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a b s t r a c t

Three-dimensional (3D), flexible rotary stretch bending is a new forming technology that enables manu-
facturing complex components, like 3D profiles with varying curvatures, thus addressing several limitations 
of conventional stretch forming processes. However, little knowledge exists about the force requirements, 
which in turn influence the design of process and machine tools. In this study, an analytically-based method 
for effective modeling of real-time forces in 3D rotary stretch bending was developed. This method con-
siders material and geometry parameters, kinematically-controlled loading paths, as well as the workpiece- 
die friction effect. By forming experiments using aluminum hollow profiles with in-situ strain measurement 
as well as finite element analysis (FEA), the capability of the analytical model was assessed. The developed 
method was verified to have a similar capability to FEA for the prediction of real-time stretch strain as well 
as the forces of profile and tools. Based on the analytics and FEA, the developments of force components of 
tools during the entire forming process with pre-stretching, stretch-bending and post-stretching stages 
were discussed, and the friction effect on the forming forces and strain distributions were clarified. The 
findings facilitate analyzing force requirements and characteristics as well as can support the development 
of closed-loop control strategies for improved product accuracy.
© 2023 The Author(s). This is an open access article under the CC BY license (http://creativecommons.org/ 

licenses/by/4.0/).

Introduction

Stretch bending is widely used in manufacturing lightweight, 
profile-type structural components in the automobile industry 
owing to its high capability in mass production [1]. However, with 
the ongoing transformation to Industry 4.0, the metal forming sector 
is suffering a rapid shift from mass production towards mass cus-
tomization with increased flexibility and personality to improve its 
competitiveness in a dynamic market as well as sustainability in the 
manufacturing industry [2,3]. Stretch bending is one of the most 
widely used processes in mass manufacturing of curved profiles due 
to its advantages in dimensional accuracy and productivity [4]; 
however, the low process flexibility and high tooling cost create 
challenges to meet the new demands. This puts forward a call for 
advanced stretch forming methods to achieve the technological 
transformation toward mass customization.

Conventional stretch bending processes are mainly categorized 
into two groups, i.e., load-controlled and kinematically-controlled 
methods [4,5]. The former mainly includes open-arm and rotation- 
arm processes, which is usually used for forming simple, symmetric 

geometries. The latter often includes single-rotation or double-ro-
tation movements and is widely used for forming complex shapes. 
For these processes, one set of tools can generally support only one 
part configuration, thus resulting in low flexibility and high tooling 
cost. In recent years, several attempts have been put forward to 
improve the flexibility of conventional stretch bending processes, for 
example, employing a multi-point tooling strategy to replace con-
ventional dies [6,7] and multi-point dies elastic cushions for im-
proving dimensional accuracy [8]. Recently, Welo et al. [1] proposed 
a new, flexible rotary stretch bending method, in which process 
flexibility is achieved by increasing the rotational axes in three-di-
mensional (3D) space, increasing the through-process loading path 
control as well as applying a novel tooling design with part-specific 
inserts. This method enables the flexible forming of complex-shaped 
2D and 3D profiles using one set of dies, providing a relatively low 
up-front investment for tooling in the new product development 
stage in particular. Although flexibility might be lower than in the 
multi-point forming process, the continuous tool preserves high 
surface quality for bent parts and maintains relatively high pro-
duction efficiency. Furthermore, this method provides the flexibility 
for multiple loading paths, which could enable adaptive control of 
the process for improved product quality.

However, the fundamental knowledge of the underlying me-
chanisms associated with this flexible stretch bending process has 
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not yet been fully established. One of the most important concerns is 
real-time force development, which makes it difficult to effectively 
design, analyze and control the process for different part config-
urations. The force drives the deformation in a forming operation. 
Effective analysis of forming forces can contribute to protecting the 
machines and tools, saving energy consumption, as well as im-
proving the dimensional accuracy of formed parts. For instance, 
knowing real-time forces can help develop closed-loop control of the 
process for product quality improvement, e.g., effectively controlling 
springback-induced dimensional deviation and variation in bending 
processes [9,10]. Therefore, a strategy for modeling real-time force 
development will have multiple benefits for the design and control 
of stretch bending processes.

Although the finite element (FE) methods have been widely used 
in the analysis of deformation behavior, tooling design, and many 
other issues in metal forming processes, analytical methods offer 
advantages in the rapid analysis of process behavior and parameter 
influences, particularly in the product development stage. In addi-
tion, analytical models allow time-efficient prediction, which is of 
interest for industrial closed-loop control [11,12]. However, the key 
to realizing the value of a control strategy is that a reliable analytical 
model should be developed.

Up to now, many analytical studies on stretch bending have been 
reported. For springback analysis, for example, Yu and Johnson [13]
examined the influence of axial force on bending and springback in 
the stretch bending of beams and obtained a basic curvature-load 
relationship. Since a simple, perfectly-plastic material model was 
used, only a rough analysis could be applied. Liu et al. [14] included 
friction between the profile and tools in the analysis of stretch 
bending by using a capstan equation, which allows evaluation of the 
friction influence on springback. Ma and Welo recently developed an 
analytical assessment method for springback assessment in a 2D ro-
tary stretch bending process for complex profiles [1]. In this model, 
the strain transition between bent and straight portions is considered, 
thus improving the accuracy of springback prediction. In addition, 
some analytical research was done for analyzing cross-sectional de-
formation during hollow profile bending. For example, Paulsen and 
Welo [15] studied the cross-sectional deformation of rectangular 
hollow profiles in stretch bending, using an analytical model with a 
combination of the plasticity deformation theory and an energy 
method. Zhu and Stelson [16] derived analytical expressions for cross- 
sectional distortion in stretch bending of rectangular profiles, using 
the upper bound method. However, this is a purely geometrical 
model, giving predictions independent of material parameters. Al-
though many analytical models could be found, these works mainly 
focus on springback and sectional deformation but pay little attention 
to the process forces acting on the workpiece and tools upon bending.

