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1. Introduction

The affine group and the Heisenberg group play prominent roles in wavelet theory
and Gabor analysis, respectively. As is well-known, the representation theory of the
Heisenberg group is intrinsically linked to quantization on phase space R?". Similarly,
the relation between quantization schemes on the affine group and its representation
theory has received some attention and several schemes have been proposed, e.g. [18,5,21].
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However, there are still many open questions awaiting a definite answer in the case of
the affine group.

As has been shown by two of the authors in [36], the theory of quantum harmonic
analysis on phase space introduced by Werner [46] provides a coherent framework for
many aspects of quantization and Gabor analysis associated with the Heisenberg group.
Based on this connection, advances in the understanding of time-frequency analysis have
been made [37-39]. In this paper we aim to develop a variant of Werner’s quantum
harmonic analysis in [46] for time-scale analysis. This is based on unitary representations
of the affine group in a similar way to the Schrédinger representation of the Heisenberg
group being used in Werner’s framework. We will refer to this theory on the affine group
as affine quantum harmonic analysis.

Affine operator convolutions

In Werner’s quantum harmonic analysis on phase space, a crucial component is ex-
tending convolutions to operators. Recall that the affine group Aff has the underlying
set R x R, and group operation modeling composition of affine transformations. A key
feature of this group is that the left Haar measure a~2dx da and the right Haar measure
a~'dzr da are not equal, making the group non-unimodular. Both measures play a role
in affine quantum harmonic analysis, making the theory more involved than the case of
the Heisenberg group. In addition to the standard function (right-)convolution on the
affine group

fra g(o.a)i= [ FuD((wa) - (0:0) ) B,
Aff

we introduce the following operator convolutions for operators on L?(R,) := L*(R,
r~1dr) in Section 3:

o Let f € LL(Aff) := L' (Aff,a"'dz da) and let S be a trace-class operator on L?(R ).
We define the convolution f xag S between f and S to be the operator on L?(R.)
given by

f*Aff S = /f(x,a)U(—sc,a)*S’U(—:ma) dwda7
Aff

a

where U is the unitary representation of Aff on L?(R) given by

Ul(z,a))(r) := ™) (ar).

e Let S be a trace-class operator and let T be a bounded operator on L*(R). Then
we define the convolution S xag T between S and T to be the function on Aff given
by
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Sxag T(x,a) :=tr(SU(—z,a) TU(—x,a)).

The three convolutions are compatible in the following sense: Let f,g € LL(Aff) and
denote by S a trace-class operator and by T' a bounded operator, both on L?(R ). Then

(f %ag S) *ag T = f xag (Sxag T),
fxag (9 *ag S) = (f *am g) *ag S.
Interplay between affine Weyl quantization and convolutions
Integral to the theory in this paper is the affine Wigner distribution and the associated

affine Weyl quantization. The affine (cross-) Wigner distribution leéf‘ﬁ of ¢, € L*(Ry)
is the function on Aff given by

Wit (@a) = [ wla\)B@ e du, (1)

where A : R — R is explicitly given by

1 uet

A = Ao ~ e

where 1 Fy is Kummer’s confluent hypergeometric function. The function A will play a
central role throughout the paper. Although at first glance the definition (1.1) might look
unnatural, it can be motivated through the representation theory of the affine group as
illustrated in [3]. We will elaborate on this viewpoint in Section 5. One defines the affine
Weyl quantization of f € L2(Aff) := L*(Aff,a'dz da) as the operator As given by

(476,9) o,y = (S W) for all ¢,¢ € L*(R,).

)
L2(Aff)

We will explore the intimate relation between the convolutions and the affine Weyl
quantization. The following theorem, being a combination of Proposition 3.6 and Propo-
sition 3.7, highlights this relation.

Theorem A. Let f,g € L2(Aff), where g is additionally in LL(Aff) and square integrable
with respect to the left Haar measure. Then

grag Ap = Aginnt
Ag KA Af = f XA g,

where §(z,a) := g((x,a)™1).
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We will exploit the previous theorem to define the affine Weyl quantization of tem-
pered distributions in Section 3.3. To do this rigorously, we will utilize a Schwartz space
.7 (Aff) on the affine group introduced in [5]. An important example we prove in Theo-
rem 3.10 is the affine Weyl quantization of the coordinate functions:

Theorem B. Let f,(z,a) :==x and f,(x,a) := a be the coordinate functions on Aff. The
affine Weyl quantizations Ay, and Ay, satisfy the commutation relation

1
Ap JAp ] = —As,.
[ far fa] 271_2 fa

This is, up to re-normalization, precisely the infinitesimal structure of the affine group.
We define affine parity operator Pag as
Pag = As g,y

where J(o,1) denotes the Dirac distribution at the identity element (0,1) € Aff. The
following result, which will be rigorously stated in Section 3.5, builds on these definitions.

Theorem C. The affine Weyl quantization Ay of g € 7 (Aff) can be written as

Ag = g*an Pag.

Moreover, for ¢,v such that ¢(e®),(e*) € Z(R), the affine Weyl symbol nggf"ﬁ of the
rank-one operator ¥ ® ¢ can be written as

W{x = (Y ® ¢) %ag Pas-

Operator admissibility

One of the key features of representations of non-unimodular groups is the concept of
admissibility. Recall that the Duflo-Moore operator D! corresponding to the representa-
tion U is the densely defined positive operator on L2(R ) given by D=4 (r) = = /24 (r).
We will often use that D~! has a densely defined inverse given by Di(r) = r/24(r). A
function ¢ is said to be an admissible wavelet if 1) € dom(D~1). It is well known [13]
that admissible wavelets satisfy the orthogonality relation

dx da
a

/ (o, U(—$7G)*¢>L2(R+)\2 = ||¢||2L?(R+)”D71¢||2L?(R+)' (1.2)
Aff

We extend the definition of admissibility to operators as follows:

Definition. Let S be a non-zero bounded operator on L?(Ry) that maps dom(D) into
dom(D™'). We say that S is admissible if the composition D~1SD~! is bounded on
dom(D~1) and extends to a trace-class operator D~1SD~! on L?(R,).
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Note that the rank-one operator S = ¢ ® ¢ for v» € L*(R.) is admissible precisely
when v is an admissible wavelet. In Section 4.2 we show that a large class of admissible
operators can be constructed from Laguerre bases. The following result, which we prove
in Corollary 4.5, is motivated by [46, Lemma 3.1] and extends (1.2) to the operator
setting.

Theorem D. Let S be an admissible operator on L?(R,). For any trace-class operator T
on L*(R,), we have that T xag S € LL(Aff) with

dr da
a

/ Twan S(z,a) % () e(D-15DY).

Aff

Determining whether an operator is admissible or not can be a daunting task. We
managed in Corollary 4.9 to find an elegant characterization in terms of operator con-
volutions of admissible operators that are additionally positive trace-class operators.

Theorem E. Let S be a non-zero, positive trace-class operator. Then S is admissible if
and only if S *ag S € LL(Aff).

The following result is derived in Section 4.4 and uses the affine Weyl quantization
to show that admissibility is an operator manifestation of the non-unimodularity of the
affine group.

Theorem F.

o Let f € LE(Aff) be such that Ay is a trace-class operator on L*(Ry). Then

tr(Af) = / f(z,a) d“”ad“.
Aff

o Let g € L}(Aff) := L'(Aff,a 2dx da) be such that A, is an admissible Hilbert-
Schmidt operator. Then

tr (D'A, D7) = /g(ma) dx;la'
a

Aff

Relationship with Fourier transforms

For completeness, we will also investigate how notions of Fourier transforms on the
affine group fit into the theory, and use known results from abstract harmonic analysis to
explore the relationship between affine Weyl quantization and affine Fourier transforms.
Recall that the integrated representation U(f) of f € L} (Aff) is the operator on L*(R)
given by
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U= [ feaU@ap 5t vel®y)
Aff

We define the following operator Fourier transform in the affine setting.

Definition. The affine Fourier-Wigner transform is the isometry Fy sending a Hilbert-
Schmidt operator on L?(R;) to a function in L2(Aff) such that

Fr(£)=U(foD,  feIm(Fy)n LL(AF).

The following result is proved in Proposition 5.7 and provides a connection between
the affine Fourier-Wigner transform and admissibility.

Theorem G. Let A be a trace-class operator on L2(R.). The following are equivalent:

1) Fw(AD™1) € L2(Aff).
2) AD™! extends from dom(D~1) to a Hilbert-Schmidt operator on L?*(R.).
3) A*A is admissible.

Another Fourier transform of interest is the (modified) Fourier-Kirillov transform on
the affine group Fko given by

du dv

ek f e Im(Fw).

(Feof)@,0) = Va R/ (e ) e

As in quantum harmonic analysis on phase space, we have that the affine Weyl quanti-
zation is the composition of these Fourier transforms, see Proposition 5.8. In the affine
setting we have in general that

Fw (f*as S) # Fro(f)Fw(S),  Fro(SxarT) # Fw(S)Fw(T).

This contrasts the analogous result in Werner’s original quantum harmonic analysis, see
(5.5). In spite of this, not all properties typically associated with the Fourier transform
are lost: In Section 5.2 we prove a quantum Bochner theorem in the affine setting.

Main applications

In Section 6 we show that affine quantum harmonic analysis provides a conceptual
framework for the study of covariant integral quantizations and a version of the Cohen
class for the affine group. In addition, we show in Section 6.1 that if S is a rank-one
operator, then the study of operators fxag .S for functions f on Aff reduces to the study
of time-scale localization operators [12].

We have seen that affine Weyl quantization is given by f +— fxag Pag for f € 7 (Aff).
Inspired by this, we consider a whole class of quantization procedures: For any suitably
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nice operator S on L?(R, ) we define a quantization procedure I's for functions f on Aff
by

Fs(f) = f*Aﬂ‘ S.

This class of quantization procedures coincides with the covariant integral quantizations
studied by Gazeau and his collaborators motivated by applications in physics, see e.g.
[21,20,19]. Our results on affine quantum harmonic analysis are therefore also results on
covariant integral quantizations. In particular, the abstract notion of admissibility of an
operator S implies that I'g satisfies the simple property

Fs(l) =cC- ILQ(R+),

where ¢ is some constant, Ir2(r,) is the identity operator on L*(R,), and 1(z,a) = 1
for all (z,a) € Aff.

As the name suggests, covariant integral quantizations I'g satisfy a covariance prop-
erty, namely

U(—x,a)*I‘s(f)U(—x, a‘) = FS(R(I,Q)_lf)»

where R denotes right translations of functions on Aff. In Theorem 6.5 we point out that,
by a known result on covariant positive operator valued measures [34,9], this covariance
assumption together with other mild assumptions completely characterize the covariant
integral quantizations. We have also seen that the affine cross-Wigner distribution is
given for sufficiently nice 1, ¢ by Wﬁ’{f = (¢ ® ¢) xag Pag. Inspired by this and the
description in [37] of the Cohen class of time-frequency distributions on R?", we make
the following definition.

Definition. A bilinear map @ : L2(R;) x L?(R,) — L°(Aff) belongs to the affine Cohen
class if Q = Qg for some operator S on L?*(R ), where

QS(¢7 ¢) ($, a’) = (/‘/) ® ¢) KAfF S(‘ra a) = <SU(—LE, a)i/% U(-fL} a)¢>L2(R+)'

We will show how properties of S (such as admissibility) influence properties of Qg,
and obtain an abstract characterization of the affine Cohen class. Readers familiar with
the Cohen class on R?" [11] will know that it is defined in terms of convolutions with
the Wigner function. In the affine setting, we have the analogous result

Qa, (¥, ¢) = Wi #ag f-

As we explain in Proposition 6.14, the affine class of quadratic time-frequency represen-
tations from [41] may be identified with a subclass of the affine Cohen class.



8 E. Berge et al. / Journal of Functional Analysis 282 (2022) 109327

Structure of the paper

In Section 2 we recall necessary background material for completeness. In particular,
Section 2.2 should serve as a brief reference for quantum harmonic analysis on phase
space. We define affine operator convolution in Section 3.1 and show the relationship
with the affine Weyl quantization in Section 3.2. The affine parity operator will be in-
troduced in Section 3.4, and its relationship to affine Weyl quantization will be explored
in Section 3.5. We have dedicated the entirety of Section 4 to operator admissibility.
Section 5 discusses affine Weyl quantization from the viewpoint of representation the-
ory. In particular, in Section 5.2 we derive a Bochner type theorem for our setting. In
Section 6.1 and Section 6.2 we relate our work to time-scale localization operators and
covariant integral quantizations, respectively. Finally, in Section 6.3 we define the affine
Cohen class and derive some basic properties.

2. Preliminaries

Notation: Given a Hilbert space H we let L(H) denote the bounded operators on
. The notation S,(H) for 1 < p < oo will be used for the Schatten-p class operators
on H. We remark that S1(H) and Sa(H) are respectively the trace-class operators and
the Hilbert-Schmidt operators on H. The space S (H) is by definition £(H) for duality
reasons. When the Hilbert space in question is # = L?(Ry) := L?(R;,r~!dr), we will
simplify the notation to S, := S,(L*(R;)) for readability. We will denote by .7(R™)
the space of Schwartz functions on R™. For a function f on a group G, the function f is
defined by f(g) = f(g~ %) forall g € G.

2.1. Basic constructions on the affine group

We begin by giving a brief introduction to the affine group and relevant constructions
on it. The (reduced) affine group (Aff,-ag) is the Lie group whose underlying set is the
upper half plane Aff := R x Ry := R x (0, 00), while the group operation is given by

(z,a) -ag (y,b) := (ay + x, ad), (x,a), (y,b) € Aff.

