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Abstract

We construct numerical approximations for Mean Field Games with fractional or
nonlocal diffusions. The schemes are based on semi-Lagrangian approximations of
the underlying control problems/games along with dual approximations of the distri-
butions of agents. The methods are monotone, stable, and consistent, and we prove
convergence along subsequences for (i) degenerate equations in one space dimension
and (ii) nondegenerate equations in arbitrary dimensions. We also give results on full
convergence and convergence to classical solutions. Numerical tests are implemented
for a range of different nonlocal diffusions and support our analytical findings.
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Foundations of Computational Mathematics

1 Introduction

In this article, we study numerical approximations of mean field games (MFGs) with
fractional and general nonlocal diffusions. We consider the mean field game system

—u; — Lu+ H(x, Du) = F(x,m(t)), in(0,T) x R?,
m; — L*m — divinD,H(x, Du)) =0 in (0, T) x R, )
u(T,x)=Gx,m(T)), m(0)=mg  inR?,

where
Lo@x) = /| 6049 = 900 = Lo DB - ) ?)

is a nonlocal diffusion operator (possibly degenerate), v is a Lévy measure (see
assumption (v0)), and the adjoint £* is defined as (L*¢, ¥);2 = (¢, L) 2 for
#, ¥ € C(RY).

The first equation in (1) is a backward in time Hamilton—Jacobi—Bellman (HJB)
equation with terminal data G, and the second equation is a forward in time Fokker—
Planck—Kolmogorov (FPK) equation with initial data mq. Here, H is the Hamiltonian,
and the system is coupled through the cost functions F' and G. There are two different
types of couplings: (i) Local couplings where F and G depend on point values of
m, and (ii) nonlocal or smoothing couplings where they depend on distributional
properties induced from m through integration or convolution. Here, we work with
nonlocal couplings.

A mathematical theory of MFGs was introduced by Lasry and Lions [51] and Huang
et al. [46], and describes the limiting behavior of N-player stochastic differential
games when the number of players N tends to oo [19]. In recent years, there has been
significant progress on MFG systems with local (or no) diffusion, e.g., modeling,
well-posedness, numerical approximations, long time behavior, convergence of Nash
equilibria, and various control and game theoretic questions, see, e.g., [5, 13, 19, 29,
41, 45] and references therein. The study of MFGs with “nonlocal diffusion” is quite
recent, and few results exist so far. Stationary problems with fractional Laplacians
were studied in [32], and parabolic problems including (1), in [35, 39]. We refer to
[50] and references therein for some development using probabilistic methods.

The difference between problem (1) and standard MFG formulations lies in the type
of noise driving the underlying controlled stochastic differential equations (SDEs).
Usually, Gaussian noise is considered [5, 21, 28, 51, 53], or there is no noise (the
first-order case) [18, 20]. Here, the underlying SDEs are driven by pure jump Lévy
processes, which leads to nonlocal operators (2) in the MFG system. In many real-
world applications, jump processes model the observed noise better than Gaussian
processes [9, 36, 52, 56]. Prototypical examples are symmetric o-stable processes
and their generators, the fractional Laplace operators (=A)Z. In Economy and
Finance, the observed noise is not symmetric and o -stable, but rather nonsymmet-
ric and tempered. A typical example is the one-dimensional CGMY process where
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g—‘;(z) = Izl(lj” e 0 M for C,G,M > 0and Y € (0, 2) (see, e.g., [36,Chapter
4.5]). Such models are covered by the results of this article. Our assumptions on the
nonlocal operators (cf. (v1)) are quite general, allowing for degenerate operators and
no restrictions on the tail of the Lévy measure v.

There has been some development on numerical approximations for MFG systems
with local operators. Finite difference schemes for nondegenerate second-order equa-
tions have been designed and analyzed, e.g., by Achdou et al. [1-4, 6-8] and Gueant
[42—44]. Semi-Lagrangian (SL) schemes for MFG system have been developed by
Carlini—Silva both for first-order equations [24] and possibly degenerate second-order
equations [25]. Other numerical schemes for MFGs include recent machine learning
methods [30, 31, 54] for high dimensional problems. We refer to the survey article
[6] for recent developments on numerical methods for MFG. We know of no prior
schemes or numerical analysis for MFGs with fractional or nonlocal diffusions.

In this paper, we will focus on SL schemes. They are monotone, stable, connected
to the underlying control problem, easily handles degenerate and arbitrarily directed
diffusions, and large time steps are allowed. Although the SL schemes for HIB equa-
tions have been studied for some time (see, e.g., [15, 17, 37, 40]), there are few results
for FPK equations (but see [27]) and the coupled MFG system. For nonlocal problems,
we only know of the results in [16] for HIB equations.

Our Contributions

A. Derivation We construct fully discrete monotone numerical schemes for the MFG
system (1). These dual SL schemes are closely related to the underlying control for-
mulation of the MFG. In our case, it is based on the following controlled SDE:

dXt = —0 dr + st,

where «; is the control and L; a pure jump Lévy process [cf. (6)]. Note that L; can
be decomposed into small and large jumps, where the small jumps may have infinite
intensity. We derive our approximation in several steps:

1. (Approximate small jumps) The small jumps are approximated by Brownian motion
[see (7)] following, e.g., [10, 16, 38]. This is done to avoid infinitely many jumps
per time-interval and singular integrals, and gives a better approximation compared
to simply neglecting these terms.

2. (SL scheme for HIB) We discretize the resulting SDE from step 1 in time and
approximate the noise by random walks and approximate compound Poisson pro-
cesses in the spirit of [16] (Sect. 3.1). From the corresponding discrete time optimal
control problem, dynamic programming, and interpolation, we construct an SL
scheme for the HIB equation (Sect. 3.2).

3. (Approximate control) We define an approximate optimal feedback control for the
SL scheme in step 2 from the continuous optimal feedback control as in [24, 25]:

k

oprox = DpH (-, Dug), where ug is a regularization of the (interpolated) solution

from step 2 (Sect. 3.3).
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4. (Dual SL scheme for FPK) The control of step 3 and the scheme in step 2 define
a controlled approximate SDE with a corresponding discrete FPK equation for the
densities of the solutions. We explicitly derive this FPK equation in weak form,
and obtain the final dual SL scheme taking test functions to be linear interpolation
basis functions (Sect. 3.4).

See (18) and (24) in Sect. 3 for the specific form of our discretizations. These seem
to be the first numerical approximations of MFG systems with nonlocal or fractional
diffusion and the first SL approximations of nonlocal FPK equations. Our dual SL
schemes are extensions to the nonlocal case of the schemes in [24-27], and we give
a clear derivation of such type of schemes in Sect. 3. The schemes come in the form
of nonlinear coupled systems (27) that need to be resolved numerically. We prove
existence of solutions using fixed point arguments, see Proposition 3.4.

B. Analysis We establish a range of properties for the scheme including monotonicity,
consistency, stability, (discrete) regularity, convergence of individual equations, and
convergence to the full MFG system.

1. (HJB approximation) For the approximation of the HIB equation, we prove point-
wise consistency and uniform discrete L, Lipschitz, and semiconcavity bounds.
Convergence to a viscosity solution is obtained via the half-relaxed limit method
[12].

2. (FKP approximation) We prove consistency in the sense of distributions, preser-
vation of mass and positivity, L'-stability, tightness, and equi-continuity in time.
In dimension d = 1, we also prove uniform L”-estimates for all p € (1, oo].
Convergence is obtained from compactness and stability arguments.

3. (The full MFG approximation) We prove convergence along subsequences to
viscosity-very weak solutions of the MFG system in two cases: (i) Degenerate
equations in dimension d = 1, and (ii) nondegenerate equation in R? under the
assumption that solutions of the HJB equation are C! in space. Full convergence
follows for MFGs with unique solutions, and convergence to classical solutions
follows under certain regularity and weak uniqueness conditions. Applying the
results to the setting of [39], we obtain full convergence to classical solutions in
this case.

Because of the nonlocal or smoothing couplings, the HIB approximation can be
analyzed almost independently of the FKP approximation. The analysis of the FKP
scheme, on the other hand, strongly depends on boundedness and regularity properties
of solutions of the HIB scheme. Compactness in measure is enough in the nondegener-
ate case when the HIB equation has C'! solutions, while stronger weak (s) compactness
in L? for some p € (1, co] is needed in the degenerate case. This way of reasoning is
inspired by and similar to [24, 25, 27]. As in [24], we are only able to prove this latter
compactness in dimension d = 1. A priori estimates and convergence for p € (1, co)
seems to be new also for local MFGs.

In this paper, we study general Lévy jump processes and nonlocal operators. This
means that the underlying stochastic processes may not have first moments whatever
initial distribution we take (e.g., o -stable processes with ¢ < 1), and then we can no
longer work in the commonly used Wasserstein- 1 space ( Py, d1) for the FKP equations.

Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics

Instead we work in the space (P, dy) of probability measures under weak convergence
metrizised by the Rubinstein—Kantorovich metric dy (see Sect. 2). Surprisingly, a result
from [33] (Proposition 6.1) allows us to prove tightness and compactness in this space
without any moment assumptions! We refer to Sect. 4.3 for a more detailed discussion
along with convergence results in the traditional (P, d}) topology when first moments
are available.

This (P, dy) setting can be adapted to local problems, to give results also there
without moment assumptions. Finally, we note that our results for degenerate problems
cover the first-order equations and improve [24] in the sense that more general initial
distributions m are allowed: P N L? for some p € (1, oo] instead of P45 N L for
some § > 0, where Pjs is set of the probability measures with finite (1 +§) moments.

C. Testing We provide several numerical simulations. In Examples 1 and 2, we use
a similar setup as in [25], comparing the effects of a range of different diffusion
operators: fractional Laplacians of different powers, CGMY-diffusions, a degenerate
diffusion, a spectrally one-sided diffusion, as well as classical local diffusion and the
case of no diffusion. In Example 3, we solve the MFG system on a long time horizon
and observe the turnpike property in a nonlocal setting. Finally, in Example 4 we study
the convergence of the scheme.

