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ABSTRACT. In this paper we use the method of discrete Darboux polynomials
to calculate preserved measures and integrals of rational maps. The approach
is based on the use of cofactors and Darboux polynomials and relies on the use
of symbolic algebra tools. Given sufficient computing power, most, if not all,
rational preserved integrals can be found (and even some non-rational ones).
We show, in a number of examples, how it is possible to use this method to
both determine and detect preserved measures and integrals of the consid-
ered rational maps, thus lending weight to a previous ansatz [13]. Many of
the examples arise from the Kahan-Hirota-Kimura discretization of completely
integrable systems of ordinary differential equations.
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2 CELLEDONI, EVRIPIDOU, MCLAREN, OWREN, QUISPEL AND TAPLEY

1. Introduction. “Most of science is a search for simple, stable properties that
can answer questions which interest us.” (Quote from F. Wilczek’s book [27]). The
above quote certainly applies to the study of ordinary differential equations (ODEs).
Starting with Galileo, Kepler and Newton, and later luminaries such as Hamilton
and Lagrange, the search for preserved first integrals and preserved volume forms
has a long and very distinguished history. For the area of ordinary difference equa-
tions and mappings, by comparison, the corresponding search for preserved integrals
and preserved volume forms is arguably still in its infancy and is mainly carried out
within two subfields: discrete integrable systems [15], and numerical integration of
ODEgs, in particular geometric numerical integration [4]. In the discrete integrable
systems subfield, two of the earliest examples of the discovery of discrete maps
preserving integrals are the 2D area-preserving McMillan map, preserving a poly-
nomial integral [25], subsequently generalized to the 2D measure-preserving QRT
map, preserving a rational integral [22, 23]. In the area of numerical discretization
of ODEs, one of the earliest methods used is the birational Kahan-Hirota-Kimura
discretization of first order quadratic ODEs [2, 5, 7, 8], subsequently followed by
other birational discretizations of ODEs of higher degree and/or higher order, such
as polarization methods [12] and the methods of Hone and Quispel [6]. In a re-
cent Letter [13], we developed a theory for detecting and calculating integrals and
preserved measures of rational maps, and presented three examples illustrating its
use. The algorithm we use is based on the notion of discrete Darboux polynomials
and an accompanying cofactor, and it essentially only requires the solution of linear
systems of equations. The details of the algorithm are presented in the next sec-
tion. In this paper we shall build further on the work of Celledoni et al. [13]. After
introducing notation and preliminary results, such as the Kahan map, in section 2,
we shall present a total of 10 examples. The seven examples in section 3 involve
determining Darboux polynomials; the three additional examples of section 4 in-
volve parametric detection. In most cases the map we consider is obtained as the
application of Kahan’s method to a quadratic differential equation. Three of the
examples we consider are unrelated to Kahan’s method. Finally, we prove that for
any quadratic Hamiltonian ODE, the modified Hamiltonian as well as the modified
preserved measure of the Kahan map are both found using a particular ansatz for
the choice of cofactor.

2. Preliminaries. In this section, we provide some preliminaries on Kahan’s dis-
cretization, on measure preservation and superintegrability, on Darboux polynomi-
als for ODEs and for discrete birational maps, and on the discrete cofactor ansatz
that we will use in the remainder of the paper:

2.1. Kahan’s discretization. Kahan [8] proposed a numerical method designed
for quadratic systems of ordinary differential equations (ODEs) in R™ written in
component form as

dx; )
dtl :Zaijkxjxk+2bijxj +C7;, 1= 1,...,’)1, (1)
Jik J

where a;j, bij, ¢; are arbitrary constants and all summation indices are ranging from
1 ton. The method of Kahan, also known as the Hirota—Kimura discretization [5, 7],
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is a one-step method (x1,...,x,) — (2),...,a],) where
xh —x; rixg + Ty T+ T )
lh :Zkaijk72 -I-;b” 5 +Ci, Z:].,...,TL, (2)
j

where h denotes the discrete time step. The method (2) is linearly implicit and so
is its inverse, hence it defines a birational map ¢y,.

Much of the recent interest in Kahan’s method stems from its ability to pre-
serve modified first integrals and measures of the underlying quadratic differential
equation [9, 10, 11]. But even in cases where there are strong indications that Ka-
han’s method preserves such a nearby invariant, it is not necessarily an easy task
to determine its closed form.

2.2. Measure preservation and superintegrability. Consider the ODE

Ccll—)t(:f(x), x:= (x1,%2,...,T,) € R™. (3)
Proposition 2.1. (Liouwville, [1]) The smooth function M : R™ — R is the density
of an invariant of the ODE (3) iff

div(M f) =0.
Definition 2.2. [26] A vector field on R™ is superintegrable if it admits n — 1
functionally independent constants of motion.
We now consider the birational map
x' = ¢(x),

with x = (21, 29,...,2,) and X' = (2], 2%, ..., 2)) elements of R™.

Definition 2.3. The map ¢ is measure preserving if there exists a smooth function
IT such that

I(x') ] (x) = II(x),
where J is the Jacobian determinant of ¢
09;
al‘j

The preserved measure is given by II(x) dx where dx = dzq A -+ A dzy,.

7|

As mentioned in §3 of [26], for a discrete map in R", the existence of n — 1
integrals is not enough to claim (super) integrability:

Definition 2.4. [26] An n-dimensional map is superintegrable if it has n — 1 con-
stants of motion and it is measure-preserving.

