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Abstract

In this paper, we provide a conceptual framework of the central aspects of mathematical definitions
discussed in the mathematics education literature. Based on a systematic literature review, we
found that characterizations of definitions in the mathematics education literature can be classified
into five main themes: requirements, preferred features, role and function, nature, and types of
definition. Within each theme, a refined set of aspects was found by means of inductive coding.
We discuss each aspect and point out areas where we believe further research is needed. The
framework can be used both as a research tool and a didactical tool, as it highlights many aspects

of mathematical definitions that call for attention by teachers and researchers.
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1. Introduction

What is the definition of a mathematical definition? Philosophers of mathematics, such as
Whitehead, Russell, Frege, and Wittgenstein, have contemplated this question without reaching
clear answers (Frege et al., 1984; Weiner, 1990; Whitehead & Russell, 1912; Wittgenstein &
Bosanquet, 1989). This is perhaps evidence for a view that there cannot be a definition of
mathematical definition, or at least not a trivial one. Consequently, practitioners of mathematics
must come to their own understanding of what mathematical definitions entail. Nonetheless, there
are examples of agreed-upon rules by which mathematical definitions should abide (e.g., Edwards
& Ward, 2008; Van Dormolen & Zaslavsky, 2003). Rather than being normative in nature, these

rules may be better described as advice for best practices.

Students involved in mathematical activity are expected to prove mathematical statements. These
can be algebraic proofs using only symbols but also representation-based proofs (Schifter, 2009)
and generic examples (Balacheff, 1988; Stylianides, 2007; Stylianides & Stylianides, 2009).
Definitions are essential ingredients in a mathematical proof, which means that students, just as
mathematicians, need to consult and use definitions. For example, if one wishes to prove that the
product of two even numbers is even, then it is necessary to use definitions of “even number” and

“product.”

While mathematicians seem to have a common understanding of the nature and use of
mathematical definitions (Parameswaran, 2010), research shows that students do not necessarily
share this understanding (Edwards & Ward, 2004). Mathematical definitions are stipulated (formal

definitions that determine the one and only meaning of a term), but some students may see them as
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extracted (everyday definitions or dictionary definitions of words), that is to say, merely a
description of something. In the language of Tall and Vinner (1981), their concept image may

override the concept definition, which has been exemplified by Edwards and Ward (2004).

To support further investigation into students’ deductive reasoning and proving, it is important to
know which aspects of mathematical definitions are relevant, discussed and highlighted in the
mathematics education literature. Although this literature is rich in discussions about mathematical
definitions, the many aspects of definitions that are addressed in the literature have not been
collected in a coherent framework. In an effort to build such a coherent framework for
mathematical definitions, we conducted a systematic literature review to answer the following

research question:

How are mathematical definitions characterized in the mathematics education literature?

2. Methodology

To answer our research question, we conducted a literature review to examine the research on
aspects of mathematical definitions in the field of mathematics education. We followed the
guidelines by Arksey and O’Malley (2005): (1) identifying the research question, (2) identifying
relevant studies, (3) study selection, (4) charting the data, and (5) collating, summarizing, and

reporting the results.

Our main goal was to collect papers that addressed mathematical definitions as objects themselves
(i.e., definitions being (one of) the object(s) of study) or that contained characterizations of

mathematical definitions in general. A systematic literature search was therefore carried out to find
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academic publications that considered mathematical definitions in mathematics education. A

coding process was then conducted on the raw material.

2.1. Sample

We employed a systematic, but not exhaustive, search following guidelines provided by Arksey
and O’Malley (2005) and Lipsey and Wilson (2001). In the initial search, a publication was deemed
relevant if it met the following inclusion criteria: the publication (1) was related to mathematical
definitions, (2) had a didactical focus, and (3) was published in a peer-reviewed journal, peer-

reviewed conference proceeding, or book.

The databases used to conduct the search were the Educational Resources Information Center
(ERIC) and Scopus. Our search criteria within these databases were identical and as follows: both
“mathematics” and “definition” in the title, abstract, or keywords/descriptor, and “education” in
any field. After this main search, we used the search engines’ exclusion functionalities. Details on

this process are outlined in Appendix B.

This yielded a total of n = 1,493 publications (ERIC n = 619, Scopus n = 874). The search
results were then exported to the ‘ris’ or ‘nbib’ file format. Scopus allows a search result to be
exported with abstracts, while for the ERIC results, we retrieved the abstracts manually. To remove
duplicates (both across the databases and within each) we used a Python script that
programmatically determined the similarity of papers by comparing the ratio of similarity (as text
strings) of the abstracts and title. After manually confirming and removing duplicates, we were left

with n = 1,253 papers.
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The sample was then further examined in a two-step process. First, papers were assessed by their
titles and abstracts, and papers not fitting with the inclusion criteria were discarded (n = 1,079).
Many of those papers were publications in fields other than mathematics education that still

contained the inclusion search words.

The remaining 174 candidate articles were further scrutinized by reading the papers. Upon reading
the papers, n = 70 publications were deemed irrelevant and excluded. The inclusion criteria in this
process were as follows: (1) mathematical definitions were (one of) the main object(s) of study, or
(2) general characterizations of mathematical definitions were explicitly mentioned. In this process,
we first conducted a digital search for the word definition in each of the papers to get an overview.
Many of the excluded papers were publications in the field of mathematics education that contained
the word definition in, for example, the data materials, as examples, or as part of tasks given to
informants, but did not address them as objects or mention any general characterizations. In the
cases where it was unclear if statements in a paper were general characterizations of mathematical
definitions, the paper was either included, or great care was taken to ascertain that the points had

appeared elsewhere in the reviewed literature.

To mitigate publication bias, we examined the bibliography of the refined sample to reveal
potentially relevant publications not included in the database searches. This resulted in n = 15

additional publications.

