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Abstract

In this thesis we study triangulated categories which appear as the cohomology
of certain differential graded categories, and those which appear as the stable
category of Frobenius categories. The classes of triangulated categories arising
from either construction coincide, and are known as algebraic triangulated
categories. Given such a triangulated category, a natural question to ask is
whether the corresponding differential graded category is unique.



Sammendrag

I denne oppgaven studerer vi triangulerte kategorier som oppstar som koho-
mologien til visse differensialgraderte kategorier, og de som oppstar som den
stabile kategorien til Frobeniuskategorier. Klassene av triangulerte kategorier
som oppstar fra hver av disse konstruksjonene sammenfaller, og omtales som
algebraiske triangulerte kategorier. Gitt en slik triangulert kategori, er det
naturlig a spgrre om den tilsvarende differensialgraderte kategorien er unik.
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Introduction

Triangulated categories appear in multiple branches of mathematics. In an
attempt to better understand them, several different situations where they
arise have been characterized. After going over some preliminaries, we will
study two such situations.

To understand the first case, we will define differential graded categories,
categories where morphism spaces have the structure of chain complexes. By
studying modules over such categories, we establish a variant of the Yoneda
embedding for such categories. We then prove that the cohomology of a
pretriangulated differential graded category is triangulated. The core idea is
an adaptation of the proof that the homotopy category of chain complexes is
triangulated, by using the equivalence established by the Yoneda embedding.

Next we study ezxact categories, a generalization of abelian categories.
We will study Frobenius categories, exact categories where injectives and
projectives coincide, and see how the stable category of such categories are
triangulated.

Finally we see how the classes of triangulated categories arising from
either of these constructions essentially coincide. We say the triangulated
categories constructed in this way are algebraic. Afterwards we will do a brief
detour looking at a broader class of triangulated categories which are called
topological.

Given an algebraic triangulated category, a natural question to ask is
whether the corresponding differential graded category is unique. We will
look at an example showing that this is not necessarily the case.



1 Preliminaries

We start out this chapter by recalling some definitions from category theory
which we will be using. Afterwards we have a quick recap of some basic
concepts from homological algebra, and finally we recall the definition of a
triangulated category. Throughout this thesis, let k& be a commutative ring.
All tensor product are assumed to be over k.

1.1 Categories

We will assume familiarity with basic category theory. We will however still
do a quick recap of the concepts we use the most in this thesis.

For a category C, we denote the collection of objects by Obj(C), or simply
C when it is clear from the context. For two objects X,Y € Obj(C), we
denote the collection of morphisms from X to Y by C(X,Y). If all these
collections of morphisms are sets, we say that the category is locally small. 1f
in addition the collection of objects Obj(C) forms a set, we say the category
is small.

For morphisms f € C(X,Y),g € C(Y, Z) we denote the composition by
go f € C(X,Z). We denote identity morphisms by 1x € C(X, X). For a
morphism f € C(X,Y) and any object Z € C, we can create two different
maps between morphism sets given by compostion. We denote the map given
by postcomposition with f by

fo:C(Z,X) = C(Z,Y)
g foyg
and the map given by precomposition with f by
ffCY,2)—=C(X,2)
grrgof

Definition. For two morphisms f € C(X,Y),g € C(X,Z), we define the
pushout of f,g as an object P together with two morphisms u € C(Y, P),v €
C(Z,P) such that uo f = vog. Moreover for any other object W and
morphisms s € C(Y,W),t € C(Z, W) such that so f =t o g, we require the



existence of a unique morphism ¢ € C(P, W) such that s = gou and t = ¢ow.

X — Y

Remark 1.1. The concept of a pullback is defined dually, though we will be
most interested in pushouts in this thesis. Note that pushouts and pullbacks
do not necessarily exist. If they do exist however, they can be shown to be
unique up to unique isomorphism.

We state some useful properties when dealing with pushouts.

Proposition 1.2. Consider the following diagram where P is the pushout of
u and v. Let W be any object, and let f,g: P — W be morphisms such that
fos=gosand fot=got.

X Y5 v

ok

Then f =g.

Proof. First we note that we have the morphisms fos: Z — W, fot:Y — W,
satisfying (f o s) ov = (f ot) o u. Hence the pushout property of P gives a



unique morphism ¢ : P — W, satisfying ¢os = fosand pot= fot.

X Y, v

By assumtion both f and ¢ satisfy both the relations required by ¢, and since
this morphisms is unique, we conclude that f = g. O

Proposition 1.3. Consider the following commutative diagram

X — Y

ke
w0

where P is the pushout of f and u, and Q) is the pushout of f and vowu. Then
Q is also the pushout of g and v.

Proof. Let V be any object, and assume we have morphisms ¢ : P — V,
7 W — V such that i o g = j ov. Considering the composition 7 o s,
the pushout property of ) gives a unique morphism ¢ : () — V satisfying



potos=10sand poh =j.

X — Y

We immediately have that (¢pot)os =ios. We also have that iog = jouv =
pohov = (pot)og. By Proposition 1.2 we get that i = ¢ ot. Thus the
morphism ¢ satisfies what is needed for the induced morphism from @) as
a pushout of g and v. Uniqueness follows from ¢ being unique even when
required to satisfy ”weaker” relations. Hence () is the pushout of g and v. [

Definition. A category C is called additive if all the following properties are
satisfied.

(1) All morphism spaces C(X,Y’) are abelian groups, and composition
respects this structure. In particular this means that for f,g € C(Y, Z),
u,v € C(X,Y), the composition must satisfy

(f+g)ou=fou+gou
fo(u+v)=fou+ fouw

(2) There exists a zero object 0 € C such that C(X,0) = C(0,X) = {0} for
all X € C, where {0} is the abelian group with one object.

(3) For every pair of objects X,Y € C, the biproduct X @& Y exists, that
is, an object equiped with morphisms

5% 8%
Y Y
X XaY Y
. _~ ~__~
TX iy

satisfying TXx OiX = 1)(, 7Ty0iy = 1y and iX O Tx +?:YO7TY = 1X@y.

9



Remark 1.4. We will often use matrix notation when dealing with biproducts.
For example if f € C(X,Y), g € C(X, Z), then we may draw the following
diagram.

(5)

X Y Yaos

Keep in mind that this is just shorthand notation for the morphism iy o f +

1704.
Y
f 3%
X/ \

Y®Z
N
Z

It can be shown that my oix = 0 if X # Y. This means that composition of
morphisms written in matrix notation ends up behaving exactly like matrix
multiplication. Thus we will use matrix notation for biproducts whenever
this is convenient.

Definition. Let C be an additive category, and let f € C(X,Y). A cokernel
of f is an object @ and a morphism ¢ € C(Y, Q) such that go f = 0. Moreover
for any other object P and morphism p € C(Y, P) satisfying po f = 0, we
require p to factor through ¢ uniquely. In particular we require the existence
of a unique morphism g € C(Q, P) such that p =goq.

X f>Y q>Q

Remark 1.5. The concept of kernels are defined dually. It can be shown
that the cokernel morphism ¢ is always an epimorphisms, and dually that
all kernels are monomorphisms. Note that kernels and cokernels do not
necessarily exist, but because of the uniqueness they guarantee, it can be
shown that if they exist, they are unique up to unique isomorphism.

Definition. Given a category C, and some collection of morphisms W, the
localization of C with respect to W is the category C[W '], which is obtained

10



by inverting all morphisms in W. Specifically we require that we have a functor
Q : C — C[W™!] such that all morphisms in T are sent to isomorphisms in
C[W™1], and so that for any other functor P : C — D sending all morphisms
in W to isomorphisms, there exists a unique functor S : C[W~!] — D such
that P = S0 Q.

Remark 1.6. We note that from this definition alone, the category C[W™!]
does not necessarily exist. If it exists however, it can be shown to be unique
up to unique equivalence of categories. For more details on the construction
of the category C[IW 1], see [5].

As we will not need the technical details, for our purposes it is enough
to understand C[IW 1] as the most natural way to alter the category C such
that all morphisms in W become isomorphisms.

1.2 Graded modules

A k-category C is a category in which all morphism spaces C(X,Y) are k-
modules, and where the composition of morphisms respects this structure.
Specifically we require that the composition

p:CY,Z)@C(X,Y) = C(X,Z), p(fwg)=[fog

is a k-module homomorphism. Note that all k-categories are locally small,
since k-modules are sets.

A functor between k-categories F' : C — D, is a map on objects F' :
Obj(C) — Obj(D), together with a k-module homomorphism for every pair
of objects X, Y € Obj(C), Fxy : C(X,Y) — D(FX, FY), which preserves
identities and composition.

A graded k-module A is a k-module which can be decomposed as a direct
sum indexed over the integers.

A=Par

PEL

For two graded k-modules A and B, a graded morphism of degreen, f : A - B
is a collection of k-module morphisms

f={f": A" — B""" | p e Z}

11



We denote the collection of all graded morphisms from A to B of degree n
by Hom(A, B)". This forms a k-module with componentwise addition; for
morphisms f, g € Hom(A, B)", the sum is given by the collection

fHg=A(f+gP =P+ A = B | pe )

We define the composition of graded morphisms in the natural way: If
f € Hom(A, B)", and g € Hom(B,(C)™, then the composition g o f €
Hom(A, C')"*™ is given by the collection

gof=A{(gof)l=g""ofr: A = OV | p e}

A differential graded k-module is a graded k-module A, together with a graded
morphism of degree 1 from A to itself

dy={dy : AP — AP*Y | p e 7}

such that the composition dy o dy = 04, where 04 : A — A is the graded
morphism of degree 2 which is 0 everywhere. This is called the differential
of the graded k-module A. Sometimes we abbreviate d4 = d if there is no
ambiguity which graded k-module the differential refers to. Throughout this
thesis we will refer to differential graded k-modules simply as chain complexes,
and assume that all such chain complexes are modules over the ring k unless
stated otherwise.

Let A and B be chain complexes, and f : A — B a graded morphism of
degree 0. If dgo f = f oda we say that f commutes with the differential. We
call such graded morphisms of degree 0 which commute with the differential
chain maps.

Definition. The category C(k) is the category where objects are chain
complexes over k, and morphisms are chain maps.

For a chain complex A, we denote by Id, the identity chain map from A
to itself.

Given a chain complex A, we define the homological constructions of
cocycles and cohomology. The n-th cocycle of A is Z"(A) := Ker(d’), and
the n-th cohomology of A is H"(A) := Ker(d%)/Im(d’; ).

Let f € C(k)(A, B) be a chain map. Then f(Z"(A)) C Z™(B) for all
n € Z. We see this because for any a € Z"(A), we have that d4(a) = 0. Since
f is a chain map, we know that dg o f = f o d4, and hence

dp(f(a)) = f(da(a)) = f(0) =0

12



Thus f(a) € Z™(B).
The tensor product A ® B of two graded k-modules, is a new graded
k-module with components

(A B)"= @ A B
p+g=n

Given graded morphisms f : A — A" and g : B — B’, the tensor product
f®g: A® B— A’ ® B’ is defined using the Koszul sign rule

(f@g)la®b) = (-1)"f(a) ® g(b)

where p is the degree of g and a € A?. If A and B are chain complexes, then
the graded module

A®B::@(A®B)"

neZ

becomes a chain complex when given the differential
dA®B = dA X IdB + IdA ®dB

For a chain complex A, the shifted chain complex A[n| has components
(A[n])P = A"*?, and differential with components ), = (—=1)"d’;"?. For a
chain map f : A — B, the shifted map f[n] : A[n] — B[n], is the collection

fln] ={f[n]" == f*7: A" — B"™" | p € Z}

For a chain map f : A — B, we denote the cone! of f by C(f) :=
B & A[1], that is, the chain complex with components C(f)? = BP @ APt

and differential given by
c(f) 0 dap

1.3 Triangulated categories

We recall the definition of a triangulated category [7, Definition 3.1].

IThis is often written as A[1] & B instead, with a lower triangular matrix as differential.

13



Definition. A triangulated category is an additive category C, together with
an additive autoequivalence [1] : C — C called shift (or translation), and a
collection of distinguished triangles A, which are sequences on the form

x

v Y -9 7 > X[1]
satisfying the following.

(TR1) (a) For every object X € C, the triangle
1

X > X > 0 > X[1]

is in A.
(b) For every morphism f : X — Y, there exists a triangle in A

f

X > Y > 7 > X 1]

The object Z is called a cone of the morphism f.

(¢) The collection A is closed under isomorphisms. That is, if the top
row is in the following diagram is in A, and u, v, w are isomorphisms
making the diagram commute, then the bottom row is also in A.

x oy 9, 7 by xp
bbb e
!/ /
x Ay 9 Ly
(TR2) For any triangle
f h

and

are also in A.

14



(TR3) Given the following diagram

S

X > Y A > X[1]

lu o lv iﬂw lu[l]
f g W

X’ > Y’ A > X'[1]

where both rows are in A and the leftmost square commutes, there
exists a morphism w making the whole diagram commute.

(TR4) Given the following diagram

X U Y a VA X[l]

where the three rows are in A, there exist morphisms g, h, ¢ completing

15



the diagram

z Ay o x 2)

such that the bottom row is in A and everything commutes.

Definition. A triangulated functor is an additive functor F' : 7 — S be-
tween triangulated categories which commutes with shifts and preserves
distinguished triangles. Specifically we require a natual isomorphism ¢ with
components

ox : F(X[l]7) = F(X)[1]s

such that for any triangle in A

x oy I xpy,

the resulting triangle under F

F() Flg) | . ox o F0)

FX FYy F F(X)[1]s
isin Ag. A triangulated functor which is also an equivalence of categories is

called a triangulated equivalence.

