select the best datapairs given a stream of high amounts of noisy data would be
beneficial. Below, a qualitative method for evaluating excitation in data for Hand-
Eye Calibration is presented, with the motivation of building a rigorous optimal
data-picking strategy in the future.

How selection of data affects the propagation of uncertainty to the estimate
of camera orientation was presented in Equation (2.20). A first step towards un-
derstanding data-selection for Hand-Eye calibration is to simply see what charac-
teristics data must possess to minimize these terms present in Equation (2.20).
To this end, the data is evaluated two ways. The type 1 excitation is defined as
the size ||ωbi||, with ωbi being the orientation axis of ship-pose i. Type 2 excita-
tion is defined as | sin

�

∠(ωb,i ,ωb, j)
�

|, for any two body-orientations i and j. Due
to the fact that R(θ ,−a) = R(−θ ,a), the choice of angles and axes which yield
the smallest value for each of these metrics are chosen. Type 1 excitation is then
maximized if each relative pose has orientation-angle as close to 180◦ as possible,
and type 2 excitation is maximized if the angle between the orientation-axes of
two relative poses are as close to 90◦ as possible. The two metrics are evaluated
graphically in the next section.

If the system which is to be calibrated allows for arbitrarily choosing move-
ments, the suggested strategy by Tsai et al. is to evenly space N poses around a
regular N -sided polygon [18]. In the case of ship-mounted cameras, the biggest
concern to the integrity of the presented algorithm pipeline is the planarity of
the data. If possible, it is then advised to have the ship perform rapid turns and
braking maneuvers as to maximize roll and pitch-motion.





Chapter 4

Results

4.1 Experimental setup

It has been shown that the choice of parametrization of SO(3) can affect both the
accuracy and runtime of iterative optimization problems where the optimization
variable is an orientation [2]. For simplicity in this project, only Euler-angles were
as optimization variables in the iterative Hand-Eye solvers.

4.1.1 The datasets

For this paper, three types of datasets are used to generate the results presented.
These are: synthetic uniform, synthetic planar and real-world data. A short present-
ation of each of them follows.

Synthetic uniform

As explained in Section 2.3.3, the extrinsic parameters are only completely recov-
erable from the Hand-Eye problem when at least two non-zero movements with
non-parallel rotation axis are present. Generally, more diverse movements will
lead to better numerical properties for the closed-form solutions. For this reason,
it is logical to compare the methods against each other using a dataset containing
uniformly random data, which therefore reflects the amount of excitation when
there is no underlying structure in the data.

The synthetic uniform dataset consists of uniformly random poses sampled
from a predefined sample space. Randomly drawing positions of the ship is as
simple as drawing 3 elements from a uniform distribution limited to lie between
an upper and lower treshold. Drawing uniformly over SO(3), however, is not as
trivial. Drawing an axis and an angle uniformly does not uniformly cover the space
of all rotations, an neither does drawing Euler-angles uniformly [23]. In this pro-
ject, the method used in [24] is used for uniformly drawing orientations from
SO(3). This is the same method used as MATLAB. The poses generated are used
as ship-poses, a set of arbitrary ground truth extrinsic parameters are chosen,

23
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and the camera poses are calculated therefrom. The synthetic uniform dataset is
therefore also generated to be free of noise.

Synthetic planar

The end-goal of this project is to analyze the effect of using ship data for perform-
ing Hand-Eye Calibration. As noted earlier, data from ships are of special interest
to the problem formulation, as planar movement theoretically is a degenerate case
of the Hand-Eye Calibration problem. To eliminate factors like noise on measure-
ments of the ships pose and noise on the reconstructed camera-poses, the synthetic
planar dataset was constructed to resemble an imagined ship-dataset.

The dataset is generated as a simple motion model of a ship with constant
velocity and a random walk on the roll, pitch and yaw-angles. The random walk
on yaw additionally has a stabilizing term, meaning the ship over time will tend
to return to the origin.

An example output of both synthetic datasets may be seen in Figure 4.1
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Figure 4.1: The 15 first generated poses in the synthetic uniform and synthetic
planar datasets

Real-world data

The real-world data used for testing in this project was made available through the
research center SFI Autoship, a collaboration between Norwegian University of
Science and Technology (NTNU) and various commercial actors, including Kongs-
berg Maritime (KM) and SINTEF among others. The data was supplied by KM. Of
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the data available, the datasets selected for testing in this project are from two dif-
ferent Kongsberg Maritime research projects, hereby dubbed weakly excited and
strongly excited. The weakly excited KM dataset is from a passenger cruise ship
mounted with stereo rigs for research purposes. The large size and nature of it
being a passenger ship causes slow turning and little influence from waves on the
ship orientation, which means the dataset contains minimal of the optimal Hand-
Eye excitation outlined in Section 2.3.3. This is why the dataset is dubbed weakly
excited. The strongly excited dataset is collected from a smaller research-vessel,
and therefore contains sharper turning of the ship and more movement caused by
waves and wakes.

