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Abstract

In this thesis, we give an introduction to the study of primes in short intervals: the prime number
theorem is equivalent to the statement that the number of primes in the interval (x, z+h] is asymptotic
to h/logx when h = z, and we investigate if not the same can be said for h < z.

We begin by discussing the Riemann zeta function, and how the Riemann hypothesis, Lindel6f
hypothesis and the density hypothesis are related to its zeros. Afterwards, we derive the explicit
formula for the second Chebyshev function, and relate this to the number of primes in an interval.
Together with some moderate assumptions on the zeros of zeta, we prove Hoheisel’s theorem: the
assertion that h = o(x) is permissible. Next, the Riemann hypothesis is assumed, and we show that
an asymptotic formula then holds when /z log 2 = o(h); we also give an account of Cramér’s theorem
for prime gaps. Towards the end, we show how Selberg’s mean-square method gives insight into the
case h </, and some of the associated obstacles and heuristics for intervals of this length.

Sammendrag (abstract in Norwegian)

I denne oppgaven gir vi en introduksjon til studiet av primtall i korte intervaller: Primtallsatsen er
ekvivalent med utsagnet om at antall primtall i intervallet (z,z 4 h] er asymptotisk med h/log x nér
h = x, og vi undersgker om ikke det samme kan sies for h < .

Vi begynner med a diskuter Riemanns zetafunksjon, og hvordan Riemannhypotesen, Lindelof-
hypotesen og tetthetshypotesen er relatert til dens nullpunkter. Deretter utleder vi den eksplisitte
formelen for den andre Chebyshevfunksjonen, og relaterer denne til antall primtall i et intervall.
Sammen med noen moderate antagelser om nullpunktene hos zeta, beviser vi Hoheisels teorem:
utsagnet om at vi kan tillate oss h = o(x). Videre antar vi Riemannhypotesen, og viser at en
asymptotisk formel da holder nar /zlogz = o(h); vi kommer ogsd inn pd Cramérs teorem for
primtallsgap. Mot slutten viser vi hvordan Selbergs kvadratgjennomsnittsmetode gir innsikt i tilfellet
h < y/x, samt noen av de assosierte utfordringene og formodningene rundt intervall av denne lengden.
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1 INTRODUCTION

1 Introduction

In this thesis we investigate the ancient question:
How many primes are there in an interval?

Before we can get to the bottom of this, we give a short overview of the fundamental concepts
and notation in this section. Afterwards, we discuss the Riemann, Lindel6f and density hypotheses in
Section 2, and some relationships between these; this is necessary in order to understand the bigger
picture. In Section 3 we prove the explicit formula for the second Chebyshev function, a fundamental
tool for our investigation, which we use in Sections 4, 5 and 6, where we attempt to give a partial
answer to the question above.

Our journey begins with the zeta function.

1.1 The Riemann zeta function

Throughout the text, s = o + ti denotes a complex number in which ¢ and ¢ are real numbers; this
has become standard practice in the field. The Riemann zeta function, ((s), is the function defined
by

((s) =) n°*
n=1

whenever o > 1, and extended to a meromorphic function on C by means of analytic continuation.*
This function is regular, that is, holomorphic and single-valued, except for a simple pole of residue 1
at s = 1, and satisfies everywhere the functional equation

(1) C(s) = 2551 sm(g)m — 81— s),
or, in its symmetric form,
2 T (5) 7/ = 1 = syr (5 ) 0,

with I'(s) denoting the usual gamma function.
The main reason that the zeta function is so important in number theory is its connection with
prime numbers. This is because of the Euler product,

(3) cs)=TJa-p"

P

valid for o > 1, where the product on the right runs over the prime numbers. Indeed, this identity is
an analytic formulation of the fundamental theorem of arithmetic: ‘analytic’, since the left-hand side
is a meromorphic function of a complex variable, and ‘fundamental theorem of arithmetic’, because
the left- and right-hand sides are defined as a sum over the positive integers and as product over the
primes, respectively.

Of particular importance is the question about the location of the zeros of ((s). From (3) one can
deduce that ((s) is never zero for o > 1, and from (1) it is straightforward to see that ((s) is zero
whenever s is a negative even integer; these zeros are therefore known as the trivial zeros of {(s). Any
other zero of ((s) is known as a nontrivial zero, which we denote in general by

(4) p =B+

1n=% is defined as e~*1°8"  where log denotes the principal branch of the logarithm.
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with 8 and 7 real. A precise determination of the location of the nontrivial zeros would have far-
reaching consequences in number theory. Indeed, the statement that ((s) has no zeros on the line
o = 1 is known to be equivalent to the prime number theorem, that is, to the assertion that

T

m(x)

~ log x
as * — oo, where 7(z) denotes the prime counting function, and ‘~’
(defined below).

The statements above, together with the relation ¢(5) = ((s), show that the nontrivial zeros (4)
must be confined to the vertical strip 0 < o < 1, lie symmetrically about (but not on) the real axis,
and lie symmetrically about the line o = % This vertical strip is known as the critical strip, and the
line ¢ = 3, as the critical line. Riemann [29] conjectured that all of the nontrivial zeros lie on the
critical line, a still-unproven statement now known as the Riemann hypothesis:

an asymptotic equivalence

Conjecture 1.1 (Riemann hypothesis). If p = 8 + i is a nontrivial zero of the Riemann zeta
function, where 8 and 7y are real numbers, then [ = %

1.2 Some functions in analytic number theory

Throughout the paper N, NT, R, C, P and P* denote the collections of nonnegative integers, positive
integers, real numbers, complex numbers, prime numbers and prime powers, respectively. We some-
times write p,, for the nth prime, so that p; = 2, po = 3, ..., and =, for the nth positive ordinate
among the nontrivial zeros p, where 0 < v < v < ... .

In addition to I'(s) denoting the gamma function and |z| the greatest integer less than or equal
to x, we define

m(z) = Z 1 (the prime-counting function),
p<z
Y(x) = Z logp (the second Chebyshev function),
pm <z
1
(z) = Z —_ (Riemann’s auziliary function), and
m
pm<z

(the von Mangoldt function),

Alw) = logp if z =p™ for p€ P and m € Nt
0 otherwise

for x € R, where p < x and p™ < z means that the summation is taken over all primes or prime
powers less than or equal to x, respectively, and where an empty sum is defined equal to zero.
We also define (the Landau zi function)

— L —5/2 S
&(s) = 55(5 1)m F(i)C(s)
Then £(s) is an entire function, and the zeros of £(s) are precisely the nontrivial zeros of ((s) (with

the same multiplicities). Moreover, Equation (2) shows that £(s) satisfies the particularly simple
functional equation

&(s) = &(1— s).

Other functions will be specified when needed.
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1.3 Asymptotic analysis

When we write f(x) = O(g(x)) or f(z) < g(x), then we mean that there exists a constant C' > 0 such
that |f(x)| < Clg(z)| for all values of = under consideration, typically for all > xy. The constant C
(not unique) is sometimes referred to as the implied constant of the relation. If f and g depend on an
additional parameter, such as €, then so may C and x, in which case we write f(x) = O(g(x)) or
f(z) <c g(z). The statement that f(z,y) = O(g(z,y)) holds uniformly over some range of = and y,
say, ¢ € X and y € Y, means that the implied constant is absolute; that is, a fixed positive number,
so long as = and y stay confined to these ranges.
Further, we write f(z) ~ g(x) and f(x) = o(g(z)), as * — xg, if the limit
lim 4 @)

a0 g(x)

is equal to 1 or 0, respectively; the number zy may be infinite.
The notations above also apply to classes of functions. Thus, O(1) denotes a bounded function,
and o(1) a vanishing function, with respect to the variables under consideration.
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2 Three conjectures on the zeta function

In Section 2.4, we discuss the relationship between three unproven conjectures on the Riemann zeta
function: the Riemann hypothesis, the Lindel6f hypothesis and the density hypothesis. Before we can
state the two latter hypotheses, we need to introduce some notation and derive some results pertaining
to the zeros, and to the growth of {(s) on vertical lines. We begin with a classical result that quantifies
the density of nontrivial zeros inside the critical strip.

2.1 The number of nontrivial zeros

For a real number T, we denote by N(T') the number of nontrivial zeros p with 0 < v < T, counted
with multiplicity. It was proved nonrigorously by Riemann [29], and later rigorously by von Mangoldt
[37], that the number N(T') grows approximately like T'logT as T' — oo. We will follow a proof of
this fact due to Backlund [3], which makes clever use of the functional equation for £(s), but we first
need two lemmas.

Lemma 2.1. Suppose that f(s) is a regular function on an open set containing the disc |s — so| < R,
and that f(so) # 0. If f(s) has m or more zeros when counted with multiplicity inside the disc
|s — so| <7, where 0 < r < R, then

max | f(s)|

(E)m < |s—so|=R
rsoo |f(so)|

For proof, see [18] pp. 49-50.

Second, we need a lemma which bounds the vertical growth of {(s). In light of the next section,
the following will suffice.

Lemma 2.2. For any real o, there exists a positive constant A = A(oy), such that
(o + i) = O(t")
uniformly for o > og as t — oo.

Proof. We use Abel’s summation formula (A2.1) to write

s _ [ X] /X =] s 1 * P(x) - |
S — dx = _ d —(X sSpP(X X s+)
n;(” S s e S Sl M (X)+ 3

for 0 > 1 and X > 0, where P(z) is the 1-periodic function defined by>
1
(5) P)=a—la] - L.

Since P(z) is bounded, the terms inside the brackets vanish as X — oo, and we are left with

s 1 > P(x)
(6) <<3>=s_1—§‘3/1 w4
(in fact for o > 0). Now apply integration by parts N times to put this in the form
s 1 * Py(x)
(7) (&)= =g -5 s+ D+ | ide,

2P(z) is the 1-periodic extension of the restriction to [0, 1) of the 1st Bernoulli-polynomial Bi(z) = z — 1/2.
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where Py(z) = P(z) and Py, 41(z) = [; P,(y)dy for n > 0. Then

1 1

Py(z) = m(iﬂ — [z))NH! - m(m — [z))N

is bounded, which together with (7) shows that |((o+ti)| = O(|t|¥ 1) uniformly for 0 > ~N+4§ > —N
as t — oo. The claim follows upon choosing N so large that —IN < oy. O

Theorem 2.3. As T — oo, we have

T T T
N(T) = o-log (5= ) = 5=+ Ollog ).
Proof. Let us work with &(s) in place of ((s). This is simpler, because the functional equation
&(s) = &(1 — s) allows us to break the problem into smaller pieces. Begin by assuming that 7' > 0,
and that T does not coincide with any of the ordinates 4. Then £(s) has exactly 2N (T) zeros in
the interior of the rectangle R = [—1,2] x [T, T}, and none on its boundary. Since £(s) is an entire
function, we may use the argument principle, without obstructions, to conclude that

47N(T) = |arg 5(3)]31{7

where the right hand side denotes the increment of arg £(s) as the complex number s traverses once
around the boundary of R in the positive sense. From the definition of £(s), we have further

[arg £(5)] ,, = [arg %5(3 = D] gp + [a18 6(5)] 5 »

where ¢(s) = 75/?T'(s/2)((s). The first term on the right is 47, again by the argument principle,
since s(s — 1)/2 has its only two zeros in the interior of R, and no poles. Since now ¢(3) = ¢(s) and
#(s) = ¢(1 — s) for all s, the second term must be equal to 4|[arg ¢>(s)]L, where L consists of the

segment from 2 to 2 + T followed by the segment from 2 + 7% to % + T'i. Putting this together, we
obtain

(8) TN(T) =+ [arg 7~ /2], + [arg F(%)]L + [arg ¢(s)], -

The first term is

[arg m7/?] = [ - %tlogﬂ]L = —%Tlogw.

L

The second term can be estimated using Stirling’s formula (A2.2) (with o = 1/4). This gives

[arg F(;)]L = [ImlogF(%)]L = Imlogf(i + gz) —ImlogI'(1)

= Im(( — i + 52) log (%2) - gl + %log(%r)) + O(T_l)
L) o

Substituted into (8), we find that?

A -1
N(T) = 5-log (5-) = = + g + ST +0@T)

3 A more precise version of the error term can be attained from a Stirling-series representation of the gamma function,
see e.g., §§6.5-6.7 in Edward’s book [11].
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with
1 1
S(T) = - larg ¢(s)] , = —arg C( + Tz)
where the last argument is defined by continuous variation along L.

So far the terms have been straightforward to estimate accurately, but this is not so easy for S(T').
The fact that

> cos(tlogn) =1 2
Re ((2 + ti) :Zizl—zﬁzz—gzo.%mﬁ...
n=1 n=2

tells us that the variation in arg ((s) along the vertical component of L is bounded in absolute value
by 7, so we can concentrate our attention on the horizontal segment from 2 + 7% to % +Ti. As a
matter of fact, since (o) converges to 1 from above as 0 — oo, the estimate

oo

Z = (o+t0)

n=2

(9) ¢(o +ti) = 1] = < ((o) -

shows that ((o + ti) converges to 1 uniformly in ¢ as 0 — oo. Thus, there must exist a real constant
o4, such that Re {(s) > 0 whenever o > o,. It would therefore suffice to consider the variation in
arg ((s) over the segment from o, + T to % + T'i. The smallest constant o, with this property was
computed to 100 digits in [10], the first of which are o, = 1.19234... .

Here is one way of showing that [arg ((s)];, = O(logT); Let m denote the number of distinct
points s’ in {2} x (0, 7] U (3,2] x {T'} for which Re ((s’) = 0: then

|larg ¢(s)],| < (m+ 1)m.

Indeed, when s traverses one of the m + 1 pieces of L subdivided by the s’, then arg((s) does not
change more that 7, since Re ((s) does not change sign there.

As argued above, there are no s’ on the segment from 2 to 2 + T'%, so m must be equal to the
number of distinct points 2 < o < 2 for which Re (o + T%) = 0. This is in turn precisely equal to
the number of distinct zeros of ) )

C(s +Ti) + (s = Ti)
g(s) = 5

in the interval < s < 2 on the real axis, because g(s) is regular on C\{1+7%} and equals Re ((s+171)

whenever s is a real number (this follows from ((3) = {(s) ).

We can bound the number m by applying Lemma 2.1 to g(s) and the discs |s — 2| < 3/2 and
|s — 2| < 7/4. If we suppose that T' > 2, then g¢(s) is certainly regular in the largest disc, and the
lemma yields

(z)m § |S§|1§/4lg(s)l - Is_rglz;><7/4|<(s+TZ)+<(s—T2)I 3 \s_<zi“%’i:7/4|<(s)| _om
6 lg(2)] N 2Re ((2 + T) -~  ReC(2+Ti) — _n

6

where C' > 0 and A > 0 are chosen using Lemma 2.2, such that [{(s)| < Ct* for all t > ; and o >
Taking the logarithm on both sides, we get

1
1

log (5=) n
log(7/6)  log(7/6)
for some absolute constant D > 0. This proves the claim for 7' > 2 not coinciding with any ~. For

T equal to some v > 0, we may apply the bound (10) with T+ ¢ in place of T, and let ¢ — 0%. By
continuity, the inequality remains valid for € = 0, and our proof is complete. O

(10)

log(T + %) < DlogT
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Theorem 2.3 has the following useful corollary.

Corollary 2.4. As T — oo, we have

o) ifk>1,
log?T  log(2m)log T o
47T N 2m +O(1) kai 17
T %logT 1 /log(27) 1
1 . N A Tl*k 1 . 1
?Z 2m(1 - k) 27r(1—k +(1—k)2) +0(1) if0< k<1,
0<~y<T
_ TlogT log(2me)T .
N(T) = o o + O(logT) if k=0,
T'"*logT 1 /log(27) 1 . ; '
mfﬁ( 1—k (1_k)2)T +O(T " logT) ifk <0,
and, if k> 1,
- logT' 1 1 log(2m)y 1 log T
’DZT’WC_27T(k_1)Tk_1+27T((k_1)2 k?—l )Tk_l +O( Tk )

Proof. We begin by writing the asymptotic formula for N(7T') in the form

TlogT 6T
_ el B Ogog ),
2 2

(11) N(T)

where 6 = log(2me), and where the terms are arranged in decreasing order of magnitude. By Abel’s
summation formula (A2.1), we have

1 N(T) TN
(12) > N R
0<~y<T

for k € R and T' < oo, where, in the case of T' = oo, both sides are finite only for k > 1, with the first
term on the right taking the value zero. If we substitute (11) into (12), then the result is

S (el e o)) ([ a2 o [ ),

o<y<T

Using the integration formulae (A2.6) through (A2.8) from the Appendix, this gives us

3 1 _logT _£+O<logT) N log®(T)  flogT +o(/T 1ogtdt)
1

~ 2m 2m T 4 2m 12
0<~y<T
log®T  log(2m)log T
= _— O 1 .
4 27 +0(1)
And, if k #£ 1,

1 logT 1 )

S S Y i
e L e N N N
( 1

(1—k)TFT  1— k) + E(T, k)
B logT 1 (1og(2ﬂ') 1 ) 1 1 (k(2 —k)  klog(2m)

TR 2w\ 1—k =271 T\ T i

) + E(T, k),
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with an error term
1 iftk>0
log T T logt '
B(T,k) < o +/ et < Qlog?T it k=0,
! T *logT ifk<O0.