16



2 Differential graded categories

In this chapter we define differential graded categories, or simply dg-categories.
Our goal is to see that given a so called pretriangulated dg-category, we can
construct a triangulated category. A good reference for many of the results
and concepts in this chapter is [10].

2.1 The basics

Definition. A dg-category A is a k-category in which all morphism spaces
A(X,Y) are chain complexes over k, and where the composition of morphisms
respects this structure. Specifically we require that the composition

p AY, Z) @ AX,)Y) = A(X,Z), plge f)=gof

is a chain map. We will use A throughout this thesis to denote such a dg-
category. For brevity we denote the differential of the chain complex A(X,Y)
by dX,y.
Remark 2.1. We take a moment to note some consequences of this composition
law. First we see that if f € A(X,Y)" g € A(Y,Z)™, then their composition
go f € A(X,Z)"*™. This is because the element ¢ ® f € A(Y,Z) @ A(X,Y)
is by definition in degree n + m, and the chain map ¢ ® f — g o f preserves
this degree.

If fe AX,Y)"and g € A(Y, Z)™, what is dx z(g o f)? By applying the
definition of the differential in A(Y,Z) ® A(X,Y), and using the Kozul sign

rule, we get

dyzexy (g ® f) -
(dy,z @ Idg(x,yy +1dary,z) ®dxy)(g ® f) =
(dy,z @ Idagxy))(9 @ f) + (Idaw,z) @dxy) (g ® f) =
(=1)"dy.z(g9) @ Idax.y)(f) + (=1)"™" Tda,z)(9) © dxy (f) =
dyz(9) © [+ (-1)"g © dxy(f)

Here we use the fact that the identity maps and differentials are graded
morphisms of degree 0 and 1 respectively. Since the composition map p is a

17



chain map, it commutes with the differentials. Hence we get

dx,z(go [) =dxz(p(g® [)) =
p(dy,zoxy (9@ [))
pldyz(9) @ [+ (=1)"g @ dxy(f)) =
dy,z(g) o f+ (=1)"godxy(f)

This is called the Leibniz rule [10, p.154], a generalization of the product rule.

As we have seen, composition preserves sum of degrees. Since composition
with 1x should leave the element unchanged (and hence degree unchanged),
we conclude that 1x € A(X, X)?. Using the Leibniz rule, we also get

d(1x) =

d(lxolx) —

d(lx)olx +1xod(ly) =
(

Hence 1y € Z°(A(X, X)).
Let f € Z°(A(X,Y)),g € Z°(A(Y, Z)), then the composition satisfies

dxz(go f) =
dyz(g) o f+godxy(f)
Oof+4+go0 =
0

Hence go f € Z°(A(X, 2)).

Now let f € H(A(X,Y)),g € H(A(Y,Z)). Is there a well defined
composition go f € H(X, Z)? Assume we have two different representatives
for each of f and g, satisfying f; — fo = d}}y(sl) and g1 — ¢go = d;’lz(SQ), for

18



s1 € AX,Y) ! and sy € A(Y, Z)'. We see that

dy'y(g20 81+ 820 f1) =
dy's(g2 0 51) +dx',(s2 0 f1) =
4y 7(g2) 0 514 g2 0 dxy (s1) + dy 5 (82) © f1 — s 0 dx 5 (1)

g2 o dx'y(s1) + dyy(s2) o fu

g20(fi—fo) +(g1—g2) 0 fu =
g20fi—g20ofatgiofi—ga0fi =
—g20 fat+gi0ofi =
(g10 f1) = (g20 f2)

Since (g10.f1)—(g20f2) is in the image of the differential d;(}z, we conclude that
the compositions g; o f; and g o fy represent the same element in H°(X, 7).

Definition. We define Cy,(k), the dg-category of chain complexes over k. The
objects in this category are chain complexes. For two chain complexes A and
B, the morphism space is given by the graded module of graded morphisms
from A to B, Cqy(k)(A, B) := @,,;, Hom(A, B)". This graded module can
be given the differential ds p : Hom(A, B)" — Hom(A, B)"*! defined by
dap(f) =dpgo f+ (—1)""'fods. This makes Cq,(k) into a dg-category.

Since the morphism spaces A(X,Y) in a dg-category are chain complexes,
we can construct new categories where the morphism spaces are the 0-th
cocycles and O-th cohomology.

Definition. Let a A be a dg-category. Then we define the following two
categories.

(1) The category Z°(A) has the same objects as A, with morphism spaces
given by Z°(A)(X,Y) := Z°(A(X,Y)). The composition is induced
by the composition in A. This is well defined, because as we saw in
Remark 2.1, the composition of two morphisms in Z°(A) is again in
Z%(A), and Z°(A) contains the identity morphisms. Note that this is
not a dg-category, but a k-category.

(2) The category HY(A) has the same objects as A, with morphism spaces
given by H(A)(X,Y) := H°(A(X,Y)). The composition is induced
by the composition in A, and is well defined by Remark 2.1. Note that
this is not a dg-category, but a k-category.

19



Remark 2.2. For any dg-category A, we get a natural projection functor
which we denote by 74 : Z°(A) — H°(A). This functor is the identity on
objects, and the natural projection mxy : Z°(A(X,Y)) — H°(A(X,Y)) on
morphisms.

In the following example, we will study the dg-category Cq,(k), and
determine what Z°(Cy,(k)), and H®(Cy,(k)) are.

Example. First we take a look at Z°(Cyy(k)). Let A, B € C4y(k). We know
that Cyqy(k)(A, B) is a chain complex, where the n-th component is given by
the graded morphisms of degree n from A to B. To study Z°(Cy,(k))(A, B) :=
Ker(dY) p), we look at the differential in degree zero: d9) p : Caq(k)(A, B)? —
Cag(k)(A, B)', which is given by d p(f) =dpo f — foda. We get

dy p5(f) =0 —
dpof—fods=0 —
dBOf:deA

That is, f € Z°(Cay(k))(A, B) <= [ is a chain map. Hence we can conclude
that Z°(Cyy(k)) = C(k), as this is exactly the category where all morphisms
are required to be chain maps.

What about H%(Cy4,(k))? Let A, B € Cyy(k), and recall that
H(Cay(k)(A, B)) := Ker(d) p)/ Im(d} ) = C(k)(A, B)/Im(d} )

What is Im(d;}B)? If we take some s € Cqy(k)(A, B)™!, then s is what is
usually described as a chain homotopy in homological algebra.

dA ;! 9 dy

A1 AL q0 AL

////

—>B —>BO—>B1

Applying the diffential d s, we get the chain map d'5(s) = dp o s + s 0 da.
Thus the image of the differential d;}B are exactly the chain maps f which can
be written as f = dgos+ sod, for some chain homotopy s. We say that such

20



maps f are homotopic to zero. We say that two chain maps g,h € C(k)(A, B)
are homotopic if g — h is homotopic to zero. We get

H'(Cay(k))(A, B) = Kex(d}) p)/ Im(d; ;) = C(k)(A, B)/ ~

where ~ is the equivalence relation given by homotopy. The resulting category
K (k) :==C(k)/ ~ is usually called the homotopy category of chain complexes
over k, with chain complexes as objects, and where the morphisms are chain
maps, up to homotopy.

Definition. For two dg-categories A and B, a dg-functor F' : A — B
consist of a map on objects F' : Obj(A) — Obj(B), together with a chain
map for each pair of objects X,Y € A Fyy @ AX,Y) — B(FX,FY).
These maps should also preserve identities Fiy x(1x) = 1p,, and composition
F(goaf)=F(g)opF(f). We can picture this last property with the following
commutative diagram.

AY,Z) @ AX,Y) —2A— A(X, 2)
Fyz® FX,Yl lFX,Z
B(FY,FZ)®B(FX,FY) —£5 B(FX,FZ)
In order to study a dg-category A, it will be helpful to define the concept
of a dg A-module. This is a special type of dg-functor, namely one mapping
into the category Cq4(k). Because we understand this category well, studying

such modules will be helpful in understand the category A. Specifically we
make the following definition

Definition. A (right)? dg A-module M is a contravariant dg-functor
M : A— Cyy(k)

In order to define what morphisms between dg A-modules are, we first
define transformations of dg-functors.

2Because of the contravariance, these are often referred to as right dg A-modules (with
the covariant case referred to as left dg A-modules). We will in this thesis simply refer to
right dg A-modules as dg A-modules for brevity.

21



Definition. For two contravariant dg-functors F,G : A — B, a graded
transformation ¢ of degree n from F' to G is a collection of elements

¢ ={ox € B(FX,GX)" | X € A}

such that for any two objects X,Y € A and any morphism f € A(Y, X), the
following diagram commutes.

Fx 2% ax

F(f)| |6()
Fy -2, qy

We will refer to ¢x as the component of ¢ on X. The k-module Hom(F, G)™ is
defined as the collection of all graded transformations of degree n from F' to
G. We define the graded k-module Hom(F, G) to have Hom(F, G)™ as its n-th
component. We refer to elements in Hom(F, G) as transformations from F' to
G. The graded k-module Hom(F, G) can be made into a chain complex with
a differential induced by the differential in the dg-category B, component-wise.
Specifically we construct a differential dr¢ : Hom(F, G)* — Hom(F,G)"!
as follows. Let ¢ € Hom(F, G)". For each object X € A, we have the element
drx.ax(px) € B(FX,GX)"™ where drx gx is the differential on the chain
complex B(FX,GX). Then we define drg(¢) to be given by the collection

drc(9) = {drxox(éx) | X € A}

If ¢ : F — G is a transformation such that ¢y € Z°(B(FX,GX)) for all
X € A, then we call ¢ a cycle transformation.?

Using these definitions we can define what morphisms between dg .A-
modules are. Specifically we have that for two dg A-modules M, N : A —
Cay(k), the morphisms from M to N are given by transformations from M to
N.

Definition. The dg-category of dg A-modules Cyq4(A), has dg A-modules as
objects, and transformations of dg-functors as morphisms.

3Not to be confused with other potential meanings of the words cycle/cyclic, this simply
refers to how for a chain complex A, the elements in Z%(A) are often called (zero-th)-cycles.
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Remark 2.3. Given functors F,G : A — B, the differential structure on
Hom(F, G) is entirely determined by the differentials in the category B. Since
all dg A-modules are functors into Cyy(k), this means that for dg A-modules
M, N, the differential structure on Cy,(A)(M, N) is induced by that of Cyy(k),
which we understand well. For brevity, we often denote the differential on
Cag(A)(M, N) by de,, 1), when it is clear from context which dg A-modules
we are studying.

In particular we have the following. Let ¢ € Cyy(A)(M,N) be a
graded transformation of degree n. This means all components ¢y €
Cay(k)(MX,NX)", that is, all ¢x are graded morphisms of degree n between
the chain complexes M X and NX. We also have that if ¢ € Cy,(A)(M, N)
is a cycle transformation, then all components ¢x € Z°(Cyy(k)(M X, NX)) =
C(k)(M X, NX), in other words, all components are chain maps.

Definition. The category of dg A-modules C(A), has dg A-modules as
objects and cycle transformations as morphisms. By the above remark we

can equivalently define C(A) := Z°(Cy4y(A)). Similarly we define the category
up to homotopy of dg A-modules H(A) := H°(Cyqy(A))

We define shifts and cones in C(A) as follows. For an object M €
C(A), M|n] is the map which takes an object X € A to the chain complex
M (X)[n]. For a morphism F' € C(A)(M, N), the shifted morphism Fn| €
C(A)(M|[n], N[n]) has components given by

Fln]x = Fx[n] : M(X)[n] — N(X)[n]

where Fx[n] is the usual shift of the chain map Fx. Together these shifts
on objects and morphisms constitute an autoequivalence ¥ : C(A) — C(A).
For a morphism F' € C(A)(M,N), the cone of F, denoted C(F), is the
map which takes an object X € A to the usual cone of the chain map
Fx : M(X) — N(X). Specifically we have C(F)(X) := C(Fx) for all
X e A

We define a particular type of dg A-module, which will be central in a lot
of the future discussions.

Definition. Let X € A. We define the dg A-module represented by X as the
contravariant dg-functor X" := A(-, X).

Given some morphism f € A(X,Y), we get an induced morphism on
the represented dg A-modules. We call this the morphism represented by
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f, which we denote by f*. This morphism has all components given by
postcomposition, f": A( -, X) TN A(-,Y).

This induced morphism has some nice relations to f itself. If f € A(X,Y)",
then we know that for any Z € A, the morphism f3: A(Z, X) ELN A(Z,Y)
has degree n. This is because composition in A preserves sum of degrees. Thus
all components of f" have degree n, and hence it is a graded transformation
of degree n.

If f e Z°%A)(X,Y), we show that the induced morphism f" is a cy-
cle transformation. We know f” is of degree 0, so we need to show that
de,,4)(f") = 0. The transformation de, 4)(f") consists of components
on the form duzx)aczy)(fs) for all Z € A, where daz x)azy) is the
differential on the chain complex Cuy(k)(A(Z, X), A(Z,Y)). We have that
dazx)azy)(fs) =dzy o f. — fi 0dz x. This being zero is the same as the
following diagram commuting.

AZX) I Az v

ldz,x ldz,y

A(Z,X) L Az v)

Take any g € A(Z, X). Going along the top we get

dzy o fu(g9) =dzy(fog) =dxy(f)og+ fodzx(g)

by the Leibniz rule. Now since f € Z°(A)(X,Y), we have

dxy(f)og+ fodzx(g) = fodzx(g9) = feodzx(g)

This is exactly what going along the bottom path in the diagram means.
Hence the diagram commutes, which means dz x).azy)(fs) = 0 for all
Z € A, and hence f” is a cycle transformation.