2.3. Darboux polynomials for ordinary differential equations. For refer-
ences on this topic, the reader is referred to Cheze & Combot [3] and references
therein. 5

Consider an ODE % = f(x). The polynomial P(x) is defined to be a Darboux

polynomial of the ODE if there exists a polynomial function C‘(X) s.t.

4 P(x) = O P(x).
Here %p(x) = f(x).VP(x), and C is called the cofactor of P. Note that if
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then
2 (H P <x>> = (Z e <x>> (H P (x>) ,
so that if
Z az z =0,
then

H piai (%)

is an integral of the vector field f. We list some examples of cofactors and the
geometric interpretation of the corresponding Darboux polynomials:

C(x

(x

1 )_0:>P—0:>Plsaﬁrst1ntegral .

2 )=C= 4P =CP = P(x(t) = P(x(0)e“t = }5 defines a foliation.

3. C(x) = divf(x ) = P defines the preserved measure —2%- P of the vector field f.
4 ) =

C(x) = C(x), i.e. the general case = P(x) =0 deﬁneb a second integral, i.e.
an algebraic invariant hypersurface.

2.4. Darboux polynomials for discrete rational maps. Consider a rational
map x' = ¢(x). We define the polynomial P(x) to be a (discrete) Darboux poly-
nomial of the map ¢ if there exists a rational function C'(x) s.t. P(x) satisfies the
cofactor equation:

P(x') = C(x)P(x), (4)

where the form of C'(x) will be prescribed below.
Note that if

then
(T2 ) = (Ter o) (T
so that if z l l
[[¢re=1,
then Z

117,
i

is an integral of the map ¢. We will see that this has the consequence that many
foliations arising in this way are in factorised form.

We list some examples of discrete cofactors and the geometric interpretation of
the corresponding Darboux polynomials:
C(x)=1— P/ =P — P is a first integral.
C(x)=C — P =CP — P(x,,) = P(x0)C" = P deﬁnes a foliation.
C(x) = J(x) — P defines the preserved measure P y of the map ¢.
C(x) = C(x) i.e. the general case — P(x) =0 deﬁnes a second integral, i.e.
an algebraic invariant hypersurface.

= L=
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: : . oo —1
1 We remark that if the map ¢ contains a timestep h, such that %Hn = f(x),
—0

2 then in the continuum limit

~ -1
:1' _—
¢ o b

3 the (discrete) mapping case reduces to the (continuous) ODE case.

2.5. Jacobian factor ansatz. The remaining question is how to prescribe the
form of the discrete cofactor C;(x). In [13] we introduced the following ansatz:
Given a rational map ¢ with Jacobian determinant

l b;
- K (x
J(X) _ Hifl Z( )
Hj:l Dy (x)
where the K; and D; are distinct factors, we try all cofactors (up to a certain
polynomial degree d; for the numerator and dy for the denominator) of the form

l fi
C(X) -+ Hliczl Kzg(x) ,
Hj:l Dy’ (x)

where f;, g; € Ng. This ensures that we need only check a finite number of cofactors.
(Note that in maps arising from Kahan’s discretization, it follows from (5) that both
J and C are 1 + O(h)).

For each such cofactor we try all possible Darboux polynomials, (again up to a
certain degree).

Given the cofactor C, the question of whether P exists, and, if so, what it is,
10 only requires solving the linear cofactor equation (4).

)

© o N o a

11 3. Determining preserved measures and integrals. In this section we apply
12 the aforementioned algorithm to determined preserved measures and integrals for 7
13 examples. The algorithm has been implemented in Maple'

14 3.1. Example 1: finding measures and integrals of a specific 2D vector
15 field. This subsection exemplifies the preservation of a modified quadratic Darboux
16 polynomial, and restates a result of [10] in terms of Darboux polynomials. We study
17 the following two-dimensional vector field

i X _ 2%11’2 — 41’2 (6)
dt\ z2 )\ =3ai—az3+4r+1 )7
18 The Kahan discretization ¢, of this vector field is given by
;@ + h(2xy@o — 4ao) 4+ K2 (22] — 223 — 3wy — 2)
1 o D(X) ’ (7)
o o X2 + (=32} — 23 + 421 + 1) + h?(4x122 — 512)
2 D(x) ’

IVersion of 2019 was used and the codes are adapted to run on computing servers of up to 32
cores with up to 768 GBs of memory.
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where the common denominator D(x) is given by
D(x) =1+ h?(32% — 22 — 8x; +4).
The Jacobian determinant J of the Kahan map (7) is given by
J = Ci1(x)Ca(x),

where
1+ 2hxy + h2(5 — 4z
() = Lt 2htn £l )
1+ Cih+ C2h2 4 C3h3 + C3h*
Caloe) =~
where
C% = —thg,

C3 =7— 20z, + 927 + 3,
023 = 261’2 - 16%11’2,
Cy = 28 — 28x; + Tx? + 3x3.

Defining C5 := J, we have used cofactors C7,Cs and C3 to find the corresponding
Darboux polynomials for the Kahan map (7)

P11 =1 — 2,
13 16 7
p2a=1-ai—@y + (5 - Fro oy + gai),
P31 =1+ h*(3x] — a3 — 8x1 +4),
13 16 7
P2 = (21 =2) (1 —af —af + h*(5 — F o1 + 23+ ga7)).

