Appl. Comput. Harmon. Anal. 56 (2022) 150-175

Applied and Computational Harmonic Analysis

Contents lists available at ScienceDirect

Computational
Harmonic Analysis

H Applied and

www.elsevier.com /locate/acha

The affine Wigner distribution )

Check for
updates

Eirik Berge *, Stine Marie Berge, Franz Luef

Department of Mathematical Sciences, Norwegian University of Science and Technology, 7491 Trondheim,

Norway

ARTICLE INFO

ABSTRACT

Article history:

Received 6 February 2020

Received in revised form 18 August
2021

Accepted 23 August 2021

Available online 27 August 2021
Communicated by Bruno Torresani

Keywords:

Wigner distributions
Wavelet analysis
Quantization

Affine group

We examine the affine Wigner distribution from a quantization perspective with an
emphasis on the underlying group structure. One of our main results expresses the
scalogram as (affine) convolution of affine Wigner distributions. We strive to unite
the literature on affine Wigner distributions and we provide the connection to the
Mellin transform in a rigorous manner. Moreover, we present an affine ambiguity
function and show how this can be used to illuminate properties of the affine Wigner
distribution. In contrast with the usual Wigner distribution, we demonstrate that

the affine Wigner distribution is never an analytic function.
Our approach naturally leads to several applications, one of which is an
approximation problem for the affine Wigner distribution. We show that the
deviation for a symbol to be an affine Wigner distribution can be expressed purely
in terms of intrinsic operator-related properties of the symbol. Finally, we present a
positivity conjecture regarding the non-negativity of the affine Wigner distribution.
© 2021 The Authors. Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The most studied quadratic time-frequency representation is the Wigner distribution defined by

Wi(z,w) = /f (J; + %) f <x - %)e_z’”‘”t dt, (z,w)ec R, (1.1)
Rd

Originally invented by Wigner in [33] almost a century ago, the Wigner distribution is essential in quantum
mechanics as it gives the expectation values for Weyl quantization of symbols [15]. In recent decades, the
Wigner distribution has found many applications in time-frequency analysis [23, Chapter 4] due to its
connections with the short-time Fourier transform V, f defined precisely in (2.4). One of the more surprising
connections is the convolution relation
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|qu(.1?,OJ)|2 = WP(g) * Wf(l‘,(}.)), (12)

where P is the reflection operator P(g)(z) := g(—x). The function SPEC, f := |V, f(z,w)|? is called the
spectrogram of f with window g. The spectogram is an important tool for analyzing time-frequency content
and has been used extensively in the engineering literature since its introduction.

Affine Wigner distribution

Parallel to the theory of time-frequency analysis is the time-scale (or wavelet) paradigm. Although there
have been many attempts at finding a suitable Wigner distribution in the time-scale setting, there is no
general consensus in the literature. We will motivate a particular choice of a time-scale Wigner distribution
Wﬁ’f_f given by

eu

Wxﬁ(x,a) = / P (e(iufu1> P ( aﬁ 1)6_2””“ du, (z,a)€ Aff. (1.3)

The function W}fﬁp is called the affine Wigner distribution due to its relation to the affine group Aff :=
R x R,. It was derived through a quantization procedure in [19]. The authors showed that the affine
Wigner distribution satisfies Wffﬂ € L%(Aff) for every ¢ € L?*(Ry) := L?*(Ry,a 'da), where L2(Aff)
denotes all measurable functions on Aff that are square integrable with respect to the measure a~! da dz.

The affine Wigner distribution W}fﬂp has appeared in the literature several times throughout the years; as
a particular Bertrand distribution in [29], and as a tool for studying the quantum mechanics of the Morse
potential in [28]. The basic properties of the affine Wigner distribution will be developed in a rigorous
manner to fill gaps in the literature. In particular, for all sufficiently nice ¢ € L?(R ) we have the marginal
properties

[ Wiswayda = [w@P and [ Wig(o.0) = M@ @),
oo 0

The symbol M(¢))(z) denotes the Mellin transform of 1 € L*(R) at the point z € R given by

M()(@) = Ma()(x) := / playair L
0

Scalogram representation and the affine ambiguity function
The first significant contribution is to develop a connection between the affine Wigner distribution and
the scalogram defined by

SCALy f(x,a) := |ng(l‘,&)|2, (z,a) € Aff, (1.4)

where W, f denotes the continuous wavelet transform of f with respect to g defined precisely in (2.8). By
comparing with (1.2) in the time-frequency setting, one would expect a simple convolution relation to hold.
However, as the group underlying the symmetries in the time-scale case is the non-unimodular affine group,
we obtain the following result.

Theorem. Let f,g € L?>(R) be such that their Fourier transforms f and g are supported in Ry and satisfy
f,g€ L?(Ry). Then
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z 1

SCAL, f(z,a) = (1 (Wgﬁ) *ag AWgH) (5, E) . (z,0) € AR,
where A and I denote the modular function and the involution on the affine group, respectively.

We introduce an affine ambiguity function Ajﬁﬁr for 1 € L2(R,) given by

¥ (rv/a) mrzm %, (z,a) € Aff.

Afﬁﬁ(az, a) =

The affine ambiguity function is intimately related to the radar ambiguity function in time-frequency analysis
[23, Chapter 4.2]. We will show that the affine Wigner distribution and the affine ambiguity function are
related through the Mellin transform by

\/51 b 2wy
Wiz, a) = My © M, (%) AL b) | (w,0), (1.5)

The relation (1.5) is used to show that the affine Wigner distribution preserves Schwartz functions.

Analyticity and an approximation problem

It turns out that affine Wigner distributions are never analytic functions on the upper half-plane. However,
the space L2(Aff) can be completely decomposed into “almost analytic” functions as the following result
shows.

Proposition. We have the orthogonal decomposition
L2(Aff) = €P A" (Aff) @ AL (AfF), (1.6)
n=2

where A™(Aff) and A+"(Aff) denote the spaces of pure poly-analytic and pure anti-poly-analytic functions
of order n, respectively.

As an application to the theory developed we consider the approximation problem of understanding, for
a given f € L2(Aff), the quantity

inf
YeL?(Ry)

= Wi

: 1.7
L2(am) (1.7)

Notice that (1.7) measures how far f is from being an affine Wigner distribution. The analogous problem
in time-frequency analysis has been recently studied in [5]. For each symbol f € L2(Aff) there is a Hilbert-
Schmidt operator Ay on L?(R.) that is weakly defined by the relation

(A 8)pamyy = (FIVRR) Ly 00 € D(Rs). (L8)

The following result shows that the quantity (1.7) is linked to how much Ay deviates from being a rank-one
operator.

Theorem. Let f € L2(Aff) be real valued. Under a mild eigenvalue assumption on Ay we have

= W]

inf = /I A¢ s — 14712,
Lt oy = VAT s = 14113,
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where ||+ ||us and ||-||op are the Hilbert-Schmidt norm and operator norm, respectively. Moreover, the precise
number of distinct minimizers can be deduced from the spectrum of Ay.