Outline of the Paper

In Sect. 2, we list our assumptions and state mostly known results of the MFG system
(1) and its individual HIB and FKP equations. In Sect. 3, we construct the discrete
schemes for the HIB, FKP, and full MFG equations from the underlying stochastic
control problem/game. The convergence results are given in Sect. 4, along with exten-
sions and a discussion section. In Sects. 5 and 6, we analyze the discretizations of
the HIB and FKP equations, respectively, including establishing a priori estimates,
stability, and some consistency results. Using these results, we prove the convergence
results of Sect. 4 in Sect. 7. In Sect. 8, we provide and discuss numerical simulations
of various nonlocal MFG systems. Finally, there are two appendices with proofs of
technical results.

2 Assumptions and Preliminaries

We start with some notation. By C, K, we mean various constants which may change
from line to line. The Euclidean norm on any R%-type space is denoted by | - |. For
any subset Q C RY or 0 CI[0,T]x RY, and for any bounded, possibly vector valued
function on Q, we will consider LP-spaces L?(Q) and spaces C,(Q) of bounded
continuous functions. Often we use the notation || - || as an alternative notation for
the norms in Cp, or L*°. The space C l’,” (Q) is the subset of C(Q) with m bounded and

continuous derivatives, and for Q C [0, T'] x R4, Cll,’k(Q) is the subset of C, (Q) with
[ bounded and continuous derivatives in time and & in space. By P(R?), we denote the
set of probability measure on R4. The Kantorovich—Rubinstein distance do(pey, m2)
FoC T
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on the space P(R?) is defined as

douri = s [ @i - ),
feLip, ,®?) " IR?

where Liplyl(Rd) = {f . fis Lipschitz continuous and || f||o, | Df o < 1}.

Whereas the 1—Wasserstein metric d; on the space P;(R9), probability measures
with finite first moment, can be defined as

di(py, p2) == sup {/ f)d(u —Mz)(X)},
feLip, rd) * JRA

where Lip, (R = {f : f is Lipschitz continuous and || Df]jg < 1}.
We define the Legendre transform L of H as:

L(x,q) = sup {p-q— H(x, p)}.
peRd

We use the following assumptions for Eq. (1):

(v0) (Lévy condition) v is a positive Radon measure that satisfies

/ 1A Jz2dv(z) < 0.
Rd

(v1) (Growth near singularity) v is absolutely continuous for |z| < 1, and there exist
constants ¢ € (0, 2) and C > 0 such that

dv C
<

<—<— lzl <L
dz |Z|d+o

(LO) (Continuity and local boundedness) The function L : R4 x RY — R is contin-
uous in x, g, and for any K > 0, there exists Cz (K) > 0 such that

sup |L(x,q)| < CL(K), xeR%
lg|<K

(L1) (Convexity and growth) The function L(x, ¢) is convex in g and satisfies

L(x,q) _

im +o00, x e RY,
lgl—>+o0  Iq|

(L2) (Lipschitz regularity) There exists a constant L; > 0 independent of ¢, such
that

[L(x,q) = L(y,@)| < Lrlx —yl.
Elol:;ﬂ
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(L3) (Semi-concavity) There exists a constant c;, > 0 independent of ¢, such that
Lx+y,q) —2L(x,q) + L(x =y, @) < clyl”.
(F1) (Uniform bounds) There exist constants Cr, Cg > 0 such that
|FO, Wl < Cp, G, | <Cq. x €RY, we PRY.
(F2) (Lipschitz assumption) There exist constants L, L > 0 such that

|F(x, w1) — F(y, u2)| < Lr[lx — yl 4+ do(ur. n2)].
|G (x, 1) — G(y, w2)| < Lg[lx — y| +do(ur, 12)]-

(F3) (Semi-concavity) There exist constants c¢r, cg > 0 such that

F(x+y, 1) —2F(x, ) + F(x — y, ) < crlyl,
Gx+y, 1) —2G(x, ) + G(x — y, ) < cglyl*.

(M) (Initial condition) We assume mq € P(R?).
(M’) The dimension d = 1, and mg € P(R) N L?(R) for some p € (1, o<].

By (L1), the Legendre transform H = L* is well defined and the optimal ¢ is
q* = D,H(x, p). To study the convergence of the numerical schemes, we further
assume local uniform bounds on the derivatives of Hamiltonian:

(H1) The function D, H € C (Rd X Rd), and for every R > 0, there is a constant
Cr > 0 such that for every x € R? and p € Bg we have |D,H(x, p)| < Cg.

(H2) The function D,H € C L(R? x R?). For every R > 0, there exists a constant
Cr > 0 such that for every x € R? and p € Bg, we have

|DppH(x’ p)' + |Dp)CH(x7 P)| S CR'

Remark 2.1 (i) We impose most of the conditions on L, and not on H, as L appears
in the optimal control problem, which would be the basis of our semi-Lagrangian
approximation. Assumptions (L1) and (L2) (but, not (L3)!) would immediately
carry forward to the corresponding Hamiltonian H from the definition of Legendre
transform. Whereas we require to assume (H1)—-(H2) on H, in contrary to the other
assumptions, as it does not follow from the condition on L in general. However,
when the Lagrangian L behaves like | - |" in ¢ variable for large ¢ and r > 1,
the growth of the corresponding Hamiltonian H would be | - |ﬁ in p variable
for large p (cf. [34,Proposition 2.1]). The growth of the derivatives of H for large
p can be computed similarly, which would correspond to similar condition as in
(HD)-(H2).

(i) Couplings satisfying (F1)—(F3) are, e.g., given by

F(x, ) = f(x, (p*u)(x))
FoC T
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where f € C,f and p € C,f. These conditions can be relaxed in several directions.

In most of this paper, solutions of the HIB equation in (1) are interpreted in the
viscosity sense, we refer to [48] and references therein for general definition and well-
posedness results, while solutions of FPK equation in (1) are considered in the very
weak sense defined as follows:

Definition 2.2 (a) If u € Cy''((0, T) x R?), then m € C([0, T1, P(R?)) is a very
weak solution of the FPK equation in (1), if for every ¢ € C2° (R% andt € [0, T]

/d)(x)dm(t)(x)—/ ¢ (x) dmo(x)
R4 R4 (3)
t
=// (L[qs](x)—DPH(x,Du).D¢>(x))dm(s)(x)ds.

0 JR4

(b) Ifu € L0, T; WH°(R?)) and p € [1, ool afunctionm € C([0, T, P(R4))N
LP([0,T] x RY),isa very weak solution of the FPK equation in (1), if (3) holds
for every ¢ € Cfo(Rd) andr € [0, T].

Remark 2.3 Inequality (3) holding for every ¢ € Cf"(Rd )and ¢ € [0, T]is equivalent
to

ftﬁ(T,X)d(m(T))(x)—/ ¢ (0, x) dmo(x)

R4 R4
T

= [ [ (860 + L1616 = Dy Dy - D5, )ams) ) s
0 JRd

holding for every ¢ € C,*([0, T] x R?) (cf. [33,Lemma 6.1]).

Definition 2.4 A pair (u«, m) is a viscosity-very weak solution of the MFG system (1),
if u is a viscosity solution of the HIB equation, and m is a very weak solution of the
FPK equation (see, Definition 2.2).

We first give the well-posedness result of the HIB equation in (1) for fixed m.
Proposition 2.5 Fix, u € C([0, T], P(RY)). Let (v0), (L2), and (F1) hold.

(a) (Comparison principle) If u is a viscosity subsolution and v is a viscosity super-
solution of the HIB equation in (1) with u(T, ) < v(T, ), then u < v.

(b) There exists a unique bounded viscosity solution u € Cp([0, T] x R9) of the HIB
equation in (1), and for any t € [0, T] we have |lu(t)|lo < CrT + Cg.

(c) If(L2) and (F2) hold, then the viscosity solution u is Lipschitz continuous in space
variable and for every t € [0, T] and x, y € R? we have

lu(t,x) —u(t,x +y)| < (T(Ly + Lr) + Lg) |yl

In addition, if (L3) and (F3) hold, then u is semiconcave in space variable and for
everyt € [0, T]and x,y € R? we have

u(t,x +y) +ut,x —y) —2u(t,x) < (T(cL +cr) +cg) lyl*.
FoL T
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Proof These results are by now standard: (a) follows by a similar argument as for
[48,Theorem 3.1], (b) follows by, e.g., Perron’s method, and (c) by adapting the com-
parison arguments of [48] in a standard way. We omit the details. Under some extra
assumptions, (b) and (c) also follow from Theorem 5.4 and Lemma 5.3. O

We also need a well-posedness result for the FPK equation in (1) for fixed u.
Proposition 2.6 Assume (v0), (v1), (HI), and (M).

@ If u € C(0,TY; C,l (RY)), then there exists a very weak solution m €
c(o,T]; P(Rd)) of the FPK equation in (1).

() Ifd = 1, u € C([0, T]; WH2(R)), u semi-concave, and (M’) holds, then there
exists a very weak solution m € C([0, T]; P(R)) N L?([0, T] x R) of the FPK
equationin (1). Moreover, |m (@) | Lr®r) < eCT||mo||Lp(R)f0rs0me constantC > 0
andt € [0, T].

Proof The results follow from the convergence of the discrete scheme in this article.
The proof of (a) follows the proof of Theorem 4.3, setting Du,, , = Du. The proof
of (b) follows the proof of Theorems 4.1 and 6.7, setting Du, , = Du. Note that
semi-concavity of u is crucial for the L”-bound of Theorem 6.7. O

Existence and uniqueness results are given in [39] for classical solutions of MFGs
with nonlocal diffusions under additional assumptions:

(v2) (Growth near singularity) There exist constants o € (1, 2) and ¢ > 0 such that
the density of v for |z| < 1 satisfies

c <dv R ]
|Z|d+°_£’ or |z| < 1.

(F4) There exist constants Cr, Cg > 0, such that ||F(-,m)||c§ < Cr and
IGC.)lles < Cg forallm, i € P(RY).
(F5) F and G satisfy monotonicity conditions:

A@d (F (x.my) = F (x,m3))d (my —m2) (x) =0 Vmy,my € P(RY),

/d (G (6 m1) = G (em))d (m1 —ma) (x) =0 Vmy,ms € P(RY).
R

(H3) The Hamiltonian H € C3(R? x R?), and for every R > 0 there is Cg > 0 such
that for x € RY, p € Bg, o € N}, || < 3, then |[D*H (x, p)| < Ck.
(H4) Forevery R > Othereis Cr > Osuchthatforx,y € R?, u € [-R, R], pE RY:

|H (x,u,p) —H (y,u,p)| = Cr(pl+1D|x =yl
(HS) (Uniform convexity) There exists a constant C > 0 such that éld <

D}, H (x. p) = Clg.
(M”) The probability measure mq has a density (also denoted by mg) mg € C%.

