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Volume increase between the reactants and the products of alkali-silica reaction could reach up to 100%. Taking
place inside the aggregates, ASR imposes internal pressure on the surrounding material. In the current paper, the
possibility of crack growth due to such internal loading is studied. This study is done by employing a semi-
analytical mechanical model comprising an elastic solution to a well-known Eshelby problem and a linear
elastic fracture mechanics solution to a ring-shaped crack encircling a spheroidal inclusion. The proposed method
implies the presence of pre-existing micro-fissures within the aggregate.

The study reveals the dependence of the crack growing potential on the spheroid's shape: the larger the ASR
pocket - the longer crack opens. The two most critical shapes, causing the highest stress intensity factor and
developing the longest crack, are a sphere and a spheroid with a 1/4 aspect ratio respectively. The size analysis of
the problem suggests a critical spheroid's radius below which no crack growth is expected. For a chosen material
properties and expansion value, such radius lies in the range between 0.1um and 1um. Independently of the
expansion value and the shape of the pocket of the ASR product, the developed crack length has a power-law

dependence on the size of a spheroid.
All the theoretical predictions are confirmed by a numerical model based on the combination of the finite
element method and the cohesive zone model.

1. Introduction

The alkali-silica reaction (ASR) in concrete is the reaction between
SiO contained in aggregates and alkalies coming from the cement paste
[1]. Expanding ASR products accumulate within the aggregate leading
to a build-up of stress, expansion of concrete and evolution of cracks.
ASR causes substantial damage to the concrete infrastructure worldwide
[2].

The formation of ASR products starts in the aggregate close to the
interface with the cement paste. With ongoing reaction, the formation of
ASR products continuously moves towards the interior of the aggregate.
Fig. 1 shows three adjacent quartz grains in a reactive quartzite aggre-
gate of a concrete doped with caesium nitrate [3]. The contact zone of
the three grains is lined with a thin film of ASR products exhibiting a
high back-scattering contrast due to the incorporation of caesium.
Although the collective form of the ASR products reflects the one of the
pre-existing cracks and voids as shown in Fig. 1, the newly formed ASR
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products precipitate as clusters of alkali-silicate gel [4]. These newly
formed clusters can be regarded as “pockets”. They form between
adjacent mineral grains within reactive aggregates close to the border
with the cement paste [5,6]. The primary ASR product yields internal
loading on aggregates leading to cracking. The resulting cracks originate
in the aggregates and extend into cement paste. Crack openings could be
much larger than the initial ASR product size and the openings of the
pre-existing cracks. As reaction advances, the alkali front moves inwards
the aggregates, producing more and more ASR sites. The newly formed
cracks start to fill with the secondary ASR products.

The most widely reported hypothesis for the expansion of concrete
caused by ASR is swelling of the ASR products due to the uptake of water
- the so-called theory of imbibition or osmotic pressure [7-9]. Recent
water uptake measurements on the synthetic ASR products, however,
indicate a very limited water uptake [10]. This suggests that ASR
expansion is not caused by the water-related swelling of the ASR prod-
ucts but by alternative mechanisms. Other proposed theories explaining
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Fig. 1. Three adjacent quartz grains lined with a thin film of bright ASR
products with a thickness between 50 — 300 nm in a yet uncracked concrete
aggregate. The brightness is caused by the doping of the concrete with caesium
and its incorporation in the ASR products. Scanning electron image in the back-
scattering mode adapted from [3].

the ASR expansion mechanism include the theory of crystallisation
pressure by Dron and colleagues [11,12], the theory of ion diffusion by
Chatterji and Thaulow, Ichikawa and Miura, and Wang and Gillot
[13-16], the theory of dispersion of gel by Jones [17] and the theory of
electrical double-layer repulsion by Prezzi et al. and Rodrigues et al.
[18,19]. Even though the underlying mechanism for expansion is not
exactly known, it is clear that the formation of ASR products, which
incorporates, in addition to SiOs, also ions (K™, Ca®t, OH™) and water
from the pore solution, leads to an increase in solid volume. ASR
products, commonly reported in the literature, precipitate as an amor-
phous gel. However, it has been shown that in addition to the amor-
phous ASR product, the one present in large cracks within aggregates
could be crystalline [20-23].