We will often neglect the subscript in the group operation to improve readability. More-
over, we use the notation L, 4y and R, 4) to denote respectively the left-translation and
right-translation by (z,a) € Aff, acting on a function f : Aff — C by

(L(ac,a)f) (yv b) = f((x’a)_l TAff (y’ b))a (R(:c,a)f) (yv b) = f((yv b) TAff ($, a))

Recall that the translation operator T, and the dilation operator D, are respectively
given by

T.f(y) = fly — @), Daf(y):%f(g), zy R, acR,. (2.1)
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The following computation motivates the group operation on the affine group:
(TeDo)(TyDy) = Ty Ty Do Dy = TytayDas-

We can represent the affine group Aff and its Lie algebra aff in matrix form

Aff{(g f)‘a>0,xeR}, aff{(qé 8)‘%@6]12{}.

The Lie algebra structure of aff is completely determined by

G o))l =(0) o2

An important feature of the affine group is that it is non-unimodular; the left and right
Haar measures are respectively given by

_ dx da

dz da
pr(z,a) = =

az MR(I',G) - a

As such, the modular function on the affine group is given by A(z,a) = a~!. The affine
group is exponential, meaning that the exponential map exp : aff — Aff given by

w v e v(e"—1)
(o 0)=(o i

is a global diffeomorphism. Hence we can write the left and right Haar measures in
exponential coordinates by the formulas

prlaa) = ST ) = S )= S (2.3)

ev —1
Elementary properties of the function A can be found in [18, Section 3]. Throughout
the paper, we will use the spaces L} (Aff) := LP(Aff, i) and LP(Aff) := LP(Aff, ug) for

1 < p < oo. Using that (z,u) — (z,e*) maps Aff to R? we can define the Schwartz space
on Aff.

Definition 2.1. Let . (Aff) denote the smooth functions f : Aff — C such that
(z,w) — f(z,e¥) € L (R?).

We refer to Z(Aff) as the space of rapidly decaying smooth functions (or Schwartz
functions) on the affine group.
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There is a natural topology on . (Aff) induced by the semi-norms

[flla8 := sup. ] ] |07 05 f (2, ¢)

T, we

; (2.4)

for a = (a1, a2) and 8 = (f1, B2) in Ny x Ng. With these semi-norms, the space .7 (Aff)
becomes a Fréchet space. The space of bounded, anti-linear functionals on . (Aff) is
denoted by #/(Aff) and called the space of tempered distributions on Aff.

2.2. Quantum harmonic analysis on the Heisenberg group

Before delving into quantum harmonic analysis on the affine group, it is advantageous
to review the Heisenberg setting, originally introduced by Werner [46]. There are three
primary constructions that appear: (a) A quantization scheme, (b) an integrated repre-
sentation, and (¢) a way to define convolution that incorporates operators. We give a
brief overview of these three constructions and refer the reader to [46,23,36] for more
details.

2.2.1. Weyl quantization
The cross- Wigner distribution of ¢, € L*(R™) is given by

W(¢,¢)(z,w) = /¢ (w + %) (& <w - %)e”’”‘wt dt, (z,w) € R™.
Rn

When ¢ = 9 we refer to W¢ := W (¢, ¢) as the Wigner distribution of ¢ € L?(R™). The
cross-Wigner distribution satisfies the orthogonality relation

(W(o1,¢1), W(g2, ¥h2)) L2r2n) = (D1, G2) 2(Rn) V1, ¥2) 2Ry, P15 P2, Y1,92 € L*(R™).

Moreover, the Wigner distribution satisfies the marginal properties
[Wotew)do = 6@, [ Wote.w)do =13,
Rn Rn

for ¢ € S (R™).

Our primary interest in the cross-Wigner distribution stems from the following con-
nection: For each f € L%(R?") we define the operator Ly : L*(R") — L?(R™) by the
formula

<Lf¢a ¢>L2(Rn) = <f5 W(T/% ¢)>L2(R2")5 ¢a 7711 € L2(Rn)

Then Ly is the Weyl quantization of f, see [23, Ch. 14] for details. It is a non-trivial fact,
see [42], that the Weyl quantization gives a well-defined isomorphism between L?(R?")
and Sy(L?(R™)), the space of Hilbert-Schmidt operators on L*(R™).



E. Berge et al. / Journal of Functional Analysis 282 (2022) 109327 11

2.2.2. Integrated Schridinger representation
Recall that the Heisenberg group H" is the Lie group with underlying manifold R™ x
R™ x R and with the group multiplication

1
(r,w,t) - (2, ', t) = (x—i—:c',w—l—w’,t—l—t'—!— 3 (x’w—xw’)) )

The Heisenberg group is omnipresent in modern mathematics and theoretical physics,
see [27]. For a Hilbert space H we let U(H) denote the unitary operators on . The
most important representation of the Heisenberg group is the Schrédinger representation
p: H™ — U(L*(R™)) given by

p(z,w,t)d(y) = e M Tug(y),

where T}, is the n-dimensional analogue of the translation operator defined in (2.1) and
M, is the modulation operator given by

My,o(y) == e>™Yp(y), ¢ € L*(R™).

The Schrodinger representation is both irreducible and unitary. Let us use the abbrevi-
ated notation z := (z,w) € R?" and 7(z) = M,T,. Ignoring the central variable t, we
can consider the integrated Schridinger representation p : L'(R*") — L(L?*(R™)) given
by

o= [ 1) s (2.5)
RQn

where £(L?*(R™)) denotes the bounded linear operators on L?(R™). We remark that the
integral in (2.5) is defined weakly. It turns out, see [15, Thm. 1.30], that the integrated
representation p extends from L!(R?") N L?(R?") to a unitary map p : L*(R*") —
Sa(L*(R™)).

2.2.3. Operator convolution
Given a function f € L'(R®") and a trace-class operator S € S;(L*(R"™)), their
convolution is the trace-class operator on L?(R™) defined by

fxS:= / f(z)m(2)S7(2)" d=.
R2n

The convolution f % .S satisfies the estimate || f x S||s, < || fllz:1|S||s; -

One can also define the convolution between two operators: For two trace-class op-
erators S, T € S1(L?(R™)) we define their convolution to be the function on R?" given
by
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SxT(z) :=tr(S7(z)PTPn(z)"),

where P(t) := 1(—t) is the parity operator. The convolution S*T satisfies the estimate
IS+ Tt <|ISlls 1T |ls,» and the important integral relation [46, Lem. 3.1]

/ S*T(z)dz = tr(S) tr(T). (2.6)
R2n

To see the connection with the Wigner distribution, we note that the cross-Wigner
distribution of 1, ¢ € L?(R™) can be written as

W(,¢) =v®@¢xP, (2.7)

where 1) ® ¢ denotes the rank-one operator on L?(R™) given by

(Y @9)(&) = (£, D) r2@m)¥ for £ € L*(R™).

Similarly, the Weyl quantization of f € L'(R?") may be expressed in terms of operator
convolutions:

Lf = f*P. (2.8)

Hence convolution with the parity operator P gives a convenient way to represent the
Wigner distribution and the Weyl quantization.

Finally, there is a Fourier transform for operators: Given a trace-class operator S €
S1(L?(R™)) we define the Fourier-Wigner transform Fy (S) of S to be the function on
R2"™ given by

Fw (9)(2) := €™ tr(Sm(2)*), z € R*™. (2.9)

The Fourier-Wigner transform extends to a unitary map Fy : So(L?(R™)) — L?(R?"),
where it turns out to be inverse of the integrated Schrédinger representation given in
(2.5). By [15, Prop. 2.5] it is related to the Weyl transform by the elegant formula

[ = Fo(Fu(Ly)), (2.10)
where F, denotes the symplectic Fourier transform.
2.3. Affine Weyl quantization

We briefly describe affine Weyl quantization and how this gives rise to the affine

Wigner distribution. There is a unitary representation 7 of the affine group Aff on
L?(R4, 7~ dr) given by
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%MID%MT), Y e LA(Ry,r~tdr). (2.11)

Ul(z,a)y(r) := ™ p(ar) =
Since r~! dr is the Haar measure on R we will write L?(R, ) := L?(R,,r~!dr). Later
we also consider another measure on Ry and will be more explicit when the situation
requires it.

To define the quantization scheme we will utilize the Stratonovich- Weyl operator on
L?(R,) given by

ve®

Oe.a)utr)i=a [ enemy (2

R2

,e“) Y(r) dudv. (2.12)

The following result was shown in [18] and provides us with an affine analogue of Weyl
quantization.

Proposition 2.2 ([18]). There is a norm-preserving isomorphism between L2(Aff) and the
space of Hilbert-Schmidt operators on L*(R,). The isomorphism sends f € L2(Aff) to
the operator Ay on L*(Ry) defined weakly by

8

oo

App) = [ [ f@a0@anm ©E, v e 'y,

a

—oo 0

We will refer to the association f — Ay as affine Weyl quantization, while f is called
the affine (Weyl) symbol of Ay. To emphasize the correspondence between a Hilbert-
Schmidt operator A and its affine symbol f we use the notation f4 := f. The affine
Weyl symbol of an operator A is explicitly given by

o0

fa(z,a) = / Ag (aX(u), a\(—u)) e 2™ gy, (2.13)

—0o0

where Ar : Ry x Ry — C is the integral kernel of A defined by

Av(r) = [Axlrope) T, v e PRy,
0

By taking the affine Weyl symbol of the rank-one operator 1) ® ¢ on L?(R ) given by

YR (§) = (& P) 2w )Y

for 1, ¢,& € L?(R, ), we obtain the following definition.
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Definition 2.3. For ¢, € L?(R ) we define the affine (cross-) Wigner distribution W]fif
to be the function on Aff given for (z,a) € Aff by

Wffﬁ‘b (z,a):= /1/) (aX(u))p(ar(—u))e 2T dy

_ aue" au —omizu
= /¢<eu_1)¢<eu_1)e du.

When ¢ = 1 we refer to WK’H = WK’# as the affine Wigner distribution of ¢. The
weak interpretation of the integral defining A; means that we have the relation

(Ao, ¢>L2(]R+) = <fa fo’fqb (2.14)

>L$(Aff) ’

for f € L2(Aff) and ¢, € L?(R,). The affine Wigner distribution satisfies the orthog-
onality relation

é\g

T dadzx —
/le V2 (1, )WL (2, a) L = Yoy (Y2, 02) ary), (2.15)
0

for 11,9, @1, 2 € L?(R,). Moreover, the affine Wigner distribution also satisfies the
marginal property

[ Whktwa) e = p@P, (@) € AR, 2.10

for all rapidly decaying smooth functions ) on R;. We remark that a rapidly decaying
smooth function (also called a Schwartz function) ¥ : Ry — C is by definition a smooth
function such that z — ¥ (e®) is a rapidly decaying function on R. The space of all rapidly
decaying smooth functions on R will be denoted by . (R, ). We will later also need
the space .#/(R;) of bounded, anti-linear functionals on (R ) called the tempered
distributions on R . For more information regarding the affine Wigner distribution the
reader is referred to [5].

3. Affine operator convolutions

In this part we introduce operator convolutions in the affine setting. We show that
this notion is intimately related to affine Weyl quantization in Section 3.2. In Section 3.4
we will introduce the affine Grossmann-Royer operator, which will be essential in Sec-
tion 3.5 where we prove the main connection between the affine Weyl quantization and
the operator convolutions in Theorem 3.20.
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3.1. Definitions and basic properties

We begin by defining operator convolutions in the affine setting and derive basic
properties. Recall that the usual convolution on the affine group with respect to the
right Haar measure is given by

fram g(z,a) = /f(y,b)g((x,a) (y,6)7) @
Aff

Remark. Other sources, e.g. [16], use the left Haar measure and define the convolution
to be

frag, 9(,a) = frag §((z,a)7"),

where f(x,a) :== f((2,a)""!). We will mainly work with the right Haar measure, and our
definition ensures that

If *am glloramy < I fllzaamllgllzam-

Additionally, we have that

Riz.a)(f *a 9) = (R(z,a) f) *af 9-

Definition 3.1. Let f € LL(Aff) and let S be a trace-class operator on L?(R). We define
the convolution f *ag S between f and S to be the operator on L?(R ) given by

fHxag S = /f(x,a)U(—x,a)*SU(—x,a) dxada’
AfF

where U is the unitary representation given in (2.11). The integral is a convergent
Bochner integral in the space of trace-class operators.

Remark.

1. As we will see later, using U(—=x,a) instead of U(z,a) in Definition 3.1 ensures that
the convolution is compatible with the following covariance property of the affine
Wigner distribution:

W m oV ERa () by — W (y,b) - (2, a)).

2. The notation x has a different meaning in [18], where it is used to denote the so-called
Moyal product of two functions defined on Aff.
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Definition 3.2. Let S be a trace-class operator and let T' be a bounded operator on
L?(R,). Then we define the convolution S xag T between S and T to be the function
on Aff given by

Sxag T(z,a) :=tr(SU(—x,a)*TU(—x,a)).

Remark. Recently, [10] defined another notion of convolution of trace-class operators.
Unlike our definition, this convolution produces a new trace-class operator, with the aim
of interpreting the trace-class operators as an analogue of the Fourier algebra.

It is straightforward to check that if f is a positive function and S,T are positive

operators, then fxag.S is a positive operator and Sxag7 is a positive function. Moreover,
we have the elementary estimate

| f *ag Slls, < [1fllram IS]ls, (3.1)
and
15 % Tl oo amr) < 1SNls 1Tl 22y ))- (3.2)
The following result is proved by a simple computation.