Proposition 2.4. Let s € A(X,Y)™". Then dy',(s)" = dgdlg(A)(sA).

Proof. Because s € A(X,Y)"!, this gives us the morphism s" €
Cag(A) (X", Y"), where all components are given by postcomposition with
s. Recall that the differential of the chain complex Cyy(A)(X",Y") is given

24



by taking the differential at each component. Each component is the chain
complex Cqy(k)(A(Z, X), A(Z,Y)), with the differential

dA(Z,X),A(Z,Y)(S*) =dzyos,+s,0dzx

Hence we get that for any ¢t € A(Z, X)

&5 o (M)2() -

dzy 0 s«(t) + s 0dyx(t)

dzy(sot)+sodzx(t) =

d)_(’ly(s)ot—sodzx(t)—{—sodz’x(t) =
)

d}’ly(s ot
(dx'y (5))«(t) =
diy (s)5(t) =

Hence dy'y (s)} = dEdZ(A)(SA)Z for all Z € A, and thus dy'y (s)" = dgdlg(A)(sA).
[

In order to study the represented dg A-modules, we might make the
following definition.

Definition. The category of strictly representable dg A-modules R, (A), is
a subcategory of C(A). The objects are the strictly representable dg .A-
modules. That is, it contains all objects on the form X" € C(A) for all X €
Z%(A). Morphisms are the strictly representable morphisms. A morphism
F e C(A)(X",Y") is strictly representable if there exists f € Z°(A)(X,Y),
such that f* = F.

One problem with this definition however, is that this category only
contains the dg A-modules which are directly represented by some object
in Z°(A). This means there can exist a dg A-module M € C(A), such that

M ~ X", while M ¢ R4(A). That is, Rs(A) is not necessarily closed under
isomorphisms in C(A). A more natural category to study is the following.

Definition. The category of representable dg A-modules R(A), is a subcat-
egory of C(A). Its objects are the representable dg A-modules, i.e. objects
M € C(A) such that there exists X € Z(A) with M ~ X" in C(A). Mor-
phisms are the representable morphisms. For two representable objects
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M ~ X" and N ~ Y” a morphism F € C(A)(M,N) is said to be rep-
resentable if there exists f € Z°(A)(X,Y), such that F = vo f" ou, for
isomorphisms u : M — X" and v : Y — N.

With this definition, we get a category that is closed under isomorphisms
in the supercategory C(A).

2.2 Yoneda embedding

To better understand a dg-category A, it will be useful to study the category
of dg A-modules, C(A). To do this, we will look at the Yoneda functor, which
will allow us to identify Z°(A) with a full subcategory of C(A).

Definition. Let A be a dg-category. The Yoneda functor, which we will
denote by I', maps objects and morphisms to their representatives in the
module category C(A). Specifically we define T': Z°(A) — C(A) by

X XM= A(-,X) Fro P A X) D ALY

Remark 2.5. Notice how the essential image of I are the objects in R(A). Thus
we can also restrict I’ and consider it as a dense functor I' : Z°(A) — R(A).

We take a moment to discuss the following construction, which will be
very useful in the coming arguments. For a morphism between strictly
represented dg A-modules F' € C(A)(X",Y"), we can obtain a morphism
f e Z°%A)(X,Y). We do this by looking at the component of F' on the
object X, Fx : A(X,X) — A(X,Y), and evaluating this at the element
l1x € A(X, X). This gives us some morphism f := Fx(1lx) € A(X,Y). Since
1x € Z°(A(X, X)), it follows that f € Zy(A(X,Y)), since F is a chain map.

Proposition 2.6. The functor I' is full and faithful.

Proof. Let XY € Z°(A), and let F : X* — Y. Define f := Fx(lx) €
Z%(A)(X,Y). We show that f* = F.

Let Z € A. We have both Fy, f : A(Z,X) — A(Z,Y). Take any
g € A(Z,X). Since F is a cycle transformation, we get that the following
commutative diagram holds.

A(X, X) 55 A(x, )

o |

A2, X) 25 Az, v)
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This gives us that

f2(9) = fog=9g"(f) = ¢"(Fx(1x)) = Fz(g*(1x)) = Fz(9)

Hence f(g9) = Fz(g) for any g € A(Z,X). Since the choice of Z was
arbitrary, this shows that f* = F. Hence I is full.

To show that T' is faithful, assume we have f,g € Z°(A)(X,Y), such
that f = ¢”. Looking at the component on X and evaluating at 1x we
get that f{(lx) = g%(lx). Writing out what this means, we get that
folx=golx = f=g. Hence I is faithful. O

Corollary 2.7. The restricted Yoneda functor T' : Z°(A) — R(A) as a
functor onto its essential image, is full, faithful and dense. Hence Z°(A) ~
R(A) are equivalent k-categories.

Remark 2.8. What we have shown here is a variant of the Yoneda embedding.
Essentially this states that the equivalence above gives us a way to embed

Z%(A) as a full subcategory of C(A).

Proposition 2.9. The Yoneda functor induces a well defined functor I'y :
H°(A) — H(A) making the following diagram commute.

Z204) —L ¢(a)
TA TCaq(A)
Iy

Proof. Since the functors 74, m¢,,4) both are the identy on objects, it is
natural for 'y to be the same on objects as I', hence we define 'y (X) := I'(X).
Now let X,Y € A, and take some representative of f € HY(A)(X,Y). We
define the image of 'y (f) in H(A)(I'(X),T'(Y)) to be represented by I'(f).
We show that this is well defined and independent of representative for the
morphism f.

Let f,g € Z°(A)(X,Y), such that f —g € Im(d;(yly). Then we know there
exists a morphism s € A(X,Y)~! such that d}}y(s) = f —g. Applying I to
this equation we get that F(d}}y(s)) =T'(f—g) =T(f)—T(g). By Proposition
2.4, we know that F(d;{}y(s)) = dgdlg(A)(F(s)), and hence I'(f) — I'(g) €
Im(dC‘dZ w)- O
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Proposition 2.10. The functor Iy is full and faithful.

Proof. Let X,Y € A, and choose some representative for the morphism
feHA)(XMY"). Since T is full, there exists some g € Z°(A) such that
I'(9) = f. Then

Lr(malg)) = me,,)(L(9) = mey,)(f) = f

Hence I'y is full. Now assume I'y(f) = 0. This means there exists s €
Cag(A) (XM, YM) 71 such that dgdlg(A)(s) =I'(f). By taking the component of
these transformations on the object X, and evaluating at 1y, we get

dgdlg(A)<5) =TI'(f)

de, )(8)x(1x) = T(f)x(Lx)

(dyly o sx +sx 0dx)(1x) = fu(lx)
d}}y osx(lx)=foly

dyly (sx(1x)) = f

That is, f € Im(d;{}y), and hence f =0 in H°(A). Hence 'y is faithful. [

LEl

2.3 Triangulated categories from dg-categories

In this section we will prove that for a so-called pretriangulated dg-category
A, the category H°(A) has a canonical triangulation. We will first see how
we can use the functors discussed in the previous section to better understand
the category H°(A), and to define what a pretriangulated dg-category is.
Finally we will prove that H°(A) is triangulated.

Recall that we could consider T' : Z°(A) — R(A) an equivalence onto
the full subcategory with objects in the essential image of I'. Similarly we
denote R(A) for the full subcategory of H(.,A) with objects in the essential
image of I'yy. Then we can consider the equivalence I'y : H°(A) — R(A),,.
But what is R(A),? Let M € R(A), then there exists some X € Z°(A)
such that I'(X) ~ M in C4,(A). Since functors preserve isomorphisms, this
means that 7c, a)(I'(X)) = 7¢,,a)(M), which implies that T'y(X) ~ M in
H(A). Thus we have that Obj(R(A)) € Obj(R(A)y). The result is that the
restricted functor me,,(4) : R(A) — R(A)y is well defined.

28



Because 'y : H(A) — R(A), is an equivalence, we know there exists a
functor 5 : R(A),; — H°(A), satisfying foT'y >~ 1goa)y, and o >~ 1gay,,-
This allows us to make the following diagram.

20(A) —L s R(A)

TA lﬂ-cdg (A)
HO(A) 25 R(A),
F\B/

We have that

Tegya) 0 ' =T oma
Bome ol =Folgomy
BO?TCdg(A) ol ~ 1H0(A) OTAa

ﬁoﬂ'cdg(A)OFZﬂ'A

Ll

This factorization of 74 allows us to "visit” R(A) on the way to H°(A).
This category has some structure we are interrested in, in particular since
it is a subcategory of C(A) there are well defined shifts and cones. In
general however, R(.A) is not closed under these operations. Namely for some
representable dg A-module M, we cannot be sure that the shifted module
M n] is representable. The same is true for cones, in general, the cone of a
representable morphism might not be a representable object.

This is where the property of A being pretriangulated comes in, as it
ensures that the category of representable dg A-modules is closed under
both shifts and cones. In particular, following Keller [10, p.172] we have the
following definition.

Definition. A dg-category A is pretriangulated, if both of the following hold.

1. For every object X € Z(A), and for all n € Z, there exists a unique
object (up to isomorphism) X |[n] € Z°(A), such that X[n]" ~ X"[n] in
C(A).

2. For every morphism f € Z°(A)(X,Y), there exists a unique object (up
to isomorphism) C(f) € Z°(A), such that C(f)" ~ C(f") in C(A).

29



Remark 2.11. The first property gives us a well defined shift ¥ : Z%(A) —
Z%(A), induced by the shift in C(A). The second property gives us a way
to construct cones in Z°(A). We write out explicitly what this construction
looks like. We start with some morphism f € Z°(A)(X,Y). This gives us
a morphism f" € C(A)(X",Y"), with components f. : A(Z, X) = A(Z,Y).
The cone is defined componentwise, so C'(f")z = A(Z,Y)®.A(Z, X)[1], where
the right hand side has the differential

d" = d%,Y f*
0 —dyly

Thus we have that
A(Z,C(f)=C(N)z =C(f")z = AZ,Y)DAZ X)[1] = A(Z,Y)DA(Z, X[1])

To show that HY(A) is triangulated, we first need to know that it is
additive. We do this by showing that Z°(A) is additive. For a general dg-
category A, this is not guaranteed. All morphisms spaces are abelian groups
(since they are k-modules), but the existence of a biproduct is not guaranteed
by our definitions. However when A is pretriangulated, then it follows that
all biproducts exist in Z°(A).

Proposition 2.12. Let A be a pretriangulated dg-category. Then Z°(A) is
additive.

Proof. Let X,Y € A, and take the zero morphism 0 € A(Y[—1], X). Define
the cone of this morphism B := C(0). We show that B is the biproduct of X
and Y in Z°(A).

By the definition of the cone, we know that B" ~ C'(0") are isomorphic
in C(A). The morphism 0" : Y[—1]" — X" has cone isomorphic to

X oY[-1"=X "Y' -1]1]=X"aY"

where X" @ Y is equipped with the appropriate differential. Thus we know
there exists an isomorphism in C(.A)

¢:B" = X "pYy"
This means that for all Z € A, we have an isomorphism of chain complexes

¢z AZ,B) — AZ,X)® AZ,Y)
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natural with respect to changes in Z. Note that since we are taking the cone
of the zero morphism, the differential on A(Z, X) & A(Z,Y) is a diagonal
matrix, and thus Z°(A(Z, X) ® A(Z,Y)) ~ Z°(A)(Z,X) ® Z°(A)(Z,Y).
Looking specifically at the components Z € {X,Y, B}, we define the following
morphisms.

ix = ¢x'(1x,0) € Z°(A)(X, B)
iy = ¢y (0,1y) € Z°(A)(Y, B)
(mx,7my) = ¢p(lp) € Z°(A)(B,X) ® Z°(A)(B,Y)

All these morphisms are in Z%(A), since all components ¢, are chain maps.
We now show that these morphisms satisfy the properties we expect from a
biproduct. For any f € A(X, B), we get the following commutative diagram

A(B,B) =225 A(B,X)® A(B,Y)

b lr

A(X,B) 2N AX, X)® AX,Y)

If we specifically let f = ix and take 15 € A(B, B), we get

(1x,0) =
dx(ix)

¢x(ix(1p)) =
ix(¢5(1B)) =
ix(mx, my) =

<7TX Oix,ﬂ'y O’ix)

Hence myx oix = 1x. Similarly we can show that my o iy = 1y. Now for any
g € A(B, X), we get the commutative diagram

AKX X) 8 AX.Y) 54X B)

s Lo

AB.X) & AB.Y) 2 AB.B)
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Choose g = 1y, and look at (1x,0) € A(X,X) ® A(X,Y) to get that

ix O Ty
Tx (ix) =
7 (65 (1, 0)) -
¢ (Tx(1x,0)) =
¢p (7x,0)

Similarly we can show that iy o Ty = ¢5' (0, my), and thus we get

iXOWx+iyO7TY -
¢ (1x,0) + 65" (0, 7y) =
o5 (mx,my) =

1p
Hence B is the biproduct of X and Y in Z°(A). O

We take some time to discuss some useful notation which will use from
here on.

Notation. For an object M € Cyy(A), M, denotes map X — M (X),, for
any X € A, where M (X),, is the n-th component of the chain complex M (X).
Similarly for f € Cy4,(A)(M, N)* a graded morphism of degree k, we denote
by f,, the map X — f(X),, where f(X), is the n-th component of the graded
morphism of chain complexes f(X) € Cyy(k)(MX, NX)*. Similarly for an
object M € Cy,(A), we denote by d}, the map X — d}y;y, where d}j; y is the
n-th component of the differential on the chain complex M X. Composition
of morphisms with this notation is defined in the natural way. Namely if
f € Cayy(A)(M,N), g € Cay(A)(N,V)*, then (g o f), represents the map
X = (go f)(X)n = 9g(X)nsjo f(X), for any X € A. Thus composition is
defined by (g o f)n = gn+j © fu.