The goal of this study is to verify the hypothesis if the microscopic
ASR products could initiate cracks due to their expansion. If this is the
case, the role of the shape and the size of an ASR pocket is to be
investigated. First, the responsible chemical reaction is identified and
the increase in the volume of the products over the reactants is
computed. Then, a semi-analytical mechanical model for an expanding
ASR pocket encircled by a pre-existing micro-crack is formulated. The
crack extension is predicted for the ASR pockets of different sizes, shapes
and expansion values. Finally, the predictions are verified by a numer-
ical model.

2. Methods
2.1. Chemical reaction

A typical ASR formation reaction could be written as

45i0, + K* + Ca®* +30H™ + 2H,0—~KCa[Siy0s(OH))-3H,0 )

solid ASR product

that describes the formation of an ASR product with molar ratios K/Si
and Ca/Si of 0.25. These ratios correspond to the elemental ratios
observed in ASR products in the field samples as well as to those
observed in laboratory synthesised ASR products, although they vary to
a certain extent [10,24-26]. All calculations presented here refer to the
idealised composition given in Eq. (1).

Assuming quartz or amorphous SiO» as a silica source, it is possible to
calculate the increase of solid volume if the ASR product is formed
within the space originally occupied by SiO,. Note that other species
(K*, Ca®*, OH™, and H,0), needed to form ASR products, are assumed to
diffuse into the aggregate from the cement pore solution, such that their
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volume is not considered. Based on the molar volume of quartz (22.6
em®/mol), and the molar volume of the crystalline ASR product K-
shlykovite, KCa[Si4O9(OH)] - 3H,0, of 183 cm®/mol [27] (or 45.7 cm®/
mol if normalised to 1 silica: Ky 25Cag 25[Si02.25(0H)g.25] - 0.75H20) an
increase in solid volume by a factor of two is obtained, and a ratio be-
tween the additional volume (45.7 — 22.6 = 23.1) and the initial volume
is 23.1/22.6 = 1.0, thus leading to 100% expansion. For amorphous ASR
products, the molar volume has not been measured but based on the
extensive analysis performed by Leemann and colleagues [23], the
amorphous ASR product with a composition of Nag 1K 2Caga.
Si02.3(OH)p1 - 1.1H,0 indicates a similar or even higher volume in-
crease (/2.3) as for the crystalline ASR product. The duplication of the
initial volume due to the precipitation of the ASR product could
potentially lead to the formation of cracks within aggregates. This hy-
pothesis was studied in detail based on a semi-analytical mechanical
model of an inclusion-crack system within an infinite medium.

The generation of crystallisation pressures due to the over-saturation
of the surrounding solution during the formation of ASR products cannot
be excluded as a possible expansion mechanism. This direction is not
further investigated in the present paper as no solution measurements
are available, making a reliable estimation of maximum crystallisation
pressures presently not possible.

2.2. Analytical model of expanding ASR pockets

The dependence of the possible crack growth on the size and the
shape of ASR products is studied by exploring a semi-analytical me-
chanical model that consists of two components. The first one is a purely
analytical model for an inclusion expanding within an infinite medium.
The second one is a semi-analytical model of a ring-shaped crack
encircling the previously described inclusion. The resulting model yields
stress concentrations at the external crack tip that are used to evaluate
the crack growth. A pocket of an ASR product is assumed to have an
spheroidal shape since the latter comprises a wide range of shapes with
central symmetry (e.g. spheres, oblate spheroids, disks, etc.).

The departing point of the analytical model is the Eshelby problem
[28] that describes an expanding ellipsoidal inclusion embedded in an
infinite medium. The term “inclusion” implies that its elastic properties
differ from the ones of the matrix. The inclusion represents a single
pocket of an ASR product surrounded by the aggregate. In this study, a
spheroid is considered - a type of an ellipsoid with a circular cross-
section. Here, a relatively small ASR pocket is assumed, which is posi-
tioned sufficiently far from the aggregate's boundary not to cause any
mechanical influence, thus justifying the “infinite surrounding medium”
condition. Given the known expansion of the inclusion, the elastic
properties of the ASR product and the aggregate, their shapes and sizes,
the stress and strain fields could be determined. The problem was solved
by Eshelby [28,29] for general eigen strains. The solutions for the in-
clusion and the matrix are different. Later, Mura [30] provided explicit
equations for the Eshelby tensor S for different shapes of an ellipsoid at
the interior points. Ju and Sun [31,32] gave the first explicit formulas for
computing the Eshelby tensor in the surrounding matrix. Healy [33]
developed a MATLAB™ code with the Eshelby solution in 3D both inside
and outside the inclusion.