Lemma 3.3. For ¢, ¢ € L>(R,) and S € L(L*(R.)), we have

(v ® ¢) *ag S(z,a) = (SU(—x,a)Y,U(—x,a)p) 2(R,)-

In particular, for n, ¢ € L*(R,) we have

(¥ ® @) xar (N ® &) (w,a) = (Y, U(—2,a) ) L2, ) (0, U(—2,a)* n) L2 (R, ),

and

(¥ ®¥) *ag (E®E)(,a) = (¥, U(=2,0)"€) 2 ) *

A natural question to ask is whether the three different notions of convolution we
have introduced are compatible. The following proposition gives an affirmative answer
to this question.

Proposition 3.4. Let f,g € LL(Aff), S € Sy, and let T be a bounded operator on L*(R.).
Then we have the compatibility equations

(f*ag S)*ag T = f*ag (S*ag T),
frag (9 *ag S) = (f *am g) *ag S.
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Proof. The first equality follows from the computation

dy db

(F st (Sran 7)) (20) = [ F(00) x(SU -9V (=2,0)* TV (~,0)U(-15)")

Aff
- / £y ) te(U (—y,b)* SU(—y, B)U (—, a) TU(~, a)) LD
Aff

~tr (A/ F(y, DU (—y, b)*SU (g, b) @U(—m,a)*w(—x, Q)

= ((f*ag S) *ag T) (z,a).

We are allowed to take the trace outside the integral since the second to last line is essen-
tially the duality action of the bounded operator U(—z,a)*TU(—x,a) on a convergent
Bochner integral in the space of trace-class operators.

For the second equality, we use change of variables and obtain

dr da dzdc
c

(f *am g) ag S = / / F(.0)g((2:0) - (z,0) YU (~2,¢)* SU(—. )
Aff Aff

://f(x,a)g(y,b)U(—x,a)*U(_%b)*SU(_y’b)U(_x’@@ dx da

Aff Aff

a

~ [ fe.@U-s.0" [ gubU 007 SUw0) LRV (0 0)
Aff

Aff

a
= f*AH (g *AF S)

Changing the order of integration above is allowed by Fubini’s theorem for Bochner
integrals [32, Prop. 1.2.7]. Fubini’s theorem is applicable since

dr da dzde
c

/ / @ a)] - g((2.0) - (@) )] - [U(~2,¢)*SU(~2,)ls,

Aff Aff

is bounded from above by

dx da dz dc
ISl [ 176l =2 [lg 0l EF <00 0
Aff Aff

a c

3.2. Relationship with affine Weyl quantization

The goal of this section is to connect the affine Weyl quantization described in Sec-
tion 2.3 with the convolutions defined in Section 3.1. We first establish a preliminary
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result describing how right multiplication on the affine group affects the affine Weyl
quantization.

Lemma 3.5. Let Ay € Sy with affine Weyl symbol f € L2(Aff). For (z,a) € Aff, the
affine Weyl symbol of U(—x,a)* AyU(—x,a) is Ry q)-1f.

Proof. The result follows from (2.14) and the computation

(U(=z,a)"AU(=z,a)¢, ) 2r) = (AfU (=2, 0)9, U(—,0)P) L2(r )
f U( z,a)p,U(— xa)w>

=

= L2(Af)
<f (x a)WAff >L2 (Aff)
=

r

Ripay1 [, Wai Yz amy. O

We are now ready to prove the first result showing the connection between convolution
and affine Weyl quantization.

Proposition 3.6. Assume that Ay € Sy with affine Weyl symbol f € L2(Aff), and let
g € LL(Aff). Then the affine Weyl symbol of g*ag As is g *xam f, that is,

g*am Af = Agnaf-
Proof. The operator g xag Ay is defined as the Sz-convergent Bochner integral

dx da
pat

grag Af = /g(m,a)U(—x,a)*AfU(—x7a)
Aff
By Proposition 2.2, the map 20 : S, — L2(Aff) given by 2(As) = f is unitary.
Since bounded operators commute with convergent Bochner integrals, we have using
Lemma 3.5 that

dx d
W (g xar Ay) = /g(x,a)QH(U(—a:,a)*AfU(—x,a)) -
Aff
dr da
— [ g0 (A))
Aff
=g*ag f. O

We can also express the convolution of two operators in terms of their affine Weyl
symbols.

Proposition 3.7. Let Ay, Ay € Sy with affine Weyl symbols f,g € L2(Aff). If additionally
g € L?(Aff), then we have
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Apsag Ag = f *ag g,
where §(x,a) = g((x,a)™t) for (z,a) € Aff.
Proof. Using Proposition 2.2 and Lemma 3.5 we compute that
(Ag wan Ag)(w,a) = te(AgU(~2,a) AU (~a,0))

= (Af, U(—x, a)*A*U(—x,a)>52
fa R(a: a)~ 1g>L2(Aff)

/ £ B)o((3:8) - (z,0) ) LE

/ £ )i () - (3,0) )

= [ *an §(z,a).

The result follows as § € LZ(Aff) if and only if g € L}(Aff). O
3.83. Affine Weyl quantization of coordinate functions

Of particular interest is the affine Weyl quantization of the coordinate functions
fo(z,a) := x and f,(z,a) := a for (x,a) € Aff. Due to the fact that the coordinate
functions are not in L2(Aff), we first need to interpret the quantizations Ay, and Ay, in
a rigorous manner.

Lemma 3.8. For any f € .'(Aff) we can define Ay as the map Ay : /(Ry) = ' (Ry)
defined by the relation

(A, 8) e = (EWEE) o o€ S RY).

Additionally, the map f — Ay is injective.

Proof. It was shown in [5, Cor. 6.6] that for any ¢,¢ € .(R4) then ij;fw € J(Aff).
Hence the pairing < 1, Wﬁg/’>y/ o is well defined.

For the injectivity it suffices to show that Ay = 0 implies that f = 0. Let us first
reformulate this slightly: If Ay = 0, then we have that

A o) = (FWE) =0

>y’f,5ﬂ

for all ¢, ¢ € . (Ry). We could conclude that f = 0 if we knew that any g € .7 (Aff)
could be approximated (in the Fréchet topology) by linear combinations of elements on
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the form Wl‘ff’_fw for ¢, ¢ € S (R, ). To see that this is the case, we translate the problem
to the Heisenberg setting.
The Mellin transform M is given by

M(8)(2) = 7¢ o

Define the functions ¥ and ® to be ¥(z) := 1(e?) and ®(z) := ¢(e®) for ¢, ¢ € L2(R ).
A reformulation of [5, Lem. 6.4] shows that we have the relation

Vblog(b

2miy
Wil (w,0) = M @ M, ( b—1)> FoW (T, @) (log(b),y) | (x,a),

where W is the cross-Wigner distribution. The correspondence preserves Schwartz func-

Vblog(®)\ "
b1

being smooth with polynomially bounded derivatives. This gives a bijective correspon-
dence between fof € ./ (Aff) and W (¥, ®) € . (R?). As such, the injectivity question
is reduced to asking whether the linear span of elements on the form W(f,g) for

tions, due to the term

f,g € Z(R) is dense in .#(R?). One way to verify this well-known fact is to note
that the map f ® g — W(f,g), where f ® g(z,y) = f(x)g(y), extends to a topological
isomorphism on .%(R?), see for instance [23, (14.21)] for the formula of this isomorphism.
The density of elements on the form W(f,g) for f,g € .#(R) therefore follows as the
functions h,, ® h,,, where {h, }2° ; are the Hermite functions, span a dense subspace of
Z(R?) by [43, Thm. V.13]. O

Example 3.9. Consider the constant function on the affine group given by 1(x,a) = 1 for
all (x,a) € Aff. Then the quantization A; is the identity operator since for ¥, ¢ € .7 (R.)

(A1, @)r,r = (LWRH ) 501 7

/W da dx
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Notice that we used a straightforward generalization of the marginal property of the
affine Wigner distribution given in (2.16), see the proof of [5, Prop. 3.4] for details.

To motivate the next result, consider the coordinate functions o,(z,w) := x and
0u(z,w) := w for (z,w) € R?™. The Weyl quantizations L,, and L, _ are the well-known
position operator and momentum operator in quantum mechanics. In particular, the
commutator

Lo, Lo, :=Ly, 0Ly, — Ly, o L,,

is a constant times the identity by [26, Prop. 3.8]. This is precisely the relation for the
Lie algebra of the Heisenberg group. In light of this, the following proposition shows that
the affine Weyl quantization has the expected expression for the coordinate functions.

Theorem 3.10. Let f, and f, be the coordinate functions on the affine group. The affine
Weyl quantizations Ay, and Ay, are well-defined as maps from #(Ry) to .’ (R4) and
are explicitly given by

1
Ap0(r) = %TW(T), Ap,p(r) = r(r), Y eI (Ry).
In particular, we have the commutation relation

1,

Ar Ar ]l = .
[Ay,, Ay, 5.7 At

This is, up to re-normalization, precisely the Lie algebra structure of aff given in (2.2).

Proof. Let us begin by computing Ay, . We can change the order of integrating by Fu-
bini’s theorem and obtain for ¢, ¢ € #(R;) that

<Af$wa ¢>=5p',.5” = <fwa Wz{:fw

>5/~,5ﬂ

oo

! / ¢ )me—%riwu du da dx

a

— 00

da du
.

é\g Elﬁ\g

0/

[ [ e e | warw)a@=a)
0 — o0

Notice that the inner integral is equal to

o0

/me%rw:udx_ L(s/( )’

21

— 00
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where
[ Syt du=v'0).

Hence we have the relation

da

u=0 a

A b.8).7 = 5= [ o (WaA)HAw)

By using the formulas A(0) = 1 and X' (0) = 1/2 we can simplify and obtain

oo

1 d
A, ,0)07 = 1 [0 (W30 - v@)T@) -
0
Using integration by parts we obtain the claim since
I —_d
s .00 = [ | o) o 2
0
For Af, we have by similar calculations as above that
I Ji 2miTU ———— dadu
Anbid)rr= [ [| [ 1emde ) acvan)a@ca) ©
—oco 0 — 00
= [ [ a0t (a- varw)a@—a)
—oco 0

|
0\8
Q
=
2
=
2

The commutation relation follows from straightforward computation. O
3.4. The affine Grossmann-Royer operator

In this section we introduce the affine Grossmann-Royer operator with the aim of
obtaining an affine parity operator analogous to the (Heisenberg) parity operator P in
Section 2.2.3. The main reason for this is to obtain affine version of the formulas (2.7) and
(2.8) so that we can describe the affine Weyl quantization through convolution. Recall
that the (Heisenberg) Grossmann-Royer operator R(z,w) for (z,w) € R?" is defined by
the relation
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W(f,9)(z,w) = (R(z,w) [, 9) 2 gny»  [rg € L*R").
Analogously, we have the following definition.

Definition 3.11. We define the affine Grossmann-Royer operator Rag(z,a) for (z,a) €
Aff by the relation

folﬁ(x’ a) = <RAH(’I7Q)1/)7 ¢>y’7y I lb, (yb S y(RJ’_)

We restrict our attention to Schwartz functions for convenience since then Wﬁgﬁ €
. (Aff) by [5, Cor. 6.6], and hence have well-defined point values. The Grossmann-
Royer operator Rag(x,a) is precisely the affine Weyl quantization of the point mass
oas(z,a) € ' (Afl) for (z,a) € Aff defined by

(bag(z,0), fo 7 = f(x,a),  f€.L(Aff).

Since this is also true for the Stratonovich-Weyl operator Q(z,a) given in (2.12), it
follows that Rag(z,a) = Q(z,a) for all (z,a) € Aff. From [18, p. 12] it follows that we
have the affine covariance relation

U(—z,a)*Rag(0, U (-2, a) = Rag(x,a).

The following result, which is a straightforward computation, shows that Rag(z,a) is
an unbounded and densely defined operator on L*(R.).

Lemma 3.12. Fiz ¢ € #(R,) and (x,a) € Aff. The affine Grossmann-Royer operator
Rag(x,a) has the explicit form

e2mizA T (E) \~1 () (1 _ e
L+ (2) — XD

)> i (re—/\fl(ﬁ)) ,

Rag(z,a)i(r) =

where X is the function given in (2.3).

We will be particularly interested in the affine parity operator Pag given by the affine
Grossmann-Royer operator at the identity element, that is,

-1 T — 6)‘_1(7") 1
Pag(¥)(r) :== Rag(0,1)9(r) = 1/\+ )(\)1((1” — ekl(r)) " (TE—A (r)) 7

for ¢ € /(R ). The affine parity operator Pag is symmetric as an unbounded operator
on L?(R.). Moreover, we see from the relation

A=L(r)er ()
r

A 1=
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that we have the alternative formula

Par)) = 7o D (e 0. 59)

1 e

An important commutation relation for the (Heisenberg) Grossman-Royer operator
R(z,w) for (z,w) € R*" is given by

PoR(z,w) = R(—z,—w) o P. (3.4)

The following proposition shows that the analogue of (3.4) breaks down in the affine
setting due to Aff being non-unimodular. As the proof is a straightforward computation,
we leave the details to the reader.

Proposition 3.13. The commutation relation

Pagt © Rage(2,a) = Rag ((2,0)™") o Pag

holds precisely for those (x,a) € Aff such that A(z,a) = * = 1.

Pl

We will now show that both the function A in (2.3) and the affine parity operator Pag
are related to the Lambert W function. Recall that the (real) Lambert W function is the
multivalued function defined to be the inverse relation of the function f(z) = ze” for
2 € R. The function f(z) for z < 0 is not injective. There exist for each y € (—1/e,0)
precisely two values 1, 22 € (—00,0) such that

r1€"t = x0e™? = y.

