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Abstract

We present a new generalization of the nonlinear variational wave equation. We prove exis-
tence of local, smooth solutions for this system. As a limiting case, we recover the nonlinear
variational wave equation.
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1 Introduction

The nonlinear variational wave equation (NVW) is given by
uy —c)(cuy)x =0, (1.1)
where u = u(t, x), t > 0 and x € R, with initial data
uly—o = ug and u;l;—9 = uj. (1.2)

In this paper we modify (1.1) by adding two transport equations and coupling terms. The
resulting system is given by

uy = c@) (e = ———(p* +0?), (1.3a)
pr — (cu)p)x =0, (1.3b)
o1 + (c(u)o)y =0, (1.3¢)
with initial data
Uli=0 = uo, url=0 =u1, pl=0=po, and o= = 0op. (1.4)

It is clear that when p = o = 0 we recover (1.1). We are interested in studying conservative
solutions of the initial value problem (1.3), (1.4) for initial data ug, uo x, u1, po, 6o € L2(R).
We assume that ¢ € C2(R) and satisfies

! <cu) <« (1.5)
K

for some « > 1. In addition, we assume that

max |¢' ()] < k; and max |c” ()| < k> (1.6)
uelR uelR

for positive constants k1 and k.
The NVW equation was introduced by Saxton in [16], where it is derived by applying the
variational principle to the functional

/ / W? — A(uyu?) dx dt.
0 —00

The equation appears in the study of liquid crystals, where it describes the director field of a
nematic liquid crystal, and where the function c is given by

cz(u) =« sinz(u) + B cosz(u),

where o and B are positive physical constants. We refer to [13, 16] for information about
liquid crystals, and the derivation of the equation.

A key property of (1.1), and hence also (1.3), is that solutions can loose regularity in finite
time, even for smooth initial data, see [10]. The loss of regularity is due to the formation
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of singularities in the derivatives of u. A singularity means that either u, or u, becomes
unbounded pointwise while u remains continuous. Therefore, one has to consider weak
solutions of (1.1). For smooth solutions of the NVW equation, the energy

1
ff(utz—i—cz(u)u)z()dx
2 Jr

isindependent of time. In the general case, the singularities in the derivatives are characterized
by the fact that u, (¢, -) and u, (¢, -) remain in L%(R) after they become pointwise unbounded.
Moreover, we have concentration of energy at points where the derivative blows up. Thus,
it is reasonable to look for weak solutions with bounded energy. This naturally leads to the
two following notions of solutions: dissipative and conservative solutions. The difference
between these solutions comes from the continuation after the formation of a singularity.
For dissipative solutions the energy decreases at the blow-up time, see [6, 17-19], while
for conservative solutions the energy remains unchanged. In the latter case a semigroup of
solutions has been constructed in [8, 12].

Uniqueness of weak solutions to the NVW equation is a delicate subject, as the character-
istics in general are not unique. The uniqueness of conservative solutions has been studied in
[2, 5], where uniqueness is established for the solutions constructed in [8] given that certain
conditions hold, which yield unique characteristics.

A result on the regularity of conservative solutions to (1.1) is established in [3]. For initial
data satisfying certain smoothness conditions, it is shown that the solution u is piecewise
smooth and that the derivative u, can become pointwise unbounded at finitely many charac-
teristics. An asymptotic description of these solutions in a neighborhood of the singularities
is shown in [7]. Moreover, in this setting a Lipschitz metric for conservative solutions has
been constructed in [4].

We will use the approach from [12] for (1.1) to obtain conservative solutions of (1.3).

For the moment, we assume that u, p, and o are smooth solutions of (1.3). Then the energy
is given by

1

5 /R (u,z + cz(u)ujzc + %c(u),o2 + %c(u)cr2> dx, (1.7)

and is independent of time. Next, we introduce the functions R and S defined as
R=u;+cw)uy and S =u; —c(u)uy. (1.8)

Note that R and S are smooth by assumption. Using (1.8) we can express the energy in (1.7)
as

1 / (R* + cw)p® + $? + c(u)o?) dx.
R

4
(1.9)
From (1.3) we obtain
(R +e(w)p?)— (e (R +ew)p?) =%(R2S—Rsz)+%<p2s—azm,
(52+c(u)oz),+(c(u)(52+c(u)az))x:—%(RZS—RSZ)—C%)@ZS—GZR),
(1.10)

@ Springer



35 Page4of71 Partial Differential Equations and Applications (2023) 4:35

which yields
(L(R%c(u)pz)) (Rt e = — ) (R2s 4 RSD — S (25 4 07 R)
c(u) , * 2¢2(u) 2¢(u) ’
1 2 2 2 2y ) o 2y @ 2
(M(S + c(u)o ))r—i—(S +c(u)o ), = 22w (R“S+ RS?) 2w (p°S+0°R).

(1.11)
Combining (1.10) and (1.11), we finally obtain

<R2 +e(u)p® + S+ c(u)az)t - (c(u)(R2 +eu)p? - S? - c(u)az)) —0,

<L(R2 + c(u)/o2 - 52— c(u)az))

_(p2 ) 2\ _
0 (R +e)p?® + §% + c(u)o )x —0.

t

(1.12)

In the view of (1.10), we interpret R2+c(u)p? and S% +c(u)o? as the left and right traveling
part of the energy density, respectively. Moreover, the right-hand sides of the two equations
in (1.10) are equal up to the sign, which means that the right and the left part can interact
with each other. That is, energy can swap back and forth between the two parts, while the
total energy remains unchanged because of (1.12).

Following [12], we add to the initial data, in order to allow for energy concentration,
two positive Radon measures po and vg, such that the absolutely continuous parts equal
the classical energy densities, i.e., (L0)ac = %(R% + c(ug)pg) dx and (vg)ac = %(Sé +
c(uo)og) dx. The singular parts of the measures on the other hand contain information about
the concentration of energy. We denote the set of initial data by D, which consists of tuples
(u, R, S, p,o, 1, v).

The construction of a semigroup of weak, global, conservative solutions of (1.3) follows
to a large extent the procedure for the NVW equation in [12] and is presented in Sects. 1-6.
We state the results in Sects. 1-6 without proof, since the proofs are slight modifications of
the ones in [12]. The details can be found in [15].

Our main results, which are contained in Sect. 7, are the following. We consider smooth
initial data ug, Ro, So, po, and og, and absolutely continuous measures (o and vy on a
finite interval [x;, x,]. If po and op are strictly positive on this interval, then for every time
t e [0, i(xr — xl)], the solutions p(t, x) and o (¢, x) will also be strictly positive for all
x € [x; + «t, x, — «t]. That is, the strict positivity of pg and og is preserved. This has
a regularizing effect on the solution at time ¢t € [O, i(x, — x;)] in the sense that u(z, x),
R(t,x),S8(t, x), p(t, x),and o (¢, x) are smooth, and the measures 1(¢) and v(¢) are absolutely
continuous for all x € [x; +«t, x, —kt], see Theorem 7.1. The region where regularity holds
is bounded by the backward and forward characteristics as indicated in Fig. 1.

In Theorem 7.9, we consider a sequence of smooth solutions (1", R", S", p", o", u", v")
with initial data satisfying ug — wuo in L*([x;, x,1), Ry — Ro, S — So. oj — O,
oy — 0Oin L2([x;, x,1), where ug, Ry and Sy are smooth, and the associated measures “o
and vy are absolutely continuous on [x;, x,-]. Then, u" (¢, -) — u(z,-) in L*°([x; + «t, x, —
«t]) for all t € [0, 2]7(xr — x7)], where u is a solution of the NVW equation with initial
data (uo, Ro, So, 1o, Vo). A central ingredient in the proof is a Gronwall inequality in two
variables, see [9].

We point out that these are local results. The main reason for this is that we require the
initial data pp and o corresponding to the Egs. (1.3b) and (1.3c) to be bounded from below
by a strictly positive constant and to belong to LZ(R), which is not possible globally.
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t x2(t) 21 (1)

x Ly

Fig. 1 Characteristics of the NVW equation. The forward characteristic x1(¢) starting from x; is given by
x1,0(t) = c(u(t, x1(t))), x1(0) = x;, and the backward characteristic xp(¢) starting from x, is given by
x2,4(t) = —c(u(t, x2(1))), x2(0) = x,. Because of (1.5), they intersect at a time ¢ such that ﬁ(xr —x) <
1< 50 —xp)

We hope that further studies of the smooth approximations will be helpful in the under-
standing of singularities to (1.1).

The motivation for studying (1.3) comes from the two-component Camassa—Holm (2CH)
system

Up — Upyx + Kty + 3utty — 2uxttyy — Ullyrx + Nppx = 0, (1.13a)
o+ (up)y =0, (1.13b)

where k € Rand n € (0, co) are given numbers. In [11], global, weak, conservative solutions
of (1.13) are constructed. It is shown that the solution of (1.13) is regular if initially pq is
strictly positive. Moreover, a sequence of regular solutions, with pj — 0, converges in
L*°(R) to the global, weak conservative solution of the CH equation, which corresponds to
p =0.

Loosely speaking, since the CH equation has one family of characteristics, see Fig.2,
an extra variable p is needed to preserve the positivity of pg in the characteristic direction.
Since the NVW equation has both forward and backward characteristics, we need two extra
variables p and o to preserve the positivity of pg and oy in each characteristic direction. We
emphasize that the system (1.3) is constructed in order to have similar properties as (1.13),
and is not derived from physical considerations.

‘We mention that a regularizing system for the Hunter—Saxton equation has been studied
in [14].

Next we give a brief outline of the used method.

As for the classical wave equation, (1.3) has two families of characteristics: forward
and backward characteristics. The backward characteristics transport the energy described
by the measure p, while the forward characteristics transport the energy described by the
measure v. We interpret the characteristics as particles. At points where the measures are
nonsingular there is a finite amount of energy, and there is exactly one forward and one
backward characteristic starting from that point. This particle is mapped to one point in the
new coordinates (X, Y).
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X (t) - (t)

x; Ty
Fig. 2 Characteristics of the CH equation. The characteristic x(¢) starting from x; is given by x ,(t) =

u(t, x1(1)), x1(0) = x;, and the characteristic x () starting from x, is given by x; ;(¢) = u(t, x2(1)),
x2(0) = xr

At a point where one of the measures is singular and the other is not, there is an infinite
amount of energy. Hence, there are infinitely many characteristics corresponding to the singu-
lar measure starting from that point, while the nonsingular measure yields one characteristic.
This single point is mapped to a horizontal or vertical line in the new coordinates, depending
on which measure is singular.

The situation where both measures are singular at a point, means that there is an infinite
amount of both backward and forward energy at that point. Infinitely many characteristics
of both types start out from that point, and all these particles correspond to a box in the
(X, Y)-plane.

The derivation of the system of equations corresponding to (1.3) in the new coordinates
is illustrated by assuming that  is smooth, and p and v are absolutely continuous. Then, the
method of characteristics yields solutions X and Y of the equations

X —cu)X, =0 and Y, +cu)Y, =0. (1.14)

The operators acting on X and Y are the two factors % - c(u)% and 5% + c(u)% corre-
sponding to the highest order derivatives in (1.3a). This defines new coordinates (X, Y). The

characteristics for the equations in (1.14) are given by
xi (1) = —c(u(t, x(1))) and x;(t) = +c(u(t, x(1))),

respectively, for some starting value x(0) = xo. Note that X and Y are constant along
characteristics, meaning that particle paths are mapped to straight lines.

Considering the original variables ¢+ and x as functions of X and Y, we define
UX,Y)=u@(X,Y),x(X,Y)), P(X,Y)=pt(X,Y),x(X,Y)), p= Pxx, Q(X,Y) =
o(t(X,Y),x(X,Y)),and ¢ = Qxy. We introduce functions J and K, where J corresponds
to the energy distribution in the new coordinates. Denoting Z = (¢, x, U, J, K), we end up
with the identities

xx =c(Witx, xy = —c(U)ty, (1.15a)
.]x = C(U)Kx, Jy = —C(U)Ky, (l.le)
20xxx = (c(U)Ux)> + c(U)p?, 2Jyxy = (c(U)Uy)* + c(U)q>, (1.15¢)
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and a semilinear system of equations
Zxy = F(Z)(Zx, Zy), (1.16)

where F(Z) is a bilinear and symmetric tensor from RS x RS to R>.
Moreover, we get two additional equations

pr =0 and gx =0, (1.17)

which correspond to (1.3b) and (1.3c). From (1.15¢) we see that solutions of (1.16) cor-
responding to (1.1) and (1.3) are not identical. In particular, from (1.15¢) we see that the
solutions ¢, x, U, J, K of (1.16) are not independent of the solutions p, g of (1.17). From
(1.15) it is clear that the vector Z consists of dependent and independent elements. A fixed
point argument is used to prove existence of solutions to the system. This requires a curve
(X (s), Y(s)) parametrized by s € R in the (X, Y)-plane that corresponds to the initial time
t = 0. In the smooth case, the set of points (X, Y) € R2 such that t(X,Y) = 0 defines
this curve, which is strictly monotone. For general initial data this set is the union of strictly
monotone curves, horizontal and vertical lines, and boxes. In the case of a box there are
in principle infinitely many possible ways of choosing the curve. One has to take this into
account when defining initial data in the Lagrangian coordinates.

The initial data in D is mapped to the Lagrangian variables in Gy in two steps, see Sect. 3.
First we define a map L from D to the set F, consisting of elements ¥ = (1, ¥2) where
Y1 (X) and ¥ (Y) are six dimensional vectors.

Loosely speaking, the map L yields the value of Z and its derivatives, and p and ¢ in each
characteristic direction, i.e., in the X and the Y direction. Linking the values of y; and ¥
yields the set of points in the (X, Y)-plane where time equals zero. For instance, in the case
of initial data where both measures are singular at the same point, this set is a box.

The next map picks one curve (X', ) from the set where time equals zero, and sets the
value of Z and its derivatives, and p and g on the curve. This map is denoted by C and maps F
to the set Gp, which is the set of elements ® = (X, ), Z, V, W, p, q) corresponding to time
equals zero. An element ® consists of the initial curve (X, ))) € C parametrized by s € R, and
yields the value of Z, Zx, Zy, p and g on the curve. This means that Z(s) = Z(X (s), J(s)),
VX) = Zx (X, Y(XHX)), W) = Zy(XQY7(Y)), Y), p(X) = p(X, V(X1 (X))
and q(Y) = g(XQY~1(Y)), Y), and we write ® = (Z, p, q) e (X, ). The functions Z,
V, W, p and q belong, with some modifications, to L>°(R). The set C, see Definition 3.2,
consists of all curves (X, ) such that the functions X and ) are continuous, nondecreasing,
and have finite distance to the identity. Moreover, the functions satisfy X + ) = 21d. In the
case of a box, the map C picks the curve consisting of the left vertical side and the upper
horizontal side of the box.

Existence and uniqueness of solutions to (1.16) with initial data ® follow from a fixed
point argument. The solution is first constructed on small rectangular domains €2 in the
(X, Y)-plane, where the initial curve (X, ) connects the lower left corner with the upper
right corner of the rectangle, see Theorem 4.8. Here, a solution basically means that Z,
Zx, Zy, p and g are pointwise bounded in the box, and that (1.16) and (1.17) are satisfied
almost everywhere in €2, see Definition 4.5. We consider solutions satisfying some additional
properties, i.e., they satisfy the identities in (1.15) and some monotonicity conditions. These
properties are contained in Definition 4.7. The set of such solutions is denoted by H(£2).
For initial data ® € Gy we have V> + V4 > 0 and W» + Wi > 0 almost everywhere. This
property is preserved in the solution and is important in proving that the solution operator
from D to D is a semigroup.
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A pointwise uniform bound on the functions Z, Zyx, Zy, p and ¢ in strip like domains
containing small rectangles allows us to prove, by an induction argument, existence and
uniqueness of solutions in H(€2) on arbitrarily large rectangular domains €2, see Sect.4.2.

If a function (Z, p, g) in H(£2) is a solution on any rectangular domain €2, and there exists
acurve (X,)) € Csuchthat(Z, p,q)e(X,)) € G, wesay that (Z, p, q) is a global solution
to (1.16) and (1.17), see Definition 4.13. Here, G is the analogue of Gy, corresponding to time
t different from zero. The set of global solutions is denoted by . The functions Z, Zy,
Zy, p and g are, with some modifications, bounded globally. In particular, the Lagrangian
counterpart to the energy is bounded.

In Theorem 4.15 a global solution is constructed by using local solutions in boxes. The
procedure is as follows. First we construct solutions on rectangles with diagonal points that
lie on the initial curve (X, )) € C. These solutions are then used to construct initial data for
adjacent rectangles, and we obtain solutions there as well. Continuing like this one obtains
a global solution. We denote the solution map that to any initial data ® € G yields a unique
solution (Z, p,q) € H by S.

Having constructed a global solution (Z, p, ¢) € H, the goal is to map it back to Eulerian
coordinates D for any time 7 > 0. As addressed before, the points (X, Y) € R? such
that (X, Y) = T may contain boxes. In order to use the sets previously defined for time
equal to zero, we shift time to zero, i.e., for (Z, p, q) € H we define (Z, P.q) € 'H where
7(X,Y) =t(X,Y)—T.The other elements of (Z, p, §) are identical to the ones in (Z, p, q).
We call this map t7. In the case of a box, the curve (X', ) corresponding to time 7 is defined
by picking the left vertical side and the upper horizontal side of the box. The element ® € Gy
is then defined as © = (Z, P, q) e (X,)), and we denote the map by E : H — Gy. Because
of the monotonicity of the function ¢, the curve corresponding to time 7 lies below the initial
curve. For any ® € Gy we define a map D that associates an element ¥ € F. The definition
of these maps are contained in Sect.5.1. The operator S = D o E oty o S o C that for any
initial data in F yields a solution in F corresponding to time 7 > 0, is a semigroup, see
Theorem 5.6.

The remaining step back to Eulerian coordinates is the map M : 7 — D, which yields
an element (u, R, S, p, o, 1, v)(T) € D attime T > 0, see Definition 5.7. Thus, the map
Sr=MoSroL yields an element in D given any initial data in D. If Lo M = Id, it follows
from the semigroup property of Sy that also St is a semigroup. However, this identity does
not hold in general. This is because for any element ¥ € F we have x; + J; € G, where the
group G is given by all invertible functions f such that f —Id, f~! — Id € W (R) and
(f —1d)y € L2(R), while the element € F given by the map L satisfies x; + J;i = 1d.
Therefore, in general one has ¥ # . To overcome this problem, one considers the following
approach. Assume that x;+J; = f andxp+J, = g where f, ¢ € G, and consider 1/~/ defined
by relabeling such that X; = x; o f‘l, Ji=Jo f‘l, X2 =xp0 g‘1 and b= Jr 0 g_l. It
then follows that %; + J; = Id, i = 1, 2. Introduce ¢ = (!, g~!) and ¥ = ¢ - ¢, which
defines an action of G2 on the set . In particular, the transformation of i to ¥ defines a
projection IT from F on the set

Fo=1{v = ,¥2) € Flxi+J1 =1d and xp + Jo» = 1d},

which contains exactly one element of each equivalence class of F with respect to G2, see
Sect.5.4. Thus, we have 1/} = [1(y). It turns out that the map S7 : F — F is invariant under
the group acting on F, i.e., St (¥ - ¢) = St ({) - ¢, where ¢ € G2, since all the maps which
St is composed of, are invariant under the group action. The action of G2 on G and the set
of curves C naturally follows from the definition of the action on F. On the set of curves C,
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the action corresponds to stretching the curve (X, ))) € C in the X and Y direction. For the
set H, the action is defined such that it commutes with the e operation.

A key result is that the map M satisfies M = M o I1. This implies that to each element
in D there correspond infinitely many elements in F, all belonging to the same equivalence
class. The mapping L : D — F on the other hand picks one member of each equivalence
class, but we could also pick a different one. Applying the solution operator to all elements
belonging to the same equivalence class yields infinitely many solutions in F, which form an
equivalence class. Using the mapping M : F — D on all of these solutions yields the same
element in D. Since we get the same solution in the end, we can think of each member of the
equivalence class as a different "parametrization” of the initial data in , which are connected
through relabeling. Hence, the map Sy is a semigroup. Moreover, the solution produced by
the map is a global weak solution of (1.3), see Sect. 6. It is conservative in the sense that for
all 7T > 0, w(T)(R) + v(T)(R) = uo(R) 4+ vo(R), where u(T) and v(T') are the measures
at time 7, and po and vp are the initial measures. This is a consequence of the fact that the
energy function J in Lagrangian coordinates is such that the limit limg_, + o J (X (s), V(s))
is independent of the curve (X, )) € C, see Lemma 4.14. Thus, the same limiting values of
J are obtained for curves corresponding to different times.

2 Equivalent system

In this section we formally derive a set of equations corresponding to (1.3) in new variables.
We assume that u, p, and o are sufficiently smooth and bounded.
For the first equation in (1.14) we find the characteristics

t(s, &) =s and x;(s,&) = —c(u(s, x(s, £))), 2.1)

where we assume that 7(0, §) = 0 and x(0, §) = & for all £ € R. From the last equation in
(2.1) we obtain

xe(s,8) = exp{ —/(; I u(r, x(r, S)))ux(r,x(r,é))dr}. 2.2)

We compute the determinant of the Jacobian corresponding to the map (s, &) — (¢, x)

and get
Iy Ig _ _ _
det ( I:XS x$i| > = fyXg — lgXs = Xg.