When k > 1, we may similarly compute

1  N(t N(T
IEEDIE T M S AN

k
7>T 7>0’Y 0<’y§T7
k [ logt kO [°° dt * logt logT 0 logT
(o ) (Lt ol
(27T/T tk 21 Jp  tF +0 /T th+1 2pTk=1  2pTk-1 +0 Tk
klogT k kO logT 0 log T
__blogT . T 0 o)
2(k — 1)Tk-1 * 2m(k —1)2Tk-1  27(k—1)Tk-1 27Tk-1 = 27Tk-1 Tk

logT 1 1 log(2m)y 1 logT
— - 0 .
ok — TF 1 +27r((k—1)2 et )z O )

2.2 Growth of zeta on vertical lines

As we saw above, there is an intricate connection between the distribution of nontrivial zeros of ((s)
and its growth on vertical lines. For a real number o, we define the Lindeldf function p(o) by

: .
(o) = inf{a > 0 : C(o+ i) = O(t%) as t — oo} = lim sup 21T+
t—o0 logt

In light of Lemma 2.2, it is clear that u(o) is a well defined function. Moreover, it is easily seen that
(o) = 0 for o > 1, since the estimate (9) shows that ((s) is bounded in each half-plane ¢ > 14§
with § > 0. This can be extended to p(1) = 0 without too much work. To see this, write

Zn*S+Zn s Zn’s N S+N27875/0058(f1)dx

n=1 N

for o > 1, where P(z) is the function defined in Equation (5). Since |P(z)| < 1/2 for all real z, we
obtain

1 1 1 1 V2P
) <14=4-- Y= e
ottt o T e re av | 2N

Taking N = [t] and letting 0 — 17, we conclude that |((1 + ti)] = O(logt) as t — oo, which
immediately implies p(1) = 0.*

Remark 2.5. Beware of the infimum in the definition of u(c): it says that, for any € > 0, we have
C(o+ti) = O(t*(@)+) as t — oo; the same need not be true if ¢ = 0. Also note that, since ¢(3) = ((s),
u(o) may equivalently be defined as the infimum of all @ > 0 such that (o +ti) = O(|t|*) as || — oco.

We now make the following claim

Proposition 2.6. The Lindeldf function satisfies

plo) = 5 — o+ u(l—0)

for all real o.

4Here we implicitly used that the nth harmonic number is O(logn). See e.g., (A2.3) in the Appendix.
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Proof. We begin with the asymmetric functional equation

¢(s) = 257° ! sin (?)F(l —5)C(1—s),

where s = o + ti. We assume throughout that o is fixed and ¢ > 0; we want to investigate what
happens when ¢ — oco. Taking absolute values and then the logarithm of both sides, we get

| (7Tc7+7rt,)

in{—+ —1
2 2

(13) + log |T(1 — o — ti)| + 1log (1 — o — ti)|.

log [¢(o + ti)| = 0log(2) + (o — 1) log(m) + log

Since
|sin(x 4 yi)|* = |sin(z) cosh(y) + cos(z) sinh(y)i|?

Y —Y\ 2 Y _ e Y\2

— Sirﬁ(@(&) +cosz(x)(1)
2 2

e2y e—2y

- L, .o 2

=5+t 2(51n (z) — cos®(z))

B ﬁ . o2y ~ cos(2) (_ cosh(2y) — cos(2x))
T4 4 2 B 2

for real x and y, we have

log | sin (E + ﬁz)‘ = 1lo (le”t + le_”t — 1cos(mf))
s 2 21T 2\t Ty 2
= 1log (16”) + 1log (14 e 2™ —2cos(no)e™ ™)
2 4 2
mt -
(14) =5 - log(2) + O(e™™).

Now, if £ > 0, then the principal logarithm
log(—ti) = log(t) — gz
Using this in Stirling’s formula (A2.2) (with & = 1 — o) then yields
1 1
logT(1 — o — ti) = (5 - ti) (log(t) - gz> + i+ 3 log(2m) + O(t ™)

= (% — U) log(t) — it + llog(zﬂ) + (t - <1 - o—)ﬁ — tlogt)z‘ +Oo@t™).

2 2 2 2
Therefore,
log |I'(1 — o — ti)| = Re logI'(1 — 0 — ti)
1 nt 1 =
(15) = (§ - 0) log(t) — 5 + 3 log(2m) + O(t™7).

If we now plug (14) and (15) into (13), then we get as a result
t
log|((0 + ti)] = 0log(2) + (o — 1) log(r) + 5 —log(2) +Oc™™)

+ (% ~ o) los(t) ~ T + %log(%r) O +log (1 — o — )|

— (o= ) oe(2) + 07+ tog et o 1.
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Finally, if we exponentiate both sides and rearrange, then we see that

(16) M‘ - (2%)071/260(1/” = (2777)071/2(1 +0(t™h)

holds.® This implies the stated result. To see this, note that for any € > 0, we have |((o + ti)| =
Ot*2)*) and |¢(1 — o — ti)] = O(t*(1=9)*¢). Substituting these estimates one by one into the
equation above gives

|<-(1 T — tZ)| — O(t,u(a)Jrofl/QJrs) and |C(O_ —|—ti)‘ — O(tu(lfa)fa+1/2+s)

as t — oo. By definition of the Lindeldf function, this implies

1 1
u(l—a)gu(a)JrafiJre and ,LL(O’)S[L(l*U)*U‘Fiﬂ*é,

and, since £ > 0 was arbitrary, that u(c) =1 — o+ p(1 — o). O
Since p(o) is zero for o > 1, we immediately get
Corollary 2.7. If 0 <0, then

(o) = Lo

2
We can in fact say something more general about the behaviour of the Lindel6f function.
Proposition 2.8. The Lindelof function u(o) is convez.
Proof. Let o1 and o9 be real numbers with o7 < 02. Suppose that for each of j = 1,2, we have

IC(oj + ti)| < AjtPs

for ¢t > t;, where the A;, p; and t; are positive constants. Let to = max(t1,t2). We claim that there
is a constant C' > 0, such that

¢(o + ti)| < CtF)
for all o + ti in the vertical strip V;, = {01 < 0 < g3, t >ty > 0}, where

Pz*p1(
09 — 01

k(o) =p1 + oc—o01)

is the linear function that interpolates the points (o1, p1) and (o2, p2).
To this end, let € > 0 and consider

Fe(s) = log[C(s)| — k(o) log(t) — et.

Since the Laplacian of F., k(c)t~2, is nonnegative wherever it is defined, the function F. is subhar-
monic on V;,, except at any point where ((s) = 0, in which case F has a singularity and assumes the
value —oo. Suppose for the moment that {(s) has no zeros in V;,. Then, on the vertical part of the
boundary of V;,, we have

F.(oj +ti) = log |((o; + ti)| — k(oj)log(t) — et < log(A;) + p;log(t) — k(o;)log(t) — et
— log(A;) — =t < log(A;).

5The estimate (16) for the chi function x(s) = ¢(s)/¢(1 — s) can be found in Titchmarsh [35] p. 95 and incorrectly
stated in Edwards [11] p. 185; see also Footnote t, p. 19 in Edward’s book.
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2 THREE CONJECTURES ON THE ZETA FUNCTION

In other words, F.(s) must be bounded above on 9V;,, with

F.(s) < max <log A1, log Ay, max (log IC(o + tot)| — k(o) log(to))) <logC

01<0<o02

for some appropriate choice of C' = C(tp) > 0. Further, by Lemma 2.2, we may find positive constants
A and D, such that

C(s)] < At
in V,. Thus,

F.(o+Ti) = log|¢(o+ T%)| — k(o) log(T) — T <log(A) + Dlog(T) — k(o) log(T) — T
=O0(logT) — T.

Since € > 0, this implies that
F.(oc +Ti)<logC

for all o1 < 0 < 09, provided T is chosen sufficiently large, say, T' > Tj.

This shows that the subharmonic function F. is bounded above by log C' on the boundary of
V;E)T) ={01 <0 <oy, tg <t <T}. According to the weak maximum principle,® this is possible only
if F.(s) <logC on all of VtE)T). Since there is no loss in making 7" larger, we find that the same must
be true in V,>° = V. In other words,

[(s)] < CtH et

on all of V. Now, the choice of € > 0 was arbitrary, so by continuity the same must be true if ¢ = 0.
That is, |((s)] < Ct*(?) on V.

This proves our claim from the beginning at the proof, and it now only remains to relate this to
the Lindelof function. This is straightforward: for any ¢ > 0, we have (by definition of the Lindel6f
function) that

pj = p(oj) + 6

is an admissible choice for the p;, in the sense that
|C(oj + ti)] < Aj(8)tHDFE for t > t;(6).

With this choice for the p;, we have

and hence
[Co +ti)| < CENF O Vs € Vi),

where k*(co) is the linear function that interpolates the points (o1, (01)) and (o3, 1(02)). This implies
that p(o) < k*(o) + § and hence, since 6 > 0 was arbitrary, that p(o) < k*(o) for o1 < o < 9.

The same is true even if V4, contains points where ((s) = 0. Indeed, we may exclude from V;, a
collection of open discs around these zeros, whose radii are chosen independently and so small that
that the bounds we used remain true on the boundary of the resulting ‘perforated’ strip; we omit the
details.

This shows that p(o) is convex, given that the choice of o1 and oo was arbitrary. O

6Suppose f,g € C(U) N C%(U), where U is a bounded domain. If f and g are subharmonic and harmonic on U,
respectively, and if f < g on 9U, then f < g holds throughout U.
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2 THREE CONJECTURES ON THE ZETA FUNCTION

Since 1(0) = 1 and (1) = 0, we obtain at once

Corollary 2.9. If0 < o < 1, then

uo) < 5(1-0).

DN | =

Besides the statement of Corollary 2.9, we have not commented on the value of (o) for 0 < o < 1.
This is because it is an open problem. However, since (o) is a nonnegative function that is convex,
zero for o > 0, and equal to % — o for 0 <0, we always have

1 o<t
——0 o< -,
no) > (o) = § 2 :

By convexity of u(co), these functions are the same function if and only if it is true that ,u(%) =0.
The question about the truth of this equality is so important that it has its own name.

Conjecture 2.10 (Lindel6f hypothesis). For any ¢ > 0, we have
1 .
((5+1i) =0t
as t — oo. Equivalently, p(3) = 0.

2.3 Zero-density estimates

If o and T are real numbers, then we let N (o, T) denote the number of nontrivial zeros p for which
o< B <land 0 <y <T, counted with multiplicity. The function N(o,T) is nonincreasing as a
function of o (for T fixed), and nondecreasing as a function of T' (for o fixed). Also,

N(o,T)+ N(1—0,T) = N(T),

provided that o does not coincide with the abscissa § of any zero. The true size of N(o,T) as a
function of o and T hinges on the Riemann Hypothesis, and

N(T)=No(T) ifo<1/2
0 if o >1/2,
provided that the Riemann hypothesis is true, where No(T') denotes the number of zeros 1 + vi with
0 <~ < T, counted with multiplicity.
Upper bounds for N(o,T) in terms of o and T are known as zero-density estimates. Since

TlogT 1 1 TlogT
~ — < = < ~
i 2N(T)fN(TT)fN(T) o

the relation

(17) N(i,T)=0(TlogT) = O(T***)

29

holds for any fixed & > 0 as T' — oo, while N(3,T') = O(T) fails to be true for the same reason. We
also have

(18) N(1,T) = 0 = O(log" T) = O(T*)

12



2 THREE CONJECTURES ON THE ZETA FUNCTION

for any € > 0 as T — oo.
For these reasons, it is common to write zero-density estimates on the form

N(o,T) = O(T U= £(T)),

where the bound holds uniformly in a range of o as T — oo, with f(T) typically being either T¢ for
some fixed € > 0, or some power of log 7. The factor 1 —o in the exponent is natural, for the following
reason: if A(o) is constant and equal to 2, then the resulting exponent, 2(1 — o), is the linear function
which is 1 at ¢ = % and 0 at 0 = 0. In other words, it is the linear interpolation of the exponents of
T in (17) and (18) in the limit as e — 0.

As we explain in the next section, the question of whether we can take A(c) = 2 is so interesting
in and of itself that it also has its own name.

Conjecture 2.11 (Density hypothesis). For any € > 0, we have
N(o,T) = O(T?1=7)+¢)
uniformly in % <o<1asT — .

Closely related to zero-density estimates are the so-called zero-free regions for ((s). These are
regions that, as the name suggests, do not contain any zeros of ((s). As mentioned in the Introduction,
all of the nontrivial zeros of the zeta function lie inside the critical strip and symmetrically about both
the real and critical lines. Because of this symmetry, the zero-free regions are usually expressed by
saying that ((s) has no zeros with

c>1—A(t) and t>tg,
where A(t) is a function of ¢ with 0 < A(t) < 3 and ¢ is some positive constant.

Theorem 2.12. Each of the following defines a region where ((s) has no zeros:

(19) 021—%, t > to;

(20) azlfAlffglg’gt, t > to;

(21) OZl_(lmgt)lAO/ll"‘a’ t > to:

(22) o>1- A t> to.

(logt)2/3(loglogt)t/3” = —

Here A > 0 and ty > 3 are constants that need not be the same in each case. Any e > 0 may be taken
in (21), possibly subject to increased values of A and tg.

It is outside the scope of this project to prove these here, but we can give a summary of how
they came to be. The zero-free region (19) was obtain independently by Hadamard and de la Vallée
Poussin, and represents the first significant zero-free region to the left of the line ¢ = 1. To prove
it, the ‘only’ thing that is needed is an equation that relates the logarithmic derivative of ((s) to its
zeros, and the fact that 2(1 + cos)? > 0.7

The enlarged regions (20), (21) and (22) are due to Littlewood, Tchudakoff [34], and Koborov [24]
and Vinogradov [36], respectively. In one way or another, they all rely on establishing cancellation
among the terms in an exponential sum (also called trigonometric sum); that is, a sum of the form

(23) Z e271'if(n)7

neSx

"We are simplifying heavily here. A detailed proof may be found in [18].
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2 THREE CONJECTURES ON THE ZETA FUNCTION

where f is a function and Sx a set that may evolve with the parameter X. More specifically, (20)
may be proved by estimating (23) using an appropriate integral, while (21) and (22) can be proved
using Vinogradov’s esimates for exponential sums (to quote Titchmarsh, ‘This is in some ways very
complicated’).®

The region determined by (22) is effectively the largest known zero-free region for ((s); The
regions (19)—(21) are included for historical reasons, but we will find that much can be proved using
only Tchudakoff’s region (21).

2.4 Relationships between the hypotheses

A relationship between the Lindelof hypothesis and the number N (o, T') was established by Backlund
[4], where we proved

Theorem 2.13 (Backlund, 1918). The Lindeldf hypothesis is true if and only if
N(o,T+1)— N(o,T) =o0(logT)
for every fixed o > % as T — oo.
If the Riemann hypothesis is true, then N (o, T) is zero whenever o > %, and so
Corollary 2.14. If the Riemann hypothesis is true, then so is the Lindeldf hypothesis.
The density hypothesis has its origin in Ingham’s article [19], where he showed the following.
Theorem 2.15 (Ingham, 1937). If (5 + ti) = O(t°) for some fized c >0 as t — oo, then

N(O’, T) — O(T2(1+2(;)(176) 1Og5 T)
uniformly for % <o<1lasT — .

If the Lindelof hypothesis is true, then ¢ may be taken arbitrarily small and positive, which implies
the following.

Corollary 2.16. If the Lindelof hypothesis is true, then so is the density hypothesis.

In fact, we shall require a strengthened version of the density hypothesis in which the logarithmic
powers are taken seriously.

Conjecture 2.17 (Strong density hypothesis). There exists a constant n > 1, such that
N(o,T) = O(T*" =) 10g" T)
uniformly for % <o<lasT — .

Proof of Theorems 2.13 and 2.15 can be found in textbooks on the zeta function.” It should
be noted that Ingham’s proof of Theorem 2.15 does not, at least without substantial modification,
generalise in such a way that Corollary 2.16 remains true with the strong density hypothesis in place
of the density hypothesis. In other words, this is the situation:

Riemann hypothesis

Backlund m

Lindel6f hypothesis Strong density hypothesis

Density hypothesis

Question: Is the Lindeldf hypothesis stronger than the strong density hypothesis, vice versa, or
neither?

8[35], p. 98.
9For example in Titchmarsh [35], Theorems 9.18 and 13.5.
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3 THE EXPLICIT FORMULA FOR (x)

3 The explicit formula for (z)

The goal of this section is to prove the explicit formula for the second Chebyshev function ¥ (z).
This formula expresses a fundamental relation between the distribution of prime powers and the
distribution of zeros of the Riemann zeta function, which we put to use in the following sections. In
order to derive the formula, we first consider some lemmas in Section 3.1 before we prove the explicit
formula in Section 3.2.

3.1 Some lemmas

Our first lemma is a special case of Perron’s formula. Some inequalities in the proof are marked with
‘17, indicating that an improvement of these inequalities may give a better error term in the lemma.