As the solutions appear in pairs, we can define ¢ to be the function that permutes these
solutions, that is, o(z1) = 2 and o(z3) = x1. For y = —1/e there is only one solution to
the equation ze” = y, namely = —1. Hence we define o(—1) = —1. We can represent
the function o as

Wo(ze®), x<-—1
o(x) =14 -1, x=—1 .

W_i(ze®), —1<z<0
where Wy, W_; are the two branches of the Lambert W function satisfying
Wo(ze®) =2, forxz> -1
and

W_q(ze®) =z, forz<-—1.
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Lemma 3.14. The inverse of A is given by

A1) = log <O_(_T)> =o(—r)+r,  r>0.

—r

Proof. To find the inverse of A we solve the equation

r=MAu)= =

A simple computation shows that —r = —u — re~*. Making the substitution v = e™*

together with straightforward manipulations shows that
—re " = —rve ", (3.5)
The trivial solution to (3.5) is given by solving the equation —r = —rv. Checking with

the original equation, this can not give the inverse of A\. We get the first equality from
the definition of o together with recalling that u = —log(v). The final equality follows

) e ) o

Remark. A minor variation of the function o appeared in [18, Section 3] where it was

from

defined by the relation in Lemma 3.14. The advantage of understanding the connection
to the Lambert W function is that properties such as o(o(x)) = x for every z < 0
become trivial in this description.

Corollary 3.15. The affine parity operator Pag can be written as

o(—r)+r

Pag(¥)(r) = o s |

P(=o(=r), veS(Ry).
In particular, we have Pag(v)(1) = 2¢4(1).

Proof. The formula for Pag (1) is obtained from Lemma 3.14 together with (3.3). To
find the value Pag(¢)(1), we use (3.3) and the fact that

) (ref)‘_l(’“)) =(1).
r=1
Hence the claim follows from L’Hopital’s rule since
—1 —1y\/ 1
R Wl (0 B U €0 BEP
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3.5. Operator convolution for tempered distributions

This section is all about expressing the affine Weyl quantization of a function f €
7 (Afl) by using affine convolution. To be able to do this, we will first define what it
means for Ay to be a Schwartz operator.

Definition 3.16. We say that a Hilbert-Schmidt operator A : L?*(Ry) — L*(Ry) is a
Schwartz operator if the integral kernel Ax of A satisfies Ax € /(R4 x Ry), that is, if

(z,w) — Ag(e®,e?) € .7 (R?).

Proposition 3.17. A Hilbert-Schmidt operator A € Sy is a Schwartz operator if and only
if A= Ay for some f € & (Aff).

Proof. Assume that A is a Schwartz operator. In [18, Equation (4.8)] it is shown that
the integral kernel Ay of A is related to the affine Weyl symbol f4 of A by the formula

r—s ;
A — 2 2mix log(r/s) dr.
K(r7$) / fA (1'? 10g(7"/5)> € xz

Since the inverse-Fourier transform preserves Schwartz functions, together with the def-
inition of . (R4 x R,), we have that

(r,8) — fa (log(r/s), b&;;) € SRy xR,).

By performing the change of variable x = log(r/s) and s = e* for w € R we obtain

e’ —1

(z,w) — fa (:r,e“ ) € 7 (R?).

Finally, by letting v = log((e® — 1)/z) + w we see that
(z,u) — fa(z,e") € S (R?),

due to the fact that x +— log((e® — 1)/z) has polynomial growth.
Conversely, assume that A = Ay for f € #(Aff). The integral kernel Ag is then given
by

Axe(r.s) = FA(f) (1og<r/s>, ﬁ) |

By using that the inverse-Fourier transform F; ! in the first component preserves . (Aff)
together with similar substitutions as previously, we have that Ax € Y(Ry xR4). O
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We will use the notation .#(L?(R.)) for all Schwartz operators on L*(R, ). There is
a natural topology on .’(L?(R,)) induced by the semi-norms ||Af||a.5 := ||f|la,s Where
| - lla,s are the semi-norms on .7 (Aff) given in (2.4).

Proposition 3.18. The affine convolution gives a well-defined map
S (AfF) xaq -7 (LA(R,)) = Z(LA(R,)).
Moreover, for fited A € /(L*(Ry)) the map
S(AfF) 5 f— frag A€ L (LA(RY))
18 continuous.

Proof. Let f € (Aff) and A € S (L*(Ry)). Then A = A, for some g € .7 (Aff) and
we have by Proposition 3.6 that

Ixag A= fran Ag = Afinag- (3.6)

Hence the first statement reduces to showing that the usual affine group convolution is
a well-defined map

S (AF) sag 7 (AFF) — 7 (AFF).

After a change of variables, the question becomes whether the map

(2, u) > (£ *ar 9) (@, ") = / [ e)gle —yer =, ey dydz  (3.7)
RZ

is an element in .(R?). It is straightforward to check that (3.7) is a smooth function.
Moreover, since f and g are both in . (Aff), it suffices to show that (3.7) decays faster
than any polynomial towards infinity; we can then iterate the argument to obtain the
required decay statements for the derivatives.

We claim that

sup || *[ul'|g(z — ye"~, ") < AL, (1+ Jy))" (1 +]2])', (3-8)

T,u

where A7, is a constant that depends only on the indices k,l € Ny and g € . (Aff). To
show this, we need to individually consider three cases:

o Assume that we only take the supremum over x and w satisfying 2|z| > |u| and
2|yl > |z|. Then clearly (3.8) is satisfied with AJ ; = 2" max |g].
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o Assume that we only take the supremum over u satisfying 2|z| < |u| and let x € R
be arbitrary. Then e%~* is outside the interval [e~!*/2, el“l/2]. Since g € . (Aff)
the left-hand side of (3.8) will eventually decrease when increasing u. When y < 0
the left hand-side of (3.8) will also obviously eventually decrease by increasing x.
When y > 0 then any increase of x would necessitate an increase of v on the scale of
u ~ In(x) to compensate so that the first coordinate in g does not blow up. However,
this again forces the second coordinate to grow on the scale of x and we would again,
due to g € Y (Aff), have that the left hand-side of (3.8) would eventually decrease.

o Finally, we can consider taking the supremum over z and wu satisfying 2|z| > |u| and
2|y| < |x|. As this case uses similar arguments as above, we leave the straightforward
verification to the reader.

Using (3.8) we have that

sup ! (7 e ) < AL, [ 7o) @) (1) dyds <o, (29)
R2

z,u

where the last inequality follows from that f € #(Aff). Finally, the continuity of the
map f — f *ag A follows from (3.6) and (3.9). O

Remark. Notice that the proof of Proposition 3.18 shows that affine convolution between
fyg € S (Af) satisfies f xag g € 7 (Aff). This fact, together with Proposition 3.17,
strengthens the claim that . (Aff) is the correct definition for Schwartz functions on the
group Aff.

The main result in this section is Theorem 3.20 presented below. To state the result
rigorously, we first need to make sense of the convolution between Schwartz functions
g € S (Aff) and the affine parity operator Pag. As motivation for our definition we
will use the following computation: Let S,T € Sy with affine Weyl symbols fg, fr €
L%(Aff). Fix g € .(Aff) and consider the affine Weyl symbol fy,,.s corresponding to
the convolution g xag S. Then

(fgrnas, fT)r2(am = (9 %ar S, T)s,

= <S,/g(x,a)U(—x,a)TU(—x,a)* dxda>

a
Aff So
_ dx da
= <fS7/g($7a)R(z,a)fT a >
Aff L2(Aff)

With this motivation in mind we get the following definition.
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Definition 3.19. Let S : S (Ry) — /(R4) be the operator with affine Weyl symbol
fs € '(Aff) and let g € Z(Aff). Then gxag S is defined by its Weyl symbol fg,ns €
S (Afl) satisfying

a
Aff SIS

dx da
<f£]*AHS7h>~5W75ﬂ = <fsa/g(xaa)R(z,a)h > ’

for all h € 7 (Aff).

Recall that the injectivity in Lemma 3.8 ensures that the operator S in Definition 3.19
is well-defined. The argument to show fg.,.s € /(Aff) is similar to the one presented
in Proposition 3.18. Hence g xag S is well-defined.

Remark. We could similarly have defined S*ag Ay for S € #(L*(R4)) and f € ./(Aff)
by using Proposition 3.7. For brevity, we restrict ourselves in the next theorem to the
case where S = ¢ ® ¢ for ¥, ¢ € S (Aff). In this case, we can extend Lemma 3.3 and
define

(@ @) *am Ay = (AU (=2, ), U(=2,a)$) 5 7.
We can now finally state the main theorem in this section.

Theorem 3.20. The affine Weyl quantization A, of g € #(Aff) can be written as

Ag = gxag Pasg,

where Pag is the affine parity operator. Moreover, for ¥, ¢ € S (R4) we have that the
affine Weyl symbol WK)f’fdj of the rank-one operator ¥ ® ¢ can be written as

W{x = (¥ ® ¢) *ag Pas-

Proof. Recall that the affine parity operator Pag is the affine Weyl quantization of the
point measure g,y € '(Afl). As such, the convolution g xag Pag is well-defined with
the interpretation given in Definition 3.19. The affine Weyl symbol fy. .z Pug Of g%ag Pag
is acting on h € . (Aff) by

a
Aff ST

dx da
<fg*AﬁPAﬁvh>y’,=7 = <5(0,1)7/9(x7a)R(9c,a)h >

dr da
a

_ /g(m,a)h((o,l) - (w,a))
Aff
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dz da
a

- [ st a)

Aff

= <9a h>L$(Aff)-

Since . (Aff) C L2(Aff) is dense, we can conclude that fos,spyy = ¢ and thus 4, =
g *af Pag-
For the second statement, we get that

(v ® @) *ag Pag) (x,a) = (PagU(—z,a)y,U(—x,a)p) 9 &
= <RAff($aa)¢,¢>5ﬂ',y
= Wi (x,0). O

4. Operator admissibility

For operator convolutions on the Heisenberg group, we have from (2.6) the important
integral relation

/ SxT(z)dz = tr(S) tr(T).

A similar formula for the integral of operator convolutions will not hold generally in the
affine setting. We therefore search for a class of operators where such a relation does hold:
the admissible operators. As a first step, we recall the notion of admissible functions.

Definition 4.1. We say that ¢ € L*(R,) is admissible if

[ee]

/ (r)|? dr
—<oo

0

This definition of admissibility is motivated by the theorem of Duflo and Moore [13],

see also [24]. The Duflo-Moore operator D1 in our setting is formally given by

P(r)
N

It is clear that the Duflo-Moore operator D~ is a densely defined, self-adjoint positive

D lap(r) =

operator on L?(R ) with a densely defined inverse, namely

Di(r) == v/rip(r).

Hence a function ¢ € L?(R) is admissible if and only if D=9 € L?(R,). We will on
several occasions use the commutation relations
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DU(z,a) = \/gU(x,a)D, U(z,a)* D"t = aD U (z,a)*, (z,a) € Aff.  (4.1)

The following orthogonality relation is a trivial reformulation of the classic orthogo-
nality relations for wavelets, see for instance [25].

Proposition 4.2. Let ¢,1,&,n € L2(Ry) and assume that 1 and n are admissible. Then

dzd
/<¢7U(_mva)*'w>L2(]R+)<£,U(_x,a)*TDLQ(]RJr) :I:a e
Aff

= (6,8) 2@ (D', DY) L2y

In particular, we have

dzr d
/<¢7 U(—z,a) ) 2w ) (& U(—2,a)* ) 2R, ) xa ‘- (6,8 2@ ) D W72 g, )-
Aff

Remark. By Proposition 4.2, admissibility of ¢» € L?(R ) is equivalent to the condition

dx da

< 00

/ |, U (—2, ) ) oy
Aff

4.1. Admissibility for operators

Our goal is now to extend the notion of admissibility to bounded operators on L?(R ),
with the aim of obtaining a class of operators where a formula for the integral of operator
convolutions similar to (2.6) holds. We will often use that any compact operator S on
L?(R,) has a singular value decomposition

N
S=> snén®mm, N eNU{oo}, (4.2)

n=1

where {&,}N_; and {n, })_, are orthonormal sets in L2(R ). The singular values {s, }_;
with s,, > 0 will converge to zero when N = co. If S is a trace-class operator we have
{sn}N_; € (1(N) with ||S||s, = ||snll¢:. Since the admissible functions in L*(R ) form
a dense subspace, we can always find an orthonormal basis consisting of admissible
functions.

The next result concerns bounded operators DSD for a trace-class operator S. To be
precise, this means that we assume that S maps dom(D~!) into dom(D), and that the
operator DSD defined on dom(D) extends to a bounded operator.