After conducting the analysis and writing down our results, additional publications were suggested

as potential candidates by colleagues and peers who read the paper. The steps described above were
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carried out on those papers, which resulted in n =5 additional publications. The analysis

procedure described in the next section was also applied to these additional papers.

This literature search strategy resulted in a final sample of n = 124 publications (see Appendix

B). A flow chart of the search strategy is outlined in Figure 1.
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Figure 1 - Systematic review search strategy
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2.2. Analysis

The data analysis was conducted in a multi-step process. As a first step, the first authors read the
papers in the data set and highlighted quotes and paragraphs concerned with mathematical
definitions. These paragraphs were then extracted from the selected papers and collected in a

common list. Duplicate entries in this list were then removed.

Next, the quotes and paragraphs were coded openly in an inductive manner by the first authors
individually. Paragraphs that addressed mathematical definitions as objects or described
characterizations of definitions in general were extracted from the data and collected in a common
list. Duplicates were then removed as in the first step described above. In this process, we looked
for statements like “definitions must be,” “definitions should,” “definitions are,” “definitions are
used,” and so on. Both steps had to be carried out qualitatively and manually, especially because
not all statements contained the word “definition,” and because, in some cases, we had to interpret
the statements to decide if they were general characterizations or not. This was first done

individually, and then in a discussion group, to reach an agreement.

Subsequently, codes with common themes were merged individually by the first authors (Mayring,
2000). Obviously equivalent statements were merged first, i.e., statements that only differed in
their phrasing. As a final step, a further refinement of the themes was reached by another pass of
inductive coding within each theme in the previous step, both individually and in a discussion
group. For example, ““a definition should be minimal” and “definitions should be economical” were
deemed to be sufficiently related to be merged into the theme Minimality, even though they do not

necessarily mean exactly the same thing. Another example is the statement that a definition should
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“allow to discriminate between instances and non-instances” and the criterion of “existence” of at
least one instance of the defined concept. The first statement says that it should be possible to
decide if an example is an element of the example space defined, while the second states that the
example space cannot be empty. Although they are not saying the same thing, they both deal with
the example space of the defined concept and were placed under the theme Exemplification. The

differences between such statements are explained in the results section.

For every coding pass, each first author conducted individual coding, after which a discussion of

the proposed categorizations was carried out, and a final agreement on categorization was reached.

3. Descriptive overview

The systematic literature search yielded 124 publications from journal articles, conference papers,
book chapters, and books. The years of publication of the sample range from 1969 to 2022; Figure
2a shows a bar chart of the distribution of publication years. A total of 202 different authors were
present in the sample, and Figure 2b shows authors with multiple publications. The publications
in the top five most frequent journals amounted to approximately 44% of the entire sample. Figure

2¢ shows a bar chart of the most frequent journals in the sample.
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Figure 2 - Graphical visualization of selected statistics about the sample

4. Four main themes for characteristics of mathematical definitions

Our analysis revealed five emergent themes for how researchers in mathematics education
characterize mathematical definitions. Four themes (Nature, Requirements, Preferred Features, and
Role and Function) included characteristics of mathematical definitions, and are summarized in
Figure 3. The fifth theme, Type, was qualitatively different from the other themes. Rather than a
collection of characteristics, Type describes definitions as a two-dimensional construct. Therefore,
it does not appear in Figure 3 but is described in Section 5. In the following sections, we present
each theme with its corresponding categories, as well as statements and quotes from the source

literature. Statements from the literature appear in italics.
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Figure 3 - The four main themes with corresponding categories

4.1. Nature

We found an emerging theme that dealt with definitions on a meta-mathematical level, namely

aspects relating to the intrinsic properties of mathematical definitions. This theme can be thought
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of as properties of mathematical definitions as meta-mathematical objects, that is to say global

descriptors of mathematical definitions as constructs in mathematical science.

4.1.1. Stipulated

Mathematical definitions are stipulated (Vinner, 1991) as opposed to extracted (lexical). Extracted
definitions explain how a word is used by people, often through examples. This can be thought of
as an a posteriori or descriptive definition (e.g., Foster, 2014; Foster & de Villiers, 2015; Ouvrier-
Buffet, 2010). Stipulated definitions are formal (e.g., Van Dormolen & Zaslavsky, 2003) and
rigorous (e.g., Poincare, 1969; Zazkis & Leikin, 2008) and determine the one and only meaning of
aterm. Terms used in a stipulated definition are placed in a new context and have only the meaning
that is stated in the definition. All previous meanings of the term (if there are any) are irrelevant.
The term obtains a new meaning, and previous associations of the term must be disregarded.
Stipulated definitions have no truth value, as opposed to extracted definitions (Bayda & Sutliff,
2020). What this means is that extracted definitions are not always true, and they do not capture
the essence of a concept completely. A chair can be defined in a dictionary as something you can
sit on that usually has four legs and a rest for the back, but most people would accept a chair with
three legs and no rest for the back. From the context, one would disallow the chair of a research
committee. Stipulated definitions, on the other hand, are free from connotations, especially from

everyday usage of the terms.