Lemma 3.1. If y > 0 and ¢ > 0 are fized real numbers, then

1 c+ooi ys 0 Zf 0< y < ].,
cmoo 1 if y>1,

where y° is defined as '8 with logy denoting the real-valued logarithm of y. If the integral to

the left (with the factor ﬁ) is denoted by I(y), then we define it as the Cauchy principal value

lim I(y,T) in the case when y = 1, where
T—o0

1 c+T1 ys

Moreover, if we write I(y) = I(y,T) + A(y,T) for T >0, then

C

A m ify#1,

25 , 1) <

(25) Ay, T) % P
if T >0, and

(26) Ay, T)| < y® forally>0and T > 0.

Proof. Suppose in the first instance that y > 1, and let R be the rectangle whose vertices are
c+ Vi, = X+Vi, = X-Ui, ¢c—Ui

for X, U,V > 0, see Figure 1.
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3 THE EXPLICIT FORMULA FOR (x)

ti A
—X +Vi c+ Vi

X - Ui c— Ui
Figure 1
Since y*®/s is regular on C \ {0} with a simple pole of residue 1 at s = 0, we have by the residue
theorem that

1 S
y—ds =1.

27 —
(27) 27 Jor S

On the segment of OR from —X + Vi to —X — Ui, we have |y*/s| = y=X /v X2 +12 < y~X /X, and

hence s
T ,,8
—-X+vi S

Taking the limit as X — oo in (27) while keeping U and V fixed therefore gives

-X

<(U+V) .

1 c+Vi s 1 c—U1i s 1 c+Vi
Yds=1- — Yds+ — s,

(28) o
2 J._yi S 27 ) _ao_vi S 2w | _soqvi S

J(=U) J(V)

The integrals J(—U) and J(V') are absolutely convergent. Indeed,

e 2 | L [
T or co—Ui S e O'*UZ _27r o2 4+ U?
1 (& C
(29) L / Vg = Y A
2 U’ 2nU log y 27TU| log y|
and similarly
(30) TV < Y
27V | log y|

If we now take the limit as U,V — oo in (28), using the bounds (29) and (30), then we get (24) in
the case when y > 1. Also, upon taking U =V =T > 0 in (28), we have

AW T)| = 11(y) — 15, T)| = [1 - 1(y, T)| = |J(~T) — J(T)| £ |J(=T)] + |J(T)| < m

and hence (25) holds for y > 1.
Now suppose that 0 < y < 1 is fixed, and let R* denote the rectangle whose vertices are

X+ Vi, e+Vi, c—Ui, X —Ui

for U,V > 0 and X > ¢, see Figure 2.
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3 THE EXPLICIT FORMULA FOR (x)

ti A\
c+ Vi X+Vi

0 R o

c—Ut X -Ui

Figure 2

Since X > ¢ > 0, the pole of y*/s at s = 0 lies outside of R*. Hence, by the residue theorem (now
taking the integral with the negative orientation):

1 S
y—ds =0.

31 —
(31) 2mt Jop+ S

On the segment from X + Vi to X — Ui, we have |y*/s| < yX /vVX2 +12 <yX/X, so

X

Ui s
Yy Yy

Zds| < (U+V)=—.

s| < (U+ )?f

X
‘ X+vi S

Taking the limit as X — oo in (31) while keeping U and V fixed therefore gives

1 c+Vi s 1 oco—Ui s 1 oco+Vi .
(32) — Y as=— Y gs— — Y gs.
2mt Jo_yi S 2mt Jo_pyi S 2t Jorvi S

The integrals J*(—U) and J*(V') are also absolutely convergent, since

/OO Ui 5 i
27

|7 (=

yf —y° y
U’ T U logy 27rU\ logy|’

(33)

and similarly
c

* y
4 _—
(34) V< 5oy

Hence, letting U,V — oo in (32) and using (33) and (34), we obtain (24) in the case when 0 < y < 1.
Moreover, if we take U =V =T > 0 in (32), then we get

* * T * * yc
Ay, T)| = [ (y) = I(y, T)| = |0 = I(y, T)| = |J(T) = J*(=T)| < |J(D)| + |J*(=T)| < 7T logy|

Now suppose that y = 1. Then a straightforward computation gives

1 otds 1 T de 1 (T e—ti 17
n =g [ oS- I =Ty
omi o i s 2 ) pe+ti 21 ) _p 24 t2 T Jo A+t?
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3 THE EXPLICIT FORMULA FOR (x)

since the real and imaginary parts of (¢ — ti)/(c? + t?) are even and odd functions of ¢, respectively.
Therefore,

e 1 [ 1 1

I(1) def lim I(1,T) = —/ %dt: —arctan(§> = -,

T—o0 T )y 4+t s c 2

which proves (24) for y = 1. Furthermore,
oo dt
5/ S = T >0,
1 1 [/ ¢ Tt TSyt T
0<AQT)=1(1)-I(1,T)=5—-I(1,T) = — ———dt <

T Jr ¢+t 1/°° c dt—1<1—c
™ Jo 02+t2 _2 =Y

so that (25) and (26) hold for y = 1.

To establish (26) in the case when y # 1 and T > 0, let T" and T'* denote the arcs of the circle
|s| = V2 4+ T2 from ¢ + Ti to ¢ — T that lie to the left and right of the line o = ¢, respectively, see
Figure 3.

tiN
\C—I—Tz’
r r
0 O~
rd
_/C—TZ
Figure 3
Ifwelet T =T fory >1,and T =T* for 0 < y < 1, then
1 y® 1 y® 1 y®
Ay, T)=1y) — Iy, T)=1y) — (I(y, T)+ — | = — | Z=ds=— | =
(1T = 15) = 1. 7) = 106) = (T T) + 3= [ L) + o [ Las= o [ Las,

since the bracketed term equals I(y) by the residue theorem.' Accordingly,

length(T) y® 2V e + T2 y© .

—— " max | —| < . =y,
S 2T VeZ £ T2

since |y*| = y° < y© on I.!' By continuity of the integrand, this bound also holds if 7" = 0. This
completes the proof of the lemma. O

i
|A(y, T)| <

2 ser

Remark 3.2. The inequalities (25) and (26) can be combined in saying that

1
y° min (1, 7) if y #1,
Ay, T)| < w1 logy|

min (1, —) ify=1,
Y

10This is true both for y > 1 and 0 < y < 1.
118ee Footnote 10.
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3 THE EXPLICIT FORMULA FOR (x)

for T > 0, where the finite value is understood if 7' = 0. The full proof was included for both of the
cases y > 1 and 0 < y < 1 because J(=U) for y > 1 is not easily expressible in terms of, say, J*(U)
for0 <y < 1.

We make a small digression on the exact error terms in Lemma 3.1, since the bounds attained are
susceptible to improvement. A straightforward computation shows that

I(y,T):l/TRe<yc+m 7/ ccos(tlogy) +t51n(tlogy)dt,
T Jo c+tl 2 + 2

so that I(y), I(y,T) and A(y,T) are all real for y, T, ¢ > 0, with I(y) and A(y, T') having a discontinuity
at y = 1. Moreover, the proof of Lemma 3.1 shows that the exact error term is given by'?

J(=T) = J(T)  ify>1,
1 /> ¢ .
J(T)-J(-T) ifo<y<l.

For y > 1, this can be written in various ways,

1 c—T1i s 1 c+T1 s 1 c o—T1i o+T1
— y—ds——_ y—ds:—_ 4 ._y -do
2M% J _oo_7i S 270 ) _oui S 2m J_ oo —=Ti o+Ti

c o—T1% c o
- l/ Im( Y ,)da - 2i — Yy T+ Ti) — y (0 — Ti))do

2 2
T ) oo o—T1 T ) oo 02+ T

J(=T) = J(T) =

1 [° y© T, Ty Ti —Ti
T 1 (3 _ 1_ 1 d
omi | o Ll YT —olyt =y do
1

= - / ﬁ (T cos(T'logy) — o sin(T'log y))do,

and similarly for 0 <y < 1:

" ] L=y L i :
JN(T)—-J(T) = ;/C Im(a—l—Ti)dU:;/c m(osm(Tlogy)chos(Tlogy))da.

Alternatively, one may use the circular arc ' for y # 1, to write

1 s 1
Voo L

A(y.T) = — _
®.T) omi Jg s 0 2m

0 .9
e cos(9) cos(asin §)d6 + o / e cos(0) sin(asin 0)do),
T

2 —arctan(T'/c) ify > 1,

- — 7 72 — —
with o = log(y)Ve?2 + T2, 04 = arctan(T'/c) and 0_ = {—arctan(T/c) 0 <y < 1.

To prove the explicit formula for ¢ (z) in the next section, we also need some lemmas bounding

Cf,(s) at various locations in the plane.!”
Lemma 3.3. There exists a constant Aq > 0 such that
CI

< Aglog(2|s|)

s

throughout the ‘perforated’ half-plane

Q={seC:o0<—land|s+2n| >3 forallneNT}

12Be sure to note the asymmetry between the formula for y > 1 and the formula for 0 < y < 1.

13The notation —(s) is short for CC((;))’ the logarithmic derivative of the zeta function.
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3 THE EXPLICIT FORMULA FOR (x)

Remark 3.4. The set 2 contains every vertical line {—q + ¢ : t € R}, where ¢ is an odd positive
integer.

Lemma 3.5. There exists a constant A= > 0 and real numbers (T,,)%5_,, such that
m< T, <m+1,

for all m, and such that
!

%(a + Tni)| < A=log® T,

for allm and all =1 < o < 2.

For proof of Lemmas 3.3 and 3.5, the reader may consult Theorems 26 and 27 in Ingham’s classical
tract [18], and note that log(|s| + 1) < log(2|s|) throughout €.

Lemma 3.6. We have

¢ 1
—2(1 + n < -
¢ (L+n) 7
for all real n > 0.
Proof. Write Equation (6) on the form
o ©x— |z
C(U>:J,1_U[(0>’ I(o) = 1 de,
for real o > 1. If we differentiate this equation logarithmically, then we get
! 1 1-—(20c—-1)1 — -nHr
- ¢y L _ 1= (o= DI(0) —olo = )I'e)
¢ oc—1 oc—o(oc—1)I(0o)

The denominator on the right is positive, being equal to (o — 1)((o). Also,

I,(U):_/loo(x—ﬁﬂr)llogxdx<o7

so that —o (o — 1)I'(0) in the numerator of (35) is positive as well. Thus, it suffices to show that the

term 1 — (20 — 1)I(o) in the numerator is positive. But since I(0) = —2= — ((0)/0o, this is equivalent

o—1
to showing that

g
@) > @ -1
when ¢ > 1. This is not too hard, since
. > 27 (0 —1+277)(20 — 1) o?
_ 051 “dr =1 = > .
¢(@) n;” +/2 vodr=t oy 0 -1)20—1) (0 -1 20— 1)

This shows that

¢ 1
Z(O’) + ﬁ >0
when ¢ > 1, and the claim now follows upon taking o =1 + 7. O
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3 THE EXPLICIT FORMULA FOR (x)

3.2 The explicit formula

We are going to prove the explicit formula for ¥ (z) in this section, and our proof borrows inspira-
tion and some notation from the classical proof.!* This is going to require some amount of tedious
calculation, and we therefore begin by giving an explanation of how the formula arises, and why the
function ¢ (z) needs adjustment.

By applying logarithmic differentiation and thereafter Abel’s summation formula to the Euler
product (3), we obtain the identity

s [T

(36) C 1 xs+1

dz (o0>1).

Thus, after the change of variable z = €2™¥, we have

1 . g(a n tl) _ /Oo (27r¢(627ry)e—27ro'y)e—Qﬂtyidy

(37) o4t -

(since ¥(z) is zero when x < 1). The right hand side is the Fourier transform ‘at ¢’ of the function
f(y) = 2mp(e®™)e=27°Y and it is conceivable that the Fourier inversion theorem would express this
function as an integral involving —(¢’'/¢)(s). However, it is clear that Equation (36) will remain
true even if ¥ (x) is modified on a set of (Lebesgue) measure zero, and so we cannot expect such an
inverted formula to hold identically for all z. On the other hand, the function f is piecewise smooth
and belongs to L'(R), and so the only thing missing for the inversion theorem to recover f is the
property that

lim LW =)+ fly+e)

e—0 2

= f(y)

at each point in its domain.'® This is an easy fix: we define

w"(x) = lim Yz —e) +(zte) = %( Z logp + Z 1ogp)

e—0 2
pm<w pm<z

for z € R. Then 1 (x) and 1°(x) agree almost everywhere, equations (36) and (37) remain true with
¢” in place of 1, and the inversion theorem yields
oo 1 C/

2P (e¥™)e 2TV = —/ e E(U + ti)e?™vhidt,

Or, reverting back to z and noting that the right-hand side may be written as a path integral:

1 o+001 I‘S C/

(@)= —5— — -~ (s)ds.

2mi o—ocoi S C

We would now get an explicit formula for 1°(z), rather than 1(x), by writing the last integral as a
sum of residues, using the residue theorem and an appropriate contour of integration.

The function +°(z), sometimes called the normalised Chebyshev function, is equal to 1) (x) unless
x coincides with a prime power: in which case it equals ¢ (z) — %A(m) The explicit formula is
conveniently expressed in terms of ¥ (x), as shown in

See e.g. [18] pp. 75-80, [9] §17, [22] §10, [27] §12 or [21] pp. 300-303. Observe also the difficulties in typesetting
—(¢’/¢)(s) in a satisfactory manner.

15See [38], Theorem 7.5, p. 171. Functions with this property may be called JD-regular, since they assume the
arithmetic mean of their left and right limits at their Jump Discontinuities, and since they appear in the Jordan-
Dirichlet test for the convergence of Fourier series.
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3 THE EXPLICIT FORMULA FOR (x)

Theorem 3.7. If x > 1, then
(38) Py =e- 2 o)~ Liog1—a2).

The sum Zp is taken over the nontrivial zeros of ((s), counted with multiplicity, and is defined as the
limit of the symmetric sum
P
S(xz,T) = T
<t P
as T'— co. Moreover, if we write ), 2Pp~t = S(z,T) + R(x,T), then there exists a constant C > 0
such that

zlog?(zT)

B2, T)| < (7

+ log w)

for allx >3 and T > 1.16

Proof. Suppose x > 1, ¢>1and T > 0. Then
ZA )+ S AmAE,T)
n=1

/Cc—i-TZ (ZC/TL ds +ZA )

—T47

= Lpor
>

1 c+T1 g ee}
i ). Z Aln) g +ZA

1 c+Ti _.s

(39) ~ 3] S( )ds+ZA (z,T

where I(), I(,T) and A(%Z,T) denote the quantities of Lemma 3.1, and where the interchange of
the order of summation and integration is justified by uniform convergence of > >°  A(n)n™* on a

compact set containing the segment from ¢ — T to ¢ + T%. From our definition of A(n), we have

(40) D AMA(E,T) = AMx)A(LT) + ) An)A(E,T),
" ntz
for all x > 1, wherein
=0 if x & P*,
(41) IA(z)A(L,T)| § <log(xz)min(1,-%) forall z > 1,
< A(z)min(l, %) forall z > 1,
and
- 1
42 A An)(E)min(l, —————).
. > aman|< 3 U T log(e /)]
n# T n;ﬁr

16The lower bounds on x and T are imposed in order to deal with the complication that log z and log(zT') vanish for
z =1 and 2T = 1, respectively.
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3 THE EXPLICIT FORMULA FOR (x)

Suppose n < 3. Then £ > 2, so that |log(£)| =log(%) > log(3). This gives us

z
n

e L 1 >~ A(n)
Z A(n)(£)°min(1, T log(w/n)|) < (1, WTlog(4/3))nZ::1 ne

e 1 ¢
(43) =z mm(l,m)(— —(C)).

Similarly, if n > %, then & < % so that \log( )| = log( ) > log(%). Therefore,

1 . . 1 ¢
(44) Z A(n)(£)°min(1 ,m) <z mln(l,m)(—z(c)).

n>T

It remains to consider the terms where 32 < n < —"” and n # x. We split these into two different

cases.

Case 1: 3—'””<n<:c

If there is no prime power n with 3 < n < z, then there is nothing to consider, since all the terms
of (40) corresponding to these Values of n are zero in that case. Otherwise, let p} denote the largest
prime power in this interval. Then

log(x*> log(pm> = —log(l — x—pm> > 27 Ps
Pz x x

Therefore, the term corresponding to n = p% to the right in (42) is bounded by

T T

(45) A (2 ) min(t, ) < () oglo) minl )

: T~ py) (e — py)

For any other prime power n in this interval, we may write n = p¥ — v with 0 < v < z/4. This yields

1og<£) > log<px> = —log<71> = —log(l - V*> > L*
n 2 Yo Yo

The contribution of these terms to the right in (42) is therefore bounded by

p* 4 ) p*
S AL min(l, 22 < (3)log(e) YD min(1, 22)
O<v<z/4 O<v<z/4
pr—VEP” veZ
4\c p; 1
< (@)log) Y -
O<v<z/4
VEZ
(46) < +(3)" log(x) log(a + 1)T
since Y o<y<a/a = < log(z +1) for all z > 0 (cf. (A2.3) in the Appendix).
vEZ
Case 2: x < n < 5
Again, if there is no prlme power n with x < n < 2%, then we are done. Otherwise, let P denote the

smallest prime power in this interval. Then

] = log( L) = ctog(1-fe o) e
o8 P* AV A P Py
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3 THE EXPLICIT FORMULA FOR (x)

Therefore, the term corresponding to n = P} to the right in (42) is bounded by

5x
"AnT (P — )

(47) AP ( - ) " min(1, =

4

).