Since 0 < xg(s,&) < oo we have from the inverse function theorem that the Jacobian
corresponding to the map (¢, x) — (s, &) satisfies

E R R
& & _Xg —Xs ts |°

X 1
se=1, sy =0, &§=—-"1 &= —, (2.3)
Xg X&

sothat s(f,x) =t and & (t, x) = —x,(t, E(¢, x))E (t, x) = c(u(t, E(¢, x)))Ec (2, x).

From (2.1) we get
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Furthermore, (1.14) and (2.1) imply that X (z(s, &), x(s, §)) = X(0, &) = g(&), for some
strictly increasing function g € C (R). Differentiation, combined with (2.1) and (2.3) yields

§ / / 1
X, =g (6)E = —g’@)jﬁ—‘S and X =g/ ©)6 = ') - (2.4)

which implies 0 < X; < coand 0 < X, < oco.
Next, we study Y(z, x) with the method of characteristics. We obtain, from (1.14),
j—s Y(t(s, &), x(s, &)) = 0 with the characteristics given by

t(s,&)=s and x5(s,&) = c(u(s, x(s, &))), 2.5)

where we assume that 7(0, &) = 0and x(0,&) =& forall § € R.If Y (0, §) = h(§) for some
strictly increasing function 2 € C L(R), then Y (s, x(s, £)) = h(&). As in the computations
above we find

X , 1
Yo =h' )& =-0(E= and Y, =h'(E)E =) —, (2.6)
Xg Xg
sothat —oo < ¥; < 0and 0 < Y, < oo, where

N
xg (s, §) = exp { / (u(r, x(r, &))ux(r, x(r, E))dr}- 2.7
0
Now we consider the mapping from the (#, x)-plane to the (X, Y)-plane. The determinant
of the Jacobian of this map reads
2X:Y;
c(u)

The inverse function theorem then implies that the Jacobian corresponding to the map
(X,Y) — (¢, x) satisfies

tx ty|_L1[Y. =X,

xx xy| d|-Y X |’

From the above equality many identities can be read off, and we only mention some of them.
By using (1.14) and (2.8), we obtain

d = det ( [X’ X*] ) =X, Yy — X,V =2c(u) X, Yy = — (2.8)

Y, Y

2e(u)tx Xy =1, —2c)tyY, =1, 2xxX, =1, 2xyY, =1, 2.9)
which imply
xxy =c(u)ty and xy = —c(u)ty. (2.10)
We observe from (2.9) that rx, ty, xx, and xy are nonzero and finite.
Let U(X,Y) =u(@(X,Y),x(X,Y)). We insert the derivatives of u(t, x) = U(X(t, x),
Y (¢, x)) in (1.3a) and get
cu) 2 2 2
_T('O +0%) =2Uxy (X:Y: — " ()X Yy) + Ux (X — ¢ () Xxx)

+ Uy (Y — 2)Yyy) — c(u)c’ (u) (U X2 4+ 2Ux Uy X, Y, + UZY?).
(2.11)
Due to (1.14) all second order derivatives of U drop out except for the term containing the
mixed derivative Uyy. We compute the remaining terms. From (1.14) and (2.9) we have
Ux

U
R=2c(u)UxX, =c(u)—— and S = —2c(u)UyY, = —c(u)—y. (2.12)
Xx Xy
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By differentiating (1.14) and using (1.8) and (2.9) we obtain

"(u)R "(u)S
Xy — WXy = WX R = SR and ¥y — RV = —cwyv,s = -5
XX 2xy
From (1.14) and (2.9) we have
2
XY, — WX, Yy = 22X, Y, = — S
2XxXy
Thus, (2.11) is equivalent to
_ ) 2 2 2 2 c'(u)
U = 150 ((R +c(u)pP)xxxy + (8% + c(u)o )xYxX) = 3oy UxUr- @13
We introduce
[ 2 1 2 2
= E(R +c(m)p )xxy and Jy = E(S + c(u)o“)xy, (2.14)

which we think of as the left and right traveling part of the energy density in the new variables,
respectively. Now (2.13) yields

' (u) Uy + Jyxy) C’(u)U U
= ————(Jxx Xx) — —— .
XY 253(U) XXy YXx 2e(0) xUy
We find it convenient to introduce the function K defined by
1 1
Ky = ——(R*+cwpHxx and Ky = ———(S*+cwodxy, (2.15)
2¢(u) 2c(u)

which satisfies
JX = C(U)KX and JY = —C(U)Ky. (2.16)

In view of (1.11) and (1.12) we can think of Kx and Ky as the left and right traveling part
of the second conserved quantity 3 (R% + c(u)p? — §% — c(u)o?) in the new coordinates,
respectively.

Next, let us derive the equations for tyy, xxy, Jxy,and Kyy. We have xxy = xyx, which
by using (2.10) is the same as (c(U)ty)y = (—c(U)ty)x. This leads to

d(U)
2¢(U)

c(u

Ixy = — (Uytx + Uxty).

We find the equation for xx y by using (2.10) inzxy = fyx, whichyields (=% C(U) )y = (— %)x
and finally

c'(U)
XY= 500 ~———(Uyxx + Uxxy). (2.17)
Using Jxy = Jyx, Kxy = Kyx, and (2.16) we get
Ixy =~ © ~——(UyJx +UxJy)
2¢(U)
and
c'(U)

Kxy =— (UyKx + UxKy).

2¢(U)
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Let p(t, x) = P(X(t, x), Y (¢, x)). By (1.3b) we get
0=p — (cw)p)y = Px(X; —c()Xy) + Py(Y; — c()Yy) — ' (u) P(Ux X + Uy Yy).
From (1.14) and (2.9) we have

d'(U)
2

and from (2.17) we see that this is the same as

c(U)Pyxx +

P(Uxxy +Uyxx) =0

Pyxx + Pxxy = (Pxx)y =0.
We define p = Pxy, so that
py =0.
Leto(t,x) = Q(X(¢, x), Y(¢, x)). From (1.3c) we have
0=o0; + (cw)o)y = Ox(X; + c@)Xx) + Qy (¥; + c@)Yy) + ') Q(Ux Xy + Uy Yy).
Using (1.14) and (2.9) we get

c'(U)

c(U)Qxxy + QWUxxy +Uyxx) =0
and by (2.17) we find
Oxxy + Oxxy = (Qxy)x =0.
We define ¢ = Quxy, so that
qx =0.
By (2.12) and (2.14) we get
2Jxxx = H(U)U3 + c(U)p* and 2Jyxy = A(U)U} + c(U)q>. (2.18)

Finally we end up with the following system of differential equations

U
Iy = _ZCC((U)) (Uytx + Uxty), (2.19a)
(U
Xxy = zcc((U)) (Uyxx + Uxxy), (2.19b)
c'(U) c'(U)
Uxy = W(xyfx +xxJy) — e 0) UxUy, (2.19¢)
_dW)
Jxy = 2C(U)(UI/JX + UxJy), (2.19d)
Kxy = -9 0y Ky + Uy Ky) (2.19)
XY__2C(U) Yy Kx xXKy), .17e
py =0, (2.19f)
gx = 0. (2.19g)

We introduce the vector Z = (¢, x, U, J, K). The system (2.19a)—(2.19¢) then rewrites as

Zxy = F(Z2)(Zx, Zy), (2.20)
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where F(Z) is a bilinear and symmetric tensor from R x R> to R’ Due to the relations (2.10),
either one of the equations in (2.19a) and (2.19b) is redundant: one could remove one of them,
and the system would remain well-posed, and one retrieves ¢ or x by using (2.10). Similarly,
either one of the equations (2.19d) and (2.19e) becomes redundant by (2.16). However, we
find it convenient to work with the complete set of variables, i.e., Z = (¢, x, U, J, K).

To prove existence of solutions to (2.19), we need a curve (X, )) in the (X, Y)-plane
that corresponds to the initial time, i.e., it consists of all points (X,Y) € R2 such that
t(X, Y) = 0. The aim of the next section is to define this curve for general initial data, and to
assign values of Z, Zx, Zy, p and g on the curve. Moreover, to solve (2.19), we will require
that (2.10), (2.16), (2.18) together with some monotonicity properties hold on the curve, see
Definition 4.7.

3 From Eulerian to Lagrangian coordinates

We first define the set D, which consists of possible initial data corresponding to (1.3) in
Eulerian coordinates.

Definition 3.1 The set D consists of the tuples (u, R, S, p, o, it, v) suchthatu, R, S, p, 0 €
L*(R),

_ 1
T 2¢(u)

and p and v are finite positive Radon measures with

(R=1S5), u= %(R'FS), 3.1

Uy

1 2 2 1 2 2
Hac = Z(R +c(w)p”)dx and v, = Z(S +c(u)o”)dx. 3.2)

Note that this definition allows for initial data with concentrated energy.
In Lagrangian coordinates we will admit curves of the following type.

Definition 3.2 We denote by C the set of curves in the plane R2 parametrized by (X (s), V(s))
with s € R, such that

X—1d, Y—Ide W), (3.3a)
X>0,Y>0 (3.3b)
with the normalization
%(X(s) + Y(s)) =s foralls € R. (3.3¢)
We set
(X, DNlle = 11X = Id][Low) + 1Y — Id]| Lo () - (3.3d)

An essential role throughout the paper is played by G, the group of so-called relabeling
functions.

Definition 3.3 The group G is given by all invertible functions f such that
f —1d and f~' —1d both belong to W (R), (3.4)
and

(f —1d) € L*(R). (3.5)
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Note that if f, g € G,thenalso f~!, g~ and f o g belong to G. The next step is to map
elements from D to a set F, which is defined as follows.

Definition 3.4 The set F consists of all functions ¥ = (11, ¥2) such that
Yi(X) = (x1(X), U (X), J1(X), K1(X), Vi(X), Hi (X))
and
V2 (Y) = (x2(Y), U2(Y), 2(Y), K2(Y), Va(Y), Ha(Y))

satisfy the following regularity and decay conditions

x1—=1d, xo —Id, Ji, J», K1, K» € WH°(R), (3.6a)
x| =1, xy—1,J], J5, K|, K5, Hi, Hy € L*(R) N L(R), (3.6b)
Ui, Uy € L*(R) N L®°(R), (3.6¢)
Vi, Vo € L*(R) N L®(R), (3.6d)

and the additional conditions

xi, x5, Ji, Jy >0, (3.7a)
Ji =c(UnK;, J;=—cU)K;, (3.7b)
Jixi = (cUDV)> + c(UDHT, Jyxy = (c(U)Va)> + c(U)H;,  (3.7¢)
x1+Ji, 2+ €q, (3.7d)
Xl_i)njoo J1(X) = YEIPOO JH(Y)=0. 3.7e)

Moreover, for any curve (X, Y)) € C such that
x1(X(5)) = x2()(s)) forall s € R,
we have
Ui(X(s)) = U2(Y(s)) (3.8a)
forall s € R and
%UMX(s)) = %Uz(y(s)) = Vi(X()X(s) + VoV () V(s) (3-8b)
for almost all 5 € R.

For all our analysis it is vital that x; + J; for i = 1, 2 are relabeling functions. Next, we
define the map from D to F.

Definition 3.5 Given (u, R, S, p, o, i, v) € D, we define ¥, = (x1, Uy, J1, K1, Vi, Hy)
and Y = (x2, Uz, J2, K2, V2, Hp) as

x1(X) =sup{x € R | x" + pu((—o0, x")) < X forall x’ < x}, (3.9a)
x(Y) =sup{x e R | x' + v((—00, x")) < Y forall x’ < x} (3.9b)
and
JIX) =X —x1(X), LY)=Y —x2(Y), (3.90)
U1(X) = u(x1(X)), Uz(Y) = u(x2(Y)), (3.99)
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R(x1 (X)) S(x2(Y))

V](X)Z.X](X)m, V2(Y)=—x2(Y)m, (393)
K(X)—/X LX)CD‘( K(Y)——/Y Lﬁ)d? (3.9f)
P ey T T T T e '

1 1
Hi(X) = 59(X1(X))Xi (X), Hx(Y) = 56(X2(Y))XQ(Y)- (3.92)

We denote by L : D — F the mapping which to any (u, R, S, p, 0, u, v) € D associates
the element ¥ = (Y1, ¥2) € F as defined above.

As mentioned before, solutions can develop singularities in finite time and energy can
concentrate on sets of measure zero. If this is the case one has to put some extra effort into
understanding (3.9¢) and (3.9g) since they might be of the form 0 - oo, when xi (X) =0.0ne
has, in the smooth case for X| < X, that

x1(X2) X v X
/1 C_R (x)dx:/ ZM)C;@W:/ zvl(f()df(
xxy 2c) xi 2c(u(x1(X))) X,

/xl(Xz) R
(x)dx
x1(X1) 2C(M)

and

< ky/x1(X2) — X1 (X 1)V Mac ((x1(X1), x1(X2))

< ,ky/x1(X2) — x1 (X )V 1 (X2) — J1(X1). (3.10)

If we now consider the nonsmooth case, (3.10) still holds and the above calculations imply
that V; (X) exists and is bounded. Furthermore, if xi (X) = 0, we must have that V;(X) = 0.

Given an element in 7 we want to define a curve (X', )) and the values of i on that curve.
We define the set G which consists of curves (X, ))) and five functions Z, V, W, p, and q,
next. The idea is that these functions in the smooth case are given through

Z(s) = Z(X(5), V()

and

V(X(s) = Zx(X(s5), V(s)), WQ(s)) = Zy(X(s), V(5)),
P(X () = p(X(s), Y(s5)), qV(s)) = q(X(s), V(s)).

Let us explain how the curve (X, )) € C may be defined for regular initial data, and
how we assign the value of Z, Zx, Zy, p, and g on the curve. In the derivation in Sect. 2,
where we assumed that ug, Rg, So, po, and o are smooth and bounded, and the measures
1o and vg are absolutely continuous, we found that 0 < rx < oo and —oo < ty < 0. This
implies that both X'(s) and Y (s), which are implicitly given through (X (s), Y(s)) = 0, are
strictly i 1ncreasmg functions. Indeed by dlfferentlatlng t(X(s), y(s)) = 0 and us1ng (3.3¢)
weget/’\?——t andy_
(X(s),Y(s)) is a strlctly monotone curve. Next, we use the identities derlved in Sect.2 to
assign the value of Z, Zx, Zy, p, and g on the curve (X, ))). In particular, we set

U(X(s), Y(s)) = uo(x(X(s), V(5))).
Moreover, to get a set of closed equations, we let

2xx(X(s), Y(s)) + Jx (X (s), V(s)) =1 and 2xy(X(s), V(s)) + Jy(X(s), V(s)) = 1.
(3.11)
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Following closely the procedure in [12, Section 2] and using (2.14), we define x (X (s), Y (s))
implicitly as

1 XX (), Y()
2x(X(s), V() + 5 / (R + c(uo)pg + S§ + c(uo)od)(z)dz = 2s.  (3.12)

Note that the left-hand side is a strictly increasing function with respect to x, so that (3.12)
uniquely defines x (X' (s), Y(s)). Furthermore, we have

IRGCRIOI, s w 2
J(X($), V() = 7 / (R + c(uo)py + Sy + c(uo)og)(z) dz

and

1 xX(X(s5),Y(s)) 1 b 2 2 2
K (X(s), Y(5)) = Z/ gy R+ clwo)py = 8o = eluo)og) () dz

Finally using (2.12), (2.14), (2.18), and (3.11), we get the two additional equations

2p0

XY =(—F5"——
P <4+R§+c(uo)p§

)(X(X, )

200

and ¢ X¥,))=| ——m——
4. <4+Sg+c(uo)002

) (x (X, ).

As a motivation for the regularity conditions that are imposed in the definition of the set
G, we first note from (3.12) that x (X, Y) is increasing with respect to both its arguments and
is therefore unbounded. However, from (3.12) we get

1
|x(X(s), V() —s| = E(MO(R) + v (R)),

which belongs to L*°(R). Therefore, we require that Z; — Id belongs to L*°(R).
It is convenient to introduce the following notation: to any triplet (Z, V, W) of five dimen-
sional vector functions we associate a triplet (24, V¢, W) given by

1 | |
20— Z - (X —Td), V=V ——— W =W 4 ——. 3.13
=21 75 o Vi=Vim o W ' 200 (3.132)
| |
E=5-1d Vi=Vi-g Wi=Wi-z, (3.13b)
2=z, V=V, Wi=W (3.13¢)

fori € {3,4,5}.

Definition 3.6 The set G is the set of all elements ® = (X, Y, Z,V, W, p, q), which consist
of a curve (X (s), V(s)) € C, three vector-valued functions

Z(s) = (Z21(5), 22(5), Z3(5), Z4(s), Z5(5)),
V(X) = Vi(X), V2 (X), V3(X), Va(X), V5(X)),
W) = Wi (Y), Wa(Y), W3(Y), Wa(Y), W5(Y)),

and two functions p(X) and q(Y). We set
2 2 2
1915 = 1125 2@y + IV 12 + IV | 2wy
+1p17 2y + lal 72 (3.14)
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and

1®lllg = (X, Mlle + ‘

Vz + V4 L®(R)

1
* H Wa + Wa || o)
+ |z HLOC(R) + v ”LOO(]R) + [we HLOO(]R) FlpllLoo@) + lall o) - (3.15)
The element ® belongs to G if
€
[Ollg <oo and [[Ollg < o0; (3.16)
(i1)
Vo, Wa, V4, Wy = 0; (3.17)

(iii) for almost every s € R, we have

Z(s) = V(X ()X (s) + W) V(s) (3.18)

(iv)
V(X (5) = c(Z3(s)VI(X(s)),  Wa(V(s) = —c(Z3())Wi(V(s)),  (3.19a)
Va(X(5)) = c(Z3(s)Vs(X(s)),  Wa(V(s) = —c(Z3()Ws(V(s)),  (3.19b)

and

2V(X())V2(X($)) = (c(Z3())V3(X () + c(Z3())p* (X (s)), (3.19¢)
2Wa (VWL V() = (c(Z3(s) W3V ())* + c(Z3(s)q>(V(s)), (3.19d)

V)

lim Z4(s) =0. (3.20)
§—>—00
We denote by Gy the subset of G which parametrize the data at time ¢ = 0, that is,
Go={®eg|Z =0}
For ® € Gy, we get by using (3.18) and (3.19a), that
V(X ()X (s) = Wa(V(s)V(s). (3.21)
This implies that

25(5) = 2V (X (s) X (s) = 2Wh V() V(s). (3.22)

Note that for an element ® € G we have V, + V4 > 0 and W, + Wy > 0 almost
everywhere. As we shall see, this property is preserved in the solution and is important in
proving that the solution operator from D to D is a semigroup.

Definition 3.7 For any ¢ = ({1, ¥») € F, we define (X, Y, Z, V, W, p, q) as
X(s) =sup{X e R | x;(X") < x2(2s — X') forall X' < X} (3.23)
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and set )(s) = 25 — X (s). We have

x1(X(5)) = x2(V(s)). (3.24)
We define
Zi(s) =0, (3.25a)
Z(s) = x1(X(5)) = x2(V(5)), (3.25b)
Z3(s) = U1 (X(s)) = U2(Y(s)), (3.25¢)
Z4(8) = J1(X(s)) + L(V(s)), (3.25d)
Z5(s) = K1(X(5)) + K2(Y(5)) (3.25e)
and
1 / _ l /
1 1
W(X) = Exi(X), Wh(Y) = Exg(Y), (3.26b)
V3(X) = Vi(X), Wi(Y) = Va(Y), (3.26¢)
Va(X) = J{(X), Wi(Y) = J5(Y), (3.26d)
Vs(X) = K{(X), Ws(Y) = Ky(Y), (3.26¢)
p(X) = Hi(X), q(Y) = Hy(Y). (3.26f)

Denote by C : F — Gy the mapping which to any i € F associates the element
X, Y, Z,V, W, p,q) € G as defined above.

Observe from (3.9a), (3.9b), (3.23), and (3.25b), that for initial data in D such that ug, Ry,
So, po, and op are smooth, and 1o and vy are absolutely continuous, we recover the identity
(3.12) with x (X (s), Y(s)) replaced by Z>(s).

4 Existence of solutions for the equivalent system
4.1 Existence of short-range solutions

In the following we denote rectangular domains by
Q = [Xla Xr] X [Yl» Yr]

and we set s; = %(X 1+ Y)and s, = %(X + + Y;). We define curves in rectangular domains
as follows.

Definition 4.1 Given Q = [X;, X,] x [Y, Y;], we denote by C(S2) the set of curves in
Q parametrized by (X (s), Y(s)) with s € [s7,s,] such that (X(s7), V(s1)) = (X1, 1)),
(X(sr), V() = (X;, ¥;), and

X—1Id, Y—1de Wh®(s, s 1), 4.1a)
X=>0 Y=>0, (4.1b)
%(X(s) 4+ V(s)) =s foralls € [sy, sr]. (4.1¢)

@ Springer



Partial Differential Equations and Applications (2023) 4:35 Page 19 of 71 35

We set
(X, IMle@y = I1X = 1dll ooy, T 1Y — 1l oo r,5,7) -
We introduce the counterpart of G on bounded domains, which we denote by G(2).