Here and below, p;; denotes the jth Darboux polynomial corresponding to the
cofactor Cj, i.e., p; ; satisfies

pii(X') = Ci(x)pi,; ().
Note also that here p31(x) = D(x). Hence it turns out that the Kahan map (7)

possesses the Darboux polynomials p; 1(x), p2.1(x) and ps 1(x), and also preserves

the measure
dx

1+ h2(322 — 23 — 8z +4)
Finally, the Kahan map preserves the first integral
(11 =2) (1 —af —ad + *(F — Py + 23 + Ia}))
1+ h2(3z% — 23 — 8x1 +4) ’

Taking the continuum limit & — 0, we now see in hindsight that the vector field
(6) possesses two second integrals, i.e. 7 —2 and 1 — 23 — x3%. It also preserves
the measure dz; A dzy and the first integral H = (z7 — 2)(1 — 23 — 23). The fact
that the affine Darboux polynomial 1 — 2 is preserved by the Kahan map (7) is an
example of theorem (1) of [13], which states that the Kahan discretization preserves
all affine Darboux polynomials in any dimension. On the other hand, the vector
field (6) preserves the integral H and the measure dzq A dxs implying that (6) is

2This is why the discrete Darboux polynomial p2;1 =1 — 2% —z3 + hz(% - 13—6$1 + 23 + %w%)
is called a modified Darboux polynomial
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FIGURE 1. Plots of the level sets p1; = 0 and py; = 0 of the
Kahan map in Example 1 (for h = #), dotted red. Also shown
are the corresponding second integrals of the ODE, z; — 2 and
1 — 2% — 23, solid blue.

a Hamiltonian vector field with cubic Hamiltonian H. Therefore, the fact that the
Kahan method preserves a modified Hamiltonian H, and the modified densities p3 1
and p3 o is a special case of the following theorem?:

Theorem 3.1. Let H be cubic in R™, let K be a constant rank 2l antisymmetric
n X n matriz and let the vector field be given by f = KV H(x). Then:

(i) ¢n(x) possesses the following two Darboux polynomials, both with cofactor
Cl (X) =J:

pr = H6) det (AG)) + hVH()'adj(A) £ (x),
p172 = det (A(X))

Here A(x) =1 — 3hf'(x), and adj(A) denotes the adjugate of A.
(ii) moreover, the degree of p12 is at most 21 and the degree of p11 is at most
20+ 3. If n =2l the degree of p11 is at most 21 + 1.

Proof. In the proof of Proposition 4 in [10], it is shown that ¢, possesses the mod-
ified integral H = Zi—:;. Proposition 5 in [10] is equivalent to the statement that
p1,2 is a Darboux polynomial with cofactor J. Combining these two results, it fol-
lows that pq 1 is also a Darboux polynomial with cofactor J. Part (ii) follows from
proposition 4(7) in [10].

O

3 Additional geometric properties of the Kahan map (7) will be given in a forthcoming preprint
by Gubbiotti, Quispel and McLaren.
4We remind the reader that .J is the Jacobian determinant of the Kahan map ¢y,.
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3.2. Example 2: An inhomogeneous Nambu system. We consider the fol-
lowing inhomogeneous Nambu system belonging to the class of systems considered
in [2]

d €1 20x129 + 82123 + 30 1‘22 + 12x9x3 + 3211 + 48 9
% X9 = —10$11’2 — 4I1$3 — 20$22 — 81321‘3 — 16:61 — 32 i) 5 (8)
T3 16 2129 + 102125 + 32292 4+ 20 zox3 + 10 21 + 20 22

which has the two integrals

H, = x% +4x119 + ng,

Hy := 423 + 5xow3 + 23 + 5ag + 83,
and the preserved measure

/dﬂ?l Adzo A dxs.

We consider the Kahan discretization of these equations. The corresponding Jaco-
bian determinant has the irreducible factorization

J= K (x)Ka(x) K3(x) K4(x)
D(X)4 )

(9)
where
Ki =1+ 10xs +4z5+16)h+ (—92:° — 5dzy20 — 56 22 + 20 22773
+4z5% — 6021 — 7022 + 3223 + 64) h? + (—150 2122 — 60 2123
—300 25> — 120 za23 — 24021 — 480 22) h°,
Ky =1+ (—6z1 —12x2) h+ (921 + 36 2125 + 3225 — 8 mox5 — 4737
—62 x5 — 3213 — 64) h? + (150 12 + 60 125 + 300 222 + 120 2025
+240 21 + 480 22) h?,
K3 =1+ (621 +12x2) h+ (921° + 36 2125 — 28 39° — 3220w3 — 4 25°
—158 25 — 32x5 — 64) h* + (150 2122 + 60 z125 + 300 25 + 120 2273
4240 2, + 480 25) b3,
Ky=1+h(—102s — 423 —16) + (—921% — 18125 + 16 25° + 20 2223
+425° + 601 + 1705 4 3223 + 64) B> + (=150 2122 — 60 2123
—300 z2° — 120 o235 — 24021 — 480 22) K,
D=1+ (=921 — 36 z120 — 10 25> — 20 2925 — 475> — 11022 — 3223 — 64) h®
+ (90 x1x22 + 36 x1x223 + 180 x23 + 72 x22x3 + 294 2129 + 60123
+588 5% + 120 zpw3 + 240 71 + 480 72) h°.
Defining cofactors C; = K;/D,i =1...4, we find the following Darboux polynomi-
als p; 1:
P11 = T1 + T2,
P21 =4xo + 13+ 9,
P31 = T2+ 23— 1,

P41 = T1 + 3 T2.
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The cofactor C5 = % gives the Darboux polynomials ps 1, ps 2:
ps1 = (x1 +3x2) (1 + z2),
p572 = (5}11’2 +2h$3 +8h+ 1) (5}1132 +2h$€3 +8h7 1)7

and the cofactor Cg = KEI;B gives the Darboux polynomials pe. 1, ps 2:
P61 =—(3hxy +6hze+1) (Bhey +6hzy — 1),

Po2 = (X2 + 23 — 1)(4dza + 23+ 9).