A spheroidal inclusion with the semi-axis a and the equatorial radius
r (shown in Fig. 2) is embedded in a matrix. Variation of the semi-axis a
allows considering different geometries: 1) a sphere (a = r); 2) a needle
(a > r); 3) a penny (or a disk) (a < r). The expansion is applied at the
inclusion in the form of the eigenstrain . - a strain causing zero stress
under no confinement. The eigenstrain is linked to the elastic strain €, as

€= € + L (2
where ¢ is the total strain. The volumetric expansion of the ASR product

of 100% (introduced in Section 2.1) is applied in the form of the
isotropic eigenstrain g of value one.
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observation
point

Fig. 2. Geometry of a spheroidal inclusion. Further in the text, stresses are
evaluated either in the observation point or along the y-axis.

The matrix is an infinite body with the remote stress ¢° or strain
€° applied at infinity. In the current study, a stress-free body with ¢° and
£® equal to zero is assumed. The effect of external loading on the ASR
was previously studied by several authors [e.g. 34-36].

The solution for the strain and stress inside the inclusion is given by
Ju and Sun [32]

e=¢e"+S:¢,
6=0"+ C°[§g— 0] : € @)
where S is the 4th-order Eshelby tensor for the interior points, ° the
matrix stiffness tensor and [ the identity tensor. The particular property
of the Eshelby problem is that the stress and strain fields at the interior
points are uniform and the Eshelby tensor S is independent of the po-
sition within the inclusion.

Oppositely, for the corresponding fields outside the inclusion, the
strain and the stress at a point depend on the position of the latter:

g(x) =€ + G(x) : &
G MR 4
G(X) — 60 +0:0 (X) Eeig ( )
where G(x) is a 4th-order Eshelby tensor for the exterior points.
Explicit formulas for the components of S and G(x), available in
[32,33], yield the values of € and ¢ at any point of space.

2.3. Semi-analytical model with a ring-shaped crack

Griffith [37] in his fundamental work showed that the material
strength at the macro-scale is largely affected by the presence of
microscopic flaws. For an expanding inclusion, to grow a crack from its
surface, there should be an initial micro-fissure that would facilitate the
crack propagation. a higher expansion would be required if such an
inclusion would be surrounded by a sound material with no flaws in it.
Pre-existing defects in the form of microcracks are common in aggre-
gates [38].

A crack is added to the Eshelby problem as shown in Fig. 3. It has the
shape of a flat ring in the yz-plane. While the inner crack tip lays exactly
on the equator of the spheroid, the outer one extends by the distance L. r
and R denote the internal and external crack radii correspondingly. An
additional y’-axis was introduced for computation purposes: it is a y-axis
with the origin shifted to the surface of the spheroid. The crack is
opening in mode I. Keeping the expansion value fixed, a different
alignment of a crack would reduce the probability of its extension.

According to the adopted model, the inclusion is always expanding
as a solid body. When the crack extends, the ASR product does not flow
inside. Therefore this model represents the ASR product in its mature
stage. Accounting for the gel fluidity would require an enriched
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Fig. 3. Spheroid with the pre-existing disk-shaped crack in the yz-plane.
analytical model conservation
redistribution.

Aggregates are composed of a brittle material that fractures abruptly
without undergoing significant softening. Such behaviour is well
reproduced by the linear elastic fracture mechanics (LEFM) that serves
as a base for the further analytical developments. The internal load
£:ig=1 is based on the expansive potential of the ASR product (see Sec-
tion 2.1). Such a high expansion induces large strains that could not be
sustained by the aggregate material. Instead, it would yield such second-
order effects as micro-cracking around the inclusion and alteration of
the LEFM-based crack shape and length. Predicting such behaviour is a
challenging task. Here, a first-order qualitative prediction is aimed.