Using this notation allows us to simplify arguments. For example we have
the following proposition which makes it easier to discuss homotopic maps in

C(A).

Proposition 2.13. Let f € C(A)(M,N), and let s € Cay(A)(M,N)~1. If
fo=ditos, +sp10dy foralln€Z, thendc (A() f.

32



Proof. Let X € A, then we know that
Fa(X) = iy (X) 0 8a(X) + sp41(X) 0 djy (X) —
F(X)n = dyx 0 5(X)n + 8(X)np1 0 diyx

Since this is true for all n € Z, we consider the chain maps with all these
morphisms as components. We get

f(X) = dNX o S(X) + S(X) (@) dMX = dMX,NX(S(X))

The last equality we get by the definition of the differential in C4y(k). Con-
sidering the definiton of the differential in Cy4,(.A), we get

degy)(8) = {duxnx(s(X)) | X € A} ={f(X) | X e A} = f
Il

Since A is pretriangulated, we have well-defined shifts and cones in Z°(A).
Using this we define them similarly in H°(A).

Definition. The shift ¥ : H°(A) — HY(A) is the functor induced by the shift
in Z°(A). Given amorphism f € H°(A)(X,Y'), we choose some representative
for f, and construct the object C(f) € Z°(A). Then we define the cone of f
as the object C(f) € H°(A).

Remark 2.14. Tt can be shown that this definition of the cone in H°(A) is
independent of the representative for the morphism f.

Definition. A standard triangle in Z°(A) is a sequence on the form

x Loy o) — xq

for some morphism f € Z°(A). Here u and v are the morphisms making the
following diagram commute in C(.A)

xn A yn o 2 xq
I
xn 75 ya (O)>YA@XA[1]MXA[1]



where ¢ is an isomorphism granted by knowing that C(f)" ~ C(f") =
Y™ @& X"[1]. We define the collection A of distinguished triangles in H°(A)
as all triangles isomorphic to the image of a standard triangle under the
projection functor m4.

We will show that (H°(A), Y, A) is a triangulated category, but first we
discuss a pattern that will repeat throughout the proof. We will start with
some collection of objects and morphisms in H°(A), say for example

We then apply I'yy to pass to the category R(A),. Here we will use some
of the extra structure to obtain some new morphisms, making the following
diagram commute in R(A) .

A\
xn Ly yn
s t

ur v

By applying 3, we come back to H°(A). Since o'y ~ Lro(4), we have a
natural isomorphism ¢ : 1504y — Bol'y, giving us the following commutative

34



diagram in H°(A).

Note that the middle square commutes since [ preserves compositions. The
top and bottom squares commute because ¢ is a natural transformation. Using
this diagram we can fill in the missing morphisms in the original diagram, by
defining the corresponding morphisms to s and t in H°(A).

s' = ¢y 0 B(s) o dx € H'(A)(X,U)
t':=¢y' o B(t) o gy € HY(A)(Y.V)

Since all squares in this diagram commute, these morphisms make the original
diagram commute as well. Note that if for example s is an isomorphism in
R(A), then the corresponding morphism s is an isomorphism in H°(A).

The following proof is an adaptation of the proof given in [7, Theorem
6.7], to work when dealing with dg-categories.

Theorem 2.15. Let A be a pretriangulated dg-category, and let 3 : HO(A) —
H°(A) and A be defined as above. Then (H°(A), 3, A) becomes a triangulated
category.

Proof. (TR1) By construction, A is closed under isomorphisms and all mor-
phisms fit into a distinguished triangle. Let X € A, and look at the triangle

X Xy v o(1y) —Ys X
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We want to prove that this is isomorphic to the triangle

x ¥, x > 0 > X[1]

In particular, we need to show that C(1x) ~ 0 in H°(A). We first show that
C(lx)" ~ X" ® X"1] ~ 0 in H(A). Denote the differential on X" @ X"[1]

by
" _ (dxr 1xp,,
C(1x)N — 0 _d?{';l

There is only one choice of morphism in either direction between the objects
0 and C(1x), so we need to show that these are inverses in H(.A). The
composition 0 — C'(1x) — 0 is clearly equal to 1. We make the following
diagram for the morphism C(1x) — 0 — C(1x).

-2 —1 0 1
T xnex) L xpex) 4 xpex) L

o oo o

d—2 d-! d° d!
= XN e X — XX — X X)) —— -

Here s is the graded transformation of degree —1 with components given by

L _(0 0
"= \lixy 0

Bt ©5n+ 5ni1 0 0 =

dT)L(_/\l 1XT/L\ 0 0 n 0 0 dSL{A 1XQ_H

0 ) Ny o) i, o) U0 -

1)(9 0 0 0 -
(QA O) " (_d&A 1X$+1) B
1X€ 0 B

0 Ixp,/)

Legixog

We get
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By Proposition 2.13, we get that 1 )» = dc_dlg(A)(s), which means C'(1x)" ~

12

0in H(A). Applying [ preserves isomorphisms, hence we get that 0 ~ 5(0)
B(C(1x)") =~ C(1x) in H(A).
(TR2) Let X LY % C(f) & X[1] be a standard triangle in H°(A). The

left rotation of this triangle is Y = C(f) — X[1] iUN Y[1]. We need to

show that we have an isomorphism ¢’ : C'(u) — X[1] in H°(A), such that the
following diagram commutes.

Y —%s 0(f) - Ou) —L Y1

| | LA

y o) —2 xp) =8y

We have that C(u)" ~ C(f)" ® Y*1] ~ Y & X"[1] & Y"[1], with the
differential N
9/\ fn+1 1Yn/\+1
0 0 —drf!
We define the morphisms ¢ : Y@ X" 1] Y"[1] — X"[1] given by components
¢” = (0 1X7/L\+1 O)
and 0 : X[1]" — Y @ X[1]" @ Y[1]" given by components
0
Op = ]-Xr/L\Jrl
_ A
n+1
One can check that these commute with the respective differentials. We
consider the following diagram

t/\

A AN
YN Lo vre XM Y= YN e XM @ Y] —— Y]

| | of Je |

—f" (1]

vr W yng xn) — 20 xe LBy
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where
1
uh = (0) "= (0 1)

1
w =10 t"=(0 0 1)
0

o = O

We check that ¢ and 6§ make the diagram commute in H(A). We see that

Ly 0
(po w/\)n = (0 1X7/L\+1 O) 0 1X¢/m\+1 - (O 1Xﬁ+1) - Uﬁ
0 0
and
0
(t" 0 0), = (0 0 1YnA+1) Ixr, | =— o
- r/L\+1

Hence ¢ makes the left square commute, and 6 makes the right square
commute already in C(.A). For the other compositions to commute, we need
to pass to H(A). First observe that

ty = (=f"[1] o ¢)n =
(O 0 1YnA+1) - (_ 12\-"-1 (O 1XQ+1 0)) =
(O f'r/l\""l 1YnA+1)
Let s: Y"@® X*1] @ Y"[1] — Y"[1] be the graded transformation of degree

—1 given by components

sn=(1yp, 0 0)
This gives us that
— dyn 08y + Spt1 0 dg(u)A =

T)l//\ fT/L\+1 1Yn/\+1
—dys (Iyp 0 0)+(Iyp, 0 0)| 0 —d! 0O B
0 0 —dpi!
5 0 (e f i) -
(0 fr/z\—i-l 1Yn/\+1)

38



Hence by Proposition 2.13, ¢ also makes the right square commute in H(.A).
Similarly, first we calculate that

w) — (B ov™), -

Iy, 0 0
0 1XQ+1 o 1X7/L\+1 (0 1X7/L\+1) =
0 0 B 7{L\+1

Iy 0 0 0

O 1X7/7.\+1 —_ 0 1X7/L\+1 —
o 0) \o —f

Iy, 0

0 0

0 fon

Let s: Y @ X"1] — Y @ X 1] ® Y"[1] be the graded transformation of
degree —1 given by components

0 O
Sy, = 0 0
Iyr 0O
We get
dgful)A 0 Sp + Spt1 0 Ay =
it Ly 0 0 0 0 . N
0 —d%a 0 0 0]+ 0 0 <56A _C’;,J{h) =
0 0 —dyn lyr O lyr, 0 XA
Iyr 0 0 0
0O O+ 0 0 =
—dyr 0 va o S
Iyr 0
0 0
0 fin

Hence by Proposition 2.13 6 also makes the left square commute in H(.A).
Now we show that ¢ and 6 are inverses in H(A). Composing them we get

¢n09n = 1X/\

n+1
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This shows they are already one-sided inverses of oneanother in C(A). For
the other composition order we get

0 0 0
Qn o} gbn = 0 1X£+1 0
0 — r/z\+1 0

Now let s : YN & X 1] @ YN1] — Y & X"[1] ® Y"[1] be the graded
transformation of degree —1 given by components

0 00
sa=|( 0 00
Iyr 0 0
We get
drcb,zul),\ oSy + Sn+1 © dg’(u)/\
&t Iy 0 00 0 0 0\ [/dyn fh lva,
0 —d% 0 0 00+ 0 00 0 —dyi' 0
0 0 —dp.) \lyr 00 lyn, 00 0 0 —dyt!
lyrn 00 0 0 0
0 00+ 0 O 0
—dQA 0 0 gL//\ f?é\—‘,—l 1Y7{\+1
lyr 0 0
(O 0
O fé\+1 1Yn/\+1

Now notice that

dg?ul)/\ 08p + Spt1© dg(u)/\ + en © ¢n -

lys 0 0 0 0 0
0 0 0 | +0 1xp, O _
0 £+1 1Y$+1 0 — £+1 0
lysr 0 0
0 lx,, O —
0 0 lyn,
Lequyy
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Hence by Proposition 2.13, 6 o ¢ = 1¢,)~. This means ¢ and 6 are inverses
and X"[1] ~ C(u)" in H(A). By applying §, we get an isomorphism ¢’ €
H°(A)(C(u), X[1]) corresponding to ¢ which makes the original diagram
commute.

(TR3) Assume we have the folowing diagram in H°(A), where the rows
are triangles and the leftmost square commutes.

f

X — v o) 4 X[

la o lb éa?qs' la[l]

v L ow Y 0@ — v

We need to show that there exists a morphism ¢’ € H°(A)(C(f),C(g)) such
that the two other squares also commute in H°(A).

The commutativity of the leftmost square in Z°(A) implies that there
exists s € A(X, W)™, such that bo f —goa = dyy(s) in Z°(A). This
gives us the graded transformation s" € Cyy(A)(X", W")~t. We construct
the following diagram in C(.A), with appropriate differentials on the cones.

or ), pa o
— Yo XM1]

I 6 [

wa LoDy ppn o VAl 2 yapg

(01)

Where ¢ is the morphism with components

_ bg SQH
P = (O GQH)

This clearly makes the diagram commute, as the term s, vanishes in both
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compositions. We check that ¢ commutes with the differentials.

d‘l dY dl

g2
) C(f) YA @ X U4 CHN v e X U1 C(HN vr e xp <9 o,
l¢—1 l¢o l¢1
d(;% " d*l dO d, e
A wn e vy “h wpe v 2N wpe vy
We have the differentials
n n A\
n — YA n+1 dn — WA gn+1
C(HN 0 dn-‘rl C(g)™ 0 —d?/tl

We get

9n © dgpyn = disgn © bn- -

(bﬁ Sn+1) (dyw fa ),_ (d%w3 9n :> (bﬁl 82) _

0 )\ 0 —d. o —a. )\ o &

(bAod"1 bgofé\—sﬁﬂod}A) (d" ob) , dilosh —i—gnoa)
0 —d{ . o al

(bﬁ odynt —dyi oby_y (byo f —ghoap) = (digi o sy +spy 0 dXA)) _
0

_(GQH odyn —dyao ap)
00
00

In the last equality everything vanishes because of the following All compo-
nents of a” and b" are chain maps, hence we know that b2 ody ' —dpy L ob | =0
and a); od%, — dr oal = 0. Since bo f —goa = dy' xw(s), we get the
following by Proposition 2.4.

A n
0 — @y, © dn

nofh—gnoay =dyy(s)h = dey, (s
On the other hand we also have
degy(a)(8")n = i 0 57 + 8741 0 dn

from the definition of the differential in C4,(.A). Hence the top right term
in the matrix also vanishes, and thus ¢ commutes with the differentials.
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Applying 3 we get a morphism ¢/ € H°(A)(C(f),C(g)) corresponding to ¢
which makes the original diagram commute.

(TR4) Assume we have the following diagram in H°(A), where the three
first rows are triangles

X —“s Yy —% 0w —2— X[1]

| ¥ |

X Uz o O(u) —L X[1]
b Lo
Y —U oz —C o) —L o v

bl

C(u) C(vu) C(v) C(u)[1]

Then we need to show that the bottom row also forms a triangle in H°(.A).

Transfering this diagram over to C(.A) and decomposing the cones with
appropriate differentials, we get the following diagram.

A S () B P N I Cid BN O}
H [ Jo H
A 1
xn W zn ) ang xap —OD L xa




We have filled in the missing parts with morphisms ¢”, h" and " with
components

o Ué\ 0 - 1ZQ 0 . 0 1Y7{\+1
S B G B O

One can check that these commute with the respective differentials, and
makes the entire diagram commute. To show that the bottom row gives us a
triangle, we need to consider the object C(¢9)" ~ Z" & X [1] @ Y"[1] & X"[2],
with the differential

7 (L) AT A 0
W | 0 a0 1k,
R I 0 —dyt! —Upy

0 0 0 dii?