In both of the experimental setups, subsets of the datasets for which the ship
is in motion near land was chosen, to enable detection and tracking of features.
It is expected for feature tracking to be considerably more difficult in the case
where the ship is on open sea. Both ships from which the data was collected had
data from their respective stereo-rigs, but for simplicity in this project only data
from a single camera is considered. Further, the previously established extrinsic
parameters of each camera were available to compare against the estimates pro-
duced by the algorithm. One important point to note is that the accuracy of these
estimates are not known, making it difficult to discern whether the new estimate
or old extrinsic is closer to the actual extrinsics.

Another important point to note is that the ship pose for both these data-
sets were estimated by Kongsberg Maritime Seapath units. These units are known
for their high accuracy and good time-synchronization [25]. So although the al-
gorithm pipeline may be implemented on any physical setup, the high accuracy
of the Seapath used to generate results in this project means results may vary.

Figures 4.2 and 4.3 show examples of images in each of the datasets. Note by
looking at the horizon how Figure 4.3 show more motion than that in Figure 4.2.
Further, the reconstructed camera motion for each dataset is shown in Figure 4.4.
The reconstructed poses are plotted from above, and for clarity only every fourth
pose is plotted. Note the large jumps in the reconstructed camera-motion based
on the KM strongly excited dataset’s images.

4.2 Metrics

The following explains the metrics used to generate the results presented in Sec-
tion 4.3.

4.2.1 Comparing reconstructions

For evaluating the validity of egomotion reconstructions, a metric like the one
presented in section 3.3 of [26] can be used. A challenge is that this method re-
quires the knowledge of the ground-truth camera motion, which for this project
is unknown since the extrinsics are to be estimated. Further, the kind of method
presented in [26] does not take into account that the reconstruction frame does
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(a) Taken at 07:30:00 (b) Taken at 07:30:17

Figure 4.2: Example images from the KM weakly excited dataset

(a) Taken at 08:14:20 (b) Taken at 08:14:37

Figure 4.3: Example images from the KM strongly excited dataset

Figure 4.4: Reconstructed camera motions based on images in the KM weakly-
and strongly excited datasets. The camera-poses are viewed from above, and for
clarity only every fourth pose is plotted. The viewed reconstruction is performed
by COLMAP.
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not necessarily need to align with the reference frame of the ground truth tra-
jectory, and therefore punishes a trajectory which in theory could be completely
consistent up to a coordinate transform.

An alternative metric for evaluating correctness of reconstructions is used in
this project. Firstly, the reconstructions are not compared to the unknown ground
truth, but rather to each other by considering the relative pose between the re-
constructions at each point in time. This is calculated as in Equation (4.1).

Herr(t i) = (HCOLMAP(t i))
−1HOpenSfM(t i) (4.1)

Equation (4.1) will generally be some non-identity transformation. To meas-
ure to which degree the reconstructions drift away from each other, this project
compares the value of Equation (4.1) for different timepoints against each other.
Remembering that only the orientation is of interest in this project, comparing the
reconstruction metrics against each other is done by analyzing the SO(3)-metric
between the ith timestamp and the first. To put it simply, this metric is to be un-
derstood as the measure of drift between the reconstructions.

For comparison, a similar analysis is done for the transformation connecting
each reconstruction to the ship-orientation. The ship-poses and camera poses are
related through the assumed constant extrinsic calibration, and therefore the re-
construction metric between these should also ideally be non-drifting.

4.2.2 Error between orientations

For comparing the estimated orientation of the camera versus the old assumed
ground truth, the metric over SO(3) as presented in Section 2.1.4 is used. Recall
that this is the length of the shortest rotation connecting the orientations, and that
this metric generally does not have anything to do with Euler-angles even though
the ground truth extrinsics are given in Euler-angles. For simpler interpretation,
the angular difference is scaled to degrees.