For any other prime power n in this interval, we may write n = P + v with 0 < v < /4. This yields

‘log(gﬂ = log(g) > log(%) = —log(?) = —log(l — %) > %

The contribution of these terms in (42) is therefore bounded by

* x [ Pm*+l/ 5z : 5T
> AP} +v)(55)" min(1, =2 ) < log(3) > min(l, —)

47Ty
o<v<z/4 O<v<z/4
P:—vep* VEZ
5 52\ ¥ 1
< 47r10g(4)T Z v
O<v<z/4
veZ

(48)

IN

% log(%) log(x + 1)%

Collecting the terms.
For simplicity, let (x) = dist(x, P* \ {z}) denote the distance from z to the nearest prime power that
is not equal to . In particular, z — p%, Pf — x > (x) provided that p¥ and P} exist. Equations (39)

through (48) now give, for z > 1,¢ > 1 and T > 0:

Y (z)— ;m/j %( - g(s))ds

< Adz)min(1, 25) + (4)° log(w) min(1, =) + log () min(1, -5)

’m

. ¢ o ¢
+ z°min(1, m)( — Z(C)> + z°min(1, m)( — E(C))

x x
+ %(%)Clog(x) log(z + UT + % log(%) log(z + 1)T

Let us concretize these bounds. Take ¢ = ¢(z) =1+ Toa and suppose that T' > 3. Then

[ S
z+e—1)

(i) 1<e<2forz>1,and z¢ < ex.

(ii) In particular, f%/(c) <log(z +e—1) by Lemma 3.6.
(il) % < & <1, so that min(1, %) = -5 < =-.

. 1 1 . : 1 _ 1
(iv) =7 Tog(4/3) = Frlog(as) < 1» SO that min(1, 7 10g(4/3)) = FTlog(d/3)"

1 1 - 1 1
V) =7 Toe(5/A) = 3nTog(s/) < L» so that min(1, 7 10g(5/4)) = TTlog(5/4)

This yields

A

8

=y T )as

210 Joy 8 ¢
< ZpA(@) + (3) log(a) min(L, 7t7) + log (%) min(L, 255)

e 1 1 z log(z+e—1)
+ I (log(4/3) + log(5/4)> T

(49) + 1(2)%log(z)log(z + 1) % + 2 log(22) log(z + 1) £.
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3 THE EXPLICIT FORMULA FOR (x)

Modifying the contour.
Let g be an odd positive integer, and R the rectangle whose vertices are

c+Ti, —q+Ti, —q—Ti, c—"Thr,

see Figure 4.

ti AN
—q+Ti c+1Ti
R o o
ooé
: o
@— - °® ® ® N
@ A hdl hd Vd
— _9.4-1 — _ : c
q 2-% 4 2 0 ooil
(o] .E
—q—Ti c—1T1

Figure 4: The red and purple dots are the poles of ¢//¢ in R that lie outside and inside of the critical
strip, respectively.

In order to avoid that ((s) has a zero on the horizontal segments of IR, replace T by T , the
smallest T, from Lemma 3.5 that is greater than or equal to T'. From the residue theorem applied to

g(s) = f?%( s) over R, we get
1 c+%i 1 7q+%i 7(177,:7,' cffi
(50) — [ _ g(s)ds= Z Resg(s) — 7(/ _ —|—/ _ —|—/ _ )g(s)ds.
2mi c—=T1i wEint(R) s=w 2mi c+Ti —q+Ti —q—T1
g(w)=o0

The (necessarily simple) poles of ¢ in int(R) are 1, 0, and —2k for 1 < k < ‘12;1, as well as any
nontrivial zero p = 3 + ~yi of ((s) with |y| < T. The residues at these points are'”

Resg(s) = tim (s~ ) s) =~ Res S (5) =
Reg(s) = lim —*(5) = ~(0),
Repote = Iy == (0 - —pzie,)if( ) - —%fN,,,

where N, denotes the order of the nontrivial zero p of ((s). Accordingly,

(¢—1)/2 o

(51) > Reg-o- X T-So- Y o

wEint(R) I'YI<’1F: k=1
g(w)=00

I7A zero of f of order n is a simple pole of f’/f with residue n, and a pole of f of order n is a simple pole of f’/f
with residue —n.
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3 THE EXPLICIT FORMULA FOR (x)

The vertical integral to the right in (50) can be bounded using Lemma 3.3. We have

1 ~q-Ti x5 (! 1 [T g« AQT ~
— TSl < = [ T Aglog V@ + 2)dt < 22 10g (21/g2 + T2).
/ SC(S)‘_?]T/f . alog (2¢/¢* + t?)dt < qog( q? + )

21 7(]4’%2’ TqT

(52)

Since x > 1, this integral vanishes as ¢ — oo when T stays fixed.
For the horizontal integrals to the right in (50), we consider the ranges —1 < ¢ < 2 and
—q < 0 < —1 separately. We first have, by Lemma 3.5:

1 c+Ti s A1 A—1 Zj% c A—1 Qf c
—/ _ —x—g—(s)ds < i/ z%do < i/ z%do
211 1474 S C 27T —1 27T —o0

(53) _ A= loﬂgﬁf x° < eA= . mlogQT.
o2nT  logz = 21  log(x)T

For the leftmost part of these integrals, we have again by Lemma 3.3

I Ag [T log (2V/o? + T2 Aglog (2T) [~
/ xC(S)d8’< Q/ ,log (2V? + )da< alog ( )/ z%do

— ~ X — S ~
2mi —q:i:%i S C 2 —q Vo4 T? 2nT —c0
Aglog (2T
(54) - Mv
27Tz log(x)
Vo2iT? ~ 2 _ 2 e
since v(o) = M is decreasing for'® o > o(T) = (e/2)2 =T if |T| < /2 nd since
o242 0 if |T] > e/2,

T >3>¢/2>o(T).

Conclusion
In the limit as ¢ — oo, we get from equations (39), (49), (50), (51), (52), (53) and (54):

(55) W (z) =z — Z QZ)—CI(O)—log(l—x_2)+R(x,T),

with
(56) R(e, T)| < A= @log’T | Aolog (2T)
T 1 log(x)T  wTxlog(x)

+Q(x,T),

where Q(z, f) is three-line upper bound specified by Equation (49). Since Q(z, f) — 0 when T — oo
and = > 1 is kept fixed, we obtain the explicit formula (38) from (55) and (56) for > 1. For z > 3
and T > 3 specifically, we have log(%), log(x +e—1), log(z + 1) < 2log(x) and log(z) > 1, and so
the bound takes the explicit form

cA= zlog’T Ag  log (QT) L2

Rz, T)| < L, Aa L 2
T log(x)T ™ Txlog(x) =T

: S5z 2e 1
+ 2log(z) min(1, 477;@)) + 5% (10g(4/3) * e/

A(z) + (%) log(z) min(1, W%’”@)

1 ) x log(x)
T

+ (52 + 2)log*(x) £

log?(xT log?(xT
< T K logr < max(01, K) (gTU n logx)

By (o) = o(1 — log (2\/@) V(o2 + f2)73/2.
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3 THE EXPLICIT FORMULA FOR (x)

with M = 222 + 2 (s + gem) +os 2 and K= 22+ 24 (5742

Now this apphes only with T in place of T, but accordmg to Lemma 3.5, we always have T-T<?2
for T > 3. From the definition of R(z,T) and Equation (38), we have additionally

Rz, T) - R@T) = 3 %,

T<|y|<T

with

xP 2z 2z xlogT
2 P‘ST 2. LS > is2dto

T<|y|<T T<~y<T T<y<T+2
for some constant A > 0. Thus, we obtain

zlog?(2T)

|R(z,T)| <24 +M = + Klogz

xlogT
T

<24 +M

+ Klogx
xlog?(xT)
T

xlogT zlog?(z(T + 2))
T T

+ Klogz < max(]\A/[/,K)

— gz log®(xT)
< M=/
(57) - T

+ log x)

for all z, T > 3 with M = 24 + M (log(18)/1og(9))?, since z(T + 2) < 22T, and since log(2\) <
(log(18)/10g(9)) log(A) for A = 2T > 9.

The bound (57) can now be seen to hold in fact for x > 3 and T > 1. Indeed, the smallest
ordinate of a nontrivial zero is To = 14.1347... (see [39]), which implies that R(z,T) = R(z,Tp) for
all 0 < T < Tp. It therefore suffices to show that zlog?(zT)/T > zlog?(zTy)/Ty for these values of
T. The function f(T') = log?(zT)/T is increasing on (1/z,e?/z) and decreasing on (e?/x, 00), and so
the claim is obvious if # > . If z < e?, then it suffices to show that f(1) > f(Tp). The resulting
equation Ty log?(z) > log®(xTy) can then be seen to hold for all z > 3. O

There are many formulas similar to (38) that can be proved in essentially the same way as Theorem
3.7 was proved above. We only mention one of these here, which we are going to need later.

Proposition 3.8. If ¢y (z) = [ = < A(n)(z —n) for z € R, then

B $p+1 CI C/ oo x1—2r
(58) ——Z D) C(H?(_l)_;m
forx > 1.

To prove this, a generalisation of Lemma 3.1 is needed. A derivation can be found in [19].
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4 PRIMES IN SHORT INTERVALS: WEAK HYPOTHESES

4 Primes in short intervals: weak hypotheses

4.1 Introduction

The prime number theorem tells us that the number of primes in [0, 2] and [z, 2z] are both asymptotic
to z(logx)~1, and in fact that'’

9
~at it >1 Nmix it =1,
(59) Yz 4 2%) — () {_ o(@) if 9 ; 1’ and  w(z +2?%) — n(x) &
- ! —o( ) v <1,
log x

Moreover, Gauss observed that the density of primes is well approximated by (log?)~!, in the sense
that

Todt

mw(x) ~ | Togt

We can therefore guess that

x+h
7r(x+h)—7r(x)z/ e _h

. logt logz’

provided z is large and h is small compared to x. It would therefore be interesting to know if an
asymptotic prime number theorem such as (59) holds for the interval (x, 2 + h|, where h = h(x) is a
nonnegative function that is smaller than x in the sense that h = o(z) as x — oo. An interval of this
form is usually called a short interval.

Such asymptotic formulae can of course not hold for arbitrarily small h. For example, if h is
bounded, then the infinitude of = for which 7 (x + h) — m(x) > 0, has been established unconditionally
only in the case when h > 246 (see [28]). Moreover, Maier [25] showed that the asymptotic formula
m(z 4+ h) — 7(z) ~ h(logz)~! is false for h = log® z, for any fixed number A. Our attention will
therefore be restricted to those functions h that grow faster than this.

We shall mainly be concerned with estimates of the difference 1(x + h) — 1(x), the reason being

Proposition 4.1. Let h be a function of  such that h = o(xlogz) and logxloglogx = o(h). Then
the statements

h
log x

Y@+ h)—Y@)~h and w(x+h)—7(x)~

(as x — 0), are either both true or both false.

Proof. For simplicity, let F,[-] be the one-step forward difference operator, defined for functions f
and g, and z € R, by

Folfl(z) = f (2 + g(x)) — f(2).

Recall the definition of the function II(z) = £,m<, m™!, and let us write II(z) = 7(z) + E(z). By

19See the Appendix for elaboration.
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4 PRIMES IN SHORT INTERVALS: WEAK HYPOTHESES

Abel’s summation formula (A2.1), we then have, for y > x > 1,

U(y) —Y(x) = Z A(n) = log(y)II(y) — log(z)Il(z) — / @

z<n<y

dt

€T

log(y)m(y) — log(z)m(x) 4 log(y)E(y) — log(z)E(x) — / @dt

(60)

Fy—a [log(')ﬁ(')] (x) + Fy—a [log(-)E(.)] (z) — / @dt.

Take y = x + h, where h = h(x) > 0. Then

Fu[log(-)f ()] (x) = log(x) Fu[f](x) +log (1 + ) f(x + h)

for ‘any’ function f. If we use this in Equation (60) for f = 7w and f = E, and divide through by
log x, then we get

x+h

F log(1+2)m(z+h)  log(1+2)E(x +h 1 It
TalN@) _ 7, 1) 4+ Ff)() + BLE )@ D) Jog(lt ) Bt h) / ) g1
log x log x log x log x t
(61) — Fulrl(@) + FalE] () + log (1+2)II(z + h) 1 7hH(t)dt
= SRITRE hIZIE log x log x t
Observe that
h x+h x+h x+h h
log (14 2)1(x)  TI(x) / dt P / II(¢) gt < II(xz+h) / dt log (14 2)I1(z + h)
log z ~logax t ~ logx t ~ logzw t log = '

This implies that the two last terms to the right in (61) together are nonnegative, with

) log(14 5z 4 ) X 7—hH(t) &t < log(1+2) (II(z+h) — O(z))

- log x B log x t - log

x

h 1 h log p h
< — = < 1
~ xzlogx Z m  xlogx Z mlogp = zlog?z Z oep

w<pm<a+h e<pm<z+h w<pm<a+h

h

62
(62) zlog? ©

Filila) = o Z2)),

since h = o(z log ).

It remains only to consider Fp[E](x). To this end we take N = |logy(z+h)], and use the definition
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4 PRIMES IN SHORT INTERVALS: WEAK HYPOTHESES

of F to estimate

FulB)@) = -y Loyl oy

+h m=2 z<pm<x+h m=2 zt/m<p<(z+h)l/m

_ i m((z+ h)V/™) — w(zt/™) _ iv: m(zV/™ 4 (z + Y™ — 2t/m) — r(z/™)

m=2 m m=2 m
_ XN: (¢ +h)V/m —al/m 1 i 2/ (L4 byYm 1) 1
- m h m
m=2 m=2
N N [e%S)
ha'/m 1 h 1
< < =
_mZ:Q rm? +mZ:2m_ x(mZ_QmQ)—'_IOgN
h h
63 :0(— log 1 ): ( )
(63) \/5—1— oglogz) = o gz

In the third line we used the bound (A2.4) for the prime-counting function, and in the fourth line we
used Bernoulli’s inequality (A2.5) together with the bound (A2.3) for the harmonic series. The last
line follows from the assumptions on h.
Thus, (61), (62) and (63) give
Fu[¥](z)

(64) Fnlr](z) = W(l +o(1)) + 0(

log = ) ’
from which the stated claim follows easily. O

An asymptotic formula for m(x + h) — m(x) also gives us for free an upper bound on prime gaps,
which in our case can be stated as

Proposition 4.2. Suppose that h = h(x) is such that logz = o(h) and

h

w(x 4+ h) —w(x) ~ log s

as * — oo. Then
Pn+1 — Pn S h(pn)
for all sufficiently large n.

Proof. By assumption, we have that h(logz) ™! goes to infinity with z, and the asymptotic equivalence
therefore implies that there exists a positive g such that w(z + h) — w(x) > 1 for all z > xg; In
particular, h is positive when x > x¢. Let p, be any prime with p, > 5. Then (pn,pn + h(pn)]
contains at least one prime, and one of these must be p, 1. As such, we have

Pn+1 — Pn < h(pn)

4.2 Hoheisel’s theorem and generalisations

We are now ready to begin our investigation proper. Our starting point is the explicit formula for
¥(x), on the form

2
Y(x)=x — —+O(mg#(xT)+logaz),
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4 PRIMES IN SHORT INTERVALS: WEAK HYPOTHESES

uniformly for z > 3 and T > 1. If h goes to infinity with z in such a way that h = o(z) (or, in general,
h < x), then

W@+ h)=a+h— Z (x + h)* +O(xlog2(xT) +logx),

T
|[v|<T p
and hence
log?(zT
(65) (@ +h) - -3 ol (%@) +logz),
[v|<T

uniformly for > z¢(h) > 3 and T > 1, where
(x+ h)P —zP
p

(the dependence of C'(p) on = and h is implicitly understood).
The point is: if the right hand side of (65) is o(h) as @ — oo for suitable choices of h = h(x) and
T = T(z), then the conclusion is that

Clp) =

Y(z+h)—¢(x) ~h

as ¢ — 0o. In our search for such a pair (h,T'), we make the simplifying assumption that h and T are
chosen in such a way that

(66) logx = o(h),

(67) zlog?(2T) = o(hT),

because this reduces the O-term in (65) to o(h). The restriction (66) is not important in light of
Maier’s theorem, while (67) will be seen to put a restriction on ~ and T which is difficult to overcome

using the strategies employed here; we discuss this briefly in Section 6.
We can derive two general bounds on the number C(p). If h < z, then we have we have first

(x+h)P+28 2P
A — << JE—
] il

uniformly over all p = 5+ i as x — oo, by the triangle inequality. On the other hand, we have by
integration

z+h z+h
(69) |C(p)| = ‘/ t”_ldt‘ < / P71 dt < haP !

as r — O00.