Several examples are given in the following concerning the forces 
in flexible forming processes. Liu and Francis [17] derived an energy- 
based model for analyzing the forming forces during local indentation 
and the shaping accuracy of the deformed part. Chang et al. [18]
proposed analytical models to assess the die force during the single- 
point incremental forming process, by taking the contact area and the 
through-thickness stress into consideration. That work shows that the 
analytical model could provide an accurate estimation of individual 
force components in different directions. Grzancic et al. [11] devel-
oped an analytical model to predict the forming behavior and the 
forces in incremental profile forming (IPF), taking the geometry and 
material parameters of the tubular material into account. The model 
was validated by experiments and finite element (FE) simulation, al-
lowing the force prediction during the forming processes under var-
ious parameters. Holstein et al. [19] proposed an analytical model for 
the prediction of process forces in incremental die forming of wires 
and tubes, which was confirmed by FE simulations and experiments. 
It was claimed that the model is suitable for designing the machine 
drives in process control, as well as analyzing the force variations 

caused by friction. The studies summarized above mainly focus on 
incremental forming processes for sheets and profiles. In the case of 
stretch bending, a simple analytical model was also derived to predict 
the stretch forces and force components in 2D bending [20]. However, 
that work is very preliminary and incapable to support effective 
analysis of the forming forces in advanced stretch bending processes, 
such as 3D flexible rotary stretch bending.

From the above review, we argue that there is a lack of analytical 
methods for analyzing real-time forming forces during advanced 
stretch bending processes. Particularly, the recently developed 3D 
flexible rotary stretch bending suffers from a lack of models and very 
few, if any, relevant studies can be found in the literature. To fill this 
knowledge gap, this paper aims to present an analytically-based 
strategy to analyze real-time forces, which may provide an effective 
means to interpret and use this information as input to efficiently 
design and control the forming process.

The remaining of this paper is organized as follows. 3D rotary 
stretch bending process presents a brief introduction to the novel 3D 
flexible rotary stretch bending method and developed machine 
tools. Analytical model of real-time forming forces presents the ana-
lytical modeling procedure of the real-time forces in 2D/3D forming. 
In Experiments and FE modelling, the design of experiments and FE 
analysis for the model assessment are presented. Results and dis-
cussion introduces the verification of 2D/3D bending cases and dis-
cusses the force characteristics throughout the forming process. 
Finally, the main finding and an outlook of this research are con-
cluded in Conclusion and outlook.

3D rotary stretch bending process

A new stretch bending method—called 3D flexible rotary stretch 
bending—was recently developed [1], aiming to enhance flexibility 
for manufacturing complex, customized shapes with high dimen-
sional accuracy. Fig. 1(a) presents a schematic view of the machine 
design. In this method, multiple rotational axes and one transla-
tional axis are added, as shown in Fig. 1(a), and the dies with flexible 
geometrical configurations are used to form complex shapes, as 
shown in Fig. 1(b). The machine includes two sets of forming arms 
and each arm provides a rotational DOF in the vertical plane (x-z 
plane) controlled by Axes 2 (left arm) and 3 (right arm), and a ro-
tational DOF (degree of freedom) in the horizontal plane (x-y plane) 
controlled by Axes 4 (left arm) and 5 (right arm). The rotation DOFs 
in the vertical and horizontal planes enable the bending deformation 
in their planes, in short, called ‘V-bending’ and ‘H-bending’, re-
spectively. In addition, a translational DOF of the base platform in 
the x-direction controlled by Axis 1, enables the movement of base 
platforms relative to each before, during and after bending opera-
tions for stretching profile to reduce springback. As shown in 
Fig. 2(a), the full-scale machine was established and installed at 
NTNU Aluminum Product Innovation Center, in which Axes 2 and 3 
employ electric servos and Axes 4, 5 and 1 use hydraulic servo ac-
tuators. Fig. 1(b) shows the die geometries and the design of rotation 
pivots. It can be observed that the specially designed die geometry 
can enable both 2D and 3D bending deformation. For both V- 
bending and H-bending, the eccentric pivots of dies can a certain 
level of stretching strain to the profile during bending operations. 
The machine system enables forming of both 2D and 3D part con-
figurations with a profile length of up to 2 m. This machine can 
register the systematic hydraulic pressure and torques suffered by 
axes during forming, but cannot afford to acquire the stretch force 
and the force components of the clamp units and bend dies. As the 
stretch force and force components provided by the tools are more 
related to the design of the process and machine tools, they will be 
focused on in this research.

Compared to conventional stretch bending processes, the flexible 
rotary stretch bending method presented above not only facilitates 
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manufacturing multiple shapes and configurations with fewer part- 
specific tool components, but also provides multiple loading paths to 
control the process for better dimensional accuracy of formed parts. 
Therefore, the novel stretch forming method can improve process 
flexibility and reduce the investment of tools, particularly in the 
stage of product design and development.

Analytical model of real-time forming forces

An analytical approach will be used to analyze the real-time 
forces during the entire forming cycle. Before the development of 
the model, some necessary hypotheses are declared as follows: 

• The cross-section of profile remains plane and perpendicular to 
the longitudinal axis after stretch bending.