Theorem 2.7 Assume (v0), (v1), (v2), (F2), (F4), (H3),(H4), and (M”).

FolCT
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(a) There exists a classical solution (u, m) of (1) such thatu € C;’3 (0, T) x RY) and
m e Cy2((0,T) x RY) N C(0, T; P(RY)).
(b) Ifin addition (F5) and (H5) hold, then the classical solution is unique.

This is a consequence of [39,Theorem 2.5 and Theorem 2.6]. We refer to [39] for more
general results, where in particular assumptions (v1) and (v2) can be relaxed to allow
for a much larger class of nonlocal operators L. In the nondegenerate case, for the
individual equations in (1) we also have uniqueness of viscosity-very weak solutions
and existence of classical solutions. Uniqueness for HIB equations and existence for
HJB and FPK equations follows by Theorem 5.3, Theorem 5.5, and Proposition 6.8
in [39]. We prove uniqueness for very weak solutions of FPK equations here.

Proposition 2.8 (Unicolueness for the FPK equation) Assume (v0), (v1), (v2), and
Dy, H(x, Du(t)) € Cb’z((O, T) x RY). Then, there is at most one very weak solution
of the FPK equation in (1).

Proof Let my, m be two very weak solutions, define m := m; — m, and take any
Y € C2° (RY). Forany 7 € (0, T), the terminal value problem

d¢+Lp—D¢-D,H(x,Du) =0 in R? x (0,7) and
¢(x,7) = Y(x) in RY

has a unique classical solution ¢ € C;’z((O, T) X ]Rd) essentially by [39,Theorem 5.5]
(the result follows from Proposition 5.8 with k = 2 and the observation that the proof
of Theorem 5.5 also holds for k& = 2). Using the definition of very weak solution (see
Remark 2.3), we get

/ W(x)drh(r)(x)zfrf (3¢ + Lo — Dp - D, H(x, Du)) diin(t)(x) dt = 0,
R4 0 R4

for any t € [0, T']. Since ¥ was arbitrary, it follows that m(7) = 0 in P (RY) for every
T € [0, T'], and uniqueness follows. O

3 Discretization of the MFG System

To discretize the MFG system (1), we first follow [16] and derive a Semi-Lagrange
approximation of the HIB equation in (1). Using this approximation and the optimal
control of the original problem, we derive an approximation of the FPK equation in
(1) which is in (approximate) duality with the approximation of the HIB-equation.

This derivation is based on the following control interpretation of the HIB equation.
For a fixed given density m = pu, the solution « of the HIB equation in (1) is the value
function of the optimal stochastic control problem:

u(t, x) =i1;fJ(x,t,a), 4

FoC'T
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where «; is an admissible control, J is the total cost to be minimized,
T ~ ~ ~
J(x7t7a) =E|:f <L(Xé9aé)+F(Xév H.&)ds—i_G(XTrMT)}v (5)
t

and X s = X?’t solves the controlled stochastic differential equation (SDE)

<1 zN(dz, ds) —i—fllelzN(dz,ds), s>,

(6)

dX, :—asds+f‘
XtZX,

where N a Poisson random measure with intensity/Lévy measure v(dz)ds, and N =
N(dz, ds) — v(dz)ds is the compensated Poisson measure.!

3.1 Approximation of the Underlying Controlled SDE
A. Approximate Small Jumps by Brownian Motion

First, we approximate small jumps in (6) by (vanishing) Brownian motion? (cf. [10]):
Forr € (0, 1), let X; = X" solve

zN(dz,ds), s>t

dX, = b(ag)ds + o AWy + f\z|>r
= (7N
X = x,
where W, is a standard Brownian motion, b(c;) = — g — b7, and
by? ::/ zv(dz), )
r<|z|<l1

| 12
T
o = (- / 2 v(dz>) . ©)
2 |z|<r

The last integral in (7) is a compound Poisson process (cf., e.g., [9]): For any ¢ > 0,

t N
/ / Nz di) =) Jj (10)
0 Jlz|=r

j=1

where the number of jumps up to time 7 is N, ~ Poisson(tA,), the jumps {J;}; are iid
rv’s in R with distribution v, and Jy = 0, and for r € (0, 1],

1 The N -integral is just a (difficult way of writing a) compound Poisson jump process, while the N -integral
is a centered jump process with an infinite number of (small) jumps per time interval a.s. [9].

2 To avoid singular integrals and infinite number of jumps per time interval.
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v i=vls, and A, :=/ v (dz). (11
R4

The infinitesimal generators £% and £ of the SDEs (6) and (7) are (cf. [9])

LY (x) = —a; -V + L1¢(x) + L1 p(x),
LY (x) = b(ay) - Vo(x) +1r(o] - D*¢(x) - 0,) + LT[$](x)

for ¢ € Cg (R9), where the operator L in (2) can be rewritten as follows

Lo (x) = (/| +/| )(qb(x +2) = $() = Lo« DP () - 2)dv(2)
= L,p () + L9 ().

12)

The operator £ is an approximation of £%.

Lemma3.1 ([49]) If (v1) holds and ¢ € C;(R?), then for L, and o, defined in (12)
and (9), respectively, we have

L9 (x) = tr(o) - D*¢(x) - 07)| < Cr=7 | D ¢llo.
If in addition, ¢ € Cg (R?) and the Lévy measure v is symmetric, then

1L,¢(x) — tr(o] - D*¢(x) - 0,)| < Cr¥=?|ID*o]lo.

B. Time Discretization of the Approximate SDE

Fix a time step h = % € (0,1) for some N € N and discrete times #, = kh
for k € {0,1,..., N}. Following [16], we propose the following Euler-Maruyama
discretization of the SDE (7): Let X" ~ X", where X, = X,"" solves

X =x
d

Xy =Xn1+hb(an 1) +vVhY olEr,, n—1=N;+1,....Nj1—1,
m=1

Xi4Niy = Xi4N—1 + i

(13)
Here, the control o, is constant on each time interval, 0," is the mth-column of o,
and &, = (€!, ..., &%) is a random walk in R¢ with
P(& = £1) = L
" 2d°
FolCTM
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The processes Ji and N define an approximation of the compound Poisson part of
(7) through equation (10) where N; is replaced by an approximation

N; = max{k : AT} + AT) + --- + ATy <1},

where exponentially distributed waiting times (time between jumps) are replaced by
time grid approximations {ATk}k€N3: AT, = hAN; = h(Ny — Nr_1) where Ni :
Q — NU{0}, No = 0, and AN iid with approximate hA,-exponential distribution
given by

P[AN; > jl=e"™J for j=0,1,2,....

Then for pj = P[ANy = jl, po = 0and p; = P[AN; > j — 1] — P[AN; >
Jj1 = e /M —1) for j > 0. We find that Y32 p; = 1 and E(AN;) =

ZC;C’:O e /M = e,?f%. Note that in each time interval, approximation (13) either
diffuses (the second equation) or jumps (the third equation), and that by definition of
Ny, there is at most one jump in this interval. For the scheme to converge, we will see
that we need to send both 7 — 0 and kA, — 0. In this case, E(ANy) — o0 and the
jumps become less and less frequent compared to the random walk (which is natural

in view of the limiting processes).

3.2 Semi-Lagrangian Approximation of the HJB Equation
A. Control Approximation of the HJB Equation

We approximate the control problem (4)—(6) by a discrete time control problem: Define
the value function

up(ty, x) = lgllf} Jn (. 11, o), (14)
where t; = [h forl € {0, 1, ..., N — 1} and the controls {«,} are piecewise constant

in time, the cost function Jj, is given by

N—-1
Jnx i fw)) = E[ >~ (LX) + F (X p1(0)) )+ G (X, u(rm)}, (1)

n=I

and the controlled discrete time process X, = X* is the solution of (13). By the
(discrete time) dynamic programming principle, it follows that

I+p
i (17, x) = ignfE[ > (LT ) + PO 16 )+ in i X?j;m],

n=lI

3 In the new model, N; still gives the number of jumps up to time ¢.
FolCT
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for any fixed p € {0, ..., N — (I 4+ 1)}. Taking p = 0* and computing the expectation
using conditional probabilities (the probability to jump in the first time interval is
pr=1- e~ we find a (discrete time) HIB equation

up(ty, x)
“hy

d
- > (inttgr. x + hb(@) + Vhdo!")

m=1

= inf {hF(x, w(t) + hL(x, @) + [e

1 —e

—/ ﬁh(tl+1,x+z)v(dz)}.
|z|=r

Fiin (1, X + hb(a) — «/ﬁa;"))] +—
(16)

Note that this is an explicit backward in time one-step scheme.

B. Interpolation and the Fully Discrete Scheme

Forp > 0, wefixagridG, ={ip:i € Zd} and a linear/multilinear G,-interpolation
I. For functions [ : G, — R,

If1x) =Y fxBix), xeRY, (17)

ieZd

where the 8;’s are piecewise linear/multilinear basis functions satisfying

Bi =0, Bi(x)=8;i, Y Bix)=1 and [I[$]—¢lo=[D’¢lop’
J

for any ¢ € CZ (RY). A fully discrete scheme is then obtained from (16) as follows:
i k[l = Spn [l gy1,i, k), k <N, and i; y[u] = Gx;, u(ty)), (18)
where

Sp,h,r[u’](vi i7 k)

= igf {hF(xi, w(ty)) + hL(x;, o)

—hAy d
+ 62d m; (I[v](xi + hb(@) + Vhdo™) + [[v](x; + hb(a) — \/ﬁarm)>
1 —ehor
+)\'—/ I[v](x, +Z)V(dZ)} (19)
r lz|=r

4 The choice p = 0 gives a one-step scheme, the solution at #; depends on the solution at ;1.
FolCT
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Finally, we extend the solution of the discrete scheme ii; x[1t] to the whole R4 x
[0, T] by linear interpolation in x and piecewise constant interpolation in 7:

i w1, %) = 1 (it (1)) (¥) = Y B0 y[p] for (1, x) € [0, T) x R
iezd

(20)

3.3 Approximate Optimal Feedback Control

For the HIB equation in (1), satisfied by the value function (4), it easily follows that
the optimal feedback control is

a(t,x) = DpH(x, Dul[u](t, x)).