Foster (2014) used the term prescriptive to describe the stipulative property of mathematical
definitions, that is, mathematical definitions prescribe the only correct meaning of a term. Others

have dubbed this notion as a priori (De Villiers, 1994) or constructive (Foster & de Villiers, 2015).
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An example of the relevance of this property to mathematics education is found in the work of
Edwards and Ward (2004), who studied how students understand and use definitions. They found
that some students, unlike mathematicians, view mathematical definitions as extracted rather than
stipulated. This view profoundly impacted the students’ mathematical reasoning, and the
researchers concluded that even if a student can recite a definition, it does not mean that the student
understands the definition. They also found that, in some cases, these students were unable to

appropriately use a definition that they seemingly understood and was available to them.
4.1.2. Arbitrary

There may be many equivalent definitions of a concept. The choice of statement to use as a
definition for the concept is arbitrary, and the other equivalent definitions become theorems that
give necessary and sufficient conditions for the concept (e.g., Leikin & Zazkis, 2010; Levenson,
2012; Ureyen, 2006; Vinner, 1991; Winicki-Landman & Leikin, 2000; Zaslavsky & Shir, 2005).
Of course, this does not mean that the choice of definition among a set of equivalent definitions is
random. Definitions are chosen for a purpose (Usiskin et al., 2008), and there can be both didactical
and mathematical reasons for making this choice. For example, Harel et al. (2008) suggest in their
research that if students are not aware that definitions are carefully chosen for a purpose, it is

unlikely that they will go beyond just memorizing them.

Two equivalent definitions may highlight different aspects of a concept, and thus they may lead to
different mathematical activities (Morgan, 2005). For example, consider the following two
equivalent definitions of an even number: (1) An even number is a number that can be divided into

two equal groups. (2) An even number is a number for which the last digit is 0, 2, 4, 6, or 8. The
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two definitions are equivalent, but they highlight different aspects of even numbers. The first
definition highlights that an even number is divisible by two and that if we have an even number
of marbles, we can share them fairly among two children. The second definition does not highlight
these properties but provides a procedure to determine if a symbolic number is even. If a student is
asked to prove that an even number multiplied by an even number is even, then the two definitions

above would most likely produce different arguments (and mathematical activities).

4.1.3. Constructed

Whether a mathematical concept is discovered (i.e., naming pre-existing objects) or constructed is
a matter of one’s philosophical persuasion. The main position of the reviewed papers, however, is
that mathematical definitions are constructed. De Villiers (1998), for instance, maintained that the
act of defining is a central mathematical activity, in which concepts are constructed or defined

“into being.” Morgan (2005, p. 111) states that “[definitions] are the product of human activity.”

Likewise, Burn (as cited in Morgan, 2005) stated that

The research mathematician may come to his results starting from special cases, which
will appear as corollaries in the final version, from which he gets his ideas, which is
worked with until he has a proof. Then the theorem is what has been proved. At this point

he formulates his definitions so as to make the theorem and proof as neat as possible.

Others have made similar claims (e.g., Chesler, 2012; Viirman, 2013; Fisher, 2016, Kobiela et al.,
2022). In sum, the reviewed papers portrayed an image of mathematicians who construct

definitions (in a shared community), and that definitions are under constant development, driven
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by a need. Students are, as we have pointed out earlier, expected to be involved in the proving
processes, but we observe the importance of students also being involved in the defining processes
and constructing their own definitions (Borasi, 1992; De Villiers, 1998; Zandieh & Rasmussen,

2010).

4.2. Requirements

Several of the publications in the sample presented criteria for the definition formulation and
imperative features of definitions (e.g., Van Dormolen & Zaslavsky, 2003; Zaslavsky & Shir,
2005). Naturally, this became an emerging theme. Statements were further refined into three

categories, which we describe below.
4.2.1. Formal

This category encompasses the local criteria for a definition, namely, criteria to which a definition

formulation must adhere.

According to Chesler (2012), Sanchez and Garcia (2013), and Johnson et al. (2014), a definition
must be consistent and non-contradicting. It must be consistent with the mathematical theory
formed thus far. Furthermore, it must be well-defined (Tay & Leong, 2012); that is to say, the
meaning is unambiguous (Burroughs & Burke, 2016; Foster & de Villiers, 2015; Morgan, 2005,

2006).

For example, if we view Q as (Z X Z)/~, where (a,b) ~ (c,d) if ad = bc, and (make an attempt
to) define f: (Z X Z)/~— Z, where f(a,b) = a + b, then f is not well defined, since f(1,2) +#

f(2,4). Of course, this is transferable to fraction notation. A mathematician must often prove that
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a definition is well defined, especially when dealing with equivalence classes. In general, a

definition must be invariant under which representatives are chosen in the equivalence classes.

We have not found any examples of well-definedness suitable at the elementary school level in the
literature. However, we can perhaps imagine a young student defining even numbers to be every
other (whole) number on the number line. While the statement is true, it is not a well-defined
definition, because it could describe either the odd or the even numbers depending on which

number the number sequence starts from.

4.2.2. Exemplification

A multitude of sources contained statements pointing to the importance of the existence of an
example/instance of a definition. That is, there must exist at least one example of the defined
concept (e.g., Avcu, 2019; Edwards & Ward, 2008; Van Dormolen & Zaslavsky, 2003). Every
definition must allow discrimination between instances and non-instances (e.g., Avcu, 2019;

Edwards & Ward, 2004; Johnson et al., 2014; Morgan, 2005, 2006; Sanchez & Garcia, 2013).

A definition is also given within a representation system and must be invariant under change of
representation (see Sanchez & Garcia, 2013; Zaslavsky & Shir, 2005). For example, consider the
following definitions. (1) A number of unifix cubes is an even number if the unifix cubes can be
divided into two equal groups. (2) An even number a is a number that can be written as a sum of
two equal natural numbers (i.e., can be written as a = b + b, where b € N). The two definitions

are structurally the same; however, two different representation systems are being used.
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Moreover, the example space of a mathematical definition may yield degenerate instances (Van
Dormolen & Zaslavsky, 2003), specifically, unwanted instances of the mathematical definition that
are not in accordance with our intuition of the mathematical concept. For example, Van Dormolen

and Zaslavsky (2003) give as an example the following definition of quadrilaterals:

Definition. A quadrilateral is a set of four points A4, B, C, D of which no three are collinear, and

four segments AB, BC,CD and DA.