Definition 4.2 Given Q = [X, X,] x [V}, Y], we denote by G(L2) the set of all elements
which consist of a curve (X,)) € C(2), three vector-valued functions Z(s), V(X) and
W(Y), and two functions p(X) and q(Y). We denote © = (X, ), Z,V, W, p, q) and set

2 all2 a2 a2 2 2
101G = 125 | 2.5 + 1V N2axxn + IV Nz r + 1017205, x,1 + 19022y, 5,0

and

+ 2 ||L°°([s;,:,])

Le([Y,Y, D)

C = (X, + o5
I®llg) = X, MNlcw) HV2+V4

e
Loxnx)  1V2+Wa
+ v HL°°([X1,X,~]) + [we HLOC([Y,,Y,]) Fplleeqxg, x,n + lall ooy v -
The element ® belongs] to G(2), if
@
1®lllg@) < oo,
(ii)
Vo, Wa, 24, Va, Wa > 0,

(iii) for almost every s € R, we have

Z(s) = V(X ()X () + W)V (s), “4.2)
(iv)
W2 (X (5)) = c(Z3(s))V1(X(5)), Wa(d(s)) = —c(Z3(NDW1(V(s)), (4.3a)
Va(X(s)) = c(Z3(5))V5(X (), Wa(V(s)) = —c(Z3(s))Ws(V(s)) (4.3b)
and

2V4(X (VX (8)) = (e(Z3()V3(X () + c(Z3())p? (X (5)), (4.3¢)
2V ENIWa V() = ((Z3( W3V () + ¢(Z3()g* (V(s)). (4.3d)
By definition we have for any (X, Y, Z, V, W, p, q) € G(2) that the functions X and )

are nondecreasing. To any nondecreasing function one can associate its generalized inverse,
a concept which is presented in, e.g., [1].

Definition 4.3 Given Q = [X;, X, ] x [V}, Y] and (X, ) € C(£2), we define the generalized
inverse of X and ) as

a(X) = supf{s € [s;, s,] | X(s) < X} for X € (X, X,],
B(Y) =sup{s € [ss,s:] | V(s) <Y} forY € (¥, Y,],

respectively. We denote X~ = o and Y~! = 8.

I Note that condition (i) implies [O[|g () < oo because 2 is bounded.
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The generalized inverse functions X! and Y~! satisfy the following properties.

Lemma 4.4 The functions X~ and Y~ are lower semicontinuous and nondecreasing. We
have

XoXx7'=1Id and Yoy~ ' =1d, (4.42)
x'o X (s) = s for any s such that X(s) >0, (4.4b)

and
y—l o Y(s) = s for any s such that Y(s) > 0. (4.4¢)

Now we define solutions of (2.19) on rectangular domains. Consider the Banach spaces
LY (Q) = LY, Y, 1, C(UXy, X, D)), LY (Q) = L=([X;, X, 1, C([Y7, Yr ),
Wy™(Q) = LY, Y, ], W (X, X, 1),
Wy S (@)L ((X1, X1, W (1Y, Y, ).
The corresponding norms for f :  +— R are defined as

1l = esssup |[f ¢ Dllzex,x,n, 1 fllege@ = esssup [|F(X, ey, v,
Ye[Y;, Y] Xel[X;,Xr]

1 yree gy = esssup [|f ¢, Vllwiocx,,x, 1)
W@ T PRSP (X0, X, 1)

NSy = €sssup || f(X, )llwieoqy,.v,1)-
W@ = (B A)

‘We introduce the function Z¢, defined as

a J— —_ 1 —

1(X,Y)=2Z(X,Y) 200) (X-7), (4.5a)
Z5(X,Y) =Z2(X,Y) — %(X +7Y), (4.5b)
ZHX,Y)=Zi(X,Y) fori €{3,4,5} (4.5¢)

in order to conveniently express the decay of Z at infinity in the diagonal direction. Although
we are not yet concerned with the behavior at infinity, the notation will be useful when
introducing global solutions.

Definition 4.5 We say that (Z, p, q) is a solution of (2.19) in Q = [X;, X, ] x [V}, Y, ] if
®
2 e W @QP, Z§% e Wy®@F, Zj e (W™ (@F,
peWy™(Q), geWy™(Q), (4.6)
(ii) for almost every X € [X;, X,],
(Zx(X,Y))y = F(Z)(Zx, Zy)(X, Y), CX))
(iii) for almostevery Y € [V}, Y, 1],

(Zy(X,YV))x = F(£)(Zx, Zy)(X.Y), (4.8)
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(iv) for almost every X € [X;, X,],

pr(X,Y) =0, 4.9)
(v) for almostevery Y € [V}, Y} ],

gx(X,Y)=0. 4.10)

We say that (Z, p, g) is a global solution of (2.19), if these conditions hold for any
rectangular domain 2.

The following lemma shows that the imposed regularity in Definition 4.5 is necessary to
extract relevant data from a curve. Slightly abusing the notation, we denote

XY)=XoY ' (¥Y) and Y(X)=Yox '(X). 4.11)
Lemma 4.6 Let Q be a rectangular domain in R? and assume that
20 e WS @P, Z§ e Wy™(@F, Z§ e WyX@7F, peWy™@),
g€ Wy™(Q).
Given a curve (X,Y) € C(Q), let (Z,V, W, p, q) be defined as
Z(s) = Z(X(s), Y(s)) forall s € R
and

V(X)=Zx(X, VX)), pX)=pX, V(X)) forae X R,
W) =Zy(X(Y),Y), q¥)=q(XXY),Y) forae Y e€R,

or equivalently
V(X(s)) = Zx(X(s), V), P(X(5) = p(X(s),V(s)) fora.e. s € R such that X(s) > 0,
W(5) = Zy (X(5), V(s)), qV(s)) = q(X(s5), V(s)) fora.e.s € R such that Y(s) > 0.
Then Z,V, W, p, q € L.(R) and we denote © = (X, Y, Z,V, W, p, q) by

(Z,p.q) e (X,)).

We now introduce the set H(€2) of all solutions of (2.19) on rectangular domains, which
satisfy (2.10), (2.16), (2.18), and some additional constraints.

Definition 4.7 Given Q = [X;, X, ] x [V}, Y,], let H(2) be the set of all solutions (Z, p, q)
to (2.19) in the sense of Definition 4.5, which satisfy the following properties

xx =c(U)tx, xy =—cU)ty, (4.12a)
Jx =c(U)Kx, Jy=—c(U)Ky, (4.12b)
2Jxxx = (c(U)Ux)* + c(U)p*, 2Jyxy = (c(U)Uy)* + c(U)q>, (4.12¢)
xx >0, xy >0, (4.12d)
Jx =0, Jy =0, (4.12e)
xx +Jx >0, xy+Jy>0. (4.126)

We have the following short-range existence theorem.
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Theorem 4.8 Given Q = [X;, X, ] x [Y;, Y,], then for any ® = (X, Y, Z,V, W, p,q) €
G(R2), there exists a unique solution (Z, p, q) € H(Q) such that

©=(Z,p.q) e (X,)), (4.13)

ifsy —s;1 < 1/C(]l1®O|llgw))- Here C denotes an increasing function dependent on 2, k, ki,
and k.

4.2 Existence of local solutions

We begin with some a priori estimates.
Given a positive constant L, we call domains of the type

{(X,Y)eR*||Y — X| <2L)

strip domains, which correspond to domains where time is bounded. We have the following
a priori estimates for the solution of (2.19).

Lemma4.9 Given Q@ = [X;, X, ] x [V}, Y, ] and ©® = (X, Y, Z,V, W, p,q) € G(Q), let
(Z, p,q) € H(RQ) be a solution of (2.19) such that ® = (Z, p,q) e (X,Y). Let & =
Z4llLo0 (5,5, + 1251110 ((s,,5,1)- Then the following statements hold:

(i) Boundedness of the energy, that is,
0<J(X,Y)<& forall(X,Y) e Q (4.14a)
and
[1Klz>@) = (I +x)&. (4.14b)

(i) The functions Z, Zx, Zy, p, and q remain uniformly bounded in strip domains which
contain 2, that is, there exists a nondecreasing function C1 = Ci1([|®|lg), L) such
that for any L > 0 and any (X,Y) € Q such that |X — Y| < 2L, we have

1Z°(X, V)| < C1, |1Zx(X,Y)| <C1, |Zy(X,Y)| <Cy, (4.15a)
[p(X,Y) <Cr1, lgX, V)| <Cy (4.15b)
and
1
— (X, Y) < (4, X,Y)<C(C. 4.15¢
XX+JX( ) 1 xY+Jy( ) 1 ( )

Condition (ii) is equivalent to the following:
(iii) For any curve (X,)) € C(2), we have

(Z, p,q) e (X, Vg < Ci, (4.16)

where C1 = C1(]|(X, D)] le), IBlllg@)) is an increasing function with respect to both
its arguments.

We have the following existence and uniqueness result.

Lemma 4.10 (Existence and uniqueness on arbitrarily large rectangles) Given a rectangular
domain 2 = [X;, X;] x [Y1, Y] and ® = (X, Y, Z,V, W, p,q) € G(2), there exists a
unique solution (Z, p, q) € H(2) such that

O=(Z p,q)e(X,)).
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Lemma4.11 (A Gronwall lemma for curves) Let Q = [Xl_, X1 x [Y1, Y] and assume that
(Z,p,q) € H(RQ) and (X,Y) € C(RQ). Then, for any (X,)) € C(RQ), we have

I(Z, p,q) e (X, Mg < CIZ, p,q) e (X, D¢,

where C = C(||(X, )_))||C(Q), IHI(Z, p,q) ® (X, V)llg)) is an increasing function with
respect to both its arguments.

Lgmma 4.12 (Stability in L% Let Q = [X;, Xr] % [_Yl,_Y,] and assume that (Z, p,q),
(Z, p,q) € H(RQ) and (X,Y) € C(RQ). Then, for any (X,Y) € C(RQ), we have

WZ—=Z,p=pg—eX Dlig <DINZ—-Z,p=p,qg—§ X D,

where D = D(|[(X, V)llc@y- II(Z. p.q) o (X. D)l II(Z. p. ) o (X, Wllg) is an
increasing function with respect to all its arguments.

4.3 Existence of global solutions in

Definition 4.13 (Global solutions) Let H be the set of all functions (Z, p, ¢) such that

1) (Z, p,q) € H(S2) for all rectangular domains 2;
(i) there exists a curve (X, )) € C such that (Z, p,q) e (X, V) € G.

The following lemma shows that condition (ii) does not depend on the particular curve for
which it holds. In particular, we can replace this condition by the requirement that (Z, p, g) e
(X4, Ya) € G for the diagonal, which is given by X;(s) = Vi(s) = s.

Lemma 4.14 Given(Z, p,q) € H,wehave (Z, p, q)e(X,Y) € G foranycurve (X,)) € C.
Moreover, limg_, oo J(X(s), V(s)) is independent of the curve (X,Y) € C.

We have the following global existence theorem.

Theorem 4.15 (Existence and uniqueness of global solutions) For any initial data ® =
(X, Y, Z, VY, W, p,q) € G, there exists a unique, global solution (Z, p,q) € H such that
® = (Z, p,q) e (X,Y). We denote this solution mapping by

S:G—H. (4.17)

5 From Lagrangian to Eulerian coordinates
5.1 Mapping from 7 to 7

Given an element (Z, p, ¢) in H we now want to map it to an element in the set G and then
further to one in F. For a solution in H corresponding to time 7 > 0,i.e.,t(X,Y) =T, we
find it convenient to first shift the time to zero so that we can map the solution to an element
in Go in the next step.

Definition 5.1 Given T > 0 and (Z, p, q¢) € H, we define
(X, Y)=tX,Y)-T (5.1a)
and

X, V) =x(X,Y), UX,Y)=U(X.Y), (5.1b)
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JX,Y)=J(X,Y), K(X,Y)=K(X,Y), (5.1¢)
pX.Y)=pX,Y), ¢X,Y)=q(X,Y). (5.1d)

We denote by tr : H — H the mapping which associates to any (Z, p, ¢) € H the element
(Z, p, q) € H. We have

tryr =tr oty 5.2)
Definition 5.2 Given (Z, p, q) € H, we define
X(s) =sup{X e R|#(X',2s — X') <Oforall X' < X} (5.3)

and Y(s) = 2s — X(s). Then, we have (X,)) € C and (Z, p,q) e (X,)) € Go. We
denote by E : H — Gy the mapping which associates to any (Z, p,q) € H the element
(Z,p.q) e (X,)) € Go.

Definition 5.3 Given (X, ), Z,V, W, p,q) € Go, let Y1 = (x1, Uy, J1, K1, V1, Hy) and
Yo = (x2, Uz, Ja, K2, V2, H>) be defined as

x1(X(s)) = x2(V(s)) = 22(s), (5.4a)
Ui(X(s)) = U2(V(s)) = Z3(s), (5.4b)

J1(X(s)) :/

S

V(X (@)X (t)dz, L (V(s)) 2/‘ Wi(V(@))Y(x)dr,  (5.4c)

Ki(X(s)) = / Vs(X ()X (t)dT, Kr(V(s)) = / Ws(V()Y(r)dr,  (5.4d)
and

Vi=V3, Vo=W;s, (5.4e)

H =p, Hy=q. (5.4f)

We denote by D : Gy — F the mapping which to any (X, YV, Z, V, W, p, q) € Gop associates
the element € F as defined above.

5.2 Semigroup of solutions in F
We define the solution operator on the set F.

Definition 5.4 For any T > 0, we define the mapping St : 7 — F by

St =DoEotroSoC.
In order to show that S7 is a semigroup we need the following result.

Lemma5.5 We have
CoDoE=E, DoC=1d, EoSoC=C, and SoE=1d.

It follows that S o C = (D o E)~! and the sets F and H are in bijection.

Theorem 5.6 The mapping St is a semigroup.
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Proof We have
SroSpr =DoEotroSoCoDoEot;roSoC
=DoEotrot;roSoC byLemma 5.5
=DoEotri770S0oC by (5.2)

= Sr417-
O
5.3 Mapping from F to D
Definition 5.7 Given ¢ = (Y1, ¥,) € F, we define (u, R, S, p, 0, i, V) as?
u(x) =Ui(X) ifx(X) =x (5.5a)
or, equivalently,
u(x) =Ux(Y) ifx2(¥Y) =x, (5.5b)
R(x)dx = (x1)#2c(U1(X)V1(X) dX), (5.5¢)
Sx)dx = (x2)#(=2c(U2(Y) Va2 (Y) dY), (5.5d)
px)dx = (x)#(2H1(X)dX), (5.5¢e)
o(x)dx = (x2)4(2H2(Y) dY), (5.5)
w= (xD#(J{(X)dX), (5.52)
v = (x2)#((Y)dY). (5.5h)
The relations (5.5¢)—(5.5f) are equivalent to
R(x1(X))x{ (X) = 2e(U1 (X)) V1 (X), (5.60)
SC2(Y)x5(Y) = =2¢(Ua(Y)) Va(Y), (5.6b)
o1 (X))x((X) = 2H1 (X)), (5.6¢)
o (x2(Y)xy(Y) = 2Hy(Y), (5.6d)

respectively, for almost every X and Y. We denote by M : F — D the mapping which to
any ¥ € F associates the element (u, R, S, p, 0, i, v) € D as defined above.

Lemma 5.8 Given v = (Y1, Yn) € F, let (u, R, S, p, o, u,v) = M1, ¥2). Then, for any
O =(X,Y,Z,V,W,p,q) € Go such that (Y1, ¥2) = DX, Y, Z,V, W, p, q), we have

u(x) = Z3(s) ifx = 23(s), (5.7a)
R(x) dx = (22)#(2c(Z3(5)V3(X () X (5) ds), (5.7b)
S(x) dx = (Z2)#(=2c(Z3(s)W3 V() V(s5) ds), (5.70)
p(x) dx = (Z2)#(2p(X(5))X () ds), (5.7d)
o (x)dx = (Z22)#(2q(V()V(s) ds), (5.7¢)

1= (22)4(Va(X ()X (s) ds), (5.7)
v = (Z22)s WV (V(5)V(s) ds). (5.72)

2 The push-forward of a measure A by a function f is the measure f3X defined by fyA(B) = A(f —1(B)) for
Borel sets B.
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The relations (5.7b) and (5.7d) are equivalent to

R(Z22(s)V2(X(5)) = c(Z3(5))V3(X(5)), (5.8a)
P(Z22(s)V2(X (s)) = p(X(s)) (5.8b)

for any s such that X(s) > 0. The relations (5.7¢) and (5.7¢) are equivalent to

S(Z2()IW2(V(5)) = —c(Z3(s)W3(V(5)), (5.92)
o (Z2(IW2(V(5)) = q(V(s)) (5.9b)

for any s such that Y(s) > 0.

By using the semigroup S7 we can, together with the mappings from D to F and vica
versa, study the solution in the original set of variables, for given initial data in D.

Lemma 5.9 Given (ug, Ry, So, 0o, 00, 1o, Vo) € D, let
u, R, S, p,o, u, v)(T) =Mo St o L(uo, Ro, So. po, 60, i0, Vo)
and
(Z, p,q) =S o CoL(uo, Ro, So, po, 00, 0, v0)-

Then, we have

u(t(X,Y), x(X,Y)) = U(X,Y) (5.10)

forall (X,Y) € R?,
R(t(X,Y), x(X,Y)xx(X,Y) = c(UX, Y)Ux(X,Y), (5.11a)
p(t(X,Y), x(X, Y)xx(X,Y) = p(X,Y) (5.11b)

for almost every (X, Y) € R2 such that xx (X,Y) >0, and

SEX,Y), x(X, Y)xy(X,Y) =—c(UX,Y))Uy(X,Y), (5.12a)
ot(X, V), x(X,Y)xy(X,Y)=¢q(X,Y) (5.12b)

for almost every (X, Y) € R2 such that xy (X, Y) > 0. Furthermore, we have

1 1
MIZE(R-FS) and Mx:m(R—S) (5.13)

in the sense of distributions.

5.4 Semigroup of solutions in D

Now we can define a mapping on D, the original set of variables.
Definition 5.10 For any 7' > 0, let St : D — D be defined as
St =MoSroL.
Since

Sro8=MoSroLoMo Sy oL
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it would immediately follow from the semigroup property of S7 that S is also a semigroup

if we had L o M = Id, but this identity does not hold in general, unless one introduces an

equivalence relation based on relabeling. An essential role is played by G, cf. Definition 3.3.
First we define the action of G2 on the set F.

Definition 5.11 For any ¥ = ({1, ¥2) € F and f, g € G, we define ¢ = (Y1, ¥) as

(X)) =x1(f(X), BY)=xg(Y)), (5.14a)
Ui(X) = Ui(f (X)), Ua(Y) = Ux(g(Y)), (5.14b)
N(X) = N1(f(X), L) =l(Egl)), (5.14c)
Ki(X) = Ki(f(X)), K(Y)=Ka(g(Y)), (5.14d)
Vi(X) = f/OVI(f(X), VoY) =g/ (¥)Valg(Y)), (5.14e)
Hi(X) = f/(X)H\(f(X)), Hy(Y) =g (Y)Hy(g(Y)). (5.14f)

The mapping from F x (_;2 to F given by ¥ x (f, g) — V¥ defines an action of the group
G? on F and we denote ¥ = - (f, g).

We refer to [15] for the definition of the action of G2 on the sets C, G, and H. A key result
is the following.

Lemma 5.12 The mapping St is G*-equivariant, that is, for all ¢ = (f, g) € G2, we have
St(Y - ) =Sr(¥) - ¢
forallyr € F.

Definition 5.13 We denote by F/G? the quotient of F with respect to the action of the group
G? on F. More specifically, we define the equivalence relation, ~, on F as

forany ¥, ¥ € F, ¥ ~ v if there exists ¢ € G such that ¢ = ¥ - ¢.

For an element y € F, we denote the equivalence class by
Wl={y e Fly~y)

We define the quotient space as
FIG* ={y]1 ¥ € F}.

We now define the set Fp, which plays a key role in the following lemma.
Definition 5.14 Let
Fo={Y =W, v¥2) e Flx1+Ji=1d and xp + J, =1d}

and IT : F — Fy be the projection on F given by 1@ = (1}1, &2) = I1(y) where 1} € Fo
is defined as follows. Let

SX)=x1(X) + J1(X) and g(¥Y) =x2(Y) + J2(Y) (5.15)
and denote ¢ = (f, g) € G2. We set
b=y

Lemma 5.15 The following statements hold:
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(i) Forany ¥ and  in F, we have
Y~V ifand only if TI(y) = TI(Y), (5.16a)

so that the sets F|G?* and Fy are in bijection.
(i) We have

MoIl=M (5.16b)
and
LoM|r, =1d|r and MoL =1d, (5.16¢)

so that the sets D, Fo, and F/G? are in bijection.
(iii)) We have

[MoSroll =IToSr. (5.16d)
Note that the first identity in (5.16¢) is equivalent to
LoMolIl =TI. (5.17)
Now we are finally in position to prove that S7 is a semigroup.
Theorem 5.16 The mapping St is a semigroup.
Proof The proof relies on Lemma 5.15 and Theorem 5.6. From Definition 5.10 we have

SroSp=MoSroLoMoSp oL
=MolloSroLoMoIlo Sy oL by (5.16b)
=MolloSrolloSoL by (5.17)
=Mollo ST oS oL by (5.16d).
=Mo Sy o SproLL by (5.16b)
=Mo Sy oL by Theorem 5.6

= S74717.