To evaluate the crack growth, one has to know K; - the stress intensity
factor (SIF) in mode I for the external crack tip. The principle of su-
perposition states that applying ¢(x) on the crack faces is similar to
loading the cracked body with the loads that cause 6(x) in the absence of
a crack [39]. To find Kj, the problem of a crack loaded by a spheroidal
inclusion is replaced by a crack whose faces are loaded by the stresses
caused by the expanding inclusion in the absence of the crack. The latter
ones are known from the Eshelby solution.

Literature has few analytical solutions for computing K; for ring-
shaped cracks under simple loading (e.g. [40]). Unfortunately, a solu-
tion for a general stress distribution is not available. Instead, this
problem could be solved using weight functions, as proposed by
Bueckner and Rice [41,42]. These authors suggested using the known
crack face displacement u(l, x) and the known stress intensity factor KIO
for a symmetrical load system on a cracked body to compute unknown K;
for any other symmetrical load system. The equation for SIF reads as

including mass and pressure

)
K = / a(y)h(l,y)dy )
0
where h(l, ¥') is a weight function defined as
h(l,y) = H% K’ (6)

In Egs. (5) and (6), 1 is the crack length equal to the difference be-
tween the external and internal radii (R — r), H is a material parameter,
o(y’) is the stress distribution along the crack plane in the unflawed body
under the load associated to K;. The integration is carried out along the
crack surface only. Fett and Rizzi [43] computed weight functions for a
ring-shaped crack by the interpolating procedure. The latter is the
reason for the solution being “semi-analytical”. The weight function for
the outer crack tip reads as

h(l,y Wi=

2 ( Lty /r 1= y’/l> -
Ve =y /DA/r+ D) \N2+1r+y/r  /IJr+2

Plugging Eq. (7) and the stresses from Eq. (4) into Eq. (5) and
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integrating it numerically results in the required values of Kj. A similar
approach was previously used by Iskhakov et al. [44] within a multi-
scale model.

2.4. Numerical validation

Analytical and semi-analytical predictions are validated through the
numerical modelling. Two components of the final solution are verified.
The first component is the elastic stress in the inclusion's surroundings in
the absence of a crack. The second component is the actual crack radius
for different inclusion shapes and sizes. The numerical model is based on
the finite element method (FEM). All the simulations are performed
using the open-source parallel FE library Akantu [45,46, akantu.ch].

The geometry used for the numerical model is shown in Fig. 4. It
comprises one-quarter of the full space. Symmetry over the xz- and xy-
planes is established by imposing zero out-of-plane displacements. The
simulated block comprises one-quarter of the inclusion-matrix system.
The equatorial radius of the spheroid is 1 um, while the dimensions of the
full block are 20 x 20 x 20um3. The behaviour of the bulk materials (the
aggregate and the inclusion) is linear elastic. The loading is prescribed at
the inclusion in the form of the isotropic eigenstrain ;=1 that repre-
sents a 100% volumetric expansion of the ASR product.

For verification of the developed crack radius, the crack plane is
added to the FE model along the yz plane. The discontinuity is modelled
by cohesive elements that are inserted along the pre-defined plane at the
beginning of the simulation. The cohesive zone approach yields to
dissipation of the fracture energy by the interface (or cohesive) elements
placed between the neighbouring solid elements (see Fig. 5a). When two
solid elements are being pulled apart, a cohesive element in-between
resists by generating the inwards traction whose amplitude depends
on the opening displacement value. Cohesive elements represent the
non-linear process zone (or cohesive zone) at the crack tip, as originally
proposed by Barenblatt and Dugdale [47,48].