Based on this feedback law, we define an approximate feedback control for the discrete
time optimal control problem (13)—(15) in the following way: For &, p, ¢ > 0 and
(t,x) € R x [0, T],

Olnum(tvx) = DpH(xﬂDlZ;’h[:u](tax))’ (21)
where i, 5[] is given by (20),
i d(t, x) = i n [, -) * pe(x), (22)

and the mollifier p(x) = Lp(%) for 0 < p € CX(RY) with [ p(x)dx = 1. We
state a standard result on mollification.

Lemma3.2 Ifu € WM [RY), € > 0, and u€ = u * pe. Then, u® € C3°(R?), and
there exists a constant c, > 0, such that for all € > 0,

lu —ullo < |Dulloe  and |IDPulo < ¢l Dulloe' ™" forany p e N.

By construction, we expect anum to be an approximation of the optimal feedback
control for the approximate control problem with value function (14) when A, p, € are
small and ﬁ; ; 1 close to u.

3.4 Dual SL Discretization of the FPK Equation

A. Dual Approximation of the FPK Equation

First note that if X; = Xy’ X220 golves (6) with7 = O and X = Zo, arv with distribution

my, then the FPK equation for m := Law(Xj) is

m; — L*m — div(ma) = 0,
m(0) = my.

FoE'ﬂ
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Setting @ = apum, this equation becomes an approximation of the FPK equation in
(1). With this choice of «, we further approximate m by the density my := Law(X),
of the approximate process X; = X,?’ZO solving (13) with/ = 0 and Xo = Zy.

We now derive a FPK equation for 72; which in discretized form will serve as our
approximation of the FPK equation in (1). To simplify, we consider dimension d = 1.
By definition of i,

E[(Xi1)] = /R () At (),

for¢p € Cp (Rd) and k € NU{0}. Let A be the event of at least one jump in [#x, fx+1),
i.e., Ay = {w : Ng+1(w) — Ni(w) > 1} where Ny is the random jump time defined in
Sect. 3.1 B. Then by the definition of Xj in (13), the fact that Ny, Ji, and & are i.i.d.
and hence independent of Xy, and conditional expectations, we find that

/ ¢ (x) drnq1 (x)
R

= E[¢p (Xi11)]
= E[¢ (Xi+1) AL P(AD) + El@ (Xit-1)| Akl P(Ak)

= ¢ "M E($ Xk + hb(enum) + Vhor &) + (1 — e B (Xx + /i)

—hi B )
== 3 / (¢ (x + hb(@num) + Vhoy) + ¢ (x + hb(@num) — Vhoy) )itk (dx)
+(1 - ‘“’)/ ¢(x +2) ( )nak(dx)
|z|>r

LetEj = (x5, — 5, xi+5).mjx = [ E; my (dx). We approximate the above expression
by a midpoint (quadrature) approximation, i.e., f E; f)mi(dx) = f(x;)m; i, then

by choosing ¢ (x) = B;(x) (linear interpolant) for j € Z and using B;(x;) = §;; we
get a fully discrete approximation

e
rhj,k—&-l R Zﬂli,k[ (13] (x;i + hb(anum) + \/_O'r)
i€Z
- 1 —e i
+ B (xi +hb(etnum) —ﬂa,)) + Bi(xi + z)v(dz)].
)Lr |z|>r
In arbitrary dimension d, we denote
@5y, = x; — h (Hp(xj, DiiS, (1)t x))) + BY ) £ vVhdol. (23)
Fol:’ﬂ
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for j € 29,k =0,...,N, p = 1,...,d. Redefining E; := x; + 5(—1, )¢ and
reasoning as for d = 1 above, we get the following discrete FPK equation

i gilpl =Y il By LHy (D, [uh) G, j. k),

jeZd (24)
10 = / dmo(x),
E;
where
Y
By nr[Hp(, Dﬁ;,h['u]](i’ 7.k :=|: 2d Z (ﬂl( ok, p) + ﬂl( ik p))
p=l (25)
1 — e—)»,h

Bi(xj + z)v(dz)]

)"r |z|>r

The solution is a probability distribution on G, x h\Nj,, where N}, := {0, ..., N}:

Lemma 3.3 Let (1i1; 1) be the solution of (24). If mg € P(R?), then (i; x); € P(Z%),
ie,mir>0i¢€ 74, and Zjezd mj =1forallk e N

Proof First note that m; ; > 0 follows directly from the definition of the scheme and

mj o > 0.Changing the order of summationandas ) ; B, 5, +[Hp(-, Dit§ h[u]](z Jj, k)
= 1, we find that

Zm, (ol = sz,klsphr[m Dits, [l j. k) =) it jk.
J

J
The result follows by iteration since ) jmjo=1 O

We extend (12 i[p]) to R4 by piecewise constant interpolation in x and then to
[0, T] by linear interpolation in z: For t € [t, t;+1] and k € N},

Tk
h

S (%) = R ) e, ) + e @0, (26)

h
where, nﬁ;’h[u](tk, X) = pld Y ieza M k(] 1 (x). Note that nﬁz,h[u] e C([0, 1],

P(R?)) and the duality with the linear in x/constant in ¢ interpolation used for it , , in
(20).

3.5 Discretization of the Coupled MFG System

The discretization of the MFG system is obtained by coupling the two discretizations
above by setting u = nﬁ;h[u]. With this choice and u = u[u] and m = m[u], we get
FoE'ﬂ
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the following discretization of (1):

ik = Sp,nrlmy, 1 k1,0, k),

ui,N = G(xi, mj, , (In)),

Mi 1 = D jezd Mk Bpnr[Hp (. Dus, ;NI j, k),
mio = [ dmo(x),

27)

where Sp .-, Boir, us, . m;, , are defined above.

The individual discretizations are explicit, but due to the forward-backward nature
of the coupling, the total discretization is not explicit. It yields a nonlinear system that
must be solved by some method like, e.g., a fixed-point iteration or a Newton type
method.

The approximation scheme (27) has a least one solution:

Proposition 3.4 (Existence for the discrete MFG system) Assume (v0), (v1), (L1)—
(L2), (F1)~(F2), (H1), and (M).
Then, there exist a pair (up p, m;’h) solving (27).

The proof of this result is non-constructive and given in Sect. 7.

4 Convergence to the MFG System

In this section, we give the main theoretical results of this paper, various convergence
results as h, p, €,r — 0 under CFL-conditions. The proofs will be given in Sect. 7
and require results for the individual schemes given in Sects. 5 and 6.

4.1 Convergence to Viscosity-Very Weak Solutions

We consider degenerate and nondegenerate cases separately. For the degenerate case,
the convergence holds only in dimension d = 1.

Theorem 4.1 (Degenerate case, d = 1) Assume (v0), (vi), (L1)~(L3), (F1)—(F3),
(HI)~(H2), (M’), {(up,p, m;’h)}p,h,€>o are solutions of the discrete MFG system (27).

2
If ons hns €, 1w — O under the CFL conditions 22, 1 ¥ — (1), then:

hn’ 13’ €
(1) {up,,hy,tn 1s precompact in Cp([0, T] x K) for every compact set K C R.
(ii) {m;”n’hn }n is sequentially precompact in C([0, T], P(R)), and (a) in L' weak if
p € (1,00) in (M’), or (b) in L* weak * if p = oo in (M’).
(iii) If (u, m) is a limit point of {(up, n,, m;’:“h”)}n, then (u, m) is a viscosity-very
weak solution of the MFG system (1).

Note that {m;’h} is precompact in C ([0, T'], P(Rd)), just by assuming (M) for the
initial distribution. But in the degenerate case, this is not enough for convergence of
the MFG system, due to lower regularity of the solutions of the HIB equation (no
longer C'). Therefore, we need assumption (M’) and the stronger compactness given
by Theorem 4.1(ii) part (a) or (b). This latter result, we are only able to show ind = 1.

FoC'T
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In arbitrary dimensions, we assume more regularity on solutions of the HIB equation
in (1):

(U) Let u[m] be a viscosity solution of the HIB equation in (1). For any m €
C([0,T], PRY))and t € (0, T), u[m](t) € C'(RY).

Remark 4.2 Assumption (U) holds in nondegenerate cases, e.g., under assumption
(v2), see Theorem 2.7 and the discussion below.

We have the following convergence result in arbitrary dimensions.

Theorem 4.3 (Nondegenerate case) Assume (v0), (v1), (LI1)~(L3), (F1)—(F3), (HI)-
(H2), (U), (M), {(up.n, m;’h)}p,h,e>0 are solutions of the discrete MFG system (27).

2
If pun, hy, €n, rn = O under the CFL conditions oy hy e _ o(1), then:

hn’ 13’ €

@) {up,,n,n is precompact in Cp([0, T] x K) for every compact set K C RY.
(i) {m;’;,hn }n is precompact in C([0, T1, P(R?)).
(iii) If (u, m) is a limit point of {(up, n,, m;:,h,,)}"’ then (u, m) is a viscosity-very

weak solution of the MFG system (1).

These results give compactness of the approximations and convergence along sub-
sequences. To be precise, by part (i) and (ii) there are convergent subsequences, and
by part (iii) the corresponding limits are solutions of the MFG system (1).

We immediately have existence for (1).

Corollary 4.4 (Existence of solutions of (1)) Under the assumptions of either Theorem
4.1 or Theorem 4.3, there exists a viscosity-very weak solution (u, m) of the MFG
system (1).

If in addition we have uniqueness for the MFG system (1), then we have full
convergence of the sequence of approximations.

Corollary 4.5 Under the assumption of either Theorem 4.1 or Theorem 4.3, if the MFG
system (1) has at most one viscosity-very weak solution, then the whole sequence
{Wpp s m;';,hn)}ﬂ converges to a limit (u, m) which is the (unique) viscosity-very
weak solution of the MFG system (1).