6 Existence of weak global conservative solutions

It remains to prove that the solution obtained by using the operator Sy is a weak solution of
(1.3).

Theorem 6.1 Lett > 0 anc_l E() = (uo, Ro, So, po, 00, o, Vo) € D. Then
u, R, S, p,o, 1, v)(t) = S: (&) is a weak solution of (1.3), meaning that

// <[¢, s ]R + [ + cwips]s + Y RS¢> dxdt
(0,00)xR c(u)
_ // 2000 o dpdr + // 290 o v ar, 6.12)
(0,00)xR  €(u) (0,00)xR  €(u)
// [¢r — cw)px|pdxdi =0 and // [¢r + cw)¢x|odxdt =0
(0,00)xR (0,00)xR

(6.1b)
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forall ¢ = ¢(t, x) in Cg°((0, 00) x R), where
R=u;+c(wuy and S =u; —c(u)uy (6.1¢c)

in the sense of distributions.
Moreover, the measures p and v satisfy the equations

(n+v) — () —v)x =0 and <ﬁ(ﬂ - V)> —(n+v)e=0 (62
t

in the sense of distributions.

Note that if the two measures p and v are absolutely continuous, (6.2) coincides with
(1.12) in the sense of distributions. Moreover, the difference of the sign in front of x and v
indicates the two opposite traveling directions.

The semigroup of solutions, S;, is conservative in the following sense.

Theorem 6.2 Given & = (uo, Ro, So, po, 00, Lo, v0) € D, let (u, R, S, p, 0, u,v)(t) =
Sy (&o). We have:

(i) Forallt =0,
n@@®) +v@)R) = uo(R) + vo(R).

(ii) For almost every t > 0, the singular parts of (u(t) and v(t) are concentrated on the set
where ¢’ (u) = 0.

Theorem 6.3 (Flmte speed of propagation) For initial data & = (uo, Ro, So, po, 60, 140, V0)

andijg (uo,RU, SO 00, 00, [0, Vo) in D, we consider the solutions (u, R, S, p, o, i, v)(t) =
S,(&o) and (ii, R, S, P, 0,1, V)(t) = S,(‘g‘o) Givent > Oandx € R, if§(x) = so(x)for

x € [Xx — «t, X + «t], then u(t, x) = u(t, x).

7 Regularity of solutions
7.1 Existence of local smooth solutions

Theorem 7.1 Let —0o < x; < x, < 00 and consider (ug, Ry, So, po, 00, o, Vo) € D. Let
m € N and assume that,

(A1) ug € L=(lxz, x,1),

(A2) Ry, So, po. 00 € W120([xy, x, 1),

(A3) there are constants d > 0 and e > 0 such that py(x) > d and oo(x) > e for all
x € [xg, xr],

(A4) wo and vy are absolutely continuous on [xy, x,],

(A5) ¢ € C"Y(R) and maxueﬂg‘dd—;c(u) < k; for constants ki, i =3,4,5,....,m — 1.

Foranyt € [0, %(xr—xl)] consider (u, R, S, p, o, i, v)(t) = S; (1o, Ro, So, o, 00, 140, V0).
Then

P1) u(r,-) € W™®([x; + k1, xr —KT]),

(P2) R(z,"). S(t, ), p(r, ), 0(r,) € W L2([x; + k7, X — KT)),

(P3) there are constants d > 0 and & > 0 such that p(t,x) > d and o (v, x) > & for all
X € [x; +KT,Xr —KT],
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(P4) wu(z,-) and v(z, -) are absolutely continuous on [x; + kT, X, — KT].

For 1 € [ - i(xr — x1), 0], the solution satisfies the same properties on the interval
[x1 — k7, xr + 7).

Note that since (u¢)y = m(Ro —8p), it follows from assumptions (A1), (A2) and (AS5)
that ug € W™ ([x;, x,1).

Specifically, (A4) means that puo((—o0,x;)) = po((—00, x7]), mo((—00, x,)) =
po((—00, xr]), vo((—00, x7)) = vo((—00, x7]), and vo((—00, X)) = vo((—00, x;]).

By (1.5) and (1.6), (AS5) holds fori =0, 1, 2.

Proof 1In the following, we will consider the case 0 < 7 < i (x; — x7). The case — i (x, —
x7) <t < 0 can be treated in the same way.

We decompose the proof into three steps.

Step 1. We first consider the case m = 1.

(1) Consider (Y1, ¥2) = L(ug, Ro, So, po, 00, Lo, Vo). Since g is absolutely continuous
on [x;7, x] we have from (3.9a), x1(X) + no((—o0, x1(X))) = X for all x;(X) € [x;, x,].
For X; and X, satisfying x;(X;) = x; and x1(X,) = x, we have X; = x; + po((—o00, x7))
and X, = x, 4+ po((—o00, x,)). Therefore, since x| is nondecreasing, we get

x1(X) + po((=00, x1(X))) = X (7.1)

for all X € [X;, X,]. Similarly we find by using (3.9b), x2(Y) + vo((—o00, x2(Y))) =Y
for all Y e [V}, Y,], where x2(Y;) = x5, x2(Y,) = x-, Y1 = x; + vo((—00, x7)), and
Y, = x, + vp((—o00, x,)). We define @ = [X;, X,] x [}, ¥;]. From now on we only
consider (X, Y) € Q. Rewriting (7.1) yields

s
X1(X) + o((—00, ¥)) + 1 / (R + c(up)pd)(x) dx = X.
X

Differentiating implies that

4
x1(X) = . 7.2
{0 = R e om0 + 4 72
Since Ry, po € L*([x;, x,]), we get the lower bound
4
/
x1(X) > =:d; >0, (7.3)
||RO||%°0([)C[,X,~]) + | |p0||ioo([xl,xr]) +4
and since po(x) > d, we find the upper bound
Ve
(X)) < ———. 7.4
N0 = B 74
Similarly, we find
0 4 <xl(y) < ¢ (7.5)
<e = <X, < . .
1101 o0 1, + 11001 o0 1,11y 4 e+ 4«

(i) Let ® = (X, Y, Z,V,W,p,q9) = C1,¥2). By (3.24) we have x(X(s)) =
x2(Y(s)), which after differentiating and using X (s) + Y(s) = 2s, yields

: 2x2(3i(s,)) and V(s) = — ZXI(X(S/)) _

X (X () + V() X (X)) + 50(s))

X(s) = (7.6)
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This implies, by (7.3)—(7.5), that

X(s) > 2 e A o AY(s) > 2y [ o 1.7
S e an S .
SN2 e T S P Z NI PR

for all s such that (X (s), V(s)) € €2, thatis, for all values of s which satisfy X; < X (s) < X,
and ¥; < Y(s) < Y,. Using this together with the identity X'(s) 4+ Y (s) = 2s, we find that
(7.7) is valid for all s € [s;, s, ], where s; = %(Xl + Y;) and 5, = %(X,. + Y,). Hence, X (s)
and )(s) are strictly increasing functions on [s;, s,].

(iii) Consider (Z, p, q) = S(®). First we prove that

(xx +Jx)(X,Y) = C(V2 + V) (X) (7.8)

for all (X,Y) € Q, where C depends on «, k1, |||O[llg), X, — X, and ¥, — ¥;. From
(4.12¢c), we have 2Jxxxy > (c(U)UX)2 and 2Jyxy > (C(U)Uy)z. By Young’s inequality,
we get |Ux| < %(xx + Jx) and |Uy| < \%(xy + Jy). This implies, after using (2.19b)
and (2.19d), that

0 < (xx +Jx)(X,Y) < (xx + Jx)(X, V(X))

— Xy + X)Xy + Y X, ) d) .

+

By Gronwall’s inequality,

2

k
(xx +Jx)(X,Y) < (xx + Jx)(X, V(X)) exp {%

Since x and J are nondecreasing with respect to both variables, we have

Y
/ (xy + Jy)(X, f’)df’”.
Y(X)

Y
’/y(x)(xwrfy)(x, ?)df" < |x(Xp, ¥2) = x(X0, Y| + [T (X, Yy) — T (X1, D)
=|28(s,) — Z5(s0) + s — si| + |25 (sr) — 25 (1)

1 1
<2/|19[llg) + E(X’ — X))+ E(Y, -1,

where we used s; = %(Xl +Y)),s = %(Xr +Y,), and the definition of |||®|[||g(q). Defining

C =exp {k\'/'(; ClIOlllgw) + %(Xr - X))+ %(Yr - Yl))} completes the proof of (7.8). Note
that C is strictly positive.
We have V, + V4 = 3x| + J| and since J{ = 1 — x|, x{ > 0 and J| > 0, this implies

that % <V, 4+ V4 < 1. Thus, we get

(xx +Jx)(X,Y) <C. (7.9)

By (3.26f), (3.9g), (A3) and (7.3) we obtain

1 1
p(X, V(X)) =p(X) = Hi(X) = 5/)0(X1(X))Xi (X) = Eddl =:da. (7.10)

Similarly we obtain

1 1
q(X(Y),Y)=q) = H)(Y) = EUO(Xz(Y)))é(Y) > Jeer=:ex.
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Then, since py = 0, we get for all (X, Y) € €,
1
d; < p2(X, (X)) = p*(X,Y) < <m((C(U)UX)2 + c(U)p2)>(X, Y)
< k((c(U)Ux)?* + c(U)p*)(X, ¥) = 2ic(Ixxx)(X, ¥) < 2c(Jx + xx)xx (X, ¥)
<2kCxx(X,Y),

where we used (4.12¢) and (7.9). Hence,

d;
X, Y)> —. 7.11
WX =5k .10
Using that gx = 0, we find in the same way that
2
€
xy(X,Y) > —, (7.12)
2xC

where C is strictly positive and depends on |[|®]||g(@), X — X;, and Y, — Y;. From (4.12a),
we then get

2 2

T d ty(X.Y)<-——2 (7.13)
, = an s < — — .
X 262C Y 2%2C

(iv)Let0 <7 < %(xr — x7) and consider ®(t) = Eot.(Z, p, q).

We claim that (X (z, 5), V(z, 5)) lies below the curve® (X (s), V(s)). For any § and s such
that X(z,5) = X(s) we have 1(X(s),V(s)) = 0 < t = t(X(7,5), Y(t,5)), so that by
(4.12a) and (4.124d),

V(r,5) < Y(s), (7.14)

which proves the claim.

We prove that there exist Spin and Smax satisfying s7 < Smin < Smax < S§r such that
(X(t,s),Y(,s)) belongs to Q for all s € [Smin, Smax]- First we need an estimate. Since
cu) <k,tx(X,Y)>0,and 1y (X, Y) < 0, we have

1 1
7 X —x) = — (X, Y,) —x(Xp, Y) +x(X,, ¥)) — x(X;, 1))
K 2K

Y,- Xr
= i(—/ C(U(Xr,Y))tY(Xr,Y)dY—i-/ c(UX, Y))ix (X, Yz)dX>
2K Y; X;
1 Y, X
< 7<—/ ty (X, Y) dY—I—/ tx (X, Yl)dX> =t(X,, 1), (7.15)
2 Y X
where we used (4.12a). Consider Spax such that X(7, Smax) = X,. Note that since

X (T, Smax) = X(sr) = X, we get from (7.14), V(7, Smax) < Y(s;) = Y. From (7.15)
we get 1(X,, V(T,5max)) = T < %(xr —x7) < t(X,, Y)), so that Y(7, Smax) > ¥;. In
particular, we have

Y < V(T, Smax) < Y. (7.16)

Since X' (7, -) and Y(z, -) are nondecreasing and continuous, there exists Spmin such that Sy, <
Smax> Y(T, Smin) = ¥7 and X(T, Smin) < X;. Since 1(X;, V) = 0 < 7 = (X (7, Smin)» V1)

3 Note that this is also true outside 2.
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we find that X (t, Smin) > X; and we have
X; < X(t, Smin) < X. (7.17)

For any s € [Smin, Smax] We get from (7.16) and (7.17), since X' (t, -) and )(t, -) are nonde-
creasing, that

X < X(z,5min) < X(1,5) < X(7, Smax) = X, and
Y) = Y(T, Smin) < V(7,5) < V(T, Smax) < Y.

In other words, the curve (X (z,s), Y(t, s)) lies in 2 for all s € [Smin, Smax], and hence all
the estimates obtained in (iii) are valid along this curve. Observe that s; = %(XI +7Y) <
%(X(‘L’, Smin) + V(T, Emin)) = Smin and s, = %(Xr +Y) > %(X(T» Smax) + V(, Emax)) =
Smax, Which implies s; < Smin < Smax < Sr.

By differentiating ¢ (X (z, s), Y(7, s)) = t and using that X(z,s) + Y(z,s) = 2, where
- denotes the derivative with respect to s, we obtain

=2ty (X(z, ), Y(z,5))

X(t,s5) = . (7.18)
tx (X (z,5), V(r,5) — ty(X(z,s), V(7,5))

By (4.5), we have |tx (X, V)| = [|Z5 1 gy + % and Ity (X, V)] = [1Z 10 ) + 5 for

all (X, Y) € Q. Using this and (7.13) in (7.18), we find

. e%lc_z(j‘_l
X(t,s) > =:a] (7.19)
for all s € [Smin, Smax]. Similarly, one proves that

V(r,s) > (7.20)

fe a a
for some positive constant ; that depends on dz, C, «, || ZY ||W;,OC(Q), and || Zy ||W)l(,oo(s-2).

Next, we prove that there exist 51 and 5, satisfying Spmin < §1 < 52 < Smax such that
x(X(t,51),Y(r,51) =x;+kt and x(X(7,52),Y(r,5)) =x —kt. (7.21)
Observe that since x is increasing with respect to both variables this will imply
X+ kT < x(X(7,5), Y(,8) <X —KT

for all s € [51, 52] and in particular, (X (7, s), Y(t, s)) belongs to 2 for all s € [s1, 52], see
Figs.3 and 4.
By (4.12a), (4.12d), and (1.5), we have

XX, Smin). Y1) < x(X1, YD) + /:mmm) (X, Y)dX = x + k.
1
Using the lower bound on ¢, we end up with
X7 + %r < x(X(t, Smin), Y1) < x; +«kT. (7.22)
Following the same lines, one obtains
X — kT < x(Xp, Y(T, Smax)) < Xp — %f. (7.23)
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t xe(t) x1(t
R 0 2() (1)

T2

1

T T+ KT Ty — KT1 Ty

Fig.3 The region bounded by the characteristics x; (7) (forward) and x5 () (backward) starting from x; and x;,
respectively,att = 0.Here,0 < 7] < 10 < i(xr —x7). The remaining functions are given by x (t) = x;+ %,
x3(t) = x;+kt,x4(t) = xp —xt and xg(1) = xp — % We have x3(t1) = x; +«k11 = x(X (717, 51), Y(71, 51))
and x4(71) = x; — k7] = X(X (11, 52), Y(11, 52))

(X(s),Y(s))

(X(11,8), (11, 5))

(X(72,5),Y(12,8)) Smax

Y

Smin Smin

X
X X,

Fig.4 The region from Fig.3 in Lagrangian coordinates. The curves (X (s), V(s)), (X (71, s), Y(71, s)) and
(X (12,5), Y(12,5)) correspond to t = 0, t = 71 and t = 17, respectively

Since0 <7 < i(xr —x;)wehave x; +kT = X +2kT —KT < X+ X, — X —KT = X, —KT,
which implies, since x is continuous with respect to both variables, that there exist 51 and 5,
such that 57 < 5 and

x(X(t,51),Y(1,51) =x;+kt and x(X(t,5),V(1,5)) =x, —kt. (7.24)
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From (7.22), (7.24), and the fact that x increases along the curve (X (z, s), V(z, 5)), we have
X (T, Smin) < X(t,51) which implies Smin < §1. By (7.23) and (7.24) we get Y(t, 52) <

V(t, Smax) and 52 < Smax- This concludes the proof of (7.21).
We prove (P1). From (5.7a) we have u(t, x) = 23(t, s) if x = Z,(t, 5). Since the function
Z5(t, s) is nondecreasing, the smallest and biggest value it can attain for s € [5y, 53] are

Zo(t,51) = x(X(1,51), V(. 51) =x+«kt and Z5(7,52) = x(X (1, 52), V(1,5)) =X, —KT,

respectively. The function Z;(z, -) is in fact strictly increasing for s € [5y, 52], as we now
show. We differentiate the relation 2Z,(z, s) = x(X (7, s), Y(7, s)) and get

Zy(t,5) = xx(X(1,5), V(1. )X (T, 9) + xy (X (1, 5), V(. 5)V(T, ).
From (7.11), (7.12), (7.19) and (7.20) we have
Zy(1,5) = 26) N1 d3CT + wpe3Ch > 0. (7.25)

Hence, the mapping s — Z5(t, s) is strictly increasing fors € [51, 52] and therefore invertible
on [s1, s2]. For any x € [x; + 7, x, — k7] we get

u(t, x) = Z(t, 2y ' (7, %)), (7.26)
where Z, ! (7, x) denotes the inverse of the function s — Z,(t, 5). Since
|123(z, 25 ' ()| = [UX (7, 25 (2.20), Y(x, 25 (o)) < ||V e)
we have
u(r,”) € L®°(x; +«t, x, —kt)). (7.27)
Next, we differentiate (7.26) and get

. » d _ Z3(r. 27 (1, x)
uy(t, x) = 2Z3(z, 2, (z, x))dx Zy (t,x) = —Zz(r, 22_1(1’ x))' (7.28)
We have
125(t, 5)| = [Ux (X(z, ), V(t,5)X(T,5) + Uy (X(1,5), Y(z, ) V(z, 5)]

<2 0 2 % (e s
< 20[Uxl 1 g + 2NUr g1 0
so that Z3(t, -) € L®([51, 521). By (7.25) we end up with

2k |1 23(, Il s1.50)
aleZC*l + otze%C'*l '

lux (T, x)| =

which implies that
uy(t,) e L®°(x; +«1,x, —k7]). (7.29)

From (7.27) and (7.29) we conclude that (P1) holds.
We prove (P2). From (5.8a) and (5.8b), we have

R(t, Z5(7, s )WVa(z, X (7, 8)) = c(Z3(7, $))V3(7, X(7,5))
and

p(t, Z2(T, )MVa (T, X(z,5)) = p(T, X(7,5))
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for all s € [51, 52]. We multiply these equations by 2X(z, s) and use (3.22) to get
R(z, Z5(1,5))Z2(t, 5) = 2c(Z5(7, $))V3 (1, X (T, )X (T, 5)

and

p(t, Z2(, ) Z2(1, 5) = 2p(z, X (T, $)X (1, 5),
which yields

—1 -1 y -1
R(z.x) = 2¢(23(z, 2, (‘L’,x)))V?(T, X(:ZZ (T, ) X(1, 2y (7,X%)) (7.30)
Z5(z, 2, (T, x))
and
-1 : -1
ot x) = 2p(T, X(1, 2, (T, x)X(1, Z, (T,X%)) (731)

Z(t, 27 (x, 1))
for all x € [x; + «xt,x, — kT]. Since W3(t, X(t,s)) = Ux(X(7,s), Y(t,s)), we have
W3(t, X(7,s))| < ||UX||W1,OC(Q) or in other words V3(t, X(t, -)) € L*°([51, §2]), and since
Y
p(t, X(1,5)) = p(X(z,s),V(z,s)) it follows that p(z, X(z,-)) € L°°([51, 52]). Using
(7.25) in (7.30) and (7.31) we obtain
8k (V3 (7, X (T, NlL (5.5
a1d2C! + ape3C!

8k llp(t, X(t, NllL>ds,.5)

[R(z,x)| < =
a1d3C~1 + apesC!

and |p(7,x)| <

forall x € [x;+«t, x, —«t]. Therefore R(z, -), p(z, ) € L™ ([x;+k7T, x, —k7]). Inasimilar
way one shows that S(z, ), o (7, ) € L°([x; + k7, x, — kT]) and we have proved (P2).
We prove (P3). By inserting
Zy(r, 25 (1, %)) = 2xx (X (1. 25 (r.x)), V(1. 25 (1. ) X (T, 25 ' (1. 1))
into (7.31) we get
p(r, X(1, 25" (7, %))
xx(X(r. 25 (r.x)). V(1. 25 (1. 1))

forall s € [51, 52]. Since py = 0 we get from (7.10),
p(r. X) = p(X, V(z, X~ (x, X)) = p(X, V(X)) = dy

forall X € [X;, X,]. Recalling (7.9) and that Jx (X, Y) > 0 we get p(7, x) > d,C~! for all
x € [x; + k7, x, — k7). Similarly we find o (7, x) > erC~ forall x € [x; + kT, x, — KT].
This concludes the proof of (P3).

We prove (P4). Let M C [x; + 7, x, — k7] be a Borel set. By an argument as in [12,
Proof of Lemma 11], we have

p(T,x) =

Iising (T, M) = / 1 Va(t, X (7, )X (z, 5) ds,
z5 (v, M)nAc

where A = {s € R | Wa(7, X(7,s5)) > 0}. We have meas(A°) = 0, which implies that
Msing (T, M) < 2[]|O(7)[||g() meas(A°) = 0. This proves that ;. (7) is absolutely continuous
on [x;+k 7, x, —k T]. Similarly, one shows that v(7) is absolutely continuous on [x; +x T, x, —
KT].