P5,1(X)

From these we obtain that the preserved integrals of the Kahan map are P a(x)’

pe,2(x)

pea(x) and any combination

1
P5,i(X)pe,j (%)
is a preserved measure.

dx, i,j €{1,2},

3.3. Example 3: Quartic Nahm system in 2D. This subsection exemplifies
the Kahan discretization of a certain class of ODEs with quartic Hamiltonians. We
consider the following example whose Kahan discretization was studied in [9]

d [ x 229 — 1223
dt ( To ) o ( —6x179 — 423 ) (10)
This ODE has a preserved integral

H = 3}2(21‘1 + 333‘2)($1 — .132)2,

and a preserved measure

/ dl’l AN dl’z
1‘2(21‘1 + 3%‘2)(1‘1 — 1‘2) ’
The Jacobian determinant of the Kahan discretization has the following factoriza-

tion
K Ky K3

J= =

where the three affine K; are given by
Ky =1+ 3hx; — 8hxs,
Ky :=1—5hz,
K3 :=1+4 3hxy 4+ 12hxs,
and the quadratic D is
D := 1+ hxy + 4hay — 6h%2? — 8h%w 29 — 36h%23.
Among the cofactors KiKJK¥Y/D! for i,j,k = 0,1 and I = 1,...,3 we consider
C, = %, Cy = %, and C3 = %, satisfying J = C1C5C5. The corresponding
Darboux polynomials are
P1,1 = 271 + 372,
P21 = T2,
P31 = X2 — 21,
leading to the preserved measure
dxi A\ dze A dxs
P1,1P2,1P3,1 .
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To find the modified integral, we search for Darboux polynomials whose cofactors
are of the form CiC} fori,j = 1,2, ... (i.e., “super-factors” of J). Using the cofactor
Cy = C1C,C3,

we find
pa1 = T2(221 + 329) (1 — 2)?,
pa2 = (1+ h(3z1 + 222))(1 — h(3z1 + 222))(1 + h(6x2 — 21))(1 — h(6z2 — x1)),

and 5 i; is an integral of the Kahan discretization, see the corresponding example
in [9].

Note that the invariant set ps 2(x) = 0, represented by a product of four lines,
is shown in red in the phase plot of the Quartic Nahm system in Figure 3 of our

paper [14], for timestep h = 1/5.

3.4. Example 4: Lagrange top. This subsection describes the computation of
the modified Darboux polynomials of the Kahan map of one of the classical inte-
grable tops, requiring significant computing power. Discretizations of the Lagrange
top have been studied in [7] and [9], where it was shown that the Kahan map
preserves a number of modified integrals. The Lagrange top reads

my (a —=1)mams + v p2

Mo (1 —a)mims —yp1
a ms | _ 0 (11)
dt | m Qpamg — p3ma ’

D2 p3mi — apims

b3 p1Mao — pamy

where m; and p; are the angular and linear momentum components and a and «
are constant parameters. The Lagrange top admits four independent integrals

H, = pi +pj + 3,

Hy = pymy + pama + psms,
Hy = m3 +mj + am3 + 2yps,
Hy =ms.

For the Lagrange top, it suffices to treat mg as a free parameter by working in
the variables X = (my, ma, p1,p2,p3)T and look for degree-six Darboux polynomial
densities in X. The Jacobian determinant of the Kahan map has the form

K1 K3
J = D3
where K7 has 377 terms and K» has 35 terms. Using the cofactor Cy(x) = J, we
find the following five Darboux polynomial densities

P11 = —256y + 64 h27 (—2 ms2a® + 2ms’a + Y p3 — my

4
+hQS + h°QY +h*QT,
D12 = —2048’y3 + 256 h273 (—2 ms2a? + 2msa + 4yp3 — mi? — mo? — 2m32)
+HQ5 + HOQL + QST + h'°Q3,
P13 = —2048m3 (6 a — 5) + h?(1536 m3 (1 — a)(m} + m3) + 6144 a y maps3
+1024m3(1 —4a+10a* — 8a?) — 512y pymy — 512y pams

—my? — m32)
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— 5120y msps3) + h* (5) 5+ hGQm + thggz)l + thQ:(;;) + thQgé)

pra=—256yms(2a—1)+ 64 h2y (=2 a®ms® + 3a*ms® + 4oy maps

—ami®mz — ama®my — 3ams® + ypimi + v pama — 2y maps + m3?)

+ A (5) )+ ho (7) 1+ B8 4(84)1,
P15 = 65536 + hZ( — 32768 m3”a” + 40960 m3*a 4 16384 (yps — m1* — my?
—2m32)) + h1QL) + hOQY) + h¥QY) + h0QYY + h2QYY + h11QLY,

where each lei is a polynomial of degree i in the variables (m1, ma, ms,p1, P2, P3).

Taking the quotients il PL2 PL3 apg p L4 vields four functionally independent

P1,5° P1,57 P15
integrals. Taking functlonally dependent combmatlons of these, we are able to form

the following integrals that are preserved by the Kahan discretization

pi +p}+p3 + O(h?)

= 1+ O(h?) ’
H, — Pt pama & psms + O(h?)
1+ O(h?) :
H, — mi +m3 + amj + 2yp; + O(h?)
14+ O(h?) ’
Hy = ms,

where the first three integrals are modified versions of the continuous integrals.