4.2 Convergence to Classical Solutions

In the case the individual equations are regularizing, we can get convergence to clas-
sical solutions of the MFG system. To be precise, we need:

1. (“Weak” uniqueness of individual PDEs) The HIB equation has unique viscosity
solution, and the FPK equation has unique very weak solution.
2. (Smoothness of individual PDEs) Both equations have classical solutions.

This means that viscosity-very weak solutions of the MFG system automatically (by
uniqueness for individual equations) are classical solutions. If in addition

3. (Classical uniqueness for MFQG) classical solutions of the MFG system are unique,
Eo oy
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we get full convergence of the approximate solutions to the solution of the MFG
system.

We now give a precise result in the setting of [39], see Theorem 2.7 in Sect. 2 for
existence and uniqueness of classical solutions of (1).

Corollary 4.6 Assume (v0)—(v2), (LI1)~(L3), (F1)-(F4), (H3)—(H4), and (M”). Let
(Up,n, m;’h) be solutions of the discrete MFG system (27). If pn, hy, €n, 1 — 0

2
under the CFL conditions 2x, in ¥ _ o(1), then:

hp’ 13’ €
(@ {(up,,n, m;'; hn)}” has a convergent subsequence in the space Cp ([0, T] x
R?) x C([0, T1, P(R?)), and any limit point is a classical—classical solution of

(1).
(b) Ifin addition (F5) and (HS) hold, then the whole sequence in (a) converges to the
unique classical—classical solution (u, m) of (1).

Proof 1. Assumption (U) holds by Theorem 2.7, and then by Theorem 4.3, there is a
convergent subsequence {(u, ,, m;”’“ hn)}” such that (u,, 5, m;’;’ hn) — (u, m)
and (u, m) is a viscosity-very weak solution of (1).

2. Sincem € C([0, T], P (Rd)), the viscosity solution u is unique by ProFosition 2.5
(b) (see also [39,Theorem 5.3]). Hence, it coincides with the classical Cb’3 (0, T)x
R9) solution given by [39,Theorem 5.5].

3. Now D, H(x, Du(t)) € C(R9) by part 2 and (H3), and then by Proposition 2.8
there is at most one very weak solution of the FPK equation. Hence, it coincides
with the classical C;’Z((O, T) x R?) solution given by [39,Proposition 6.8].

4. In addition if (F5) and (HS) hold, there is a most one classical solution (u, m) by
Theorem 2.7 (b).

5. This shows (compactness, smoothness, and uniqueness) that all convergent subse-
quences of {(up, p, m;"’l ) hn)}” have the same limit, and thus the whole sequence
converges to (u, m), the unique classical solution of (1). O

4.3 Extension and Discussion
Extension to More General Nonlocal Lévy Operators

The results of Theorems 4.1 and 4.3 hold under much more general assumptions on
the Lévy operator L. In [39], they use (v0) together with the assumptions,

(v1’) There exists a constant ¢ > 0 such that for every r € (0, 1),
rte / Iz)2dv + r 110 / |z|dv + r° dv <c.
|z|<r

r<lz|<l1 r<lz|<l1
(v2") There are o € (1,2) and K > 0 such that the heat kernels K, and K of £ and
L* satisfy for K = Ko, K5 : K >0, ||[K(#, )|l L1(gey = 1, and

1 1
IDPK . )y oewas < Kr—# BFA=2) g0t o 7y
LP(RY)

and any p € [1, oo) and multi-index 8 € N¢ U {0}.
FolCT
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where the heat kernel of the operator L is defined as the fundamental solution of the
heat equation d;u — Lu = 0. These assumptions cover lots of new cases compared to
(v0), (v1), and (v2). New cases include (i) sums of operators satisfying (v1) on sub-
spaces spanning R?, having possibly different orders, (ii) more general non-absolutely
continuous Lévy measures, and (iii) Lévy measures supported on positive cones. An
example of (i) (cf. [39]) is

3% \o1/2 3% \ou/2
£=—(— —2) - (— —2) . o1 0ae(1,2),
axy 0x;

which satisfies (v1’) with 0 = min; o; and dv(z) = Z?:l lz:rl—zfrol.nj;éi% (dz;). This
is a sum of one-dimensional fractional Laplacians of different orders. An example of
(iii) is given by the spectrally positive “fractional Laplacian" in one space dimension:
Lu=co [y (u(x +2z) —u(x) — Du(x) - zlz<1))z ' 7dz.

We have the following generalization of the well-posedness result for classical
solutions given in Theorem 2.7.

Theorem 4.7 ([39]) Theorem 2.7 holds when you replace (vI)—(v2) by (vI’) —(v2’).

It follows that (U) holds whenever Theorem 4.7 holds. Since (v1) implies (v1’) and
the integrals in (v1’) are what appear in the different proofs, it is easy to check that
all estimates in this paper are true for Lévy measures satisfying (v1’) instead of (v1).
This means that under assumption (v1’) and (v2’) we have the following extensions
of Theorems 4.1 and 4.3 and Corollary 4.6.

Theorem 4.8 Theorem 4.1 holds when you replace (v1) with (vI’).
Theorem 4.9 Theorem 4.3 holds when you replace (vI1)—(v2) by (v1')—(v2’).
Corollary 4.10 Corollary 4.6 holds when you replace (vi)—(v2) by (v1’)~(v2').

Extension to Mixed Local-Nonlocal Operators

The results of this article can be extended for the MFG system involving mixed local
and nonlocal diffusion operators. In this case, the underlying process replacing (6)
would be, e.g.,

dXs = —ayds + [,y 2N (dz, ds) + [ 2N (dz, ds) + a(s)dWs, s > 1,

Xf =X,

where W; is a standard Brownian motion and a is continuous. The MFG system is
then

—u; — Lu — Jtla(®)a@®)? D?ul + H(x, Du) = F(x,m(t)), in (0, T) x R,
my — L*m — Ytfa()a()T D*m] — divimD,H (x, Du)) =0 in (0, T) x R?,
u(T, x) = G(x,m(T)), m(0) = myg in RY,
(28)
FoCT
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where the operator L is defined in (2). A fully discrete approximation of (28) follows
by combining Sect. 3 for the nonlocal part and papers [25, 27] for the local part.
Under the assumptions of this paper, the proofs of existence and convergence follow
in a similar way as here and in [25, 27]: In the degenerate case, the conclusion of
Theorem 4.1 holds for the discretization of (28). In the nondegenerate case where
a(at)T > cl; > 0, the solution of (28) is regular even without assuming (v2).
Hence, in this case the conclusion of Theorem 4.3 holds for the discretization of (28).

The Wasserstein Metric d; Versus our Metric dg

The typical setting for the FPK equations in the MFG literature seems to be the metric
space (P1(RY), dy), that is the 1 —Wasserstein space WV of probability measures with
finite first moment. This is also the case in [27] where convergence results are given
for SL schemes for local nondegenerate MEGs in R¢. In this paper, we cannot assume
finite first moments if we want to cover general nonlocal operators. An example is the
fractional Laplacian —(—A) % foro < 1, where the underlying o -stable process only
has finite moments of order less than o. Instead we consider the weaker metric space
(P(RY), dy), which is just a metrization of the weak (weak-* in Cj) convergence
of probability measures (see [14,Chapter 8.3]). In this topology, we can consider
processes, probability measures and solutions of the FPK equations that do not have
any finite moments or any restrictions on the tail behavior of the corresponding Lévy
measures.

Indeed, the following lemma shows that under additional assumptions convergence
in dy implies convergence in dj.

Lemma 4.11 If m,, converges to m in (P(R?),dy) and m, and m has uniformly
bounded (1 + §)-moments for § > 0, then m,, — m in (P} (R, dy).

Convergence in P (R) [55,Definition 6.8] is by definition equivalent to weak conver-
gence plus convergence of first moments, and the result follows from, e.g., Proposition
1.1 and Lemma 1.5 in [5].

We then have the following version of Theorems 4.1 and 4.3.

Corollary 4.12 Assume mg € P1+5(R), fR"\Bl 12" dv(z) < oo for some § > 0, and
the assumptions of Theorems 4.1 and 4.3. Then, the statements of Theorems 4.1 and
4.3 hold if we replace (P, dy) by (P1, d1) in part (ii).

Note that the number of moments of m is determined by the number of moments of

1jz1>1v (and my), see, e.g., the discussion in section 2.3 in [39]. Moreover, if 1j;>1v

has at most « finite moments, then Lu is well defined only if # has at most order «

growth at infinity. Hence, in the nonlocal case there is “duality" between the moments

of m and the growth of u. Note that um will always be integrable which is natural

since then, e.g., Eu(X;, 1) = [u(x, t)m(dx, 1) is finite.

In our case, we assume no moments and have to work with bounded solutions u.

Elol:;ﬂ
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On Moments and Weak Compactness in L in the Degenerate Case

Previous results for Semi-Lagrangian schemes in the first-order and the degenerate
second-order case [24, 25] cover the case mg € P;(R) N L°°(R), which means that
m has finite first-moments. Our results assume mg € P(R) N L7 (R), for p € (1, oo],
and hence no moment bounds and possibly unbounded mo. When p < oo we have
weak compactness in L! instead of weak-* compactness in L.

Since our results in the degenerate case allow for £ = 0, they immediately give an
extension to this P N L? setting for the convergence results for first-order problems
of [24]. Moreover, the same conditions, arguments, and results easily also hold in the
local diffusive case considered in [25].

5 On the SL Scheme for the HJB Equation

We prove results for the numerical approximation of the HIB equation, including
monotonicity, consistency, and different uniform a priori stability and regularity esti-
mates. Using the “half-relaxed" limit method [12], we then show convergence in the
form of vy, p, [n](tn, xn) — vI](t, x), where v[u] is the (viscosity) solution of the
continuous HJB equation. Let B(G,) be the set of all bounded functions defined on

Gp-

Theorem 5.1 Assume (v0), (L1), p, h,r > 0, u € C([0, T], P(R?)), and let Sp.nrlil
denote the scheme defined in (18).

(i) (Bounded control) If ¢ € Lip(Rd), So.nr I, i, k) has a minimal control and
|| < K where K only depends on || Dy ¢|lo and the growth of L as |x| — oo.
(ii) (Monotonicity) For all v, w € B(G,) withv < w we have,

S 1, i, K) < Sp i [1l(w, i, k) foralli € Gy, k=0,...,N — 1,
(iii) (Commutation by constant) For every ¢ € R and w € B(G)),
Sonrltlw +c,i, k) =S, p[ulw, i, k) +cforallieG,, k=0,...,N —1.