• The stress state is uniaxial such that stresses across the thickness 
of members are neglected.

• Constant volume (mass conservation) principle is used for plastic 
deformation.

• The deformation theory of elasto-plasticity is employed.

• Large bending radius-to-depth of cross-section (Bernoulli- 
Navier) is assumed, and no sagging and no necking occur.

Fig. 1. Novel 3D, flexible rotary stretch bending process [1]: (a) overview of forming method and machine design; (b) illustration of 2D and 3D bending by the control of different 
rotation axes.

Fig. 2. Full-scale machine and formed parts: (a) 3D rotary stretch bending machine 
and tools; (b) experimentally formed 2D and 3D parts.
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Fig. 3 shows a schematic flowchart of the modeling procedure. 
First, the force characteristics during forming are analyzed, and the 
development of strain and axial forces of the profile is modeled 
based on forming kinematics. Furthermore, the distributed stretch 
force along the profile, considering the friction between the profile 
and bend die, is modeled. Then, the real-time force development at 
the clamp units and bend dies during the entire forming cycle is 
modeled analytically.

Analysis of force characteristics

The geometrical tool configuration in rotary stretch bending 
generally includes bent and straight portions, as shown in Fig. 1(b). 
Due to symmetry, one-half of the geometry is used in the following 
analysis. In this work, a complete process includes three stages, i.e., 
pre-stretching, stretch-bending, and post-stretching, is studied, and 
the different forming stages from the initial to the final states are 
demonstrated in Fig. 4(a)–(e).

Different force components prevail upon forming. In 2D bending, 
the forces on the profile include axial tension force, bending force, 
distributed contact and friction forces. Due to the kinematic char-
acteristics of rotary draw bending, the shear force and shear strain 
are very minor, so they are ignored in the force analysis. Thus, the 
forces applied by the clamp units and bend dies can be decomposed 
as force components (X-direction and Z-direction) as shown in 
Fig. 5(a). Similarly, the force components of tools in the 3D bending 
case can be illustrated in Fig. 5(b), in which one more force com-
ponent in y-directions exists as compared to 2D bending.

Modeling of real-time average stretch strain

To determine real-time forces, the axial stretching strain of the 
profile during the entire process, including the pre-stretching stage, 
stretch-bending stage, and post-stretching stage, needs to be de-
termined.

Pre-stretching stage
The pre-stretch stage is a simple stretching process by controlling 

the movement of the base platform relative to each other. In this 
stage, the nominal stretching strain ( avg

pres) can be written as follows:

= =t t t( ) ,l t l
l

d t

lavg
pres ( ) ( )

1
0

0

pres

0 (1) 

where the variables can be found in Fig. 4, and described as follow: l0

is the initial effective length of the profile (clamp zones are ex-
cluded), l t( ) is the real-time total length of the neutral layer of the 
formed profile, d t( )pres is the real-time stretching displacement and 

kinematically controlled by process setting, t is the loading time, and 
the total pre-stretching loading time ist1.

Stretch-bending stage
As mentioned previously, the eccentric pivots of bending dies for 

V-bending and H-bending would induce stretching strains to the 
profile. For 3D forming, both V-bending and H-bending are activated 
simultaneously and a synchronous mode with the same loading time 
was used, meaning that V-bending and H-bending are performed 
simultaneously. As shown in Fig. 4(a)–(c), the extension of the pro-
file length d t( )sb (as shown in Fig. 4) induced in the stretch-bending 
stage can be expressed by:

= = + + <d t l t l l l t l t l t t t( ) ( ) [ ( ) ( )] ,sb 1 es b ms 1 1 2 (2) 

where les is the length of the straight-end portion, l t( )b is the neutral 
layer length of the bent portion, and l t( )ms is the half-length of the 
mid-straight portion, as shown in Fig. 4. l t( )b and l t( )ms are time- 
dependent, while les keeps unchanged during forming. Once l t( )b and 
l t( )ms are solved, d t( )sb can thus be calculated.

In order to evaluate Eq. (2), the geometrical relationship of dies 
and the kinematics in rotary stretch bending is illustrated, as shown 
in Fig. 6. Here Rv is the bending radius of the geometrical centerline 
in V-bending, lp0 is the horizontal distance between the pivot (Pv) 
and the symmetry plane, which depends on the tooling configura-
tion and the displacement of pre-stretching. lpv is the distance be-
tween the pivot (Pv) and the start point of the bent portion (C), 
which is a constant value for a given tooling setup. t( ) is the real- 
time bending angle in 2D bending. v is the angle between the line 
CPv and the x-y plane. As shown in Fig. 6, CPv rotates counter-
clockwise during bending and can be written as =t t( ) ( )v v0 .

For 2D bending, based on the geometrical relationship as shown 
in Fig. 6(b), the length of the bent portion l t( )b , and the length of the 
mid-straight portion l t( )ms can be calculated as follows:

= <
= + <
l t R t t t t

l t l l t t t t

( ) ( ),
( ) cos[ ( )],

b v 1 2

ms p0 pv v 1 2 (3) 

For 3D bending, as the bent portion is a spatial double-curvature 
curve, l t( )b can be calculated by integrating the arc length, 

Fig. 3. Schematic flowchart of analytical modeling procedure for real-time forming 
forces in the 3D rotary stretch bending process.