Motivation for the affine Wigner distribution

It is not immediately obvious why a Wigner distribution Wag in the affine setting should have the form
given in (1.3). In [3] the authors define Wigner distributions W¢ on a general Lie group G. In the case of
G = Aff we indeed have that W reduces to Wag. The general Wigner distribution W is the canonical
choice for a Wigner distribution on G since it naturally related with Fourier transforms on the group. For
the affine group, this relation [6, Section 5.1] takes the elegant form

Ay = Ft Fed (), f € L2(Af),

where Fyy is the affine Fourier- Wigner transform and Fgko is the affine Fourier-Kirillov transform. Since
the affine Wigner distribution determines the affine Weyl quantization completely, this motivates further
investigation into the affine Wigner distribution Wag-.

Further results
The affine Wigner distribution is developed further in the follow-up paper [6]. Let us mention two results
in [6] that can help to additionally motivate the affine Wigner distribution:

Quantization of Coordinate Functions: In [6, Section 3.3] we extend the affine Weyl quantization to tem-
pered distributions. This offers the possibility of rigorously determining the quantizations A, and
Ay, of the coordinate functions f;(x,a) = = and fq(z,a) = a. We prove in [6, Theorem 3.11] the
commutation relation

Ap Al = —Ay,.
[ f.'t’ fa] ,n_' fa

This is, up to re-normalization, precisely the infinitesimal structure of the affine group. Hence the
affine Weyl quantization, and thus the affine Wigner distribution, is intimately linked with the Lie
group structure of the affine group.

Cohen Class Operators: In [6, Section 6.3] we develop a theory affine Cohen class operators. This is mo-
tivated by the classical Cohen class operators on phase space [23, Section 4.5]. For a reasonable
function f on Aff we define the associated affine Cohen class function as

QrW,¢) = WL san f,  f(z,a):= f((z,a)7Y).

This is a special case of an affine Cohen class function Qg associated to an operator S, where one
considers S = Ay. It turns out that any bilinear form @ : L?(Ry) x L*(R4) — L°°(Aff) is, under a
mild continuity requirement, on the form Q = Qg for some bounded operator S : L(R;) — L?(R.)
by [6, Proposition 6.11]. As such, the affine Wigner distribution is essential in developing a well-
behaved Cohen class theory on the affine group.

In addition to the two topics above, we show in [6, Proposition 6.2] that the affine Wigner distribution
is also related to the localization operators of Daubechies and Paul given in [13]. Finally, in [6, Section 6.2]
we relate the affine Wigner distribution to covariant integral quantizations developed by Gazeau and his
collaborators in [2,7,8,20-22].

Structure of the paper
In Section 2 we outline necessary definitions and briefly review the affine group as it will be central for
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many of the results we develop. In Section 3 we derive basic properties of the affine Wigner distribution.
We devote Section 4 to uniting the literature and pointing out how the affine Wigner distribution can be
derived by emphasizing symmetry. The convolution relation between the affine Wigner distribution and
the scalogram will be proved in Section 5. In Section 6 we define the affine ambiguity function and show
how this allows us to extend the affine Weyl quantization (1.8) to the distributional setting. We prove the
decomposition (1.6) of L2(Aff) in Section 7. In addition to the approximation problem described above, we
show in Section 8 how basic questions regarding operators on R} can be answered with our framework.
Finally, we discuss the affine Grossmann-Royer operator and the affine positivity conjecture in Section 9.
The authors are grateful for helpful suggestions from Eirik Skrettingland and Luis Daniel Abreu.

2. Preliminaries

The notation .#(R?) will be used for the Schwartz space of rapidly decaying smooth functions on R<.
We write .#(R) for the smooth functions ¢ : R4 — C such that ¥(x) := ¢(e*) € .(R). The correspond-
ing dual spaces of tempered distributions are denoted by .#/(R%) and .#’(R, ), respectively. The Fourier
transform of a function f € L2(R%) is given by

Ffw)=f(w):= /f(a:)efzmm dz, we€R%
Rd

We will frequently use L?(R,) := L?(R,,a ! da) since a~! da is the Haar measure on R .
2.1. The classical Wigner distribution

We begin by recalling basic definitions from time-frequency analysis and their connection with the Heisen-
berg group. The cross- Wigner transform W (f, g) of f,g € L*(R?) is defined to be

W(f,g)(z,w) = /f (x—i— g) g (ar _ %)e%iwt dt, (z,w) € R%.
Rd

Notice that the Wigner distribution Wy given in (1.1) is precisely the diagonal term W (f, f). The cross-
Wigner transform satisfies the orthogonality property

(W(f1,91), W(f2,92)) L2(Reay = (f1, f2) 2 (Ra) (91, 92) 2 (Ra)- (2.1)

A key feature of the Wigner distribution is its connection with the Weyl calculus: For a symbol o €
S'(R24) the Weyl (pseudo-differential) operator L, corresponding to the symbol o is the operator

Lof:= / e TG (&, u) T Mg f du dé. (2.2)
R2d

The operators T, and M in (2.2) are respectively the time-shift operator and the frequency-shift operator
defined by

Tof(t) = f(t—a),  Muf(t) = ™' f(t), w,w,t€ R

The association o + L, is called the Weyl transform and the operator L, maps . (R%) into .7/ (R%) by [23,
Lemma 14.3.1]. Moreover, the Weyl transform is a bijection between square integrable symbols o € L?(R?%)
and Hilbert-Schmidt operators L, : L?(R%) — L?(R%) by a classical result of Poole [30, Proposition V.1].
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The connection between the Weyl calculus and the cross-Wigner transform is the relation

(Lo f,9) L2rey = (0, W (g, [)) L2(R24)5

for 0 € L?(R??) and f,g € L?(R?). Since the Weyl transform is a quantization procedure, one can think of
the inverse transformation L, — o as dequantization. In this terminology, the Wigner distribution W for
f € L?(R?) is the dequantization of the rank-one operator

Lw,g:={g.f)f, g€ L*R%. (2.3)

The reader can consult [24, Chapter 13] and [14, Chapter 4] for more details about the Weyl transform from
a quantum mechanical perspective.
Central to time-frequency analysis is the short-time Fourier transform Vyf of f,g € L? (R%) given by

Vof (@, w) = (f, MuTeg) 2ma) = /f(t)g(t —w)e T, (2.4)
R4

We have from [23, Lemma 4.3.1] that the cross-Wigner transform and the short-time Fourier transform are
related by the formula

W(f,9)(z,w) = 27" ™ Vp g f (22, 2w),

where P(g)(z) := g(—z). The short-time Fourier transform originates from the Schrédinger representation
of the Heisenberg group, see [23, Chapter 9] for details.

2.2. The affine group

The two main operators in time-scale analysis are the time-shift operator T, and the dilation operator
D, given by

Daf(@):=—=f (%), (2.5)

for a > 0 and f € L?(R). One defines the affine group as Aff := (R x R, -ag), where the group operation
is given by

(.13, (l) TAff (y7 b) = (‘T + ay, ab)a (J?, a)a (y7 b) € Aff.
The motivation for the group operation stems from calculation
(TeDo)(TyDy) = Ty TayDaDy = Tyt ayDas.