3.5. Example 5: A Kahan map having a non-rational integral. This exam-
ple was constructed to display a non-rational integral, an exact linearization and
solution, as well as a large number of affine Darboux polynomials (even more when
the parameter « equals 1).

d
% = 24(z5 — 24)(1 — @) + 92 + 482175 — 40124 + 2402 — 48z975
+ 48201y + 4823 + 24wzwy — 13227 + 21,
d
% = T(xo — x4)a — 223 — 1221203 + 122104 — 523 + 122023 — 14a014
_ 123:% — 6x31r4 + 383@21 — 6z + Ty, (12)
d
% = 14(z2 — z4) (o — 1) — 42 — 2475 + 242124 — 1402 + 282975
— 2819wy — 2503 — 12314 + 7627 + x3,
d
% = 6(wo — x4)a — 227 — 1221203 + 122104 — 623 + 122023 — 122074
— 123:% — 6x3r4 + 373@21 — 62 + Ty,
where « is a parameter.
The Jacobian determinant of the Kahan discretization of this ODE is
K] K K3 K
J= g (13)
D" Dy"D3” Dy
where K1, ..., K4 are constant, and D+,..., D4 are affine:

Ki=1-1n,



1

2

3

12 CELLEDONI, EVRIPIDOU, MCLAREN, OWREN, QUISPEL AND TAPLEY

Ky =1+ 1h,
K3:].—%Ckh,
K4:1+%Oéh,

Dy =1— h— hxy — 4hzy,
Dy =1-— %h— 2hxo + hxs,
Dys=1- %h — 2hx1 — 3has — hay,
Dy=1- %ah — hxo + hxy.

The following 11 affine discrete Darboux polynomials p; ; for i =1, ...,11 are found
corresponding to the cofactors C;

{ Dij C;

1 1+$1+4$4 KI/DI

2 T +4J}4 Kg/Dl

3 1+21’2—1‘3 Kl/DQ

4 2:)']2 — I3 KQ/DQ

5 14271 + 323 + 24 K1/Ds (14
6 2x1 + 3x3 + x4 KQ/D3

7 o+ Tog — T4 K3/D4

8 To — T4y K4/D4

9 1’1721'24*1'3%*4‘%4 KlKQ/(DlDQ)
10 x1 + 31’3 — 31’4 KlKg/(Dng)
11 | 221 — 2m9 +4as + x4 | K1K5/(D2D3)

It can be read off from table(14) that the three ratios 2t B2

, and 21 each have
P21’ Paj1 P6,1

4 constant cofactor K7 /Ks, and that % has constant cofactor K3/Ky.

© © ~N o
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It follows that the three functions
_ P11P4a (1421 +4w4) (222 — 3)

H = , 15
! p2ip31 (21 +4ws) (1 4+ 229 — 23) (15)
H, = Priper _ (1 + 21 +4z4) (221 + 323 + 24) (16)
p2aps1 (w1 +4xg) (1+ 201 + 323+ 24)
Hy = p1,1p§11 _ (]. +x + 41’4) (.’EQ — (E4)z’ (17)
p2a1p%: (w1 +4dwg) (0 + 22 — 24)
are all integrals of the Kahan map of (12), where a := %

We remark that in general the integral (17) is non-rational, even though the leaves
p1,1/p2,1 = K1/Ks and p71/ps,1 = K3/K,4 making up the integral are polynomial.

s}

‘We also see that

K3K3K3Ky
C7C3CyC1oCyy = =22 = ]. (18)
DYD3D3D}
Hence the Kahan map of the vector field (12) has the preserved measure
d
. (19)

b)
P7,1P8,1P9,1P10,1P11,1

5Note that in the special case @ = 1, K3 = K; and K4 = Ko; the Kahan map of (12) has 3
additional affine Darboux polynomials; and the integral (17) becomes rational.
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and therefore the Kahan map is super-integrable. It follows that the ODE (12) is
also super-integrable, preserving the same integrals and measure as the map.

Finally, it can be read off from Table(14) and the fact that Ki,..., Ky are con-
stant that

P1,1(Xn) = B1p2,1(Xn) (K1/K2)",
P3,1(Xn) = Bapa,1(xn)(K1/K2)", (20)
P5,1(%Xn) = Bape,1(xn) (K1/K2)",
P7,1(Xn) = Baps1(Xn) (K3/K4)",

where the (; are integration constants.
The equations (20) represent 4 linear equations in the four variables 1, xa, x3, 4.
Solving them, we obtain the exact solution of the Kahan map of eq(12):

£1(n) = (4B~ 22)B, + 3,85)Barg +24((B + BB + BiB)a

+ (—4B1 + 7B3) B2 — 126183)r7" + (9 — (1681 — 382 + 583)r1') Bary
+ (24(—B1 — B2 — B3)a + 1661 — 3B + 5B3) 17"

— 247" By Bo B3 + 24a — 9),

x2(n) = %((—((51 —203)B2 + 3B8183)Bary + (=781 — TB3) P2 — TP153)cx

+ (B~ 265)8s + 308" + A + (B~ 2+ By

+ (781 + TB2 + TB3)a — 41 + B2 — B3)ri + 77“1 abif2fs —Ta+2), (97)

rsn) = 5 ((~2((51 —~ 265)82 + )5y~ 14((1 + BB + Bi)
+ (281 — 4B5)B2 + TB18s)r" + 9(7§ + (61— %52 + 63)r?)54r5 +5

+ (14(B1 + Ba + Ba)a — 9B1 + 2B — 3B3) 1} + 1da(r{" 18253 — 1)),

x4(n) = %((_((ﬂl —203)B2 + 35153)/347”5 + (=661 — 603)B2 — 651 83)
+ (B~ 265)8s + 3018 + Ay + (B~ 2+ 2y pury

+ ((651 4+ 662+ 603)oc — 4P1 + B2 — 53)7”1 + 67”1 "1 P23 — 6o+ 2),

where

= Ky /Ky,rg = K3/Ky, and D = (Byry — 1) (Bar] — 1) (Bir] — 1) (Bary —1).

