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ABSTRACT

In this thesis we study Riesz bases of exponential functions for spaces L?()), where 2 C R%
Our main focus will be on proving Kozma and Nitzan’s result that given a finite union of intervals
) C [0, 1] we can construct a Riesz basis of exponentials E(A) with integer frequencies for the space
L?(2). We also study certain stability and density results pertaining to Riesz bases of exponentials,
such as the Paley—Wiener stability theorem, Kadec’s i—Theorem7 and Landau’s necessary density
conditions for Riesz bases of exponentials.

SAMMENDRAG

I denne oppgaven studerer vi Riesz-basiser av eksponentialfunksjoner for rommet L?(Q2), der
Q c R?. Hovedfokuset i oppgaven er & presentere Kozma og Nitzan sitt bevis for at det finnes
en Riesz-basis av eksponentialfunksjoner med heltallsfrekvenser i L?(2) for enhver endelig union
av intervaller Q@ C [0,1]. Vi ser ogsd nermere pa enkelte stabilitets- og tetthetsresultater for
eksponentielle Riesz-basiser, og gir detaljerte bevis for Paley—Wieners stabilitetsteorem, Kadec’s
i—Teorem og Landaus tetthetsbetingelser for eksponentielle Riesz-basiser.
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RIESZ BASES OF EXPONENTIALS FOR FINITE UNIONS OF INTERVALS 1

1. INTRODUCTION

In this thesis we study spanning properties of the exponential system
E(A) = {ex(z) = exp(2mi{A, x)) : X € A}

in the space L?(f2), where  is a subset of R? and A C R? is a uniformly discrete set. This is a
classical topic dating back to the work of Paley and Wiener in the 1930s [13]. In particular, we
are interested in when F(A) is a Riesz basis for L?(Q). This question may be rephrased as asking
when A is both a set of stable sampling and interpolation in PWq. The case where ) is an interval
is well-studied, and a full characterization of Riesz bases for L?(I) has been given by Hruscev,
Nikol’skii and Pavlov [3]. However, in the case of disconnected sets  and sets in R¢ for d > 1,
many question have remained open.

A Riesz basis is the image of an orthogonal basis under a linear, bounded and invertible map.
Thus a Riesz basis is not required to be orthogonal, but the close connection to orthogonal bases
ensures that certain properties of orthogonal bases are preserved. In particular, if E(A) is a Riesz
basis in L?(Q), then every function f € L?(Q) has a unique series expansion

f(z) = Z exex(x).
AeA
Moreover, relinquishing the property of orthogonality makes Riesz bases more flexible than orthog-
onal bases. In particular, Riesz bases are stable under small perturbations. Thus we can think
of Riesz bases of exponentials as a great alternative to orthogonal bases of exponentials for spaces
that do not admit the latter.

It is well-known that there are many sets Q where L?(£2) does not admit an orthogonal basis of
exponentials. For suppose that it does; then it must be the case that the Fourier transform of the
indicator function of Q satisfies Yo (A — a) = 0 for any pair A\, where A # «. This condition is
very restrictive. Suppose for instance that Q = [0,1] U [3/2,2]. Then

Xa(r) = iz

and it follows that Yq(z) = 0 if and only if 2 € 2Z. Thus if L?(Q2) were to have an orthogonal
basis of exponentials it must be a subset of {27 (?*®)%yq(x)},cz, which is clearly impossible. On
the other hand, it is easily verified that L2?([0,1] U [3/2,2]) admits a Riesz basis of exponentials,
with E((1/2)Z \ 2Z) being one possible choice.

Over the last years there have been several big breakthroughs on the topic of Riesz bases of
exponentials. An important problem which remained open for decades was that of whether any
finite union of intervals admits a Riesz basis of exponentials. In 2012 Kozma and Nitzan [6] were
finally able to verify this. They later generalized their result to any finite union of rectangles in R?
[7]. Another important question which just recently saw a solution was that of whether any space
L?(Q2) admits a Riesz basis of exponentials. It turns out that this is not the case, as Kozma, Nitzan
and Olevskii constructed a bounded set  C R where no Riesz basis of exponentials for L?((2) exists
8]

The main goal in this thesis is to understand the proof due to Kozma and Nitzan that any finite
union of intervals 2 admits a Riesz basis of exponentials. The thesis is organized as follows. We
start by introducing Riesz bases, sets of stable sampling and interpolation, and the Paley—Wiener
space in section 2. We then review the Paley—Wiener stability theorem, and Kadec’s i—theorem in
section 3, as stability of Riesz bases of exponentials plays a fundamental role in the proof of Kozma
and Nitzan. In section 4 we look at some important density results, originally due to Landau [9],

1— 672772&0 + 6747ri:v _ 67371'1'1
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2 SARAH MAY INSTANES

which describe necessary conditions on A for E(A) to serve as a Riesz basis. Finally, in section 5 we
study Kozma and Nitzan’s proof in detail, and observe that the main idea in the proof is to combine
Riesz bases for several smaller, related spaces into one Riesz basis for L?(Q) in a particularly clever
way.
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2. PRELIMINARIES

In this thesis we mainly work with the Hilbert space L?(2) for some set @ C R?. Nevertheless, we
begin by formulating certain definitions and results in the more general context of a Hilbert space
H. We will always assume that # is separable, and thus (if infinite-dimensional) isometrically
isomorphic to ¢2. In particular we will always have a countable orthonormal basis for 7. The main
sources in this section are the books of Christensen [2] and Olevskii and Ulanovskii [11].

2.1. Frames, Riesz sequences and Riesz bases. Given a separable Hilbert space H we say that
a set {fn}nez of elements in H is a frame if there exist positive constants A and B such that

Allel® <D~ e, f)* < Blloll?,
nez

for all ¢ € H. We will refer to the largest possible constant A and the smallest possible constant
B as the lower and upper frame bound, respectively. The upper inequality is often referred to as
Bessel’s inequality. An important consequence of the lower frame bound is that frames are complete,
meaning that span{ f, }nez = H. This is equivalent to the property that only the zero-function is
orthogonal to every function in {f,},cz. We state this consequence as a lemma and give the short
proof.

Lemma 2.1. Let {f,}nez be a frame in a separable Hilbert space H. Then {f,}nez is complete in

H.

Proof. Assume that there exists a function ¢ € H such that (g, f,) = 0 for all n € Z. Then since
{fn}nez is a frame there exists some A > 0 such that

Allel* <> K, f)l? =0

nez
which implies that ||| = 0, and hence ¢ = 0. O

We say that a frame {g, }nez is a dual frame for {f, }nez if

¥ = Z<@agn>fna
neZ
for any ¢ € H. There always exists at least one dual frame, called the canonical dual frame, given
by {T~!fn.}nez, where T : H — H is the frame operator

To = (@, fn) fn-
ne”z

This operator is linear, bounded and invertible. The canonical dual has frame bounds 1/B and 1/4
if the frame bounds of {f,,}nez are A and B. Observe that the canonical dual frame of {71 f, },ez
is {fn}nez- Note also that the existence of the canonical dual frame guarantees that we can express
any element as a linear combination of the frame functions. However, as the dual frame need to be
unique, the series expansion is in general not unique.

Given a separable Hilbert space H and a set {f,}nez of elements in H, we say that {f,}.cz is
a Riesz sequence if there exist positive constants A and B such that

(2.1) A eq? < HZ nfn ‘< BY lenl,

for all finite sequences {c,}nez. By a finite sequence we mean that finitely many elements in the
sequence are non-zero. As for frames, we call the largest possible constant A in (2.1) the lower Riesz
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sequence bound, and the smallest possible constant B in (2.1) the upper Riesz sequence bound for
{fn}necz- We observe that there is a certain duality between the property of being a frame and that
of being a Riesz sequence.

Theorem 2.2. Let ‘H be a separable Hilbert space which is a direct sum of two Hilbert spaces H1
and Ho, and let U = {up}tnez be an orthonormal basis for H. Assume U is the union of two
disjoint sets V and W. Let Py and P, denote the orthogonal projection from H onto Hy and Hs,
respectively. Then P1V is a frame in Hy if and only if PW is a Riesz sequence in Hs.