Fig. 4. Demonstration of the entire rotary stretch bending process: (a) before 
forming; (b) after pre-stretching; (c) during stretch-bending; (d) after stretch- 
bending; (e) after post-stretching.
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= + +dl dx dy dz( ) ( ) ( )b
2 2 2 . Due to the synchronous loading mode 

used in 3D bending, the lengths of straight mid portions for V- 
bending and H-bending are the same, meaning that Eq. (3) can also 
work to calculate l t( )ms in 3D bending. l t( )b and l t( )ms in 3D case can 
thus be written in a generalized form, as given in the following 
equation:

= + + <

= + <

l t R t d t t t

l t l l t t t

( ) cos ( ) 1 ,

( ) cos ( ),

R t

R R t

R t

R R t
b 0 v

( v cos ( ))2

h
2 ( v sin ( ))2

( v cos ( ))2

v
2 ( v sin ( ))2

1 2

ms p0 pv v 1 2 (4) 

where RH is the bending radius of the geometrical centerline in H- 
bending, as shown in Fig. 1(b).

Accordingly, the extension of profile length d t( )sb can be solved. 
The stretch strain created in the stretch-bending stage can thus be 
represented by:

= = <t t t t( ) ,l t l
l

d t
lavg

sb ( ) ( )
1 2

0

0

sb

0 (5) 

Post-stretching stage
In the post-stretch stage, as shown in Fig. 4, the stretching strain 

caused by a displacement (d t( )) is given as:

= = <t t t t( ) ,l t l
l

d t

lavg
pres ( ) ( )

2 3
0

0

posts

0 (6) 

where t3 is the total loading time of the entire forming cycle, and 
thus (t t3 2) is the loading time of the post-stretching stage.

In summary, the real-time average stretch strain during the en-
tire forming process (pre-stretching, stretch-bending, and post- 
stretching) can be expressed as follows:

= + <

+ + <

t

t t t

t t t t t

t t t t t t

( )

( ),

( ) ( ),

( ) ( ) ( ),

avg

avg
pres

1

avg
pres

1 avg
sb

1 2

avg
pres

1 avg
sb

2 avg
pres

2 3 (7) 

Modeling of stretch force evolution with friction effect

In stretch bending of a long profile part, one-dimensional state 
deformation along the longitudinal direction of the profile. Once the 
average stretch strain is determined, the average stretch force 
(N t( )avg ) of the formed profile can be represented as follows:

= =N t A Af( ) ( )avg sec avg avg (8) 

where Asec is the nominal cross-sectional area of the profile, is the 
engineering stress and can be represented by the material’s con-
stitutive model = f ( ).

It is noted that the average stretch force (N t( )avg ) defines the 
uniformly distributed axial forces along the formed profile under the 
assumption of zero friction. In the actual forming process, however, 
the stretch strain is nonuniformly distributed along the formed 
profile due to friction between the profile and bend dies. This leads 
to a nonuniform distribution of the axially stretch force along the 
profile, which cannot be captured by Eq. (8). Thus, a correction needs 
to be made to describe the nonuniform force distribution caused by 
friction.

Fig. 7 illustrates the schematic view of the friction force in 2D 
bending. In 2D bending, there is one friction couple between the die 
bottom and the profile (in short ‘bottom friction’), as shown in 
Fig. 5(a). For straight portions (AB and CD), the contact pressure is 
much smaller than that in the bent portion, the associated friction 
force is much smaller. It is assumed that the straight portions are not 
affected by bending stiffness and the strain transition between bent 
and unbent portions is neglected. Under this assumption, the stretch 
force is uniformly distributed, and the forces at A, B, C, and D yield 
the equations as follows: =N NA B and =N NC D.

Fig. 5. Force analysis in rotary stretch bending: (a) 2D case; (b) 3D case. 

Fig. 6. Relationship between stretching displacement of profile and bending geo-
metry during bending in the vertical plane: (a) before bending; (b) during bending.
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For the bent area, to describe the friction between tools and 
workpiece, the classical Coulomb friction law, µ= ± p, was em-
ployed, in which µ is a constant friction coefficient, and and p are 
the shear stress and contact pressure between the tool and the 
formed profile, and the sign is determined by the relative sliding 
direction. Fig. 7 shows the schematic view of the friction force acting 
on the profile in 2D bending, where an element d at an arbitrary 
position (section- ) is taken for analysis. =P pRd represents the 
normal contact force, and µ=µN P is the friction force. The equili-
brium equations of the forces in the circumferential and radial di-
rections can be obtained as follows:

µ+ + =
=

N dN pRd N

N d pRd

, circumferential direction
2 sin( /2) , radial direction (9) 

where N denotes the axial force at the Section- , and R is the 
tool radius.

By solving the above equilibrium equations, the axial force (N ) at 
an arbitrary section- in the bent portion can be obtained as follows:

µ µ= =N N N Nexp ( ), or, exp ( )B A (10) 

In 3D bending, in addition to the ‘bottom friction’ in 2D bending, 
another contact pair between the side surfaces of bend die and 
profile also comes in profile (in short described ‘side friction’), as 
shown in Fig. 8. The two contact pairs could be activated simulta-
neously in this study. For each type of friction, the friction forces that 
are perpendicular to the stretching direction are neglected. Thus, the 
‘bottom friction’ force and ‘side friction’ forces are in the same di-
rection as the axial force during forming. According to the super-
position principle, the friction forces could be considered in the 
analysis of forming forces in 3D bending. Following this, the axial 
force distribution as described by Eq. (10) can be extended to a more 
generalized 3D forming processes, as shown in the following:

µ µ=N t N t( ) ( )exp( )exp( )A, (11) 

where N t( ), is the axial force at arbitrary section-( , ) in 3D 
bending ( and are the angles of V-bending and H-bending, re-
spectively), as shown in Fig. 8.