Fig. 4. Geometry of the numerical model used for the verification study. Red
colour corresponds to the ASR product, blue to the surrounding aggregate,
green to the predefined crack plane. The second half of the aggregate is omitted
for visualisation of the crack plane. The dimensions are given in meters. (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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The behaviour of cohesive elements is stipulated through the
traction-separation law. For the current study, a bi-linear traction-sep-
aration law, shown in Fig. 5b, is employed. For the cohesive opening &
below the elastic limit 5y, a cohesive element behaves in a linear elastic
manner. The initial elastic opening of a cohesive element is a numerical
artefact: ideally, the interface should be fully rigid up to the point where
it reaches the tensile strength o, and softening starts. To minimise the
artificial effect of pre-inserted cohesive elements on the behaviour of the
bulk material, the elastic opening &y should be kept very small, so that
the initial stiffness of the cohesive element is higher than the one of the
bulk material. After the traction T reaches the material strength in
tension oy, it starts to decrease linearly reproducing material softening.
The latter takes place up to a moment when the opening reaches its
critical value §.. Then the element is fully broken. If the loading is
removed while the element is in the softening stage (5 < &), its behav-
iour becomes elastic again within the window 0 < § < §pgx. Under
compression, cohesive elements behave elastically with a penalty coef-
ficient @,. Opening of a cohesive element dissipates energy Egs. The
maximum value that can be dissipated upon reaching the critical
opening &, equals the fracture energy G, according to
S = 2& ®

O
where G, could be computed from the fracture toughness K¢ as

2
— KIC

z ©)

GC
where E is the Young's modulus of the surrounding material. It is
assumed that no friction is present and only normal opening of cohesive
elements takes place.

While the LEFM-based semi-analytical solution assumes that the
material undergoes brittle failure, the cohesive zone model suggests that
it undergoes softening that is contained in the process zone next to the
crack tip. The length of this zone, I, depends on the adopted model.
According to Hillerborg and colleagues [49], it can be estimated as

EG,
P—

< 2
h

(10)

To make the cohesive zone model match the LEFM solution, the
process zone I, should be big enough to accommodate several finite el-
ements, but smaller than any other model length scale (the size of the
inclusion, the crack, and the domain). For an inclusion of 1um radius
and a domain of 20um size, a 0.2um cohesive zone was chosen. The
crack plane was meshed with the element size of 0.03 ym that allowed
having several elements within the cohesive zone. In Eq. (10), E and G,
are material properties, while o is treated as a calibration parameter. To
make [, equal to 0.2 um, the tensile strength o, was assigned 4.5 GPa (see
Table 1). Such a high value is adopted to make the cohesive zone model
comply with the principles of LEFM. The values of o, §p and &, are given
in Table 1.

3. Results

The theoretical predictions of stresses and crack radii are made for
different inclusion shapes and sizes. The theory is then validated by
comparing it with the numerical model.

3.1. Stresses in the bulk

To compute the stresses, material properties given in Table 1 are
used. Due to the unavailability of the mechanical properties of the
amorphous ASR product, those of the crystalline state are taken.

The analytical solution for the stresses inside and outside the inclu-
sion is given in Fig. 6. Directions x, y and 2z coincide with the principal
stress directions. Stresses at the interior points are independent of the
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Fig. 5. a) A sketch of a first-order 2D cohesive element between 3D solid elements. b) Illustration of the bi-linear cohesive law.

Table 1

Material properties of the ASR product and the aggregate matrix, and parame-
ters of the bi-linear cohesive law. * Based on the micro-indentation tests by
Leemann and Lura [25]. | Taken from [50].

Material properties ASR Aggregatet  Cohesive
product* material
Young's modulus E, [GPa] 10 60 -
Poisson's ratio v, [—] 0.3 0.3 -
Fracture toughness K¢, [MPa - - 2 -
mi/2]
Fracture energy G, [J/m?] - - 66.7
Tensile strength o, [MPa] - - 45-10°
Elastic opening &y, [ym] - - 1
Critical opening &, [ym] - - 29.6
2.0 2.0
— Oxx — Oxx
— Oy
1.5 1 —-——— 0y

1.0

U/Eofer'g [-]

0511 Y >

observation

0.0 k poin
N PSS

-0.5 T T 0.5 T T T T
0 1 2 3 4 5 0 1 2 3 4 5

Ratio a/r [-] Ratio a/r [-]

Fig. 6. Stresses inside (on the left) and outside the inclusion (on the right) at
the observation point for a varying inclusion's shape. Stresses are normalised by
a product of the matrix's Young's modulus E° and the eigenstrain scalar £eig- The
semi-axis a is normalised by the equatorial radius r.