Assume also (vl) and (F2).

2
(iv) (Consistency) Let py, hy, 1y 2% 0 under CFL conditions Z—’;, f—g = o(1), grid

points (tx,, xi,) — (t,x), and p,, n € C([0,T]; P(Rd)) such that p, — .
Then, for every ¢ € C*(R? x [0, T)),

lim ¢(tkn+lﬂ xi,l) - Spn,hn,rn [/Ln]((p-,kn-l-l s i}’la kn)]

Jim o

= —0;¢p(t,x) — iélﬂgd [L(x, o) — D¢ - a] — Lp(x) — F(x, u(1)).

FolCT
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Proof (i) Since

—hA, d

s 2 (11910 + hb(e) +Vho!") 4 1161xi +hb(@) — V"))
m=1

ha) = S

is Lipschitz in o« (maximum linear growth at infinity), while L (x, o) is coercive (more
than linear growth at infinity) by (L1), there exists a ball Bg, where R depends on the
Lipschitz constant of /[¢] and the growth of L, such that the minimizing control ¢& of
Sp.nrlil(e, i, k) belongs to Bg.

(ii) and (iii) Follows directly from the definition of the scheme.

(iv) For ease of notation, we write p, h, r, u instead of p,, h,, r,, . A 4th order
Taylor expansion of ¢ gives

¢ (x + hb(a) £ Vhdo™) = ¢ (x) + Dp(x) - (hb(a) £ Vhdo™)

2
+ h;(a;")TD%(x)a;" + ﬁh%b(a)TDz¢(x)af’ + %I;(a)Tqub(x)l;(a)

|
1B1=3 ’ [Bl=4

P p
+y 2 g(x)(hE(“)iWU;")ﬁ + > %@(ké(a)i\/ﬁoﬁ)ﬁ,
for some & € RY. Using that b(a) = —a — frslzlslzv(dz)’ and by (v1)
Jizpzj<1 2v(d2) = O(r'7%), we get that

¢ (x + hb(@) + Vhdo™) + ¢ (x + hb(a) — Vhdo!") — 2¢ (x)

= —2hD¢(x) - o — Zh/ D¢ (x) - zv(dz) + hd(6™T - D*¢p(x) - o

r<lz|]<l1

+ C’)(hzrz*z”). (29)

We used that %I;(a)Tquﬁ(x)l;(a) is of order O(h2r2~2%), the 3rd order terms are

of order O(h3r373% 4+ h2r1=9), and the 4th order terms are of order (vhdo,)* =
O(h%r*=29). Then, the error of the Taylor expansion is O (h?3r?=20), Using Lemma
3.1,

¢ (xi) — Sp.nrlul(@, i, k)
—hA, d

> (26G)-21Dg ) -

m=1

=¢(x;) — igf [hF(xz-, w(tk1))+hL(xi, o)+

+ hd(6™T D*¢ (x;)o" — th
r<lz|<l1

Do (x;) - zv(dz))

1 — e~ i

; ¢ (xi +z)v(dz) + (’)(p2) + O(herZG)}
r |z|>r

FoCT
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= hF(xi, (i) — inf [hL(x,-, o) = he™" D (x;) -a} + (1 —e™")p(xi)

— he ™ (L,¢(x) + OC3)) + he ™ f D (xi) - zv(dz)

r<|z|<l1
1 - 2, 12,22
- ¢ (xi +2)v(dz) + O™ + h7r= 7). (30)
)\r |z|>r
Using that fIZI<r Iz|?v(dz) < Kr?° (by (v1)), for the small jump operator £, (defined

in (12)) we have
1L, (xi) — e Loy (xi)| < by 1277 D*9 0. (31)

Again, asfr<|Z|<l lzlv(dz) < Krl=® andf‘Z|>1 v(dz) < K, for the long jump operator
L" (defined in (12)) we have that

‘E’(ﬁ(xi) +e M / D¢ (x;) - zv(dz)

r<lz|]<l1

1 — e hnr
e /Z|>r<¢<xi +2) = B(x)v(da)|
—hiry 1= L—e s
< K= ")r! =71 Dgllo + K (1 = ———) (r'~71Dglo + Il
< K (ha =7 ID@llo + ki1 o)- (32)

Recalling that Lo (x;) = L, ¢ (x;) + L ¢ (x;), combining (30) with (31) and (32), we
find
i) = Spnrlnl(@, i, k) = hF(xi, pnti+1)) — hinf [L(xi, o) — Dp(x;) 'a}
—hLp(x;)
+ O(R*Ar + hr¥™7 + W2, r'77 + p? + h?r?7%).
As |A,| < Cr=°, we have

s AL) — > i 1 ]
¢k, Xi) hW"“ i) + = ($ .3 = Spalid @1 i)

= =0 (tr, x;) — L (try1, xi) + F(xi, utxy1))

— inf [L(Xi, @) — D (tr+1, Xi) -a}

P

+O(h+hr= + 37 + hr' ™% + -

+ hrz_z").

2
Hence, the result follows by taking the limit n — oo with p—;, i’—ﬁ,’ = o(1). O

n
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Theorem 5.2 (Comparison) Assume w1, uy € C([0, T], P(R%)), (v0), and (LI). Let
up plrl and up plp2)] be defined by the scheme (20) for i = 1, ja, respectively.
Then,

lup nlper] —up nl2lllo
STIFC 1) — FCop)llo +I1GC, wi(T)) — GG, mw2(T)) lo.

Proof Let ct(a) := hb(at) £ v/hdo!™, and note that

et [ 1160 = gt [2l106) = D7 Bp(o) @ppa (1] = wp ey [2]).-

pezd
(33)
By (18) and the definition of inf, for any € > 0, there is e € R¥ such that
—ha, 4
wilu2l = AF (i, o) + LG o) + == D [Tl g [l + ¢ (o)
m=1

1 —e M
Toe ™ /| Tl v e

+ Iu. g1 [p2]](x; + ¢y (O‘e))] + %
(34)

We then find, using (18), (33), (34),

wiklmn) — wiglpal < h(F G, py () — F (i, pa(te)) + h(L(xi, oe) — L(xi, o))

o d
S 2 (Boer @+ @) (prisalinn] = psiicilisa))

pEZd m=1

+— By (@) (prikrilmr] — up+i,k+1[M2])v(dZ)] +€

Ar |zl=r

< hIFC, ) = FCop2)llo + csup [ui k1 — i k1] + €,
1

where since Zp Bp=1,

—h

2d

d
Z (Bp(ch@ + Byl @)
m=1 P 74

o—hhr
/H Z Bp(v(da) = 1.

Fo C 'ﬂ
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Since |u; n[p1] — ui nl2ll < GG, n1(tn)) — G(-, na(tn))llo, a symmetry and
iteration argument shows that

|ui il ] — i gclpal|
S (N =BhIFCopu) — FCop2)llo +1GC wi@n)) — GG, wa(tv)llo-

The result then follows from interpolation and T = Nh. O

The SL scheme is very stable in the sense that we have uniform in /, p, u bound-
edness, Lipschitz continuity, and semi-concavity of the solutions u; .

Lemma5.3 Ler u € C([0, T], P(R?)) and u; k[p] be defined by the scheme (18).
(a) (Lipschitz continuity) Assume (v0), (L2), and (F2). Then,

ik — ujkl o

T x| <Lrp+L )T —-t)+Lg, i,jeZ", ke{0,1,...N}.
xi—-Xj

(b) (Semi-concavity) Assume (v0), (L3) and (F3). Then

i+ k—2ui kUi
Wi j k 2K TWIZ]k (4o (T = 1) +cG, ihj €28, kel{0,1,...N.

|x; 12
(c) (Uniformly bounded) Assume (v0), (LO)—(L2), (F1), and (F2). Then,
luik| < (Cp+CLUONT — )+ Cg, i,jeZ ke{0,1,...N},
where K is defined in Theorem 5.1 (i).

Proof (a) Note that since B, (xj + x) = Bpu—;(x),

HMu g1 1 +x) — u g1 1 +x) = Z Bp(X)Upyjiks1 —Uptik+1). (35)
peZd

Then, by (L2), (F2), and similar computations as in Theorem 5.2, we find that

wjg—uix <h(Lyg+Lp)xi —xj|+suplu;pr1 —ujrs1]+e,
J

Since |ui N+1 — ujN+1] = |G(xi, m(In+1)) — G(xj, m(iny1))| < Lglxi — x| by
(F2), the result follows by iteration.
(b) Similar to (35) we see

Hu 11 j +x) = 20w e 1106 + ) + T 11— + x)
= Z Bpxi +x)Wptj k1 —2up 1 +Up—jkr1).
pezd
EPE?
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Then, by (L3), (F3), and similar computations as in Theorem 5.2, we find that
Wiyjk—2uip+ui—jr < (cL+ CF)h|xj|2 + sup (Uit j k1 — 20 k1 + Ui j k1)
1

Since ujy; N —2u; N +Ui—j N < CGlX;j |2 by (F3), the result follows by iteration.

(¢) By part (a) and Theorem 5.1 (i), || < K, and then a direct calculation shows that

— sup (QFI+ILD + suplujaii]) < wis= sup (A(F]+ILD+suplujsl).
J J

le| <K le] <K

The result follows from (L1) and (F1). O

Theorem 5.4 (Convergence of the HIB scheme) Assume (v0), (vi), (Fi), (F2),
2

(L2), pu,hy, 1y 7% 0 under CFL conditions Z—Z,i’—g = o(l), up — W in

C([0, T1, P(RY)Y), and Up, hyL1n] is the solution of the scheme (18) defined by (20).
Then, there is a continuous bounded function ul[p] such that up, p,[1n] — u[p]
locally uniformly in R? x [0, T, and u[w] is the viscosity solution of the HIB equa-
tion in (1) form = .

Proof The result follows from the Barles—Perthame—Souganidis relaxed limit method
[12], using the monotonicity, consistency, and L°°-stability properties of the scheme
(cf. Theorem 5.1 (ii), (iii), and Lemma 5.3 (c)), and the strong comparison principle
for the HIB equation in Proposition 2.5 (a).