Accordingly, the real-time distribution of stretch force along the 
entire profile can be represented by a function of the axial force at 
the mid-section (N t( )A ), as given by:

µ µ
µ µ

=N t

N t

N t

N t

( )
( ), from A to B

( ) exp ( ) exp ( ), from B to C
( ) exp ( ) exp ( ), from C to D

i

A

A

A (12) 

where N t( )i is the real-time distribution of stretch force, in which the 
subscript ‘i’ represents the section location along the profile.

Then, the stretch stress ( t( )i ) at Section-i can be calculated as 
follows:

=t N t A( ) ( )/i i sec (13) 

where Asec is the nominal cross-sectional area at Section-i.
Once the stretch stress is known, the stretch strain at Section-i 

can be calculated by an inverse function of the material constative 
model ( = f ( )1 ). As a results, the nonuniformly distributed stretch 
strain considering the friction effect along the entire profile can be 
represented by:

=t f N t A( ) ( ( )/ )i i
1

sec (14) 

Furthermore, the average stretch strain of the formed profile can 
be calculated by integrating the nonuniform strain distribution and 
divided by the total length of the profile, which is equal to the 
average stretch strain with zero friction (as given in Eq. (7)). This 
leads to the following equilibrium equation:

=( )f dl t( )
l t A

D N t
A

1
( )

1 ( )
avg

i

sec (15) 

where l t( ) is the real-time total length of the neutral layer of the 
formed profile. It is kinematically controlled by process setting and 
has been calculated in Modelling of real-time average stretch strain. A 
detailed form of Eq. (15) is obtained by substituting N t( )i by Eq. (12):

+ + =( )( ) ( )f dl f dl f dl t( )
l t A

B N t
A B

C N t

A C

D N t
A

1
( )

1 ( ) 1 ( ) 1 ( )
avg

A C

sec

,

sec sec

(16) 

in which N t( ), and N t( )C have been represented by a function of 
N t( )A , as given in Eq. (12).

By solving Eq. (16), the stretch force at Section-A (N t( )A ) can be 
obtained, and accordingly, the distributions of stretch force and 
variable stretch strain due to friction can be solved analytically by 
Eqs. (12) and (14).

Modeling of real-time forming forces

As shown in Fig. 5, the axially stretch force at section-D can be 
decomposed in the global coordinate system, as given in the fol-
lowing:

=F t N t( ) ( )cos cosD
X

D (17a) 

=F t N t( ) ( )sinD
Y

D (17b) 

=F t N t( ) ( )cos sinD
Y

D (17c) 

where FD
X , FD

Y and FD
Z are the force components in X-, Y-, and Z-di-

rections, respectively.
Accordingly, the real-time force components FX

clamp, FY
clamp, and 

FZ
clamp (as shown in Fig. 5) applied by the clamp unit can be obtained, 

as given in the left column in Table 2. By an equilibrium analysis of 
the entire forming system, the real-time force components FX

die, FY
die, 

Fig. 7. Distribution of friction force on the profile during the rotary stretch bending process. 
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and FZ
die (as shown in Fig. 5) applied by the bend die can be obtained, 

as given in the right column in Table 2.

Experiments and FE modeling

Rotary stretch bending experiments

To verify the real-time force model developed in Analytical model 
of real-time forming forces, both 2D and 3D rotary stretch bending 
experiments were performed on the full-scale machine using 
AA6082-T4 extruded rectangular hollow profiles with nominal 
cross-sectional dimensions of 60 mm × 40 mm × 3 mm (width × 
depth × thickness). The basic mechanical properties of the profiles 
were measured by uniaxial tensile tests in a previous study [1], and 
Young’s modulus is =E 69,982 MPa, initial yield strength is = 1460

MPa, and ultimate tensile strength is = 266uts MPa. The nominal 
stress-strain curve is fitted by using the following equations:

= =
+

f
E

K
( )

, elastic
( ) , plasticn

0 (20) 

where the fitting parameters are: =n 0.21, =K 405 MPa 
and = 0.0040 .

In the experiments, the loading mode ‘pre-stretch → stretch- 
bending → post-stretch’ was used to control the forming process. For 
each case, three repeated tests were conducted. The experimental 
parameters are given in Table 1. The initial length of the profiles for 
forming is 1900 mm. The radius of bend die surface (bent portion) 
and the angle for V-bending are 1807 mm and 24.6 deg., respectively. 
The radius of bend die surface (bent portion) of the and the angle for 
H-bending are 2905 mm and 15 deg., respectively. As shown in 
Fig. 2(d), the length of the mid-straight portion is lms = 82.20 mm, 
the length of the end-straight portion is less = 106.30 mm. In the 
forming process, the profile was firstly pre-stretched by 1.8% nom-
inal stretch strain with 21.11 s, subsequently bent with 15.07 s, and 
then post-stretched by 2% nominal stretch strain to the final position 

with 21.11 s. In the forming experiments, the tools and profiles were 
not lubricated (dry friction condition). The formed 2D and 3D parts 
in the experiments are shown in Fig. 2(b).