Step 2. Assume that m = 2. By Step 1, (P3) and (P4) hold. Moreover, (P1) and (P2) hold
form = 1. Itremains to prove that u,, (z, -), Rx (7, -), Sx (7, ), px (T, "), ox (7, -) € L= ([x; +
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kT, x, —k7]). In order to do so, we have to show that Zxx = (txx, xxx, Uxx, Jxx, Kxx)
and Zyy = (tyy, xyy, Uyy, Jyy, Kyy) existand are bounded. We first consider Zy x, which
is the unique solution of the semilinear system Zxxy(X,Y) = f(X,Y, Zxx), where f is
Lipschitz continuous with respect to the Zyx variable. This can be seen by differentiating
the governing equations (2.19). For instance, we have

' U) " (U)
XXxy = W(XXUXY — Uxxxy) + WUX(UXXY + Uyxx)
+ ;C((IIJ])) (xyUxx + Uyxxx) (7.32)
and
Y(X) L
lxxx (X, V)| < lxxx (X, Y(X))I +/Y lxxxy (X, Y)|dY, (7.33)

if we assume without loss of generality that Y < )(X). The other case is similar.
Let us find a bound on xx x at time v = 0. We differentiate (7.2) and get

1
(X0 == x) (X)}(2RoRox + ¢/ (uo)uox 03 + 2¢(uo) popox) o x1(X),

which, by (7.4), implies that

p VRIS
(Ol = ; 1 ac IIRoll Lo (pxy.xe ) 1 (ROx L2 ([.27)

k11 @) | oo ) 1120 1 oo g, 1y + 2611001122 2,1 11 (00)x 1| L% (17, 1)
(7.34)

and we conclude that x{" € L*°([X;, X, ]).
By (3.26b), we have xx (X, V(X)) = V2 (X) = %xi(X). We differentiate and get
R

1
xxx (X, V(X)) + xxy (X, y(X))(;) ox7I(X) = S (X0,

so that by (7.19),
Y

1
lxxx (X, V(X))| < EIX{’(X)I + |xXY(X»y(X))|<}> ox7'(X)

A

1., kik 2 1
= Il x,) + o @l + 5 I1®lllg@)
and xxx (-, Y(-)) € L°°([X;, X,]). Here we used the estimate

c'(Z3(5))

[xxy (X(s), V()| = ‘2c(Z3(S))

W3 (X)W (V(s)) + Ws(y(S))Vz(X(S)))‘ by (2.19)
1 ” ” 1
< Ekl/( V3 L qx, x| V2 Lo vy, v, 1) + 3
a a 1
+ WS Loy, v, p | IV e x,x,1) + 3

1 1
=< Ekl’((m@ng(sz) + EIIIG)IIIg(Q))-
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We estimate xx xy. Since |Z§| < ||Z% we get from

(2.19) that

Q) and |Z9| < ||Z}

||W}1,°°( ||W)1(v°°(9)a

[Zxy| <, (7.35)

where 1 depends on ||Z§(||W1_OO(Q), ||Z‘;||W1,oo(m, k, and k1. We obtain from (7.32),
Y X

1
lxxxy| < k1K<I|Z§(||W;,oo(Q) + 5)'7

1 1
+k2K||Z§(||Wyl,w(m<||Z;‘(||Wyl,w(m + 5) (IIZ‘;IIW;(,OO(Q) + 5)
1 1
+ §k1K<||Z?/||W)I(.oo(Q) + §>(|UXX| + lxxxD- (7.36)

We insert (7.36) into (7.33) and get

1
lxxx (X, V) < [lxxx G, YO Leqx,, x, 1) + [kllf(HZ?(HW;,oo(Q) + 5)'7

1 1
+ k2;<||z;||w;,m(m<||z;||w;m(m + 5) (IlZ;IIW;(,oc(m + 5)}“0 — vl
Y | ) 1 o
+/y §k1K<I|Zy|IW}1(,oo(Q) + §>(|UXX| + lxxxD(X, Y)dY.

Following the same lines for the other components of Zx x, we obtain

(Itxx | + lxxx| + [Uxx| + [Ixx| + [KxxD(X, Y)
< NZxxC, YL qx;,x,1 + C1lYr — Y1

Y(X) - -
+/ Co(ltxx| + lxxx| + [Uxx| + |Jxx| + [KxxD(X,Y)dY,
Y

where C; and C; depend on ||Z?(||W}l,,oo K, k1, and k». By Gronwall’s

(9)9 ||Zg'| |W)](°C(Q)’
lemma, we obtain

(Itxx| + lxxx| + Uxx| + [Jxx| + |[KxxD(X, Y)
< (1Zxx (. YOIz (xp.x,p + C1lY, = ¥V =Yl (1.37)
A similar procedure yields
(Ityy| + |xyy| + |[Uyy| + [Jyy| + [Kyy D(X, Y)
< (U1Zyy (X, sy, + ClIXy — XieCX =¥ DI (7.38)

where Cl and 6‘2 depend on || Z§ K, ki, and k.

We also need estimates for X (7, s) and Y(z, s). By (3.21), we have
xx (X(z,s), V(t,8)X(T,s) = xy(X(z,s), Y(t,5))V(t, s). We differentiate and get

xxx (X(z,8), (T, )HX(T, 5)* + xx (X (1, 5), V(z, ) X(, 5)
= xyy (X(1,5), V(T, )NV(z,5)* + xy (X (z, 5), V(z, $)V(T, 5). (7.39)
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Since X (7, s) + V(z, s) = 25, we have Y(z, s) = —X(z, 5), so that

xyy (X (T, 8), Y(T, V(1. 5)* — xxx (X (1, 9), V(z, ) X(T, 5)
XX(X(T, S), y(t» S)) + xY(X(Ta S), y(tv S))

By (7.11), (7.12), (7.37), and (7.38), we find

lxxx (X(z,5), Y(z,9)| + |xyy (X(z,s), V(7, S))I)
xx (X (z,5), Y(r,8) +xy(X(7,5), Y(1,5)

)'('(T, s) =

|X(z,5)| 54<

8k -
< o (U Zxx YO + Q1Y = Vel =Y
d3C—1 +3C

+ (1 Zyy (X ), eqr.yy + CrlX, — X1|)eCZ‘X*X<Y>‘). (7.40)

Thus, we conclude that X(t, -) € L ([51, 521).
We differentiate Z5 (7, s) = x(X(t, s), Y(7, s)) twice and get, by (7.39), that

Z5(t,5) = 2xxx(X(1, ), V(T, ) X(T, 5)* + 2xx(X(1, 5), V(r,5) X (2, 5)
+ 2xxy (X(, 8), V(T, )X (T, ) V(T ).
Using (7.35) and (7.37), we end up with

1Z2(7, 9)| < 8(1Zxx C, V() ILoox,.x,1) + C11Y, — Y;])eC2V =YXl
1 ..
+ 2<|IZ§(||W;oo(Q) + E)Il/'\f(f, INlreo s, 5 + 81

and 25(t, ) € L([51, 52]). }
Following the same lines we prove that Z3(z, -) € L*([51, 52]).
We compute u,, from (7.28) and get

Z3(t, 2, (7, %)) _ &, Zy N, x) 2, 25 e, x)

Uy (T, Xx) = = 1 ) 0 —1 3
Z(t, 2, (7,x)) Z(t, 25 (7,x))
By (7.25) we obtain
43| Z3(t M@ 863123t e mn 1220t e, )}
[ty (T, x)| < 5 2~ 3 5 >~
(aleC*l +a262C*1) (ald Cl+aesC- )

and we conclude that u,, (1, ) € L*([x; + «T, x, — kT]).
By differentiating (7.30) we get

2X (7, 25 (7, x))
[Z2(r, 27 (& )]
+c(Z3(t, 25 (1 0 Vs (r, X (1, 25 (2 0)]
N 2e(Z5(t, 25 (1, ) Vs(T, X (1, 25 (1, 0N X (z, 257 (7, %))
[Z2(e, 2 (x, 0)) ]
2c(Z3(t Zz (r, ) V3(z, X(z, Zz (z, x)))X(r Zz (z, x))Zz(r 22 (z, x))
[Z2(r. 25 (. x))]

where we denote V3 (7, X (1, 5)) = %V3 (t, X(z,9)).
Since V3(t, X (1,s)) = Ux(X(7,s), Y(t,s)), we have
Vi(t, X(z,5)) = Uxx (X(t,5), V(1,))X (T, 5) + Uxy (X(z,5), V(r, )T, 9).

Ry(t,x) = [¢(Z3(1, 2y (1, ) Z3(r, 25 1 (. ) Ws(x, X (t, 257 (2, %))
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From (7.35) and (7.37) we obtain
Ws(r, X(t, )| < 2[(11Zxx (- YO L. x,p) + CilYr = Yie@ =Yl g,
Therefore we have V3 (t, X(1,-)) € L*®([51, 52]). By (7.25) we get
8k2
(1d3C! +age§C~‘*1)2
X (2k1||3'3(f, Mlree s, mnl V3T, X (@, DllLe (s ,5m1)
+ 2] V3 (2, X (2, D550
+ klV3(T, X (. Dlles.ap 12 @ ) Leqs, 52]))

+ 326 V3 (7, X (T, Nl s, an 1220t e, b
(a1d2C 1+a2e2C )

[Rx (7, x)| =

which implies that R, (t, ) € L™ ([x; + kT, x, — kT]).
We differentiate (7.31) and get
2[p(r. X(t, 2y (0N X (1, 25 (T x)? +p(r, X (1, 27 (1 o)Xz, 25 (2, x))]
[Zz(r Zil(r x))]2
2p(t X(t, Zz (t, x)))X(‘L' Zz (z, x))Zz(r 22 (z, x))
[Zz(f zZ7\(x, X))]

px (T, x) =

where we denote p(t, X (1, 5)) = %p(t, X(z,s)).Sincep(r, X(t,s)) = p(X(z,s), Y(z,s))
and py (X, Y) = 0 we have

p(r. X(1,9) = px(X(z,5), V(T,))X (T, 9).
Furthermore, by (3.26f) and (3.9g), we have
1
p(X,Y) = pX, V(X)) =p(X) = H(X) = Epo(m(X))XQ (X). (7.41)

We differentiate and get, since py (X, Y) =0,

1 1
px(X,Y) = px (X, Y(X)) = 5(/00);(()61(X))X{(X)2 + EPO(XI(X)))C;/(X)~
Using (7.4), this leads to the estimate

4k

2
1
m) + §||PO||L°C([x1,x,])||xi/||L°°([X1,X,]),

1
Ipx (X, Y)| < Ell(po)xlle([x,,x,])<

which implies that

. Ve 2
Ip(z, X(z,5)| = ||(,00)x||L°C([x,,x,])<m) + lpoll ooy, X7 N2 (0, %, 1

Recalling (7.34), it follows that p(z, X (z, -)) € L ([51, 52]). Using (7.25), we end up with

82 (41p(z, X (T, Nllros.5n + p(@, X Do mpllX @ )l 5m))
(a1d3C-! +aze§é—1)2

lpx (T, x)| <
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32K p(t, X (T, Nl sy 50 122 lLeds 5
(and3C~ 1+(X2€2C )

and we conclude that py (1, -) € L®([x; + k1, x, — kT]).

In a similar way one shows that S (z, -), ox (7, -) € L®([x; + 7, x, — kT]).

Step 3. Assume that the result holds for m = n, that is, if ug € L*°([x;, x,]) and
Ro, So, po, 00 € W' 1(xy, x,1), then u(r,:) € W"®(x; + «t, x, — k7]), R(1,),
S(zt, ), p(t, ), o(t,:) € W12([x; + k1, x, — «7]) and (P3) and (P4) hold. We show
by induction that the result also holds for m = n + 1. Note that it is enough to show that
if Ro, So, po, oo belong to W ([x;, x,1), then u(t, -) € W"T1%([x; + k7, x, — k7]) and
R(t,-), S(z, ), p(z,9),0(t,:) € W([x; + k1, x, — KT]).

Since the result holds for m = n we get, following closely the argument used in Step 2 to
derive (7.37) and (7.38), that

aa+ﬁ - 5
WZE[L P, a,.=0,1,...,n, a+p<n. (7.42)
Since Ry, So, po, o0 € W"°([x;, x,]) we get by Definitions 3.5 and 3.7 that ’9Xaa/;ﬁ Z,

o,=0,1,...,n+ 1,0 + B =n + 1is bounded on the curve (X (s), V(s)), s € [s, 5]
Since the governing Eq. (2.19) is semilinear, there exists a unique solution o Z,
a,8=0,1,...,n+ 1,04+ =n+1in Q of the system

"
AX*9YP

8n+1
o Zn+ Txagyr FXHUHI K

an+]
=f+ Z <goc,ﬂ7 Wz>» (7.43)
o, f=0,1,....n+1

a+pf=n+1
where f and gy g depend on derivatives up to order n and gq, g denotes n+ 1 five dimensional
vectors. By (7.42), the functions f and g, g are bounded. To clarify the notation, let us
compute (7.43) for n = 2. We have

i E A t+x+U+J+K)
Y axegyp " T
«,=0,1,2,3
a+p=3
= f+(g3,0, Zxxx) + (82,1, Zxxy) + (81,2, Zxvy) + (80,3, Zyvy)-
By Gronwall’s lemma, we obtain %Z € [LOO(Q)]S, o, =0,1,....,.n+ 1, a +

B = n + 1. This implies, since xx (X (t, 5), (T, $))X (T, 5) = xy (X (T, ), y(r s))j}(r s),
Z(t,s) = x(X(t,s),V(1,s)), and Z3(t,s) = U(X(t,5s),V(T,s)), that < X(t,-),

ds"'H
pian! qntl!

3,,H;))( ), s"+1 Zy(t, ), 5n+1Z3(T ) € L*°([sy, s;]). It then follows from (7.25) and
(7 26) that n+l u(t, ) € L*°(x; + «t,x, — k1)), and from (7.25) and (7.30) we obtain
3x" R(r ) € L°°([x1 + KT, x, —KT]).

By (7.41), mp(, Y()), k =0,1,...,n,is bounded on the curve (X (s), V(s)), s €

. k k an
[s7, sr]. Since ;}7p(X, V(X)) = aavp(X, Y), we get from (7.25) and (7.31), ;Wp(r, ) €
L®([x; + «T, x — kT]).
Similarly, one proves that adxn S(t, ), %o(r, D) e L®(x; +«t, x, —KkT]). O
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Remark 7.2 A close inspection of the proof of (7.21) reveals that to any 0 < 7 < i (x, —x1)
there exist 51 and 5p such that s; < §1 < 5 < 5, (X(1,5), V(t,s)) € Qforall s € [51, 52]
and

x(X(z,51), Y(r,51) =x; +«kt and x(X(z,52), Y(T,52)) =X, —KT.

In particular, this result also holds in the case p = 0 = 0.

Remark 7.3 In [10] it has been highlighted that singularities appear, when either R = u; +
c(uy = c(u)%’(‘ or S = u; — c(u)ux = —c(u)%’ become unbounded. As a closer look
at the above proof reveals, both xy and xy remain strictly positive in the studied region,
cf. (7.11) and (7.12), while Uy and Uy remain bounded. Thus neither R nor S can become
unbounded in the studied region and hence no singularities form.

From Theorem 7.1 we obtain the following result.

Corollary 7.4 Let —oo < x; < x, < 00 and consider (ug, Ro, So, po, 00, o, Vo) € D.
Assume that

(A1*) ug, Ro, So, po, 00 € C*([x1, x,]),

(A2’) there are constants d > 0 and e > 0 such that po(x) > d and op(x) > e for all
X € [x1, xr],

(A3’) o and vy are absolutely continuous on [xj, x,],

(A4) ¢ € C®(R) and "™ e L®°R) form =3,4,5, ....

For any v € [0, 5 (x, — x))] consider (u, R, S, p, 0, i, v)(t) = St (w0, Ro, S0, po, 00, 1o,
vo). Then

P1’) u(z,-), R(z,-), S(t,), p(r,-),0(t,-) € C®°([x; + k1, x, — KT]),

(P2°) there are constants d > 0 and & > 0 such that p(z, x) > d and o (t, x) > & for all
X €[x;+ kT, X —KT],

(P3’) u(z,-) and v(z, -) are absolutely continuous on [x; + kT, X, — KT].

For v € [ — 2]7(xr — X1), 0], the solution satisfies the same properties on the interval
[x1 — kT, xr +xT].

7.2 Convergence results

In this section we state and prove convergence results needed to prove our main result, which
is presented in Sect.7.3. Our main theorem is a local result, and strictly speaking we only
require local convergence of the Lagrangian variables to prove it. However, some of the steps
can be done globally, see Lemmas 7.5 and 7.7, and we choose to present them here as it is
more challenging than the local case. In the proof of our main result, Theorem 7.9, we will
point out whenever the local convergence differs from Lemmas 7.5 and 7.7.

Lemma7.5 Let (u,R, S, p,o, u,v) and (u", R",S", p", ", u",v") belong to D, and
assume that u, v, 1", and v"* are absolutely continuous. Consider ¥\ = (x1, Uy, J1, K1, V1,
Hy), Y2 = (2. Ua. Jo. Ko, Vo, Hy), ¥ = (. UYL I KYL VI HY), and 3 = (x5, U3,
Iy, K5, Vi, HY) defined by (Y1,42) = L, R, S, p,0, 1, v) and (Y{,¥5) = Lu",
R™, §", p", 0", u", v'"). Assume that

u"—u, R'"—- R, "= S, p'—p, and 0" - o in Lz(R).
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Then, x; and x' are strictly increasing, and
X = xi, (x;’)f1 — xl._l, u'—U;, J'—Ji, K'—K; in L°([R),
v —- U, V'—YV, H'— H in L*(R),
o = xl, (N = J, (K" — K in L'R)
fori=1,2.

‘We mention that the functions which converge in L L(R) also converge in L2(R), because
convergence in L' (R) and (uniform) boundedness in L (R) imply convergence in L2(R).

Proof We start by proving that u” — u in L*°(R). By (3.1) and the Cauchy Schwarz
inequality, we have

(u(x) —u"(x))* = f (u — u”)(i(R —8) -

oo c(u) c(u™)

(R" — S”))(y) dy

=< / ilu —u"[(IRI + [R"| + S|+ [S"D () dy
R

< «llu —u"|| 2 ClIRI 2Ry + IR — R"[| 2Ry
+ 2118l L2y + IS = Sl L2®))s

which implies, since R” — R, §" — §, and " — u in LZ(]R), that u” — u in L*°(R).

Let ¢ = (Y1, ¥2) = L, R, S, p,0,p,v) and " = (Y{,¥y) = L@", R", S",
Pt o™, w, V). We will only prove the results for the components of /1, the proof for v,
can be done in a similar way.

Let f = L(R* + cw)p?) and f" = L(R"? + c")(p™)?). From (3.2) we have
(=00, %) = [* f(2)dz and u"((—00,x)) = [*_ f"(z)dz, since p and u" are
absolutely continuous measures. Consider the functions F(x) = x + ffoo f(z)dz and
F'(x) = x + ffoo f"(z) dz, which are strictly increasing and continuous. By (3.9a), we
have that F(x1(X)) = X and F"(x] (X)) = X for all X € R, which implies that x| and x/
are strictly increasing and continuous. Since x;l = F and (x{l)_1 = F", the inverses x| 1
and (x{‘)’1 exist and are strictly increasing and continuous. We prove that (xf)*1 - X Uin
L*°(R). Since |xf1(x) - (xf)_l(x)| < If = f"ll,1 ) we have to show that f* — f in
L'(R). By using the estimate

1 1

cu) e

u /
A ) I T (7.44)
2
e (w)

and the Cauchy—Schwarz inequality, we find

1F =l = ¢ [ 1R = R+ p2(etw) — ) + ) o” ~ (o) d
v =g [ IR = (R 4 92 = @) + @) (0? = ("D d
1
< ZA(|R2—(R")2|+k1p2|u—u”|+x|p2—<p">2|)<x>dx
1
< Z(2||R||L2(R) +1IR = Rl 2R — Rl 12

ki 2 n
+ leplle(R)llu —u"||Low)

K n n
+ Z(ZHPHLZ(R) + 1o = " ll2@)lle — 2"l 2 w)-
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Since R” — R and p" — p in L>(R), and u” — u in L°(R), it follows that f* — f in
L'(R). Therefore (x7)~" — x; ! in L®(R).

We prove that x] — x in L°°(R). By direct calculations, we get for x{ (X) < x1(X),
that

x1(X) x1(X)
w0 -0 == [ Tgw - e [ rwar
—00 xl
x1(X)
<- [ ue-rrana

since f" > 0. Treating the case x1(X) < x{ (X) in a similar way, we end up with |x;(X) —
x{ (X < 1f = f*llL1 > which implies, since f" — f in LI(R),thatx{’ — x1in L°(R).
Using (3.9¢) we get J{' — Jy in L*(R).