We refer to the proof of [24,Theorem 3.3] for a standard but more detailed proof in
a similar case. O

We recall that the continuous extensions u, ,[1](, x) and u;’h [m](t, x) are defined
in (20) and (22), respectively. The results of Lemma 5.3 transfer to u;’ plil(, x).

Lemma5.5 Let u € C([0, T1, P(R?)) and u;)h[,u] be given by (22).
(a) (Lipschitz continuity) Assume (v0), (L2) and (F2). Then,

| (1] (e, x) =, [, )| < (Le + LE)T + Lo)lx — .

(b) (Approximate semiconcavity) Assume (v0), (L2),(L3), (F2), and (F3). Then, there
exists a constant ¢1 > 0, independent of p, h, € and , such that

U )t X+ y) = 2 1]t ) + u , [1 (e, x — )
2
<alyP+p2+ %), and

2
0
(Dus, L1t 3) = Duy )60,y = x) = er(1x = 3P + 55).
Elol:;ﬂ
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(c) Assume d = 1, (v0), (L3), and (F3). Then, there exists a constant ¢y > 0, inde-
pendent of p, h, € and i, such that for each i, j € Z¢ and k € N

(Dus, 1) (tx, x7) — Dus ()t %), xj — xi) < ealxj — xil*.

Proof (a) Since u;  satisfies the discrete Lipschitz bound of Lemma 5.3 (a), u, 5[] is
Lipschitz with same Lipschitz constant as u; j by properties of linear interpolation,
and u;’ L] is Lipschitz with same constant as u,, ;[ 1] by properties of mollifiers
(Lemma 3.2).

(b) Fori, j € 74, we have by Lemma 5.3 (b), u;4 j+u;—j —2u; < c|x;
both sides by ; (x), and summing over Z¢, we get

|>. Multiplying

up p(x +xj) +upp(x —x;) —2up px) < c|xj|2.
Letting x — x — z, multiplying by a positive mollifier p.(z) and integrating, we
get

2
u;’h(x +xj) + u;’h(x —xj) — 2u;’h(x) < clxj|”.

We multiply both sides with 8;(y), and sum over 74,
I 1G4 y) + TTu (e = y) = 21w, 100 < eIl] - P10 < e(lyl® + p2).

By Lemma 3.2 and part (a), we have that | 1[u, , 1(5) —u, ,,(§)] < KlIDZu;hHopz

<K %2, where the Lipschitz bound K depends on the constants in (L.2) and (F2).
Thus,

2
0
(4 3) uf (= y) = 20,00 < eyl + p* + 7).

The second part of (b) then follows as in [3,Remark 6].
(c) The proof is given in [24,Lemma 3.6]. |

Under our assumptions, the continuous HJB equation has a (viscosity) solution
u(t) € WhO(R?), that is, the derivative exists almost everywhere [39,Theorem 4.3].
We have the following result for Du;’ nlil.

Theorem 5.6 Assume (v0), (v1), (L1)~(L2), (F1)~(F2), pu, hn, 'n, €1 ——> 0 under
2
CFL conditions 2=, "2 = o(1), and y, — w in C([0, T, P(R?)). Let Uy [1tnl be

hy’r

defined by (22) and urf,u] the viscosity solution of the HIB equation in (1) for m = .
Then

@) u;’:“hn [un] — ulp] locally uniformly,
(i) Assume also (L3), (F3) and f—Z =0(1). Then D”;’:l,h,, [mn1(t, x) = Du[u](t, x)
whenever Du(t, x) exists, that is, the convergence is almost everywhere.
FoL g
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(iii) Assume also (L3), (F3), g—: = o(1), and (U). Then, D”;’;,hn[/‘n] — Dulu]
locally uniformly.

Proof (i) This follows from the convergence result Theorem 5.4 and Lemma 3.2.
(i1) and (iii). We refer to [24,Theorem 3.5] and [27,Proposition 5.1]. Estimates from
Lemma 5.5 are needed. For completeness, we give the proof in Appendix A. O

6 On the Dual SL Scheme for the FPK Equation

In this section, we establish more properties of the discrete FPK equation (24), includ-
ing tightness, equicontinuity in time, L'-stability of solutions with respect to x, and
LP-bounds in dimension d = 1. To prove tightness, we will use a result from [33].

Proposition 6.1 Assume (v0) and (M). Then, there exists a function 0 < W € C*(R?)
with | DW o, |D*¥||o < 0o, and| lllm W (x) = oo, such that
X

— 00

sup
xeRd

/ (W(x+2) — lI/(z))v(dz)‘ < oo and fd W(x) mo(dx) < oo. (36)
lz|>1 R

Proof We use [33,Lemma 4.9] on the family of measures {v;, m(}, where v is defined

in (11), to get a function ¥ (x) = Vp(y/1 + |x|?) such that Vj : [0, 00) — [0, 00) is a

non-decreasing sub-additive function, ||V{llo, | Vy'llo < oo, lim Vy(x) = oo, and
X—> 00

/d VU(x)u(dx) <oo  for p e {vy,mp}.
R

We immediately get the result except for the first part of (36). But this estimate follows
from sub-additivity and vi-integrability of Vp, see [33,Lemma 4.13 (ii)]. O
Remark 6.2 (a) Ifg—; < e for |2] > Tand g |x|7 mo(dx) < oo for o1, 02 > 0,
then W (z) = log(+/1 + |z|?) is a possible explicit choice for the function in Proposition
6.1.

(b) Since ¥ € CZ(RY), the first part of (36) is equivalent to ||[LW]p < oo (see
[33,Lemma 4.13 (ii)]).

Lemma 6.3 Assume {iia}aca C P(R?) and there exists a function 0 < ¢ € C(R?)
such that limy|— 00 ¥ (x) = 00 and sup, f]Rd Y (x) e (dx) < C. Then, {|Ly}q is tight.

This result is classical and can be proved in a similar way as the Chebyshev inequality.

Theorem 6.4 (Tightness) Assume (v0), (vl1), (L1)~(L2), (F2), (HI), (M), the CFL

condition %2, hri=20 = O(), n € C([0, T], P(R?)), and m;’h[u] is defined by

(26). Take \V as in Proposition 6.1. Then, there exists C > 0, independent of p, h, €
Elol:;ﬂ
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and [, such that
/ W (x) dm; Wl <C  forany te€l0,T].
R4 '

Proof Essentially we start by multiplying the scheme (24) by W and integrating in
space. By the definition of m¢ oh = m [,u,] in (26) and (24), we find that

/R WCrdmS, (1) = Zm, kil fE W()dr

IGZd

Z ), YOO Y B By . D010 .

zeZd

By the definition of B, ; , in (25) and interchanging the order of summation and
integration, we have

fRd W (x)dms, , (tet1)

. 1— —Arh
- Z %[%/ Z / W (x)Bi(x; + z)dx v(dz)
r \z|>riezd E;

jezd
—Ahd

- ZZ[ W (x) ﬁl(<1>,k,,>+ﬂi<<1>j-;;,,,))dx}.

p=lie7d

Since ¥ € C2(R?), by properties of midpoint approximation and linear/multilinear
interpolation we have |pld fE[_ W(x)dx — \Il(xi)| + |‘~Il(x) — D iend ,Bi(x)\ll(xi)| <
O(p?). Therefore

—nh 4
/Rd \D(x)dm;’h(tlﬁ-]) < ij,kl:eZd Z(\IJ(Q)J )+\l—’(®]kp))
jezd p=1
1— C_)”’h
+ k—f W(xj+2) v(dz)} + 0.  37)
r |z|>r

We estimate the terms on the right hand side. Let <I>jf =x; £ ah where
aity = (DpH (xj, Dy (1 x,)) + BY ) £ Vho!. (38)

By the fundamental theorem of Calculus,

W(xj—ay )+ VY —a, ) =29) = (@, +a, ;) DY)+ Er (39)

FoE'ﬂ
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where @)/ +a;, ; = 2h (DpH (x;, Dus, ), (tx, X)) + BY) and

1
b= [t (0% - v

+ay ;- (DY) =ty ) = DY) Jdr.

By Lemma 5.5 (a) and (H1), we find that || D, H (-, Du;h)no <CrpwithR= (L +
Lp)T + Lg + 1, and then that

|E\| < ID*Wllo(la) ;1 + la, ;17 < 4ID*Wllo(h*(C + |BY I*) + hlo/ ).

To estimate the nonlocal term, we write

/ W(xj+z)v(dz) = / W(x; +2)v(dz)
|z|>r

|z|>1

1
+/ [W(xj)+z~DW(x,»)+/ e [DU@; +10) - Dy Jar} v
r<lz|]<l1 0
<| [ (v - wop)in| + 200 + 57 DY)
|z]>1

+ID*¥|lo / |z|*v(dz)

r<|z|<l1
< AW(xj)+ B - D¥(x;) + E»,
where E is finite and independent of p, &, € by Proposition 6.1 and f‘ 1z]?v(dz) <

zl<l1
00. Going back to (37) and using the above estimates then leads to

/R W@ )

—Ah d
<> mj’k[ezd > (2\1/(xj)—2h [DpH (xj. DuS |, (tx. xj))+ B | - DW(x;)
jezd p=1

| —e*h
+ IE1|) +

r

(M‘I’(xj) + B - DV (x;) + Ez)] + Cp?