Theorem 4.3. Let S € Sy satisfy that DSD € L(L*(Ry)). For any T € 81 we have that
T xagqg DSD € L71‘ (Aff) with
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T *as DSD L1 (amry < IS5, 1T s,

and

/ T *ag DSD(z, a) dxad“ = tx(T) tx(S). (4.3)

Aff

Proof. We divide the proof into three steps.
Step 1: We first assume that 7' = ¢ ® ¢ for ¥, ¢ € dom(D). Recall that S can be
written in the form (4.2). From Lemma 3.3 and (4.1) we find that

T %ag DSD(x,a) = (SDU(~x,a)y, DU(~x,a)d) 2R )

1
= E<SU(—J}, a)DY,U(—x,a)Dd) 2R, )

N
Z —,0)DY, M) 2R, ) (n> U(—2,a)DP) 12 (R, )-

Integrating with respect to the right Haar measure and using that (z,a) — (z,a)”!

interchanges left and right Haar measure, we get

1 dxda
/| —2,a) DY, ) 2Ry ) (§ny U(—2,0) D) 12 ]R+)|_ a
. dz da
/ U, )* D) 228 {60 U (2, 0) D) 2| T
1/2
. dz da
< (A/<U(_xaa‘) Dwann>L2(R+)|2 a
ff
1/2

5 dxda

x / (EnsU(—2,0) D) (s
ff

= [[¥ll2 @y loll 2wy )

where the last line uses Proposition 4.2. It follows that the sum in the expression for
T xag DSD(z, a) converges absolutely in LL(Aff) with

N
|7 *ast DSD| L1 (am) < (Z Sn> Il lollLz®yy = (1915, 1T ]ls, -

n=1

Equation (4.3) follows in a similar way by integrating the sum expressing T xag DSD
and using Proposition 4.2.
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Step 2: We now assume that 7' = 1) ® ¢ for arbitrary ¢, ¢ € L?(R). Pick sequences
{n 21, {0n}52 1 in dom(D) converging to 1 and ¢, respectively, and let T;, = b, ® ¢,
It is straightforward to check that T}, converges to T in S;. By (3.2) this implies that
T, *ag DSD converges uniformly to T xag DSD. On the other hand, T}, xag DSD is a
Cauchy sequence in L!(Aff): for m,n € N we find by Step 1 that

HTn *Aff DSD — Tm *Aff DSDHL}(AH)

< H% Y ¢n *Af DSD — Vi @ ¢ *agm IDSD”Li(Aﬂ“)
+ [|thm @ ¢n *as DSD — P @ ¢m *a DSD|| L1 (an)

= [[(¥n — Ym) @ ¢n *as DSD||L1(am)
+ [Ym @ (én — ¢m) xag DSDI| L1 (am)

< |[Sllsi 1¥n — ¥mllLz® o)l PnllLz®y)
+1Sls, [¥mlz2@® ) |om — dnll2wy)

which clearly goes to zero as m,n — oco. This means that T, xag DSD converges in

LL(Aff), and the limit must be TxagDSD as we already know that T, xagDSD converges
uniformly to this function. In particular, this implies

1T *asr DSD| Lram) = lm || T, *ax DSD| L1 (am)
< lim 90 2@) [ 0nll2 @ [Sls,
= ¥llz2® ol L2 ®)lISls, -

Equation (4.3) also follows by taking the limit of [, T}, xag DSD(z,a) deda

a
Step 3: We now assume that T € S;. Consider the singular value decomposition of T’
given by

M
T = Ztmwm(@qf)m

m=1

for M € N U {oo}. By (3.2) we have, with uniform convergence of the sum, that

M
T «ag DSD = Z trn®m @ G *ag DSD. (4.4)

m=1

Notice that Step 2 implies that the convergence is also in L!(AfF), since

M M
D tmlltm ® dm xan DSDlLaamy < D tmlltmll 2@, llémll 2@ [1S]1s,

m=1 m=1

= 1T, 15lls. -
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In particular, T'xag DSD € LL(Aff). Finally, (4.3) follows by integrating (4.4) and using
that the sum converges in LL(Aff) and Step 2. O

The integral relation (4.3) is somewhat artificial in the sense that it introduces D in
the integrand. We will typically be interested in the integral of Tx .S, not of TxagDSD.
This motivates the following definition.

Definition 4.4. Let S be a non-zero bounded operator on L?(R;) that maps dom(D)
into dom(D~1). We say that S is admissible if the composition D~1SD~! is bounded on
dom(D™!) and extends to a trace-class operator D~1SD~1 € ;.

Assume now that S is admissible, and define R := D~1SD~!. Clearly R maps
dom(D™') into dom(D) as we assume that S maps dom(D) into dom(D~'). The fol-
lowing corollary is therefore immediate from Theorem 4.3. We also note that it extends
[34, Cor. 1] to non-positive, non-compact operators.

Corollary 4.5. Let S € L(L?*(R,)) be an admissible operator. For any T € S; we have
that T xag S € LE(Af) with

IT *ag Sllpiam < [D7'SD s, I Tls, s

and

dz da

/T*AH S(x,a) =tr(T) tr(D~1SD™1).

Aff

Example 4.6. A rank-one operator S = n ® £ for non-zero 7, £ is an admissible operator
if and only if n,& € L%(Ry) are admissible functions. Requiring that S maps dom(D)
into dom(D~1) clearly implies that n € dom(D~1), i.e. n is admissible. For D~'SD~! to
be trace-class, the map

Y= [DTSDT Y e my) = DT, E) 2wyl - 1D 0l L2ry), @ € dom(DY),

must at least be bounded for [|1)[|z2r,) < 1. This is bounded if and only if

¥ (DM, ) 2R,

is bounded, which is precisely the condition that £ € dom (D‘l)*) = dom(D71).
Hence our notion of admissibility for operators naturally extends the classical function
admissibility. In the case of rank-one operators, it follows from Lemma 3.3 and the
computation

tr(D~ (@D = (D', D) 2y
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that Corollary 4.5 reduces to Proposition 4.2.

When both S and T are admissible trace-class operators, their convolution T xag S
behaves well with respect to both the left and right Haar measures.

Corollary 4.7. Let S and T be admissible trace-class operators on L*(Ry). Then the
convolution T xag S satisfies T xag S € LL(Aff) N L} (Aff) and

/ Txan Sz, a) 9 — (1) (015D,
Aff
/T*Ag S(x,a) % = tr(S) tr(D'TDH).
Aff

Proof. The first equation and the claim that T xag S € LL(Aff) is Corollary 4.5. The
second equation and the claim that T'xag S € L] (Aff) follows since

T xaf S(.T,(l) = S*ag T((xaa)il)' g

We now turn to the case where S is a positive compact operator. We first note that
admissibility in this case becomes a statement about the eigenvectors and eigenvalues
of S.

Proposition 4.8. Let S be a non-zero positive compact operator with spectral decomposi-
tion

N
S=> snén®&n
n=1

for N € NU{oo}. Then S is admissible if and only if each &, is admissible and

N
D snllD Tl w,y < oo

n=1

Proof. We first assume that S is admissible. By linearity and Lemma 3.3 we get for
56 LQ(R+) with ||£||L2(]R+) =1 that

N
£@Exan S(w,a) =Y snl(€,U(=2,0)"6n) 2w, (4.5)

n=1

Integrating (4.5) using the monotone convergence theorem and Proposition 4.2, we obtain
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N
dx da _

[ € ¢nans@a) = = Y 5D 6l

AFF n=1

a

The claim now follows from Corollary 4.5.
For the converse, it is clear by the assumption that the operator

N
Y sn(D7'E) @ (D71E) (4.6)

is a trace-class operator. It only remains to show that S maps dom(D) into dom(D~1)
and that D~1SD~! is given by (4.6). This is easily shown when N is finite, so we do the
proof for N = oco.

The partial sums for ¢ € L?(R, ) are denoted by

M

(S =Y sn(th, &n) 2@ bns

n=1

and converge in the sense that (Sv)y — S¢ as M — oco. Furthermore, it is clear that
(S%)ar is in the domain of D~! for each M as each &, is admissible. We also have that

M
D_I(Sw)M = Z Sn<"/}7 £n>L2(R+)D_1€n~

n=1

The sequence of partial sums D~1(Sv)y also converges in L?(R.), since by using
Holder’s inequality and Bessel’s inequality we obtain

Z snl(¥, &) 2@ ) ID ™ nll L2 r )
n=1

o /2 / » 1/2
< <Z|<wa€n>L2(R+)|2> <Z 5121||D_1€n”2L2(]R+)>

n=1 n=1
o 1/2
Sl wy) (Z Sn||D_1€n||%2(R+)> :
n=1
Since D! is a closed operator, we get that S belongs to the domain of D! and

D_ls¢ = Z Sn<1/)a §n>L2(R+)D_1£n~
n=1

For any ¢ € dom(D™1), we have that

D'SD g = Z sn(D 0, &n) 2r D = Z {0, D ) L2 D,

n=1 n=1
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so D71SD~! agrees with (4.6) on this dense subspace. In fact, they agree on all of
L?(R, ) since

o0
D' SD 6l 2@y < I0l2@y) Y snll D enl iz, )

n=1
shows that D~1SD~! extends to a bounded operator. O

As a consequence of Proposition 4.8, we obtain a compact reformulation of admissi-
bility for positive trace-class operators.

Corollary 4.9. Let T be a non-zero positive trace-class operator on L>(Ry), and let S be
a non-zero positive compact operator. If

dx da

/T*Aﬂ‘ S(z,a) < 00,
a

Aff

then S is admissible with

1 dxd
tr(D1SD!) = ) /T*Aﬂ‘ S(z,a) za ‘.
Aff

In particular, if S is a non-zero, positive trace-class operator, then S is admissible if and
only if S xag S € LL(AfF).

Proof. Let

N
S=) $ubn @&

n=1

be the spectral decomposition of S. An argument similar to the one giving in the proof
of Proposition 4.8 shows that

N
dzda _
[ 7o S(@0) = (1) 3 s D el
n=1

Aff

The claims now follow immediately from Proposition 4.8. 0O
4.2. Admissible operators from Laguerre functions
Although we derived several basic properties of admissible operators in Section 4.1,

we have not given any way to construct such operators in practice. Our construction is
based on the following observation: From Proposition 4.8 we know that if
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00
S:ZSnQOn@(Pn

n=1

is a non-zero positive compact operator with

o0
Z sul D onltaw,) < o0,

n=1

then S is admissible. So if we can find an orthonormal basis {¢,}22; of admissible
functions such that we can control the terms [|[D ¢y |f2r ), then we can construct
admissible operators as infinite linear combinations of rank-one operators. It turns out
that the Laguerre basis works extremely well in this regard.

Definition 4.10. For fixed oo € R we define the Laguerre basis {E%a)} Y for L2(Ry)
by "

« n! % _r o («
L (r) = mr e 2L (r), neNg, reRy,

where I' denotes the gamma function and L( @) denotes the generalized Laguerre polyno-
mials given by

rQer dn n 7’L+ O[ k
() L e T n+a
:0

The classical orthogonality relation

o

/a:o‘e_ngf‘)(x)LSff) (x)dx =

0

I'n+a+1)
n!

On,m (4.7)

for the generalized Laguerre polynomials ensures that the Laguerre bases are orthonormal
bases for L?(R) for any fixed o € R,. The following result shows that the Laguerre
basis is especially compatible with the Duflo-Moore operator D~!.

Proposition 4.11. For any o € R4 and n € Ny we have

oo

2 1
— = 1 (oz) ) — 4.
n n+a+1 /e () dr =~ (4.8)
0

n

HD— r(@)

Proof. The first equality in (4.8) follows from unwinding the definitions. For the second
equality in (4.8), we will use the well-known identity
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n
« _ (a—1)
L (r) =) Ly (r)
Jj=0

together with the orthogonality relation (4.7). This gives

oo 9 n o0
/ e (L) dr= 3 / e ra LD ()LD () dr
0 $3=07%

T+ a)

B Z 7!

i=0
_IT(rhta+1)
o« n! ’

where the last equality follows from a straightforward induction argument. 0O

The following consequence from Proposition 4.8 shows that we can explicitly construct
admissible operators by using the Laguerre basis.

Corollary 4.12. Let {s,}5>, € (*(N) be a sequence of non-negative numbers and let
a € Ry. Then

Si=3 sall) @ L)
n=0

is an admissible operator with
tr(D1SD™ 1) = 1 i s
« n=0 "

Remark. The corollary may be considered a reformulation with slightly different proof
of the calculations in [21, Section 3.3], where a resolution of the identity operator is
constructed from thermal states that are diagonal in the Laguerre basis. We will return
to resolutions of the identity operator and the relation to admissibility in Section 6.2.

4.8. Connection with convolutions and quantizations

We will now see how admissibility relates to the convolution of a function with an
operator. The following result shows that we can use convolutions to generate new ad-
missible operators from a given admissible operator.

Proposition 4.13. Let f € Li(Aff) N L}(Aff) be a non-zero positive function. If S is a
positive, admissible trace-class operator on L*(R.), then so is f xag S with



40 E. Berge et al. / Journal of Functional Analysis 282 (2022) 109327

tr (D1 (f *am S)D /f r,a) tr(D~1SDY).

Proof. It is clear from (3.1) that fxag S is a trace-class operator, and positivity follows
from the definition of the convolution f xag S. Let T be a non-zero positive trace-class
operator on L?(R ). It suffices by Corollary 4.9 to show that

/T*Aff (f *ag S)(y,b )dydb /f

Aff

tr(D~1SD7Y).

We have that

T o (Feas $)(eb) =t ( TU(-.0)" [ S, 0)0U(=.0)SU(~,0) LU (-p.0)
N dx da
— [ Fo0) uTU(.0) - (-3.0) SU(.0) - (~3.1)
Aff

dx da

= /f(x,a)T *aft S((w,a) - (y,b))
Aff

We may then use Fubini’s theorem, which applies by our assumptions on f and S, to
show that

/T*AfF (f *ag S)(y, ) /f z,a /T*Aff S((z,a) - (v, b))% dxada
AfF e
— /f(a:,a) dxadaA(x,a) /T*Aff S(y,b) @

Aff

= /f(:ma) das_;la tr(T) tr (D~'SD™),
AfF ¢

where we used the admissibility of S and Theorem 4.5 in the last line. O

Remark. We can give a simple heuristic argument for Proposition 4.13 by ignoring that
D=1 is unbounded as follows: We have by using (4.1) that

1 dzda
a

“L(f xag S)D /fxa “U(~z,a)*SU(~2,a)D~

dx d
= /f(x,a)U(—x,a)*DilSDflU(—x,a) ZQG.
AFF
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Since D~'SD~! is a trace-class operator, the integral above is a convergent Bochner
integral and we obtain the desired equality.