point's position. Stresses in the matrix are plotted at the intersection
point between the y-axis and the surface of the spheroid (see the
observation point in Fig. 2). The semi-axis a is varied from almost zero to
five times the equatorial radius r, changing from a penny to a sphere and
finally to a needle. Stresses inside the inclusion are always compressive,
becoming hydrostatic (6xx = 0y, = 03;) in the spherical configuration.
When approaching the disk limit, the stress in the direction normal to

the disk plane tends towards zero. The stress state in the matrix is
different. While the stress in the y-direction is still compressive, the
other two stresses are either null or tensile. This creates necessary pre-
mises for the crack appearance. In the spherical setup, the tensile
stresses in the x- and y-directions are equal that makes any plane passing
through the y-axis suitable for the crack growth. In the penny-shape
limit (a/r — 0), oy intensifies making the yz-plane preferable for a
crack to grow. Since the gel inclusions are expected to have a flat shape,
the analysis is limited to the cases when a/r changes from zero to one.

the analytical solution for stresses along the y-axis for three different
shapes of the inclusion is plotted in Fig. 7. Although the disk has a tensile
stress at the border much larger than the one of a sphere, it decays much
faster. For a spherical configuration (a =r), the stress drops with the rate
of r/y®, which matches a well-known analytical solution by Timo-
shenko and Goodier [51], p. 417. A particularity of the Eshelby solution
is its size independence: both the small and the large inclusions will
generate similar stress and strain fields under the same expansion value.

The numerical solution for the stress along the y-axis fairly matches
the analytical predictions. A comparison between the two sets of results
is plotted in Fig. A14 of Appendix. At this stage, no crack is present in the
simulation. The only difference between the two methods is observed at
the boundary, where FEM cannot represent the stress singularity for
oblate shapes. The numerical solution could be improved by mesh
refinement. The stress decay further from the inclusion surface is
perfectly resolved.

—— Sphere (a/r=1)
0.6 —— Obl. sph. (a/r=1/2)
—— Penny (a/r=1/10)
0.4 4
o
W 0.2
% k
X
5 S
0.0 4
-0.2 4

0 1 2 3 4 5
Distance y/r [-]

Fig. 7. Stress oy, for three different inclusion shapes plotted along the y-axis. Its
value is normalised by a product of the matrix's Young's modulus E° and the
eigenstrain scalar ;. The distance y is normalised by the equatorial radius r.



E.R. Gallyamov et al.

3.2. Crack radius

The crack is added to the numerical problem employing cohesive
elements. The parameters of the cohesive law are listed in Table 1. To
have a small [, and preserve the fracture energy G,, the tensile strength o,
had to be assigned a high value and the critical opening &, had to be
adjusted.

Expansion of the inclusion leads to the concentration of stresses at
the crack tip. The intensity of this concentration is characterised by the
stress intensity factor. The analytical solution for K; depending on the
spheroid's shape and the crack radius are plotted in Fig. 8. The equa-
torial radius of the inclusion in this plot equals 1 ym. K; normalised by
the fracture toughness Kj¢ serves as an indicator for crack growth. While
the values of K;/Kjc above one suggest that the crack will extend, a strict
equality indicates the crack radius at which growth will cease. Cracking
due to the ASR is happening in a quasi-static regime. The expansion
value of 100% is not applied at once but is gradually increased. The
process of crack growth is illustrated for the case of a spherical inclusion
in Fig. 9. The cracking starts at a value that is lower than the final load.
More specifically, the first crack extension happens when K; at the peak
of the curve becomes equal to K¢ (point 1 of Fig. 9). After the first crack
growth event, any further infinitesimal increase in the load would lead
to an increase in the crack length (point 2). At all times, the stress in-
tensity factor K; is strictly equal to the fracture toughness Kjc, and the
crack propagation is stable. Finally, the load reaches its final value, and
the crack growth arrests at point 3.

All the curves in Fig. 8 have a unimodal distribution shape. At the
extreme values of R, zero and oo, K; tends towards zero. In physical
terms, it means that for a crack to grow, a pre-existing fissure of a finite
length must exist. Otherwise, the problem transitions from being
toughness-controlled to strength-controlled [52,53]. Overcoming ma-
terial strength in the absence of micro-fissures would require higher
expansion values of the ASR pocket. In contrast, a sufficiently large size
of the pre-existing crack encircling the inclusion facilitates its further
growth.