Proof. Assume P,W is a Riesz sequence in Ho. That is, there exist constants A and B such that

2 2
A Z lew|? < Z CoyW Z CcuwPow

<B Z |Cw|27
weWw weWw wew H

Ho weWw

for all finite sequences {cy fwew. Let f € Hi. Then we may write

f:ZCuu:chva Z CoW.

uelU veV weWw
Note that P, f = 0, and thus it follows that

Z co Pov

2 2

g CoyW

veV H weWw Ho
Further we see that
2 2
S el < 2| S cww| =2 Yk <Y el =2 S0
w —_ A w A v — A v A b) .
wew weWw Ho veV H veV veV

Now it follows that

I = Sl = T lel+ X leal < (14 5) T ltr0lP

uelU veV weWw veV

This proves the lower frame bound, as (f,v) = (f, Piv) for all v € V. The upper frame bound

follows from the fact that
STULOP <D KL WP =115,

veV uclU
The proof of the converse is similar, and relies on the fact that given a function f =3 . cow =
f1+ f2, we have (f1,v) = —(fa2,v) for all v € V. A detailed proof is given in [11, Proposition
1.23]. O

Given a separable Hilbert space H and a set { fy, }necz of elements in H we say that {f,}necz is a
Riesz basis for H if {f,, }nez is equivalent to an orthonormal basis {3, }nez. By equivalent we mean
that there exists a linear, bounded and invertible map U : H — H such that U(8,) = f, for all
n € Z. Given such an operator U and a Riesz basis {f, }nez we call {(U~1)* B, }nez the dual Riesz
basis of {f,}nez. By the notation (U~!)* we mean the adjoint of U~1. Note that the dual Riesz
basis is clearly also a Riesz basis in H, as (U~1)* is a bounded and invertible map whenever U is.
The following theorem illustrates how we can use the dual Riesz basis to find the series expansion
of any function ¢ € H in terms of the Riesz basis.
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Theorem 2.3. Let {f,}ncz be a Riesz basis in a separable Hilbert space H and let {gy tnez be its
dual Riesz basis. Then for any function ¢ € H we have

Y= Z<‘pvgn>fn = Z(‘P>fn>gn-

neZ neL
Proof. Fix ¢ € H. Then
Ute=> (U0, Bn)Bn =D (&, fn)Bns

nez nez
and thus it follows that

e =U"U0=> (¢, fa)gn-

neL
Similarly,

U_ISO = Z(U_l% Bn>ﬁn = Z<¢7gn>ﬁn7

nez nez
and it follows that

= (@.gn)fn-

nez
O

There are several equivalent definitions of Riesz bases. It is possible to show that {f,}nez is a
Riesz basis for H if and only if the map W : H — (?(Z) given by ¥(p) = {{¢, fu)}nez is bounded
and invertible. Another useful description of a Riesz basis is given below.

Theorem 2.4. Let H be a separable Hilbert space and a let {f,}nez be a set of elements in H.
Then {fn}nez is a Riesz basis in H if and only if it is both a Riesz sequence and a frame.

Proof. We follow Christensen [2, Lemma 3.6.5 and Theorem 3.6.6]. We start by assuming that
{fn}nez is both a Riesz sequence and a frame. Since {f, }nez is a frame it follows that {f,, }nez is
complete in H. Choose ¢ € span {f, }nez. Then we may write

Y= Z Cnf’m
nez

where {¢, }nez is a finite sequence. This expression must be unique, for suppose we have two finite
sequences {a, }nez and {c, }nez such that

Y= Z Cnfn = Za'nfn

nez nez

Then, since {f,}nez is a Riesz sequence, there exists a constant A > 0 such that

AZ an — Cn‘Q < H Z(an —¢n)fn
nez nez

and it follows that ¢, = a,, for all n € Z.
Let {8, }nez be an orthonormal basis for H, and define the linear map U : span{f, }nez — H by

U (Z cn6n> = cnfus

neZ nez

2
:O7




6 SARAH MAY INSTANES

for all finite sequences {c, }nez. Let B be the upper Riesz sequence bound of {f, }nez. We see that

v (z 5) S et < VB

nez neEZ

Ul = sup = sup
> len|?=1 > lenl?=1

It follows that U is bounded and ||U| < v/B. Since span{f,}
U to a bounded operator on H.
Finally, we show that U is invertible by determining the inverse operator. Let V' : span { f,, }nez —

‘H be the linear map given by
Vv (Z Cnfn) = Z CnBns

nez neZ

nez = H we can extend the operator

for any finite sequence {c,}nez. The operator V is bounded with ||[V|| < 1/v/A, where A is the
lower Riesz sequence bound of {f, }ncz. Since span{ f,},., = H we can extend the operator V' to
a bounded operator on H as well. We see that V is the inverse of U, and thus it follows that the
operator U on H is invertible. This concludes the proof that {f,}.cz is a Riesz basis.

For the converse suppose {f,}nez is equivalent to the orthonormal basis {3, },cz under the
linear, bounded and invertible map U. We start by showing that {f,}.ecz is a Riesz sequence. Let
{¢n}nez be a finite sequence. Then

> et 2 U(chﬁn>

neZ nez

2
= U1 feal®.

nez

2
<|[lU|”?

> b

neZ

Further, we see that

D leal? =

ne”Z

2 2

2
<[l

> b

nez

> et

ne”Z

(5)

n€eZ

It follows that {f,}.cz is a Riesz sequence in #H. Similarly we show that {f,}.cz is a frame. Let
@ € H. Then we see that

Yol P =D Ko UBIP =Y (U 0, Bu)l® = 1U I < U711,

nez nez nez
and that
lell® = 1) T el> < @) MUl = 1T 2D K fud P
nez
It follows that {f,}nez is a frame. O

2.2. Riesz bases of exponentials and the Paley—Wiener space. Let us now restrict our
attention to the Hilbert space L2(2), where (2 is some set in R?. Moreover, we consider Riesz bases
of exponentials, meaning Riesz bases of the form

{7 T 0 (2) bnez,
where yq is the indicator function on 2, and {\, },ez is a sequence of distinct elements in R%. To
ease notation we will use A as an index set and write E(A) = {ex}xea, where ey (z) = > M)y ().
We will always assume that A is uniformly discrete, that is
§:= inf |[A—al >0,
A, a€EA
AFa
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and refer to § as the separation constant of A.
Observe that Riesz bases of exponentials are invariant under translation. That is, if F(A) is a
Riesz basis of exponentials for L?({2), then

2mi(\,x)

{ex(z) =e Xg(7)}rea

is a Riesz basis for L2(Q) where = Q + a for any a € R%. Further we observe that if E(A) is a
Riesz basis for L2(Q2), then E((1/a)A) is a Riesz basis for L?(af2), for any non-zero a € R.

Riesz bases of exponentials for a space L?(Q) are closely related to sets of stable sampling and
interpolation in the corresponding Paley~Wiener space PWg. Given a set Q C R the Paley—~Wiener
space PWq consists of all functions f € L?(R%) such that f is the Fourier transform of a function
F € L*(Q). That is

£(8) = F(t) = /Q Pla)e=2m02) 4y

Observe that it follows from Plancherel’s theorem that PW( is a Hilbert space. We say that a
uniformly discrete set A C R? is a set of stable sampling in PWj, if there exist constants A and B
such that

AJFIP < D 1FIP < BIFIP,
AEA

for any f € PWq. The right inequality is always satisfied when € is bounded, and this is again
(as for frames) called Bessel’s inequality. We call A a set of stable interpolation if the interpolation
problem

{f(M)}rea = {eatren

has at least one solution f € PWq for every {cx}rea € £?(A). We have the following duality

between Riesz sequences and frames for L?(Q2) and sets of stable interpolation and sampling for
PWq.

Theorem 2.5. Let Q C R? be bounded and let A C R? be uniformly discrete. Then the following
holds.

(a) The set E(A) is a frame in L?(Q) if and only if A is a set of stable sampling in PWg,.
(b) The set E(A) is a Riesz sequence in L?(Q) if and only if A is a set of stable interpolation
mn PWQ.

Proof. Case (a) follows immediately from the fact that each f € PWy, is the Fourier transform of
a function F' € L2(Q2), that is (F,e;) = f(t). We thus have

DO =1 F e,

AEX AEA

and the claim follows.
To prove (b) let ¥ denote the map from L?(Q) to £2(A) given by

U(F) = {(F,ex) }xea-

The map is bounded by Bessel’s inequality. We see that the adjoint operator is given by

U ({eahaen) = D exen.