4.4. Admissibility as a measure of non-unimodularity

In this section we will delve more into how the non-unimodularity of the affine group
affects the affine Weyl quantization. As we will see, both the left and right Haar measures
take on an active role in this picture.

Proposition 4.14. Let S be an admissible Hilbert-Schmidt operator on L?(R,) such that
its affine Weyl symbol fs satisfies fs € L} (Aff). Then

dz d
tr (D1SD7) = / folw,a) =5,
Proof. Let T' = ¢ ® ¢ for some non-zero ¢ € .(Ry). Then the affine Weyl symbol of T

is fr = W§g € Z(Aff). We know by Corollary 4.5 that

dz da
a

/ Twag S(z, a)

Aff

=tr(T) tr (D~'SD™1).

On the other hand, Fubini’s theorem together with Proposition 3.7 allows us to calculate
that

dx da dx da

/T*Aﬁ‘ S(z,a)

Aff

/ fr *ag fs(z,a)

dz da dy db
:/fT(yJ) /fs (4, 8)(,0)™1) S B2
A

a
dy db dx da
= / fr(y,b) / fs(x
AfF
The marginal properties of the affine Wigner distribution (2.16) show that

dy db
/ fr(y — (Il @) = tr(T).

The claim now follows from combining the calculations we have done. 0O

Remark. Assuming that T is a trace-class operator we have that

dr da
T) = fT(:Ca Cl) P
[,
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which follows from a similar proof to the one in Proposition 4.14. This gives the inter-
esting heuristic interpretation that taking DT D! of an operator T coincides with
multiplying fr by i

The following result shows that the affine Wigner distribution satisfies both left and
right integrability when more is assumed of the input. This should be compared with
the Heisenberg case where the Heisenberg group H" is unimodular.

Theorem 4.15. Assume that ¢,1), Do, Dy € L?(R,). Then the affine Wigner distribution
satisfies

Wl e L2(Aff) N L7 (AfF).
Proof. We already know that Wi is in L2(Aff) by the orthogonality relations (2.15).

Using the definition of the affine Wigner distribution and Plancherel’s theorem, we have
that

2 dxda
2

i v—w dwdv
= | [rewPrurreis S
0 o

where we used the change of variables v = aA(z) and w = a\(—z) in the last line. By

W2 o2 am = / |b(aA (@) 2[4 (aA(~x))

our assumptions on ¢ and 4, it will suffice to show that for all v,w € R, we have the
upper bound

v—w 11 1
VT 9 imaxd1, 5, =, — b
vw log(v/w) v w v

It will be enough by symmetry to consider A = {(v,w) € Ry xRy : v > w}. We
have the decomposition A = C; Uy U C3, where

Cﬂ:%MMEA:w<—%&Wm}

Cy:%uMEA:w>aE%E}

Cy = {(mqu)e,A: —20(-v/2) < ‘(53555}

where o is the function appearing in Lemma 3.14. (See Fig. 1.)



E. Berge et al. / Journal of Functional Analysis 282 (2022) 109327 43

12

— —20(-vi2)
— -Yo(-1/v)

10
08
= 06

04
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Fig. 1. A drawing marking the beginning and end of the different domains.
o The level surface g(v,w) = (v—w)/log(v/w) = C for C > 0 is given by the equation

w=—Co (—%) . (4.9)

On C; we are below the level surface (4.9) with C' = 2. Notice that (1,0.5) € C; with
g(1,0.5) = log(v/2) < 2. The continuity of g forces the inequality g(v,w) < 2 for all
(v,w) € C;. Hence

v—w 2
vwlog(v/w) ~ vw’

« Notice that

v —w

vwlog(v/w) — log((1/v)/(1/w))’

Hence the case of Ca follows from the previous the argument for C; by considering

the level surface of

g(1/v,1/w) = 1.

o It is straightforward to verify that v > 2 and w < 1 when (v,w) € C3. Hence we
obtain for any (v,w) € Cs that

v—w v

<2/w. O

wolog(v/w) ~ wvlog(2)

Remark. The connection from this result to admissibility is that the assumptions boil
down to S = Dy ® D¢ being an admissible operator.
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Remark. Let A be a Hilbert-Schmidt operator on L?(R ) with integral kernel Ay . Then
one can gauge from the proof of Theorem 4.15 that the affine Weyl symbol f4 satisfies
fa € L2(Aff) N L?(Aff) if and only if the integral kernel Ak satisfies

1
A e I (Ry xRy, — =1 _grds) nI? (Ry xRy, Sdtds ).
e (*X  Stlog(s/%) > (*X B )
4.5. Extending the setting

Except for Section 3.5, we have so far considered convolutions between rather well-
behaved functions and operators and obtained norm estimates for the norms of LL(Aff),
L>°(Aff), §; and L(L*(Ry)). We have seen that

|f *as Slls, < [ fllzramllSlls,
1T *ag Sl am) < | Tllcze@inllSs:-
This generalizes these inequalities to other Schatten classes and LP spaces.

Proposition 4.16. Let 1 < p < oo and let q be its conjugate exponent given by p~'4+q¢~ ! =

1.IfSeS,TeS,, and f € LL(Aff), then the following hold:

1. fxag S € Sp with ||f *Af S”Sp < ,.(Aff)||S||5p'
2. Txpag S € LOO(AH) with ||T*Aff S”Loo(Aﬂ‘) < ||SHSpHTHSq

Proof. For p < oo, we can clearly interpret the definition of f xag S as a convergent
Bochner integral in S,. Hence the first inequality follows from [32, Prop. 1.2.2]. For
p = oo, we avoid the unpleasantness of Bochner integration in non-separable Banach
spaces by interpreting f xag S weakly by

dx da

(f *ase SV, ¢>L2(R+)—/fxa WSU(—z,a), U(—x,a)¢) L2(R,)

for ¢, ¢ € L?>(R,). A standard argument shows that f*ag .S is a bounded operator with

1 f *as Sllez®yy) < NflziamllSlecz®,))-
Inequality 2. follows from the Holder type inequality [45, Thm. 2.8]. O

We have already seen in Section 4.1 that we can say more about operator convolutions
when one of the operators is admissible. As the next lemma shows, admissibility is

also the correct condition to ensure that f xag S defines a bounded operator for all
f € L (Aff).
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Lemma 4.17. Let S € & and f € L>®°(Aff). Define the operator f xag DSD weakly for
¥,¢ € Dom(D) by

(f xag DSDY, ¢>>L2(R+)f/fx a)(SDU (—x, a)h, DU (~x,a)$) 12w ,) dxad“. (4.10)

Then f xag DSD uniquely extends to a bounded linear operator on L*(Ry) satisfying

I *as DSDz(L2wy)) < [ fllzee am 1S]ls, -
In particular, if R is an admissible operator, then fag R € L(L*(Ry)) with
If *as Rllzzz®sy) < fllneam D' RD ™ s, .

Proof. By using (4.1) we get that

(f *ag DSD, ¢>L2(R+)_/fx a)(SU(—z,a)D, U(~x,a)Dd) 12 (R, ) ——gm dmd“

dx da

/fxa (SU(=2,a)"DY,U(~x,a)"DP) 2(R.,)

dr da

= / f(x,a)(S *ag (DY ® D)) (, a)

Clearly Dy ® D¢ is an admissible operator with

[tr(D™ (DY @ DH)D™Y)| = (¢, B)| 12w, ) < 1Yl 2wy |l L2(m,)-

By Corollary 4.5 we therefore get

|(f *a8 DSDY, ) 2w | < 1 f |z am ISls 1l 2@ 0l 2w,y )-

The density of dom(D) implies that f xag DSD extends to a bounded operator on
L*(Ry). O

Armed with Lemma 4.17 and Corollary 4.5, we prove the following result describing
L? and S, properties of convolutions with admissible operators. The proof is essentially
an application of complex interpolation: we refer to [45, Thm. 2.10] and [8, Thm. 5.1.1]
for the interpolation theory of S, and LP(Aff).

Proposition 4.18. Let 1 < p < oo and let q be its conjugate exponent given by p~14q¢~ ! =
1.IfRe S,, g € LP(Aff), and S is an admissible trace-class operator, then:
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1. gxan S €8, with |lgxan Sls, < SIS 1D DL gl 2 cam)-
2. Rag S € LE(AR) with |Rxag Slpzam < ISIEID SD IS |R]s,

Proof. For g € LL(Aff) N L>°(Aff), we have for p = co that Lemma 4.17 gives
lg *ar Slleze@ey < ID71SD s, gl (am)-

Since we also have ||g xag S||s, < [|gllrcam[IS|ls,, the first result follows by complex
interpolation. For the second claim, if R € &; we know from Corollary 4.5 that

IR *ag Sllziam < [D71SD™H s, [ Rlls, -
The result follows by complex interpolation since

R *as Sllreeamy < (ISl [Rll 2wy O
5. From the viewpoint of representation theory

We will for completeness investigate how various notions of affine Fourier transforms
fit into our framework. As we will see, known results from abstract wavelet analysis give
connections between affine Weyl quantization, affine Fourier transforms, and admissibil-
ity for operators.

5.1. Affine Fourier transforms

Definition 5.1. For f € L} (Aff) we define the (left) integrated representation U(f) to be
the operator on L?(R.) given by

U= [ feaU@ar =5t veL2®,)
Aff

The inverse affine Fourier- Wigner transform f;vl(f) of f € LL(Aff) is given by

Fir () =U(f)oD,  f(z,a):= f((x,a)h).

The inverse affine Fourier-Wigner transform .7-'1},1( f) of f € LL(Aff) is explicitly given
by

Fat (Fyils) = / VR s /)

r

where F; denotes the Fourier transform in the first coordinate and 1 € L*(R™). Hence
the integral kernel of F,;!(f) is given by
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Kf(S,T) = \/;(flf)(rvs/r)7 s,r e Ry. (51)

It is straightforward to verify that we have the estimate

17 (Dllss < 1F 22 cam),

for every f € LL(Aff) N L?(Aff). Hence we can extend JFy;' to be defined on L2(Aff) and
we have that ' (f) € Sy for any f € L2(Aff).

Proposition 5.2. The inverse affine Fourier-Wigner transform is a unitary transforma-
tion .7-"‘},1 : Q1 — Sy, where

Q1 = {f € LX(AF) | esssupp(F(f)) C Ry x R }.

Proof. Any function K € L?(Ry x R;) can be written uniquely on the form Ky in (5.1)
for some f € Q;. Moreover, we have

oo o0 d
15 e, ) = / / Fuf /)2 dr = | flsacam.
0 0

Since there is a norm-preserving correspondence between integral kernels in L2(R xR )
and Hilbert-Schmidt operators on L?(R. ), the claim follows. O

It is straightforward to check that the inverse affine Fourier-Wigner transform ]—";,1
satisfies for f,g € Q; the properties

o T (N) = F AV, frwa) = f(w,a)7h);

o Tt (f xam 9) = Fiy' (f) o D71 o Fiyl(9) = U(f) o Fiy (9);
U(z,a) o Fiy' (f) = Fiy' (Riza) ()

o F' (f)oU(x,a) = Fy' (VaLig,a-1(f))-

Definition 5.3. The affine Fourier- Wigner transform Fy : So — Qg is defined to be the
inverse of Fyi'|g, .

Remark.

e To avoid overly cluttered notation, we have used the symbol Fyy for both the classical
Fourier-Wigner transform in Section 2.2.3, and the affine Fourier-Wigner transform.
It should be clear from the context which operator we are referring to.

o Recall that the right multiplication R acts on elements in L2(Aff) by

R(y,b)f(xv a) = f((.]?, a)(y, b))
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for (z,a), (y,b) € Aff. For a closed subspace H C LZ(Aff) invariant under R, we
write R|y = U if there exists a unitary map T : H — L?(R,.) satisfying

ToR(z,a)f = U(z,a) o T,
for all f € H and (z,a) € Aff. Define
LY (Aff) == span{# C L7(Aff) : Rly = U}
From [13, Lem. 3] we deduce that
L% (Aff) = Qy,

as both spaces are the image of the Hilbert-Schmidt operators under the Fourier-
Wigner transform. Note that [13] uses left Haar measure, but translating to right
Haar measure is an easy exercise using that f — f is a unitary equivalence from the
left regular representation on L?(Aff) to the right regular representation on L2(Aff).

Example 5.4. Let ¢, € L?(R,) with ¢ € dom(D). If f(z,a) = (6, U(x,a)* DY) 2R, )
one finds using Proposition 4.2 that f € L2(Aff) and

(Fat (D&M ey = (0@ UV)E M 2Ry

for n € L?(R,) and ¢ € dom(D). This implies that Fy,' (f) = ¢ ® 1, in other words for
(z,a) € Aff that

Fw (¢ @) (z,a) = (¢, U($>a)*D¢>L2(R+)~

For the Heisenberg group, the Fourier-Wigner transform has a very convenient ex-
pression for trace-class operators, see (2.9). The corresponding expression on the affine
group is Fyw (A)(z,a) = tr(ADU(z,a)), and the next result shows that it holds as long
as the objects in the formula are well-defined. The result is due to Fiihr in this generality
[17, Thm. 4.15], and builds on an earlier result due to Duflo and Moore [13, Cor. 2].