We can represent the affine group Aff and its Lie algebra aff in the matrix form

Aff_{(g ”{)]a>o,zeR}, aff_{<g 8)‘%@61&}.

Essential for computations is the fact that the exponential map exp : aff — Aff given by

w v\ _ (e veou
exp 0 0)=\o v
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is a global diffeomorpism. The left Haar measure on Aff is given by a =2 da dx, while the right Haar measure
is a=! da dz. We will use the notation L2(Aff) and L?(Aff) to indicate if we are using the right or left Haar
measure, respectively. The left and right Haar measures on Aff can be written in the coordinates induced
by the exponential map as

dadzx B du dv da dx du dv

a2 ANu)’ a  MN-u)’
where the function A\ is given by
ue ue
Au) := = — . (2.6)
e —1  2sinh(%)
A natural way the affine group can act on L?(R) is by translations and dilations, namely as
fr+— TuDqf, f € L*(R). (2.7)

This is a unitary representation, although it is not irreducible. The matrix coefficients of this representation
are given by

Wy f(z,a) = (f, TuDag) 2r) = % / fw)g <y ; x) dy. (2.8)

One typically refers to the map (x,a) — W, f(x,a) as the (continuous) wavelet transform of f with respect
to g. The continuous wavelet transform is analogous to the short-time Fourier transform and incorporates
the possibility of observing f at different scales through g. Moreover, the magnifying aspect coming from
the change of scales can characterize local regularity through decay properties of the wavelet transform, see
[12, Theorem 2.9.2].

2.3. A quantization approach to the affine Wigner distribution

We will briefly outline a procedure described in [19] to determine the affine Wigner distribution. The the-
ory is based on Kirillov’s theory of coadjoint orbits and we refer further explanations to the aforementioned
paper.

The affine group Aff acts on its Lie algebra aff through the adjoint action

Ad(ya)(X) = (g a”g”) . X = (g g) € aff, (z,a) € Aff. (2.9)

A representation ® of a Lie group G on a vector space V is always accompanied by a representation ®* of
G on the dual space V* defined by

(®(9)n,v) := (n, 2(9"")v), g€ G veV.neV?,
where the bracket denotes the natural pairing between V' and V*. In the case of the adjoint action in (2.9)

we denote the accompanied representation on aff” by Ad* and call it the coadjoint representation of the
affine group. We can realize aff* as matrices on the form

oif = { )= (7 §)|[eer}.
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Any point on the form (x,0) € aff" is a fixed point for the coadjoint representation. The upper and lower

b

both constitute distinct orbits. For reasons of symmetry it suffices to understand the representation cor-

half-planes

o= {(@y) b Ho={ew)

responding to H,. It is convenient to identify H,; ~ Aff as sets and use the notation (z,a) for a general
element in #H .. From general coadjoint orbit theory [26, Chapter 1.2] it follows that Aff is equipped with a
canonical symplectic structure. In fact, this symplectic structure is simply the right Haar measure a~! da dz
on Aff.

The main idea of Kirillov’s theory is to associate irreducible representations of the Lie group to orbits of
the coadjoint representation in a one-to-one manner. A realization of the representation corresponding to
H is given by acting on ¢ € L?(R,) by

- %waéw(r). (2.10)

The representation U is (up to a normalization) the representation (2.7) on the Fourier side. Define the

Ul(x,a)y(r) := 2™ ) (ar)

Stratonovich- Weyl operator on L?(R,) by the formula

vet

Au)

Q(l"a)w(T) = a/e*ZTri(zqkhl,U)U <

R2

, e“) P(r) dudv,

where 1 € L2(R,), (z,a) € Aff, and X is the function defined in (2.6). The following result is given in [19,
Corollary 4.3].

Proposition 2.1. There is an isometric isomorphism between L2(Aff) and the space of Hilbert-Schmidt op-
erators on L*(Ry). The isomorphism sends f € LZ(Aff) to the operator Ay on L*(R.) defined by

Ag(r) /OO 7 F (s @), ) () L.

a

—oo 0

The association f +— Ay is called affine Weyl quantization, while the direction Ay +— f is referred to
as affine dequantization. Moreover, we call f the (affine) symbol of As. Recall that any Hilbert-Schmidt
operator A on L?(R ) has an associated integral kernel Ax € L?(R, x R, ) so that

/AKrs dS

for all 1 € L2(R,). If A = Ay, then one can recover f € LZ(Aff) from the formula

f(z,a) = / Ag (aX(w), a\(—u)) e 2™ gy,

Motivated by (2.3), the affine Wigner distribution should be defined as the affine dequantization of a rank-
one operator. Hence we have the following definition.
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Definition 2.2. The affine cross- Wigner transform acts on functions ¢, ¢ € L2(R) by
W;ﬂf (z,a) / Y(a(w))plar(—u))e 2™ dy,

for (z,a) € Aff. We refer to the diagonal Wffff = Wngw as the affine Wigner distribution of 1.

If f € LZ(Aff) is the symbol of the Hilbert-Schmidt operator Ay acting on L?(R..), then

(A0, ) 2w,y = <f, Wi ¥, ¢ € L*(Ry). (2.11)

>L$_(Aff) ’
3. Basic properties

We now derive some basic properties of the affine cross-Wigner transform. The affine cross-Wigner trans-
form is related to the isometry II: L2(RT x RT, (rs)~!drds) — L?(Aff) given by

II(F)(u,a) := F(a\(u),a\(—u)).
Lemma 3.1. The affine cross- Wigner transform can be factorized as
Wiy = Ay @ ¢), .6 € L*(Ry),
where F is the Fourier transform in the first component and ¢ ® ¢(r,s) == (r)d(s) for r,s € R,.

The factorization in Lemma 3.1 is key for understanding essential properties of the affine cross-Wigner
transform. We illustrate its use by extending the orthogonality property of the classical Wigner distribution
in (2.1) to the affine setting.

Proposition 3.2. The affine Wigner distribution satisfies the orthogonality relation

—% < dadx

= (v, 9)I%, (3.1)

é\g

o0
/WAH T,a WAH(x a)
0

for ¢, ¢ € L*(Ry).
Proof. We use the factorization in Lemma 3.1 and obtain

= (AL Y), Al(¢©0)) 2 aq
= (T ®@¢),T(¢20)) 12 (an)

= <¢ ® Ea ¢ ® $>L2(R+ xR+, (rs)=1drds)
=g, 9)>. O

<WK}H’ Wi > L2(Af)

We will refer to (3.1) as the affine orthogonality relation motivated by the analogous result for the classical
Wigner distribution in (2.1). Through a different (but ultimately equivalent) approach to the affine Wigner
distribution taken in [9] and [28], the affine orthogonality relation is already known. The usefulness of the
affine orthogonality relation can be readily demonstrated with the following two corollaries.
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Corollary 3.3. Let {1, }nen be an orthonormal basis for L?>(R.). Then {ng’wm}n,meN is an orthonormal
basis for L2(Aff). In particular, we can expand any f € L2(Aff) as

L, Lom L, Lm
f= Z <f7WAH >WAH )
n,m=0
where {L,}, is given by
3 dan
Lo(z) = —— T (et (3.2)

Proof. The orthonormality of the functions ng’wm clearly follows from Proposition 3.2. To see the com-
pleteness in L2(Aff) we assume that f € L2(Aff) satisfies

W¢7lawm> :O
<f’ AT 2 am

for every n,m € N. Then equation (2.11) implies that Ay = 0 and hence f =0. O
Corollary 3.4. We have W}fﬂ = Wﬁﬂp for i, ¢ € L2(Ry) if and only if 1 = ¢ - ¢ with |c| = 1.