AEA
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It follows that ¥ is surjective if and only if A is a set of stable interpolation, as (F,ey) = f())
whenever F' € L?(Q) and f € PWy, is the Fourier transform of F. Further we observe that E(A) is
a Riesz sequence if and only if there exists a constant C' > 0 such that

E CAEN

AEA

= [ {ex Dl

1
ol [{eataeall <

as the upper Riesz sequence bound follows from the fact that A is uniformly discrete and € is
bounded. Thus the proof follows from the fact that a bounded linear operator ¥ between Hilbert
spaces is surjective if and only if there exists some constant C' > 0 such that

lyll < ClIyll.
O

Observe that Theorem 2.5(a) holds also for unbounded 2. It immediately follows from Theorem
2.5 that E(A) is a Riesz basis for L*(Q) if and only if A is both a set of stable sampling and
interpolation for PWq. In particular it follows that each function f € PWq can be reconstructed
in a unique way from the set {f(A\)}rea if A is a set of stable sampling and interpolation for
PWyg,. For assume E(A) is a Riesz basis for L?(Q2) with dual Riesz basis {hy}xea. Then for every
F € L?(2), with Fourier transform f, we have the unique series expansion

F=>Y (Fehy=Y_ f(Nhy,
A€A AEA
and taking the Fourier transform it follows that
F=2_ FF(h).
AEA

Recalling the duality between Riesz sequences and frames, we immediately get the following
corollary of Theorem 2.2 as a consequence of Theorem 2.5.

Corollary 2.6. Let A C Z, and let Q C [0,1]. Then A is a set of stable sampling for PWgq if and
only if ' = Z\ A is a set of stable interpolation for PWy 1\q-
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3. STABILITY

In this section we review some stability results pertaining to Riesz bases of exponentials. One of
the strengths of Riesz bases of exponentials is that, unlike orthogonal bases, they are stable under
small perturbations of the frequency set A. That is, given a Riesz basis E(A) for L?(Q2) for some
bounded set Q C RY, there exists some & > 0 such that E(A) is a Riesz basis for L?(Q) whenever
A is an e-perturbation of A. By an e-perturbation we mean that there exists a bijection ¥ : A — A
such that ||\ — UA|| < e for all A € A. This stability property is the content of the Paley—Wiener
Theorem, which we prove below. Further, we consider the orthonormal basis F(Z) in L?[0,1] and
see that E(A) is a Riesz basis for L?[0,1] whenever A is a (1/4)-perturbation of Z. This is the
famous Kadec’s 1-Theorem [4].

3.1. The Paley—Wiener stability theorem. The Paley—Wiener stability theorem on Riesz bases
of exponentials is a consequence of the more general Paley—Wiener criterion.

Theorem 3.1 (The Paley-Wiener criterion). Let {f,}necz be a Riesz basis in a separable Hilbert
space H. Let A denote the lower Riesz sequence bound of {fn}tnez. Let {gn}necz be a sequence in
H such that

2
<KDY el

nez

Z cn(fn = gn)

neZ

for all finite sequences {cp }nez and any fixed constant 0 < K < A. Then {gn}nez is also a Riesz
basis for H.

Proof. We follow Young, [16, Theorem 10]. Let T': H — H be the linear operator defined by

T (Z Cnfn) = ch(fn - gn)'

nez neEZ
We see that T is well-defined, as

ch(fn - gn)

nez

2

)

2
K
<KDY lenl <
neZ

> entn

neZ

for all finite sequences {cp}nez, 50 Y. cn(fn — gn) converges whenever > ¢, f, does. Moreover
we see that ||T]|? < K/A < 1. We know that if an operator 7' has norm less than 1, then the
operator I — T is bounded and invertible. Thus U = I — T : H — H is bounded and invertible and
U(fn) = fn— (fn—gn) = gn for all n € Z, s0 {gn }nez is a Riesz basis for H. O

Using the Paley—Wiener criterion, we deduce the following result, which is key in proving the
Paley—Wiener theorem below.

Lemma 3.2. Let {f,}nez be a Riesz basis for a separable Hilbert space H and let A and B be the
lower and upper Riesz sequence bounds, respectively. Let ¢ be a constant satisfying 0 < ¢ < A%?/B.
Then every sequence {gn tnez in H which satisfies

Z ‘<fa fn - gn>|2 S CHfHZ’

nez
for all f € H is also a Riesz basis for H.
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Proof. Let {fn}nez be a Riesz basis in H. Let A and B be the lower and upper Riesz sequence
bounds of {f,}nez, respectively. Let {g, }nez be a sequence in H satisfying

S UF Fa = gn)? < cllfIP
neL
for some constant 0 < ¢ < A%2/B. Let T : H — H be the linear operator defined by
Tf=> (f fo—gn)fn
nez
Then the adjoint operator is given by

Tf= Z<f7 fr) (fn = gn)-

neZ
We see that
2
ITHI2 = | S fo = g || < BSD I fo — a2 < Bell £I2 < 42| 111
nez neL
It follows that ||T|| = ||T]| < A. Let {h,}nez be the dual Riesz basis of {f,}nez. Now fix a

function f =3 ¢ hy,. Then

Z cn(fn - gn)

nez

2 2
=TI < IT*IPIIF11* < A% <A eal?,

ne”Z

Z cnhn

nez

were we have used that the upper Riesz sequence bound for the dual Riesz basis {h, }nez is 1/A.
It now follows from the Paley—Wiener criterion that {g,}nez is a Riesz basis in H. ]

Theorem 3.3 (Paley—Wiener [13]). Let Q@ C R be a bounded set and let A be a sequence of real
numbers such that E(A) is a Riesz basis for L*>(Q2). Then there exists a constant 1, depending on
Q and A, such that if a sequence T' = {7V, }nez satisfies |\, — vn| < n for all n € Z then E(T) is
also a Riesz basis for L?(Q).

Proof. We follow the proof given in [6]. Aiming to use Lemma 3.2 we fix a function F' € L?(Q) and

consider the sum
Z |<F(l‘), 2T _ eZwi'ynac>|2'

nez
Let f € PWq be the Fourier transform of F'. Let g be the derivative of f, and let G be the inverse
Fourier transform of g. Then G(z) = —2mizF(x), and it follows that ||G||?> < ¢/ F||?, where we may
choose ¢ = 2w sup,¢q |z|. Now since f is the Fourier transform of F' it follows that

Do IF (@), AT — )2 = N T f(An) = ()]
nez neZ
By the mean value theorem we get
D) = FO)lP =D P = m PGP < n* Y g,
neZ nez nez

where &, € (An,7n) or &, € (7n, A\n) depending on which interval is non-empty. We have also used
the assumption |\, — v,| < 7. Since G is the inverse Fourier transform of g, it now follows that

Z ‘<F(.’L’), 2T _ eQm"ynx>|2 < 772 Z |<G(3;‘), eQWiE“';KHQ.

neZ nez
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Note that for n sufficiently small the sequence {&,}necz must be uniformly discrete since A is
uniformly discrete. Thus by Bessel’s inequality there exists a constant D such that

> 1{G(x), )P < DG
neZ
To sum up we have
Y (F(x), ™2 — 2T 2 <o DI|G|* < nPeD||F|,
neZ
Thus for n sufficiently small it will follow from Lemma 3.2 that F(T') is a Riesz basis for L?(Q2). O
3.2. Kadec’s 1-Theorem. Let us now consider the special case where Q = [0, 1] and A = Z. Since
E(Z) is an orthonormal basis in L?[0,1] the corresponding Riesz sequence bounds are A = B = 1.
Moreover, in the proof of Theorem 3.3 we can choose ¢ = 27, and it is possible to show using
Bessel’s inequality that we can choose D = m2/2 (see e.g. [11, Proposition 2.7]). Thus, Theorem
3.3 tells us that we may perturb Z by n < 1/vx3 ~ 0.18 without losing the Riesz basis property.

This is not optimal, as we will see next. We start by finding the partial fraction expansions of
cot(rz) and tan(rz) as we will need these in the proof of Kadec’s 1-Theorem.

Lemma 3.4. We have the following identities:

(a)
cot(mz) = — + — Z 22
(v) )
tan(wz) = % Z =

Proof. We use the Hadamard product

sin(rz) T2) ﬁ (1—).
n=1

Taking logarithms it follows that

log(n2) — log(sin(rz)) + glog <1 - f;) = 0.

Further, taking derivatives we see that

cot(mz) = — + — Z 22 — n2

This verifies (a). To prove (b) we use the Hadmard product

cos(mz) = 1—722 5 |
™ H( <n—;>>

and, by taking logarithms and derivatives we arrive at

tan 7rz Z >

— —Z
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O

Theorem 3.5 (Kadec’s +-Theorem [4]). Let A = {)\,} ez be a sequence in R such that |\, —n| < L
for some L < 1/4 and all n € Z. Then {e2>™*nt}, <7 is a Riesz basis for L?[0,1].

Note that {e**"!}, ¢z is a Riesz basis for L?[—m, 7] if and only if {€*™n!}, .7 is a Riesz basis
for L2[0,1]. We may thus reformulate Kadec’s i—Theorem in the following way, which will make it
easier to prove as we may then choose a convenient orthonormal basis for L?[—r,7].