Real-time in-situ strain measurement

An indirect way was used to analyze the real-time stretching force 
during forming. In this method, the real-time in-situ stretch strain of 
the profile during forming is measured and then the force can be 
calculated by using the measured strain and the stress-strain re-
lationship. To this end, the experiments were designed to measure the 
real-time axial strain of the profile’s mid-section, as shown in 
Fig. 9(a). Instron 2620–601 dynamic extensometer (gauge length: 
12.5 mm, travel displacement: ±  5.0 mm) was used. As shown in 
Fig. 9(b) and (c), the extensometer was fixed on the side surface (lo-
cally roughened by grind papers to avoid sliding) at the middle of the 
profile using rubber bands. QuantumX MX1645B amplifier and Cat-
manAP were used to record and analyze the real-time data, as shown 
in Fig. 9(d). Once the real-time strain of the mid-section of the profile 
is obtained, the real-time stretching force at the mid-section can be 
calculated by Eq. (19). Furthermore, the non-uniform distribution of 
axial forces and strains along the profile can be solved by the analy-
tical method developed in Analytical model of real-time forming forces.

FE modeling of rotary stretch bending

As the experiments can only provide the strain and force in the 
middle of the profile, the FEA was also used to assist verify the real- 
time force components of tools predicted by the analytical model as 
well as analyze the strain distributions in the forming process. A FE 
model was built based on Abaqus R2017x using explicit solver, as 
shown in Fig. 10. A half CAD model was used due to symmetry to save 
computational time. The tools were modeled as rigid bodies and 
meshed by R3D4 elements (4 node 3D surface), and the hollow profile 
was modeled as solid deformable body and meshed by C3D8R ele-
ments (8 node 3D brick elements, reduced integration) with a size of 

Fig. 8. Schematic of the friction in 3D bending: (a) ‘bottom friction’ and ‘side friction’; (b) angles of V-bending and H-bending at arbitrary section. 

Table 1 
Experimental parameters for 2D and 3D bending processes controlled by ‘pre-stretching → bending → post-stretching’ loading mode. 

Parameter type Description 2D bending 3D bending

Bending related parameters V-bending angle [deg.] 24.6 24.6
Radius of die surface for V-bending [mm] 1807 1807
V-bending-induced stretching strain 2% 2%
H-bending angle [deg.] / 15
Radius of die surface for H-bending [mm] / 2950
H-bending-induced stretching strain / 1%

Stretching related parameters Pre-stretching strain 1.8% 1.8%
Post-stretching strain 2% 2%
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4 × 3 × 1 mm and hourglass control. The friction between the profile 
and dies was described by Coulomb friction law, and the friction 
coefficient was set as 0.2 due to the dry friction in the forming ex-
periments [14]. Hooke’s law and J2 plasticity model calibrated by the 
uniaxial tensile tests were used to describe the material behavior in 
simulations. The kinematical boundaries were set as well as possible 
to represent those in the experimental forming processes.

Results and discussion

Prediction and analysis of real-time strain

Fig. 11 shows the experimentally measured real-time strain 
curves at the mid-section of the profile and the strain curves pre-
dicted by the developed analytical model and FEA. It is noted that 
the analytical model developed in Analytical model of real-time 
forming forces was programmed based on Matlab 2021b, and the 
friction coefficient in analytical calculations was set as μ = 0.2 

(as same as FEA). As the experimental and analytical results are 
engineering strain curves, the logarithmic strains predicted by FEA 
were converted to engineering strain curves and plotted in Fig. 11, 
and the FEA strain curve is an average value of the strains at the four 
representative zones on the top, bottom, and sidewalls of the profile, 
as illustrated in Fig. 12. For comparison, the average stretch strain 
curve ( avg) calculated by pure kinematic relationship without fric-
tion are also plotted in Fig. 11.

First, the experimentally measured real-time strain development 
at the mid-section during forming is analyzed. In the 2D case, it can 
be found from Fig. 11 (a) that the strain accumulated in the pre- 
stretch stage is about 1.6%, which is very close to the average stretch 
strain of 1.8% (as given in Table 1), as this stage is a uniform 
stretching process with no friction effect. In the stretch-bending 
stage, however, the measured strain (about 5.1%) is much higher 
than the average strain of 3.8%. At the end of the entire forming 
process, the difference between the measured strain (7.6%) and the 
average strain value (5.8%) is more significant. The difference be-
tween measured strains in the actual forming process and the the-
oretical ones shows a significant nonuniform deformation along the 
profile, as shown in Fig. 11 (a). Such nonuniform deformation is 
primarily due to the friction effect. In the post-stretch stage, al-
though the contact area is not changed, the distributed varying 
friction forces continue to cause nonuniform deformation. In the 3D 
case, due to the increased straining level in the stretch-bending 
stage as well as the friction between profile sidewall and dies, the 
more pronounced nonuniform distribution of strain can be found in 
Fig. 11 (b), leading to more significant difference between the mea-
sured strains and the average strains (see Fig. 11 (b)).