We have to show that we have an isomorphism of triangles in #(.A).
10
(i)
Yo X M1 L 200 x 10820 e X1 e Y1 & X2
| | |

M

Vex\dz2ex] —Lb o z2vevN] —F L vI]e X2

We construct the following two morphisms.

o:Z"eYMN]| = Z e X M1 Y 1] ® X"[2],

lzy 0
o o
L0 1y,

0 0

T Z e XN Y 1)@ XM2] = 2" o Y1,

1z 0 0 0

One can check that 7 makes the left square commute, and ¢ makes the right
square commute in C(.4). One can also check that ¢ makes the left square
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commute in H(A), by using s : Z" & X[1] = Z" @ X 1] @ Y1] & X"[2],
the graded transformation of degree —1 with components

0 0
o 0
=10 0
0 lxn

n+1

Similarly we can check that 7 makes the right square commute by using
s:ZMe XMl e Y1) @ XM 2] — Y'[1] & X"[2] given by components

lzz 0 0 0
TOU:(@ o) S R R
L NV R PO n O 0wy lys, O

0o 0 0 0

Let s : C(g9)" — C(g)" be the graded transformation of degree —1 with
components

0 0 00
(o 0o o0
=lo 0o 00
0 —1xr 0 0

n+1

We get
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m—1 n
deigyn © Sn + Snt1 0 dogn =

dyn (vu)hy  vh 0 0 0 00
0 —dyit 0 bo, | [0 0 00
0 0 d”“ —ul, {0 0 00
0 0 d"+2 0 1% 0 0
0 0 00 /\ )n 1 n+1 0
0 0 00 —d"* 0 Iy, | _
0O 0 00 0 —dyt —ul
0 —1%2 0 0 0 0 dy?
0 0 00 0O 0 0 0
0 —lxr, 0 0 0O 0 0 0
/\n+1 + —
0 u), 00 0 01 0 0
n m-+
0 —d¥' 0 0 0 div 0 —lxa,
O 0 0 0
0 —lIxp, 0 0
0 wuhy 0 0
0 0 0 —lxn,
Now notice that
A" o sy 4 Spp10d" + Loy =
O 0 0 0 lzn 0 0 0
0 _1XQ+1 0 0 n 0 1XQ+1 0 0 B
0 why 0 0 0 0 Iyr, 0 |~
0 0 0 —Ixp, 0 0 0 Ixn,,
lzn 0 0 0
0 0 0 0 _
O UT/:+1 ].Yn/\+1 0 n "

0 0 0 O

Hence by Proposition 2.13 we get that 0 o 7 = 1¢(,) in H(.A). For the other
composition order, we already have that 7 oo = 1¢)s in C(A), hence it
is also true in H(A). Hence C(v)" ~ C(g)" in H(A). By applying 8 we
conclude that the original diagram commutes and the bottom row is a triangle

in HO(A). O
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3 Exact categories

In abelian categories, we can form exact sequences by using the concepts of
kernels and cokernels. The goal in this section is to study ezxact categories,
a generalization of abelian categories. These categories allow us to define
exact sequences in categories where not all morphisms necessarily have kernels
and/or cokernels. After defining the first concepts, we define the stable
category of a special type of exact category, and see how this category is
triangulated.

3.1 The basics

There are several equivalent formulations of the properties an exact category
should satisfy, here we will use the definition given by Keller [9, p.405].

Definition. An exact category is an additive category C, together with a
family F of sequences on the form

0 y X —tyy 4,z ' 0

where 7 is a kernel of d, and d is a cokernel of i. These sequences are called
exact sequences. The morphisms ¢ are called inflations, and the morphisms d
are called deflations*. Furthermore, we require the following to hold

(1) The family F is closed under isomorphisms. That is, given a commuta-
tive diagram

0 s X L,y 4, g y 0
I |
0 s X/ i,>Y’ d/>Z’ s 0

where the top row is in £ and the vertical morphisms are all isomor-
phisms, then the bottom row is also in E.

(2) 1y is a deflation.

4These are sometimes instead called admissible monomorphisms/epimorphisms respec-
tively
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(3) The composition of two deflations is a deflation.

(4) Given a diagram

Y
K
x 4, 7

where d is a deflation and f is any morphism, then the pullback exists

A~

p 4.,y

oLy

x 4, 7

and the morphism d is also a deflation.

(5) Dually, given a diagram

where 7 is an inflation and f is any morphism, the pushout exists

X L,y

LR

7z —t> P
and the morphism 7 is also an inflation.

Remark 3.1. It can be shown that there is an equivalent characterization of
exact categories. Namely an additive category C is exact if and only if it can
be embedded as a full, extension-closed subcategory of some abelian category
D. Here extension-closed refers to the property that if
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is an exact sequence in D, and A,C € C, then B € C. Some authors use this
as the definition of an exact category, see for example [6, p.10].

Example. A simple example of an exact category is Ab, the category of
abelian groups. The exact structure is given by the collection Ea}p containing
all short exact sequences in the usual sense.

Let X € C. Since C is additive, we can consider the following additive
functors.

C(-,X):C% = Ab
C(X,-):C— Ab

We establish a useful fact about these functors.

Proposition 3.2. The functor C(-,X) is left-exact. That is, given any exact
sequence in C

f g

0 s X >Y s 7

~
o

and any V € C, then the sequence

0 ——czv) L evvy L ex, vy

1s exact in Ab.

Proof. Let g*(a) = 0 for some a € C(Z, V). This means that a o g =0, and
since ¢ is an epimorphism, this implies that a = 0. Hence g* is injective.
Now consider ¢ := g*(b) = bo g for some b € C(Z,V). We get that f*(c) =
cof =bogof=0. Hence Im(¢g*) C Ker(f*). Now let d € C(Y,V) such
that f*(d) = 0. This means do f = 0, and since Z is a cokernel of f, we get
the existence of a unique morphism h completing the following commutative
diagram.

X sy 9, 7

El
k 3

v

Specifically we have that d = ho g = g*(h), and hence Ker(f*) C Im(¢*). O
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Remark 3.3. Note that a similar statement can be proven for the functor
C(-,X).

Definition. An exact functor is an additive functor F' : C — D between
exact categories such that the image of any exact sequence in C is an exact
sequence in D.

As we have seen, the functors C( -, X) and C(X, - ) are almost exact. We
denote the objects which make these exact in the following way.

Definition. Let C be an exact category. An object X € C is called
(1) injective if the functor C( -, X) is exact.

(2) projective if the functor C(X, -) is exact.
We now give an equivalent characterization of injective objects.

Proposition 3.4. Let I € C be an object in an exact category. Then I is
injective if and only if the following holds. For any morphism i € C(X,I) and
any inflation f € C(X,Y), there exists a morphism h € C(Y,I) making the
following diagram commute.

0 » X f>Y

l

s
z
s
s
s

=

~

Proof. Let

0 cx oy 9., s 0

be an exact sequence in C. Applying the functor C( -, I) we get the following
sequence in Ab.

*

0o——czn Lscew, ) L-eox)—o0

By definition, we know this sequence is exact if and only if [ is injective.
Since C( -, 1) is always left-exact, this sequence being exact is equivalent
to f* being surjective. The morphism f* being surjective is equivalent to
the following. For any i € C(X, 1), there exists some h € C(Y, I) such that
i = f*(h). But since f*(h) = ho f, this is equivalent to i = h o f for some
h € C(Y,I). This is exactly what we wanted to show, and hence this is an
equivalent characterization of injective objects. O
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Remark 3.5. There is a similar characterization of projective objects, using
the dual of the property described here.

The following is a useful fact about exact sequences starting with an
injective.

Proposition 3.6. Let

0 i > Y g>Z > 0

be an exact sequence where I is injective. Then the sequence splits, and
Y~16Z.

Proof. Because I is injective, there exists h : Z — [ such that ho f = 1;.

Consider the idempotents s = foh:Y — Y and t = 1y — s. Notice that

tof =
(ly =s)o f =
lyof—sof =
f—fohof -
J—=fols =
0

hence by the cokernel property of Z we get a unique morphism ¢ : 7 — Y
such that t = ¢ o g.

X f>Y g>

RN

=<4 N
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Putting it all together, we get the diagram

h ¢
0 . T Kjf?}fyfﬂf'z . 0
H o
0 y 1 A A > 0

We will show that (Z) is an isomorphism, with ( f ¢) as inverse.

() :

foh+dog =
s+t =
s+ (ly — s)

ly

Checking the other composition order we get

h
BIx -
(hof ho¢) B

gof go¢ B
CX ho¢)

0 goo

Notice that

pog=1y —e —
gopog=go(ly —e) =
gogog=g—gofoh =
gogog=g =
goop=1y Since g epimorphism
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We also see that

(foh)o(dog)=(s)ol(t) —
fohopog=so(ly —s) -
fohopog=s—s =
fohopog=0 —
hoop =20 Since g epimorphism, f monomorphism

Hence we get
h 1 0
(o) o= (5 0)

Remark 3.7. Note that the dual statement is also true; an exact sequence
ending with a projective is split, with the middle object isomorphic to the
biproduct of the outer objects.

O

Definition. An exact category C has enough projectives (resp.
enough injectives), if for every object X € C, there exists a deflation
P — X, P projective (exists an inflation X — I, I injective).

Definition. An exact category F is called a Frobenius category, if it has
enough projectives and injectives, and if the collection of projective objects
coincides with the collection of injective objects. That is for all X € F, X
projective <= X injective.

We will look at an example of some Frobenius categories. In order to see
that the categories in question indeed are Frobenius categories, the following
proposition will be useful.

Proposition 3.8. Let S be a PID, (p) a mazimal ideal and denote R :=

S/(p*). Then there are only two finitely generated indecomposable R-modules,
R and R/(p).

Proof. We know that R-modules are in 1-1 correspondence with S-modules
annihilated by (p?). By the structure theorem for finitely generated modules
over a PID, we know any finitely generated S-module can be decomposed
into indecomposables S or S/(q), with (¢) # 0 a power of a prime ideal. Since
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S is a PID, (p?) # 0, and hence S is not annihilated by (p?). Assume now
that an indecomposable S-module S/(q) is annihilated by (p?). We get that

(P*)-S/(q)=0 < () C(q) = p’c(qg) = p’=q-n

for some n € S. Since every PID is a UFD and p is irreducible, this implies
that ¢ = p or ¢ = p? up to multiplication by a unit. Hence S/(p?) = R and
S/(p) ~ R/(p) are the only indecomposable R-modules. O

Remark 3.9. Note that the ring R has an ideal (p) corresponding to the ideal
(p) in S, since (p*) C (p). By the third isomorphism theorem we get the
last isomorphism S/(p) ~ R/(p). Considering this ideal (p) in R, we get the
two R-modules (p) and R/(p). We have a surjective morphism of R-modules
f: R — (p) given by multiplication by p. Ker(f) = (p), so (p) ~ R/(p). In
particular this means we have an exact sequence

0 —— (p) —— Ri =" R/(p) —— 0
with isomorphic endpoints.

Example. Let p € N be a prime number, and let F, be the field with p
elements. We define the two rings By := Z/p*Z, and Ry := F[e] ~ F,[z]/(2?).
Since these rings are finite (and hence artinian), and of finite representation
type (we will show this), when classifying the modules over these rings it will
be enough to study the finitely generated ones. This is because any module
over these rings is isomorphic to a (potentially infinite) direct sum of finitely
generated indecomposable modules, see [1].

First we look at some properties of these rings. Denote the elements
p1 =p € Ry and py = € € Ry. The elements p; generate a maximal ideal
in both rings which we denote by I; = (p), Io = (€) respectively. We have
that Ry/I} ~ F, ~ Ry/I,. Thus F, is naturally a module over both rings.
Are there other indecomposable R;-modules than I, and the ring itself?
Using Proposition 3.8, we get that R; and R;/I; ~ F, are indeed the only
indecomposables. To see this, for i = 1, set S = Z, (p) = pZ. For i = 2, set
S = Fylal, (p) = ().

Next, we want to see that I, is neither a projective nor injective 2;-module.
Consider the exact sequence of R;-modules

0 vy F, —» R, —> T, > 0



Where ¢ is given by multiplication with p;, and 7 : R, — R;/I; ~ F, is
the natural projection. If we assume IF,, is injective, by Proposition 3.6, we
would have that R; ~ F, ® [F,. But R; is indecomposable, hence [F,, cannot
be injective. Dually if we assume [, is projective, the dual statement to
Proposition 3.6, implies the same decomposition, and hence F, cannot be
projective either. Since these rings have at least one indecomposable projective
and at least one indecomposable injective module, we can conclude that R;
must be both a projective and injective R;-module. Thus the categories
Mod(R;) are both Frobenius categories, where M is projective <= M is
injective <= M is free.

3.2 Triangulated categories from exact categories

In this section we will define the stable category of a Frobenius category. After
establishing some useful results, we show that this is a triangulated category.

Definition. Let C be an exact category. A morphism f € C(X,Y) is said
to factor through an injective if there exists an injective object I € C, and
morphisms g € C(X,I),h € C(1,Y) such that f = hog. We define the subset
I(X,Y) C C(X,Y) to be set of all morphisms from X to Y which factor
through an injective.

Proposition 3.10. The set I(X,Y) is a subgroup of C(X,Y).