Theorem 3.6. Let {\,}necz be a sequence in R such that |\, —n| < L for some L < 1/4 and all
n € Z. Then {e*t}, ¢z is a Riesz basis for L?|—m, 7).

Proof. We follow the proof of Young [16, Theorem 14, page 42]. Let 6, = A, — n, and fix some
L < 1/4. Aiming to use the Paley-Wiener criterion, let {c,})_; be a finite sequence such that
> |en|? <€ 1, and consider the sum

N N
(31) Z Cn(eint N ei/\nt Z znt o 6i6nt)
n=1 n=1

We note that the set {1,v/2cos(nt), v2sin((n — 1)t)},cz is an orthonormal basis for L*[—, 7).
We want to express 1 — et ag a Fourier series with respect to this basis. We calculate:

_ isaty gy _ 1 _ S0(T0n)
a0 = o _ﬂ(l ertydt =1 i

_ L/ i5at , _ (~1)*V2sin(n6,)d,
ak = 5 ﬂr(l — "t \/2 cos(kt) dt = 2~ 52)

I T L . _t i(—=1)kv/2 cos(md,)6n
by = 5 _ﬂ(l e )\/ism< t )dt (=D —52)

Thus for each n we have

k2 sin(7d,,)d,,

+
i ) k2 CcOS 7T(5n)5n sin (]{Jt _ t) .
k=1

Sln 7T5

1—efnt =1 — cos kt

—1)2-02) 2
Inserting the Fourier series for 1 —e™? in (3.1), and then interchanging the sums (which is justified

by Fubini’s theorem), we see that
N

cheint(l o 6i5nt)

n=1

=||A+B+C|,

where

al int sin wé,,
A= Z Cne€ 1-— s ,

oo N .
—1)k2 0:)0n
B::E E ( )ksm(ﬂ ) cne™ coskt,
T

k=1n=1 (k2 = 47)
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and

oo N . _ k )
C .= Z Z Z( 1) 2(108(7T5n)5n Cnelnt sin (kt _ ;) )

By further calculations we see that

A2 = o ein _ sin7o, ﬁ:c ikt (1 — sin 7oy,
=" moy )= ok

k=1
N N
sin 76, sin md (e
_22(1 g) ><1 dek> nc}ci/ e
n=1k=1 "
al sin 7y, 9
- Z 1= ) [on]
n=1 n
(3.2) < 1_sin7rL 2
) - L

In the last inequality we have used that 3 |¢,|? < 1 and the fact that

sin o, sin L
1-— <[|1-— .
( 70, ) ( L )

Similarly we can show that

N . .
(=D)*2sin(76,)0n e 2L sinwL
. kt| < S22
n; n(k2—oz) ¢ SN =02 12
and
N . 1\k . ,
Z i(—1) ZCos(wén)éncnemt sin (kt B ;) < 2L cosmL

(k= 3)* = 03) Tk -L7)

It then follows from Lemma 3.4 that

n=1

=, 2LsinwL ) 1 sin(w L)
. < —_—m— —_— f— —
(3.3) (1B < ; T —I7) sin(wL) <7rL cot(wL)) T cos(wL),
and
(3.4) e <y 2LeosTL  _ os(rL) tan(rL) = sin(nL).

P 7r((/€ — %)2 — L2)

Now using the triangle inequality, and the estimates (3.2), (3.3) and (3.4) we see that

N
Z Cn(eint _ ei)\nt)
n=1

< [lAl+ 1Bl + I

sin(wL) n sin(w L)
L L
=1—coswL+sinwl = K.

<1- —cos(mL) +sin(nL)

We see that K < 1 when L < 1/4. Thus, by the Paley-Wiener criterion, the system {e?*"!}, 7
forms a Riesz basis for L?[—m, 7). O
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We note that the constant 1/4 in Kadec’s i—Theorem is sharp. It is possible to show that E(A)
is not a Riesz basis for L?[0, 1] when

n >0,
An =10, n =0,
n—|—%, n < 0.

A proof of this is given in [16, p.122].
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4. DENSITY

When working with Riesz bases of exponentials the density of A plays a crucial role. We define
the lower and upper uniform density of a uniformly discrete set A C R? as
inf,, AN (z+ B,
D~ (A) = lim inf — =& AN )

r—00 LBT‘ ’

and

D*(A) = limsup MPacr! ‘A N+ BT)’
r—00 |Br|
respectively, where B, denotes the ball in R? with radius r and center 0. If D~ (A) = D*(A), we
denote this value by D(A) and call it the uniform density of A.
In 1967 Landau [9] gave a necessary condition for when E(A) can be a Riesz basis of exponentials
for a space L?(Q2) in terms of density. More precisely, Landau proved the following theorem, with
the extra assumption that €2 is bounded in the case (a).

)

Theorem 4.1. Let 2 C R be a set with finite measure, and let A C R be a uniformly discrete set.
Then the following holds.

(a) If A is a set of stable interpolation for PWq then DT (A) < |Q].

(b) If A is a set of stable sampling for PWgq, then D~ (A) > |Q].

It follows from Theorem 4.1 that if F(A) is a Riesz basis for a space L?({2), then the upper and
lower uniform densities must be equal and D(A) = |Q]. These density results tell us that the points
in A can not be "too dense" (relative to the measure of 2) in any large interval in order for A to
be a set of stable interpolation. Similarly for A to be a set of stable sampling it is necessary that
A is not "too sparse" in any large interval.

The converse of Theorem 4.1 is false in general. Let us illustrate this by two examples. We follow
[11, Example 5.2 and Exercise 5.4].

Ezample 1. Let Q = [-2,—1]U[1,2]. We find that Xo(z) = (2sin(nz) cos(3wz))/(rx) € PWq. Let
A be the set of zeroes of Y. Then D~ (A) = 4 > |Q|. However, as xo(A) = 0 for all A € A, it
follows that A can not be a set of stable sampling for PWq. Note that we can create many similar
examples by choosing a suitable set 2, and then choosing A to be the set of zeroes of Xq.

Ezample 2. Let Q =1[0,1/2]U[1,3/2]U[2,5/2]. Then D(Z) =1 < |Q] = 3/2, yet we can show that
Z is not a set, of stable interpolation for PWq. Aiming for a contradiction, assume that it is. Then
E(Z) is a Riesz sequence in L?(£)). Moreover, we see that

2
E Cne27rznz E Cn627rznz

nezL neEZ

2
=3

)

L2[0,3]

L2 (Q)
and so it follows that E(Z) is a Riesz sequence for L?[0,1/2] as well. This is clearly a contradiction,
as D(Z) > 1/2.

A special case where also sufficient density conditions can be established is that where €2 is an
interval. We have the following result due to Kahane [5] and Beurling [1].

Theorem 4.2. Let I be a finite interval in R, and let A be a uniformly discrete set. Then the
following holds.

(a) If DY(A) < |I|, then A is a set of stable interpolation for PW.
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(b) If D=(A) > |I|, then A is a set of stable sampling for PW7.

In the critical cases DT (A) = |I| or D~ (A) = |I|, density alone is not enough to determine if A
is a set of stable interpolation or sampling, and a finer analysis is needed. A full characterization
of sets of stable sampling and interpolation for PW7; is given by Ortega-Cerda and Seip [12] and
Seip [15].

In this section we will prove Theorem 4.1(a) following Nitzan and Olevskii’s proof of 2012 [10].
This means that we will show DT (A) < || under the weaker condition that F(A) is uniformly
minimal. We will therefore first see that E(A) is uniformly minimal whenever A is a set of stable
interpolation for PWq. We then show that minimality implies the density condition DT (A) < |€].
Finally, we invoke duality between sampling and interpolation to prove Theorem 4.1(b).

4.1. Minimality of F(A) when A is a set of stable interpolation. We say that a system of
vectors {hy}rez is uniformly minimal in a Hilbert space H if there exists some § > 0 such that
the distance d(hy,span{hn},ez\(ky) > ¢ for all k € Z. Let us now see that if A is a set of stable
interpolation for PWg, then E(A) is uniformly minimal in L?(£2). To do this we need the following.

Theorem 4.3. A set {hy}rez of functions is uniformly minimal in a Hilbert space H if and only
if there exists a set of functions {gi}rez € H with uniformly bounded norms such that {gi}xez and
{hi}rez are bi-orthogonal.