(68) [Clp)l <

Remark 4.3. In terms of real and imaginary parts, it can be computed that

(x + h)SP(x 4+ h) — 2P P(x) n (x+h)Q(x +h) —28Q(x )

)= B2 +92 B2+ nd
5 x+ h)?% —2(z + h)PxP cos(ylog(1 + hx™1)) + 228
() = TR Z2Aath) 52+7(3 g( D)+
where
P(t) = Beos(ylogt) + vsin(ylogt),
(t) = Bsin(vylogt) — v cos(ylogt),
P2(t) + @Q*(t) =1 and
P(z+ h)P(z) + Q(z + h)Q(z) = (8% +~°) cos(ylog(1 + ha™')).
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We are going to use the bounds (68) and (69) to estimate the sum »°_ .5 C(p). In general, it is

useful to consider the nontrivial zeros of ((s) which lie to the left and right inside the critical strip
separately.20 We therefore introduce a constant % < k < 1 and write

(70) S =3 cp+ 3 ).

[v|<T [vI<T lv|<T
B<kK B>k

We make a trivial estimate of the first sum using (69), to obtain

Z Cp) < h Z P71 < ha""IN(T) < ha" " 'TlogT,

[v|<T [vI<T
B<K B<k

which is o(h) if
(71) TlogT = o(z*~%)

as T — 00.
For the first theorem we would like to prove, it suffices to use (69) when bounding the second sum

to the right in (70) as well. Let 81 < 2 < ... < 3, denote the abscissas of the zeros p = 8 + ~i of
¢(s) for which 8 >k and 0 <y < T. If p(c) = 27!, then

S Clpy<h Y 2P =h> () = h(Z -3 (1- @(ﬁn)))
yVI<T 0<y<T n=1 n=1 n=1
B2k B2r

= h(N(s.T) - f: /ﬁl ¢ (0)do) = h(N(x.T) - /1 #(0) Y 1do)
n=1"Pn Kk n
h(N(H,T)f /

1
¢ (0)(N(x,T) = N(0,T))do )

Bn<o
K

(72) _ h(xﬁ,qN(,i,T) + log(z) /1

K

27N (o, T)do).

The term
"INk, T) < 2" 'Tlog T

vanishes assuming (71), so it remains only to investigate the integral in (72).

At this point, we need to apply heavier machinery to get further. It suffices to use (a weakened
version of) Tchudakoff’s zero-free region (21): Tchudakoff’s result implies that {(s) has no zeros in a
region of the form o > L(t), t > to, where

A(t)loglogt
L) =1-— () loglog .
logt

and where A(t) is an increasing function that goes to infinity with ¢.
Now assume that

N(o,T) = O(T*" =) 10g" T)

20Throughout we assume, of course, that there may exist zeros which are nontrivial and do not lie on the critical line.
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uniformly in % <o <1asT — oo, for some constants & > 2 and n > 1. Then

1 L(T)
log(x)/ 2" N (o, T)do = log(x)/ " I N(o,T)do
< log(m)log”(T)/

o—1
o () o
_ log(x)log"(T) (i)L(T)—l B (iy{_l
~ log(x/T?) T Te '
Take T = z?, where 0 < § < ™! < 3.2! Then #/T* = 2'7%* > 1, and so

! 1 og(z) log” x \LT)-1 z \mt
log(m)/ﬂ 27 'N(o,T)do < W((w)” B (ﬁ) )

L(T)

< log(z) exp (—(1 — o) 1og(x)A(T)1°g10gT>

logT

log(0) + loglog =
flogx

= log"(z) exp(—(l — o) log(z) A(z?)
< log"(x) exp(—(1 — 0a)0~ L A(z?) log log )
(73) = (log x)”_(l_ea)‘gfl‘q(xe).
This vanishes as x — oo provided that
(74) (1—0a)0tA(?) —n

is positive and bounded away from zero for all sufficiently large x. It is sufficient (but not necessary)
to assume that 6 is constant with 0 < # < a~! for this to hold. But then we are close to a conclusion,
since with our choice of T', we have

TlogT = 02% logx = o(z* ")

for any fixed x € [§,1 —6) C [4,1), so that (71) is satisfied. To get to the goal, we need only choose

h such that (66) and (67) are true. But with 7' = 2, this is equivalent to
217 %log? z = o(h),

and together with the assumption that h = o(x), it is clear that we can take h = x? for any fixed
1—-6 < 9 < 1. Since § may by taken arbitrarily close (but not equal) to a~!, we arrive at the following
conclusion, first proved by Hoheisel [17].%2

Theorem 4.4 (Hoheisel, 1930). If N(o,T) = O(T*=) 1og" T') uniformly for <o <1as
T — oo, then

d(a+a’) —(z) ~ 2’

as x — 00, for any fited 1 —a~ ' < < 1.

21We use the notation T' = z? and h = ¥ repeatedly throughout the chapter.

22This is not word-for-word what Hoheisel proved. For example, the zero-free region o > L(t) was established by
Tchudakoff after the publication of Hoheisel’s article. Hoheisel worked with the specific values @ = 4 and n = 6, and
a slightly weaker zero-density estimate: it is apparently usual to cite authors in the field not by the results that they
proved, but by the immediate generalizations of their results, which were discovered later.
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The best zero-density estimate one can hope for that is of the form required in Theorem 4.4 is the
truth of the density hypothesis (aw = 2). In light of Propositions 4.1 and 4.2, this yields

Corollary 4.5. If the strong density hypothesis is true, i.e., if N(o,T) = O(T?=) log" T)
uniformly for % <o<1lasT — oo, wheren > 1, then

V(x4 2%) —(x) ~ 2 as x — 0o,
20
m(z +2%) — 7(x) ~ logz as x — 0o,

Pnt1—Pn=O0(p)  asn — oo,
all hold for any fixed % <¥<l1.

Remark 4.6. Equation (59) and Corollary 4.5 can be combined in saying that

J}ﬂ

m(x 4+ 2”) — 7(z) ~ min(1, 19_1)@

for any fixed 9 > % as x — oo, provided that the strong density hypothesis is true.

Before we consider an unconditional result that follows from Hoheisel’s theorem, we want emphasise
that (74) can be made to vanish also if one allows 6 to depend on z and approach a~! from below as
x — 00, although the improvement of the conclusion is minimal. For example, in agreement with (21),
the choice A(t) = loglogt is admissible. Thus, if we write 6(x) = a~! — A(z) for 0 < A(z) = o(1),
then it is sufficient that there exists a constant C' > 0, such that x > x¢ implies

(1-0a)07tA(z?) —n>C
(1 —0a)log(flogz) — (C+n)8 >0
A(z)loglogz > (C +n)a™" = (C+ n)A(z) — A(z)log(a™" — A(z))
(C+n)a~t+o(1)
loglog = '

Az) >

So, for any constant D > (C + n)a™!, we can in fact take

-1

—1_ —1 10 X
T — .Iﬂ = 2° D(loglogz)™" _ % g >

exp ( B loglog x

The resulting requirement on h obtained from (67) is

_a-t! log x
z! log?(z) exp (D@) = o(h),

and the factor log? () exp(...) on the left grows slower than any power of z, but faster than any power
of log x.
It is known that

(75) N(o,T) = O(T% =9 10g” T

uniformly for % <o <1lasT — oo, and this may be the best known zero-density estimate of this
form over the range % < 0 < 1.?% Using this in Theorem 4.4 yields unconditionally

G + 212FE) — p(x) ~ T

23See [21], Equation (11.29), p. 275.
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for any fixed € > 0 as * — oo.

Corollary 4.5 shows how sharp a result we get under the strong density hypothesis, but we have not
yet commented on what is obtainable using merely the density hypothesis. For this we can employ
almost exactly the same arguments used in deriving Hoheisel’s theorem, except with one caveat.
The density hypothesis on the form N(o,T) = O(T?(~9)+¢) has the defect that the exponent of T
approaches ¢ (> 0) as ¢ — 1 from the left, although there are no zeros to the right of o = 1. As
a consequence, we would end up with an extra factor 7° = 2% in Equation (73), resulting in an
unacceptable conclusion.

To remedy this defect, we can use the fact that

(76) N(o,T) = O(T% 1= 1og!® T)
uniformly for % <o<lasT — 00.?* Assuming k < %, we reconsider the integral from (72) by

writing

1
7 N (o, T)da—i—log(x)/ 7 ' N(o,T)do.

152
155

152

log () / N (0. T)do = log(a) /K

155

Using the density hypothesis, we have first

i
I¥)
.
o

I¥)

5

log(x)/155 2" IN(0, T)do < log(:ﬂ)TE/

.
)

7)o = () T (7))

1< log(x) (i cws 1 0-(1-260) 1%
log(z/T?) \T? 1-—20 ’
which vanishes as © — oo if § < $(1 + 13%¢)~! < 1. To the right, (76) yields

1 L(T) o—1 log!? L(T)-1 -
log(x)/ 2" IN(o, T)do < 1og17(x)/ (%) do = Og(x)<(”3) _( ”i)
152 152 T 36 1Og<T§%) T 36 T 36

1Og17($) ( < )L(T)il logIG(x) 7(17%0)14(19)loglog(me)(logzg)’l

T% T 13y

< (logx 16—“—%0)9*%@9)1oglogx’

which vanishes automatically because A(x%) — oo and § < L < 38

3 35+ oSince € > 0 may be chosen
arbitrarily small, and since the assumptions are otherwise the same as in the derivation of Hoheisel’s

theorem, we reach the following conclusion.

Proposition 4.7. Corollary 4.5 remains true if ‘strong density hypothesis’ is replaced by ‘density hy-
pothesis’ In particular, Corollary 2.16 then implies that Corollary 4.5 holds if the Lindeldf hypothesis
s true.

There are two comments to be made here. First, the density hypothesis in its natural form is
really the assertion that, for any ¢ > 0,

N(0,T) = O(T*9)1=9))

uniformly for % <o <1lasT — oo. Indeed, the zero-density estimate (76) shows that this is
equivalent to density hypothesis 2.11, except that value of N(o,T) near o = 1 has been corrected.

24See [21], Theorem 11.3, p. 277.
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Second, it is tempting to try to use a zero-density estimate®® of Haldsz and Turan [15] over the

interval o € [% + 9, %] when estimating the integral in (72), in an attempt to improve the conclusion
under the Lindel6f hypothesis. However, the best known bound for N(o,T) over this interval, under
the Lindelof hypothesis, is still only that which is given by the density hypothesis. But the resulting

estimate

§+o .
log(x) / 277N (0, T)do < 2= (3 =0)(1-20)

1

2

requires that we take 6 < %, so no stronger result is attained under this assumption.

It is also possible to reach interesting conclusions if we merely assume that the strong density
hypothesis has been established in the rightmost part of critical strip, as is the case for the estimate
(76). An example of such a result is given by Ivié.?¢

Theorem 4.8 (Ivié¢, 1979). Suppose N(o,T) = O(T*(©)1=) 1og" T) uniformly for 1 < o <1 as
T — oo, where n > 1, and where a(c)(1 — o) < 1 for all o. Suppose further that there exist constants
% < k<1 and ag > 2, such that

1. a(a)gaoforégogn,
2. a(o) <2 fork <o <1.

Then

Yz +h)—¢(x) ~h
as x — oo, provided

h(z) > gl log® x,
where b is any fived number satisfying

n+2

b> ———.
~ ao(l — k)

Proof. To prove this, we need to reconsider the sum in (65). As before, we split the sum at o = k&,

(77) > Clp)=>_ Clp)+ Y Clp),
[v|<T [v|<T ly|<T
B<K B>k

but we now assume that T > z/h, as we may in light of (67). Let us begin by considering the
sum over the zeros p whose real parts are at least k . Since we have two bounds for C(p), namely
C(p) < haP~1 and C(p) < 27/]y|, it is convenient to further split these zeros into two classes,
according to if |y| < x/h or || > x/h. This allows us to use the best bound in each case, as follows.

h P
DOy D A o
lv|I<T [v|<z/h z/h<|y|<T
B>k B>k B>k
h ha* 11y 1
_ B _ K e B~ _ — el B
(78) =2 Y @-yr= Y 1+ Y :c(h' T)+T I
i<a/h hi<e/h  a/h<pl<T a/h<|<T
B>k B>k B>k B>k

25For any ¢,8 > 0, we have N(o,T) = O(T?) uniformly for % +6 <o <1asT — oo, assuming the Lindelof
hypothesis.

26See [21], Theorem 12.8, p. 316, or [20]. Beware that there is a typo in lines 12 and 13 on p. 317 of [21], where two
instances of “I” should be replaced by ‘t’.
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In the second line we have ‘recentred’ the summation, since this allows for easy bounding by comparing
with appropriate integrals. We now bound these four terms, starting with the second and the fourth.2”

_ K —1 o —1
(79) WZ;/}L 1=22"N(x, )(}) < Jnax, (z m/rhnéaéT(N(a, ).
B>x

In a similar manner, the computation (72) gives us

1 1

T E 2P < % Z 2P~ = 22" N (k, T) T + 210g(ac)/ 27N (o, T)T  do
z/h<|y|<T <T "
wigier g

80 1 7 N(o,t)t™h).
(80) < log() max (27 max (N(o,t)t™"))

To handle the first and third term of (78), let 15 denote the indicator function for the set S. Then
we have, for 0 < a < b,

—~
8
=
\
8
&
I

log(x Z/ 2%do = log(x Z /xl,”g

a<|y|<b a<l]y|<b a<|y|<b
B>k B>k B>k
= log(z / Z 1,5 (0)do = log(x / Z 1do
a<|y|<b a<|y|<b
B>k B>o
1
(81) = 210g(x)/ 2°N(o,a,b)do,

where N(o,a,b) denotes N(o,b) — N(o,a). Using this with a = 0 and b = z/h gives us the first term
of (78) as
1

% Z (zF —2%) = M/ x"N(U,%)dUleog(az)/ x"N(o,%)(%)_lda

T K

o —1
(82) < log(z) Hrélggl (ZL‘ x/rhnéaéT(N(m t)t ))

To bound the third term of (78), we again compare with an integral.

R R i S i

z/h<|y|<T I/h<M<T I/h<\V|<T
B>k B>k
T 1 p T 1 s
= [ 2 X Pyanea=[ & > S
e/h " h<|y|<T e/ T eyl <t
B>k B>k
S| 8 S|
:/ = Z (z fx)dt+/ e Z xdt
@/h x/h<|y|<t o/h z/h<|v|<t
B>k B>k
(83) — 2log(x / 2/ o, dadt+2/ 2 N (k. £, 0)dt,
nt /nt

2"The double maximum exists because N(o,t)t~! for o fixed is piecewise nonincreasing and upper semicontinuous

function of ¢, and so is x° max (N(o,t)t~1) as a function of 1 — o.
z/h<t<T
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where we used (81) with a = z/h and b = t in the last line. Here,

/ / o, i t)dodt = / / — N(o, %))dodt
z/h /h
(0,t)
- / / M@ goqs - / / =) dodt
z/h

< (log(T) —log(%)) max (z° max (N(g £)t71)) — (Ponmegative)

r<o<1 xz/h<t<T quantity
84 l 7 N(o,t)t™!
* < log(o) max, (o max (V(o,1)e™)

since z/h < T < x. Moreover,

/ x—ﬁN( ,t)dt:/ gc—:(N(n,t)—N(m%))dt

/nt z/h t
T T
1 dt
= / —a"N(k, t)t " dt — 2" N(k, £) / =
z/h t z/h t
T —1 nonnegative
< (IOg(T) - log(ﬁ))x}’€ $/%1§);T(N(ﬁ7t)t ) - ( quariity )
1 7 N(o,t)t™h)).
(85) < log(w) max (27 max (N(o1) )
Equations (78) through (85) now give us the collective bound
o —1
(86) Z C(p) < log*(x )nggl (z z/gléat);T(N(g’ Ht ),
lyI<T
B2k

where the log?(z) comes from equations (83) and (84).
For the term of (77) taken over the roots with 8 < k, we can consider the roots to the left or right
of the critical line separately, so that

(87) S =Y o+ S )

[v|<T [v|<T [vI<T

B<k B<1/2 1/2<B<k
Using (69), we trivially have
h hT logT hT log x
(88) C(p NT) <« < =o(h)
,YZ<T \F VT Ve
p<1/2

since T' < x, and provided that

(89) T = o(vz(logz)™").

And, in the same way that (86) was deduced, we get

log? o N ).
(90) |X<:T Clp) < log*(x) max (27 max (N(o,0)t )
RS
1/2<B<k

It is time to concretise the bounds obtained so far, and for this we use the Koborov-Vinogradov
zero-free region. Let therefore

L(t) = 1 — A(log t)~*3(loglog t) /3
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denote the function to the right in (22), and put

h=2%log’(z) and T =z°log’(z), so
z/h=x"%%og (x) and AT =2 log" ™ (z),

for constants a, b, ¢, d, that should be chosen such that h is minimised. The restrictions imposed on h
and T as x — oo give us the additional information that

(i) h=o(z) = a<1V(a=1Ab<0),
(ii) lim, soo h(z) =00 = a >0V (a=0Ab>0),
(iii) T<z = ¢c<1V(c=1Ad<0),
(iv) T>1 = ¢>0V(c=0Ad>0),
(v) T =o(vz(logz)™') = c<iv(c=Lind<-1),
(vi) zlog?z=0o(hT) = a+c>1V(a+c=1Ab+d>2).