Proof. It is clear from the definition of Wag that ¢ = ¢-¢ with |¢| = 1 implies that W;fff = Wi’ﬂ. Conversely,
if we assume that W;{’H = ijﬁ« then the affine orthogonality relation (3.1) shows that

(W, 7o,y = 10Nz, ) = 19l 72w.)-

Hence |4l 2r,) = [¥ll2®,) and [(, d)|r2®r,) = ¥l 2@ )lI¢llz2®, ) This can only happen when 1 =
c- ¢ for some || =1. O

The marginal properties [23, Lemma 4.3.6] for the classical Wigner distribution strengthen a quantum
mechanical interpretation of the Wigner distribution. For the affine Wigner distribution, we need an analogue
of the Fourier transform on the group R*. This is the Mellin transform given by

M()(@) = Mu(@)(@) 1= [ v(aa2= 2,

for z € R and ¢ € L?(R, ). There is little consensus regarding the exponent of a in the literature and we
recommend checking carefully which convention is used whenever the Mellin transform is encountered. The
Mellin transform is a unitary map M : L?(Ry) — L?(R) with inverse

M) = M@ = [ Fl)a e, (5.3)

for a € Ry and f € L*(R). Moreover, the Mellin transform of a dilated function satisfies
M(Dy)(a) = 7273 M() (@), (34)

The following marginal properties have been stated in [31] where the proofs are referred to the unpublished
Ph.D. thesis of R.G. Shenoy. We provide a new proof of this remarkable fact to fill in gaps in the original
sources.
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Proposition 3.5. The affine Wigner distribution satisfies for ¢ € 7 (Ry) the marginal properties

[ Wik(w.)do = fua)

i Y da 2
[ Wit o) Z = Mm@
0

Proof. The first marginal property follows from Lemma 3.1 and the realization that

/ Wffﬁ(m,a) de = Fy! (Wg’ﬁ> (0,a).

—00

The validity of the pointwise convergence in the Fourier inversion step is clear since ¢ € #(R.).
For the second marginal property, we utilize a change of variables in the definition of the affine Wigner

distribution to get the alternative form
bt o) = [ u=2miey, (o108 log(u) ) du
WAH(x,a)f/ 1/1( —7 o) a =)
0
The isometry property of the Mellin transform can then be used to obtain
rr log(u) log(w) dad
_ Srix ulog og(u adu
/WAﬂxa —//u < 1>¢<au1> au
0 0
omiz ulo log(u dpdu
<[ [ (o ot 20) o (o () o 2
u—1 U

By using the dilation relation (3.4) and the inverse Mellin transform (3.3) we end up with

7 da
/Wfﬂ(x,a) o=
0

e (MBOYT 0 ) () )

g T3
——3g 3T—3

u727rizu277i’8‘Ma(w)(ﬁ)|2 dﬂ#

Il
o

\
8

W M (M () (B)]2) () 2

u

I
o —y

= My (M5! (IMa(¥)(B)])(u))(2)
= |M(®)(@).

Interchanging the order of integration and the pointwise convergence of the Mellin transform is easily
justified under the assumption that ¢ € . (R;). O
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Remark. It follows from Proposition 3.5 that

TT da dx T da
[ [ wiate0 2 = [w@P 2 = i,
0

a
0 —oo

for all ¢ in the dense subspace .’ (R;) C L*(Ry). If |¢]|12r,) = 1 and WX’H is everywhere non-negative,
then the affine Wigner distribution would be a probability density function on the upper half-plane. We
will elaborate on this in Section 9.

If ¢ € (R4 ) has compact support and a € R is outside the support of ¢, then Proposition 3.5 shows
that

/ W;fff(%a) dx = 0.

This extreme case can be improved with the following finite support property.

Proposition 3.6. Assume ¢ € L?(R) is countinuous and supported in [r,s] C Ry. Then Wxﬁ(ﬁc, a) =0 for
all z € R whenever a ¢ [r, s].

Proof. The functions ¥ (aX(u)) and ¥ (aA(—u)) are both non-zero if and only if

If @ > s then L C (0,1). Hence it suffices to show that A(u) and A(—u) can not take values in (0,1)
simultaneously. This follows since A(u) is an increasing function that only takes values in (0,1) whenever
u < 0.If a < rthen L C (1,00). In this case, the result follows from the fact that A(u) > 1 if and only if
u>0. O

4. Alternative descriptions

Although the affine Wigner distribution was constructed rather recently, it has appeared in the liter-
ature several times in different disguises. We outline two instances of this and see how this enriches our
understanding of the more subtle properties of the affine Wigner distribution.

Consider a function ¥ € L2(R)NL2(R,) that is supported on R and let f € L2(R) be such that f = 1.
The affine Wigner distribution WK’H is related to the Bertrand P := (P, 1) distribution described in [29]
by the formula

Wxﬂ(x,a) = éPf (a, —2) .

One refers to P as the Bertrand Py distribution and it is in both the affine class and the hyperbolic class
described in [29]. From this we can gauge several invariance properties of the affine Wigner distribution:

e The fact that P is in the affine class gives the invariance properties
1 a
M, D,
Wi Y(x,a) = WK)H(J} — aw, a), WAHw(a:,a) = ;WKH (x, ;) . (4.1)

These invariance properties can be summarized as
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W™ (y,b) = Wiy (y — ba, ab), (4.2)

where U is the action of the affine group on L?(R.) given in (2.10).
e The fact that P is in the hyperbolic class gives the invariance property

H(c,fr
WAfg %2, 0) = Wig(z +c¢,a), (4.3)

where H(c, fr) is the transformation

Hle, () = e E ), >0 ceR
Notice that the positive reference frequency f, only appears on the left-hand side of (4.3).

The affine Wigner distribution Wag can be derived in another way by emphasizing invariance properties
as done in [9] and [28]. From this perspective, one starts with a general quadratic distribution and require
invariance under a group extension of the affine group. This will produce the distribution

o0

WoGa,)i= [ blaA) TN ule " () du,

where p(u) is a weight function that satisfies pu(u) = p(—u). The requirement that W¥ satisfies the affine
orthogonality relation in (3.1) forces u = 1 so that W¥ = W]’fﬂ. Although one gets the orthogonality relation
(3.1) for free with this approach, the connection with the affine Weyl quantization in (2.11) is then obscured.
The affine Wigner distribution Wag is a special case of a family of distributions that are called tomographic
distributions in [9)].