Proof. Let f,g € I(X,Y). If f factors through I as f = fy 0 fi, then
(—f1) € C(X,I), which means (—f) = fy 0 (—f1), hence I(X,Y) is closed
under inverses. Now assume ¢ factors through J as g = go 0 g;. Then we get
the following diagram
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X
e
ir T
I —IleJ — J

N <T
N e
Y

We look at the morphisms i;o fi+i;0g9; € C(X, 1@ J) and faomy+goomy €
C(I & J,Y) and observe that their composition

(foomr+gaomy)o(irofi+ijoq) =
Jaomroiro fi+ faomroizog +gaomyoiro fi+gaomyoizogq =
faoljofi+ faoOogi+g2000fi+gaolyjoq =
f20fi+tg20m =
f+y

Hence f + g factors through 7 & J, and by noting that the direct sum of
injectives again is injective, this concludes the proof. O

Definition. Let F be a Frobenius category. We define the stable category of
F, S(F), having the same objects as F, and morphisms are stable equivalence
classes of morphisms, S(F)(X,Y) := F(X,Y)/I(X,Y). That is, we identify
morphisms f,g € F(X,Y) if f — g factors through an injective. It can
be checked that this category has well defined composition induced by the
composition in F.

Remark 3.11. One immediate consequence of this construction, is that any
injective object in F is identified with the zero object in S(F). This is because
any morphism into or out of an injective object, factors through said injective.
Thus for an injective I, all morphisms X Iy I are identified with eachother,
and similarly all morphisms I 2 Y are identified with eachother. Hence there
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is only one morphism into, and one morphism out of I, which means I is
isomorphic to the zero object in S(F).

The following proposition will be one of the key ingredients in constructing
triangles.

Proposition 3.12. Given an eract sequence

0 s X L x Ly x/ s 0

and a morphism f: X — Y, there is a unique (up to isomorphism) way to
construct the following commutative diagram

0 » X T X7 T X

ool

y Y5> p Y. x/

2\
2\
~
)

~
2\

such that P is the pushout of x and f and wov = 0. Moreover the bottom
row is always exact. We call this the induced exact sequence of the top
row and f.

Proof. We start with the following diagram

0 sy X Ly xr T X/ s 0
|/ H
Y X'

Since the morphism z is an inflation, we can construct the pushout P, which
is unique up to isomorphism. This gives the following diagram,

0 s X L oo xm Ty ox/ s 0
T VA
0 y Y —Y 5 P X'

o7



where v is an inflation. Now we use the pushout property of P, by noting
that both 0o f = Z oz = 0. This gives a unique morphism w : P — X/,
satisfying w ov =0 and w o f = Z. This completes the diagram.

0 y X L X" L X/ > 0
bl
0 v Y —Ys p T,
\H/’

Now we show that the bottom row is also exact. Since v is an inflation, there
exists a corresponding deflation v : P — Z. Since this is a cokernel of v, and
wowv =0, we also get a unique morphism ¢ : Z — X’ satisfying t o u = w.
We propose that this is in fact an isomorphism. Using the cokernel property
of X’ together with the fact that 0 =uowvo f = (uo f) o x, we get a unique
morphism s : X' — Z satisfying soZ = uo f.

0 s X Ty xn T xr s 0
IV
0 yY 4 P 25 X
Ntvﬂs
A

0

We want to show that s and ¢ are inverses of eachother. We get

sof:uojT —
tosoZ=touof

—
tosorT=wof =
=

tos=1x Since Z epimorphism

For the other composition order, we first need to show that u = s ow. We

have that (sow)ov=0=wuowv and (sow)o f=sox=wuof.
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By Proposition 1.2, we conclude that u = s o w. Now we get

tou=w —
sotou=sow —
sotou="u —
sot=1y, Since u epimorphism

Thus X' ~ Z, and since exact sequences are closed under isomorphisms, the
bottom row is also exact. O

When studying S(F), we will be interrested in a specific kind of exact
sequence, namely those where the middle term is injective.

Proposition 3.13. Consider the following two exact sequences in F,

0 — - x My 7 Ty

2\
(@)

~

M2

0 — X >J7r2

Z

2\
(@)

~

where the middle objects I and J are injective. Then Y and Z are isomorphic

in S(F).

Proof. Because of the injective property of I and J, there exist morphisms
f1, fo making the following diagram commute.

1

0 y X Mg > Y > 0
|l

0 yx 2, g 2, 7 > 0
|l

0 o x M7 My > 0

Since Y and Z are cokernels of i1 and s respectively, and since 0 = my oy =
(1 0 f2) o po (similarly 0 = 79 0 g = (w2 0 f1) o uy), we get that there also
exist morphisms g;, go making the following diagram commute
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0 y x M, Ty > 0
| e

0 yx 2, g 2y 7 > 0
|l e

0 , x My Ty > 0

Now notice two different paths from X to I gives us that foo fiou, = py <=
(fao fi —17) oy = 0. Using the fact that Y is a cokernel for p;, there exists
a unique morphism h : Y — I making the following diagram commute

x M, M,y

(f20f1—11)\1 "

v
1

In other words, we have h o = fy 0 fi — 1;. Postcomposition with 7; gives
us that

m 0 hom =
mo(foo fi —11) =
mo fao fi—m =
g204g1 0T — T =

(92091 —ly)om

Since 7 is an epimorphism, this implies that 3 o h = (g2 0 g1 — 1y). Since
the morphism 7; o h factors through the projective I, we get that 0 =
(92091 —ly) = goo gy = ly in the category S(F). Similarly we can argue
that g; 0 go = 17 in S(F), by swapping the roles of the two exact sequences
in the argument. Thus Y ~ Z in S(F). O

The above proposition allows us to construct a well defined map T :
Obj(S(F)) — Obj(S(F)) by doing as follows. For every object X € F, we
choose some exact sequence starting with X, and where the middle object is
injective.




We can do this for every object, since F has enough injectives. Then we define
T(X):=Y in S(F). By Proposition 3.13, we know that this construction is
well defined up to isomorphism in S(F).

When studying S(F), we come across morphisms which factor through
some injective. The following proposition will give us more control over
exactly which injective morphisms may factor through.

Proposition 3.14. Let X, Y € F, and let

0 y X —2 5 [(X) 25 T(X) —— 0

be a sequence like constructed previously. Let f € F(X,Y) be a morphism
factoring through an injective, in other words f =0 in S(F). Then f factors
through 1(X) as f = aox, for some a € F(I(X),Y).

Proof. Since f factors through an injective, there exists some J € F, f; €
F(X,J), fo € F(J,Y) such that f = fy 0 f;. We get the following diagram

0 y X L5 [(X) =5 T(X) —— 0
.
v 7 2y

now since J is injective, and x is an inflation, we get that there exists
a morphism h : I(X) — J such that h oz = f;. Thus the morphism
f=fao fi = (feoh)ox factors through I(X). O

We want to extend the map 7" : Obj(S(F)) — Obj(S(F)) to a functor.
For a morphism f € F(X,Y'), we want to construct the following commutative
diagram.

0 » X L [(X) 25 T(X) —— 0
e e
0 Y L 1y) L 1v) —— 0

Since I(Y') is injective, there exists some I(f) making the leftmost square
commute. This is not necessarily unique, so we choose one. After this choice is
made, we get a unique morphism 7'( f) making the rightmost square commute,
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because T'(X) is a cokernel of z. It can be shown that that when passing
to S(F), the morphism T'(f) is well defined and independent of I(f) and
representative of the morphisms f. This means we can consider 7" as a functor
T:S(F)— S(F). It can be shown that this indeed is an automorphism. For
more details, see [6, p.12].

Proposition 3.15. Consider the commutative diagram

0 s X L o xr L, x! s 0
ool
0 s ] Y 7z Y., x s 0

where both rows are exact and I is injective. Then the bottom row is the

induced exact sequence of the top row and f. In particular, Z is the pushout
of x and f.

Proof. Let

0 s ] S5, p_t

s X! s 0

be the induced exact sequence of top row and the morphism f. Since both
this and the sequence

0 sy ] Y sz Y. x s 0

are exact sequences starting with an injective, we get the following commuta-
tive diagram by Proposition 3.6

0 y I —Y 7z Y X > 0
H e
0 > I ((1))>I@X’ (01)>X’ > 0
| oo
0 s 1 s . p—t 3 x > 0
where ¢ and v are isomorphisms. Hence Z ~ P. O
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Putting the above constructions together we can define what the triangles
in S(F) are.

Definition. Let f € S(F)(X,Y). We choose some representative f €
F(X,Y), and construct the diagram

L, I(X)
ol
0 s Y — C(f)

0 i>T — 0

g
~

(X)
H
AL T(X) — 0

~

where the bottom row is the induced exact sequence of the top row and f.
The following sequence in S(F)

» Y 2 C(f) = T(X)

is called a standard triangle, and the object C(f) is called the cone of the
morphism f.

We show that this is a well defined construction when passing to S(F).
In particular we show that the object C'(f) € S(F) is independent of both
the choice of injective I(X), and representative of the morphism f € S(F).

Proposition 3.16. The cone of a morphism f € S(F)(X,Y) is independent
of the choice of representative.

Proof. Let f,g be two different representatives for some morphism in
S(F)(X,Y). Then we know by Proposition 3.14 that ¢ — f = a oz for
some « € F(I(X),Y). By the pushout properties, we get the unique mor-
phisms ¢ and 1) between the objects C'(f) and C(g)

X 25 I(X)
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since
uo f =
uo(g—aox) =
uog—uo«aox =
gox—(uoa)ox
(g—uoa)ox

and
vog =
vo(f+aox) —

vof+4+voaox =
fox+(voa)ox =
(f+voa)ox

These morphisms satisfy

pov=u
pof=g—uoa
You=uv

bog=ftvoa

We confirm that ¢ and ¢ are actually inverses of each other. We use Proposi-
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tion 1.2 for this.

Yogou =
You -
1C(f) ov

Yopof =
Yo(g—uoa) =
Ypog—yYouox =
(f+voa)—voa =
logpo f

Hence ¢ o ¢ = 1¢(5). Checking the other composition order is similar. Hence
C(f) ~ C(g) in F, which means they are also isomorphic in S(F). O

Proposition 3.17. The cone of a morphism f € S(F)(X,Y) is independent
of the choice of injective 1(X).

Proof. We start with two different injective objects I, J, and get the following
diagrams for the construction of the two cones P and Q).

0 b X Ly 7 v —— 0
B

0 Y Y5> P Y5V > 0

0 >Xj>Jj/>W > 0
b

0 Y 4 Q Y W » 0

Since I, J are injective, and i, 7 inflations, we get morphisms h : J — [ and
g: 1 — J, satisfying i = hoj and j = g o 7. We obtain morphisms ¢ and
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between P and () from the following pushout diagrams

satisfying pov =u,pos=tog,pou=wv and ¢ ot = so h. Now we notice
that we have (hog—1;)oi=hogoi—i=1i—i=0. The cokernel property
of V' gives a unique morphism o : V' — [

-/

X b, T,y

(hog—lz)\ :

y
I

satisfying a0 i’ = h o g — 1;. Postcomposition with s gives us

so(hog—1;)=soaod —
sohog—s=soqovos —
Yotog=soqovos+s =
(Yogp)os=(soaov)os+s —
(Yhog)os=(soaov+1p)os

Thus we have one of the requirements to use Proposition 1.2. We only need
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to check that

(soaov+1p)ow =
soaovov+ lpow =
v =
You =
(o d)ou

Hence we conclude that 1po¢p = soaov+1p, and since soaow factors through
I, we get that ¥ o ¢ = 1p in S(F). The proof for the other composition order
is completely analogous, by just swapping the roles of I and J. Thus P ~ @)
in S(F). O

We define the triangulation of S(F) to be given by the autoequivalence T,
and the collection A containing all triangles which are isomorphic to standard
triangles in S(F).

Theorem 3.18. Let F be a Frobenius category, and let T : S(F) — S(F) and
A be defined as above. Then (S(F),T,A) becomes a triangulated category.

Proof. 1t is enough to only consider the cases for standard triangles. For full
details, see [6, Theorem 2.6].

(TR1) By construction A is closed under isomorphisms and all morphisms
fit into a distinguished triangle. Let X € F, and consider the following
pushout diagram.

We immediately get that ¢ o u = 1;(x). On the other hand, we have
uogpou=uolyx)=1lcayou

and
uopov=uoxr=voly =1cuy)ov
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by Proposition 1.2 we get that w o ¢ = 1¢qay), and hence C(1x) ~ I(X).
Thus C(1x) = 0 in S(F), and the triangle

X X x

~
(an]
~

T(X)

is in A.
(TR2) Let X =Y = C(f) = T(X) be a standard triangle. Consider the
following commutative diagram.

Since you = I(u) o x, the pushout property of C'(u) gives a unique morphism

f:Cu) — 1Y)

X 25 I(X)

we get by Proposition 1.2 that yo f = T'(u)ow. Thus the following composition

1S zero.
() (v -T(w)
—

C(u) 1v)e1x) " —% 1)

68



We construct the following commutative diagram.

0 ! & C) —4—T(X)—— 0
J &) |
0 —— I(Y) o), [(Y)® T(X) Lor) T(X) — 0
J v v(g ()
T(Y) T(Y)
| |
0 0

Since the upper two rows are exact and I(Y") is injective, by Proposition 3.15,
we get that the middle row is the induced exact sequence by the upper row
and y. In particular we get that I(Y) @ T'(X) is the pushout of v and y.
Now we consider the leftmost and middle columns. Since I(Y') & T'(X)
is the pushout of y and v, and (7 -7(w) )(f) = 0, we get by Proposition 3.12
that the middle column is the induced exact sequence of the left column and
v. Thus we get that the sequence
()
—

Y Y C(u) vy e Tx ) = iy

is a standard triangle, which is isomorphic to

—T'(u)

Y 4 Cu) = T(X) T(Y)

in S(F).