Furthermore, the strain curves obtained by the analytical model, 
FEA and experiments are compared and discussed. In the 2D case, as 
shown in Fig. 11 (a), the analytical curve is almost identical to the 
FEA curve throughout the forming process, and both show perfect 
agreement with the experimental strain curve. In the 3D case, as 
shown in Fig. 11 (b), the FEA and analytical curves are very similar 
with a very small difference in the stretch-bending stage and at the 
end of the post-stretch stage. Compared with experimental results in 
3D forming, FEA can accurately reproduce real-time strain devel-
opment in the pre-stretch and stretch-bending stages. However, the 
FEA strain curve is a slightly lower than the experimentally recorded 
one in the post-stretch stage. As compared to 2D forming, the pre-
diction accuracies of both analytical model and FEA are slightly 
decreased. In 3D forming, the deformation behavior is more com-
plex, for example, more complex friction effect, increased strain 
transition phenomenon between the bent and unbent portions, etc. 
The more complex deformation might be the reason for more scat-
tered experimental data at the post-stretching stage of 3D forming 
(see Fig. 12), as well as for the loss of prediction accuracies of the FEA 
and the analytical model as compared to the 2D forming. In both 
analytical calculation and FEA, a constant friction coefficient of 0.2 
was used, without considering the variation of friction coefficient 

Fig. 9. Real-time axial strain measurement in the middle of the profile during 
forming: (a) schematic illustration of real-time axial strain measurement of the 
formed profile; (b) forming process with real-time strain measurement; (c) ex-
tensometer installed at the symmetry position (mid-section) of the profile; (d) data 
acquisition and processing.

Fig. 10. FE modeling of rotary stretch bending. 

Table 2 
Force components of the claim unit and bend dies during rotary stretch bending. 
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caused by the dynamic change in contact conditions in the actual 
processes. In addition, as shown in Fig. 12, a strain transition phe-
nomenon exists between the bent and unbent (straight) zones, 
which can be captured by FEA but is not considered in the analytical 
model. Both above two aspects can result in a deviation between 
analytical calculations and FEA as well as experiments. From the 
above discussion, it can be found that the analytical model has si-
milar accuracy to FEA, providing an effective estimation of real-time 
strain development at the mid-section in 2D and 3D forming.

In addition, the analytical model can not only provide the ana-
lysis of real-time strain development during the forming process but 
also allows the calculation of strain and stress distribution over the 
entire formed profile. Using the 2D case as an example, the strain 
and stress distributions are discussed. Fig. 13 (a) and (b) show the 
nominal axial stretch strain distribution and the nominal axial stress 
distribution obtained by analytical calculation along the length of 

the profile, respectively. For comparison, the nominal strain and 
stress distribution along the geometrical centerline of the profile 
obtained from FEA are plotted. It can be seen that the analytical 
results and FEA are quite close, particularly in the bent position. For 
the transition area close to the clamp area, a relatively larger de-
viation between the analytical results and FEA results can be found, 
which can be caused by the highly nonuniform deformation in this 
transition area. The FEA results extracted from geometrical center-
line may not accurately represent the average stretch strain in the 
profile’s section. Overall, the analytical model can provide an 
equivalent capability to FEA for predicting the strain and stress 
distribution over the profile length. Such information will contribute 
to a more accurate analysis of springback behavior as it enables 
taking the nonuniform stress distribution over the length of the 
profile into account, rather than treating bending deformation along 
the profile length as uniformly distributed in the conventional 
springback analysis methods.

Prediction and analysis of real-time forces

As the analytical method has been confirmed to have similar 
accuracy to FEA in predicting the real-time stretch strain at the mid- 
section of the profile, the stretch forces predicted by the two ap-
proaches would be more similar due to the flattened work-hard-
ening of the material. As shown in Fig. 14, the two force curves in 2D 
forming are almost the same, and the maximum deviation in 3D 
bending is as lower as 1.5% of the FEA value.

Furthermore, the force components (as indicated in Fig. 5 in 
Analysis of force characteristics) applied by the clamp units and bend 
dies during forming are analyzed. Fig. 15 gives the force components 
of the clamp units and bend dies, provided by the analytical method 
and FEA. It can be observed that the force components solved by the 
analytical model show high agreement with the FEA results in the 
entire 2D and 3D forming processes. Therefore, the analytical model 
with friction considered can provide a very similar prediction cap-
ability as FEA in the analysis of the real-time stretch force at the 
profile’s mid-section as well as the real-time force components ap-
plied by the tools during the entire forming processes.

Based on analytical calculations and FEA, the development of 
different force components during forming is discussed. In the 
forming processes, the pre-stretch stage is a simple step with uni-
axial tension, so the force development in the stretch-bending and 
post-stretching stages is particularly discussed. For the clamp unit, 
as shown in Fig. 15 (a), FX

clamp is much higher than FY
clamp, as FX

clamp is 
the main contributor to provide horizontal stretching to the profile. 
In the stretch-bending stage, FX

clamp is increased initially and then 

Fig. 11. Experimentally measured and FEA predicted real-time strains at the mid-section of the profile: (a) 2D bending; (b) 3D bending. 

Fig. 12. Axial nominal strain distribution during forming: (a) 2D bending; (b) 3D 
bending.
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presents a slight decrease, and FZ
clamppresents a significant increase. 

When bending angle is increased during forming, the increased 
contact area between the bend die and profile makes FX

clamp present 
such a nonlinear trend in the stretch-bending stage. The increased 
bend angle and accordingly increased friction force also led to an 
increase in FX

die at the same time. In the post-stretch stage, all the 
force components of the clamp unit and bend die slightly increase. 
During post-stretching, the contact area between the bend die and 
profile is as same as that at the end of the stretch-bending stage; 
however, the increased stretching deformation makes the stretch 
force of profile and the contact and friction forces slightly increase. 
In 3D forming, as shown in Fig. 15 (b), the overall force character-
istics are similar to the 2D forming, except for one more force 
component in y-direction induced by V-bending. The die curvature 
of V-bending is smaller than H-bending so the magnitudes of force 
components in y-direction is smaller than those in z-direction 
caused by H-bending.