Remark. There have been other attempts at defining a notion of affine Wigner distribution that do not
coincide with our definition. As an example, we refer the reader to [22] and the recent successor paper
[21] where an affine Wigner-like quasi-probability is defined through a semi-classical quantization approach.
Although this is different from the approach in [19] that our work is based on, it has similarities in both
motivation and properties.

5. Affine convolution representation of the scalogram

Recall from the introduction that the classical Wigner distribution can represent the spectogram through
convolution

SPEC, f(x,w) = Wp(g) * Wy(z,w) = Wp(y) * Wf(w, —x), (5.1)

where P(g)(x) := g(—=z). This relation was mentioned in [27, Eq 85] where the Wigner distribution went
under the name (instantaneous) spectrum-smoothing function. It later appeared in [11, Eq 4.5], where it
was used to show that the spectogram is a Cohen class distribution. Finally, it was put on more rigorous
foundations in [17, Proposition 1.99]. By attempting to use the classical Wigner distribution to represent
the scalogram in (1.4) one obtains

T —

SCAL, f(, a) :/Wf(T,g)Wg< x,a{) dr dE.
R2
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However, this only superficially looks like convolution as it does not incorporate one of the Haar measures
on Aff.

We will use the affine Wigner distribution to get a proper convolution representation of the scalogram.
Before stating the precise result, we recall some generalities from the theory of locally compact groups
applied to the affine group: The affine convolution between two functions f, g on the affine group is given
whenever it is well-defined by

Yl B db dy
f *AfF g(l’,a) = f(y,b)g ((y,b) ! TAff (x,a)) 5

A departure from the usual Euclidean convolution is that the affine convolution is not commutative. The
modular function A on any locally compact group measures the difference between the right and left Haar
measure. We refer the reader to a precise definition in [18, Chapter 2.4] as we only need that the modular
function on the affine group is

A(z,a) = —, (z,a) € Aff.
a

Finally, the (right) involution of a function f on the affine group is given by

I(f)(z,a) == Az, a) f((z,a)1) = éf (g 2) (z,a) € Aff.

The following convolution result should be compared with (5.1).

Theorem 5.1. Let f,g € L*(R) be such that their Fourier transforms f and g are supported in Ry and
satisfy f,9 € L*(R,). Then

SCAL, f(z,a) = (I (Wig) an AW{E) (5” 1> . (x,a) € AfE.

a a

Proof. By using Parseval’s identity and that the support of the Fourier transforms is in R we obtain

~ 2
SCALyf(2,0) = (. TeDaghromy| = | (. vVa - Ul@,0)7) 2e |

where U(z, a) is given in (2.10). The affine orthogonality relation given in Proposition 3.2 and the invariance
property given in (4.2) together show that

SCAL, f(x,a) = / dbdy

7 s dbdy
Wi (u.0) - 0 Wig(y = b, ab) ==

rros . dbd
= [ [ Wit ab Whe (0:0)-ax (- 0) T2
—oo 0

We use the involution on the affine group to write
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Table 1

Summary of invariance properties.
Transformation  Function Affine Wigner Distribution  Affine Ambiguity Function
Identity P (r) W‘Z’H("Jc7 a) AXH(x, a)
Dilation Dgy(r) %WZ’H (@, 2) 872”im71Aﬁﬁ(m, a)
Modulation M, (r) W;/’H(z —aw, a) No simple formula
Hyperbolic H(e, fr)(r) Wxﬂ(z + ¢, a) (1_2"iCAKH(1}, a)

ab- Wig ((5:0) st (—2,0) = T (Wit ) ((=2,0) " are (9,0) 7).

Combining these observations shows that

SCAL, f(z,a) = 7}7)@ 1 (W) <(§ 2) " (y7b)1> %

—o0 0
= (1 (Whe) s W) (£.7) -

a a

6. The affine ambiguity function

The cross-ambiguity function in time-frequency analysis of f,g € L?(R) is defined to be

AL, 9)(,w) = /Oof (t n g) g (t . g)e—ww dt,  (x,w) € R2

The ambiguity function Af := A(f, f) of f € L?>(R) has been frequently used in radar applications [23,
Chapter 4.2]. In the affine setting, we suggest the following analogue.

Definition 6.1. The affine cross-ambiguity function of 1, ¢ € L?>(R) is the function AK%‘? on Aff defined by
i r —2mix d’)"
At = [ (v o (J2 ) L, e At
0

Similarly as before, we call the function AKH = A’ﬁ’f’fb the affine ambiguity function.

For the summary of invariance properties see Table 1. In [31] the authors define a different notion of
affine ambiguity function under the name wide-band ambiguity function. Notice that the definition of AK;?
incorporates the Haar measure on R in a natural way. Moreover, we will show that our definition possesses
properties that justifies the terminology affine ambiguity function.

Lemma 6.2. For ¢, ¢ € L?(R..) we define the functions ¥(z) := 1(e*) and ®(x) := ¢(e*) for z € R. Then
AK’f?(w, e’) =AY, d)(z,w), (z,w) € R
Moreover, the affine ambiguity function satisfies
AR 0)] < ARa(0,1) = ¢l 32, ),

for every (x,a) # (0,1).
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The last statement in Lemma 6.2 is a direct consequence of [23, Lemma 4.2.1]. The proof of the following
orthogonality result illustrates the usefulness of Lemma 6.2.

Proposition 6.3. The affine cross-ambiguity function satisfies the orthogonality relation

<AK%’¢1 AR = (Y1, 92) 2(r ) (1, D2) L2 (R, )

>L%<Aff)
fO’f‘ wla ¢27 ¢17 ¢2 S LQ(R+)

Proof. Let ¥;(x) :=v;(e*) and ®;(x) := ¢;(e”) for i = 1,2. Then Lemma 6.2 gives that

da dx
a

(g A, -

L2 (af) ATy, @) (In(a), z)A(Ty, D) (In(a), z)

\8

—3 é\g

A(Tq, 1) (u, z)A(Tg, Po)(u, x) du dx.

\80

—00 —O0

From [23, Lemma 4.3.4] it follows that the ambiguity function is related to the classical cross-Wigner
transform by

W (U;,®;) = FUA(Y,;,®;), i=1,2,

where F is the Fourier transform and U is the rotation U F(z,w) := F(w, —z) for a function F on R?. Hence
from (2.1) we obtain that

<AK%’¢1,AK%§¢2 = <\Ill,\P2>L2(R)<(I)1,(I>2>L2(]R) = <¢17¢2>L2(R+)<¢1a¢2>L2(R+)~ O

>L$(Aff)

Corollary 6.4. Let ¢ € L*(Ry) be normalized and let U C Aff be a Borel set. Assume there exists € > 0
such that

dad
[ 1At 21 (6.1)
U
Then
_p_ (D ﬁ
> — p—2 | — .
p(U) = (1= (5)77, p>2

In particular, we have p,.(U) > max(2(1 — €)1 —¢).