Proof. We follow the proof in [2, Lemma 3.3.1]. Assume first that {hj}rez is uniformly minimal.
Given j € Z, let P; denote the orthogonal projection of H onto Span{hx }rez\ {53 Since {hy}rez is
uniformly minimal there exists some § > 0 such that

(I = Py)hl| > 6
for all j. Moreover, we see that (h;,(I — P;)h;) = ||(I — P;)h;||?>. For j # | we observe that
(hi,(I — P;j)hj) = 0. Thus defining

(= Pyh

Gk = T
(1 = Py)hill

we see that {gi}rez is bi-orthogonal to {hx}rez. Note also that these functions are uniformly

bounded, as
1 1

k|l = < = =
90 = JT=BmT <3

For the converse implication, suppose that {hy }rez has a uniformly bounded bi-orthogonal sys-
tem {gr}rez. Aiming for a contradiction, assume that h; € Span{hx}rez\ (;3- We then have

(4'1) h]‘ = Z Ckh,k.
kez\{j}
This is a contradiction, as bi-orthogonality implies (h;,g;) = 1, but (4.1) implies (h;,g;) =
(3" ckhi,gj) = 0. This shows minimality.
It remains to show that {hx}rez is uniformly minimal. We start by defining the functions
G = (L — Pr)hy,
F T = PonslP

Note that we here use the minimality of {hj}rez to ensure that we do not divide by 0. We have
already observed that {gx }rez is bi-orthogonal to {hy}rez. Fix j € Z, and define f; = g; — g;. We
see that (hy, f;) = 0 for all k£ € Z (including j = k). Thus f; is in the orthogonal complement of

C.
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span{hy}. Note that §; € Span{hj}recz. Then the orthogonal decomposition of g; is g; = f; + g;
and by orthogonality we have

1

lgsll* = 1917 + I£: 17 2 131 = =5~ 72
’ ’ ! ! 1T = Pj)h;]l?

Now since {g }rez is uniformly bounded, there exists a constant C such that ||g;|| < C for all j € Z,
it follows that ||(I — P;)h;|| > 1/C, which shows uniform minimality of {hj }xez. O

Corollary 4.4. If A is a stable interpolation set for PWgq, then E(A) is uniformly minimal.

Proof. We aim to show that E(A) has a bounded bi-orthogonal system. Let C,, € £2(A) denote the
sequence where the term indexed by « is 1, and all other terms are 0. Since A is a set of stable
interpolation there exist functions f, € PWgq such that

N\ =
foz(>‘)—{(1)7 )\#Z’

Now let F,, € L?(Q) be the function satisfying f.(\) = (F,,e\). By construction it follows that
{F)}xea is a bounded system bi-orthogonal to E(A), and thus F(A) is uniformly minimal by
Theorem 4.3. ]

4.2. Proof of Theorem 4.1(a). In this section we prove the following theorem, which is somewhat
more general than Theorem 4.1(a).

Theorem 4.5. Let h € PWgq and let A be a uniformly discrete set. If the family {hy}xca, where
ha(x) = h(z — N), is uniformly minimal in PWq, then DT (A) < |Q].

Note that if A is a uniformly discrete set such that F(A) is uniformly minimal in L?(£2), then so
is {xa(z — N }rea = {e72™*Y5(2) }aea in PWq. Thus it immediately follows from Corollary 4.4
that if A is a set of stable interpolation for PWgq, then the set {xa(x — A)}aca is uniformly minimal
in PWq. Thus Theorem 4.1(a) is a direct consequence of Theorem 4.5. The following Lemma is
key in proving Theorem 4.5.

Lemma 4.6. Let Q C R be a set with finite measure, and let V. C PWq be a closed subspace. Let
{fr}trez and {gi}rez be dual frames in V. Then

0< Y @il < 9],

kEZ

for all x € R. Further, if V. = PWq, then

S fl@)gn@) = [0

kEZ

Proof. Let Fj, and G}, be the inverse Fourier transforms of f;, and g respectively, and let {fx }rez
and {gr}rez be dual frames in V. Then {Fj}recz and {Gi}rez are dual frames in the space
W ={F~Yf): f € V} which is a closed subspace of L?(Q2). Let P : L?(2) — W be the orthogonal
projection map. Since G € W, we have (e,, Gx) = (Pe,, Gk), where e, (t) = e?™'yq(t). Thus
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using the fact that {F}rez and {Gj }rez are dual frames we see that

ka(l“)m = Z<Fk’ ew><e$) Gk>

keZ kEZ

- Z <<€$, Gk)Fk, em>

kEZ

- <Z<617Gk>Fkvew>

keZ

== <Z<Pema Gk>Fk7 ez>

kEZ
= (Pey, ey)

= || Pea]?
< llesl?
= [9].

To obtain equality in the inequality we must have ||Pe,|| = |le.|, which is clearly satisfied when
V = PW,,. 0

Note that Lemma 4.6 is a slight modification of Lemmas 1 and 2 in [10]. We have weakened
the assumption that {fi}rez and {gi}rez are dual Riesz bases to merely requiring that they are
dual frames. This allows us to combine the two lemmas from [10] into a single statement. Note,
however, that when we apply the Lemma below we will in fact be working with dual Riesz bases.
We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. If {h)}aeca is uniformly minimal in PWg, then by Lemma 4.3 there exists
a system {gx}rean C PWq bi-orthogonal to {hx}rea, where the norms of {g}rca are uniformly
bounded. Fix € > 0 and choose b large enough to ensure that

/ () de < 2.
|z|>b

Fix a finite interval I C R of length r and let V = span{hy : A € I} C PWq. Since A is uniformly
discrete, V is finite-dimensional. We see that {hj}xeans is a Riesz basis for V, since all bases
are Riesz bases in finite-dimensional vector spaces. Further, we note that {P(gx)}reans is a Riesz
basis for V' as well, where P denotes the orthogonal projection from PWg to V. Choose an element
f € V. We may then write f = > .\~ Calla, and thus we have

Y (L Paha= D < > Cahompg)\>h)\: Y ah=f

A€ANT AEANT \a€ANI A€ANT
As this holds for any f € V, the systems {hx}aeanr and {P(gx)}aeanr must be dual Riesz bases.
From Lemma 4.6 it follows that
(4.2) 0< > ha(@)Par(z) <19,
AeANT

for all z € R. Let I, be an interval with the same center as I, but with length r + 2b. We choose
I; in this way to ensure that (R\ I;) — A C {& € R: |z| > b} for all A € ANI. Then we have the
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following useful estimate. Note that C' is a constant that might change from line to line.

< (/R\Ib |h,\(9c)2dx> (/R\Ib |Pg>\(x)2dx>

<c|  |h@)Pd
|z|>b

< Ce2.

/ h(2) Pon(@) de
R\,

It follows that
ha(x)Pgx(z)dx =1 — / hxa(z)Pgx(z)dz > 1 — Ce.
Iy, R\ I
Here we have used the fact that (hy, Pgy) = 1 since they are dual Riesz bases. By summing over
A€ AN 1T we see that
> ha(x)Pga(z)dz > [ANT|(1 - Ce).
To xeant
Now integrating (4.2) and dividing by r it follows that
(1-Ce)ANI| < |2 (r + 2b)
r - r '
As we can do this for any finite interval I, it follows that
(1 — Ce) maxger |AN [z, 2+ 7] < |Q|(r + 2b)
r - r '

Letting r — oo, we see that
(1-Ce)DT(A) < |9,
and finally letting ¢ — 0 we get DT (A) < |9]. O

4.3. Proof of Theorem 4.1(b). We will now deduce Theorem 4.1(b) from Theorem 4.1(a), using
the duality between sampling and interpolation.

Proof of Theorem 4.1(b). We start by assuming €2 is bounded and follow [11, Proof of Theorem 5.1
(ii), page 48]. Let A be a set of stable sampling for PW,. By translating we may assume without
loss of generality that Q C [0,a]. It follows from Theorem 3.3 that for 0 < ¢ < 1/a sufficiently
small, we may choose A; C €Z such that A; is a set of stable sampling for PW¢q and such that A;
is also a perturbation of A. Then D~ (A1) = D~ (A). Let I'y = e¢Z \ A;. Then by Corollary 2.6, we
have that I'; is a set of stable interpolation for PWjy 4\q. It follows that

DH(Ty) <[0,a]\ Q] =a— Q] < ——|Q|

Furthermore, as eZ = 'y U A; it follows that D+ (T'y) + D~ (A1) = D(¢Z) = 1/e. Thus we see that
D=(A) =D~ (A1) > |9, when  is bounded.