We prove that (x])" — x} in L'(R). Asin (7.2) we get & =
so that

and x| =

1 1
Sfroxi+1 Sfoxi+1°

) = xi = (foxi— f"ox])(x])x]. (7.45)

For every ¢ > 0, there exists a function / in C.(R) such that || f — I|[;1@) < &. Here

C.(R) denotes the space of continuous functions with compact support. Applying the triangle
inequality to (7.45) yields

AM;(X)—(X?)/(X)WX
5/l;|fox1(X)—loxl(X)|xi(X)dX+A;|lox1(X)—loxf(X)|dX
+/R|lox;’(X)—fox7(X)|(x;‘)’(X) dx (7.46)

+/RIfOXI’(X) e OIY (X) dX

=2/lf = Ulpw + I oxi —lox{llpiw + IIf = f'llLiw)

by a change of variables. Furthermore we used that 0 < x{ <landO < (x?)’ < 1. Itremains
to show that limy, .0 ||/ 0 x1 — o x{|| 1) = 0. We have [ o x{ — [ o x; pointwise almost
everywhere. In order to use the dominated convergence theorem we have to show that / o x{
can be uniformly bounded by a function which belongs to L' (R). We prove a slightly more
general result, which will be used many times throughout the text.

Lemma 7.6 Assume that g € C.(R), and that h and h,, satisfy h — 1d, h, — Id € L*(R),
and hy, — h in L*°(R). Then there exists a constant 0 < K < oo that is independent of n
such that

lg o hn| < |IgllLee) X[—K k1> (7.47)
where X[k, k] denotes the indicator function of the interval [—K , K ].
Proof Since g has compact support there is a constant 0 < k < oo such that supp(g) C
[—k, k]. Writing hy,(x) = h,(x) — h(x) + h(x) —x + x, we get {x | h,(x) € [k, k]} C
[—Kn, K, ] where K, = k + [|h — hyllzo@®) + [|h — 1d || zc(R). Since h, — h in L2 (R)
we can find a constant M such that || — hy||z~@®) < M foralln. If weset K =k + M +
1 —1d || ooy, we get

lg o hp(X)| < 1gohy(X)x—k k1 =< llgllLe®) X[-K, K1

@ Springer



Partial Differential Equations and Applications (2023) 4:35 Page 45 of 71 35

which proves (7.47). ]

From (7.47) we conclude that [ o x{ can be uniformly bounded by an LY(R) function.
By the dominated convergence theorem we obtain lim, .« ||l 0 x; — 1 o x{'|| 1 ® = 0. We
conclude that the right-hand side of (7.46) can be made arbitrarily small, so that (x{)" — xi
in L!(R) and as an immediate consequence (J{')’ — J in L1(R) by (3.9¢).

We show that U}’ — Uy in L*(R). By (3.9d) and the Cauchy—Schwarz inequality we get

|UL(X) = UT(X)] < JuCer (X)) — u(xf (X))] 4 [u(e (X)) — u" (7 (X))

x1(X)
/ Uy (x)dx
X

1(X)

<

+ [uG] (X)) — u" (2] (X)) |

1
< ||Mx||L2(R)||x1 _x?”zoo(]g) + ||u - un”Loo(]R)-

From (3.1) we have |ux || 2@®) < %(IlRlle(R)+||S||L2(R)),and since x| — xjandu" — u
in L°°(R), we conclude that U] — Uj in L*°(R).

Letus prove that U} — Uy in L*(R). Since u € H'(R) there is for every ¢ > 0 afunction
n € Cc(R) such that [|u — 0| 2r) < € and [[u — n][Lo®) < &. We have

U — Uf”LZ(]R) < |[luox —ﬂ0x1||L2(]R) +lnox _77°x'11||L2(]R)

+1moxi —uoxy|lpam) +luoxi —u" oxill2mg- (7.48)

Let D| = {X e R x((X) < %} and D, = {Y e R x(1Y) < %} Observe that
meas(D1) < [p2J{(X)dX and meas(D2) < [p2J3(Y)dY,since J; =1 —x/,i =1,2.
Since limy_ _o0 J1(X) = 0 = limy_, _o J2(Y), we get meas(D1) < 2||Ji||r~®) and
meas(D2) < 2||J2||Lx(®). In a similar way we find that the measures of the sets D} =
[X eR| (1) (X) < 1} and Dj = {Y e R| (x})'(Y) < 4} have the bounds meas(D}) <
2||J{ L= ®) and meas(D5) < 2[|J}||1 (). Since J" — J; in L°(R), we can find constants
E; that are independent of n such that meas(D) < E; and meas(D3) < E for all n. We
have

2
||uoxl —ﬂoxl||Lz(R)

=/ (uoxl(X)—noxl(X))de—i-/ (o x1(X) —noxi (X)) dX
Dy D¢

2
< meas(Dy)||u — n||iw(R) + 2/ (uoxi(X) —nox1 (X)) x{(X)dX
D(T

1

< meas(D)lu = 1117 ooy + 2l = 11172, (749)
by a change of variables. Similarly,
i ox] —uoxtlfag < Ellu = nlljeq +2llu =0l (7.50)
and
o x} —u" o x{1172g) < Erlle — w70y + 2l — 4" l|72 -
Since u, — u in L2(R) N L2 (R) we get that
: n__ ..n n —
nli)n;o [luoxi —u"oxillp2g =0. (7.51)
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For the remaining term in (7.48) we use the dominated convergence theorem. We have
nox} — nox; pointwise almost everywhere, and by Lemma 7.6 we find that n o x{' can be
uniformly bounded by an L2(R) function. By the dominated convergence theorem we get

lim |Inoxi —noxll2@ =0. (1.52)

n—

From (7.51) and (7.52), and since the right-hand sides of (7.49) and (7.50) can be made
arbitrarily small, we conclude that U] — Uy in L%(R).
We prove that K} — K in L°(R). By (3.9f) we get

X _ 1 1 Z
Ki(X) — K"(X) = Ji X)|: o X ]d
1(X) 1(X) /;oo i€ c(Ui(X)) (U (X))

X
1 - _ _
+/ — [/ (X)) = I (X)]|dX. (7.53)
oo (U (X)) i D'l
For the first term on the right-hand side we use the Cauchy—Schwarz inequality and get
[Ul X) ' (U)

X
/700( vrx AU

< ki 1|1 2@ U1 — Ul 2y

1
2

X B 1 ! i -
i 5wy |4X|E au) dx
MOC : )[cwl(X)) c(U;’(x»] “” e )

and for the second term we have
X 1 - e s
—(J{(X) = (I (X)|dX
‘fm c(Ur<X>>[ : (0]

which implies that K{ — Kj in L>(R).
The above proof in fact also shows that (K {‘)’ — K { in L1(R), since
J(X) JH'(X)
cU(X)) (U7 (X)

< «kllJ] = Ul ®)y»

dX.

/lK{(X)—(K?)’(X)ldX=/
R R

We prove that H' — H in L2(R). Since p and p" belong to L>(R) there exist for every
e > 0 functions ¢ and ¢" in C.(R) such that [|[p — ¢|;2r) < € and [|0" — " || 2@) < &.
Since p" — p in L*(R) we can for every ¢ > 0 choose n so large that ||o — p" || 2r) < €.
This implies that for large n we have ||¢ — ¢"| [L2r) < 3¢. From (3.9g) we have

1 1
Hi— Hi' = x{(poxi — ¢ ox) + (@ oxx] — @ ox])]))
|
+3 (@ o x{ = p" o),
so that
H H}’l < 1 / ]‘ / n n ny/
[|Hy — 1 ||L2(R) = §||x1(,0 o X1 —¢0x1)||L2(]R) + §||(¢°X1)X1 — (¢ 0x1)(x1) ||L2(R)
1
+ Ell(x{’)/(qs” oxi — p" oxPll2w)- (7.54)
Since 0 < x| < 1 we get for the first term on the right-hand side by a change of variables,
llx{(p o x1 = o xD)[]a g < /Rxﬂxxpm(X)) —¢x1XN)N*dX = [Ip = Dl ]2,
(7.55)
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Similarly we get for the third term,

D) (@" o xf = p" o xDl2@w) = 110" — ¢"llL2®)- (7.56)

For the second term we have

11 0 x1)x] — @" 0 XY 12k
< 1@ o x| — G2y + 1G] @ 0 x1 — o XD 2w,
F D o xf —¢" o XDl 2

1
< V2Ugll=@ ] — G112, g + 116 0 x1 = 0 xT 2y + 116 — 6" |2z,
(7.57)

where we used that 0 < xi <10 < (x'f)/ < 1, and a change of variables for the last
term on the right-hand side. We have ¢ o x] — ¢ o x1 pointwise almost everywhere, and
by Lemma 7.6 we get that ¢ o x| can be uniformly bounded by an L*(R) function. By the
dominated convergence theorem we have lim, . [[¢ 0 x| — ¢ o x]|[ 2, = 0.

Using the estimates (7.55)—(7.57) in (7.54) we observe that all terms on the right-hand
side can be made arbitrarily small, which implies that H{' — Hj in L%(R).

We can prove in more or less the same way that VI" — Vi in L2(]R), where we also have
to use that U — Uy in L*°(R) and the boundedness of ¢ and ¢’. O

Lemma7.7 Let (1, Y¥2) and (Y, ¥y) belong to F, where y; = (x;, U, J;, K;, Vi, H;) and
Y =& U8 I K] VI HT, i =1, 2. Assume that x; and x]' are strictly increasing,
and that x; + J; = 1d, and x' + J' = 1d. Consider (X, Y, Z,V, W, p,q) = C(¥1, ¥2) and
X" Y20 VWVt pt gt = C(Yy, ). Assume

x> xi, (xi")f1 — xl._l, u'— U, J'—Ji, K'—K; in L°(R),

u'— U, V'V, H'— H; in L*(R),

(xl'»l)/ — xi/, (Ji")/ — Ji/, (Ki”)/ — Kl/ in LZ(R)
fori =1,2. Then X, Y, X", and Y" are strictly increasing, and

X'—>Xx, Y'=>Y, Z'—-Z in L®),
25— Z3 VIV, WH—>W, p"—p q"—>q in LZ(R)
fori=1,...,5.
Proof Since x; and x]' are continuous and strictly increasing for i = 1,2, we have by
(3.23) that for every s € R there exist unique points X (s) and X" (s) such that x; (X (s)) =
x2(25 — X (s)) and x{ (X" (s)) = x5 (25 — X" (s)). Moreover, X’ and X" are strictly increasing
and continuous. It follows from (3.3¢c) that ) and )" are strictly increasing and continuous.
Thus, the inverse functions X~!, y—1, (/"(”)_1 and ()i")‘1 exist, and they are continuous
and strictly increasing.
We prove that X" — X’ in L>°(R). To begin with we show that J/" o (xlfl)_1 — Jio xfl
in L*(R). Write
XX
Jiox '(X) = Jl o ) N(X) = / JN(Z)dZ + Ji o (x)7HX) — I o () TH(X)
aH=1X)

to get

i ox ' (X) = I o ) THO < Ix7 = G iz + 11Ji = TPl

@ Springer



35 Page48of71 Partial Differential Equations and Applications (2023) 4:35

Here, we used that 0 < J/ < 1, where the upper bound comes from the identity x; + J/ = 1,
and x/ > 0. Using the convergence assumptions implies that J!" o (xi")_] — Jio xi_l in
L*°(R).

We insert X = X' (s) in x1(X) + J1(X) = X and get

X(s)=x10X(s)+JioX(s) =x10X(s)+ J; ox]_1 ox10X(s). (7.58)
Similarly we get
V() =x20Y(s)+ JroV(s) =x10X(s)+Jr0x; oxi0X(s),  (7.59)

where we used that x1 (X' (s)) = x2()(s)). The expressions for X" and )" are defined in a
similar way. By (3.3¢), X' (s) + Y(s) — X" (s) — V" (s) = 0, which combined with the above
expressions yields

2(x1 0 X(s) —x" 0 X" (s)) + J1ox L ox; 0 X(s) — I o (X)L o o XM (s)
1 1 1 1 1
—i—Jgox;1 oxjoX(s) —Jyo (xé‘)_1 oxjoX"(s)=0.
Since J/' o (x;’)‘1 is increasing we get
2|x1 o X(s) — x{ oX”(s)| + |Ji oxl_l ox;o0X(s)—Ji oxl_1 oxy o X"(s)]
+ |./2o)c2_1 oxjo0X(s)— Jp ox2_1 oxy o X"(s)]
<o (M oxloX"(s) = Jyoxy ! oxl o X (s)]
+ 1 o () oxl 0o XM(s) — Jroxy ! oxf o X(s)|.
Therefore

1 _ _
[IX1 0 X — x{ 0 X" ow) < Ellffl o (M = T ox e

F51 0 ™ — oy s,
Iiox oxioX —Jiox; ! oxl o XMooy < 1] 0 )" — J1 o x] Iz

115 0 ) = hoxy llwm).

and
I1J1 0 X — J o XM |eoy = |[J1 0 X7 ox1 0 X — I o ()™ o x 0 X[ 1o(r)
<2/ o)™ = Jroxi Mlem
1 o ()™ = Boxy lzem).

Thus, we showed that x{ o X" — xjoX and J{'o X" — JioX in L% (R) since ]i"o()cl.”)_1 —
Jio x;l in L°°(R). Recallling (3.25b) and (3.25d), we thus have Z5 — 2 and Z} — Z4
in L®(R). Furthermore from (7.58), (3.3¢), and (7.59) it immediately follows that X — X

and V" — Yin L°(R).
We show that Zi — Z5 in L>(R). By (3.25¢) we have

25(s) — 25(s) = K1(X(s)) — K1 (X"(5)) + K1 (X" (5)) — K{'(X"(s))
+ K2(V(9)) — K2(V"(9)) + K2 (V" (9)) — K5 (V"(9))
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and for the first line we get
|K1(X(5)) — K1 (X" (s)) + K1(X"(5)) — K] (X" ()]
< 1Kz @) 1X — X[ ooy + 1K1 — KT Lo ®)-

A similar estimate for the second line yields Z{ — Z5 in L*°(R).
By (3.25¢) and the Cauchy—Schwarz inequality we have

X(s)
[Z3(s) — Z3(s)| < / UI(X)dX‘ + U1 (X" (s)) = U (X" (s)]

A" (s)

1
= ||U1/||L2(R)||X_Xn||ioo(R) + U1 — Uil”LOC(R)»

which shows that Z§ — 23 in L (R).
We prove that 25§ — Z3 in L2(R). We have

125 = 251172y = 1251172, — 2023, 25) + 1251135 (7.60)

where (-, -) denotes the inner product on L2(R). Since X + Y = 2 we get from (3.25¢) and
a change of variables,

1 . 1 .
1231172 ) = f/RUf(X(S))X(S)ds + E/RUzz(y(S))y(S) ds

2
1 2 1 2
= §||U1||L2(R)+§||U2||L2(R)’ (761)
and similarly
1 1
2 2 2
||Zf’51||L2(]R) - E“UFHLZ(R) + E”U;”LZ(R) (762)

Using that X" + Y = 2 we have
2(23, 2) = / Z3(5) 25 () X" (s) ds + / Z3(5) 25 ()" (s) ds.
R R

Since 23 € L%(R) there exists for every ¢ > 0 a function ¢ € C°(R) such that ||Z3 —
¢||L2(R) <e. Write

/RZs(S)ZHS)??"(S) ds
= /R [23(5) — P()] 25 (5)X" (s) ds + /R P (5)Z5 ()X (5) ds — /R P (5)Z3(5) X (5) ds
+/Rzg(s);e(s)[¢(s)—Zg(s)]ds+/Rz§(s))e(s)ds =717 +/RZ§(s)2€(s) ds.
By a change of variables we get
/R Z3() 25 ()X () ds = T{' + [|U1l[ 72, (7.63)
and in a similar way we obtain
fR Z3()Z5 )V () ds = T + 12|17 (7.64)

where 7' is equal to 7}" with X'(s) and X" (s) replaced by ) (s) and )" (s), respectively.
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Using (7.61)—(7.64) in (7.60) we get

1
125 = 2412y = 5 (10712 = WU 2y + 103 112y = 1102l 2 ) = T = T3
(7.65)
The strong convergence U' — U; in L%(R) implies that [|U]"|| 2w —> WUillp2w) for
i = 1, 2. Thus, it remains to show that Tl." — Ofori =1,2.

Using (3.25¢) and 0 < X" < 2 we get by the Cauchy—Schwarz inequality and a change
of variables,

< V20Ul 2w 123 — 1l 2@y (7.66)

/R Z3()X($)[9(5) = Z3(9)] ds

and similarly

= V2(I1UF = Uil + 101l 2@ ) 123 = @112 -
(7.67)

‘ /R [23(5) — 6 ()] 25 ()X (5) ds

Since ¢ has compact support, there exists k > 0 such that supp(¢) C [—k, k]. Integration
by parts yields

k k s
/R P (5)23(s) X (s)ds = / k¢><s>23<s>28<s)ds =- / k¢>’(s) f kz3(r>2€<r) dt ds,

where the first term in the integration by parts equals zero because ¢ has compact support
and the second integral is finite, since

X (s)
= ‘ / Uy (X)dX

1

< (211X = Id||zom) + 2k) 2 {[U1 ] 2Ry
X(—k)

for s € [—k, k]. We have

’ /s Zy() X (1) dt
—k

. k X(s)
/ P (s)Z3(s)X(s)ds = —/ ¢’(S)/ Ui(X)dXds
R —k

X(=k)

and similarly we obtain

) k A7 (s)
/(;S(S)Z;‘(S)X"(s)ds = —/ qﬁ/(s)/ Ul (X)dX ds.
R —k

X1 (k)
By the Cauchy—Schwarz inequality we get
X(s) X" (s)
’/ U1(X)dX—/ Ui’(X)dX’
X(—k) X1 (—k)
X (s) X(—k) X(s)
< / [Ul(X)—Uf(X)]dX’—i—’/ U{’(X)dX‘+‘/ UI"(X)dX’
X(=k) " (—k) " (s)
1 1
< UL = Ul 2y | X (K) = (=) |2 + 201U 21X = X" ooy - (7.68)
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which implies that

‘ /R 6 (9)Z2(5) 4" (s) ds — fR $()Z3() R (5) ds

1
< 26016/l 1) [ 101 = U 2y (211 = 1d Il zomy + 2K)®

1
+21U7 = Uil 2y + 102X = X ey |-
Therefore

=0. (7.69)

lim ‘/ ¢(s)z§(s))e”(s)ds—/ O () Z3(s) X (s) ds
n—00 R R

From (7.66), (7.67) and (7.69) we conclude that 7" — 0 as n — oo. In a similar way we
can prove that 7)) — 0. This implies by (7.65) that 25 — Z3 in L%(R).
Using (3.26a) we get

1
V=Vl 2w = ‘ m(xi - (x?‘)’) r®

1 1
(5~ 2605 e |
"2 2¢O ) ]2

and recalling (7.44), we see that Vi’ — V; in L>(R).

From (3.26b)—(3.26f) and the assumptions we immediately getthat V! — V;,i =2,...,5
and p” — p in L2(R).

The corresponding results for VW and q can be proved in a similar way. O

Theorem 7.9 deals with convergence of the elements u, p, and o for (u, R, S, p, o, L, V)
in D, see (P17) and (P2”) therein. The following result indicates the type of convergence we
have to assume for elements in Gy in order to get weak-star convergence for the remaining
elements in D.

Lemma7.8 Let ® = (X,Y,Z,V,W,p,q) and ®" = (X", )", Z", V', W" p", q")
belong to Gy. Consider (u, R, S, p, o, i, v) = MoD(®) and (u", R", S", p", o™, /', V") =
M o D(®"). Assume that

X' X, Y'=Y, Z'—Z in L®R),
Z s Z3, VsV, WP Wi p" =, "= q in LX(R),
fori=1,...,5 Then
u" — u in LR
and
%

* * * * *
R'"—R, S"—S§, p'—p, o"—o, u'—pu, and v'—v.

Observe that there are no assumptions on the monotonicity of (X, ))) and (X", Y"). This
means that as functions of s they are nondecreasing, but not necessarily strictly increasing.

From these results it follows immediately that uﬁ—*\u » due to (3.1).

Proof We will use Lemma 5.8. For any x, there exist s and s”, which are not necessarily
unique, such that x = Z5(s) and x = Z7(s"). By (5.7a), we have u(x) = Z3(s) and
u"(x) = 25 (s"). We have

u(x) —u"(x) = 23(s) — 25 (s") = Z3(s) — Z3(s") + Z3(s") — 25 (s").  (7.70)
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We estimate the difference Z3(s) — Z3(s"). We assume that s < s, the other case can be
treated similar. We have
N
/ Z3(5)d5
o

1 s 1
< </ )’((5)015)2 (/ V%(X(E));\?(E)di)z
K ) sn Y .
+< / y(§>d5)2< f w%(y(f)ms)dE)z a.71)

by the Cauchy—Schwarz inequality. From (3.19¢) and (3.22) we get

123(s) — Z3(s™)| =

/ V3 (XENXE) + W3 (VENVE)) ds

e SANETS /n Z(5)ds < 1P |VE L@ 1Z8 — Zalle ),
(7.72)

where we used that Z>(s) = 27 (s"). In a similar way, we obtain

N
/ W QVENYE) ds < 12| IWE e ®) 128 — Zall o ®)- (7.73)
S”

Using 2,(s) = 25 (s") once more we get

/n XE)ds = (X(s) —5) — (X(™) —5") — (2a2(s) — 5)

+ (25" = 22(s™) + (Z2(5™) — ™)
<2/|X —1d||reom) +2]122 — Id||Lom) + 122 — Z3 || L>®)- (7.74)

Similarly, we get
s
/ V()ds <2||Y —1d||Le®) +2[122 = Id || o®) + |22 — 25 ||Low).  (7.75)
SVI
Combining (7.72)—(7.75) in (7.71) and using that Z7 — 25 in L*(R) we find that
Z3(s") — Z3(s). Using this and that 2§ — Z3 in L*°(R) in (7.70) we conclude that

u" — uin L*°(R).