The first two give 0 < a < 1, but the case a = 1 can be ignored, since it gives a much larger h than
we desire. We can also ignore a = 0, since by Maier’s theorem this choice of h is too small. Thus,
0 < a < 1. The fourth and fifth give 0 < ¢ < %, but we will see later that we need in fact ¢ < % The
sixth gives a + ¢ > 1, or in other words a > 1 — ¢. Since we want to minimize h, we should take a as
small as possible. For a given ¢, this achieved by choosing a = 1 — ¢, and we better choose ¢ > 0. But
then a + ¢ = 1, so the sixth implication forces b+ d > 2. We can handle this by demanding b+ d = 3,
i.e., d =3 — b, and assume that b > 0. In summary, we have

h=xl—c logb(x), T =z° log?’*b(:c), x/h =z logfb(:r)

for0<c§%andb>0.
Equation (86) together with the assumptions on N(o,T) for o > k, yield

Z C(p) < log*(z) max (27 max (N(o,t)t™ "))

Iy|<T £<o<1 x/h<t<T

- < log*() w<oSl(z) (= z/%léat}éT(ta(g)(l_g)_l log"t))
< (log )™ n<o2L(z) (+ I/?;ET(W(@@?UH))
= (logz)*™" ﬁg?gfw(xa(x/h)a(g)(l_o)_l)
= h(log z)**" LJmax (@ (z/h) )o@

(

= hloga)™” _max (
(

N

z - (z°log™" 33))_0‘(‘7))0_1

< h(log z)*™" H<§1<ai< z - (z°log™® a:))*Q)CH1

= h(logz)**" max (17290 logx)zb("_l))

k<o<L(x
< h( 2+n (1-2¢)(oc—1)
< loga)™""_ma,
= h(log z)*™" exp(—A(l —2¢)(log z)'/3 (log log x)*l/?’)

= o(h)

as x — 00. In the third line we used ¢t < z to pull out the logarithm, and in the fourth line we used
that a(o)(1 — o) < 1, so that the inner maximum is attained at ¢ = 2/h. The seventh line used that
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a(o) < 2 for k < o < 1, together with the fact that the outer exponent o — 1 is negative. In the ninth
line we used that the exponent 2b(c — 1) of the logarithm is negative. Finally, in the tenth line we
assumed that ¢ < %, so that (1 —2¢)(o — 1) is an increasing function of o, and the maximum happens
at o = L(x).

In a similar manner, Equations (87) through (90) yield

—1/27) log? o N -1

> Clp) < ha og(z) +log*(z) max (z Jpex (N(ot)e )

I'EIST

<K
h 1 24n o h a(o)(1—o0)—1

< o(h) + (log z) 1/12152(% (x/h) )

2 o+ca(o)(l—o)—c —ba(c)(1—0)+db
= o(h) + (logz)*" 1/12123;5 (z7 el 1=0)=¢ (jgg gy ~ba(o)(1=)+P)

=o(h) + 2~ °(log a:)2+"+b max (x0+00¢(0)(1—0)(10g x)—ba(o‘)(l—o-))

1/2<0<k
—c 2 b o/(..C —b a(o)(l—0o
= O(h) +x (logx) +n+ 1/122%3;,{ ([L‘ (q; log (.T)) (o)( ))
< o(h) + 2~ ¢(log z)>T7t? 1/12115};5 (27 (2° logfb(x))om(lfa))’

where the last line used that a(c) < ag and 1 — o > 0 for % < o < k. If we suppose that ¢ < ozo_l,
then this last maximum must occur at o = &, because then the combined exponent o + cag(1 — o) of
x is nondecreasing, and the combined exponent —bag(1 — o) of log x is increasing. Therefore,

Y Clp) < o(h) +a(logx)* 02" (2 log ™" (x)) "0~
|g|§: _ O(h) + hxm«}@ao(lfm)fl(log m)2+177b010(1*1i).

The exponent  + cag(l — k) — 1 is nonpositive when ¢ < agl, so that the power of z is bounded. To
make the entire expression o(h) it therefore suffices to choose b such that the exponentiated logarithm
vanishes. That is, such that

247

b>7a0(175)'

This completes the proof of Ivi¢’s theorem. O

As an application, it is known by the works of M. Julita [23] that, for any ¢ > 0, we have
N(o,T) = O(Ta(")(l_") log” T) uniformly for % +e <0 <1, wheren >1and a(o) < 2.28 If we use
this together with the estimate (75) in Theorem 4.8 (with ag = 22, n =9, k= H +¢,0<e <107?),
then we obtain

Pz +h) —p(x) ~h

for h > z12 log®? z as & — oo.

At this point it is clear that the methods we have employed so far are close to their breaking point,
with a fundamental barrier for h in the vicinity of \/z. We may therefore ask how strong a result that
one can possibly hope for. This is discussed in the next section.

28See also [21], §11.7.
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5 Primes in short intervals: the Riemann hypothesis

In the present section, we are going to see what information we can squeeze out about primes in
short intervals by assuming the Riemann hypothesis. This will ultimately require a reconsideration
of the explicit formula for ¢)(z), in which the error term (introduced by replacing »°, with 3-, - 7)
is reduced by a logarithmic factor.

As a point of reference, the estimates further down may be compared to the classical results due
to Littlewood and von Koch:

Theorem 5.1. On the one hand, we have
Y(z) — = O(z® log® )

as x — 0o, where © denotes the supremum of the real parts of the nontrivial zeros of ((s). On the
other hand,

P(x) — x = Qx(vzlogloglog x)

as x — oo. Here, f(z) = Q4(g(x)) means that there exists a constant C > 0 and sequences (x,)5>,
and ()52, tending to infinity, such that

f(zn) > Cg(zn) and f($;b) < —Cg(li%)

for all n.

5.1 Prime number theorem under the Riemann hypothesis

A convenience of Theorem 5.1, is that it gives at once

Corollary 5.2. If the Riemann hypothesis is true and \/z log? z = o(h), then 1 (z + h) —(x) ~ h as
T — 00.

Proof. If the Riemann hypothesis is true, then we have ¢(z) — z = O(y/z log? ) by Theorem 5.1, so
Y(x +h) —(x) — h < Vo + hlog*(z + h) < max(v/zlog® z, Vhlog? h) = o(h).
O

We are next going to show that the conclusion of Corollary 5.2 can be improved by a logarithmic
factor of . This was first made possible by the work of Cramér [5, 6], although he did not state this
result explicitly. Cramér’s approach was to investigate the function V(z) = Z'\/>O eP? for z in the
upper half-plane, and, using estimates for this function, he further derived several estimates pertaining
to ¢ (z) —z, as well as Cramér’s theorem (discussed in the next section). For example, he showed that

7P ,
W(a) =2~ —e M 1+ Olog* )
p
P
as x* — 00, where the convergence of the sum on the right has been accelerated using so-called
convegence factors.
This is as much as we will dwell on Cramér’s results, and that is simply because shorter proofs of

these results have been discovered later. Our investigation follows Goldston’s article [13]. In short,
Goldston’s contribution was to enlarge the range of T’s for which the estimate

b@)=o— Y 4 0(vTloga)

[vI<T

holds, from T > /z to T > /z(logx)~!. This will be our next goal as well, and we begin with a
lemma due to Littlewood.
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Lemma 5.3 (Littlewood). If z and w are complex numbers with |z| < 3 and |2w| < 2, then
w 13 2
|(1+ 2) flfwz’§€|w\(|w\+1)|z| .

Proof. For simplicity of notation, let r = |z| and p = |w|. The claim is trivially true if zw = 0, so
suppose that r > 0 and p > 0. By the generalized binomial theorem, we have

w i ww—1)(w—n+1) n
1+ 2) 1wz|‘22 -
:(1_7‘)_#_1—’ru7

ZMM+1 M+”*1)n

so that

|(L+2)" —1—we ZMM""l :Lj’—i_n_l)rn—Q_ Q—r)"—-1-rn
|wl|(jw| 4 1)[2]? (1 +1)n! pp+ 1)r?

If r is fixed, then this upper bound is an increasing function of u, since the coefficients in front of the
™2 in the second sum are increasing functions of y if n > 3 (and constant if n = 2). Its maximal

value is therefore attained when p = 2/r (where |zw| = 2), implying

[(14+2)Y —1—wz| _ (1—7r)"2/"=3
wl(lwl +1D)z> — 2(r+2)

We claim that the function on the right increases strictly with r for 0 < r < 1/2 (this is in fact true
for all » < 1, if we take care of the removable singularity at r = —2). Indeed, its derivative is

d {(1 — )72~ 3] _ 2(r +2)(1 — r)_z/’“(Zr_Qlog(l —r)+2r 11— r)_l) — 2((1 — )72/ — 3)

dr|  2(r+2) 22(r 4 2)2
B (r+2)(2r2log(l1—r)+2r~'(1—r)7t) -1 N 3
2(r +2)2(1 —r)2/r 2(r + 2)2
)+ 2+ 2+ 2-Hrd 4+ ) -1 N 3
B 2(r +2)2(1 — r)2/r 2(r +2)2
> 0,
where we used Taylor expansions log(1 —r) = — >, % and (1 —r)~t =>"°°  r™ in the second-to-
last line. Thus, the maximum in our case must be attained where r = |z| = 1/2, finally yielding
(42" —1-wz| _(1-3)"77-3 13
wl(jw[+1)[*> = 2(3+2) 5’
as desired. O

We are now ready to derive a stronger version of the explicit formula for ¥ (z).

Theorem 5.4 (Goldston). If the Riemann hypothesis is true, then there exists a constant Ty > 1,
such that

(91) —x+2—(<—+2flog:r

[vI<T

whenever x > 3 and T > Tj.
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5 PRIMES IN SHORT INTERVALS: THE RIEMANN HYPOTHESIS

Proof. Let ¢1(x) denote the function from Proposition 3.8. Since 1 (x) is a nondecreasing function,
we have

xz—0) —i(x * @+t T — 1 (x
92) Yz =) —ih(z) _ %/—e P(t)dt < (z) < %/ G(t)dt = P ( +€2 Y1()

—/

for £ > 0, and our first objective is to estimate the difference quotients on the left and right. Assume
that = > 3, and that ¢ satisfies 1 < ¢ < /2. Then = 4+ ¢ > 1, and the explicit formula (58) yields

Yr(z £0) — i (z) 1 (x £ 0P —grtl e A R
+/ *xiifz +p(p+1)¢ *Z(O)*; +2r(2r —1)¢

If we denote the sum of the last two terms on the right by K = K(x,¢), then it is the case that
|K| < 3. Indeed,
4—/
Z(O) = log(2m) = 1.8378... < 2,
and, by the triangle inequality,
‘i x:|:€1 27‘_1.17 r
< E2r(2r —1)¢

r=

o0 1-2 1-2
S 12T+.’£ ZTSZ(%) r+x T

g 2r(2r —1)
0 1 2r 31 2r o
I I

—  2r(2r-1) 2r(2r — 1)
- log2:0.6931... 1,

since £ < x/2, and since each exponent 1 — 2r is negative.
We will handle the sum over the p’s by splitting the sum at height 7. The sum over the large p’s
can then be bounded as follows, using Corollary 2.4,

(z + 0)P+! — gr+1
Z +p(p+1)¢

P4 1 _(z+2)% 422 1
D) 5

y>T
-2 () )T (T rolr) < 5

whenever T' > T, where T7 > 1 is an absolute constant.
For the small p’s, we write

(x £ £)PTt — grtt xP
Z +p(p+ 1)¢ B Z P

[vI<T

[v|>T

+va,

[vI<T

with

(z£ 0P —afP Flp+Daf Ly (£ —1F (o4 1]

= +p(p +1)¢ B +p(p+1)¢

Suppose that 7' < 7. Then the numerator of the last factor on the right satisfies the assumptions of
the lemma with z = ££ and w = p+ 1. Indeed |z| < IT/Q =1/2, and
L 14 L 3 Lz 3 3
=|= 1‘<7 1 ( ) (T J<- T+l <1+t
2wl ==+ 1] < =(pl+1) < — (Il + +3) <o T Sl+s<
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As such, we get

o <ob. B Ulp+ U+ DG 13 L o+ U+l 13 ¢ |pl+2
g pllp +1]¢ 2Vl T 2@ |
13 ¢ 2\ 13 ¢ 2\ 13 ¢ 2 ¢
== (1 2o (1)< 2 —(1+ =) <3—.
\r( T |>< 2ﬁ< +|7|)< 2ﬁ< t4g) < NG
This gives further
¢ (TlogT {TlogT
—_N(T) = 6— o(T)) < —25~
‘HX;TUP‘— NG N(T) \/E( 2 +0( ))< VT

whenever T < T < z/¢, with T, > 1 another absolute constant.
Let us collect the results obtained so far. If we let g = O« (f) mean that |g| < |f|, then we have

Yi(x £ 0) —i(x) ¢ P xglogT LTlogT
] =wx 5= > 0o (Tpr) 10 )

T

lyI<T P Ve

ife >3 1<{¢<z/2and T3 < T < z/lf, where T5 > 1 is yet another absolute constant. The
term K (z,¢) was absorbed into the first error term, possibly subject to an increase in the smallest
permitted value of T, because

24 z3logT 24 z%logT z3logT (24 (T
2 slogT |y 2 sllogT , sllogT M, (T
25 LT + <25 LT + LT (25+ x3/210gT)
leogT 24 1 x%logT 24 1
<= (5 )<= (5 * Fgr)
LT ValogT (T 25 /3logT
xilogT
ST

if, say, T > exp( =) + 1 (in particular, we may take T3 = max(exp(T) + 1,7, Ts)).
If we now use ( 2), then we obtain

r-+2 22

|7\<T

3
mflogT LT logT x LT
G = 5+ ValoeT (7 + ).

under the same restrictions. We see that the contribution of the two last terms is minimal when
¢T = z, in which case

(93) ’¢(x)—x+ Z ’<+2f10gT

The dependence on the parameter £ may now be obliterated. Indeed, our investigation has led us to
the assumptions > 3,1 < /¢ < z/2 and T35 < T = x/¢, which implies that (93) holds independently
of ¢ provided only that the inequality T3 < T < x is satisfied.

Finally, if T' > x > 3, then the truncated explicit formula presented in Theorem 3.7 has an error
term which is less than or equal to an absolute constant times

zlog?(2T) _aclong 2zlogzlogT  xlogT
#—Hog:ﬂ— T + T + T +logx
ZQﬁlogT(ﬁlogszr\/Elogx \/>logTJr log = )
2T log T T 2T 2y/xlogT

= (2vz1og T)O((log T) ™),
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where the implied constant in the last line is absolute, as can be seen by substituting the estimates
T >z and T > V2T across the denominators. Thus, the estimate (93) is seen to hold also if both
T >x>3and T > Ty are true, with T, > 3 an absolute constant. It therefore holds for all z > 3
and T > max(T3,Ty). O

Remark 5.5. The difference quotients used in the estimate (92) can be thought of as weighted sums
of the form >~°° , w(n)A(n). Indeed, using the identity ¢ (z) = > <z (@ —n)A(n), we see that

DED e S am),

+4
where
1 if1<t<u, 1 if1<t<az—4,
wy(t) = % ife<t<z+( and w_(t)=¢%* ife—l<t<a,

0 otherwise, 0 otherwise.

These quotients therefore correspond to over- and under-estimates of 1 (x) using piecewise linear
weight functions.

Corollary 5.6. Assume that the Riemann hypothesis is true. Then
P
(94) P(z) =2 — Z — +O0(zlogx)
lyvI<T
uniformly for T > \/z(logx)~! as x — oo. Moreover,
(95) P —et+ > I—p‘ < 3 /zloga
p 2 &
[v|<Va(logz)~*
for all sufficiently large x.

Proof. By Goldston’s theorem, 5.4, if \/z(logx)™! < T < x and z is sufficiently large, then

T 5
P(z) —x + Z B <ng>_1+2\/§10gﬂv—§ﬂlogm.

As we showed in the proof of Goldston’s theorem, if T' > x, then the explicit formula from Theorem
3.7 has error term

(2v/x1log T)O((log T) ™) < Va = o(v/z log ),

and so (94) follows. To get (95), we simply substitute T = /z(logz)~! into the estimate (91). This
yields

P
Ya) -+ Y % < m + 2V log(Vz(logz) ")
< va(log z)~!