(TR3) Let X %YV % C(u) % T(X) and X' 5 V' % (') 5 T(X)
be two standard triangles. Let f: X — X', ¢ : Y — Y’ be morphisms such
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that v’ o f = gow in S(F). We also have the morphisms I(f) : [(X) — I(X’)
and T'(f) : T(X) — T(X'). We get the following diagram with exact rows
and where all squares commute in F.

Y —— Ou) Y= T(X)

2

o [T
X (xy —E 1)
: y
v H

L
S

v Y o) Y T(x)

Since the morphisms g, f commute in S(F), we know because of Proposition
3.2 that there exists some a : I(X) — Y’ such that gou = o f + aox.
Now we see that

@ o g)ou _
v'o(uof+aoux) =
vVouof+ivoaox =
wWol(f)ox+v oaox =
(@olI(f)+v' oa)ox

Using the pushout property of C'(u) we get a unique morphism A : C'(u) —
C(u') satisfying hov =v"og, and hou=1u'o I(f) +v' oa.

X 2y 25 Clw) = T(X)

| E 1 |7

x Uy Y o) <2 T

-

From this definition of h, we immediately get that the second square commutes.
Now we just need to check that the rightmost square commutes, that is
w' oh=T(f)ow. To see this, we first note that (w' oh)ov =w"0v 0g=
0= (T(f) ow)owv. We also have that
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(T'(f)ow)ou =
wou oI(f)+0 =
wod ol(f)+w ov o« =

w o (@ oI(f)+v oa)
(w'oh)ou

By Proposition 1.2, we get that w’ o h = T(f) o w.
(TR4) We start out with the morphisms

u: X —Y
v:Y =7
wi:i=vou: X —V

and want to construct three standard triangles. We do this in a particular
way so that everything works out nicely. For the morphism u we construct
the following standard triangle.

0 »y X Lo I(X) 25 T(X) —— 0
ool
0 vy Ly T, T(X)—— 0

Now we choose some exact sequence for the object Z’

0 —— 2 —25 [(Z') =25 T(Z)) —— 0

with I(Z’) injective. Now notice that we have the inflations ¢ and z. The
composition is an inflation into an injective z o7 :Y — I(Z'). By choosing
this inflation for constructing the standard triangle of the morphism v, we get

Yy

0 y Y 224 172y L TY) —— 0
Pk H
0 y 7 — 5 x L TY) —— 0
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For the morphism w = v o u we construct the following standard triangle.

0 » X LT )—>T ) —— 0
Js lw H
0 —s 7 —F 0

A Y’ X' T(Z'")
Since Z’ is a pushout and woxz = kow = kowvou, we get a unique morphism
f:Z' =Y
X 25 I(X)

y —* 7

such that foi=kowv and fou
Jou =

w. Similarly, since Y is a pushout and
jow=jovou=17vo0(z01 v

ozo1uox, we get a unique morphism
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g:Y — X/

such that gok = j and gow = v o z o u. Recall how the morphisms 7'(u)
and T'(7) are constructed. In the following diagram, we choose morphisms
I(u), I(7) which make the leftmost squares commute. Then there exist unique
morphisms 7'(u) and 7T'(¢) such that the whole diagram commutes.

0 y X 25 [(X) 25 T(X) —— 0
u l[ W lT(u)
—— T(X)—— 0

i l] i) 7 lT i)

0 y 70— 1(Z'

)

| (

0 y Y 225 1(7)
| (

)

We see that we can choose (i) := 1;z/). We also have that zoiowu =
z o@ox, hence we can choose I(u) := z o . Thus we obtain the relations
T(u)oZ =gozouand T(i)oy . We put everything together in the

— |l

Il
U
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following diagram.

T(i)oj'
—

7z sy 4, x T(Z")

What remains is to see that this entire diagram commutes, and that the
bottom row is a triangle. By construction, we already have that foi=Fkow
and go k = j. To see that i/ = k" o f, we use Proposition 1.2, and note that

i'oi =0
Kofoi=kKokov=0

ilocu=TZ=kKow=FKofou

I

Again using the same proposition, we show that T'(u) o k¥’ = j' o g. We have
that

Tu)ok'ok=0
jogok=j3"05=0

-/ .

T(u)ok ow=T(u)oZ =yozoti=jovozoli=jogow

Finally, to show that the bottom row is a triangle in A, consider the following
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diagram.

7z sy — 9 x

We know the two leftmost squares commute. Since Z’ is a pushout, and

vozoit=jov=gokov=gofozi

vozou=gow=gofou

we conclude by Proposition 1.2 that the bottom right square commutes as
well. Now we want to show that the bottom right square is a pushout. Since
Z' is the pushout of z and u and Y” is the pushout of z and v o u, Proposition
1.3 gives us that Y” is also the pushout of 7 and v. Using the same proposition
again, together with the fact that X’ is the pushout of v and z o i, we get
that X’ is also the pushout of z and f. Finally we check that

T(i)oj ogok=T(i)oj 0j=0
T(i)ojogow=T(i)ojovozou=T(i)ogozou=Zz0zo0u=0

Hence we get by Proposition 1.2 that T'(i) o j' o g = 0. We constuct the
following diagram.

0 y 7 25 [(Z)) —25 T(Z)) —— 0
el H
T
0 vy 2 x (Z)O‘% TZ) —— 0

Since T'(i) o j’ o v = T'(i) o y = Z, the rightmost square commutes as well.
Putting everything together we get that the bottom row is the induced exact
sequence of the top row and f, and hence

e
7 Ly 9 T I

is a standard triangle in S(F). O
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Example. Recall the rings R := Z/p*Z and Ry := F,le] ~ F,[z]/(2?) that
we studied earlier. We have seen that the module categories Mod(R;) are
Frobenius categories, so then we may ask, what is S(Mod(R;))? Let M be a
finitely generated R;-module with decomposition M ~ F, & R! into indecom-
posables. When passing to S(Mod(R;)), all the injective summands vanish,
and we are left with M ~ F, in S(Mod(R;)). By the previous discussion
about classifying modules over these rings [p.54], this fact generalizes to all
R;-modules, which implies that S(Mod(R;)) ~ Mod(F,).

Since F, is a field, it is well known that the resulting triangulation on
Mod(F,) is given as follows. The shift is the identity, and distinguished
triangles are the triangles which induce long exact sequences.
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4 Enhancements

A triangulated category can be said to have an enhancement, which contains
additional information about it. This allows for a better understanding of the
category in question [10, 1.1]. In this chapter we will first define what a dg-
enhancement is, and then state a result regarding equivalent characterizations
of the triangulated categories which have such enhancements. Afterwards we
will consider the question regarding whether such enhancements are unique.

4.1 Algebraic triangulated categories

We have seen that for a pretriangulated dg-category A, we can construct
the triangulated category H°(A). Does every triangulated category arise
from this construction? In general the answer is no, but when a triangulated
category arises from this construction, we call it algebraic. Specifically we
have the following definition.

Definition. Let 7 be a triangulated category. We say that 7T is algebraic, if
there exists a pretriangulated dg-category A, together with an equivalence of
triangulated categories H°(A) ~ 7. We then say that A is a dg-enhancement
of the category T.

In Chapter 2 we defined the category Cu(k), and looked at how
H°(Cyy(k)) ~ K(k) is the homotopy category of chain complexes over k.
We can generalize these constructions; instead of considering complexes of

modules over k, we consider complexes of objects in some additive category
A.

Definition. Let A be an additive category. The dg-category of chain com-
plezes over A, denoted Cyy(A), has objects which are chain complexes of
objects in A. For two chain complexes A, B, the set of morphisms forms a
chain complex, with the n-th component consisting of graded morphisms of
degree n from A to B.

We define the homotopy category of chain complexes over A, denoted
K(A). Obects in this category are chain complexes with components in A,
and morphisms are chain maps up to chain homotopy. Similar to what we
saw in Chapter 2, we have that K(A) = H%(Cyy(A)).

It is well known that the category K(A) is triangulated, see [7, Theorem
6.7] for more details.
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The following definition concerns how we define the concept of long exact
sequences in exact categories.

Definition. A sequence in an exact category

n—2 n—1 n n—+1
CATE g AT g A g AT

is called an acyclic (or long ezact), if each morphism d" can be decomposed
as

n ‘n+1
An T Zn+1(A> ? v Antl
where Z"T1(A) := Ker(d"™), such that each sequence
00— Z7(A) Ly An Ty zerl(4) 5 0

1s exact.

Definition. Let F be a Frobenius category. We denote by g;(]—" ) the full
subcategory of Cq,(F), with objects the acyclic complexes with all components
injective.

Similarly we denote K*(F) := H°(C§,(F)), which can equivalently be
described as the full subcategory of K (F), with objects the acyclic complexes
with all components injective.

Remark 4.1. The category K%(F) is clearly closed under shift of chain
complexes. It can also be shown that the cone of a morphism between acyclic
complexes is again an acyclic complex, see for example [2, Lemma 10.3]. The
cone clearly also has all components injective. Hence K%(F) is a triangulated
subcategory of K(F), with Cj}(F) as a dg-enhancement.

Proposition 4.2. For a Frobenius category F, there is a triangulated equiva-
lence G : KY(F) — S(F), given by X — Z°(X) on objects.

Proof. First we define what G does to morphisms. For a morphism f €
K% (F)(X,Y), we see that the image in S(F) is independent of representative,
since for any chain homotopy s, each morphism s"! o d% + dy"' o s™ factors
through X"t @ Y™ ! which is injective. Thus we simply choose some chain
map to represent f, and make the following diagram.




Since we have

0 0 _ 0 1 .
dYof Olyx 0Ty —

dOYOZ'?/Oﬂ';IOf_l =
0
and since 7y is an epimorphism, by the kernel property of Z°(Y) we get the

morphism f making the right square in the diagram commute. Moreover,
since f is a chain map, we have that

fooig(OW;(lzig/omjlof_l _—
0 _F.o_—1_ .0 1 =1

iyoformy =iyomy, of =
formy! = 7T{,1 o f! Since 4} monomorphism

hence the leftmost square commutes as well. We define G(f) to be the
morphism represented by f in S(F), and call this the induced morphism on
kernels.

To show that G is faithful, let f € K%(F)(A, B) such that G(f) := f =0
in S(F). This means that f factors through some injective. We make the
following diagram

A0 ”9‘>21(A) ZINH

b b

B "By zupy B, B

g
r]
~
N
=
N

2\
~

-

7
r
Sy
N
E
s}

~
~

By Proposition 3.14, and since i is an inflation, we get that f factors
through A° as f = a 0149 for some a : A — Z°(B). Note that the morphism
a constructed in that proof also factors through an injective. By using the
dual statement of Proposition 3.14, and since 75" is a deflation, we get that a
factors through B! as a = 7' 05, which put together gives the factorization

f=ng' 05" 0i%. Now notice that we have

ol =iof=(ornz os) o

which means that
(f'—i%onzlos?) o =0
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Since Z'(A) is the cokernel of 79, this gives a unique morphism ¢ : Z*(A) —
B satisfying t o 14 = f0 —i% o 15" 0 s°. Rearranging this gives us that
O =tonY +dg' os’ Since i} is an inflation and B is injective, we can
factor t = s' ol thus we can write t o 14 = st 04!y o 74 = s' 0 d%, and hence
O = stod) + dg' o s’. This gives us the start of a chain homotopy. To

extend it to the right, notice that

fO=s'od)+dg o5’ —
ﬂ%of():w%oslocl%—l—wgoclgloso —
flony=na%ostoion)+0 -
fr=a%ostoidl Since 7 epimorphism

Hence s' satisfies the same starting conditions as s, only one ”"step” to
the right, and we can repeat the argument to complete extending the chain
homotopy to the right. A dual argument can be used to extend the chain
homotopy to the left. Specifically it starts out by using Z°(B) as a kernel
of 7%, and A° being projective, and then allows us to continue extending
the chain homotopy to the left. Hence f is chain homotopic to 0, and G is
faithful.

To show that G is full, start with some f € S(F)(A, B). Since iY is an
inflation and B is injective, we get a morphism f° : A — B° such that
fPoi% = i% o f. Now since 1% 0 fO0i% = 7% 0i% 0 f = 0, we get by
the cokernel property of Z'(A), a unique morphism f! : Z1(A) — ZY(B)
satisfying f o 74 = 7% o f°.

i ™

Z9(A) > AY y Z1(A)
lf 30 O éa!fl

ZD(B

)y g0 Ty g

Now we can repeat the argument over and over, extending f to the right
making all squares commute. By a dual argument we can extend f to the
left. Since all squares commute, this means f = {f™ | n € Z} is a chain map,
which also satisfies Z°(f) = f. Hence G is full.

To show that G is dense, start with any X € S(F). Since F has enough
injectives, we can construct a sequence

0 0 1 1
1 T 7 v
X y 10 y 71 y I! A

~
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where all I” are injective, all " are inflations and where each == Z"*1 is the
cokernel of . Dually, since F has enough projectives, we can construct a
sequence

9 2 1 -1
_ 7 _ e _ 7 — T
y 772 y P2 y 71 s P71 L5 X

such that all all P™ are projective, all 7" are deflations, and each Z" 7 is the
kernel of 7#™. Putting the sequences together we make the following complex
which we denote by C.

p-2 i log 2 p-1 Vorn—! 70 it om0 !
This is acyclic by construction, and Z°(C) = Ker(i' o 7%) = Ker(n?) = X.
Hence G is dense.