Assume now that €2 is unbounded. Then for any £ > 0 there exists a bounded set Q C Q such
that |2\ Q| < e. If A is a set of stable sampling for PWq, it must be a set of stable sampling for
PW¢g as well. Furthermore, as Q is bounded it follows that D~ (A) > |Q]. Now letting & — 0 the
claim follows. O

Remark 1. Note that D~ (A) > || is in fact implied by a weaker condition than A being a set of
stable sampling. One can show that if the family of translates {hy(z)}rea for a function h € PWq
is a frame in PWgq then one has D~ (A) > |Q2]. A proof of this is given in [10, Corollary 1].
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Remark 2. Landaus original proof is independent of the dimension d, and also the density results
presented in this section are true in any dimension d.
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5. COMBINING RIESZ BASES

In this section we follow [6] and prove that given a finite union of intervals Q C [0, 1] we can
always find a set A C Z such that E(A) is a Riesz basis for L?(Q). We will work with the sets

1 .
An{me [O,N} ::er]‘i]EQforexac‘clynvaluesofjE{O,...,N1}}7

and
N
(5.1) Asn = Ax,
k=n

for some conveniently chosen N € N. We will see that we can construct a Riesz basis of exponentials
for L?(Q2) by finding Riesz bases for the corresponding spaces L*(A>,), and then combining these
into a Riesz basis of exponentials for L?(Q). More precisely, we establish the following theorem.

Theorem 5.1. Fiz N € N and let Q C [0, 1]. Assume that there exist sets A1,...,Any C NZ such
that E(A,,) is a Riesz basis for L*(Asy,) for eachn € {1,..., N}, and let
N
A= UM, +9)
j=1
Then the system E(A) is a Riesz basis for L?(€2).

Let us briefly outline how the existence of a Riesz basis of exponentials for any finite union of
intervals will follow from Theorem 5.1. We begin by observing how Theorem 5.1 can be used to
show that there exists a Riesz basis E(A) with integer frequencies A C Z for L?(I) for any interval
I. We will then prove Theorem 5.1 in section 5.2. In section 5.3 we consider the special case where
Q) C [0,1] is a finite union of intervals with irrational endpoints linearly independent over Q, and
see that we can then choose an N such that all sets A>, are intervals. We can thus find Riesz
bases of exponentials with integer frequencies for all the spaces L?(A>,) and use Theorem 5.1 to
combine these into a Riesz basis for L?().

Finally in section 5.4, we look at the general case where there are no restrictions on the endpoints.
We use an inductive argument to reduce the case of L intervals, to that of L — 1 intervals, and once
again invoke Theorem 5.1 to construct a Riesz basis for any union of intervals  C [0, 1]. The Riesz
basis will again be of the form E(A), where A C Z. Note that by scaling and translating these
results extend to any finite union of intervals contained in an interval of length M, but then A will
instead be a subset of (1/M)Z.

5.1. Riesz bases for an interval. Given an interval I we know that we can easily find a Riesz
basis E(A) for L?(I) by translating and scaling the Riesz basis {€*™"%},,c7 for L?[0,1]. However,
we now establish the stronger result that if I C [0, 1], we can always find a Riesz basis E(A) where
A C Z. This result is originally due to Seip [14], but we follow the proof of [6]. We start by proving
this in the special case where |I| < 1/4. This is an easy consequence of Kadec’s i—Theorem. We
then extend the result to larger intervals by using Theorem 5.1.

Lemma 5.2. Let n < 1/4. Then there exists a sequence A C Z such that E(A) is a Riesz basis for

L?[0,n]. In particular, we may choose A = {[n/n]},cz-

By the notation [z] we mean the integer part of a real number z. We will let {z} denote the
fractional part of x.
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Proof. Let I' = {7, }nez be a sequence satisfying |[n — v,| < n for all n € Z. Then by Kadec’s 1-
Theorem (Theorem 3.5), the system E(T') provides a Riesz basis for L2[0,1]. Moreover, by scaling
we have that E((1/n)Z) is an orthonormal basis, and thus a Riesz basis, for L?[0,7]. We see that
the criterion |n — ~,| < 7 is equivalent to

n n

so all sequences {\, },ez satisfying |n/n — \,| < 1 provide a Riesz basis for L?[0,7]. Now we can
easily choose \,, € Z since there will always be at least one integer n satisfying this inequality. In
particular, we see that we may choose A, = [n/n] for all n € Z. O

To generalize this result to intervals of greater length we will apply Theorem 5.1. Recalling the
definition of A>, in (5.1), we will see that we can find N € N such that all NA>,, are intervals of
length less than 1/4. Thus we may find A C Z such that E(A) is a Riesz basis for L?>(NA>,), and
then F(NA) will be a Riesz basis for L?(A>,,).

Let us briefly review some results about uniformly distributed sequences. We say that a sequence
{Zn}nen in [0, 1) is uniformly distributed if

)Y )
N—oc0 N

=b—a,

for any 0 < a < b < 1. Tt follows from Weyl’s Criterion that the sequence of fractional parts
{{na}}neN = {{na1},..., {nad}}neN is uniformly distributed in [0, 1] if and only if {a, ..., a4, 1}
are linearly independent over the rationals. As a consequence we have the following lemma.

Lemma 5.3. Fizn > 0 and let 0 < b < 1. Then there exists some N € N such that {Nb} <.

Proof. First assume b is rational and let b = p/q. Then letting N = ¢, we have {Nb} = {q} = 0.
However if {b} is irrational the sequence of fractional parts {{nb}} 7 must be dense in [0,1], and
thus the result follows. O

We are now equipped to prove the following result.

Theorem 5.4. Let I C [0,1] be an interval. Then there exists a sequence A C Z such that E(A) is
a Riesz basis for L*(I).

Proof. By translation we may assume I = [0,b]. Let n < 1/4 and let N be such that {Nb} < 7.
We know that this is possible by Lemma 5.3. Consider the sets

1 .
A, = {te [O,N} :t+% € [0, b] for exactly n values ijG{O,...,Nl}}.
Note that
[Nb] [Nb] +1
<b
N - < N
We therefore see that
{t+ j}Nlm[O g = [INVO+1, o< i< L
N j=0 7 [Nb]v %<t§%'

It follows that
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0, [Nb] +2<n < N.

We have that E(NZ) is a Riesz basis for [0,1/N]. Further, since {Nb} < n we may apply Lemma
5.2 to find a set A C Z such that E(A) is a Riesz basis for [0, {Nb}] in the cases {Nb} # 0. The
set E(NA) is then a Riesz basis for [0, {Nb}/N] by scaling. Thus the conditions in Theorem 5.1
are fulfilled, and it follows that there exists I' C Z such that F(I') is a Riesz basis for L*(I). In
particular we may choose

[NO]

r= L_JI(NZJrj) U ({N [{A’;b}} }HEZ +[Nb] + 1> ,
if {Nb} # 0 and ] -
r=JWZ+)),
if {Nb} = 0. "~ O

Let us see how this construction works by considering a concrete example.

Ezample 3. Let I = [0,1/2/2], and let us use Theorem 5.4 to construct a Riesz basis E(A) for L(I)
where A C Z. Following the notation in the proof above, we observe that

3 1
:{3‘2[} M—2~01213<8

and thus choose N = 3 and n = 1/8. Note that we could have chosen any other pair (N, n) satisfying
{N?} <1 < 1/4, and since v/2/2 is irrational there are infinitely many. We see that

1
A> = _0,3]
1
Aso = _0»3]
3v2
Asg = 0,2 (22 o

We choose Ay = Ay = 3Z, as frequency sets for A>; and A, respectively. Further, as suggested
in the proof of Theorem 5.4 we choose A3 = 3I" as frequency set for A>3 where

r={lah,. e

Finally, according to Theorem 5.1, the set

U (A +4) = BZ+ 1) JBZ +2) | 3T +3),
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provides a Riesz basis E(A) for L*(I).

5.2. Proof of Theorem 5.1. Our goal in this section is to prove Theorem 5.1. We start by
introducing some notation, and establishing a technical lemma which will simplify the proof. Given
aset Q C R welet ey(x) = 2™ yq(z). Fix N € N and assume 2 C [0,1]. Similarly to 4,, and
A, we define

Bn{xEQ:erJJVGQforexactlynvaluesofjE{O,...,N1}},

and
N
B>y = | Br.
k=n
For f € L?(2), we denote by f,, € L%(2) the restriction of f to B, that is
flx), =€ B,,
5.2 =
(52) fula) {07 iy
Moreover, we let
N
(5.3) fon = fr-
k=n
Note that B, N B; = () for all k # [, and
N
UB.=2.
n=1

so f=) ivzl fn- We note that
k kE+1 k
B [N’N] Aty

for any 0 < k < N — 1, and thus we may think of A,, as the set that appears if we fold B,, onto the
interval [0,1/N] exactly N times. We observe that

N N N
|Q‘ = Z |Bn‘ = Zn|An| = Z |A2n‘-
n=1 n=1 n=1

Lemma 5.5. Fiz N € N and let Q C [0,1]. Assume there exist sets A1,...,Ay C NZ such that
E(A,) is a Riesz basis for L?>(As,,) for alln € {1,...,N}. Let

N
A:U(Aj+j).