* .
We prove that " —pu, that is,

lim / () du” = / () du
n—oo R ]R

for all ¢ € Cp(R). Here Cop(R) is the space of continuous functions that vanish at infinity.
Since C°(R) is dense in Co(R) it suffices to consider test functions ¢ in CZ°(R). By (5.7f)
we have

quﬁ(X)dM=/qu(Zz(S))Vzt(X(S))?e(S)dS- (7.76)

By (3.18) and (3.19b) we have 2V (X (5)) X (s) = Z4(s) + c(Z3(s)) Z5(s). Inserting this in
(7.76) and using integration by parts yields
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1

/Rqﬁ(X) dp = E/R[qb(Zz(S))Zﬁ(S)+¢(Zz(S))C(Zs(S))Zs(S)]dS

1 .
= —5/ @' (22(8))Z2(5)Z4(s) ds
R

1 . .
3 /R [4'(Z2(5)) 22(5)c(Z3(5)) + D (Z2(5))¢' (Z5(5)) Z3(5) | Z5(5) ds.

Combining this with the corresponding expression for [ ¢ (x) du” yields

f¢(X)du—/¢(X)dM”
R R

( /R [0/ (Z22(5)Z2(5) 24(s) — ¢' (25 ()25 ()2} (5)] ds

1
2
+/R[(15/(32(3))32@)6(23(S))ZS(S) — ¢/ (Z5 () 25 (s)c(25 () 25 (s)] ds

+ fR [¢(22(5))(Z3(5)) Z3(5) 25 (s) —¢(Zf(s))c’(zg’(s))z"g'(s)zs"(s)]ds).
(7.77)

The three integrals on the right-hand side of (7.77) can be treated in more or less the same
way, and we only consider the second one. We have

/R [¢'(22(s)Z2(5)c(Z3(5)) Z5(5) — ¢/ (25 ()25 () (25 () 22 (5)] ds
= [R Z5(5)c(23(5))25(5)[' (Z2(s)) — @' (25 ()] ds (I}
+ /R ¢ (25 ()e(Z3(s) Z5()[Z2(s) — Z5(s)]ds  (I3)

+/R¢/(Z§(S))ZS(S)C(Z3(S))[ZS(S)—ZQ(S)]dS (I3)

+ /Rd)/(Zf(S))ZE’(S)Zg(S)[C(ZﬂS)) —c(Z§(s)]ds (). (7.78)
We have
|1 < 4K<I|V§||LOO(R) + %)IIZSIILOO(R)IW 02 —¢ o Zlnw (7.79)
since

. . 1
0 < Z5(s) = 2V2(X(5)) X (s) = Da(X(s)) = 4(V§(X(S)) + 5)-

We have ¢’ o 2} — ¢’ o Z; pointwise almost everywhere, and by Lemma 7.6 we find that

¢’ o ZI can be uniformly bounded by an L' (R) function. By the dominated convergence

theorem we get lim, .« [|¢" 0 22 — ¢’ 0 Z7 || 1 gy = 0, and (7.79) implies lim, . 1] = 0.
Integration by parts yields

I = —/R[W’(ZS(S))ZS(S)C(Zs(S))Zs(S)+¢>’(Z§’(S))C’(Z3(S))2’3(S)Zs(S)

+¢'(Z3(5)e(23()) Z5(5)][ 22(5) — 25 (9)] ds,
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which implies
15| < (KHZS“LOO(R)/R|¢//(Z£l(s))|zf(s)ds
+ [Zkl||ZS||L°O(R)(||V§I||L°°(R) + WS L))
+ 2 (IVE L) + ||W§l||L°°(R))] /]R lo"(23 (5))| ds)llzz — Z3 Lo w)-
By a change of variables and an estimate as in the proof of Lemma 7.6 we get
|| < <K||ZS||L°°(R)||¢”|ILOO(R)meaS(SuPP(fP”))
+ [2k1||ZS||Lw(R)(||V§l||L°°(R) + WSl L))

+ 2k (IVE | e m) + ||W§l||LN(R))]6||¢/||L°°(R))||ZZ — Zy Lo m®)

for a constant C that is independent of n. Since 27 — 2 in L% (R) we getlim,, . o I3 = 0.
Following the same lines as above we find lim;, 00 I3 = 0 = lim;, o0 1.
‘We return to (7.78) and obtain

lim ‘/R[¢>/(Zz(S))Zz(S)C(Z3(S))Zs(S)—¢/(Z§(S))Z§(S)C(Z§’(S))Z§’(S)]ds =0.

n—o0
(7.80)
By using (7.80) in (7.77) we get
lim ’/ ¢>(x)du—/¢(x)d,u” =0 (7.81)
n—o00 R R
for all ¢ € C°(R), and we conclude that " A w. Similarly we prove that vy,
Next we show that p”—*\p, that is,
lim / Pt (xX)p(x)dx = / p(xX)Pp(x)dx (7.82)
n—oo R R

forall ¢ € L%(R). Since C(R) is dense in L2(R), it suffices to consider test functions ¢ in
CX[R).
Consider a test function ¢ in C2°(R). By (5.7d), we get

/}R ¢ [p(x) — p" ()] dx =2 fR B(Z2(N[P(X ()X () — p (X" () X" ()] ds (A])
+2 /R PUA ()X (5)[$(Z2(5)) — (25 ()] ds (AD).

(7.83)

Since ¢ has compact support, there exists k > O such that supp(¢) C [—k, k]. Thus, we
only integrate over s such that —k < Z>(s) < k in A’. Since the quantity Z> — Id belongs
to L°°(RR), the region we integrate over is contained in —k — || 2> — Id||zor) < s < k +
[|Z2 —1d || Lo (R), Or written more compactly, —M < s < M with M = k+||Z, —Id || o).
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Integration by parts yields

M
Al =2 / M¢(Zz(s))[p<X<s))X(s) — (X" ()X (s)] ds

s=M

= 2[¢<22(s)> / . [P(X (@)X (1) — p" (X" () X" ()] dr}

s=—M

M s
—2/M¢’(22(S))32(S)</ [p(X ()X (1) —P"(X"(T))X"(T)]dr) ds. (7.84)

-M

By a change of variables we have

s ' ) X(s) X (s)
f [p(X ()X (7) — p" (X" () X" (1) ] dT :/ )P(X)dX—/ p"(X)dX.

-M X(-M XN (=M)

Using an estimate as in (7.68) yields

‘ f | PE@A@ =@ )& ()] de

1
< lp = p"ll2@) (21X —1d [|Lo®) +2M)?

1
+ 211" = pll2@) + 1Bl 2a )1 = X7 oo -

This implies that the first term on the right-hand side of (7.84) equals zero. Moreover, we get
1
471 = 2[11p = §"ll 2 (21X — 1d [|qr) +2M)

1
+2(116" = Pl 2y + 19112 1K = X711y 161120y meas (supp(@),

where we used that

M
/ 16 (Z2(5)) | Z2(s) ds < / 16/ (Z2(5))|Z2(s) ds = / 16/ (0)] dx
M R R

< 11¢|| Lo (mymeas(supp(¢)).

Since X" — X in L>(R) and p” — p in L*>(R) we find that lim,_, o A7l =0.
The second integral in (7.83) is estimated as follows. Using the Cauchy—Schwarz inequal-
ity and that 0 < X" < 2 we obtain

1
. 2 2
|A§|52</R(p"<2c"<s>>2«"<s>) ds) 160 22— ¢ 0 22w
<2V2Ip" |l 2wyl 0 22 — ¢ 0 23l 12wy
< 2v2(11p" = pll2@) + 1Pl 2@)) 16 © 22 — ¢ 0 251 2w

by a change of variables. We have ¢ o ZJ — ¢ o Z; pointwise almost everywhere, and by
Lemma 7.6 we get that ¢ o Z7 can be uniformly bounded by an L%(R) function. Thus, the
dominated convergence theorem implies that lim, . ||¢ 0 22 — ¢ 0 Z7 || 2@ = 0. Since
also p" — pin L?(R) we find that lim, o A% = 0.

We return to (7.83), and conclude that (7.82) holds. In a similar way one shows that " L.
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To show that R”—*\R, we consider a test function ¢ in C2°(R), use (5.7b), and write
[R¢(x)[R(x) — R"(x)]dx = 2/R¢(Zz(s))c(z3(s))[vg()((x)))&(s) — VE(X"™(5)) X" (5)] ds
+ ZfR0(23(S))V§(X"(S))X”(S)[¢(Zz(S)) —¢(Z5(s))]ds

+ ZA;MZE'(S))VQ'(X" (NAX"($)[e(Z3(5) — c(Z5 ()] ds,

where the terms on the right-hand side can be treated more or less as demonstrated earlier.

P
In a similar way one shows that $"—S. O

7.3 Approximation by local smooth solutions

Theorem7.9 Let —o0 < x; < x, < 00. Consider & = (ug, Ro, So, po, 00, Lo, Vo) and
&) = (ug, Ry, Sy» 0y 0 » s V) in D. Assume that for alln € N,

(A17) uo, Ro, So. po, 00, ug, Ry, Sg, py» 05 € CP(x1, x, D),

(A2”) po(x) = 0and oog(x) =0 forall x € [x1, x,],

(A3”) there are constants d, > 0 and e, > 0 such that py(x) > d, and oy (x) > e, for all
x € [xz, xr],

(A4”) uy — wuo in L°([x1, x,]), R — Ro, S§ — So. pg — po, and o — oo in
L*([x1, x/1),

(A5”) o, vo, pg, and vy are absolutely continuous on [x, x;],

(A6”) po((—00, x1)) = up((—00, x1)), no((—00, xr,)) = pp((—00, X)),
vo((—00, x1)) = v ((—00, x1)), and vo((—00, X, )) = vy ((—00, X;)),

(A7) ¢ € C®(R) and ™ e L®°(R) form = 3,4,5, .. ..

For any © € [0, ﬁ(x, - xl)] consider (u", R", 8", p", o™, W, v")(x) = 8, (&)) and
(u, R, S, p,o,u,v)(1t) = S‘f (&0). Then we have

P1”) u"(t,-) = u(z, ) in L°(x; + k7, x, —kT]),
(P2”) p"(t,") = Oand 6" (z, ) — 0in L' ([x; + k7, x, — kT]).

The same conclusion holds on the interval [x; — KT, X + KT] in the case where T € [ —
1
3¢ (Xr — x1), O]-

Observe that we assume in (A4”) ug — wug in L°([x;, x,]), in contrast to the L2(R)
convergence in the global case, see Lemma 7.5. This is because functions in H ! (R) tend to 0
as x — 200, while here we have no assumptions on the values of ug and u at the endpoints
of [x;, x,]. Since [x;, x,] is a bounded interval, the convergence in L ([x;, x,]) implies that
ug — ug in L2([x1, x/]).

By the assumptions (A5”) and (A6”) we mean that po([x;, x-]) = pg([x;, x,]) and
vo([xz, x,1) = v§ ([x7, x;]) for all n.

Note that the approximating sequence in Theorem 7.9 is locally smooth. Indeed, by Corol-
lary 7.4 we have u"(z, ), R"(z,-), S"(z, -), p" (7, ), 0" (z,) € C®([x; + kT, xr — KT]).
Furthermore, there are constants d, > 0 and &, > 0 such that p"(r,x) > d, and
o"(t,x) > e, forall x € [x; + kt,x, — «7], and u" (7, ) and V"'(z, -) are absolutely
continuous on [x; + kT, x, — k7] for all n. However, the limit solution does not in general
satisfy these properties, which is illustrated in an example in [15].

In addition, an inspection of the proof shows, that the above theorem actually states that
locally, i.e., on {x € [x; +«k7,x, —kT] | T € [0, i(x, — x7)1}, the conservative solution
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", R, §", p", 0", u", v (1) = _S‘T (¢5) to (1.3) converges to the conservative solution
", R", 8", p", 0", u*, v") (1) = S;(§)) of the nonlinear variational wave equation (1.1),
since p” — O and q* — 0.

Proof We will only consider the case 0 < 7 < i(x, — x7). The case —i(x, —x)<1t<0
can be treated in the same way.

We split the proof into four steps.

Step 1. Set (Y1, ¥2) = L(uo, Ro, So. o, 00, 10, vo) and (W1, ¥3) = L(ug, Ry, Sg. 05 »
oy, Uy, vy), where Y1 = (x1,Ur, J1, K1, Vi, H), Y2 = (xz, Uz, J2, K2, Va2, H),
Yy = UL I KL VI HD, and ¥ = (xy, UYL )L Ky, V), Hy). Let us find
out what kind of region the interval [x;, x,] corresponds to in Lagranglan coordinates
(X, 7). Since the measures are assumed to be absolutely continuous we get from (3.9a),
x1(X) 4+ po((—o0, x1(X))) = X for all x1(X) € [x;, x-]. We show which range of the
X-variable this corresponds to. If X is such that X1 ()A() = x; then x; 4+ po((— 0, xp)) = X
We also have x{(X) + up((—o0, x1(X))) = X for all x{(X) € [x, xr] If X is such that
x} ()v() = x; we get x; + ,uo(( 00, X7)) = X. Using (A6”) we obtain X = X and we denote
Xl X = X.If X and X are such that x1(X) = Xy (X) = x, then x, + puo((—00, x;)) =
and x, + /LO(( 00, Xy)) = X, and by (A6”) we get X = X which we denote X, =X= X.
We have X; < X, since X; = x; + uo((—00, x1)) < xp + uo((—00, x,)) = X,. In other
words, we can define the interval [X;, X, ] using either the measure po or (. Observe that
this is a consequence of the assumptions (A5’) and (A6”).

In a similar way we find that x2(Y) 4+ vo((—00,x2(Y))) = Y and x3(Y) +
vy (=00, x5(Y))) = Y forall Y € [V,Y,] where ¥} = x; 4+ vo((—00, x)) and ¥, =
Xr + vo((—00, x,)). Let & = [X, X,] x [¥], Y;].

Following closely the proof of Lemma 7.5, we obtain that xy, x{, x2, and xJ are strictly
increasing for X € [X;, X,]and Y € [Y}, Y, ], respectively, and

a7 s x U= U, I 0 in LO(XG, X)),
s x, )T sl UY— Uy, TP h in LO(IY, YD),
Vi = Vi, H!' =0, M —x, (I —=J, (K = K| inL*((X;, X,1),
Vi—> Vo, H} -0, ) —=x5, (3 —>J; (Ky) — K5 in LAY}, Y, ]).

Note that (3.9f) does not imply K} — Ky in L*([X;, X,]) and K7 — K> in L*°([Y}, Y, ]).
However, we have K| — K{(X;) — K1 — K1(X;) in L*°([X;, X,]) and K} — K3 (Y}) —
K> — K»(Yy) in L®°([Y;, Y,-]). The proof of this closely follows the investigation of (7.53) in
Lemma 7.5.

Step 2. Let © = (X, Y, Z,V, W, p,q) = C(¥1, ¥2) and @" = (X", V", 2", V', W",
p", q") = C(¥{, ¥3).From (3.23) and since both x; and x; are strictly increasing on [ X;, X, ]
and [V}, Y, ], respectively, the relevant values of s are those satisfying X'(s) € [X;, X, ] and
YV(s) € [Y}, Y, ]. In other words, since x1(X;) = x2(Y;) = x; and x1 (X)) = x2(Y,) = x,-, we
have 3(X; +Y)) <5 < $(X, + Y¥,) and we lets; = 5(X; + ¥)) and 5, = 1(X, + ¥,). The
same conclusion holds for (X" (s), V" (s)). In particular, one has

(X(s0), Y(s) = (X1, Yo) = (X" (s0), V' (50)), (X(sp), V(s ) =(X, Y)=(X" (), V" (57)),
(7.85)

i.e., the lower left and upper right corner of 2.
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Following closely the proof of Lemma 7.7, we obtain that X', ), X", and )" are strictly
increasing on [s7, s,], and

Xt x, V' =Y, Z;? — Z; in L*([s, 5,1,
ViV, p"—0 in L2([X;, X, 1),

1

W= W, q" =0 in LX([Y, Y,])

fori =1,...,5 j = 1,...,4. Using (A2”), (A3”), and (7.3), we get from (3.26f) and
(3.9g), that for all X € [X;, X, ], p(X) = 0 and p"(X) > k, > O for some constant k.
Since K{ =K1 (X;) — K1—K(X;)in L*°([X;, X,])and K7 — K5 (Y}) — K2—K>(Y})in
L°([Yy, Y, ]) we getfrom (3.25¢) and (7.85) that Z% — 25 (s)) — Z5—Z5(s;) in L= ([sy, 57 ]).
Step 3. Consider (Z, p,q) = S(®) and (Z", p", q") = S(®"). We prove a Gronwall
type estimate. We claim that for all (X, Y) in €,

[Z; 71 +Z( ix — 20y +[Ziy — 22 ])](x Y)

< K{||U1 — UM ox,.x,p + Z ([vj X) = VIO + W () — W;(Y)]z)
j=1

F[Vex 00—V o )T+ [X oY () — A" o (y">—1<Y>]2},

(7.86)
where K depends on «, ki1, k2, |[|®]||g(e) and the size of .
Let (X, Y) € . Subtracting the equations
Y ~ ~
T = XY+ [ ey
Y(X)
and
Y ~ ~
1%(X,Y) =1y (X, y”(X))—i-/ tyy(X,Y)dY (7.87)
YH(X)
yields, using Zx (X, V(X)) = V(X) and Z% (X, V" (X)) = V" (X),
Y(X) I
tx(X,Y) — (X, ¥) = Vi(X) = V(X)) — / My (X, V) dY
Y(X)
Y ~ ~ ~
+ / (txy (X, ) =ty (X, 7)) dF. (7.88)
Y(X)
Using (2.19a) we get
txy — ty /(U) ——WUxty + Uytx) + ——— ( ) (Uxty + Uyty)
¢ (U) n
U] (UX(ty 1) + Uy — UL + Uy (tx — t8) + 12 (Uy — Uy)>
1 U C”(V) C/(v)z
— —(Uyty + Uyty — dv. 7.89
Vi ”)fun<c<V> c(V>2> 7
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Next we need a pointwise uniform bound on the components of Z% and Z}. By (2.19a)
we get

eyl = gk (1 e+ 1051+ 131+ 1KE) (151 4+ L+ 1031+ 1531 + 1K),
and by doing the same kind of estimate for the other components we get
(151 + iyl + Uy | + 15y |+ 1y )
< Bi (11 + I+ 051+ 131+ 1K) (114 5P+ 1UR1+ 131+ K1) (7.90)

for a constant Bj that only depends on « and k1. By (7.87) and the corresponding expressions
for x%, Uy, Jy and K% we obtain

(161 + Wy |+ 1UR 1+ 1731 + K51 (X D)

< (1141 + W] + 101+ 1731+ K% 1) (X 2" (0)

Y
+‘/ 31{(|t;;|+|x§|+|U;|+|J§|+|K3’(I)
M(X)

x (11 + Wy 1+ 1Up1+ 1971 + |K¢|)}<x, )dy|, (7.91)

where we used (7.90), and by Gronwall’s inequality,

(1l + 51 + 1031+ 1731+ 1K) X, )

< (I + Il + U3+ 1731+ K3 (X, " (0)
Y
x exp{Bl / (|t;;| X+ (UR I+ |K§|)(X, Y)dYH.
Y(X)
By (4.12a), (4.12b), (4.12d), and (4.12¢) we get
1 1
71 I [UF LY+ K = sy xR0 4 s Ty

< (40D + I8 + UL (7.92)

From (4.12¢) we have 2Jyxy > (c(U")U?)z, and by Young’s inequality, |Uy| < %(J)’Z +
xy), which by (7.92) implies

1
lty| + |xy| + Uy | + [Jy| + [Ky| < [1 + (1 + E)K:I(x;l/ + Jy).
Using this in (7.91) we obtain
(1l + X5+ U+ 151+ K1) X, Y)

< (I + Il + U1+ 151+ K31 ) (X, 2" (0) exp {Bz

Y
/ (X + IH(X, Y)d?”
Yr(x)
(7.93)
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for a new constant B; that again depends on « and k;. Since x" and J” are nondecreasing
with respect to both variables, we have

‘/i(x)(ﬁ FIDX, V)Y dY | < XX, V) — X" (X0, YD) |+ [0, V) — T (X, )|
=|25(s) — 25 (0| + |25 (s) — Z5(s0)]-
Since
Z0(s,) — 25 (s1) = Z3(sr) — Za(s,) 4 Z4(sr) + 5, — Z3(s1) + Za(sp) — Z5(s1) — s
and
Z(sy) — Z5(s) = 2§ (s,) — Za(s,) + 2§ (5) — Z5(s0) + Za(s1) — Z§(s1)

we end up with

Y
‘ / (xy + Jp)(X, Y)dY‘ <2122 = Z3||ro(ls,5 1 + 2UZS Lo (s + ¢ — 81
"(X)

+ 21124 — Z} Lo (sy,s,) + 2N ZL N Lo (lsr,51) -

The convergence Z' — Z; in L*([s;, s, ]) implies that for every & > 0 there exists N such
that for all n > N, we have || Z; — Z,-"||L°°([s,,s,1) <¢g,i =2,4. Hence,

Y
‘ / (xy + Jp)(X, Y)dY‘ < de + 2|23 s.50) + 21251 Lo (15,50 + 57— 81
II(X)
(7.94)
We use (7.94) and ZﬁX(X, Y*(X)) = V/(X) in (7.93) and obtain

5
(Il + Xl + U3+ 131+ K1) X, Y) < By Y VIO (7.95)

i=1
where B3 only depends on «, k1 and |||®]||g (). Since 1 is absolutely continuous in [x;, x; ]
we obtain as in (7.2) that 0 < (xf)’(X) < 1 forall X € [X;, X,]. Using (3.26a), (3.26b),
(3.26d), (3.26¢), (3.9¢) and (3.9f) we get 0 < V{'(X) < %K, 0=<V3(X) < %, 0<V/(X)
1,0 < Vi(X) < « forall X e [X;, X,]. From (3.26¢) and (3.7c) we have [V5(X)]

(1Y (X)(x])'(X) < k. Inserting these estimates in (7.95) we get

IATA

1
ST
(|t;;|+|x§;|+|U;§|+|J;|+|K;|)(X,Y)534 forall (X,Y)eQ  (7.96)

for a new constant By, which only depends on «, k1, and |||®]||g(q). Similarly we can show
that there exist constants Bs, Bg, and B7, which only depend on «, k1, and [||®|||g(g), such
that for all (X, Y) € €,

(It;|+|x§|+|U?|+|J?|+|K§|)(X, Y) < Bs, (7.97)

(1ex1+ x| + U] + x| + [Kx] ) (X, ¥) < B, (7.98)
and

(Itv] + byl + Uy |+ 1y + 1Ky ) (X ) < By, (7.99)
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From (7.90) we get for all (X, Y) € Q that
(|t§Y| X+ UL+ 10+ |K§Y|)(x, Y) < D, (7.100)

for a constant D that depends on «, k1, and [[||®]||g (). From (7.96)—(7.99) we get in (7.89),
for all (X, Y) € Q that

ltxy — 1%y |(X, )
< C1<|U — UM+ |rx — 18] + [Ux — U] + [ty — 2] + |Uy — U;|)(X, Y), (7.101)

where C| depends on «, ki, k2, and [||O]]|g(q)-
Recall the notation in (4.11). Using the estimates (7.101) and (7.100) in (7.88) we get

ltx (X, Y) — 14(X, V)|
< VI(X) = VX + DY ox ' (X) = V"o (A"~ (X)]

Y
+C / (1U =U" +ltx — 1§ +1Ux — Ug| + |ty — t}| + |Uy — Up|)(X, Y)dY‘.