Proof. Notice that the assumption (6.1) is by Lemma 6.2 equivalent to
/ / |AT (u, 2)|* dudz > 1 — ¢,
Uy In(U2)

where ¥(x) := 1)(e®). We can write AV (u, ) = e™“*Vy ¥ (u, z), where V is the short-time Fourier transform

given in (2.4). The assumption
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/ / Vo U (u,z)|? dudr > 1 — €

Uy In(U2)

implies by Lieb’s uncertainty principle [23, Theorem 3.3.3] that we have

1 (U) = Uy x In(Us)] > (1 — ¢)7°2 (7-’)m . p>2.
The final claim follows from considering p =4 and p — co. O

We now relate the affine ambiguity function to the affine Wigner distribution. Define

2y

for y € R and b > 0 with the convention that ©(y,1) = 1 for all y € R. If we write b = e* for u = log(b),
then

Vblog(h)
-1 Au)A(—u),

where )\ is the function given in (2.6). Hence we can think of O(y,b) as arising from a symmetrization of
the function A\. We leave the verification of the following result to the reader as it is straightforward.

Lemma 6.5. For ¢, ¢ € L?>(R,) we have the equality
WK (v,0) = My @ My [0(y,0) - A% (1,0)] (2, 0),
where (x,a) € Aft and M is the Mellin transform.

It is of importance to extend the affine Weyl quantization to tempered distributions. To do this, we first
need the following definition.

Definition 6.6. Let .(Aff) denote the smooth functions f : Aff — C that satisfy
(z,w) — f(z,e¥) € S(R?).

The space . (Aff) is called the rapidly decaying smooth functions on Aff. The dual space of .7 (Aff) will be
denoted by .#’(Aff) and called the tempered distributions on Aff.

The following result illustrates how we can use the Mellin transform and the affine ambiguity function
to deduce properties of the affine Wigner distribution.

Proposition 6.7. For ¢, ¢ € Z(R) the affine Wigner distribution satisfies WK}}QS € S (Afl).
Proof. Let ¥(x) := ¢(e*) and ®(z) := ¢(e*). By Lemma 6.2 and Lemma 6.5 we want to show that

(z,w) — M;l ® My [@(y, b) - A‘l”@(log(b),y)] (z,e¥) € Z(R?).
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The cross-ambiguity function A is a map A : Z(R) x .#(R) — .#(R?) by [23, Theorem 11.2.5]. Hence
Ay, b) := AV®(log(b),y) € .7 (AfF). Since O(y, b) is a smooth function with polynomially bounded deriva-
tives, the same goes for the product O(y,b) - A(y, b). The claim follows since the Mellin transform is related
to the Fourier transform by the formula M (¢)(z) = F(¥)(z). O

Corollary 6.8. The affine Weyl quantization Ay of f € ' (Aff) is well-defined as an operator
Af : y(R.,.) — y/(R_,_)

Example 6.9. Consider the point measure dag(z, a) € ./ (Aff) defined by

<5Aff(xv CL), f> = f(.CC, a)v
for f € (Aff) and (z,a) € Aff. We compute for ¢, ¢ € #(R) that
<A6Aﬁ'(ﬂ77a)w7 ¢> = <6Aff(x7 a)7 Wz%f¢> = W/ff—fw(m>a) = ngﬁd’(x’ a)'

Hence the operator As, ;(z,qa) is weakly defined through the values of the affine Wigner distribution.
7. An almost analytic decomposition

Recall that analytic and anti-analytic functions f are characterized by the equations dsf(z) = 0 and
0.f(z) = 0, respectively. The fact that fo’f‘i’ € L2(Aff) when v,¢ € L?*(R,) allows us to exclude (anti-
)analytic functions from being affine Wigner distributions.

Proposition 7.1. There are no analytic or anti-analytic functions in the space L?(AfF).

Proof. The conclusion is easier to obtain by looking at the isomorphic spaces in the unit disc D by applying
the standard linear fractional transformation. Under this transformation, the analytic functions in L2(Aff)
are transformed to the analytic functions f in the unit disc satisfying the integrability condition

£ ()2

1—|[z[?

dz < 0. (7.1)

Any such analytic function will have to vanish as it approaches the boundary circle. Thus they are identically
zero inside the unit disc as well by the unique continuation principle for analytic functions. The case of anti-
analytic functions is similar. O

Remark. Proposition 7.1 shows a big difference between the affine Wigner distribution and both the classical
Wigner distribution and the wavelet transform; the classical Wigner distribution can produce Gaussians,
while one can obtain plenty of analytic functions from the wavelet transform as shown in [12, Chapter 2.5].

A function f : Aff — C is called (anti-)poly-analytic of order n € N if 92f = 0 (92 f = 0). We write
f € AM(AfF) (f € AH7(AfF)) to signify that f is (anti-)poly-analytic of order n, but not (anti-)poly-analytic
of order n — 1. The following result is inspired by [32] and shows that L2(Aff) decomposes completely into
poly-analytic and anti-poly-analytic functions.

Proposition 7.2. The space L?(Aff) has the orthogonal decomposition

L2(Aff) = P (A" (Aff) @ AL (AfF)) .
n=2
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Proof. Notice first that
L2(Aff) ~ (L*(Ry,dz) ® L*(Ry,a ' da)) & (L*(R_,dz) ® L*(R4,a” ' da)).
Hence for n > 2 it suffices to show the decompositions
A"(Aff) ~ L*(R ., dx) @ span {L,,_»}, A" (Aff) ~ L*(R_, dx) @ span {L, o},
where {L£,,}5°, is the orthogonal basis for L?(R) defined in (3.2). We will only show the decomposition of

A" (Aff) since the decomposition of AL (Aff) is similar.
Consider the map ® : L2(Aff) — L2(Aff) given by

®(00) = F1(9) (5 )

where F7 is the Fourier transform in the first component. It is straightforward to check that ® is a unitary
map. The image of A" (Aff) under ® consists of all functions in L2(Aff) that satisfy

D00l od L f =B, +i0,) " f =0, (7.2)

but do not satisfy (7.2) for n — 1. A computation shows that functions f € L2(Aff) satisfying (7.2) are
precisely those that satisfy the homogeneous equation

|| (sign(x) + 20,)" f(z,a) = 0, (7.3)
but do not satisfy (7.3) for n — 1. It is well-known that the solution is precisely
f(@,a) = g(x)Lp-2(a), g€ L*(Ry,dx).
Hence we obtain the decomposition for A™(Aff) and the result follows. O

Remark. Notice that Proposition 7.2 does not claim that A" (Aff) and A" (Aff) are orthogonal as A™(Aff)N
AL (Aff) # {0} for all n > 2. The poly-analytic functions have appeared prominently in the work of Abreu,
see e.g. [1], in the context of wavelet analysis and sampling theory.