For comparing estimated camera-orientation versus the old extrinsics, the met-
ric over SO(3) as presented in Section 2.1.4 are used. For simpler reading of res-
ults, the angular difference is scaled to degrees. To be explicit, the metric is shown
in Equation (4.2).

err=
180
π
||Log(RT

GTRest)||2 (4.2)

4.2.3 Error in the Hand-Eye equation

Since the estimation of the extrinsic parameters are based on finding a solution
to the equation AX= XB, a reasonable metric for comparing estimates is to insert
them into the equation and calculate the error between each side of the equation.
Since this project focuses on the orientation of cameras, only the rotational com-
ponents need to be analyzed with the SO(3)-metric presented earlier. The error
is averaged over all (A,B)-pairs in the dataset. For consistency, the error is also
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scaled to degrees. The physical interpretation is lost when averaging angles in this
way, but the metric is still a reflection of the error between the terms. The precise
definition of the metric is seen in Equation (4.3).

errHE =
180
π

1
N

N
∑

i=1

||Log((AiX)
T(XBi))||2 (4.3)

4.3 Figures

4.4 Analysis of the datasets

To enable a discussion of the performance of the algorithm pipeline, the validity
and properties of the input-data is analyzed first. In Figure 4.5, the camera re-
constructions are compared as outlined in Section 4.2.1 for each point in time of
the KM weakly excited dataset. Drift, measured in the way defined in this pro-
ject, is highest for the last couple datapoints, at which point it is around 25◦ for
the OpenSfM-reconstruction and about 15◦ for the COLMAP-reconstruction. Note
in Figure 4.5 how the two sets of metrics for which the COLMAP-reconstruction
is used for comparison contains the least amount of drift. For this reason, the
COLMAP-reconstruction was chosen to be used in further analyses.
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Figure 4.5: Change over time in the transformation connecting the listed sets of
poses in the KM weakly excited dataset

The qualitative method of evaluating the excitation of data presented in Sec-
tion 3.3 was performed on the four datasets, with results seen in Figures 4.6 to 4.9.
The leftmost figures show histograms of the lengths of the rotation axes for all
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poses present in the dataset. The axes are taken from the relative ship-pose at
each timestamp, and choosing to use the camera-poses leads to near identical
results. The rightmost figures are cross-plots of the sine between subsequent ro-
tation axes for each datapoint, meaning the value at row i and column j depicts
�

�sin
�

∠(ωbi ,ωb j)
��

�. Again, the choice to use ship-poses for this analysis is arbit-
rary. It should noted that the rightmost figures are symmetric about the diagonal,
which itself contains only zeros.

Figure 4.6 shows that the synthetic uniform dataset contains a high amount
of both types of excitation defined in this project. The type 1 excitation is mostly
concentrated around 180◦. The type 2 excitation of the synthetic uniform dataset
is in contrast to that of the synthetic planar seen in Figure 4.7, which contains
nearly none due to the planar motion yielding all orientation axes nearly parallel.
The obtained type 2 excitation of the synthetic uniform dataset should be expected
given how much more likely it is to randomly generate two non-parallel vectors
than it is to generate two parallel vectors.

Seen in Figures 4.8 and 4.9, both of the real-world datasets’ qualitative ex-
citation measures contain similar amounts of type 2 excitation. The structure is
also similar, with high amounts of excitation for the early timepoints, and de-
creasing excitation over time. The weakly excited dataset has seemingly smoother
transitions in the type 2 excitation between each timepoint than the strongly ex-
cited dataset. The figures also suggest that in both real-world datasets, the angle
between orientation axes are 90◦ at one or several points in time. The type 1 excit-
ation of the weakly excited dataset is mostly concentrated around the minimum
of 0◦, while the strongly excited dataset has a large spike at 80◦.
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Figure 4.6: A test of the qualitative measure of Hand-Eye excitation present in
the synthetic uniform dataset. The leftmost figure illustrates the type 1 excitation,
the distribution of rotation magnitudes of the relative poses. The rightmost figure
illustrates the type 2 excitation, the angle between each pair of relative poses.
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Figure 4.7: A test of the qualitative measure of Hand-Eye excitation present in
the synthetic planar dataset. The leftmost figure illustrates the type 1 excitation,
the distribution of rotation magnitudes of the relative poses. The rightmost figure
illustrates the type 2 excitation, the angle between each pair of relative poses.
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Figure 4.8: A test of the qualitative measure of Hand-Eye excitation present in the
KM weakly excited dataset. The leftmost figure illustrates the type 1 excitation,
the distribution of rotation magnitudes of the relative poses. The rightmost figure
illustrates the type 2 excitation, the angle between each pair of relative poses.
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Figure 4.9: A test of the qualitative measure of Hand-Eye excitation present in the
KM strongly excited dataset. The leftmost figure illustrates the type 1 excitation,
the distribution of rotation magnitudes of the relative poses. The rightmost figure
illustrates the type 2 excitation, the angle between each pair of relative poses.
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4.5 Performance of Hand-Eye solvers

In the following section, the performance of different choices of Hand-Eye solvers
in the algorithm pipeline is presented. Firstly, a baseline comparison using the syn-
thetic datasets are performed, before the solvers are compared using the weakly
excited KM real-world datasets. The figures showing the computed metrics are
box-plots showing the mean in orange, the outer 25 percentiles outside the box
and outliers as circles.