Proposition 5.5 (Fiihr, Duflo, and Moore). Let A € Sy be such that AD~! extends to a
Hilbert-Schmidt operator. Then

Fw(AD V) (2,a) = tr(AU(z, a)).

Proof. To see how the result follows from [17, Thm. 4.15], we need some terminology
regarding direct integrals, see [17, Section 3.3]. Recall that the Plancherel theorem [17,
Thm. 3.48] supplies a measurable field of Hilbert spaces indexed by the dual group
{’HW}[F] c¢- For the affine group G = Aff, the Plancherel measure is counting mea-
sure supported on the two irreducible representations 7i(z,a) = U(z,a) on L*(Ry)
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and mo(x,a) = U(x,a) on L2(R_) := L?>(R_,r~!dr). So we can construct an element
{A[r}neq of the direct integral

by choosing Afr,; = AD~! and Ay = 0 for [n] # [m1]. Inserting this measurable field of
trace-class operators into [17, Thm. 4.15] then gives the conclusion. O

For f,g € L*(R) we denote by SCAL, f the scalogram of f with respect to g given by
SCAL, f(x,a) :== [W, f(x,a)|* where W, f is the continuous wavelet transform

W, fw0) = 7= [ £t (t;x) dt.
R

The following result, which follows from Lemma 3.3 and Example 5.4, gives a connection

between the affine Fourier-Wigner transform, affine convolutions, and the scalogram.

Corollary 5.6. Let f,g € L*(R) such that ¢ = f and ¢ := § are supported in Ry and
are in L*>(Ry). If ¢ is admissible then

_ 1
Fiv (60 D) (@,0) = (69 ¢) *an (b © ¥)(~7,a) = _SCAL,f(r,0).  (5.2)
Remark. The condition that v is admissible in Corollary 5.6 is only necessary for the first
equality in (5.2). Recall that the affine Wigner distribution W}fﬂ is the affine Weyl symbol
of the rank-one operator 1) ® 1. If we use Proposition 3.7 together with Corollary 5.6,
then we recover [5, Thm. 5.1].

Corollary 5.6 shows that we have the simple relation
| Fw (AD™ 1) (x,a)|* = Axag A(—z,a) (5.3)

for positive rank-one operators A. By Corollary 4.9, admissibility therefore means that
Fw(AD™1) € L2(Aff) in this case. For more general operators, (5.3) will no longer hold.
However, we still obtain a result relating admissibility to the Fourier-Wigner transform.
Note that in the first statement in Proposition 5.7 if A € S; we interpret Fy (AD™1) :=
tr(AU(z, a)) if we do not know that AD™! extends to a Hilbert-Schmidt operator.

Proposition 5.7. Let A be a trace-class operator on L*(R ). Then the following are equiv-
alent:

1) Fw(AD™) € L2(Aff).



50 E. Berge et al. / Journal of Functional Analysis 282 (2022) 109327

2) AD™! extends from dom(D~') to a Hilbert-Schmidt operator on L*(R.).
3) A*A is admissible.

Proof. The equivalence of 1) and 2) follows from [17, Thm. 4.15], by applying that
theorem to the element {A[:} ;). of the direct integral (see proof of Proposition 5.5)

D
/ HS(H.)dji([r])

G

given by choosing A[;,; = A and A = 0 for [r] # [m1].

The equivalence of 2) and 3) is clear apart from technicalities resulting from the
unboundedness of D~!. If we assume 2), then [44, Thm. 13.2] gives that (AD~1)* =
D1 A*, where the equality includes equality of domains. As the domain of the left term
is all of L2(R ;) by assumption, this means that the range of A* is contained in dom(D~1).
In particular, A*A maps dom(D) into dom(D~!), and as we also have D1 A*AD~1 =
(AD~1)*AD~! where AD~! is Hilbert-Schmidt, A* A satisfies all requirements for being
admissible.

Conversely, if A*A is admissible, then we have for ¢ € dom(D~1)

IAD™ )| F2g ) = (DT A*AD W, ) 2 r,) < DA AD M 2y 10172k -
So AD~! extends to a bounded operator, and as this operator satisfies that
(AD"HY*AD™ ! =D 1A*AD!
is trace-class, AD~! is a Hilbert-Schmidt operator. O

Remark. Recall that we consider Fyy a Fourier transform of operators. The inequality
[ Fw (AD™Y)[| Lo (asr) < | Alls, and the equality || A|s, = | Fw (A)|| 22 (asr) might therefore
be interpreted as the endpoints p = oo and p = 2 of a Hausdorff-Young inequality, where
the appearance of D~! suggests that the definition of the Fourier-Wigner transform must
depend on p. In fact, a Hausdorff-Young inequality of this kind—formulated in the other
direction, i.e. for maps from functions on Aff to operators—was shown in [14, Thm. 1.41]
for1 <p<2.

There is a second Fourier transform related to the affine group that comes from
representation theory. We define the affine Fourier-Kirillov transform as the map Fxo :
Q1 — L2(Aff) given by

(Frof)w,a) = va [ f (2 ev ) emiowran B0 ¢ agp
R[(M—U) ) A(—u)
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More information about the Fourier-Kirillov transform can be found in [33]. The
following result, which is motivated by (2.10) and is a slight generalization of [3, Section
VIIL.6], shows that the affine Weyl quantization is intrinsically linked with the Fourier
transforms on the affine group.

Proposition 5.8. Let Ay be a Hilbert-Schmidt operator on L*(R.) with affine symbol
f € L2(Aff). Then the following diagram commutes:

/ N

Q1 ——— L3(Af)

Proof. Recall from (5.1) that the integral kernel of Fy'(g) for g € Qy is given by
Kq(s,r) = Vr(Fig)(r,s/r),  s,r €Ry.

Hence by using (2.13) and a change of variables, we see that the affine Weyl symbol of
Fyi (g) is given at the point (z,a) € Aff by

/ \/7}_1 a)\ ) —2mizu du
/\/79 v, e _27” (zutavA(—u)) du dv

_\/—/ ( )e2m(ru+av)%:(ﬁ<og)(gg,a). O

Remark.

o In [40] the authors define an alternative quantization scheme on general type 1
groups. Their quantization scheme together with the affine Weyl quantization is
used in [40] to define a quantization scheme on the cotangent bundle T*Aff.

o Consider Ay for some f € LZ(Aff). Inserting f = FxoFw (Ay) into Proposition 4.14
allows us to obtain a formal expression for tr(D~'A;D~1) in terms of Fy (Ay): a
formal calculation gives that for sufficiently nice operators Ay we have

r d
tr(D_lAfD / FiFw Af ) 36/1}27 (54)
0

where F7 is the Fourier transform in the first coordinate. This is similar to a condition
in [21, Cor. 5.2], where finiteness of (5.4) is used as a necessary condition for 1 xag
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Ay = Ip2(r,) to hold, where 1(x,a) = 1 for all (z,a) € Aff. We will see in Section 6.2
that this is closely related to admissibility of A;. Unfortunately, the formal calcula-
tion leading to (5.4) does not give clear conditions on Ay for the equality to hold.

5.2. Affine quantum Bochner theorem

On the Heisenberg group, the Fourier-Wigner transform behaves in many ways like
the Fourier transform on functions. In particular, for f € L*(R?") and S,T € S;(R")
we get the decoupling equations

Fw (f*8) = Fo(f)Fw(S),  Fo(S*T) = Fw(S)Fw(T), (5.5)

where F, denotes the symplectic Fourier transform and Fy denotes the classical Fourier-
Wigner transform introduced in Section 2.2.3. Although the affine version of (5.5) does
not hold, one can develop as a special case of [17, Thm. 4.12] a version of Bochner’s the-
orem for the affine Fourier-Wigner transform. This is analogous to the quantum Bochner
theorem [46, Prop. 3.2] for the Heisenberg group.

Bochner’s classical theorem [16, Thm. 4.19] characterizes functions that are Fourier
transforms of positive measures. The Bochner theorem for the affine Fourier-Wigner
transform answers the following question: Which functions on Aff are of the form Fy/ (S),
where S is a positive trace-class operator? As in Bochner’s classical theorem, it turns out
that the correct notion to consider is functions of positive type. Recall that a function
f: Aff — C is a function of positive type if for any finite selection of points € :=
{(z1,01),...,(xn,a,)} C Aff the matrix Aq with entries

(AQ)ij = f((zi,ai) " (x5, a5))

is positive semi-definite. Before stating the general result we consider an illuminating
special case.

Example 5.9. Assume that A = ¢ ® v is a rank-one operator where ¢, € L?(R ). We
will show that

Fw(AD)(z,a) = (U(z,a)$,¥) 2R, (5.6)

is a function of positive type on Aff if and only if A is a positive operator. If A is
positive, then a standard fact [16, Prop. 3.15] shows that (5.6) is a function of positive
type. Conversely, we have from [16, Cor. 3.22] that

Fw (@ @yD ) ((x,a)™") = Fw (¥ @ 9D~ 1)(z,a) = Fw (¢ @ ¥D~1)(z, a).

Hence (U(z,a)¢, V) 2w, ) = (U(z,a)Y, ¢)2r,) and it follows from [22, Thm. 4.2] that
¢ = ¢ - for some ¢ € C. We can conclude from [16, Cor. 3.22] that ¢ > 0 since
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Fw(cp @D )(0,1) = c- |¢]lL2m,) > 0.

We are now ready to state the main result regarding positivity. This result is actually,
when interpreted correctly, a special case of the general result [17, Thm. 4.12].

Theorem 5.10. Let A be a trace-class operator on L?(R.). Then A is a positive operator
if and only if the function

Fw(AD V) (2,a) = tr(AU(z, a))
is of positive type on Aff.

Proof. We use the same notation as in the proof of Proposition 5.5. For G = Aff, the
abstract result in [17] says that if

S}
(i) pec € [ HSOL)da()

G

consists of trace-class operators, then A, is positive a.e. with respect to fi if and only
if the function [4 tr(A-m(g)*)dp([x]) is of positive type.

As in the proof of Proposition 5.7, we pick Ay} = A and A = 0 for [7] # [m1]. The
resulting section consists of positive operators for a.e. [r] if and only if A is positive. By
the abstract result in [17], this happens if and only if

[ (o) di((r) = (AU @,a)")

G
is a function of positive type. The definition of functions of positive type gives that this
is equivalent to tr(AU(x, a)) being of positive type. O

6. Examples

In this section, we show how the theory developed in this paper provides a common
framework for various operators and functions studied by other authors. We also in-
troduce an analogue of the Cohen class of time-frequency distributions for the affine
group, and deduce its relation to the previously studied affine quadratic time-frequency
representations.

6.1. Affine localization operators

There is no general consensus of a localization operator in the affine setting. We will
use the following definition based on the convolution framework.
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Definition 6.1. Let f € L1(Aff) and ¢ € L*(R,). We say that
A= fran (@ ¢)
is an affine localization operator on L*(R.).

Inequality (3.1) shows that an affine localization operator A is a trace-class operator
on L?(R,) with

IAlls, < I fllLaamllelZz g, )-

Moreover, Proposition 4.13 implies that A is admissible whenever ¢ is admissible and
[ € L} (Aff) N LL(Af).

We will now see that the affine localization operators are naturally unitarily equivalent
to the more commonly defined localization operators on the Hardy space H i (R). Recall
that the space H2 (R) is the subspace of L?(R) consisting of elements ¢ whose Fourier
transform F1) is supported on R . Note that the composition DF is a unitary map from
H?(R) to L*(Ry). An admissible wavelet & € H? (R) satisfies by definition that

cE::/de<oo.

In other words, DFE¢ € L?(R.) is an admissible function in the sense of Definition 4.1.
In [47, Thm. 18.13] the localization operator A? on H%(R), given an admissible wavelet
¢ € HZ(R) and f € L} (Aff), is defined by

dxd
A5 =cc [ fr.0)6 w08 mmr(e0E Tt €€ HLR),
Aff
where 7 acts on H2 (R) by
1
7

The next proposition is straightforward and relates operators on the form Afc with affine

m(x, a)§(t) =

(’5—‘”), ¢ € H2(R). 6.1)

a

localization operators.

Proposition 6.2. Consider f € L} (Aff) and an admissible wavelet ¢ € HY (R). Then
(DF)A5(DF)* = c¢ - f xan (DFE @ DFE).

Remark.

1. From Proposition 6.2 it follows that Proposition 4.18 is a generalization of the result
[47, Thm. 18.13].
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2. In [12], Daubechies and Paul define localization operators in the same way as in [47],
except that they use m(—z, a) instead of w(x, a) in (6.1) and consider symbols f on the
full affine group Affr = R x R*. The eigenfunctions and eigenvalues of the resulting
localization operators acting on L?(R) are studied in detail in [12] when the window
is related to the first Laguerre function, and f = xq, where

Qc = {(z,0) € Aff : [(2,a) — (0,C)[2 < (C? — 1)}.

The corresponding inverse problem, i.e. conditions on the eigenfunctions of the local-
ization operator that imply that = Q¢, is studied in [1].

3. Localization operators with windows related to Laguerre functions have also been
extensively studied by Hutnik, see for instance [29-31], with particular emphasis on
symbols f depending only on either z or a. When f(z,a) = f(a), it is shown that
the resulting localization operator is unitarily equivalent to multiplication with some
function ;. This correspondence allows properties of the localization operator to be
deduced from properties of ;.