The curves in Fig. 8 are ascending up to the K; peak value and later
descend to zero. Such behaviour of Kj is not typical: most of the classical
fracture mechanical problems result in either monotonously growing or
reducing K|, e.g. tension applied at the infinity or tensile force pair
applied at the centre of a penny-shaped crack. One may wonder why in
the case of the expanding inclusion K; has a peak, while in the case of a
remote tensile load it does not. The difference in K profiles stems from
the different nature of loads. For the remote tensile load, the crack tip
always “feels” the tensile stress applied at infinity. For the expanding
inclusion, the matrix stresses in the absence of the crack are not

3.0 — 3/r=1
a/r=3/4
25 — a/r=1/2
— afr=1/4

a/r=1/10
a/r=1/100

KilKic [-]

1.0 1.5 2.0 2.5 3.0 35 4.0 4.5 5.0
Relative crack radius R/r [-]

Fig. 8. K;/Kjc depending on the aspect ratio of the spheroid a/r and the
external crack radius R/r for a spheroid with the fixed equatorial radius r=1um
under the expansion of 100%.
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Fig. 9. Illustration of the crack growth process around a spherical inclusion.
Point 1 denotes the lowest value of expansion at which crack extension begins.
Point 2 corresponds to some intermediate expansion value at which crack
propagates in a stable mode (K; = Kj¢). Crack growth stops upon reaching the
final &g at the point 3.

constant. For simplicity, a spherical case is considered. In Fig. 10, the
normalised stress oy, and the stress intensity factor K; are plotted along
the distance y’ given in logarithmic scale. The stress intensity factor was
computed for the geometry where the crack size [ equals the distance y'.
The stress is constant up to y'/ r=10"2 after which it starts to drop. While
the stress is constant, K; is monotonously growing (similar to the remote
tension case). When the stress reduces, so does K;, which results in a
peak.

The K; peak position and its height vary for different shapes of the
inclusion. The highest K; corresponds to an oblate spheroid with an
aspect ratio a/r=1/4 that makes it the most critical case for high fracture
toughness. A sphere (a/r=1) has a lower peak value, but its developed
crack length is the largest. Consequently, a sphere and a 1/4-spheroid
are the two most critical geometries with regards to the Kj intensity
and the developed crack length correspondingly.

For the current equatorial radius of a spheroid r=1pm, any aspect
ratio 1/10 < a/r < 1 leads to fracture growth. Flattening the shape of the
inclusion would reduce its potential to grow a crack. For instance, a
penny with thickness a=0.01 ym is not expected to develop a crack. The
maximum crack radius for all possible spheroids with 1um radius is
2.35um that is more than twice as big as the ASR pocket itself.

Although the stress solution of the Eshelby problem does not depend

-_— o’)()(/Eofeig

0.150 - KIE g F

0.125 4
0.100 ~
0.075
0.050 4

0.025

0.000 - -

107 1073 107! 10t 103
Distance from the observation point y'/r or the crack length I/r

Fig. 10. oy, along y’-axis in an unflawed configuration and K; for a crack of
length | = y'. Values are normalised by a product of the matrix's Young's
modulus E° and the eigenstrain scalar .. An extra normalisation term 1//7 is
applied to K;. The distances y’ and [ are normalised by the equatorial radius r.
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Fig. 11. K;/Kc for a sphere and 1/4 spheroid of different radii and a constant
expansion of 100%.
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Fig. 12. Developed crack radii for spheroidal inclusions of different sizes under
different expansion values plotted in log-log scale.

on the size of the inclusion, the solution for the stress intensity factor
does. This is demonstrated in Fig. 11. The two most critical shapes (a
sphere and a 1/4 spheroid) of different radii were tested: 0.1um, 1um,
and 10um. The same expansion value was applied. One can observe a
gradual increase in both the peak SIF value and the developed crack
length for bigger inclusions. This allows us to conclude that the size of
the ASR pocket has a direct effect on the crack propagation: larger ASR
inclusions have a higher chance to damage the surrounding aggregate
and thus cause a longer crack. Another important observation is that,
irrespective of its shape, an inclusion of 0.1 ym size or smaller does not
trigger crack growth. This observation suggests that there is a critical
value of the spheroid's radius below which no crack extension will
happen for the expansion values of 100% and the chosen material
properties. This critical radius lays in the range between 0.1um and
1um.