Noting the logarithmic scale on the Y-axis, Figures 4.11 and 4.13 shows that
the synthetic planar dataset results in some of the solvers to generate estimates
with higher errors than the results using the synthetic uniform dataset. It may also
be observed in Figures 4.10 and 4.12 that the closed-form solvers, being entirely
deterministic, do not yield variance in the measured metrics like the iterative op-
timization methods do.
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Figure 4.10: Comparison between choices of Hand-Eye solvers by measuring the
difference between estimated extrinsics and the old parameters, with the syn-
thetic uniform dataset as input.
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Figure 4.11: Comparison between choices of Hand-Eye solvers by measuring the
difference between terms of the Hand-Eye equation when the estimate is inserted.
The synthetic uniform dataset was used to generate the estimates.
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Figure 4.12: Comparison between choices of Hand-Eye solvers by measuring the
difference between estimated extrinsics and the old parameters, with the syn-
thetic planar dataset as input.
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Figure 4.13: Comparison between choices of Hand-Eye solvers by measuring the
difference between terms of the Hand-Eye equation when the estimate is inserted.
The synthetic planar dataset was used to generate the estimates.

With baseline results established, the same analysis was performed on the
Kongsberg Maritime weakly dataset, with results seen in Figures 4.14 and 4.15.
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Figure 4.14: Comparison between choices of Hand-Eye solvers by measuring the
difference between estimated extrinsics and the old parameters, with the KM
weakly excited dataset as input. The relatively large error from the AHE closed-
form-estimate makes the figure unreadable.
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Figure 4.15: Comparison between choices of Hand-Eye solvers by measuring the
difference between terms of the Hand-Eye equation when the estimate is inserted.
The KM weakly excited dataset was used to generate the estimates. The relatively
large error from the AHE closed-form-estimate makes the figure unreadable.

The results in Figures 4.14 and 4.15 using the KM weakly dataset are unread-
able due to the high error from the estimate generated by the AHE closed-form
method. Figures 4.16 and 4.17 display the same results, but without plotting res-
ults from the AHE closed-form method.

It is worth highlighting that the error shown in Figure 4.16 between the new
estimate and old ground truth parameters is under 2◦ for all choices of Hand-
Eye solver. In fact, the new estimates yield lower Hand-Eye error than the old
extrinsics, as seen in Figure 4.17.
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Figure 4.16: Comparison between choices of Hand-Eye solvers by measuring the
difference between estimated extrinsics and the old parameters, with the KM
weakly excited dataset as input. The figure has been excluded from plotting the
results from the AHE closed-form solver due to high errors.
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Figure 4.17: Comparison between choices of Hand-Eye solvers by measuring the
difference between terms of the Hand-Eye equation when the estimate is inserted.
The KM weakly excited dataset was used to generate the estimates. The figure has
been excluded from plotting the results from the AHE closed-form solver due to
high errors.
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Focusing on the Hand-Eye optimization solver, the different choices for resid-
ual yielded similar results, but the SO(3)-metric yielded highest variance in the
metrics but also the outer lowest error. Unlike the others, this residual was not
explicitly derived from properties of the Hand-Eye equation. It was therefore ana-
lyzed further by sketching the cost-function.