8. Applications
8.1. An approzimation problem

Let us use the notation

WAR) i= { Wiy |0 € L2(R,)} € L2(AR),

and call 20(Aff) the affine Wigner space. The affine orthogonality relation (3.1) implies that 20(Aff) is a
closed subset of L2(Aff). Although we can create orthonormal bases for L2(Aff) by using the affine cross-
Wigner transform as done in Corollary 3.3, the space 20(Aff) is a proper subset of L2(Aff).

It is natural to ask how far a function f € L2(Aff) is from being in 2J(Aff). Hence we are interested in

the following affine Wigner approximation problem

inf — . 8.1
QEQ&AH)”JC 9||L3,(Aff) (8.1)
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The analogous problem for the classical Wigner distribution has been recently investigated in [5]. Our
quantization based approach will as a byproduct produce a new proof of the classical Wigner approximation
problem in [5].

For g = W}fﬂp it follows from (2.11) and the affine orthogonality relation (3.1) that A, is the rank-one
operator

Ag¢ = (0, 1)9. (8.2)

The converse is also clear, so there is a one-to-one correspondence between affine Wigner distributions and
positive rank-one operators. Hence the distance (8.1) should somehow be related to how far Ay is from being
a rank-one operator. In Corollary 8.2 we will see that this heuristic is correct for a large class of functions
f € L2(Aff). We use the notation

+' Af) = A0
/\max( f) max {)\nglg)((Af) , }

Theorem 8.1. The affine Wigner approzimation problem for a real-valued function f € L2(Aff) has the
explicit solution

: _ _ 2 _ )t 2
sodnt 1F = glizam = /17123 am — Mhax(Ap) (8:3)

A minimizing function h € Q3(Af) to the affine Wigner approzimation problem always exists. Moreover,
when A}

max

Ar) > 0 the number of minimizers is equal to the multiplicity of Xt (Ay).
! f

max

Proof. Notice that Ay is self-adjoint since

(Agih,6) = (Apv.0) = (FWER ) = (W) = (0. 459),

for ¢, ¢ € L?(R ). Thus the spectral theory for compact, self-adjoint operators implies that the spectrum
Spec(Ayf) = {Ai}p2, of Ay is countable with 0 € Spec(Af) as the only possible accumulation point.
Moreover, there is by [18, Theorem 1.52] an orthonormal basis {¢y}72, for L?(R.) such that ¢ is an
eigenvector for Ay corresponding to the eigenvalue A;. The convention is that eigenvalues are repeated
according to their multiplicity.

We claim that we can write Ay = Y 72 Ay @ ¢, where the convergence is in the Hilbert-Schmidt
norm. Notice that convergence of Y7 Ay ® o, to Ay is guaranteed in the operator norm from the
theory of compact operators [10, Theorem 3.5]. Hence it suffices to show that Y=, Axdr ® ¢r converges
in the Hilbert-Schmidt norm; this will imply together with the norm inequality | - [lop < || - |lns that
Yoo MOk ® ¢5, must converge to A ¢ in the Hilbert-Schmidt norm. Due to completeness, it suffices to show
that Z,;";O A0k @ ¢p, is a Cauchy sequence. For n,m € N with n < m we have

2

D etk ® bk

k=n

= Z )\kA_k’<¢k ®@7 ¢k’ ®%>HS = Z ‘)\k|27
k=n

HS k,k'=n

where || - |[ns denotes the Hilbert-Schmidt norm. The claim follows since Ay is Hilbert-Schmidt.
We can now by Proposition 2.1 write

i _ = inf
geﬂllrll(Aff)Hf gHL%(AH) w€L12(R+)

Z)\k@‘bk ® ok — Y RYP
k=0

HS
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Assume that \; = A\, (Ay). Then (8.4) is clearly minimized when ¢ = \/A;¢;. By orthogonality, we can

max

rewrite (8.4) and obtain

saam = VA7 s = Miax(A9)2 = 1713 30am) — Mhax (A7)2

inf —
it I =gl
We always have a minimizer as we can take h = Wffﬁ. The statement about uniqueness of minimizers is
clear from (8.4). O

Remarks.

e From the spectral theory of compact, self-adjoint operators, it also follows that the eigenspaces corre-
sponding to non-zero eigenvalues are finite-dimensional. Hence, for a given f € L2(Aff), there is at most
a finite number of minimizers hq, ..., hx € Q(Afl) so that

geainn(fAff) If = gllzzamy = If — hill L2 am), i=1,...,k
e The proof of Theorem 8.1 goes through almost verbatim to show the analogous result for the classical
Wigner distribution. The analogous formula to (8.3) for the classical Wigner distribution was shown in [5,
Theorem 3] using a variational calculus approach. That the number of minimizers can be easily deduced
from the spectrum of the quantized operator seems new even for the classical Wigner distribution.
o Assume that f € L2(Aff) is such that A is a negative operator. Then A%, (Ay) = 0 and it is clear

from (8.4) that the zero function is the unique minimizer.

Corollary 8.2. Let f € L2(Aff) be real-valued and assume that

max (A7) Aeglr;g@f)l |
Then
' - = V145 lus = 147113, 8.5
i 1F = gllzzom = /1471 ~ 1413, (8.5)

Proof. Since Ay is self-adjoint it follows from [18, Proposition 1.24] that

A = ma A, O
4sllop =, masx [N

Remark. Notice that under the assumptions in Corollary 8.2, the heuristic we presented regarding rank-one
operators holds true: If Ay is a rank-one operator, then the Hilbert-Schmidt norm and the operator norm
coincide. Hence (8.5) is zero and thus f is in the affine Wigner space 2(Aff). Conversely, the equations

A5, = max X% AflRs = > N (8.6)
AESpec(Ay) NESpec(A;)

imply that (8.5) is zero precisely when A is a rank-one operator.

Example 8.3. Let f € L2(Aff) be such that Ay is a positive operator with rank k& > 0. Then (8.6) implies
that

2 o Aslis
||AfHop > T
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Hence we obtain from (8.5) that

. K1 K1
i 17~ aluzam =y~ 1ArTE, <\ Adtns = S

min

This has the following consequence: Let f1, fo € L2(Aff) both correspond to positive operators Ay, and Ay,
with finite rank. If rank (A, ) <« rank(Ay,), then f; will be closer to the affine Wigner space than fo, unless
the energy of f; is significantly smaller than that of f;.

8.2. Dilation invariant operators
An operator A : L?(Ry) — L?(R) is said to be dilation invariant if
A=D,0Aoc Dy, (8.7)

for all » > 0 where D, is the dilation operator in (2.5). We use the affine Weyl quantization to show the
following result.

Proposition 8.4. There are no non-zero dilation invariant Hilbert-Schmidt operators on L*(R..).