This definition will result in a quadrilateral of one of three shapes (see Figure 4). Van Dormolen
and Zaslavsky (2003) point out that although all of the shapes fit the definition, some would
consider Figure 4 (c) to be a degenerate quadrilateral. Furthermore, there are reasons to exclude
Figure 4 (c) as a valid quadrilateral. For example, the theorem of interior angle sum of a
quadrilateral would no longer be valid (unless we consider the intersection of the two edges, but
then we would have six interior angles). Even more so, the term interior angle would be difficult

to interpret in a meaningful manner.

(@) (b) (©)
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Figure 4 Three quadrilaterals that satisfy the definition

4.2.3. Axiomatization

The global ecosystem in which the definition formulation lives was emphasized in several sources
(see Miller, 2018; Van Dormolen & Zaslavsky, 2003; Winicki-Landman & Leikin, 2000). This
category may be thought of as the global criterion for a definition formulation. A definition is part
of a deductive system, in a hierarchical and noncircular manner within itself and across existing
axioms, definitions, and theorems (e.g., Aktas, 2015; Avcu, 2019; Morgan, 2005; Sanchez &
Garcia, 2013; Wong et al., 2014). Thus, the formulations must be consistent within this frame of
reference. A definition of a concept may employ only previously defined concepts; that is, the
concept at hand is a special case of a more general concept (Van Dormolen & Zaslavsky, 2003).
For example, an even number is a special case of a number, continuous function is defined by the
more general concept of a function, a rectangle is a particular quadrilateral, and so on. The criterion
of axiomatization ensures that new concepts are defined by means of already defined concepts, and
the graph of concepts (there is a directed edge between two concepts if one is a special case of the
other) gives an acyclic directed graph. Didactically, this would mean that a definition should only
contain concepts that are known in the given community (Winicki-Landman & Leikin, 2000).
However, according to Morgan (2005) and Aktas (2015), an exception should be made for the case

of implicit definitions.

Moreover, equivalence frequently appears in the reviewed literature. If there are multiple
formulations of a given concept, they have to be mathematically equivalent (e.g., Avcu, 2019;

Megalou, 2018; Van Dormolen & Zaslavsky, 2003; Zazkis & Leikin, 2008). For example, a square
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may be defined as (1) a rhombus with right angles or (2) a quadrilateral with four mirror and four
rotational symmetries. That these formulations yield the same mathematical object must be
mathematically proven. Of course, this is closely related to the arbitrary nature of mathematical

definitions.

4.3. Preferred features

Statements that were considered to be preferred features of mathematical definitions, but not
absolute mathematical requirements, were collected under this theme. This involves both
mathematical and didactical features. Three categories of preferred features were found:

minimality, aesthetic, and comprehension.

4.3.1. Minimality

A definition should be economical and minimal (e.g., Vinner, 1991). Minimality means that no
condition in a definition can be inferred from the other conditions; that is, there is no redundancy.
If we remove one condition from a minimal definition, the example space becomes properly larger.

Economical can, for example, be interpreted as a definition with as few words as possible.

In the literature we reviewed, the notion of minimality appears frequently, and there has been some
discussion as to whether it should be a requirement or a preferred feature (see e.g., Zaslavsky &

Shir, 2005). Leikin and Winicki-Landman (2000, p. 27), for example, claim that

...[a] mathematical definition should be minimal, we accept this requirement as essential

not only from an aesthetic point of view but also from a mathematical perspective.

On the other hand, Van Dormolen and Zaslavsky (2003, pp. 96-97), state that
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[O]ften at the time when a concept is defined there may not be sufficient knowledge to
determine whether it is minimal. [...] In order to get a sound and rich mental image of
the new concept, it can be advantageous to start with a description that does not satisfy

the criterion of minimality.

Borasi (1992) used the term essentiality, which can be expressed as being a middle-ground
approach to the notion of minimality. By that she means that we must only mention necessary terms
and properties so that it is possible to distinguish an instance from a non-instance. The majority of
the papers, however, either view minimality as a preferred feature (e.g., Leikin & Zazkis, 2010) or
recognize that it is debatable whether it is required or not (Zazkis & Leikin, 2008; Ulusoy, 2020;
Avcu, 2022). In doing so, they reason that, while a minimal definition is preferred, it may not be
the most accessible from a didactical perspective (Avcu, 2022; Van Dormolen & Zaslavsky, 2003;

Zaslavsky & Shir, 2005).

To mitigate the obstruction of learning due to minimal definitions, Zazkis and Leikin (2008)
introduced the term barely-not-minimal, as definitions that use appropriate terminology and
contain necessary and sufficient conditions without being minimal (Johnson et al., 2014, p. 288)
(c.f. essentiality). For example, a rectangle can be defined as a parallelogram with four right angles.
This definition is not minimal since it contains a theorem. It is sufficient to require a parallelogram
to have a single right angle, from which it follows that all the angles are right angles. However, in

certain circumstances, it is minimal enough.
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4.3.2. Aesthetic

Arguably the most subjective of our categories, whether a definition is considered aesthetically
pleasing is highly individual and context dependent. However, it is often mentioned in the literature
that a definition should be elegant (e.g., Winicki-Landman & Leikin, 2000; Zandieh & Rasmussen,
2010; Zazkis & Leikin, 2008), precise (Levenson, 2012), or clear (Leikin & Winicki-Landman,

2000; Levenson, 2012; Miller, 2018). Minimal definitions are also considered to be more elegant.

One example, given by Vinner (1991), is the following two definitions of the absolute value of a

real number x.

_ (x ifx=>0
x| _{—x ifx<o @
x| = Vx? ()

While both definitions are correct and equivalent (and even minimal), one can argue that (2) is a
more elegant definition than (1) since (2) uses fewer words and symbols, and in some cases (2)
might be a more convenient definition for proving certain results. However, it can also be argued

that definition (1) in a better way illuminates the concept of the absolute value of a real number.