Figure 4.18 sketches the cost-function given the weakly excited KM dataset as
input. For each plot, one of the optimization variables is kept constant at the old
assumed ground truth value, as to enable plotting the cost as the height at a given
point in the parameter space. Note particularly how in Figures 4.18a and 4.18b,
how the cost is almost only dependent on changes in the ψ Euler-angle.
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Figure 4.18: Sketch of the SO(3)-metric cost-function, using the weakly excited
KM dataset as input data.
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Figure 4.19 shows the same cost-function, closer around the assumed ground
truth values and with higher resolution. Note the smoothness of the curve and the
apparent lack of multiple isolated local minima.
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Figure 4.19: Sketch of the SO(3)-metric cost-function, using the weakly excited
KM dataset as input data. The cost-function has been zoomed in around the
ground truth values.
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The distinctive shape of the cost-function was analyzed further by attempting
to eliminate the dataset as leading cause for the shape. This was done by per-
forming the same analysis on a modified version of the uniformly random dataset
where the ground truth extrinsics were all set to 0, seen in Figure 4.20. It is clear
that this cost-function, as opposed to that in Figure 4.18, looks equal for all three
Euler-angles.
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Figure 4.20: Sketch of the SO(3)-metric cost-function, using the synthetic uni-
form dataset as input data.
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An analysis was performed to see if using a dataset which in theory is more
excited may improve the estimates. Figures 4.21 and 4.22 show the same com-
parison of Hand-Eye solvers as done previously, but using the strongly excited
KM dataset. Note how the error both between the extrinsic and in the Hand-Eye
equation seemingly are higher than that of the weakly excited dataset. Note also
the high amount of outliers present in the results generated by the Park Martin
and AHE optimization functions in Figure 4.21, and how both Park-Martin solvers’
results are worse than that of the SO(3)-metric. The AHE closed-form solver once
more yielded too high errors to be included without obscuring the other results.

SO3-metric-opt Park-Martin
rotational-opt

Park-Martin
closed-form

AHE
rotational-opt

Hand-Eye solver

6.90

6.95

7.00

7.05

7.10

7.15

7.20

7.25

Er
ro

r [
de

g]

Difference between old extrinsics and estimate. 100 random initial guesses, KM strongly excited dataset

Figure 4.21: Comparison between choices of Hand-Eye solvers by measuring the
difference between estimated extrinsics and the old parameters, with the KM
strongly excited dataset as input. The figure has been excluded from plotting the
results from the AHE closed-form solver due to high errors.

Lastly, it can be argued that using the same dataset for both generating an
estimate and testing its performance is bad practice. The estimate will tend to
overfit to the data, and especially the error in Hand-Eye equation metric is there-
fore expected to be low. To test for this, a run of comparing the different Hand-Eye
solvers was performed were every second datapoint was used for estimating and
every other datapoint was used for calculating the metrics. This way, estimation
and evaluation was separated. This was performed with the KM weakly excited
dataset, due to reliable results using this dataset earlier in this section.

The results may be seen in Figure 4.23. Comparing the result from splitting the
dataset with the results from not doing so, Figure 4.17, the computed errors are
about 3 times higher when splitting the dataset. The error is still somewhat lower
than the results obtained when using the old extrinsics as input to the metric.
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Figure 4.22: Comparison between choices of Hand-Eye solvers by measuring the
difference between terms of the Hand-Eye equation when the estimate is inserted.
The KM strongly excited dataset was used to generate the estimates. The figure
has been excluded from plotting the results from the AHE closed-form solver due
to high errors.
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Figure 4.23: Comparison between choices of Hand-Eye solvers by measuring the
difference between terms of the Hand-Eye equation when the estimate is inserted.
Every second datapoint of the KM weakly excited dataset was used to generate
the estimates, and every other datapoint was used to calculate the metrics.
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Discussion

5.1 Validity of reconstructions

When comparing the reconstructed camera poses with each other and with the
movement of the ship, it was shown in Figure 4.5 that the reconstructions drift
up to 25◦ over time. The COLMAP-reconstruction seemed to drift less, with error
around 15◦. The large amount of drift is expected to affect the accuracy of the
Hand-Eye solvers. At the same time, it should be noted that the Hand-Eye solvers
yield satisfactory results even with the drift present. The metric used for generat-
ing these results is not a proven method, and it may be erroneously representing
the drift as worse than it actually is, if it was compared to the ground-truth camera
poses. This last point is especially of interest when observing how all three sets
of comparisons in Figure 4.5 have the same general shape, a fact one would not
expect if these were truly independent. As discussed in Chapter 3, steps to minim-
ize this drift in further work could be to use a VSLAM-method, potentially aided
by the ship-measurements, as well as choosing shorter timespans when selecting
batches of data to use in the estimation.

5.2 Using the qualitative measure of excitation

The presented qualitative measure of Hand-Eye excitation was tested on all four
datasets used in this project. The results in Figures 4.6 and 4.7 showed high
amounts of type 1 excitation for both synthetic datasets, while type 2 excitation
was shown to be higher in the synthetic uniform than the synthetic planar data-
set. These results accurately reflect the behaviour of the datasets, in that both the
planar and uniform datasets are expected to have a good spread of poses, but the
planar dataset only contains poses in the plane. This last point may be quickly
identified by observing the rightmost plot of Figure 4.7, where the lack of any
color reflects the parallel orientation axes.