6.2. Covariant integral quantizations

Operators of the form f*ag.S form the basis of the study of covariant integral quanti-
zations by Gazeau and his collaborators in [2,6,7,19-21]. Apart from differing conventions
that we clarify at the end of this section, covariant integral quantizations on Aff are maps
I's sending functions on Aff to operators given by

Ls(f) = f*ar S,

for some fixed operator S. By varying S we obtain several quantization maps I" with
properties depending on the properties of S. Examples of such quantization procedures
with a different parametrization of Aff are studied in [21,7]. Their approach is to define
S either by Fu (S) or by its kernel as an integral operator, and deduce conditions on
this function that ensures the condition

1*Aﬁ:S = ILQ(R+)~

Example 6.3. The affine Weyl quantization is an example of a covariant integral quanti-
zation I'g, where S is not a bounded operator. It corresponds to choosing S = Pag by
Theorem 3.20.

Remark. The example above leads to a natural question: could there be other operators
P such that f xag P behaves as an affine analogue of Weyl quantization? Since Weyl
quantization on R2" is given by convolving with the parity operator, a natural guess is

Py(r)=v(1/r), ¥ € L*(Ry).
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The resulting quantization I'p(f) = f xag P has been studied by Gazeau and Murenzi
in [21, Sec. 7]. It has the advantage that P is a bounded operator, but unfortunately by
[21, Prop. 7.5] it does not satisfy the natural dequantization rule

f = Fp(f) *AfF P.

We also mention that Gazeau and Bergeron have shown that this choice of P is merely a
special case corresponding to v = —1/2 of a class P, of operators defining possible affine
versions of the Weyl quantization [7, Sec. 4.5].

In quantization theory one typically wishes that the domain of I'g contains L>°(Aff).
This, by Lemma 4.17, leads us to chose S = DTD for some trace-class operator 7.
In particular, one requires that I's(1) = I72r,), which can be easily satisfied as the
following proposition shows.

Proposition 6.4. Let T be a trace-class operator on L?>(R,). Then
1xaqg DTD = tr(T)ILz(R+).

Proof. Let ¢, ¢ € dom(D). We have by (4.10) that

dxd
(Ixag DIDY, ) 2R, ) = /(U(—%a)*DTDU(—%aW,@Lz(m) xa ?
Aff
= /T*Aff (DY @ Do) e da
Aff

= tr(T) <w7 ¢>L2(R+)a
where the last equality uses Theorem 4.3. O

Following the terminology used by Gazeau et al., we have a resolution of the identity
operator of the form

dx da
Ip2r,) =Tprp(l) = /U(fx,a)*DTDU(fx,a) ,

a
Aff

where tr(7") = 1 and the integral has the usual weak interpretation.
Given a positive trace-class operator T' with tr(7") = 1, we know that

Tprp(f) = fxag DTD

defines a bounded map I'prp : L°(Aff) — L(L*(R4.)) with Tprp(1) = Ir2(w, ). More-
over, I'prp maps positive functions to positive operators and by a variation of Lemma 3.5
satisfies the covariance property
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U(=z,a) Torp(f)U(=x,a) = T'(R(g,a)-1 f)-

The following result, which is a modification of the remark given at the end of [34], shows
a remarkable converse to these observations.

Theorem 6.5. Let I' : L>=°(Aff) — L(L*(Ry)) be a linear map satisfying

1. T sends positive functions to positive operators,

2. T(1) = I'2(r,),

3. T is continuous from the weak* topology on L>(Aff) (as the dual space of LL(Aff))
to the weak* topology on L(L?(R.)),

4. U(=z,a) T(N)U(=x,a) = T(Rz,a)-1 f)-

Then there exists a unique positive trace-class operator T with tr(T) = 1 such that
F(f) = f *AF DTD.

Proof. The map ' — I, where T;(f) = I'(f) is a bijection from maps T satisfying the
four assumptions to maps I'; satisfying

i) I'; sends positive functions to positive operators,
i) Tv(1) = Ir2(r, ),
iii) I is continuous from the weak* topology on L>(Aff) (as the dual space of L} (Aff))
to the weak* topology on L£(L?(Ry)),
iv) U(=z,a) Ti(f)U(==,a) = Di(Lg,a)-1 f)-

The remark in [34] applied to G = Aff and U(—=z, a) says that if a map I'; satisfies i)-iv)
then it must be given for ¢, ¢ € dom(D) by

<Fl(f)w7¢>L2(R+) - /f($7a)<U(_x’a)TU(_'r7a)*D¢aID¢>L2(R+) dxada7
Aff

for some trace-class operator T as in the theorem. The relation (4.1) gives that

dz da

a

Aff
= /f(x>a)<U(*$aa)*DTDU(*xaaW,@m(Rg
Aff

Hence T';(f) = f xag DTD and the result follows. 0O
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Quantization using admissible trace-class operators

As we have mentioned, the properties of the quantization map I'(f) = fxag .S depend
on the properties of S. From Lemma 4.17 we know that if S is admissible, i.e. we can
write S = DTD for some trace-class operator T, then I's : L=°(Aff) — L(L*(R,)) is
bounded. If we further assume that S is a trace-class operator, then Proposition 4.18
shows that I's is bounded from LZ(Aff) to S, for all 1 < p < co. In this sense, the ideal
class of covariant integral quantizations I's are those given by admissible trace-class
operators.

Example 6.6. If p € L?(R ) is an admissible function, then ¢ ® ¢ is an admissible opera-
tor. The resulting quantization I' g, is then a special case of the quantization procedures
introduced by Berezin [4]; Berezin calls f the contravariant symbol of T',g,(f). In this
sense, the quantization procedures I'g for admissible S generalize Berezin’s contravariant
symbols.

Relation to the conventions of Gazeau and Murenzi
Gazeau and Murenzi [21] work with another parametrization of the affine group,
namely IT; := R, x R where the group operation between (q1,p1), (¢2,p2) € I+ is given
by
(q1,p1) - (q2,p2) = (q1q2, P2/ q1 + p1)-

There is a unitary representation Ug : I, — U(L?(R4,dr)) given by

Uo(a pb(r) = \/ge%wq) _ \/gU(p/% Lghe(r).

Given a function f on II; and an operator S on L?(R,,dr), Gazeau and Murenzi
define (note that the adjoint is now with respect to L?(R,dr), not L?(R.))

5‘%\8

/ p)Uc(q,p)SUc(q,p)" dq dp,
0
where we assume that S satisfies
oo o0
/ /UG ¢,p)SUcq(q,p)" dgdp = Cs - I2R, ar)-
oo 0

The next proposition is straightforward and shows that Gazeau and Murenzi’s framework
is easily related to our affine operator convolutions.

Proposition 6.7. Let S be an operator on L*(R,dr). Then D~1SD is an operator on
L?*(Ry,r~tdr) and
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Sy-1_ 27 -1
DAZD = —f *Aff (DSD )7
! Cg

where f(x,a) = f(a, 212) for (z,a) € Aff.
6.3. Affine Cohen class distributions

The cross-Wigner distribution W (1, ¢) of ¥, ¢ € L?*(R™) is known to have certain
undesirable properties. A typical example is that one would like to interpret W (v, ¢) as
a probability distribution, but W (v, ¢) is seldom a non-negative function as shown by
Hudson in [28]. To remedy this, Cohen introduced in [11] a new class of time-frequency
distributions () given by

Qr(¥, @) :== W (¥, 9) * f, (6.2)

where f is a tempered distribution on R?". In light of our setup, it is natural to investigate
the affine analogue of the Cohen class.

Definition 6.8. We say that a bilinear map @ : L?(Ry) x L?(Ry) — L*°(Aff) belongs to
the affine Cohen class if Q@ = Qs for some S € L(L?*(R.)), where

Qs(Y,¢)(z,a) := (Y @ ¢) *ag S(x,a) = (SU(~z,a)¢, U(~x,a)P) L2(r.)-
We will write Qg(v) := Qs (¥, ).

By Proposition 3.7 we get for S = Ay that

Qs(1h,¢) = W *an f,

which shows that our definition of the affine Cohen class is a natural analogue of (6.2).
It is straightforward to verify that Qg(i,¢) is a continuous function on Aff for all
¥, € L*(Ry) and S € L£(L?*(R,)). Since the affine Cohen class is defined in terms of
the operator convolutions, we get some simple properties: The statements 1 and 2 in
Proposition 6.9 follow from Proposition 4.18 and Corollary 4.5. Statement 3 is a simple
calculation and the last statement follows from a short polarization argument.

Proposition 6.9. Let S € L(L?*(R.)). Then for v,¢ € L*(Ry) we have the following
properties:

1. The function Qs(¢, ¢) satisfies

1Qs (¥, d)llLeamy < ISz on l¥llce®oy ol 2wy )-
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2. If S is admissible, then Qs (), ¢) € LL(Aff) and

/ QS(M}’ qb)(x’ a) e da = <w7 ¢>L2(R+) tr(,D_l‘g,D_l)‘
AfF
3. We have the covariance property
QS(U(_‘Tv CLWJ’ U(_xa a)¢)(y7 b) = QSW), ¢)((y7 b) : ({E7 a)) (63)

for all (z,a), (y,b) € Aff.
4. The function Qs(1,%) is (real-valued) positive for all ¢ € L*(R.) if and only if S is
(self-adjoint) positive.

Example 6.10.
1. For v, ¢ € L*(R,) we have

Qowe(¥)(x,a) = [(¥,U(—z,a)"d) r2r )|,

which by Corollary 5.6 is simply a Fourier transform away from being a scalogram.
2. If we relax the requirement that S is bounded in Definition 6.8, then it follows from
Theorem 3.20 that

Qpas (V) = Wig

for ¢ € .#(R,). Hence the affine Wigner distribution can be represented as a (gener-
alized) affine Cohen class operator. If we define an alternative affine Weyl quantization
using an operator P as in Section 6.2, then it is clear that QQp gives an alternative
Wigner function. See [21, Sec. 7.2] for the case of Py(r) = ¢(1/r).

The covariance property (6.3) and some rather weak continuity conditions completely
characterize the affine Cohen class, as is shown in the following result.

Proposition 6.11. Let Q : L?*(R,) x L?(R,) — L>(Aff) be a bilinear map. Assume that
for all,¢ € L*(Ry) we know that Q(v, ¢) is a continuous function on Aff that satisfies
(6.3) and the estimate

1Q(¥,9)(0, )] S 1Yl 2w y)l[llL2(my)-
Then there exists a unique S € L(L*(Ry)) such that Q = Qs.

Proof. By assumption, the map (¢, ¢) — Q(¢, ¢)(0, 1) is a bounded bilinear form. Hence
there exists a unique bounded operator S such that
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<S’(/)7 ¢>L2(R+) = Q(ﬂja ¢) (07 1)

To see that Q = g, note that we have

Q(’lpa ¢)(CL', CL) = Q(U(_xv a)llf, U(-:E, a)¢) (07 1)
= <SU(—J), a)¢, U(—J?, a)¢>L2(R+)
=Qs(¥,¢)(x,a). D

At this point we have seen that operators S define a quantization procedure I'g(f) =
f *ag S as in Section 6.2, and an affine Cohen class distribution QQg. The connection
between these concepts is provided by the next proposition.

Proposition 6.12. Let S be a positive, compact operator on L*(Ry) and let f € LL(AfF)
be a positive function. Then fxag S is a positive, compact operator. Denote by {A,}52

its eigenvalues in non-increasing order with associated orthogonal eigenvectors {¢n,}22 ;.
Then

An = s {Aé f(,a)Qs (v, ¥)(x,a) dxada s Loy fork=1,...,n—1

Proof. The integral defining f*ag S is a Bochner integral of compact operators converg-
ing in the operator norm, hence it defines a compact operator. It is straightforward to
check that fxag S is also a positive operator. Furthermore, for ¢ € L?(R,) we have

dx da
a

(f xam S, V) 2R, ) = /f(x,a)(SU(—x,a)z/;,U(—x,a)z/;)B(R”
Aff

= [ 1@t v)e.a
Aff

The result therefore follows from Courant’s minimax theorem [35, Thm. 28.4]. O

Example 6.13. Let us consider a localization operator xq *ag ¢ ® ¢ for ¢ € L2(R) and
a compact subset Q C Aff. The first eigenfunction ¢y of this operator maximizes the
quantity

dx da
P

(xa *as (¥ ® ©)¢o, Po)L2(R,) = /|<900,U(—I7a)*80>L2(R+)\2
Q

Hence in this sense, the eigenfunctions are the best localized functions in €2, which
explains the terminology of localization operators.
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6.3.1. Relation to the affine quadratic time-frequency representations

The signal processing literature contains a wealth of two-dimensional representations
of signals. Among them we find the affine class of quadratic time-frequency representa-
tions, see [41]. A member of the affine class of quadratic time-frequency representations
is a map sending functions ¥ on R to a function Q4 () on R? given by

Qi) a) = - Z

for some kernel function ® on R2. There are clearly a few differences between our setup

®(t/a,s/a)e?™ =)y (t)y(s) dt ds

8\8

and the affine class of quadratic time-frequency representations. The domain of the affine
class consists of functions on R, whereas the affine Cohen class acts on functions on R .
For a function ¢ on R we therefore define

P(t) t>0

0 otherwise.

Yo(t) =

Finally, we recall that a function Kg defined on Ry x R defines an integral operator S

with respect to the measure % by

dt

sus) = [ Ksts,wl) 5.
0

The following formal result is straightforward to verify.

Proposition 6.14. Let S be an integral operator with kernel Kg and define

Ks(t,s) .
— = if s,t >0,
(1)5<8,t) = Vst f

0 otherwise.

For x > 0 and v defined on Ry, we have
Qs(DY, DY)(x,a) = Qp (Yo)(—z/a, a).
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