3

= iﬁlog(a:) —2v/zloglog x
3

< 5\/§10gx

for all sufficiently large x. O
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5 PRIMES IN SHORT INTERVALS: THE RIEMANN HYPOTHESIS

We also get this corollary, whose first appearance in print was likely in Selberg’s article [31].2

Corollary 5.7. If the Riemann hypothesis is true, then

Yz +h) —p(x) ~h,
h

@+ h) = (@) ~ o

both hold as x — oo, provided that h < x and \/rlogz = o(h). The statement is meaningful and true
so long as h = h(x) is defined on a sequence (x,)5% tending to infinity, and the bound h < x needs
only hold for all sufficiently large x.

We give two proofs of this fact. The first proof uses Goldston’s theorem, while the second proof
is more direct. They both ultimately rely on the explicit formula for ¢, (z). By virtue of Proposition
4.1, it suffices to prove the first formula.

Proof 1. We apply Goldston’s theorem, assuming that x > 3, z + h > 3 and T > Tj. This gives us

P x
’w(x)for Z ?‘ < ﬁ+2\/510gT and

[yI<T
h)? h
Y@+h)—(z+h)+ > (x: ) ‘<$2+T +2vVz + hlogT.
lyI<T

Now suppose that h < x. Then the bounds on the right are both
< % +VaxlogT =: f(z,T).

On one hand, we want to choose T' = T'(x) such that f(z,T) is as small as possible. On the other hand,
we want T' to be as small as possible, such that the resulting sums ¥, |<7 become as small as possible.
For a given z > 3, the minimum of f(z,T) is attained at 7' = \/z, where f(z,/z) = 3/zlogz + /z
(in particular, there is no way to avoid v/zlogx < f(z,T) using this strategy). But T can be taken
smaller than this, since a simple inspection shows that f(z,T) < \/zlogz so long as /z(logz)™! < T
and log T < log x. We therefore take T' = /z(logx) ™!, and obtain as a result

varn-v@=h- Y CEZT L o G
Iyl<Va(loga) -1 P

as r — 0o.
Under the Riemann hypothesis, we have from (68) and (69),

C(p) = W < min (%, ﬁ),

where the bound h/\/x is generally better for small values of ||, and v/z/|7| the best for large |y|. Let
us try to find the ‘sweet spot’ which balances between these two bounds. We introduce a parameter
1 <)< z(logx)™t, and write

Y Clp=> Clp)+ > C(p).

1<V (log )~ v1<A A<lyI<va(log )~

29Equation 4, p. 88. See also Footnote 3 on the same page.
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The contribution of the small zeros is then

AN()\)  hilog\
l%}\C(p) < 7 < N

This is not o(h) unless A = o(y/z(log x)~1). Indeed, if we take A = \/z(plogz)~!, where 1 < p(x) <
Vz(logx)~1, then

Mogh _ log(Va(plogz)™!) 1 logp  loglogz _ Lo
vz plogs T2 glogz  glogr 2 ’

which vanishes if and only if ¢ goes to infinity with x.
The contribution of the large zeros is then, according to Corollary 2.4,

1
Z Clp) < Vz Z 5
A<y <Vz(log z) 1 Vo (plogz)~t<y<V/z(logz)~?
2 -1 2 -1
AL (Vz(logz) )—l—O(log Ve )  log”(Vz(plog z) )—O<log Ve )
4 log x 4 plogz

2 2
< ﬁ((logx — loglog;z:> — (log:n —log p(z) — loglogx> ) + O(v/zlogx)

= Vz(log(z) log(p) — log®() — 2log(p) log(log z)) + O(v/x log z)
< Valog(x)log(p) + O(Vrlogx)

We therefore have
Wi+ ) (@) = h + olh) + O(v/log(x) log(¢)) + Oz log ),

and, if we take h = \/z log(x)p(x),

Y(x+ h) — () ~ h.

The second proof follows an outline by Montgomery and Vaughan [27].3°

Proof 2. The estimation of ¢(x + h) — ¥ (x) = > ., _, <, A(n) may be more forgiving if the sum is
not so brutally started at n = z and ended at n = x + h (compare this with Remark 5.5). That is, it
may be easier to estimate if the sum is ‘smoothed’ somewhat.

Let 2 < A < h <z, and define the piecewise linear weight function w by

0 ift<axz—A,
# ife-—A<t<uz,

w(t) = w(t,z,h,A) = {1 ifx<t<ax+h,
Gt f g p h<t<az+h+A,
0 ift>x+h+A.

30Exercise 2, Section 13.1.1.
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Using the formula 11 (A) = >, -, A(n)(XA — n), together with some algebra, we can write the von
Mangoldt function weighted by w as follows:

Yo Amuwin) = Y A(n)$+ > AMm)+ 3 A(n)w

n=1 r—A<n<zx z<n<z+h z+h<n<z+h+A A
:%( Y Azt Y AmA+ Y Am@thtA-n)
rz—A<n<zx z<n<z+h z+h<n<z+h+A
- %<¢1(x+h+A)+ S AW -zt Y AWA- Y A thtA-n)
z—A<n<z z<n<z+h n<z+h

:%(%(Hmmwl(ﬂhw S Az +A) - Am)A)

r—A<n<z n<x
:%(%(MHA)—M@M)— > Am@-n - Y AmA)

r—A<n<zx n<xr—A
=%<1/11($+h+A) vi(x+h) — Z Aln)(x — —n))

n<r—A
’lb1<37—|- h+ A) — wl(x + h) - ’lﬂl((I}) +1/J1(.’L‘ — A)

A

But if we use the explicit formula for i1 on this last expression, then we are left with

h+A——§:S ( )

assuming © — A > 1 and A = o(z), where

(x +h+ AP — (x4 h)PHL — 2Pt 4 (2 — A)PHE

Slo) = p(p+1)

We may bound S(p) in three different ways as follows. First,

x+h+A

1 hA
S(p) = / Awt)tPldt < Asupw(®)((z+h+A) = (z — A))(z —A) 2 < —.
z—A teR \/E
Second,
1 x4+ h+ APt — (g + h)rt! Pt — (z — APl
1S(0)] < (\( ) ( ) ‘+‘ ( ) D
vl p+1 p+1
1 x+h+A
:|ﬂ< #ﬁ4+‘/ ﬁ&D vx+h+A+VF)
AVz
vl

Third, we have, by estimating trivially,
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Comparing these bounds, we find that the best one for different sizes of |y| can be summarised as
hA
—= iy <z/h,

g

A
A

S« { YT ita/h < bl <o/,
133

Applying these to bound % > S(p), we get

R N A P 1 1
A v \n = log = Valog . < Valog,
ly|<z/h
Z S(p — — L —- gA:\/zflog—<<\/§10gx,
<A ZSA Tz A
W|>:6/A y>z/A
and
X Y Sh<ioAE Y
A PISA
w/h<r|<e/A

x/h<y<z/A

_ ﬁ(loi(%) +0(log %) - 1°g4ﬁ) — O(log %))
2

< f1og<Ah> log< h) O(V7 log )
< Y log(z) 10g<2Ah>7

where the factor 2 has been included in the numerator to absorb the O(y/xlogz)
together, we get

Putting this

> An)u(
n=1

n, @, h,A) = h—l—A—l—O(\/E(loga:) log (%))

where the dependence of w on all the parameters has been made explicit again. In particular
- 2(h — 2A
S Am)w(n,e + Ak —28,A) = (h —28) + A+ O(\/x + Alog(z + A) log (%))
n=1
2h
=h—-A+ O(ﬁ(log x) log (K))
so long as A < h/3.
The point is that, since ¥ (z + h)

Z An)w(n,z+ A h —
n=1

by construction, and hence

— () = megﬂh A(n), we have

2A,A) < h(x+ h) — ZA w(n, z, h,A)

P(x+h) —P(x)=h+O(A) + O(\/E(logx) log (%))
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Taking A = v/zlogx, this implies in particular

o+ )~ v(e) = h+ O(Viloga) log () )

uniformly for 3y/zlogx < h <z, and

Y(z+h)—Y(x) ~h
for h = y/zlog(z) f(x); provided f goes to infinity with z in such a way that 3 < f < /z(logx)~!. O

5.2 Cramér’s theorem
The results of the preceding section are interesting by themselves, but what do they have to say when

it comes to prime gaps? Well, using Proposition 4.2, we get

DPn+1 — DPn < v/Pn 10g2 (pn)f(pn) and
Pnt+1 = Pn < /Pnlog(pn) f(pn)
for all sufficiently large n, from Corollaries 5.2 and 5.7, respectively, where f is any function that

goes to infinity with x. It is in fact possible to remove the appearance of the annoying function f
altogether, and this, Cramér was the first to put in print. We follow a simpler proof.?!

Theorem 5.8 (Cramér, 1920). Suppose that the Riemann hypothesis is true. Then

Pnt+1 —Pn = O(Vpn Ingn)

as n — Q.

Proof. Let 0 < € < % be fixed, and h a parameter depending on z, such that z° < h < £'~¢ whenever
x > 3. We will consider the moving interval I(x,2h) = (x,x + 2h] as & — oo, in two different ways.

Suppose first that I(x, 2h) does not contain any primes. Then neither does the subinterval I(¢, h) =
(t,t + h] for x <t < x + h, which by necessity implies (with N = |log,(t + h)]):

N
> logp= > > log p

t<p™<t+h m=2 {1/m<p<(t+h)t/m
m>2

P(t+h) —p(t)

N
Z log(fn—’_ h) (’/T((t + h)l/m) o 7T(tl/m))

<
m=2
N
= log(t+ h) mZ:Q -
N N
(t+h)/m™ —t1/m 41 (14 )Y —1) +1
< log(t + h) Z + ha <log(t + h) ({+5) )
m=2 m m=2 m
N 1/m Rk 1
gUm. b1y
< log(t + h) Z t_m

o0

— + log(t+ h) E — =0 +logxloglogx
2
2m m:2m ( \/> )

311vi¢ [21], Theorem 12.10. This proof was outlined by Ingham [19]: see Footnote §, p. 256.
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where the implied constant depends only on e (this fact is crucial for the proof). In particular, we
conclude from this that

z+h
(96) / W(t+h) — Y(t)dt = og(hzj/oig” + hlogzlog 10gx> = o(h?).

We now want to estimate this integral once again by using the explicit formula for (- ).
We recall that

P tlog?(tT)
W(t) =t — T ro(222) 4 ogt
’YES:T p ( T )

uniformly for ¢ > 3 and T" > 1, so that

(t + h)? . O((t + h)log” ((t +h)T)

YE+h) =t+h— Y p n

[vI<T

+ log(t + h))

uniformly for ¢t +h > 3 and T > 1. Restricting ¢ again to the interval x <t < x + h, then ¢t <. x and
t+ h <. r as x — 00, so that

YE+h) —pt)=h— > Clp) + Os(mlog#w + logx)
lyI<T

(now C(p) = ((t + h)? —tP)/p). Take T = x, with the conclusion that

Y(t+h) — —h—ZC ) + O (log” ).

lv|<a
We can now integrate this relation over ¢ € (x, z + 2h], obtaining

x+h
/ Ut +h) —p(t)dt = h* — Z/ p)dt + O, (hlog” z).

ly|<z ¥

We introduce an auxiliary parameter 3 < A < x. Then we have first

e B [ R
T x x t

[vI<A Iv|<A [vI<A
xz+h pt+h L z+h )
= / / 272 Z zﬁldzdt</ / Tz (N)dzdt
e RIES
h2Xlog A
(97) ”(7)7

-

where the implied constant is absolute, since z72 < =% < g3, Also, by actually computing the

integral, we get B

/a:+}n (lf + h)p P di Z (:17 + 2h)ﬂ+1 _ 2(1‘ + h)P""l + P+l

A<h <z P A<PI<e plo+1)
3 _ 3 log A
(98) <zt Yy g 2:08(333 f )
[v[>A

o1
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by Corollary 2.4.
Thus, the estimates (96), (97) and (98) yield

h2Xlog A 3 log A
2y _ 52 3
o(h®) =h —|—O( Tz )+Og<x 3
Now take A = z/h. Then this reduces to the statement that
o(h?) = h? + O (hy/zlog x).

But this is impossible if h = Cy/zlogz with C > 0 sufficiently large. Thus, (x,2 + 2C+/zlogz]
contains a prime for all x > xy, and so

Pnt1 — Pn < 20\/pn log pn,
for all primes p,, > xg. This completes the proof. O

) + O (hlog® x).

The proof of Cramér’s theorem given above, although instructive, can be rendered unnecessary: if
the Riemann hypothesis is true, then ‘Cramér’s bound’ follows from Corollary 5.7 and the following
result.

Proposition 5.9. Let F denote the collection of all real-valued partial functions on R such that
1. FEach h = h(z) € F is defined for arbitrarily large values of x, and
2. Each h = h(x) € F satisfies h(x) < x for all sufficiently large values of x in its domain.
Suppose that

Vhe F: lim M:oo = <7T(£L’+h($))—7‘r(.’t)~ hz) asx—>oo).
ed’r—)oo ) \/Elogx logl‘

Then Cramér’s bound ppi1 — pn = O(y/Prn 10g py) holds as n — oo.

Proof. For the sake of readability, let p(n) := p,, denote the nth prime. If Cramér’s bound does not
hold, then there exists a strictly increasing sequence of positive integers (ny)32; such that

lim p(nk + 1) — p(ng) _
koo y/p(nu) log p(n)
Let D = (p(ng))52,, and define h: D — R by
h(p(nk)) = p(nk +1) — p(ny) for k > 1.

On the one hand, it follows from Theorem 4.4, Equation (75), and Propositions 4.1 and 4.2, that
h(p(nk)) = o(p(ng)) as k — oo (thus, h(z) < z for all sufficiently large z € D; also h € F). On the
other hand,

h(z) 1 h(p(nr)) iy P 1) —p(ne)

lim

———— = lim = N1
xedizifn(h) Valogz koo \/p(ny)logp(ng) koo \/p(ng)logp(ny)

Thus, we have by assumption

m(x 4+ h(z)) — m(z) ~ 1}?;9)5

as © — oco. However, taking = p(ny), we see that this implies
p(ny +1) = plng) _ p(ny + 1) — p(ng)
logp(nk) = \/p(nx) log p(ny,)

which is impossible.?? Thus, Cramér’s bound must hold. O

1= W(p(nk + 1)) — W(p(nk)) ~ — 00,

32The same contradiction can be attained also if one demands h to be a function defined on (a, o) for some a > 0:
simply extend the function in the proof by defining h(z) = x? for x # p(ns), where ¥ is fixed with 1/2 < ¢ < 1.
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6 Primes in short intervals: beyond the Riemann hypothesis

Although it is outside the scope of this project to make an extensive list of every fact concerning the
difference ¥ (x + h) — 1 (x), it would nevertheless be interesting to consider what kind of results that
could conceivably be proved in the future. Much of subsequent work and conjectures on primes in
short intervals is based on Selberg’s article [31] as well as probabilistic models for the prime numbers.
The latter will not be discussed here, but we will discuss some of Selberg’s results.

6.1 The work of Selberg

Selberg relaxed the requirement that an asymptotic prime number theorem has to hold for all z > 0,
to ‘almost all z > 0’:

A statement P is said to be true for almost all > 0 if there exists a set E C (0,00) such that P is

true as x — oo through any sequence of numbers in (0,00) \ E, and such that A((0,2) N E) = o(x) as

x — 00, where )\ denotes the Lebesgue measure.?® In other words, the statement P is true except on
a (asymptotically) small set E of exceptional points.

Note that this is completely unrelated to the notion of ‘almost everywhere’ from measure theory.
Such a relaxation allows for results that are valid for much shorter intervals than in the preceding
sections. Selberg proved, among other things:

Theorem 6.1 (Selberg, 1943). Suppose that
N(o,T) = O(T*" =) log" T)
1

uniformly for 5 < o <1 asT — oo, where « > 2 and n > 1. Let h be a positive and increasing
function of x such that

1. h(x)/z is decreasing for x > 0 with lim h(z)/x =0, and
Tr—r 00

2 limint 220

—2a7 1L,
z—oo  logx

Then we have
h(x)
m(z+ h(z)) — m(z) ~ log

for almost all z > 0.

Proof. We follow Selberg’s proof except for some small modifications, allowing for general values of «
and 7.2
If we assume throughout that 3 < T < z, then we may use the explicit formula (38) to write

v =a- Y oM

<t P

Let also y be a real number confined to the range z < y < 2z, and r = r(z) > 1 a real parameter
which we may specify later at our convenience. If we define ¢ implicitly by €® =1+ r~!, then

w4 ) v L= 3 Lol (B,

T
[v[<T

33We write ‘statement’ here, and not ‘proposition function P(x)’, because the statement may not be local around «z,
but global, as is the case in Selberg’s theorem.