The results obtained using the real-world datasets in Figures 4.8 and 4.9 simil-
arly displayed expected results regarding the type 1 excitation. The weakly excited

43
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dataset resulted in a histogram of angles shifted further away from the theoretical
optimum of 180◦ than the strongly excited dataset did. The fact that the results
reflect the intuitively expected outcome corroborates the presented method for
evaluating the type 1 excitation present in datasets.

When it comes to using the presented method to evaluate the type 2 excit-
ation present in the datasets, the results obtained with real-world data are not
as consistent with intuition. Both real-world datasets display similar amounts of
type 2 excitation, which is measured to be highest in the early datapoints and
decreasing with time. The expected result would be for the weakly excited KM
dataset to show lower type 2 excitation than the strongly excited. The fact that
the excitation decreases over time is also dubious.

One potential source of this error could be the following: Since ship-movements
are generally smooth, poses near each other in time will be very similar. When
all the relative poses are computed relative the first pose, the first few poses are
expected to have very small rotations due to them being so similar to the first. Nu-
merical instability of the SO(3)-logarithm about the identity could lead to small
rotation axes, whose direction are easily affected even by weak noise. This could
then be the cause of the rotation axes seemingly being at an angle of 90◦ rel-
ative each other for the first few datapoints, even though the actual orientation
difference is very small due to the vectors having such small lengths.

This source of error could be attempted to be compensated for in further work
by finding some other mathematical expression for evaluating the angle between
rotation axes which foregoes computing the SO(3)-logarithm.

It is expected for these results to change if the strategy for computing relat-
ive poses is changed, but without further theoretical frameworks to lean on it is
difficult to predict exactly how. Choosing to use ship-measurements over camera-
reconstructions as a baseline for these figures is only expected to change whether
noise in the measurements or reconstructions are allowed to corrupt the results.

Nevertheless, it is clear that the weakly excited KM dataset is less excited than
the synthetic uniform dataset, when evaluation of excitation is performed in the
way presented in this report. The results obtained with the weakly excited KM
dataset may then be interpreted as worst-case results, and that employing this
pipeline on a system with higher possibility of excitation than the large cruise-
ship in the weakly excited dataset should lead to better results, given that levels
of noise between them are comparable.

5.3 Choice of Hand-Eye solvers

The comparison of Hand-Eye solvers on the synthetic datasets in Figures 4.10
to 4.13 showed all tested Hand-Eye solvers to perform more than adequately on
the noise-free and highly excited synthetic uniform dataset, with slightly worse,
but still acceptable, results on the noise-free synthetic planar dataset. This proves
the Hand-Eye solvers to be functional for this project and shows a theoretical up-
per limit to performance one can expect. This conclusion is not a surprise, how-
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ever, since all the solvers except the SO(3)-metric are proven methods in literat-
ure. The results on the synthetic datasets also give a pointer to how much the
performance is expected to decrease when using a dataset consisting of mainly
planar poses.

Inputting the worst-case weakly excited KM dataset with COLMAP-reconstruction
gave resulted in an error between old extrinsics and the estimate of about 2◦, and
none of the methods provided a singular lower estimate than the SO(3)-metric.
The results in Figures 4.16 and 4.17 show expectedly worse performance than that
achieved using the synthetic planar dataset, as the real-world dataset is corrupted
by both noise on the ship-measurements, drift in camera egomotion reconstruc-
tion and simplifications like the flat-earth approximation made in the pipeline.

The AHE closed-form solution diverges when used on the weakly excited KM
dataset. This is an expected result due to the nature of it being a simultaneous
solver means the rotational estimate diverges as the solver at the same time tries
to estimate the unobservable height of the camera. This point is supported by
the fact that the purely rotational AHE optimization solver does not diverge. An
unexpected result, however, is that the AHE simultaneous solver does not diverge
for the synthetic planar dataset, as seen in Figures 4.12 and 4.13. No further
analyses were performed to attempt explaining this phenomenon, but one possible
explanation could be that the AHE-solver just barely tackles the planarity in the
synthetic planar dataset, but fails when the planarity is in combination with the
noise and drift found in the weakly excited KM dataset. This is just conjecture
however, and the exact cause of this inconsistency should be further explored by
analyzing the outputs of the AHE simultaneous solver more closely.