The exact solution of the ODE (12) is obtained from (21) by replacing r7 by e,
resp 3 by et

3.6. Example 6: A 4D polarization map. This subsection exemplifies the fact
that with regard to the discretization of ODEs, the application of our method
is not restricted to Kahan’s discretization. Here we study an application to our
polarization method [12]. For a different application, cf [6].

We consider the 4-dimensional map presented in [12] (choosing a = 2,b=1,c =
—3,d = —1,e =1 in their notation).

/
Ty = T2,
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o= 2h$12$2 — 6]7,1‘121‘4 — 12 hxqwoxs — 4 hrix3Ts — 2h3’321‘32 + 2h1‘321‘4 + 1
2 = )

D(x)
JL‘% = T4,
o = —4 h$12$2 -2 hl'12.%'4 — 4 hxixows + 12 hx1x304 + 6 h$2$32 +2 h$32$4 + x3
1 D(x) ’
where the quartic D is
D = —28h2x1%252 + 4 h2x 2 woxy — 40 W22 22, + 4 h2x1x22x3 — 28 h2x1x2x3x4

-8 h2$1$3$42 —40 h2$22$32 - 8h2.’1?2.’L'32.”L'4 — 16 h2$32$€42 + 1.
The determinant of the Jacobian of the map has the factorized form

Ky
JZE’

where

Ky = =128 3z 32> + 456 W3z 22020y — 120 W32 3 aams® + 496 W32, 324>
+ 984 W3z 2a03 s + 432 W31 2202 w3 x g + 936 311 2wamsws® + 336 W3z 2ws14>
+ 408 h311:1723:1732 — 864 h3x1x22x32m4 + 216 h3x1z2x32x42 — 528 h3x1z32z43
— 488 315315 — 192 W3 252033, — 264 W3 xoxs 142 — 80 W3 x5 14>
— 8412212292 + 12022 2x0my — 120 2212242 + 12 h29:1x22x3 — 84 h2m1x2x3x4

—24 h21‘1$3$42 — 120 h2.’L‘22$32 —24 h2x2w32x4 — 48 h2.’L‘32$42 + 1.

Using C7 = J as cofactor, the resulting functionally independent Darboux polyno-
mials are

P11 =D,
P12 = ($1.Z‘4 — l‘gl‘g) (4 hx12x22 + 4hl‘12$2$4 — 6hl‘12$42 + 4h$1l‘22l‘3 — X2X3
— 24 hxiroxgry — 4 hx1x3x42 —6 hx22x32 —4 hx2x32x4 +2 hx32x42 + x124),

P13 = 26 hl‘13$22$4 + 10 hx13x2x42 +2 hl‘13$43 — 26 hl‘12$23$3 — 60 hx12x2x3m42

2 3

-8 hx12w3x43 —10 hx1x23x32 + 60 hx1x22x32x4 + 14 haxqxs x4y =2 hl’231'3

+8 hx22x33x4 —14 h$2$33$42 + 2$12l‘22 + 2.1312.1321‘4 + 21‘11‘221‘3

— 18 x1x0x3T4 — 2 x1x3x42 —2 x2x32x4 + x32x42.

The map thus possesses the preserved measure f % and the (independent) first

integrals 242 and -2 in agreement with [12].
P11 P11

3.7. Example 7: sine-Gordon maps. This subsection exemplifies the applica-
tion of our method to maps arising from the theory of discrete integrable systems.
We consider (k+ 1)-dimensional maps that arise as so-called (1, k) reductions of the
discrete sine-Gordon equation [21].

We start with the case k = 3, then treat the case k = 2, before giving a general
theorem for arbitrary k.
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3.7.1. The (1,3) sine-Gordon map. The (1,3) sine-Gordon map ¢ is given by

' .

T; = Ti+1, Z:O7lv2a

;L 1—axix3

5(1'3 _- 1y
zo(r123 — )

where « is a parameter. Using Ci(x) = J, we find the corresponding Darboux
polynomials:

P11 = X3T2X1X0,
.2 2 2 2 2
P12 = To T1T2X3 — QT T2X3 — ATl T3 — AToT1T2
— ax0x1x32 — Oél’()(ﬂ22(£3 — 041'121’2.%3 + T1T2,
2.2 2.2 2.2 2
P1,3 = T0 T1"X2X3 + ToT1 T2 T3 + ToT1X2"T3” — A XTo T1T2
2
— QT1T23° + Xox1 + Tox3 + T3T2.

It follows that ¢ possesses the (independent) first integrals Zi—’f and ;ﬁ, and the

preserved measure | zf%' These results were found using different methods in [21].

3.7.2. The (1,2) sine-Gordon map. The (1,2) sine-Gordon map ¢ is given by

1 .
T, = Tit1, 1=0,1,

o = 1—axixs
27 go(zze — )

Using C4(x) = —J, we find the corresponding Darboux polynomials:

P11 = XoT122,
2 2 2 2 2 2

p172 =T 12 — ATy T2 —AToL1 — AToT2 —AOT1 T2 =+ 1,
2.2 2.2 2 2

P1,3 = 20" %17 T2 + XpT17 2" — Xy T — ax1T2” + Xo + T2-

It follows that ¢ possesses the (independent) first integrals 51—’? and ;%7 and the

preserved measure [ Zfi—xl. Note that this is one extra first integral, that was not
found using the Lax re’presentation approach of ref [21]. Moreover, we find that
there is an additional cofactor Cy(x) = J, for which we find the corresponding
Darboux polynomial

2 2 2 2 2 2
P21 = —Xo T1T2” +aXo T2 —aToT1” + ToT2” —aT1 T2+ T1.