This shows that what is considered more elegant in a pure mathematical context is not necessarily
more elegant, or even preferred, in a didactical context. Aesthetics are therefore highly dependent

on the situation.

Clarity and precision are also considered to be aspects of comprehension, as discussed in the next

section.
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4.3.3. Comprehension

This category includes statements about features of definitions that facilitate teaching and learning.
A definition used in schools should be didactically suitable (e.g., Poincaré, 1969; Winicki-
Landman & Leikin, 2000; Zazkis & Leikin, 2008). The literature highlights intuitive (Ouvrier-
Buffet, 2010; Zazkis & Leikin, 2008), understandable, precise, and clear definitions. According
to Leikin and Winicki-Landman (2000), a definition must match students’ knowledge and needs.
Definitions are also considered as starting points to understand the meaning of a concept (Ertekin

etal., 2014; Yavuzsoy-Kose et al., 2019).

Furthermore, a definition is said to be formally operable for an individual, if that individual is able
to use it in creating or (meaningfully) reproducing a formal argument (Bills & Tall, 1998).
Burroughs and Burke (2016) use the term referential clarity when a definition has easily

identifiable examples and is closely related to its natural language usage.

Comprehension is also tied to the arbitrary nature of mathematical definitions. As pointed out in
Section 4.1.2, the choice of mathematical definitions might have some impact on mathematical
activity (Morgan, 2005). Chesler (2021) showed that the choice of definition of a function had

some influence on informants’ ability to use the definition.

4.4. Role and function

Another emerging theme in the literature was the role and function of mathematical definitions.

Mathematical definitions play a significant role in the development and learning of mathematics.
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Definitions function as vessels of mathematical concepts in the mathematical discourse, and,

alongside logic, they are the foundations of mathematical deductive proofs.

4.4.1. Naming

Mathematical definitions operate as necessary tools for naming a collection of objects or a
phenomenon and introducing new notations (e.g., Leikin & Winicki-Landman, 2001; Miller, 2018;
Winicki-Landman & Leikin, 2000). That is, they are used to “replace something with something
else.” Zazkis and Leikin (2008, p. 133), for example, state that defining is giving a name. Although
this is mentioned in the context of logical principles a mathematical definition must follow, we
interpret this to be an important purpose rather than a requirement of a mathematical definition.
Moreover, according to Robinson (as cited in Edwards & Ward, 2008), stipulated definitions are
an explicit and self-conscious setting up of the meaning-relation between some word and some

object, the act of assigning an object to a name (or a name to an object).

4.4.2. Communicate

A necessary role that mathematical definitions serve is to allow practitioners to communicate
mathematical ideas efficiently (Gilboa et al., 2018, p. 440). Precise definitions are paramount for
developing deductive arguments and conveying them to one’s peers (Alcock & Simpson, 2016, p.
5). Poincare (as cited in Johnson et al., 2014) highlights that mathematical definitions serve the
role of vehicles for the communication of concepts. Mathematical definitions allow communication
through creating uniformity in the meaning of concepts (Borasi, 1992). Students must use
stipulated definitions to take part in a mathematical discourse, and these definitions allow students

to communicate ideas, defend their reasoning, construct arguments, and draw logical conclusions.
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Furthermore, using stipulated definitions correctly is one way for students to demonstrate

mathematical literacy (Bayda & Sutliff, 2020, p. 2).

4.4.3. Basis for deduction

Mathematical definitions are tools that mathematicians use to reach agreements about the nature
and properties of mathematical objects (Tabach & Nachlieli, 2015). Moreover, mathematical
definitions are the basis for logical derivation, used for deduction and structuring proofs, and they
function as the foundation stone of mathematical thinking (Yavuzsoy-Kdse et al., 2019) and lay
the foundations of proving and problem-solving (Sen, & Giiler, 2022). Definitions are constructs
that extend our understanding of mathematical domains, and definitions that are fruitful in quickly
enabling meaningful deductions in new domains are held in high regard (Burroughs & Burke,

2016).

Furthermore, mathematical definitions make it possible for mathematicians to classify
mathematical objects (e.g., Zaslavsky & Shir, 2005; Alcock & Simpson, 2011), as well as to
systematize existing knowledge and produce new knowledge (Yavuzsoy-Kose et al., 2019). To
emphasize the importance of the use of mathematical definitions, Bills and Tall (1998) introduced
the notion of formally operable definitions as a qualitative measure of whether an individual is able
to employ the definition in a meaningful manner, that is to say, using it in creating or reproducing
a formal argument. Among others (see e.g., Dawkins, 2014; Zaslavsky & Shir, 2005; Zazkis &
Leikin, 2008), Morgan (2006) points to a definition’s usefulness and applicability as aspects to

consider. A definition is stipulated with a purpose and chosen for a deliberate reason, for example
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to make theorems, to structure proofs, and to communicate. This also taps into the nature of

definitions—they are constructs of human activity and driven by a (specific) need.

One example of the usefulness of a definition and its suitability for enabling meaningful deductions
in new domains is the notion of generality or how generalizable a definition is (Burroughs &
Burke, 2016). A definition is generalizable if it easily extends to other closely related domains, and
Usiskin and Griffin (as cited in Burroughs & Burke, 2016) give an example of the definition of
interior angle in Euclidean geometry; the definition based on the intersection of two half-planes
easily extends to hyperbolic geometry. Martin-Molina et al. (2018) characterized how
mathematicians construct new definitions by generalizing other existing definitions, and Kobiela

et al. (2022), point out how definitions play an important role in constructing new definitions.