For future work in real-time operations, robustness and consistency of estim-
ates is more important than marginally lower errors. The results in this project
then suggests that use of iterative optimization solvers, which to a lesser degree
diverges for degenerate data, is preferred. Of the tested residuals, the Park Martin
rotational residual and AHE rotational residual provide the results with least vari-
ance, a property which yields robustness in real-time operations. Further, the Park
Martin residual also has a closer connection to the qualitative measure of excita-
tion, in that the residual features the rotation axes of the poses. It may therefore
be advantageous to see if a closer and more concrete connection between excit-
ation and the solver’s estimates may be made. One the other hand, the results
from using the seemingly outlier-prone KM strongly excited reconstruction in Fig-
ure 4.21 may point to the Park Martin-residual being more sensitive to noise in
input-data, an undesirable trait for robust real-time use.

5.3.1 Validity of comparisons

In this project, error bounds on the supposedly ground truth extrinsic calibration
was not known for the real-world data. A consequence of this is that when the
estimate generated by the pipeline is shown to be within 2◦ of the ground truth,
it is not possible to know if this error is due to a wrongly generated estimate or if
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the ground truth is 2◦ off from the actual orientation.
The second metric evaluated, the error between Hand-Eye terms, was an at-

tempt to alleviate this and provide an objective measure of the performance of
the pipeline. Evaluating this metric, Figure 4.17 showed the generated estimate
consistently provided lower error than the old extrinsic parameters. However, an
argument may be made that evaluating an estimate on the same baseline from
which it is generated is misleading, as the estimate always will be made to best fit
the data. The results shown in Figure 4.23 was therefore generated, where every
second datapoint was used for estimation and every other for evaluation. The fact
that the result presented in Figure 4.23 also yielded lower errors for the estimates
than the ground truth value strengthens belief in that the generated estimates may
in actuality be more accurate than the old assumed ground truth parameters.

Further, the analyses performed on synthetic datasets have exactly known val-
ues of the ground truth extrinsics by construction, and may therefore be more
trustworthy when comparing Hand-Eye solvers. On the other hand, it has been
shown in this report that the synthetic datasets do not accurately reflect properties
of real-world data, and so these results should not be expected to be extendable
to the real-world data.

5.3.2 Further analyses

The previous discussion of results has given baseline performance and critical
analysis of the algorithm pipeline. What follows is a discussion of what may be
considered as additional results.

With the algorithm having been evaluated on the weakly excited KM dataset,
a similar analysis was performed using the strongly excited dataset to analyse the
effect of excitation on the results. The strongly excited dataset yielded estimates
which gave higher error in both of the measured metrics than when applying the
weakly excited dataset, as illustrated in Figures 4.21 and 4.22. As pointed out
when presenting the illustration of this datasets’ camera motion reconstruction in
Figure 4.4, it may seem that the reconstruction exhibits discontinuous jumps. Due
to the level of noise in the reconstruction, it was difficult to conclude anything of
value on the effect of better excitation for improving estimates of the extrinsic
parameters. This conclusion also points to the importance of developing some
method for strategically choosing the data with an optimal balance between noise
and excitation, as well as the need for theory describing how noise on both ship-
poses and camera-reconstruction propagates to the Hand-Eye solution.

The analysis of the SO(3)-metric cost-function over the weakly excited KM
dataset in Figure 4.18 showed the shape to be convex, but less so in the degrees
of freedom associated with pitch and roll. The large variance in results obtained
using this cost-function may be explained by its valley-like shape, where the iterat-
ive optimization may get stuck at a point along the valley. The fact that sketching
the same cost-function over the synthetic uniform dataset in Figure 4.20 does not
results in the same distinctive valley-shape may point to the shape being a con-
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sequence of the planarity of the data. It should also be noted that a linear change
in Euler-angles not necessarily results in linear perturbation over the respective
orientations’ Lie algebra, meaning attempting to assign intuitive cause-and-effect
to the shape of the cost-functions should be done with care.

5.4 Considerations when applying the presented method

The algorithm pipeline presented in this report is presented as a general frame-
work for performing extrinsic calibration of ship-mounted camera. In theory, the
pipeline should be able to compute reasonable estimates no matter what spe-
cific camera, structure-from-motion algorithm or ship attitude sensors are used.
In reality however, any result achieved is highly dependent on the specifics of the
experimental setup. One example of this is the fact that the results presented in
this report are achieved using a Kongsberg Maritime Seapath-unit for measuring
the ship poses. This unit is known for very good accuracy and a low amount of
latency, which in turn leads to better results than for instance an IMU which was
simply preintegrated. Even though the methodology presented in this report in
theory should work when combined with any chosen method for measuring ship-
poses, this bias towards high accuracy should be addressed. That said, most ships
used in industrial applications are expected to have a navigational system of at
least some accuracy, and the accuracy of these systems is also expected to improve
with increased reliance on autonomy.