Friction effect on the forming forces

The forming forces does not only depend on the material prop-
erty and strain level but also are sensitive to the friction between 
tools and workpiece. In this study, using the verified analytical 
model with changing the value of friction coefficient from 0 to 0.3, 
the effect of friction on the forming forces have been explored. 

Fig. 16 (a) and (b) demonstrate the forces under different friction 
coefficients for 2D and 3D bending processes, respectively. In the 2D 
bending, with the increase of friction coefficient, the force compo-
nents of clamp unit in the X-direction (FX

clamp) and Z-direction (FZ
clamp) 

decreases, while the force of the bend die in the two directions in-
creases. The friction effect on the forces in the X-direction is more 
significant than the forces in the Z-direction. For a more detailed 
analysis, the X-directional forces at the end of the forming process is 
applied as a reference to quantitatively study the friction effect. In-
creasing the friction coefficient from 0 to 0.3 for 2D bending, the 
FX

clamp is decreased by about 6.24%, while the FX
die is increased by 2.33 

times. The friction effect on the force components in the X-direction 

Fig. 13. Analytical strain and stress distribution over the entire formed profile at end of the 2D forming process: (a) axial nominal strain; (b) axial nominal stress. 

Fig. 14. Real-time stretch forces at the profile mid-section, obtained by FEA and 
analytics.

Fig. 15. Real-time force components applied by the clamp units and bend dies during 
forming: (a) 2D bending; (b) 3D bending.
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is more significant than other force components for both clamp units 
and dies. For the 3D bending, the X-directional force components of 
the clamp unit and bend die are plotted in Fig. 16 (b). The overall 
characteristic of friction effect on the forming forces in 3D forming 
are similar to the 2D bending. When taking the X-directional forces 
at the end of forming process for a detailed analysis, it can be found 
that, when the friction coefficient is increased from 0 to 0.3, the 
FX

clamp is decreased from by about 10%, while the FX
die is increased by 

about 2.66 time. Thus, it could be concluded that the influence of 
friction on the forming forces in 3D bending is more significant than 
the 2D bending. As discussed in Modelling of stretch force evolution 
with friction effect, the 3D bending process include two contact pairs, 
i.e., ‘bottom friction’ and ‘side friction’, which make the friction be-
havior during 3D bending is more pronounced than the 2D 
bending case.

In addition, the variation of friction present significant influence 
on the strain distribution over the profile length. As shown in Fig. 17
(a), under an ideal condition without friction (μ = 0), the nominal 
axial strain distribution on the bent portion along the profile length 
is very uniform. Except for the transition area between bent and 
unbent portions, the axial strain distribution in each section is al-
most same. However, under the practical forming cases with friction, 
the axial strain distribution presents a nonuniform characteristic. 
With the increase of friction coefficient from μ = 0.1–0.3, the non-
uniformity of axial strain along the profile length becomes more 
pronounced. Looking into the strain of the upper flange, the max-
imum axial strain under μ = 0.1 is about 0.07, however, the maximum 
axial strain under μ = 0.3 can be up to about 0.1. For 3D bending, as 
shown in Fig. 17 (b), due to the increased friction effect caused by 
‘bottom friction’ and ‘side friction’, the friction-induced strain 

Fig. 16. Effect of friction on the forming forces: (a) 2D bending; (b) 3D bending. 

Fig. 17. Effect of friction on the strain distribution: (a) 2D bending; (b) 3D bending. 
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nonuniformity along the profile length becomes more significant as 
compared to 2D bending. Thanks for the V-bending and H-bending 
in the vertical and horizontal planes, the overall strain distribution is 
more complex, and the maximum strain locates at the corner ex-
trados of two bending directions.

Friction not only influence the forming force and strain dis-
tribution but also affects the surface quality of the formed parts. In 
practical production, to obtain a better surface quality, the contact 
surfaces are normally lubricated. However, the lubrication could 
reduce the friction effect and further change the magnitudes the 
force components of the clamp units and bend dies, which needs to 
be considered in the design of production processes. The analytical 
force model developed herein could provide an effective and accu-
rate approach to analyze the forces of the clamp units and bend dies, 
thus supporting the efficient design of the manufacturing process 
from the perspective of the forming forces.

Conclusion and outlook

Effective and efficient prediction and analysis of real-time 
forming forces is of significance to the development of products, 
processes, and machine tools in forming processes. In this study, an 
analytical method for rapid, cost-effective prediction of real-time 
forces in newly developed 3D rotary stretch forming for manu-
facturing complex profile components is presented. This analytical 
method considers the kinematically controlled loading path, mate-
rial and geometry parameters, and particularly the workpiece-die 
friction for modeling the complex nonuniform deformation behavior 
and thus improving the analysis accuracy. Using experiments and 
FEA under a complex loading path including pre-stretching, stretch- 
bending and post-stretching, the analytical model was assessed to 
have a similar capability to FEA for the prediction of real-time 
stretch strain and force on the profile as well as the force compo-
nents of the tools. As compared to FEA, the maximum deviation of 
the analytical calculations for forming forces is about 1.5%. Based on 
analytical calculations and FEA, the development characteristics of 
force components of the clamp units and bend dies were clarified 
and the influence of friction on the forming forces and strain dis-
tributions were revealed, providing an in-depth understanding of 
the force behavior in the entire process. Due to the high solving 
efficiency, the developed analytical model can facilitate effective 
analysis of force requirements in the design of process and machine 
tools. The advantages of accuracy, efficiency and the consideration of 
complex load paths also offer a potential for the development of 
closed-loop control strategies for improving product quality in ro-
tary stretch bending processes.
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