Definitions may therefore support the development of new definitions, both equivalent and non-
equivalent. For example, the definition “a number of unifix cubes is an even number if we can pair
two and two cubes such that no cube is left over” does not extend to negative numbers, but the
definition “an even number is a multiple of two” easily does (the example space is extended). In
abstract algebra a vector space is often defined with a (rather long) list of properties. However, we
can define a vector space V to be an R-module, where R is a ring, by simply requiring that R is a
field (the example space becomes properly smaller, i.e., all vector spaces are modules, but not all

modules are vector spaces).

We note here that Leikin & Zaskis (2007) use generality somewhat differently; that is the ability

to provide examples that are specific and precise rather than general descriptions.
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5. Types of definitions as a fifth main theme

A multitude of types of definitions was described in the literature. This theme was not included in
the above discussion and Figure 3 since we view this theme as independent of the other

characteristics. We therefore describe this theme separately.

In some cases, there were several different names for the same type of definition. From the data
analysis, we identified two independent categories (dimensions) of types of mathematical
definitions. A priori, these categories are regarded as dichotomous categories. However, we do not
rule out the possibility of mathematical definitions that do not exclusively belong to one category

or the other.

Furthermore, it is possible to regard these dimensions as facets of the global and local aspect of

mathematical definitions: procedural vs. structural (local) and inclusive vs. exclusive (global).
5.1. Inclusive vs. exclusive

A definition can be inclusive or exclusive (e.g., De Villiers, 1994; Usiskin et al., 2008; Winicki-
Landman & Leikin, 2000, Butuner & Filiz, 2017). A definition is exclusive (partitional) when it
describes only the concept at hand and excludes special cases as instances; that is, special cases, in
the conventional hierarchical structure are regarded as unwanted degenerations. A definition is
inclusive (hierarchical) when sets of more particular concepts are subsets of the more general
concept. De Villiers (1994) gives as an example the classification of quadrilaterals: in the
hierarchical classification, a square is a special case of a rectangle, while in the partitional

classification the rectangle and square are considered as disjoint classes of quadrilaterals.
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The term exclusive (partitional) is, to some degree, a result of a theme found in students’ perception
and desire to specify concepts as narrowly as possible (e.g., De Villiers, 1994; Fujita, 2012; Leikin
& Winicki-Landman, 2000). The research suggests that some students want, for example, the
definition of a parallelogram to exclude the rhombus as a special type of parallelogram (De Villiers,
1994). There is also the particular case of the trapezoid, for which there are two schools of thought:
one in which a rectangle is a special case of trapezoid (a trapezoid has at least one pair of parallel

sides) and one where it is not (a trapezoid has exactly one pair of parallel sides).

This dimension can be thought of as a global aspect of mathematical definitions. That is to say, if
one regards mathematics as a stratification of mathematical concepts, the conventional way to
regard mathematics is as a highly connected hierarchical system of concepts, with chains of
concepts where concepts are linked by level of generality (e.g., the hierarchical structure of

quadrilaterals).

To clarify this, the convention in mathematics is to strive for hierarchical mathematical definitions.
De Villiers (1994) argues that this perspective may yield a much more fruitful understanding of

mathematics in general, and specifically of mathematical concepts.
5.2. Procedural vs. structural and static vs. dynamic

The literature under review described two forms of definition formulations. On the one hand, a
mathematical concept can be given as the outcome of a prescribed process (procedural) (e.g.,
Borasi, 1992; Gilboa et al., 2018; Zaslavsky & Shir, 2005). Specifically, it describes a procedure
in which the outcome will result in an instance of the mathematical concept. For instance, the

algorithm for the construction of the perpendicular bisector is a procedural definition for the
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perpendicular bisector. On the other hand, it is possible to define the perpendicular bisector of a
segment as a locus, that is the set of points that are equidistant from the endpoints of the segment.
Thus, the concept is prescribed by defining the intrinsic structure (structural) of the concept (e.g.,

Borasi, 1992; Gilboa et al., 2018; Zaslavsky & Shir, 2005).

Raychaudhuri (2008) suggests two categories, namely static and dynamic definitions. A static
definition is a definition in which the object being defined is generated by the property stated in
the definition (Raychaudhuri, 2008, p. 163), Raychaudhuri gives the example of the definition of
the additive inverse of a number a, where -a is generated by a calculation given in the definition.
A dynamic definition is a definition of an object that cannot be generated by the definition itself,

that is, the process of generating the object is not explicitly stated in the definition.

6. Criteria for mathematical definitions

A question that inspired our investigation was what a definition of a mathematical definition could
be. We do not aim to answer this question in its entirety. However, in the literature under review,
we found a total of 12 different criteria or requirements for a mathematical definition. The term
criterion was used by some of the authors of the sample, while others used phrasings such as “a
definition must” have an imperative feature or required property. Here, we use criterion as a
collective term that encompasses all of the aforementioned terms and phrasing. The criteria are
collected in Table 1, and an overview of which publications in the sample the criteria can be found

is provided in Appendix A.
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Table 1 - A compiled list of criteria for a mathematical definition found in the sample

Name of Criterion

Hierarchy

Equivalence

Existence

Non-contradiction

Minimality

Elegance

Axiomatization

Description

30

A definition must describe any new concept as a special case of

a general concept (Van Dormolen & Zaslavsky, 2003).

If more than one definition is given for the same concept, the

equivalence of them must be proved (Van Dormolen &

Zaslavsky, 2003).

It is necessary to prove that at least one instance of a newly

defined concept exists (Van Dormolen & Zaslavsky, 2003).

All the properties stated in the definition should be able to

coexist (Morgan, 2005).

A definition should not contain properties that can be
mathematically inferred from other parts of the definition

(Vinner, 1991).

When given a choice, definition that uses fewer words or

symbols, or that looks “nicer,” should be chosen (Van

Dormolen & Zaslavsky, 2003).