Normally, a sole Darboux polynomial does not yield an integral, but, because Cy =
—('1, we find that
_ D21

]91,17
is a so-called 2-integral [17], i.e. an integral of ¢ o ¢. In this case H(x') = —H(x).
This result was not found using the Lax matrix approach in [21].

H:

3.7.3. The (1,k) sine-Gordon map. The (1, k) sine-Gordon map ¢y, is given by

x Ti41, i:O,...,kI—l,
1 —axizy (22)

xo(T12) — @)

EUR SRS

T
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where [k%lj functionally independent rational integrals for this map were found

using a Lax matrix approach in [21]. Denote these integrals by Hj'(x) = géﬁg;,
k
n=1,..., L%L and define
€= (—1)F (23)

Theorem 3.2. For all n and k, the Darboux polynomials N} and D}, are given by
Np () = Cx)N} (),
D (x') = C(x) D (%),

where the cofactor C(x) depends only on k, and is given by C(x) = €|Ddy(x)|.

The proof is given in appendix A.

4. Detecting Darboux polynomials and integrals. Given a rational map x’ =
¢(x) : R™ — R™ containing k free parameters denoted by a = (a1, aa, ..., ax), one
could ask if there exist particular choices of a such that ¢ preserves additional
second integrals. We note that, in contrast to the linear cofactor equation (4), this
amounts to solving the nonlinear cofactor equation

p(x') = C(x; a)p(x) (24)

for the Darboux polynomial indeterminants as well as the parameters, where C(x; «)
can be non-linear in a.

4.1. Example 8: Extended McMillan map. Consider the following rational

map ¢(x) defined by
) _ [ —w2— f(z1)
o(n)-(72"),

where
) = ™ 1% + a r1® + a3 w1+ oy
a5 21 + o X1 + Qg
and & = (v, ..., ag) are free parameters. The integrability of a special case of this

map was studied in [24]. The Jacobian of the map ¢ is J = 1. If all parameters o
are arbitrary and using C' = J, the equation

p(¢(x)) = p(x), (25)

has only one solution p; (x) = 1. Solving the non-linear cofactor equation (24) yields
the condition oy = 0. This is an integrable map known as the McMillan map [25].
Enforcing this condition, one now finds two solutions to equation (25)

pi(x) =1,
p2(x) = as 212297 + g (1U12£U2 + $1$22) + azT1T2 + Qg (5512 + 2522)

+oy (21 + 22),

where po(x) is a preserved integral of ¢, in agreement with McMillan.
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4.2. Example 9: Two coupled Euler tops. This subsection exemplifies an ODE
that possesses a non-rational integral. This integral only seems to be preserved by
the Kahan map in two special cases: one rational and one polynomial. A Kahan
map that possesses a non-rational integral, that becomes rational in the continuum
limit, is given in example 5.

We now consider two coupled Euler tops whose vector field is given by

I G%LL'Q{,C:;

d i) ) a%xgxé

7l %= a3x1x22 +ajrazs | . (26)
T4 aA5Ts5T3
Is5 a§$3$4

This system was first presented in [20], and its integrals after discretisation were first
explored in [9], where the authors present the following three independent integrals
of motion

_ 2.2 2.2 _ 222 222 222 _ 2.2 2.2
Hy = a3x7 —ajzry, Hz = azazxy — ayazrs + asayxy, Hz = agxry — azxs,

however we report here the existence of a fourth independent integral given by

~ (arza + agx)***

(aszs + agxa

)(11(12 b}

hence the system is super-integrable. To our knowledge, the integral H, is new.
The Jacobian determinant of the Kahan map has the following factors
K1 Ky Ks Ky K5

DS '
The cofactors C; = %, for i =1,2,4,5 admit the following linear Darboux polyno-
mials

J:

P1,1 = G525 + A6T4,
D2,1 = a5T5 — A6T4,
P41 = 0122 + a2,
P51 = a1T2 — agT1,
however, the cofactor C'3 admits no polynomial solutions, up to Darboux polynomi-
als of degree 6. Now we look for quadratic Darboux polynomials with the cofactors
Ces := C1C5 and C7 := C4C5 and get the following
D6,1 = P1,1P2,1; P62 = (2 — hasagsx3)(2 + hasagrs), (27)
D71 = P4,1P5,1, pr.2 = (2 — hayasxs)(2 + hajaszs). (28)

We note that pg 2 and pr 2 also factorise. In the ODE case, if a Darboux polynomial
factorises, each factor is also a Darboux polynomial. In the discrete case that need
not be the case, and indeed it often is not true. (To our knowledge, this possibility
was first raised in Gasull and Manosa [16]). Here for instance we have that pg o and
pr.2 factorize, i.e.