Then there exists a constant c > 0 such that for any f € L*(Q)
(5.4) el fall® <D (fonen)l?,

AEA

where f, and f>, are given in (5.2) and (5.3), respectively.
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Proof. Fix f € L*(Q) and n € {1,..., N}. Note that f>,(z+ &) =0 for all z € [0, %] \ A>,, and
all k€ {0,...N — 1}, since f>,(z) =0 for all z € Q\ B>,,. We define

hj(z) = x4, (z Z fon (:1: + ) exp (2m“§\];> .

k=0

Note that we may view h; either as a function in L?(As,,) or as a function in L?(2). Now consider
the inner product (f>n,ex) where A € A; + j for some fixed j € {1,...n}. By splitting the integral
over segments of length 1/N we get

N—1 ,k+1
N

<f2n,e>\>L2(Q) = Z /k XBZn(x)fZR(z)exp(fQWi/\w) dz

8 I P R R R

‘N k ik |
= /O Z XAs, (T)f>n < N) exp (—2#2N> exp(—2midz) dz

= <hj, 6)\>L2(Q)

Here we have used that since A = Nm + j for some m € Z it follows that

exp (-27Ti>\ <9€ + Jlf/,)) = exp(—2miAz) exp (—2772";\];) .

It is clear that A>, C As;, and thus we may view h; as a function in L?(A>;). By assumption
E(A;) is a Riesz basis for L?(As;). Thus letting A; be the lower frame bound for the Riesz basis
E(A;) we have

2 2
Do W femel’ = D0 lhyen” = AjlihylP.
AEA;+j AEA, +j
Summing over j it follows that
N

Z\(fzme)\ ZZ Z (fonsex)l’

AEA N+

E f>n;e)\
eN;+

E h]ae)\
EN;+

Z k1%,
j=1

where A = minjcyy,. ) 4. To conclude the proof we must show that there exists a constant C' > 0
such that 327, ||h;]|* > C|| ful|*. To do this we define the n x N matrix

Jk
L= [exp (—27”)] ,
NJlix

I \Y2
M= M

S >

| \/



26 SARAH MAY INSTANES

where j runs from 1 to n, and k runs from 0 to N — 1. By a simple calculation we see that

[f>n( )] [Zf>n(r+ )exp<2m§§>]j[hj<x>1j,

for each fixed z € A,. Recall that for each x € A, there are exactly n different k£ such that

:ch%EQ. Let
k
g>n x"i'N
k

be the vector of length n corresponding to

)

in the sense that we remove the N — n entries where x + % ¢ Q. Then the only difference between
these two vectors are N — n zero-entries, as f>,(z) = 0 for any = € [0,1] \ Q. Further, we define
L, for a fixed x to be the matrix that results from removing the columns of L that are multiplied
by these N — n zeroes when we look at the product L[f>,(z + k/N)]i. Clearly, we then have

L, |:92n <x+ ;)L =L {fzn <x—|— ;)L = [hj(x)]j.

For each x € A,, we see that L, is an n X n matrix, where the dependency on x is restricted to
the way that x determines which columns of L are to be removed. Thus there are finitely many
different matrices L,. These matrices are all invertible, and since there are finitely many of them,
there exists some constant C such that ||L;!]|? < C for all x € A,,. Thus we have

Il (== )L

= 1L @) < LS s (@)0° < C N ()11

Calculating the length of these vectors, we get

CZ f>n<33+ ) Z|h

Note that the sum on the right hand side has (at most) n terms that are non-zero and the vector
we are calculating the length of has n elements. Finally, we integrate this inequality and see that

ZHh H?>Z||h]xA 2= /Zlh )2 da

nj 1
f>n<93+ >

-[ X
C/ ula)?d

_ 2
= Il
Here we have used that f>, = f, on B,,. This concludes the proof. |

dx

We are now ready to prove Theorem 5.1, which we will do by proving that F(A) is both a Riesz
sequence and a frame.
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Proof of Theorem 5.1. We start by showing that F(A) is a frame in L*(Q). Let f € L*() and let

fe L?[0,1] be an extension of f in the sense that f = f on Q and f = 0 elsewhere. Noting that
A C 7Z we see that

2 £112 2
= [IA7 = 11717,

S el < Yl fenP = 3 [(Fren)

AEA nez ne”Z

where we have used that F(Z) is a frame for L?[0,1]. This shows the upper frame bound with
constant 1. Note that the upper frame bound, with another constant, immediately follows from
Bessel’s inequality.

It remains to show the lower frame bound. We start by showing that for every n € {1,...,N}
there exists a constant ¢ > 0 such that

n—1
(5.5) el fall® =DMl < D1 Fen)*
k=1

AEA

For any z,y € C we have |z + y|? > 1|z|2 — |y|?, so for a fixed A € A it follows that

n—1
<z f>
k=1

Summing over all A € A and recalling that A C Z we see that

2
(e 2 5 [ fomen)

S 2 5 3 [ famen) = 3

AEA AEA XeA 1
1 n—1 2
2
2§Z|<fzn,€>\>\ —Z < fk7€l>
AEA 1€z | \k=1
1 n—1 2
2
:§Z|<f2n»ex>\ — > 1
AEA k=1
1 n—1
2
=5 2 fonen)* = Y Ifsll*.
AEA k=1

The last equality follows from the fact that for all [ # m we have fif,, = 0 since B; N B, = 0.
Equation (5.5) now follows from Lemma 5.5. To conclude, let {5, })_; be a sequence of positive
numbers such that ZN 0, = 1 and such that

n=1

N

by > = > G

C
1 k=n-+1
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for all m € {1,..., N}, where ¢ is a constant satisfying equation (5.5). This essentially means that
the sequence must decrease exponentially. We then have
N

N n—1
S0 (e = 3, <cl|fnn2 S ||fk||2>
n=1 AEA k=1
N
(Cl(sn - Z 6k> ||fn||2

k=n+1

C1
2(26 - Z 6k> fall?

k=n+1
Cq1

3
Il
_

[
M) =

1

3
Il

I
ﬁMz

2

> AZ [ £l
n=1

Where A = & min,, ¢y, N} On. This proves that E(A) is a frame for L?(Q) with lower frame bound
A.

Let us now see that E(A) is a Riesz sequence in L?(2). As in the frame case, the upper bound
is nearly immediate. Let {a)}rea be a sequence in ¢?(A) and expand it to ¢2(Z) by letting a,, = 0
for all n ¢ A. Then since {€2"""%}, <7 is an orthonormal basis in L?[0, 1] we have

2 2
— _ 2
daer| = | anen) =D lasf,

AEA nez AEA

which proves the upper Riesz sequence bound with constant 1. It remains to show the lower Riesz
sequence bound. As the proof is very similar to that for the frame property above, we provide only
an outline. It turns out that it sufﬁces to show that there exists a constant ¢ > 0 such that

N
(56) /QZCL)\G)\ dz > ¢ Z |a>\‘27 Z Z |(J,)\|27

AEA AEAL+N j=n+1XeA;+j
for every n € {1,...,N} . To do this we use the inequality |z + y| > $|z[* — |y|* to see that

9 2 N 2
1 n

S wee| 213 5 waw| |2 T a0

AEA J=1AeA;+j j=n+1XeA;+j
Integrating over x € (2, we see that

9 2 2
(5.7) / ZaAe)\(x) dz > = / Z Z axex(x dx—/ Z Z axex(z)| dz.
Q| xea J=1 XEA;+j j=n+1AEA;+j

Viewing {ax}rea as a sequence in 62 (Z) by adding zeroes to the sequence, we see that

(5.8) / Z Z arex(x)| dx = Zanen Z|an|2 Z Z lax]?.

Jj=n+1XeA;+j nez nez Jj=n+1XeA;+j
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Further, one can show by following the proof of Lemma 5.5 that there exists a constant C' such that

(5.9) /Q S Y e

dz > C Z |lax]?.
J=1 XEA;+j

AEA,,+n
Inserting (5.8) and (5.9) in (5.7) we arrive at (5.6), and this concludes the proof that E(A) is a
Riesz sequence in L?(Q). O

5.3. Finite unions of intervals with irrational endpoints linearly independent over Q.
We now look at the special case Q2 C [0, 1] is a union of intervals where all endpoints are irrational
and linearly independent over Q. This special case illustrates how we can construct a Riesz basis
explicitly using Theorem 5.1.