A definition must fit into and be part of a deductive system

(Van Dormolen & Zaslavsky, 2003).
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Non-ambiguity A definition must have a unique interpretation (Zaslavsky &
Shir, 2005).
Degenerations A definition may include degenerate (unexpected) instances that

are non-intuitive (Van Dormolen & Zaslavsky, 2003).

Referential clarity A definition must have easily identifiable examples, and the
name of the concept must be closely related to its natural

language usage (Burroughs & Burke, 2016).

Discrimination A definition must allow instances and non-instances of the
concept to be discriminated with certainty, consistency, and

efficiency (Morgan, 2006).

Mathematical essence A definition must capture and synthesize the mathematical

essence of the concept (Morgan, 2006).

In this section, we have not made a distinction between which criteria were regarded as an
imperative or as an optional criterion (this was done in Section 4). For instance, the criterion of
minimality was in some publications considered as an imperative feature, whereas others regarded
it as an optional or preferred feature (see Section 4.3.1). Appendix A, Table 2, shows that

minimality was the most mentioned criterion.

The criteria in Table 1 are also included in our analysis of emerging themes (see Section 4);
however, we must point out that in our analysis, not all of the criteria were regarded as strict

mathematical requirements or rules. For instance, referential clarity is difficult to interpret as a
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strict criterion for a mathematical definition. In our analysis, we regard this criterion of didactical

flavor as part of the function that a mathematical definition serves.

7. Discussion

The aim of this systematic literature review was to gather an overview of how researchers in
mathematics education characterize mathematical definitions. The categorization is outlined in
Figure 3, and it is presented in detail in Section 4. The framework offers a holistic view of
mathematical definitions in the mathematics education literature and promotes a view of a
mathematical definition as something more than a list of properties necessary and sufficient to
characterize a mathematical concept. The framework has the potential to direct mathematics
teachers, educators, and researchers’ attention to the wide range of aspects of mathematical

definitions.

Our investigation revealed a list of 12 criteria for mathematical definitions described in the sample
(see Table 1). However, the criteria were of varying degrees formal or logical, and one may thus
ask whether all of them are necessary or if they are independent. Moreover, our analysis did not
reveal any framework or paper that collects all aspects of mathematical definitions in the
mathematics education literature. We see from the overview in Appendix A, Table 2, that no
publication from the sample discusses all the aspects that we found. To the best of our knowledge,

this paper provides the most comprehensive framework of mathematical definitions to date.

We observe that there is a high level of agreement on the different aspects of mathematical

definitions that were discussed across the literature. The one point where there was slight
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controversy was whether minimality is a required property or a preferred feature of a mathematical
definition (Zaslavsky & Shir, 2005). Interestingly, from Appendix A, Table 2, we see that the
criterion of minimality was brought up the most in the reviewed literature. We decided to categorize
minimality as a preferred feature primarily because it is not a requirement for the logical
consistency of a definition—it only decreases the chance of an erroneous definition. Secondarily,
there are strong didactical arguments for excluding minimality as a requirement in the context of

teaching and learning (e.g., Johnson et al., 2014; Van Dormolen & Zaslavsky, 2003).

From our investigation, we detected a tension between purely mathematical aspects and didactical
aspects of definitions. In some cases, the necessary and preferred criteria for mathematical
definitions can even be obstacles for a learner. This tension is observable for several of the aspects

that are discussed in the body of the literature we have reviewed. We will give a few examples.

First, regarding the nature of mathematical definitions, Edwards and Ward (2004) present empirical
evidence that some students do not treat or understand mathematical definitions as mathematicians
do. They show that some students do not regard mathematical definitions as stipulated, but rather
as extracted. Another point to be made about the nature of definitions is about their arbitrary and
constructed nature. Some teachers and students actually hold the position that there is only one
correct definition for a concept. For example, Leikin and Winicki-Landman (2001, p. 72) state that
“Qur reflective discussions with the teachers showed that they were not always aware that there
exists a possibility to define a concept in different ways.” Furthermore, even though
mathematicians might prefer a minimal definition, this is not always preferred in a didactical

context, as we previously mentioned. Another point is that of aesthetics and elegance. As we have
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pointed out, and in particular in the example of the absolute value of x by Vinner (1991) in Section
4.3.2, what is considered elegant in one context might not be elegant in another. To underline the
point even further, although Burroughs and Burke (2016) say that the name of the term in a
definition should be closely related to its natural language usage, this is clearly not the case in
mathematics research. We can argue that the mathematical terms natural, rational, complex, group,
ring, field, function, factor, positive and negative, manifold, category, and even Fibonacci number,
are not. They all have their own mathematical meanings, totally independent of any natural
language usage. Furthermore, the term’s relation to natural language may change as the subject
matter is developed. This is another example of a tension between the preferred features (and
didactical aspects) of mathematical definitions and the nature of mathematical definitions in

mathematical science.

It is clear that the most suitable definition at a certain level of education might not be the most
preferred in a purely mathematical sense. Conversely, a mathematically sound and preferred
definition, might not be the most suitable for students. These points might seem obvious, but
consider the following example. It is sometimes suggested that multiplication can be introduced
using an equal groups model or repeated addition (e.g., Van de Walle et al., 2019). Clearly, this
restricted definition of multiplication breaks down when we want to extend the definition to rational
or real numbers. We propose that it would be worthwhile to conduct more research into the

observable tension among our categories of mathematical definitions.

We see mention in the body of literature under review of representation systems used in definitions.

In particular, it is mentioned that a definition must be invariant under change of representation (see
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Sanchez & Garcia, 2013; Zaslavsky & Shir, 2005). While definitions are arbitrary in nature, we
note that the representation system used in a definition is of an arbitrary nature as well. Several
representation systems can be used to define any given mathematical concept. Vice versa, a given
representation system can be used to define different mathematical concepts. This arbitrariness
raises some relevant questions. For example, how can we best make a choice between possible
representation systems? Which representation system is didactically more suitable in a given
situation? Which representation systems do teachers use and why? More research regarding the

representations used in mathematical definitions seems warranted.