To achieve the results in this project, parts of the datasets where the ship was
near structured land was chosen. This clearly leads to better reconstruction of
the camera egomotion than if data from when the ship is at full sea is chosen,
and one could argue the results thereby are skewed. This assumption is however
deemed necessary to be able to use this methodology, supported by the fact that
recalibration of extrinsic parameters today is done at shore by maintenance staff.
It can also be defined as a prerequisite of the presented method, that it must be
performed close to land.

Considering all this, the overall performance of the pipeline is still good, provid-
ing useable estimates of the extrisics which may even be better than the supposed
ground truth. Figure 4.17 shows that it indeed is possible to employ Hand-Eye
Calibration solvers on data from ships with rigidly mounted cameras to estim-
ate the orientation of the camera. The simplifications and assumptions made are
considered to be relatively reasonable for the application in question.

5.5 Additional ideas for future work

Moments for future work has been presented throughout the report, but some
main ideas are presented here.

An obvious venue for future work is further analysis and handling of the de-
generate nature of planar ship-data. If methods for detecting and avoiding de-
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generacy in the estimation was possible, one may imagine the possibility of also
estimating the camera position using the presented method.

Currently, the algorithm pipeline performs Structure from Motion over the
captured images without using the measured ship-poses as priors. Aiding the re-
construction with the use of pose-priors are generally considered to provide better
estimates, at least when these measurements are not very noisy. One may argue
that separating the estimation of camera poses from the ship-pose measurements
should be advantageous in separating sources of error, since the SfM reconstruc-
tion in theory should be just as consistent. In this project, however, the SfM re-
construction has been shown to be drifting to such a degree that it should be
considered a major source of error. At any rate, it would be interesting to examine
whether a better method to performing on-line SfM-based Hand-Eye Calibration
could be based on iteratively building a camera egomotion reconstruction, aided
by ship-measurements, while at the same time enforcing the Hand-Eye equation
constraint for all relative pose pairs.

For the results presented in this report, much consideration has been made to
be able to separate different sources of error on the estimated extrinsic paramet-
ers. These being error due to noise on ship-measurements, error due to drifting
camera reconstructions and error due to degeneracy. The field of using egomo-
tion reconstruction algorithms for the purpose of solving the Hand-Eye equation
would be greatly benefitted if theoretical groundwork existed on how covariance
in the different components propagate into the estimate extrinsic parameters.

It is also a fact that egomotion estimation may be performed on many dif-
ferent kinds of sensors, not only on cameras with the use of SfM. Another inter-
esting direction to take research would then be to unify the method into a gen-
eral framework for extrinsic calibration by combining egomotion algorithms with
Hand-Eye solvers. Further, extending the methodology presented in this paper to
work in real-time could present opportunities for generalizing the algorithm. One
may for instance imagine formulating the Hand-Eye equation as a constraint to
be optimized by a Factor Graph-framework, which inspired by current VSLAM-
methods could lead to fusing uncertainties, different sensor models and egomo-
tion algorithms.

Lastly, as noted multiple times in this report, it is the opinion of the author that
the literature is critically lacking theory on the optimal strategy for constructing
relative poses when large amounts of data is available. Solving this problem is key
to enabling online calibration using the presented method, when higher amounts,
but also more noisy, data than necessary is available.
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Conclusion

This project tested combining egomotion reconstruction-algorithms of camera-
movement with solvers of the Hand-Eye Calibration problem, for the purposes of
estimating the orientation of ship-mounted cameras.

The performance of the developed algorithm was evaluated through compar-
ing the generated estimates to old ground truth values of the extrinsic calibration.
The tests showed the algorithm was capable of estimating the orientation of cam-
eras within 2◦ of the old extrinsics, and with lower error in a data-driven metric.
This was achieved despite the camera reconstructions being shown to drift up
to 15◦ over time in the evaluated dataset. The best choice of Hand-Eye solution
method for ship-data was considered to be iterative optimization of a residual
inspired by the work of Park and Martin, but more in-depth analyses should be
performed to be able to conclude that this holds for the general case.

A qualitative measure was also presented for the purposes of enabling easier
understanding of the amount of excitation in data input to the Hand-Eye calibra-
tion methods. Testing the method gave overall expected results, but further work
can be done on improving the robustness of the measure.
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