Theorem 5.6. Let Q) = Ule[al,bl] C [0,1] where {1,a1,...ar,b1,...br} are linearly independent
over Q. Then there exists A C Z such that E(A) is a Riesz basis in L*(Q).

Proof. Fix N € N such that all {Na;} and {Nb;} are different and such that {Na;} < 1/2 and
{Nb} >1/2foralll € {1,...,L}. Thisis possible since the sequence {nai,...nar,nby,...nbg tnecz
is uniformly distributed and thus dense in [0,1]2%. Let o and 7 be permutations of {1,2,..., L}
such that

0 <{Nay1)} <{Nag2)} < - <{Nagp)} < %,
and 1

5 < {Nbr(y} < {Nbr2y} <+ <{Nbpy} < 1.
Let ¥ :[0,1/N] — {0,1,... N} be the map given by

(5.10) U(t) =

{j:t+]{[eQandje{o,l...N}H.

We then have A, = {t € [0,1/N]: ¥(t) > n}. We observe that
{Na;} + [Na]

N
Thus it follows that ¥ increases with 1 at {Na;}/N for any 1 <[ < L. Similarly ¥ decreases with

1 at all {Nb;}/N. Further we note that these points are the only points where ¥ can increase or
decrease, as t + j/N needs to be an endpoint in one of the intervals [a;, b;] for this to happen. Let

U(0) = k. Then it follows that
Nag(;
v <{ ao(jﬁ) =k+7,

=aqa; €.

N
and (ND !
T(L—j) .
V| ——— | =k
(=t =k
for any 1 < j < L. Thus we see that
[0, %] n <k,

AZn = [{N%(j)}’ {Nb‘r([]‘\]ij+l)}) 1) n = k +]7 1 S .] S L7

0, n>k+L.
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In particular As,, is always an interval. Thus by Theorem 5.4 we may find Riesz bases E(A,,) for
each set L?(NAs,) C L?[0,1], where A,, C Z. By scaling F(NA,,) will then be a Riesz basis for
L?(Asy). Finally, by Theorem 5.1 it follows that there exists I' C Z such that F(T) is a Riesz basis
for L?(Q).

In particular, we may construct

k k+L
r=Wz+j) |J (NA;+4) Cz,
j=1 j=k+1

where we consider the first union to be empty if k = ¥(0) = 0, and A; is chosen as in Theorem 5.4.

That is,
[Mc]

n
A= |z ) ({M [}} +[Mc]+1> |
! JL:Jl U {MC} nez

if {Mc} # 0, and

[Mc]

A= Mz + ),

j=1
if {Mc} = 0. Here ¢ = {Nb,(1,—j)} — {Na,(j;)} and M € N is chosen such that {Mc} <n < 1/4.
Note that both ¢ and M depend on j. |

5.4. Riesz bases for finite unions of intervals. In this subsection we prove the existence of
Riesz bases of exponentials for finite unions of intervals in full generality. That is

Theorem 5.7. Let Q C [0,1] be a union of L intervals [a;,b;]. Then there exists a Riesz basis of
exponentials E(A) for L?(Q), where A is a subset of Z.

In the proof of Theorem 5.6, it was crucial that the endpoints were irrational and linearly
independent over Q. This guaranteed that we could choose N € N such that the function ¥ :
[0,1/N] — {0,1,... N} defined by

‘I/(t)Hj:tJr]i[GQandjE{O,l...N}H,

in (5.10) was non-decreasing on [0,1/(2N)] and non-increasing on [1/(2N),1/N]. This, in turn,
made it possible to see that all sets A>,, were intervals, and thus Theorem 5.1 could be invoked to
obtain a Riesz basis of exponentials for L?(2) by combining Riesz bases for the spaces L?(As,,).

When we allow the endpoints of the intervals to be any real numbers, a more delicate analysis is
needed. Let us introduce the following definitions and notation. We say that two sequences {a;}%,
and {b;}£ , interlace if there exist permutations o and 7 of {1,... L} such that

ag(1) S br1) S ap(2) S bro) < - < agr) < br(ry,
or
br1) < ao(1) < br2) < ag2) <00 < br(r) < ag(r)-
For two sequences {a;}}, and {b}/; of numbers in [0,1] we define the function ® : [0,1] —
[0,2L] by
L L

(5.11) o(t) = Z X[0,5:] (t) + Z Xlaz,1) (1),

n=1 n=1
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and let
(5.12) Csp =& n, 2L,

for 0 <n < 2L. We observe that ® is a step-function, and that ® increases with 1 in precisely the
points {a;}2 , and decreases with 1 in precisely the points {b;}~ ;.
Recall from the proof of Theorem 5.6 that we have

As, ={t €[0,1/N]: ¥(t) >n} =¥ 'n, N],

and that ¥ increases with 1 in precisely the points {Na;}/N for 1 <! < L, and decreases with 1 in
precisely the points {Nb;} /N for 1 <1 < L. It follows that ¥(z) = ®(Nz) — (¥(0) — ®(0)). There
is thus a close connection between the sets C>, and the sets A>,. Before we prove Theorem 5.7,
we need two lemmas regarding interlacing.

Lemma 5.8. Let {a;}, and {b;}_, be two non-decreasing sequences in [0, 1] that do not interlace,
and assume further that we do not have both a; = 0 and by, = 1. Let ® and C>,, be defined as in
(5.11) and (5.12). Then for each n € [0,2L] the set Cs,, is a union of at most L — 1 intervals (up
to a set of measure 0).

Proof. Since the function ® increases only in the points a; and decreases in the points b;, each set
C>, must be a union of at most L sets of the form [a;,b;], as well as possibly [0,a] or [br,1].
Further, we observe that if [br, 1] and [a;, br] are both part of the union, then this is one interval.
The same holds for [0,a;] and some interval [ai,b;]. Thus, each Cx, is a union of at most L
intervals.

Further, as the sequences {a;}{, and {b;}/~, do not interlace, there is some [ € {1,..., L} such
that b; ¢ [a;,ai41] for any j € {1,...,L}. It follows that C>, cannot contain both an interval
starting in a; and an interval starting in a;4,. Thus C>,, consist of at most L — 1 intervals. |

Lemma 5.9. Let {a;}-, and {b;}}, be two non-decreasing sequences in [0,1]. If L = 2, assume
also that we do not have both a1 = 0 and by = 1. Then there are infinitely many N € N such that
the sequences {{Na;}}£_, and {{Nb}}E | do not interlace.

This is a slight reformulation of Lemma 4 in [6], and we refer the reader to [6] for the proof. Note,
however, that we have restricted our sequences to [0, 1] instead of arbitrary real numbers and added
an extra assumption in the case L = 2. This is to avoid the situation where too many pairs in the
sequences have integer distances, which will necessarily make the statement false. Another solution
to this problem is to change the inequalities in the definition of interlacing to strict inequalities.
Although slightly different from Lemma 4 in [6], the stated Lemma 5.9 is sufficent for proving
Theorem 5.7.

Proof of Theorem 5.7. We use induction on the number of intervals L. The base case L = 1 follows
from Theorem 5.4. Assume 2 = U, [a;, b;] and that the theorem holds for all unions of 1 < K < L
intervals. A consequence of Corollary 2.6 is that the system E(A) C E(Z) is a Riesz basis for L?(Q)
for a given set Q C [0,1] if and only if E(Z \ A) is a Riesz basis for L?([0,1] \ Q). Thus, without
loss of generality, we assume that we do not have both a; = 0 and b; = 1 for some [ and j, as this
can then be reduced to the case of L — 1 intervals.

Fix N € N sufficiently large so that the sequences {{Na;}}£, and {{Nb}}~, do not interlace
and such that for each 1 <[ < L there exists k; € N such that k;/N € [a;, b;]. The last assumption
is to assure that ¥(0) > ®(0). Let us now look at the sets C>,, defined in (5.12) with respect to the
sequences {{Na;}}£ , and {{Nb}}£ |, and the sets As,, with respect to 2 and the fixed constant
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N. From Lemma 5.8 it follows that the sets C>,, all are unions of at most L — 1 intervals. We know
that A>, = UV=![n, ¥(0) + L] and that Cs, = ®~'[n,2L]. It follows that A>,, = (1/N)C>,, where
m = max{n — (¥(0) — ®(0)),0}. In particular all the sets A>,, consist of at most L — 1 intervals.
Now we apply the induction hypothesis to find Riesz bases A,, C Z for each set L?(Cs,,), and
thus by scaling NA,, will be a Riesz basis for L?((1/N)Cs,,) = L*(As,,). Finally, it follows from
Theorem 5.1 that we can combine the Riesz bases for the sets L?(A>,) into a Riesz basis E(A) for
L?(Q2), where A C Z. O
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