Finally we show that triangles in K%(F) are transformed to triangles in
S(F) under G. Let

A f

s B —— B@ A[l] = A[1]

be a standard triangle in K*(F), where v = ({), w = (01), and we denote
the differential on the chain complex C':= B @ A[1] by

- d% fn+1
c — 0 _dz-‘rl

We want to construct the corresponding standard triangle in S(F), thus we
make the following diagram

~
2\

i ™
Z0(A) A Z(A)

l7 J» |

Z9B) —¥ 20(C) —2 Z1(A)

The morphism denoted u is the composition

(9) o'
A —= Blg A° — Z°(0)
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The morphism v is the induced morphism making the following diagram

commute
-1 -0

B "B, 7By B, po
@ EL 1@
B~ '@ A° 7T—1> ZO(C) i BYq A!
and similarly for w

-1 -0

BlaA 19, 2oy 9 pog Al
(01) B (01)
ICEN |

 CNE 2107 —c Y

First we check that the morphism u makes both squares commute.

with the right square, we have

Bou=wong o(§) =40 (01)o(}) =1}
For the left square, we first calculate that

il ouoiyomy’ =

o5 o (9)od;! -

dg'o(9)ody! =
d*1 0 _
( —fd%> (1o dy -

(7) -5 :
(L) -
(

fOOdA)
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While on the other hand

0 - F -1 _
ZCO’UOfOﬂ'A =

0 - -1 -1 _
lcoVOoTg of =
z'ocoﬂalovfloffl

dal ovto f_l

-1 0
(% Lp)o@or -

dg'\ -
(5)-r :
dg'o [ _
; _

0 —1
(f OOdA ) Since f is a chain map

This shows that

0

0 -~ F o —1_ .0 0
1Covofo7rA

:Z.CO'U/OZ.AOWZI

and since i% is a monomorphism and 7' is an epimorphism, we

that v o f = uoif.

conclude

To show that this diagram represents a standard triangle, we first need
that w o v = 0. Since wov = 0, we get that the same is true for the induced
maps. Next we need to show that Z°(C) is the pushout of i% and f. Take

any Z € F and two morphisms s, ¢ such that soi =to f.

We want to get a morphism out of Z°(C') by using it as a cokernel of the
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morphism ial in the following diagram.

ZYC) 2 g A0 Ty 20(0)

The need to show that (torg' s )oz'a1 = 0. Precomposing with the epimorphism
7r52 we get

1 2

s)oig 0T =

(
(tomg' s)od: =
—9 _
(tomg' s)o <d8’ fd_ll) =
—ay
(tow;lodgz towglof_l—sod?) =
(

1 1

11 =2 1 -1 -1
tomy' oig omy® tomg o f ' —sody")

We know 75" 0i3' = 0, so we look at what remains in the second component.

tomgloft—sody! =
S | ~1 _
tofom, —sod, =

soiyom,t —sody! =
sody' —sody! =

0

Since 7752 is an epimorphism, this means the original composition is zero, and
thus the cokernel property of Z°(C) gives the unique morphism ¢ satisfying

gbowalz (towl;l S)

Now we only need to check that ¢ actually makes the original pushout diagram
commute. We have that

pou =
¢pomg o(f) =

(towgl s)o((l)) =

S
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We also have

|
povomy =

ngowElov_l =

(tom}l s)o((l)) =

-1
tomg

Which implies that ¢ o v = ¢, since 7T§1 is an epimorphism. The uniqueness
of ¢ follows from the cokernel which gave us ¢, and hence Z°(C) is indeed a
pushout. O

We have the following result regarding how the triangulated categories we
have seen thus far are related, from [3, Proposition 3.1].

Theorem 4.3. The following are equivalent for a triangulated category T .

(1) T is algebraic, that is, there is a triangulated equivalence T — H°(A)
for some pretriangulated dg-category A.

(2) There is a fully faithful triangulated functor T — S(F) for some Frobe-
niwus category F.

(3) There is a triangulated equivalence T — S(F) for some Frobenius
category F.

(4) There is a fully faithful triangulated functor T — K(A) for some
additive category A.

Proof. Tt can be shown that the category C(.A) is Frobenius category and that
S(C(A)) ~ H(A) [10, Lemma 3.3a)]. It can also be shown that the Yoneda
functor T'yr : H°(A) — H(A) is triangulated, as the triangulation in H°(A) is
essentially inherrited from the triangulation in #(.A), as we saw in the proof
in Chapter 2. As we have already seen, I'y is full and faithful, and hence
(1) = (2).

Now let ¢ : T — S(F) be a fully faithful triangulated functor. We denote
by F' the full subcategory of F whose objects are those in the essential
image of ¢. It can be checked that F’ is also a Frobenius category. Then the
restricted functor ¢ : T — S(F’) is still triangulated, and hence a triangulated
equivalence. Hence (2) = (3).
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By Proposition 4.2, we know that there is a triangulated equivalence
¢ : S(F) — K*F). Considering the inclusion of the full triangulated
subcategory i : K%(F) — K(F), we get a fully faithful triangulated functor
iog:S(F)— K(F). Hence (3) = (4).

Finally, we know that C44(A) is an enhancement of K (A), which means
K(A) ~ H°(Cy4y(A)). Hence we have a fully faithful triangulated functor
¢: T — H°(Cqy(A)). Denote the full subcategory of Cqy(A) with objects in
the essential image of ¢ by B. We need to show that B is a pretriangulated
dg-category. Let f € H°(B(X,Y)). Since X,Y are in the essential image of
¢, and ¢ is full and faithful, we know there exists a triangle in T

U—25V — C(9) — U]

such that the following diagram commutes in H°(B), and the vertical arrows
are isomorphismes.

o) 29 s(vy — s(Clg)) — S(UIL)

| |

f

X ——Y

Since ¢ is triangulated, we get that ¢(U[1]) ~ ¢(U)[1] ~ X[1] in H°(C4y(A)),
which means X[1] € B. Since ¢ is triangulated, the top row is a triangle in
H°(C4y(A)). Thus we know that ¢(C(g)) ~ C(¢(g)) ~ C(f) in H(Cyy(A)).
Hence C(f) € B. This means B is pretriangulated, and clearly ¢ : T — H°(B)
is then a triangulated equivalence. Hence (4) = (1). O

4.2 Topological triangulated categories

We take a moment to briefly discuss model categories. Getting familiar with
these concepts will help us in Section 4.3, where we will use them to study an
example of a triangulated category admitting two different dg-enhancements.
We will not go into too much detail, but rather try to get a rough idea of
some core concepts.

A model category is a category C, equiped with a model structure. This
structure is given by three distiguished classes of morphisms, called weak
equivalences, fibrations and cofibrations, satisfying certain properties. For
more details, see [8, 1.1].
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These definitions allow us to define a notion of shifts and cones in C,
as well as the homotopy category Ho(C) := C[W™!], the localization of C
with respect to the class of weak equivalences. If the shift functor is an
autoequivalence on Ho(C), then we call C a stable model category [14, 2.1.1].
For our purposes these are the model categories we are interrested in, as this
is when the category Ho(C) is triangulated, see [8, Proposition 7.1.6]. We
call the triangulated categories arising from such a construction toplogical.
It can be shown that any algebraic triangulated category is also topological
[13, p.872]. The converse however, is not true in general, see for example [13,
p.873]. In fact there are triangulated categories which are not even topological,
see [11].
Example. Let R be a ring such that Mod(R) is a Frobenius category. Then
we can equip the category Mod(R) with a model structrue, which we will refer
to as standard [8, Theorem 2.2.12]. It is given by cofibrations as the injections,
fibrations as the surjections, and weak equivalences as the morphisms which
become isomorphisms when passing to S(Mod(R)). This construction results
in the fact that Ho(Mod(R)) ~ S(Mod(R)).

The notion of equivalence between model categories, called Quillen equiv-
alence, is given by certain kinds of adjoint functors which induce equivalences
on the homotopy categories [14, 2.5]. We look at an example giving us such a
Quillen equivalence.

Example. Recall the rings Ry := Z/p?Z and Ry := F,[e] ~ F,[z]/(z?) which
we studied previously. We have seen that Mod(R;) is a Frobenius category,
so we consider it as a model category with the standard model structure as
described in the previous example. We want to apply the statement given
in [4, Theorem 3.5]. It can be checked that [, is a so called compact, weak
generator of Mod(R;). Let B; be the chain complex

pi>Ri pi>Ri pi>Rl- pz‘%”

where p; is given by multiplication with the element p and ¢ in By and By
respectively. This is a complete resolution of IF,, that is, an acyclic chain
complex of injectives such that Z°(B;) ~ F,. We denote by D; the full
dg-subcategory of Cgl(Mod(R;)) with B; as its only object. Let C(D;) be
the category of dg D;-modules. This category has a model stucture where
the weak equivalences are the quasi-isomorphisms, and the fibrations are the
surjections [4, p.146]. Then [4, Theorem 3.5] states that there is a Quillen
equivalence between the model categories C(D;) and Mod(R;).
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4.3 Uniqgeness of enhancements

Given an algebraic triangulated category 7T, we have seen that it has a dg-
enhancement. A natural question to ask is whether such dg-enhancements
are unique. To answer this, we first need to define the appropriate notion of
uniqueness.

Definition. Let A, B be dg-categories, and F' : A — B be a dg-functor. We
say that F'is a quasi-equivalence, if it satisfies both the following:

(1) The chain map Fxy : A(X,Y) — B(FX, FY) is a quasi-isomorphism
for all X,Y € A. That is, the induced morphisms on homology
H"(Fxy) : H"(A(X,Y)) — H*(B(FX,FY)) are isomorphisms for
all n € Z.

(2) The induced functor H°(F) : H'(A) — H°(B) is dense.

Remark 4.4. Note that given a quasi-equivalence F' : A — B between pre-
triangulated dg-categories, we immediately get that HY(A) ~ H°(B) as
triangulated categories. In other words A and B are dg-enhancements of
the same triangulated category. To see this, observe that taking n = 0, we
get morphisms HY(Fxy) : H'(A)(X,Y) — H%B)(FX, FY) which are all
isomorphisms. Since the induced functor H°(F) is also dense, we conclude
that F'is an equivalence of triangulated categories.

Because of the above remark, if we should have any chance of dg-
enhancements being unique, they have to be unique up to quasi-equivalence.
Thus we make the following definition.

Definition. Let DGCaty denote the category of all small dg-categories over
k. We define the category Hqe as the localization of DGCaty with respect
to the collection of quasi-equivalences.

With this definition in place, we can state what it means for a dg-
enhancement of a triangulated category to be unique [3, Definition 1.15].

Definition. Let 7 be an algebraic triangulated category. We say that 7 has
a unique dg-enhancement, if when given any two dg-enhancements A;, Ay of

T, then A; ~ A, in Hqe.
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Here we will combine several of the results we have looked at to understand
an example given in [3, 3.3]. In this example we construct two different dg-
enhancements A;, Ay of the triangulated category T, := Mod(F,). We will
show that they are indeed different by contradiction; if A; ~ As in Hqe,
then that would contradict the following theorem, given in [3, Theorem 3.9],
see also [12, Proposition 1.7] and [4, Theorem 4.5] for details.

Theorem 4.5. Let p be a prime number and let Ry := Z/p*Z and Ry :=
F,le] = F,[z]/(z*). Then the categories Mod(R;) and Mod(Ry) with their
standard model structures are not Quillen equivalent.

Example. Let the rings Ry, Ry be as above, and let 7, := Mod(F,) be
the triangulated category discussed in the example at the end of Chap-
ter 3. We have seen that we have equivalences of triangulated categories
S(Mod(R;)) ~ T,. By Proposition 4.2, we also have triangulated equivalences
K“(Mod(R;)) ~ S(Mod(R;)). Since Cg(Mod(R;)) is a natural enhancement
of K*(Mod(R;)), we thus have that C3(Mod(R;)) and Cj(Mod(Ry)) are
both enhancements of 7,.

Now assume that C§(Mod(R;)) =~ C§/(Mod(Ry)) in Hqe. This means
that we have a zig-zag of quasi-equivalences between Cj (Mod(R;)) and
Cgy(Mod(Ry)), possibly involving other dg-categories. This induces an equiv-
alence of triangulated categories ¢ : K*(Mod(R;)) — K*(Mod(R3)). Let
B; € C§(Mod(R;)) be the chain complex

pi>Ri pi>Ri pi>Rl- pz‘%”

where p; is given by multiplication with the element p and € in By and By
respectively. The equivalence K*(Mod(R;)) — S(Mod(R;)) ~ T,, maps
the object B; to Z°(B;) = Ker(p;) ~ F, € T, for both i = 1,2. Hence
By must correspond to By up to isomorphism under ¢. Let D; be the full
dg-subcategory of C§!(Mod(R;)), which has B; as the only object. Because By
corresponds to By, the zig-zag of quasi-equivalences between Cg;(Mod(R))
and ! (Mod(Ry)) induces a zig-zag of quasi-equivalences between D; and
D,. Now we use [15, Proposition 3.2]. For our purposes, it states that our
zig-zag of quasi-equivalences between D; and D, induces a chain of Quillen
equivalences between the categories of dg modules over the respective dg-
categories [15, Corollary 3.4]. In particular we get that the categories C(Dy),
C(D,), with model structure as described in the last example in the previous
section, are Quillen equivalent. As we also saw in this example, using [4,
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Theorem 3.5] we concluded that C(D;) and Mod(R;) are Quillen equivalent.
Thus we have the following chain of Quillen equivalences.

Mod(R;) —— C(D;) —— C(Dy) —— Mod(Ry)
This shows that Mod(R;) and Mod(R,) are Quillen equivalent. This con-
tradicts Theorem 4.5, and hence the assumtion that Cg(Mod(R;)) =

Cgi(Mod(Ry)) in Hge is wrong. Thus C§(Mod(R;)) and Cgi(Mod(R;) are
two different dg-enhancements of the triangulated category 7,.
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