34The generalised statement appears in Montgomery [26], p. 131. Selberg worked with o = % + ¢ and n = 5, the
best known values at the time. Cf. Footnote 22 below Hoheisel’s theorem.
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6 PRIMES IN SHORT INTERVALS: BEYOND THE RIEMANN HYPOTHESIS

For a given 0 < € < 1/a, take T = x?/®=¢_ Moreover, write logz < z¢/*

say, to obtain

, assuming x > zo(e) > 3,

6/)_1
Qb(y-l-%) —1/)(9)—%:— Z e ; yp+0($1_2/a+35/2)-

lvI<T

From this, it now follows that

1 2x
-/
(99) + O(£B274/a+35)
(we used the estimate (A + B)? < A% + B? here, together with the relation |z|? = 2z).
eor —1 ‘ B

Note that
§ s 5B _1 « 1
/ e)“’d/\’ S/ My = S < eézelog(lJr 7> < S,
P 0 0 B r r

where the inequality * holds by virtue of

T

w(y+%) ‘d —O( /sz Z o’ —1 eéppl_lyp-&-ﬂ’dy)

[yI<T |v'|<T

1 1
0<55<5=10g(1+;)<;§1<1.7507...,

with 1.7507 ... denoting the positive real solution to the equation e® — 1 = ex. Therefore,
e —1 & -1

JAPIME S S < LX)

[y[<T |v'I<T [YI<T |v'|<T

+p'+1 _
/
|7|<T Iv <r PP
= 0( 1 xﬁﬂi')
A
I<T m Zr =7l
1 28
(100 o5 X Y )
0<y<T v |<T
In the third line we used the simple estimates
|2p+?+1 — 1< 2P L] <9,
1
oo+l L+ ]y =] 1+6

- < sup =V2,
1 VOABEBR AP o0 VIt 6?

and for the last line we used

R D= T D T L] g
1 A 1 A 1 A = 1 A
Sorz il ¢ el RS o el B e o ot IRl el
IV'I<T Iv'I<T lv'I<T lv'I<T
B> B<p’ B8>p5'
B+p’
T
=4 > 3 <4 ) o Z
o<y<LT +|’Y 'Vl 0<y<T |<T +|’7 rYl
Iv'1<T ﬁ<ﬁ
B>p
<4 ) @) 5
0<y<T v'<T 1+ |’7 v ‘
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6 PRIMES IN SHORT INTERVALS: BEYOND THE RIEMANN HYPOTHESIS

The inner sum in (100) can be estimated as follows:

) oo 1 [2T|+1 1

Z 1+|7_7,|=Z Z 1_~_|,y_,),/|S Z n Z 1

lv'|<T n=l  |y'|<T n=1 Iv'|<T

n—1<|y—'|<n n—1<|y—7"|<n
(2T |+1 T
0
(101) < Z 8L < log? T < log*z,
n
n=1

since
{1 <Tandn—-1<|y—+|<n}=92
when n > 2T +1 > |y|+ T + 1, and since

N(n) — N(n—1) = O(logn) = O(log T").*®

Now take 1 < r < z2/@=2¢ Then

(102) x2—4/a+35 _ 22 < 22
(z2/a=2e)2(ge/4)4 = p2 1og4m

for > xo(e).

Thus, we get from (99), (100), (101) and (102);

(103) % /w -

2

o 2) v Haw=o(E B ) ol )

2]po?
0SreT rélog- x

From (21), it follows that ((s) has no zeros in a region of the form o > L(t), t > to, where

L(t) =1 — (loglogt)?(log t) ™.

(continued on the next page.)

35Ingham [18], Theorem 25 a, p. 70.
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6 PRIMES IN SHORT INTERVALS: BEYOND THE RIEMANN HYPOTHESIS

22B—2_p—4

2logx

B
Z 2272 = 21og(x) Z / 220 Vdo 4 24 Z 1
1

0<y<T 0<y<T " — 0<y<T

B
< log(z) Z / 22 Vdo
1

0<y<T "’ ~

1
= log(:c)/ Z 22 Vdg

L o<y<T
B>o

1
= log(x)/ 22" YN (o, T)do
—1

L(m) Ta 1—0
< (log z)™*! / < ) do
-1

2

ne1 (T O )
< (log x) 5 do
z -1

(loglog 1')2

< 2(log z)"*! (f(z/a_s)a) 8
< o

Using this together with the identity ffl z2=Ddg = , we get

< 2(10g I)n+1x75(10g log I)Q(log a:)_1

— 2(10g x)n+1e—s(log log )2
1

log6 T

A

In the fifth line we used that L(T) < L(x) ultimately holds for x sufficiently large®, and in the sixth
line we used that the integrand increases with o (since T/2? = x72¢ < 1).
Plugging this into (103) yields the bound

1 [ y K z2
104 - (v+2) - v - Y ay=0( 1)
(104 sl D) v - 2 ay=0(

Now suppose that h(x) satisfies conditions 7 and 2. Then we may make e smaller if necessary,
and so assume that h(x) > 22'72/9F2 for & > 2,(¢) > wo(e). Thus, if we take r = ﬁ;,) for
z1(e) < x < 2’ < 2z, then

"< ' _ 1(m/)2/a72e < 92/a—1-2¢,2/a~2c _ j2/a-2c

2(x/)1-2/a+2= 2

That is, this choice of r satisfies the assumptions for (104). Using the fact that this » = r(z’) increases
with 2/, we get

(105) w/j/+® ‘w(er h(xl)y) —Y(y) — h(xl)yrdy = O(hz(m)),

z  Ju x’ z/ log® x

provided x < 2’/ < 2’ + U;CTSEJ < 2zx. This implies that

h(x")

¢(y+ > y)—i/}(y)—M <@

x’ logy

36Recall that T < 22/®~¢ < z. The function 1 — L(t) is decreasing for e < t < exp(exp(2)) and increasing for
t > exp(exp(2)) = 1618.177...
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6 PRIMES IN SHORT INTERVALS: BEYOND THE RIEMANN HYPOTHESIS

forz' <y<az'+ @, except in a subset Fy of [2/,2/ + @] of Lebesgue measure

(106) )\(El):O( ‘ )

log?

Indeed,

logz /
xr E: -
which would violate (105) if (106) did not hold.

if
Moreover, if y € [x’ T+ Lloz - J] does not belong to this exceptional subset E7, then

h(') ha') 2 logx [ hAy) | KA@)A(EL)
1/1<y+ x’ y)iw(y)i z’ y‘ dy>x/El longd > zlogx

h(z')

xl

0y + b)) — o) bl < v(y+ "0y —p) - Yy LMD,
h(y) y h(y)  h(y)
logy + h(y)(; D= logy * |log x|
h(y) | h(y) _ 3h(y)
= logy log % ~Togy

<

since h(y)/y < h(z')/z’ and h(z") < h(y), and where the last inequality holds for y > 15, say.
If we apply the argument above for the specific choices

o o4 = - 2x . llogz| —1
’ |logz|’ logz|” "’ |log x|
for z’, then we find that
3h(y)
—p(y) —h
(107) Uy +h(y)) =) = hly) < 305

for y € [z, 2x], except in a subset Es of [z, 2x] of measure

T

A Ey) = 0(10g2 . ~10gx) - 0(%).

If we substitute §, 7, &, ... in place of x, then, since the implied constant in the bound for A(E>)

will be the same in all cases, we get that (107) holds for all y € (0, ), except in a subset E3 of (0, x)

of measure
T
A(Es) = O(logm)'

An identical argument can be used to show that

3h
0+ h) — v~ h(y) >~
for y € (0,x), except in a subset F4 of (0,x) of measure
x
AEs) = O(log:r)'
Thus,
3h
[0 (y+h(y)) —¥(y) - h(y)| 1Og(yy)
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6 PRIMES IN SHORT INTERVALS: BEYOND THE RIEMANN HYPOTHESIS

for y € (0,x), except in a subset E of (0,x) of measure

A(E):A(E3UE4):O( v )zo(m).

log x
That is,
h(z)
holds for almost all > 0. By virtue of Equation (64), this implies the stated result. O

By taking h(z) = 2° and assuming the strong density hypothesis, we get:

Corollary 6.2. Suppose that the strong density hypothesis is true. That is, suppose that N(o,T) =
O(Tz(lf") log" T) uniformly for % <o<1lasT — oo, where n > 1. Let € > 0. Then we have

xif

m(x 4+ 2°) —7(x) ~ logz
for almost all x > 0. In particular, the measure of the collection of X € (0,z) such that [X, X + X¢]
does not contain a prime is o(x).

These results show that we can get an asymptotic prime number theorem for much shorter intervals
if we allow for a few exceptions. Even more can be proved under the Riemann hypothesis: Selberg
showed the Riemann hypothesis implies m(z + h) — m(z) ~ h(logx)~! for almost all z > 0, so long as
h = h(x) is increasing, h/x is decreasing, and

. X .
lim — = lim
T—00 L—00 IOg T

That is, we would get an ‘almost- prime number theorem’ so long as the length of the interval grows
faster than log® z.

6.2 Further investigations

In addition to the results above, there are many conditional results and conjectures about primes in
short intervals. For example, by assuming the Riemann hypothesis and various additional properties
of the distribution of the ordinates « of the nontrivial zeros of ((s), Heath-Brown [16] showed that
some improvements are possible:

P(x) —x = o(\/zlog? x),
Pnt1—Pn = O(\/pnlogpy ),

and even
m(x+h)—7(z) >0

for almost all > 0, so long as log x = o(h).

Sadly, Heath-Brown’s estimate for the size of prime gaps is nowhere close to what we expect to be
the truth. For example, assuming 7(z+h)—7(x) ~ h(logz)~!, Proposition 4.2 gives p,11—pn < h(pn)
for n sufficiently large. This is clearly not optimal, since the assumption says that the interval (a, x+h]
contains about h(logx)~! primes. Thus, if the primes were evenly distributed over this interval (which
they are unlikely to be), then our best naive guess would be that the bound is closer to

length of interval h

Dn+1 — Pn < =logz.

number of primes  h(logz)~!

o8



6 PRIMES IN SHORT INTERVALS: BEYOND THE RIEMANN HYPOTHESIS

This is much smaller than A if, say, h = 2V for some fixed ¥ > 0. The problem here is, of course, that
the primes may all be clumped together in one half of the interval.

A cause of this discrepancy can be illustrated as follows. If we take x = p,, and z + h = p,41 in
the explicit formula (38), then we see that

P —pP
Pn+1 — Pn = E +1p + O(logpn)y
p

if there are no prime powers between p,, and p,+1. This shows explicitly the relation between prime
gaps and sums of the form

Z(m—i—h)p—xp zP

or —.

p p ) P

Estimating these sums is in fact the crux of the matter: the proofs in Section 4 consisted of estimating
the first sum using a rather naive strategy of ‘taking the absolute value and using the triangle in-
equality. Unfortunately, this eliminates all possibility that there may be some significant cancellation
among the different terms of the sum.

To round off, we mention this reformulation of Selberg’s result due to Saffari and Vaughan [30]:

Theorem 6.3. If the Riemann hypothesis is true, then

% /Qx | (t+ 0t) — p(t) — 0t] "t = o(em log” (%))

uniformly for x >4 and 0 < 0 < 1.%7

The left hand side of Saffari and Vaughan’s estimate is the average value of the integrand for
x <t <2z, and an argument similar to the one in the proof of Proposition 6.1 reveals that

Wt + 0t) — (t) — Ot = O(Vbzlog x)

for 271 <0 <z and x <t < 2z, expect for ¢ in a subset of [z, 2z] of Lebesgue measure o(x). Taking
h = 0t, then h and fx have the same order of magnitude, which gives some justification of the following
conjecture of Montgomery and Vaughan.*®

Conjecture 6.4. For every € > 0, we have
(@ +h) = 9(x) = h+ O.(Vh 2)
uniformly for 2 < h <x as x — oo.

In other words, it is conceivable that an asymptotic prime number theorem for the interval (z, 2+ h]
holds for small  close to Maier’s lower bound, log? z (all A > 0), but the exact threshold remains a
mystery.

37For more estimates of similar type, the reader may want to have a look at [14]. We would like to thank Ofir
Gorodetsky and ‘user 2734364041’ for making us aware of the result: this matter, as well as the density hypothesis were
discussed on the threads [1] and [2].

38127], Conjecture 13.4.
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APPENDIX

Appendix

A.1 Primes in long intervals

By the prime number theorem, we have

0 ifd>1,
(AL.1) lim w(f) = lim fi ={1 =1,
N T—00 I /]ogx co ifd <1,
and also
gy Y42’ o pta?) 1 peta?) 1
1= wlgr;o T+ z? - zlgIolo z? . 14 g1-9 - aclggo x . 14 91"
Thus,
9 1 ifd>1,
(Al1.2) lim L—Zx) =1+ lim2'"?={2 ifv=1, and
9 oo ifd > 1,
(A1.3) TGO DS S 1,
e z e 1 ifd<1.

In a similar manner, the prime number theorem gives

. m(@+av) 9
9 1 DARS | 1 1-9
(A1.4) _ 9 tim T2 — + lim ”(x“Lf)-Og( o)
oo ¥ /logr 1+ 2179 2500 lo;(""if_ﬂ) log(z + x9)
TrTx \ /
M Fy(x)
v 1 9y log(1+2V~!
(AL5) = g TEET) 4 g FEE2D) 5 )
z—oo z/logx 1+a971  z-occ ot gj”(Jrf 73 log(z + 27)
oglxrx \ /

An elementary calculation shows that

~1

Gy(x)

) _Jo if 9> 1, . 1 =9t ity >,
Jm Fy(e) = {1—19 ifg<1, ond fim Gl = {0 i< 1
Hence, Equations (A1.4) and (A1.5) yield
-1
. m(z+a?) 00 if 9 = v ifv>1
(A1.6) lim ————F =< 9-1/1 _ P, =<2 if ¥ =1,
voo0 19/ logx 9711 — Fy(00))(1 + £11)H(;lo$ ) if9#0, o ifv<l
9 oo ifd > 1,
(A1.7) im TEH) 4 Gueo))d 4 tim 2 ) =2 91
w0 z/logz 70 1 if9 <l
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In particular, Equations (A1.1)—(A1.3) and (A1.6)—(A1.7) give

e tra?) —y)  JL-0 Ho>1 i 9> 1,
lim 9 =921 ifg=1, = indeterminate if ¥ <1
TTreo z co—oo ifd <1, ’
9y _ oco—1 if¥>1, oo if v >1,
fim @) —w@) R if9=1,=41 ifd=1,
rreo z 1-1 ifv<l, 0 ifd<l,
. (x4 2?) - n(x) 97 =0 %fﬂ > 1, 91 if9>1
lim T =<¢2-1 ifv=1, = indeterminat 'fﬁzl’ and
z—00 z?/logx o—o0 ifd<l, indeterminate i ,
9y _ co—1 if9¥>1, oo if v >1,
P Gk Bl CON BT if9=1,=41 ifd=1,
v=oo  x/logw 1-1 ifd<1, |o ifd<i,
which implies (59).
A.2 Miscellaneous results
Let Ay < Ay < ... be a sequence of real numbers with lim A, = oo, and (¢,)22; any sequence of

n—oo

complex numbers. For real ¢, define S; = {n € N : \,, < t}; this is then a finite set.
If X >\ and ¢ € C([\1, X], C), then Abel’s summation formula holds true:

X
(A2.1) S o) = —A A endt+o(X) Y e

neSx nesSt neSx

In particular, if \,, = 7, exhaust the ordinates of the nontrivial zeros of ((s) in the upper half plane,
and each ¢, = 1, then ) ¢ ¢, = N(t). A proof of the formula may be found in [18] (Theorem A, p.
18).

Let « € C and 0 < § < 7. Then the following version of Stirling’s formula is true, which states
that

(A2.2) log (s + ) = (s +a - %) log(s) — 5+ % log(27) + O(s| )

uniformly in the angle |arg s| < m—4 as |s| — 0o, where the branches of the logarithms are chosen to be
real on the positive real axis. This formula appears as stated in [18], but an instructive and modernised
derivation may be found in [33] (Theorem 2.3 in the Appendix and its associated exercises).

We always have

2<n<z n | <logz ifz>1.

Proof. Tt suffices to prove the logarithmic bound assuming « > 2. Since ¢! is a decreasing function
of t, we have

1 xT
> —g/ t~1dt = log z.
n 1

2<n<zx

For all a, 8 > 0, we have

(A2.4) mla+8) —7m(a) < f+1
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Proof. Exercise.

Using the convention that 0° = 1, we have the (Bernoulli) inequality
(A2.5) (1+a)’<1+ab

forallreal a > —1and 0 < b < 1.

Proof. The only nontrivial case is when ¢ > —1 and 0 < b < 1. Take t = 1+ a, so that we must prove
t® —1 < b(t—1) for t > 0. Both sides are equal to zero if t = 1 (where a = 0). Now differentiate both

sides with respect to ¢ to find %[tb — 1] =btt~1 and %[b(t —1)] =b. Since 0 < b < 1, we have

bt'=t < b-1°"1 =pif t > 1 and bt>~! > b if 0 < ¢t < 1. This implies the stated result.

On the positive axis, we have

logt
— — if m#£ —1
1 —1)tm-1 —1)2¢m-1 '
(A2.6) %tdt =1, (m —1) (m —1)
—logt ifm=1.
2
In particular, if 7" > 0, then
1 logT .
T — — ifm # 1,
logt —1)2 —1)Tm-1 —1)2rm-1
(A2.7) / —;’i dt im om—1) (m=1)
! 3 log? T ifm=1,
> logt logT 1 )
A2.8 d f 1
( ) /T tm (m _ 1)Tm71 + (m _ 1)2Tm71 tm >
The end.

O
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