Proof. Assume by contradiction that A : L?(R,) — L?(R, ) is a dilation invariant Hilbert-Schmidt operator
and write A = Ay for f € L2(Aff). It follows from (4.1) that

Divy,D1¢

Wag  (z,a)=r W(x,ra),  ,¢€ LA(Ry),

for r > 0 and (z,a) € Aff. Hence (2.11) implies that

<DTAfDi¢,¢>::<fJV§;¢D1 > t/‘/rf 2, L) Wl (2, a) 200

a

On the other hand, since Ay is dilation invariant we also have

Yl da dz
(DeAsDy0.0) = (Agi0) = (W5 ) = [ [ 1@ Wiife.a) .
—oo 0
This forces f € L?(Aff) by Corollary 3.3 to satisfy the homogeneity relation
a
f(.’E,(l) - ’I'f (l’, ;) 5
for all » > 0 and almost every (z,a) € Aff. However, this implies that
adx a adz
15sam = [ [ 15l 2= [ []r (2 5] S5 =210
—oo 0 —oo 0

Hence f is not in LZ(Aff) unless f = 0, in which case A ¢ is the zero operator. O

Remark. Notice that the proof of Proposition 8.4 actually shows that there can be no non-zero Hilbert-
Schmidt operator A that satisfies (8.7) even for a single r # 1.
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Example 8.5. Although we showed in Proposition 8.4 that there are no non-zero dilation invariant Hilbert-
Schmidt operators on L?(R,), there are non-zero projections in L?(R,) that are dilation invariant. As
an example, consider the orthogonal projection P : L?(R,) — M 0,00) Where Mg o) is the space of all
1 € L}(Ry) such that the Mellin transform of v satisfies

supp(M (1)) C R
The projection P is dilation invariant due to (3.4).
8.8. Trace class operators

Finally, we give an application to trace-class operators motivated by [14, Proposition 162].

Proposition 8.6. Let T : L?*(Ry) — L?*(R.) be a trace-class operator. Then we can write T = Ay o A, for
f,g € L2(Aff). Moreover, the trace of T can be calculated by the formula

Tr(T) = Tr(A; o Ay) 77f o) 4242

a

—oo 0

Proof. Any trace-class operator T on L?(R,) can be written as a composition of two Hilbert-Schmidt
operators I' = A o B. The bijective correspondence in Proposition 2.1 shows that A = Ay and B = A, for
f,g € L2(Aff). Finally, we have

. Y da dx
Tr(T):Tr(AfoAg):<Ag,Af>H <g f L2(A) = //f(w a p O
—oo 0
Remark. Notice that
_ y . . 7 Ooidadx
Te (T) = Tr (T*) = Tr (A7 0 A}) = (A oA //fa;a 9z, a) =
—oo 0

In particular, the trace of T is real-valued whenever f and g are real-valued.
9. Further research
9.1. The affine Grossmann-Royer operator

A standard tool for deriving properties of the classical Wigner distribution is the Grossmann-Royer
operator R(x,w) defined by the relation

W(f.9)(w,w) = (R(x,)f.9)

L2(Rd)’

for f,g € L?>(R?) and (7,w) € R2%. An essential property of the Grossmann-Royer operator ﬁ(z,w) is that

|,

d
L2(RY) = 2% || fll 2 (ray,
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for all f € L?(R?) and (z,w) € R2?. This is immensely useful; to see that the classical cross-Wigner
transform is bounded one simply needs to apply Cauchy-Schwarz inequality to obtain

sup (W (f,g)(@.w)| < |Rla.w)f]

(z,w)€ER24

L2(R4) Hg||L2(Rd) =27 ||f||L2(Ri)H9HL2(Rd)- (9.1)

Analogously, we define the affine Grossmann-Royer operator EAH((L'7 a) by the relation

W (2,a) = <§Aﬁ($’a)w’¢>m<ﬂh> ’

for ¢, ¢ € L (R;) and (x,a) € Aff. We restrict our attention to Schwartz functions for convenience since then
Wffiéf(b € . (Aff) and hence have well-defined point values. Notice that the affine Grossmann-Royer operator
EAH‘(w, a) is precisely the affine Weyl quantization of the point mass dag(x,a) given in Example 6.9. The
affine Grossmann-Royer operator has the explicit form

e2mizA T (5) \—1 (g) (1 _ e>\_1(§))
L+ A1 (D) =X (D) .

Rag(x,a)y(r) =

for ¢ € S (Ry), r >0, and (z,a) € Aff where A is the function given in (2.6).

Trying to generalize the strategy in (9.1) runs into a problem: The affine Grossmann-Royer operator is
not a bounded operator on .(R) C L?(R,.) with respect to the norm || - || ,2(r ). However, if ¢ € .7(R.)
is supported in the interval [%, k] for some k > 0, then there is a constant C}, > 0 such that

|Banta e, <G ol

We call the optimal constant C in the inequality above the k-support constant. Hence if ¢ € #(R;) we
have

sup W (2, )| < Cic- [l I 6lnage .
(z,a)€AfF

A trivial adaption of [23, Lemma 4.3.7] gives the following relative uncertainty principle.

Proposition 9.1. Let ¢p € #(R,.) be supported in the interval [%,k] for some k > 0 and let U C Aff be a
Borel set. Assume there exists € > 0 such that

dadx
—_— 2

/W}fﬂ(l‘,a) (1= lYl72r,):
U

Then the right Haar measure of U satisfies 1, (U) > (1 — €)Cy *.

Motivated by Proposition 9.1, it is of interest to investigate the k-support constant Cj both numerically
and asymptotically. The affine Grossmann-Royer operator is investigated more thoroughly in the follow-up

paper [6].
9.2. The affine positivity conjecture

One of the major results about the classical Wigner distribution is regarding positivity; when is W
a non-negative function on R?4? Normalized functions f € L?(R?) such that W; is non-negative would
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generate probability density functions on R2¢ that represent the time-frequency distribution of f. However,
a well-known result of Hudson [23, Theorem 4.4.1] shows that this can only happen for suitably perturbed
Gaussians.

Turning to the affine setting, we would like to determine the normalized functions ¢ € L?(R,) such
that W}fﬂ is a non-negative function on the affine group. In [28] the authors showed that the affine Wigner
distribution W5 is non-negative if 9, is the so called Morse ground state

We will only consider 95 for s > 0 as ¥ ¢ L?(R,). More generally, one can use the invariance properties
(4.2) and (4.3) to show that the affine Wigner distribution W}fﬂ of

Y(r) = CrmiEtiagiytibr O e ) (z,a), (y,b) € AfF, (9.2)

is non-negative. The functions (9.2) are the generalized Klauder wavelets in [16, Equation (41)] that are in
L?(R,). It is of interest to determine the following affine positivity conjecture, which is a reformulation of
an open question posed in [16]:

If W}fﬁ is non-negative for 1 € L?(R), then ¢ is a generalized Klauder wavelet.

The Klauder wavelets have in [25] been shown to be the only functions that generate analytic spaces for the
continuous wavelet transform. This gives a concrete connection between Klauder wavelets and Gaussians,
since Gaussians are the only functions in the classical case that generate analytic spaces for the short-time
Fourier transform by [4, Theorem 3.1].
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