8. Concluding remarks

For students to be able to produce mathematical proofs, they have to know, at least to some degree,
the nature and purpose of mathematical definitions. Dickerson and Pitman (2016) stress that
students’ inability to produce proofs often has something do to with definitions. How students come
to acquire the competencies necessary for producing deductive justification and how, and to what
degree, these competencies can be taught are among the key open questions raised in Harel and
Weber (2020)’s review of deductive reasoning. That students are not aware that definitions serve
as the basis for deductive arguments may be one such missing competence, and this points toward
the structure of deductive proof and the role of definitions in this structure as areas with particular

potential for the design of new didactical interventions.

Several authors stress how important it is that teachers and educators have a robust understanding

of mathematical definitions. For example, Avcu (2022) mentions the importance of knowledge
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about the process of defining, the nature, roles, and features of mathematical definitions, how

definitions influence their pedagogical choices, and the various types of definitions.

It is interesting to note that some students who can recite definitions, and even seemingly
understand and explain them, may still be unable to use them in a mathematically appropriate way
in their reasoning and proving (Edwards & Ward, 2004). Based on this insight, Edwards and Ward

(2004) recommend that

The special nature of mathematical definitions should be treated as a concept in its own

right, one that should be understood at some level by all college mathematics students.

and

[...] students also need to understand the specific role definitions play in mathematics.
Thus in such courses the nature of mathematical definitions needs to be addressed more
directly and more often. In particular, introduction to proof courses certainly should

include a unit on the categorization and use of mathematical definitions.

We hope that our work, and the resulting framework, can help guide teachers, educators, and
researchers to emphasize important aspects of mathematical definitions in both teaching and

research in mathematics education.

Acknowledgements: This paper was referred to in Forbregd et al. (2022) before it was published
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Appendix A. An overview of criteria in the sample.

Table 2 - An overview of papers that consider different criteria for mathematical definitions

Papers\Criterion HI EQ EX NC MIN ELG AX NAM DEG RCL DC ME
Aktas (2015) 0 0 0 0 0 0 0

Avcu (2019) 0 0 0

Ayalon & Wilkie (2019) 0

Bell & Woo (1998) 0

Borasi (1992) 0 0
Burroughs & Burke (2016) 0 0 0 0

Chesler (2012) 0 0

Edwards & Ward (2008) 0 0 0

Dawkins (2014) 0

Foster (2014) 0

Foster & de Villiers (2015) 0

Gutiérrez & Jaime (1999) 0



Johnson et. al. (2014) 0 0
Lavy & Mashiach-Eizenberg (2009) 0 0
Leikin & Winicki-Landman (2000) 0

Leikin & Zazkis (2010)

Morgan (2005) 0 0 0 0
Morgan (2006) 0 0 0
Sénchez & Garcia (2013) 0 0 0 0 0 0 0
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Van Dormolen & Zaslavsky (2003) 0 0 0 0 0 0 0

Vinner (1991) 0

Winicki-Landman & Leikin (2000) 0

Zandieh & Rasmussen (2010) 0 0 0
Zaslavsky & Shir (2005) 0 0
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Abbrevations: Hierarchy (HI), Equivalence (EQ), Existence (EX), Non-contradiction (NC), Minimality (MIN), Elegance (ELG), Axiomatization (AX),

Non-ambiguity (NAM), Degenerations (DEG), Referential clarity (RCL), Discrimination (DC) and Mathematical essence (ME).



Appendix B. Search strategy details

The initial searches in Scopus and ERIC were as follows:

Scopus:

(ABS (definition* AND mathematic*) OR
TITLE (definition* AND mathematic*) OR
N = 2215
KEY (definition* AND mathematic*))

AND ALL (education) AND

LIMIT-TO (LANGUAGE, English)

ERIC:

(abstract: (definition* AND mathematic*) OR

title: (definition* AND mathematic*) OR N = 1361

descriptor: (definition* AND mathematic*))

AND education




The two search engines have very different inclusion/exclusion functionalities and levels of

sophistication.

ERIC exclusion strategy:

We limited findings to peer-reviewed documents, resulting in N = 619.

Scopus exclusion strategy:

Note that documents not written in English were excluded in the initial search. In subject area, we
limited the search to social sciences, mathematics, and psychology. Further, we excluded the

following, resulting in N = 874, as shown in the screenshot:

Filter by subject area x Filter by subject area X
Sort by Number of results v . ool mAvrumen i g, s @ v -
Biotogy
Iil Limited to Social Sciences 730 |E| Excluded FrvirormentatSciemce 0
Iil Limited to Mathematics 496 Iil Excluded €hemistry 0
|i| Limited to Psychology 144 Iil Excluded £rergy 0
|i| Excluded €hemicat-Engimeering 0 |i| Excluded Business, Maragementand-Accounting 0
|i| Excluded tmmunotogy-and-iticrobiotogy 0 Iil Excluded Economics, Econometrics-and-Finance 0
[M] Excluded Earthand-Phanetary Scierces 0 (W] Excluded Heatth-Professions 0
[M] Excluded Agricattaratand-Biotogicat Sciences 0 (W] Excluded BecisionSci 0
W] Excluded Muttidisciphirary 0 [M] Excluded Physicsand-Astronomy 0
M) Excluded Neuroscience 0 (W] Excluded Medicine 0
[M] Excluded Biochemistry, Geneticsand-Motecutar 0 (W] Excluded Engimeering 0
Biotogy Iil Excluded Arts=md-Hurmmamities 0
(M) Excluded Envirormentat-Science 0+ [H] Excluded Computercience .

The final and last search was conducted on 30 September 2022 on both engines.
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