To study how the inclusion size is related to the developed crack
radius, an additional parametric study was performed results of which
are presented in Fig. 12. Two previously highlighted shapes (a sphere
and a 1/4-spheroid) were increased in size from hundreds of nanometers
to a few centimetres and the corresponding crack radii were measured.
Such a wide range was chosen for purely illustrative purposes and does
not have any physical implications. The expansion values of 100% and
200% were applied. The results are plotted in a log-log scale. The
developed crack radius shows a power-law dependence on the inclusion
size. The power-law reveals an exponent of 4/3. The results suggest that
the same power-law exponent holds for different expansion values.
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semi-analytical

damage
0.0 0.2 0.4 0.6 0.8 1.0

—-_— ‘

Fig. 13. Final values of damage in the numerical simulations for three spher-
oids with the radius 1um and the expansion of 100%. The dotted lines denote
semi-analytical predictions of the developed crack radii presented in Fig. 8. The
dimensions are given in meters.

Numerical validation of the analytical solution is given in Fig. 13.
Here, white dotted lines represent the semi-analytical predictions for
three spheroids, while the coloured background comprises three nu-
merical crack profiles. The final positions of the numerical cracks can be
interpreted through the damage colours: brown corresponds to the fully
damaged cohesive elements, blue is for the intact ones. Rainbow-
coloured regions correspond to the cohesive zones at the external
crack radii. The radius of the crack next to a sphere is about 2.4 ym that is
almost equal to the analytically predicted radius of 2.35um. For a 1/4-
spheroid, the numerically-grown crack measures 1.6um that is 8.5%
smaller than the analytical value of 1.75um. Finally, a penny has not
developed a crack and just slightly opened a rim of elements while its
analytical prediction is 1.27 um. The reason for the underdeveloped
crack is believed to be the interference coming from the inclusion that is
too close-by. Except for this last case, the numerical model fairly re-
produces the semi-analytical predictions.

4. Conclusions

In this study, the potential of ASR pockets of different sizes and
shapes to cause cracking of surrounding aggregates due to their volume
increase of 100% was estimated. For this, a semi-analytical model con-
sisting of the expanding spheroidal inclusion and a ring-shaped crack
encircling it was employed. The inclusion here represents a pocket of an
ASR product at its mature solid state. A prerequisite for such a model is
the presence of pre-existing fissures, which are abundant in rocks. First,
the stresses in the matrix are computed by an analytical solution. Later,
the product of the computed stresses and the specific weight function is
integrated over the surface of a crack to obtain the stress intensity factor
for mode 1. The latter characterises the crack potential to grow. The
distance at which the stress intensity factor normalised by the fracture
toughness equals one renders the developed crack length.

The resulting solution strongly depends on the inclusion's shape and
size. Flat shapes concentrate higher tensile stresses on their sharp edges
than the bulging ones. At the same time, these stresses decay much faster
further away from the inclusion. While the stress intensity factor for
mode I is the highest for an oblate spheroid with an aspect ratio of 1/4,
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the longest crack is caused by a spherical shape. It makes 1/4-spheroid
and a sphere the two most critical shapes, either for reaching high values
of the fracture toughness or for causing the longest crack.

The size of the inclusion plays a crucial role on the crack growing
potential. For an inclusion of 1 um radius under the expansion of 100%,
all spheroidal shapes with aspect ratios above 1/10 are likely to grow a
crack around. Flatter shapes would cause either shorter cracks (R/r <
1.25) or no crack at all. There is a critical inclusion radius in the range
between 0.1 m and 1um below which no crack growth is expected for
the current combination of Kjc and &, Consistently, an increase in the
inclusion's size yields higher values of K; and longer cracks.

Further increase in the inclusion size, as well as in the expansion
value, suggests a power-law dependence between the radius of a
spheroid and the developed crack radius. Independent of the spheroidal
shape or the expansion value, the power-law exponent is about 4/3.

The results of the analytical and semi-analytical predictions were
confirmed by the numerical model. For verification of the stresses in the
bulk in the absence of the crack, a purely elastic finite element model
was assembled. For validating the predicted crack length, this model
was enriched with cohesive elements. Both the elastic stresses and the
crack lengths obtained numerically have a good match with the semi-
analytical results.

Appendix A. Supplementary plots
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