P62 = 46,196,2; P7,2 = q7,197,2,
where the g; ; satisfy

451 = C14s,2, 462 = Cages,1
471 = Caqr 2, 470 = Csq7,1
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which implies that each g; ; is in fact a discrete Darboux polynomial of the second
iterate of the Kahan map. The Darboux polynomials from equations (27) and (28)

yield two independent integrals i Z; and g:—’;, in agreement with [9]. We also note

that no (Darboux) polynomial measures are found up to degree 6 using J as the
cofactor.
We now attempt to solve the non-linear cofactor equation

p(x') = C3(x; a)p(x). (29)
For a polynomial basis of degree 2, equation (29) admits three conditions that
yield non-trivial Darboux polynomials: a3 = 0, ay = 0 and a?a3 = a?a2. The
first two correspond to the decoupling of two of the equations and these two less
interesting cases have three independent discrete integrals each. The third condition

is presented in [9]. In this case the Jacobian determinant of the Kahan discretization
now factors as

B KK
=5
Using Cg = Kgf as the cofactor, we get the following six Darboux polynomials

J

_ 4.2 2 2 2
Pg,1 = Qa7 — Q5067

2 2

P82 = AyT1T5 — AgT2T4,
2 2

P83 = AX1X4 — A5X2T5,

_ 29292 2929, 299
D84 = 03Ty — AxA5%3 + A305T),

_ 2292 92992 2929
D85 = A03T5 — Gp06%3 + A3,
2 2 272
ps,6 = 4 — asagrzh”.

Hence, the following measures are preserved

d
/7)(, for any 4,5,k=1,...,6,
Ps8,iD8,j P8,k
and the following integrals are preserved
@, for i #k,
b8,k

of which four are independent. The choice k = 6 yields the integrals presented in
[9].

4.3. Example 10: A family of Nambu systems with rational integrals.
Here we will consider Nambu systems, of the form

% =c(VH, x VHy), x€R3 (30)
where ¢ = 4>, H, = %, Hy; = y*@Q, where « is a free parameter. Initially we take
Q@ to be

Q= a1x2 + a2y2 + a322 + a4y + asyz + agzx.

We get the following Jacobian determinant for the Kahan map
g KK,
= 51
The cofactor C; := K;/D has the following two Darboux polynomials at degree
one

p1,1 = and p12 =y,
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hence the integral H; is preserved exactly by the Kahan method. The cofactor
Cs := K5/D? has the following Darboux polynomial

P21 = Q.
Using C3 = J, we find that the Kahan discretisation has three preserved measures
corresponding to the densities

P31 =22 Q, p3p =y Q and p3 3 = y°Q,
which yield only one independent integral, H;.

In order to facilitate additional computations, from now on we use fixed integer
coefficients a = (3,5,7,11,13,17) for @), so we can use our detection algorithm to
search for any values of the parameter a such that the Kahan discretisation yields
extra Darboux polynomial solutions. To do this, we solve the non-linear cofactor
equation

p(x) = [Do(x)|p(x)
for @ and the Darboux polynomials p of degree 4. This gives us the following
solutions for o and the corresponding additional second integral of the Kahan dis-
cretisation:

« | Integrals
-2 Hl and H2
-1 H1 and H2
0 Hl and ]77[270
1 H1 and H271
2 H1 and I‘NIQQ
where
flyo = 9
’ 12 + h2 (1853 xy + 3485 w2 + 938 42 + 2665 yz + 1435 22)’
o yQ
1T h2 (22642 4+ 211wy + 11922 + 64 y2 + 91 yz + 49 22)
- y’Q
Bor = g d, — i Ay
and

Ay = 26616 22 + 23472 zy + 11424 2 + 6840 y? + 8736 yz + 4704 22,
Ay = 6309873 2%z — 10784832 2%y z + 1918455 2222 + 27341015 zy>
+ 37337147 2?2 — 7467243 xyz? — 559776 22> + 14528513 y*
+ 37680292 1>z + 19891900 %22 — 428064 yz> — 115248 4.

5. Concluding remarks. We have proposed an approach based on the Jacobian
factor ansatz to search for the preserved measures and integrals of a birational map
and applied it to a number of examples. The approach uses Darboux polynomials.
We have shown that the method can be used to both determine and detect measures
and integrals. Some of the examples have required the use of relatively large com-
puter memory space and computational time. While it is possible to give theoretical
bounds on the complexity of various steps in our method (e.g. the computation of
the determinant, and the computation of the Darboux polynomials given the cofac-
tor), in practice a major issue seems to be when one involves many free parameters.
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In this paper Examples 1,2,3,6,7,8 could all be computed on a laptop/desktop com-
puter, but Examples 4,9, and 10 needed more power and memory and were solved
on a supercomputer.
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Appendix A. Proof of Theorem 2. In [21] it was shown that [+ | functionally
independent integrals of the (1, k) sine-Gordon map (22) are given by the trace of

the Lax matrix LYF:
k—1
qxo/TK )\z/xk) < D —Tpy1 >
, 31
( 7o q g —XN/x prig/m (81)

TrLYF(x,\) = Tr

where pg = «. The individual integrals are given by the coefficients of the various
powers of the spectral parameter A in the expansion of the right-hand side of (31).

It was also shown in [21] that the sine-Gordon map ¢y, is either measure preserving
or anti measure preserving, i.e. satisfies

P(x) = €|Doi(x)|P(x), (32)

where P(x) := Hf:o xy, and € is given by (23).
It is easy to see that the rhs of (31) is equal to

1/ qug A2 ]ﬁl pr; —TiTi4
T, \ ToTk qTk o\ —A? T

=0

( qrog A2 >k1_[1< Py —mm+1> / ﬁfﬂ
vork qre ) L4\ =A@ Ll e

1=

Tr

(33)
=Tr

We now recognize that the denominator of the integrals (33) equals the Darboux
polynomial P in (32). Bearing in mind that the matrices in the trace in (33) are all
polynomial, it follows using Theorem 1 that this trace is also a Darboux polynomial
with the same cofactor C' = €| D¢y (x)|, for all values of \. O
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