Y(X)

To write the estimates more compactly, we denote Z = (Zi,Z2,7Z3,24,72Z5) =
(t,x,U, J, K), and similar for Z". By the same procedure as above, we obtain

1Zjx(X.Y) = Z! ¢ (X, V)| < [V;(X) = VIO + DIV o X71(X) = 3" o (X") 71 (X))

+ ¢ . (7.102)

Y 5
/ [|Zs—Zg’|+Z(|Zl-,x—Z?,X|+|zi,y—z;iy|)}(x, Y)dy
Y(X)

i=1

for j =1,2,3,4,5, where C; depends on «, ki, k2 and |||®|||g(g), and D depends on «, ki
and [[[©]][g(x)-
Following the same lines as above we find estimates for the partial derivatives with respect
to Y. We obtain for j = 1,2, 3,4, 5,
1Zjy(X,Y) = Z] y(X,Y)

< IW(X) = WI)| 4+ DIX o YTH(Y) = X" 0 (V)71 (Y))]

X(Y) B - -
/ [|23 — 28+ (1Zix - Z] x| +1Ziy — zﬁy|)}(x, Y)dX‘.
X

i=1

+Cj

(7.103)

‘We have
Y(X)

UX,Y)—U"X,Y)=UX, VX)) —U"(X, V(X)) —/ UNX,Y)dY
)

X

Y
+/ (Uy(X,Y) — Up(X,Y))dY.
Y(X)

To any X in [X;, X,], there exist unique s and s" in [s7, s,] such that X = X(s) and
X = X" (s") and we can write

UX, V(X)) —U"(X, Y"(X) = U(X(s), Y(s)) — UM (X" (s"), V" (s")) = Z3(s) — 25 (s")
= U1(X(9)) — Up(X"(s")) = U1 (X) — U] (X).
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This implies, using the alternative notation,

|Z3(X,Y) — Z5(X, Y)|
< |U1 = UMlLoqx,.x,0) + BslYV o X7H(X) — V" o (™)~ 1(X)]

. (7.104)

Y 5
- ‘ / [|Z3 —Z51+ ) (1Zix = Z} x| +1Ziy — Zﬁy|)]<x, Y)dy
Y(x) o1

where we used (7.97).
Applying Holder’s inequality to (7.102)—(7.104) yields for all (X, Y) € Q,

5
[[Z3 — Zgl]2 + Z ([Zi,X - Zin,X]2 + [Zqu - Z?,Y]z)](x’ )
i=1
< 30U = U7 1 ey, + 3(B2 + SDD[V 0 X710 = 3" 0 (@) (0T

5
+1SD X 0y ) — Ao TP 3 Vi) — VIO
j=1

5
+3) W) - wran?
j=1

5

Y
+33(14+0O)Y — y(xn‘ fw) [[23 ~ 2P+ ([Zix - 20T

i=1
+[Ziy - Zﬁy]z)](x, f’)d?‘
X () ) )
+33C1X(Y) — Xl‘/x [[Za -z + ) ([Zi,x — Zix]
i=1

n 12 v %

+[Ziy - 77] )](X, Y) dX‘,
(7.105)

where we introduced C = 22:1 c?.

At this point we need a Gronwall inequality, which can be found in [9], see Theorem 1,
case 2, at the beginning of the chapter “Gronwall inequalities in higher dimensions”. For a
proof, we refer to [15].

Lemma 7.10 Consider a nonnegative function u(x, y) in the region x > Qandy > 0. Assume
that

x y
u(x,y)§c+a/ u(r,y)dr+bf u(x,s)ds,
0 0

where a, b, and c are nonnegative constants. Then we have

u(x, y) < CeZax+2by+abxy_
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Using Lemma 7.10 we get from (7.105),

5
(2= 237+ X (200~ 20 + 20y = 200) J o)

i=1
_ — 2
< {3||01—Uf||ioc([x,,x,])+3(B§+5D2)[yox ') = V"o ()TN (x0)]

+15D X0y~ (Y) — X" o ) ()]
5 5
+3) V0 -V +3 ) W) - W;'(Y)]z}
j=I j=I

X exp {66C[X(Y) — X +66(1 + O)[y = X))

+33%c1 + O)[x ) — X[y - y(X)]zl.
(7.106)

Since all the differences appearing in the exponential function are bounded by either X, — X;
or Y, — Y, we can find a new constant K which depends on «, k1, k2, |||®]||g(q), and the size
of © such that (7.86) holds. Thus, we have proved the claim.

From (7.86) we obtain an estimate for the difference Z;(X,2s — X) — Z(X, 25 — X)
fori =1, 2,3, 4. We have

Zi(X,2s — X) — Z'(X, 25 — X)
X

= Zi(s)— M () + /X( (Zox = 730 = Zay = Zip)6. 25— 61
X (s)
—/ (Zy — Z0y)(. 25 — &) d&.
X" (s)

which implies by (7.96), (7.97), and the Cauchy—Schwarz inequality, that
|Zi(X,25 = X) — Z!'"(X, 25 — X)|
1
<1Zi — Z'llL>oqs.s ) + (Ba 4+ B)IX — X" | Loosy.57) + [X - X(S)]2
X % X %
x H / (Zix — 2} x)(. 25 5>ds‘ + ’ f (Ziy — 2026, 25 — &) dE }
X (s) X(s)

1
<Zi — Z"lro s + (Ba+ B X — X" |05y, + 2(Xr — X1)?2

X 5
/ [[23 -+ ([Zl-,x ~ 725 +[Ziy - Zﬁy]z)](s, 25 —§)dt
i=1

X(s)

X

(7.107)

From (7.86), we have
5
[[23 SR ([Zi,x — 2z + [Ziy - Zﬁy]z)](s, 25 —§)
i=1
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5
< K{Hul — Ul B + 20 (Vi© - VIOT + [Wes - ) - wies - 9)T)

j=1
F[Yox ' ® =V o) IO +[X oy 2s—&) — X" o () (25 — s)]Z}.

Integration and a change of variables leads to
X ) 5
‘/ [[23—25’] + 3 ([Zix = Z0x] + [Zir - ])](5 2s—s>ds’
X () i=1
5 X 5
< K{IX —XOWU = U oqxxn + (‘ /X( : Vi - Vi®©)] dé‘
j=1 g

+

Y(s) X
/2 [W; &) — w;?@)]zds‘) + ‘/X( ) [Yox~'€) —y"o (X")‘l(@]zds‘

s—X

_|._

Y(s) | 1 5
/2 [Yoy '®) —a" o )7 (®)] dsH

s—X

< K{(x, = XD = Ul qx,. %,

5
ny 2 ny 2
+ (“Vf —Villaqx, x,p T IV = W; ”L2<m,m>)

X
+/ [Vox L&) — ¥ o (ML (&) de

X1

Y,
+/Y [xoy~lE) —a" o(y"rl(s)]zds}. (7.108)

i

From (3.3c) we have X +Yo X ~1(X) = 2X 1 (X) and X + )" o (X))~ 1 (X) = 2(X¥") 1 (X),
so that

YVox ' (X) =Y o '(X) =271 (X) — (")~ (X)). (7.109)

This leads to

X, X,
/ [Vox &) -y o) \®)] de =4 /X [x~'&) — @ '©)] de
1

X
Xr
< 4(s, —Sz)/x X1 E) — (X7 @) de.
: (7.110)

To estimate the above integral, we need to introduce another sequence of curves on [s;, s, ]
given by (X" (s), N (s)) = (max{X(s), X"(s)}, mln{y(s) y" (s)}). This sequence satisfies
thatboth (X, ) and (X", V") lie above or are equal to (X” y") This implies that X'~ Lx) >
(X" ~1(X) and (X))~ 1(X) > (X")~1(X) for all X in [X;, X, ], and that

X, Xy ~
[X Xl @) — @ '@lds = | e — @7 E) de
l

Xi
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X, R
+/X ((XM~1E) — @M 71©) dt. (7.111)
1

By a change of variables and integration by parts we get

x7HX,) x-1(x,)

X—l(g)dg / sX()ds = X, X' X)) - 27N (X)) — / X(s)ds,
X; Xy X=X
and similarly we find
X . . EH7X
/ (XM NE) dE = X (XX — X2 THX) - / X"(s)ds.
X &m-1X)

Note that X~ 1(X;) = 5, = ()?”)_1(X;) and X 1(X,) =5, = /”2”)_1(X ). Therefore,

fx @) — (A @) de = f (#7(s) — X(s)) ds.

We obtain in a similar way,

X, R Sro
fx (XM ~'eE) — @M@ ds = / (X" (s) — X"™(s)) ds.
1

sl

Combining (7.111) and the above estimates we end up with
/X @) — (7 §)1dE = / (X" (s) — X(S))der/ (X" (s) — X" (5)) ds
1

:/X |X"™(5) — X(s)| ds,
51

which inserted in (7.110) yields

Xr
/ [Vox™' &) — V" o (A )] dE < 4(s, — DX — X" (151.5,)-

X
(7.112)

By similar calculations we find

Y,
/Y [X oV 1 &) — & 0 )N d& < 4ls, — DY = V' Il (s
1

(7.113)

Returning to (7.108) we now get

5
‘ /xm [ 2 -7 + ; ([Z'FX ~ 72+ [Ziy - 20y )](s 25 — g)dg‘

< K{(Xr = XDIUy = UPllFoqx, %,

5
1 1
+ 30 (V) =V + 10V = Wil )
=1

4G =02 (11 = X"l zoe 1 + 11V = y"||Lw<[sl,s,D)},
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which we insert in (7.107) and get
|Zi(X, 25 = X) = Z!'"(X, 25 — X)|
<121 = 21l (sis, ) + (Ba + B)IX = X" |15, + 2V K (Xr — X))

x {(Xr — XDIIU1L = U3 . %,

5
2 2
+> (“Vf Vil x,p T IV =W ”L%[Yz,n]))
=1

1
2

+4(s, — s,)2(||)( = X"t + 1Y = y”llLOO([wJ))} (7.114)

fori =1,...,4. A similar inequality is valid for
(Z5(X, 25 — X) — Zs5(X1, 251 — X)) — (Z5(X, 25 — X) — Z5(X1, 251 — X)),

the only difference from (7.114) being that we get ||(Z5 — Z5(s1)) — (25 — 25 (s)) || oo ([5,.5,1)
on the right-hand side.

Step4.Let0 < 7 < i(x, — x7) and consider ®(t) = Eot.(Z, p,q), ®"(tr) = Eo
t.(Z", p", q"),(u, R, S, p,o, u,v)(r) = MoD(O(7))and (u", R", S", p"*, ", u",v")(7) =
Mo D(®"(7)).

We prove (P17).

Recall Remark 7.2 and consider z € [x; + kT, x, — kT]. Then there exist s € [s1, 5] and
s" e [5], 55 such that z = Z5(z, s) = 25 (7, s"). Using (5.7a) we obtain

u(t,z) —u'(r,z) = 23(t, 5) — Z§(z,s")
=U(X(z,5),Y(t,5) = U"(X"(z,s"), Y"(z,s"). (7.115)
Now we can have several different scenarios depending on the order of the points s and s”,
and the intervals [51, 52] and [5}, 57 ]. We only show one of the challenging cases, the others
can be treated in a similar way. Assume that s < 5 < Smax. Here [Smin, Smax] denotes the
maximal interval such that (X (z, 5), YV(7, 5)) belongs to 2 for all s € [Smin, Smax]- Observe
that in this case the point (X (t, 57), Y(z, §1)) is in , but the point (X" (z, 5), V" (7, 5)) may
be outside 2. So when estimating (7.115) we have to carefully choose points on the curve
so that we do not end up outside €2, see Fig.5.
Write
U(X(t,s), Y(T,5) — U (X"(r,s"), Y'(z,5"))
=U(X(t,5), Y(r,5) — U(X(z,5]), Y(r,51)) (A])
+ U(X (7, 51), V(z,51) — U(X"(7,5]), V' (z,51)) (A})
+UX"(z,5)), V'(r,57)) = U" (X" (z,57), V"'(z,51)) (A3)
+ UM (X" (7, 57), V'(r,57)) = U" (X" (7, s"), Y"'(r,s")) (A}).
By (3.18) and the Cauchy—Schwarz inequality we have

0
A2 = | Z5(2.57) — Z3(z, )] = / £, 1) dr
N

s oo . 2
5( X(r,r)dr) </ Vi(t, X(z,r)X(r, r)dr)
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Y

(X(r,r), Y(7,7))

Smax

on

51

(X" (7, r), Y (7,7))

X

Fig. 5 An example of the situation described in Step 4. Note that the point (X" (z, s), V" (z, s)) lies outside
Q

1

_,, 1 o 1
" (/ ) dr>2(/ Wz, V(e )Y, ) dr)z. (7.116)

From (3.19¢) and (3.22) we get

SU2Wa(z, X (T, r)Walz, X(z, 1))
cX(Z3(z, 1))

0< /‘1 V2(e, X (v, r) Xz, r)dr 5/ X(r.r)dr
5 N

h

St
< KZBG/ Zy(t,r)dr < k*Be[22(,57) — 25 (2, 51)]. (7.117)
N

where we used that Z>(t,s) = Z5(z,s") and Z5(t,5]) < Z5(t,s") since 5] < s" and
Z7(t, -) is nondecreasing. We also used that since (X (t,7), Y(z,r)) € Qforr € [s, 5] we
can use the estimate in (7.98) to obtain | V4 (7, X (7, 7))| = |Jx (X (z,r), Y(t,7))| < Bs. We
have

Zy(7,57) — 25 (7, 5)) = x(X(,5]), Y(,51)) — x" (X" (7, 57), V" (1, 57))
= x(X (7, 57), Y(z,51)) — x(X"(z, 57), V" (7, 51))
+x (X" (7, §1), V' (7, 57)) — x" (X" (7, 57), V' (z,51)). (7.118)
By (3.3c), (4.12a), and since ty > 0 and ty < 0 we get

X (X (z, 57), Y(r,571)) — (X" (7, 57), V" (7, 51))]

X(1,57)
/ [c(U)(tx +1)1(X,25) —X)dX
Xn(t,5))

X(1,50)
<k / (tx —ty)(X,25) — X)dX

xn(T,57)

= k|t(X (7, 5), Y(r,51)) — t(X" (7, 57), V" (x, 5.
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Since (X (1, 57), V(7,5])) =1 = " (X" (7, §1), V" (z, §)) we have
1(X (T, 57), Y(r,57) — (X" (z, 57), V" (7, 51))

=" (X" (r,57), Y'(z,5])) — t(X" (x, 57), V" (v, 57)). (7.119)

Therefore,
[x (X (z, 57), Y(r,51)) — (X" (7, 57), V" (v, 5{))] < k|t — " [(X" (7, 57), V' (z, 51))
and (7.118) yields
0= 2(z.5)) — Z5(z.5)) = (I —x"[ + e — ") (X" (2. 5]), V' (1. 5])).
(7.120)

We insert this in (7.117) and get

S'l
0< / 1 Vi1, X(z, r)X (1, r)dr < k?Be(jx — x"| + |t — ") (X" (x, 57), V" (1. 5]).

Similarly we get

0< /‘] W3 (T, (T, rNV(r, r)dr < k?By(lx — x"| + k|t — ") (X" (x,57), V" (z, 5])).

We have

/ X(z,r)dr = X(x, 57) —X(r,s) <X, —X; and / Y, r)dr <Y, —Y,.
Using these estimates in (7.116) gives

|AT] < vi(lx —x"| + &t — I) (X" (z,57), V" (7, 51)) (7.121)

for a constant v; that is independent of n.

By (4.12¢) we have the estimates |Uy| < ¥ 3(]{};”‘ and |Uy| < ¥ CZ(JC’;;‘Y , which leads to

|A5| < [UX(z,51), Y(r.51) — UX"(z,57), V" (r. 51))]

S\/EK

X(r,sl
f ( Txxx + Jyxy)(x,zf?—X)dx
X" (z,57)

X(T,5))
<2« / Jx (X, 25" — X)dX

(5]

X(T,51)
/ xx(X,25] — X)dX
A (T,

=

X (5
+ V2 / Jy(X,25" — X)dX

A (T,

X (T,
/ xy (X, 25" — X)dX
X7(2,5))

1

2

X(t,5)
<2v2k / (Jx+Jy)(X, 25" —X)dX

X (t,5")
/ (xx+xy)(X, 25] —X)dX
XM (,57)

A (T,

since xy > 0 and Jy > 0. From (4.12a) we get

X(t.5])
/ (xx + xy)(X, 257 — X)dX
XM (T,57)
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X(7,5)
<k / (tx —ty)(X,25] — X)dX

X0(z,50)

= k|t(X (7, 57), Y(r, 51)) — t(X"(z, 57), V' (r, 5] = k|t — *|(X" (x, 57), V" (7, 57)),

where the last equality follows from (7.119). Using (7.98) and (7.99) yields

X (T30
/ (Jx +Jy)(X,25] — X)dX | < (Bs + By)|X (1, 5]) — X" (7, 5])|

A (T,

=< (Bs + B1)(X, — X)).
Now we get
1 _ -
|AS] < valt — " 2(X" (z, 57), V" (7, 57)) (7.122)

for a constant v, which is independent of 7.
By estimating as we did for A we get

1
|A}] < w3l = x"| +«le = ") 2 (X" (2, 57), V' (7, 57)) (7.123)

for a constant v3 that is independent of n.
Using (7.121), (7.122) and (7.123) in (7.115) yields
lu(z, z) —u" (7, 2)|
1
< [ o) (e = 2" sl = ") vl = 11 4 U = U] 272,50, 9" (2, 5)
and we conclude, after using (7.114), that u”(t, -) — u(z, ) in L®°([x; + k7, x, — kT]).
Since py = p! = Owehave p(z, X) = p(X, V(r, X~ (z, X)) = p(X, V(X~'(X))) =

p(X), and similarly p"(z, X) = p"*(X). From Step 2 we get p(r, X) = 0 and p" (7, X) >
kn, > 0 for all X € [X;, X,]. Then by (5.7d) we obtain

Z N

/ p(t,y)dy = / 2p(t, X(t. 1) X (r,r)dr =0,
Xj+KT 51

so that by a change of variables,

z X" (T,s")
/ (p" = p)(T, y)dy ‘ = / 2p"(X)dX <2y X, — XilI0" | 2¢x,. x, -
X,

|+KT XN (z,51)

Since p” — 0in L%([X;, X,]) this implies that

z Z

lim p" (T, y)dy = / p(t,y)dy =0. (7.124)

=00 X|+KT X|+KT

As mentioned in the comment before the proof, there is for any 1 a constant d,, > 0 such that
p"(1,7) > d, forall z € [x; + kT, x, — k7). Since p"(z, -) is positive, (7.124) is the same
as p"(r,) — 0in L' ([x; + k7, x, — kT]).

Similarly we obtain 0" (7, ) — 0 in LY([x; + 7, x, — k7]). This concludes the proof
of (P27). O
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