= 30 mia W)+ C(WaBY |+ HBT 4+ p?),
jezd

where we used | — he=Mh 4 %| < %Arhz and % < h to get the last
inequality.
With Aj11 = fpa W(X)d m¢, ,(fk+1), the above estimate becomes Agy1 < A+ E
where E = C(A,h?| B |+h?|BC |>+h+p?). Byiteration, | BY |> < A,|B7| < Cr'=20
Elol:;ﬂ
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(by (v0), (v1)), and k < N < &, we find that

2

At = Ao+ (+ DE < Ag+C(hr! 27 4 14 2. (40)

By assumption '072, hr'=2° = O(1), and by Proposition 6.1, Ag = fRd W(x)dmg <
o0. Therefore

V(x)dm () <C  for k=0,1,...,N,
R o

for some constant C > 0 independent of p, &, €, u, and hence by (26) the result
follows for ¢t € [0, T]. O

Theorem 6.5 (Equicontinuity in time) Assume (v0), (v1), (L1)—(L2), (F2), (HI), (M),
2
w e C(0,T1, P(RY)), and m;,h[u] is defined by (26). Let %, ri(, =00 ifo €

O, 1), or %2, hr'=20 = OQ) ifo € (1,2). Then, there exists a constant Co > 0,
independent of p, h, € and u, such that for any t1, tp € [0, T],

do(m$, ] (t1), ms, , [11(12)) < Cov/ti — 1ol

Proof We start by the case 0 > 1. For § > 0, let ¢5 := ¢ * ps for ps defined just
before Lemma 3.2. With m;’h = m;h[u] we first note that

do(mS y(11). mS, ,(12) = sup / S ) (mS,(11) — mS , (12))dx
peLip, | R4

= sup | [ @@ ) —m, ()dx
¢eLip,, © /R

+ fR s O (1) — sy (1) x|

< 25IDgllo+ sup / B (mS,,(11) — mS, , (2))dx, (1)
¢eLip],| R4

where Lemma 3.2 was used to estimate the ¢ — ¢s term and f m;’hdx =
1. Since m;yh and fRd ¢5(x)m;’h(t,x)dx are affine on each interval [#y, fx+1],
Jpa ®s(x) m (-, x)dx € W>°[0, T] and

H%/Rd ¢5(x)m;’h(.,x)dxHO < sgp|1k|.

FolCT
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dx. It follows that

€ €
mp,h(tkﬁ»l,x)_mpyh(tk’x)
h

where Iy = [pa ¢5(x)
/Rd @5 (m, (11, x) —m}, (2, x))dx < |ty — 2] sup | I |- 42)

Let us estimate Ii.. By (26), (24), (25), the midpoint quadrature approximation error
bound, and the linear/multi-linear interpolation error bound, we have

I 1
1
~ hpd Z </E ¢’6(x)dx) [’”Jxk B hr[Hp (. Dusy 1)1G Jo k) —mi i 5’”']
Joi !

1
=2m ,-,k[qua(xi)Bp,h,r[Hp(-, Du, DIG. j, k)—¢s(xj)+C||D2¢5||0,02]
J i

1 e_)“rh d " B
T h ij’k[ 2 <2; ¢8(q);:k»p) + ¢8(q);:k,p) - 2¢8(xj))
J p=
1 — e—x,.h . )
. /M (#s(x; +2) — 85 x))v(d2) + ClI D2 sll0p? .

Since CD;f p=Xj+ ahi j by (38), a second-order Taylor’s expansion gives us

1
|| < m ij,k[e—“h((—thH(x,», DuS, ,[1) (1, X)) — hBY) - Deps(x})
j

d
I D*¢sllo f oy Lk
+ ;(mh,ﬂ Hla P) + (B7 - Dgs(x)
+ D50 / |27 v(dz) + 2l s o / v(de) + C||D2¢>8||002)}
r<lz|<l |z|>1

1 € 2 o
=5 hIDpH(, Du,, ;)llo +h“Ar| B | ) IIDsllo + c3hlipsllo

+er(RID,HC, Du;,h)||2+h2|B;’|2+h|ar|2+h+p2)||Dz¢a||o} D _omik
J

The above inequality follows since (% —he ") < h?), (used for the BY -Dgs-
terms), and fr<|z|<1 |z|2v(dz)—i-f|Z|>1 v(dz) < C independently of r by (v0) and (v1).
By Lemma5.5 (a) and (H1), | D, H(:, Duf,,h)ﬂo < CrwithR = (L, +Lp)T+Ls+
1.Since Ymjx = 1,¢ € Lipy 1, |D?*¢sllo < 12210 and |BS? < 4,|B7| < Kr'=2°
FolCT
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(by (v0), (v1)), we get that

pz)

] < CA+hr'™ )+ C(1+h+hr'™% + -

[SERIE

To conclude the proof in the case ¢ > 1, we go back to (41) and (42). In view of
2
the above estimate on [ and the assumption that %, hrl=20 — O(1), we find that

1
o, (). my (12)) = 26+ Clry = 2l (14 3).

Finally taking § = /|t; — 12, we get do(m;’h(tl), m;’h(tz)) < CJ|n — n].
When o < 1, we find that | B | < C and hence that

2
1
i < CA+hr )+ C(1+h+hr + %)5.

By assumption Ar—7 + %2 = O(1), so again we find that

1
do(my (1), m ,(12)) < 28+ Clry = 2l (14 5).

and can conclude as before. O
We also need a L!-stability result for m;’ 1] with respect to variations in .
Lemma 6.6 (Ll-stability) Assume (v0), (HI), and m;’h[u] is defined by (26). Then

for u1, wa € C([0, T1, P(RY)),

sup |lmS, ,Ipu1(t, ) — mS, Il )l L1 wa)
10,71

cKT
o

Dy H(-, Du, [p1]) — DpH (-, Du, [102]) |-

Proof Let « = D,H(-, Du¢ h[ul]) = D,H(-, Duf h[/Lz]) mj e = mjlpul,
andmj =mj, k[,uz] By (25) andLemma33 Bph,[a](z Jj.k)>0andm; >0,
so that

Z |m,',k+1 - ﬁz;,k+1| = Z| E (mj By prlal(, j, k) —mj By p @], j,k))|
i i j
= 3N (miklBonrlali, j 6 = By 181G 7. K]
i
| = 7 kB @1 K ).

FoE'ﬂ
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Since ) ; B, p.-[@1(i, j, k) = 1 (follows from }_; B; = 1 and (25)),

SO mju =i ja[Bpn @, j k) =Y |mjx — -
i J
Moreover, since only a finite number K; of §;’s are nonzero at any given point, j;
is Lipschitz with constant %, and ) jmjk = 1by Lemma 3.3, by the definitions of
B, ;.- (25) and CDJ kp (23);

SO mikBpnslel. j.k) =By @G, j. k)|

i

_Zm,k - sz(cb,k,,[m]) Bi (@ ,[ua))

p=1 i
—hAr

_ _ che 5
+ B @7 D) = Bi (@7 lpal)| < Ka ler — @l

An iteration then shows that

Z |mi g1 — mi g1 | < Z |mio —mio| +

i i

cK T _ -
— e " la - allo.
Since m; o = m; o = f . Mo dx, the result follows by interpolation. m|

We end this section by a uniform L”-bound on m; , in dimension d = 1.

Theorem 6.7 (L? bounds) Assume d = 1, (v0), (vl), (L1), (L3), (F3), (H2), (M’),
w e C([0, T1, P(RY)), and m;h[u] be defined by (26). Then, m;_h[u] € LP(R) and
there exists a constant K > 0 independent of €, h, p and | such that

lm 41 G Dl ey < €T llmollr @)

To prove the theorem, we need few technical lemmas.

Lemma 6.8 Assume d = 1, (v0), (vl), (L1), (L3), (F3), and (H2). There exists a
constant coy > 0 independent of p, h, €, u such that

(D,,H(xj, Du;,h(tk,xj)) — D,,H(x,', D"‘;,h(tk’ xi)))(x./ —x;) < colx; —xi|2.
Proof By (L1) and (H2) for R = ((Ly + L1)T + L) + 1, we have
(D H(x/~, Du; h(tk,x/')) —D H(xi, Du;’h(tk,xi)))(x./ — Xi)

= (xj — x,)/ D H xj,tDuph(tk,xj)—i—(l t)Du;h(tk,x,-)))dt

Fo C 'ﬂ
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+ (x; — xi)(D,,H(xj, Du;’h(tk, xi)) - DpH(xi, Du;,h(tk, x,-)))
= (x] —x,-)/ol Dy H (3,1 Duty (11, %))
+ (1= D)Dus (1, x,-))(Du;h(tk, x}) = Du  (ix, x))dr
+ () — xi)(DpH(xj, DuS, (1. x)) — Dy H (x;, Du;’h(tk,x,-)))
< Crealxj —xi” + Crlxj — xif,
where the last inequality follows from convexity of H (since L is convex by (L1)),

semiconcavity of u; , in Lemma 5.5 (c), and regularity of H in (H2). O

Lemma 6.9 Assumed = 1, (v0), (v1), (L1), (L3), (F3), (H2), u € C([0, T], P(R%)),
and let CDj-’jf[,u] be defined in (23). There exists a constant Ko > 0 independent of
€, 0, h, u, such that for all i € Z and k = Ny,

max [ 37 615 D)lul, Y fi(@5Dlul} < 1+ Koh.

JEZ JEZL
The proof of this result is similar to the proof of [24,Lemma 3.8]—a slightly expanded

proof is given in “Appendix B.” A similar result holds for the integral-term:

Lemma 6.10 Assume d = 1. Then, we have

%Z Bi(xj +2)v(dz) = 1.

r jez |z|>r
Proof By (11) and properties of the basis functions §;, we have

1 1 1
;\_Z Bi(xj + 2)v(dz) = )\_/ > Bioj@v(dz) = x_/ v(dz) = 1.
rien |z|>r r Jz|>r jez r Jlz|>r

O
Proof of Theorem 6.7 By definition of m;’ , in (26) and the scheme (24),

1
A (6,5, )P = fR (; Xijmi,mhi(x))pdx

1

LS mia)? = =D (S miaBonrtij o),
i J

p
P ieZ

where By, ., = By . [Hp (-, Du;’h[u])] is defined in (25). By Jensen’s inequality,
we have

) (Z mjkBpnr(Jj, k))p

i€Z J
EOEE
@ Springer |70
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=3 (B ie20) (3 (10) B 0).

ieZ pel J

and by Lemmas 6.9 and 6.10,

> By, p.k) < 1+ Koh,
PEZ

where K is independent of i, p, h, € and . Since Zi By (i, p, k) = 1 (follows
from ), Bi = 1), we find that

D mige)? < (4 Koh)?™' Y " (mjx)" D Bynrli, j, k)

i€Z J
< "7 MIms, (1, NN gy (1 + Kom)P ™

KoT (1—

1
By iterationand [|m¢, , (-, 10)llLr = llmollze, Im, ; (tet1, e <e ?imollr

and the result follows for p € [1, 00).
The proof of p = oo is simpler, and in view of Lemmas 6.9 and 6.10, the proof
follows as in [25] for second-order case. O

7 Proof of Proposition 3.4, Theorems 4.1 and 4.3
7.1 Proof of Proposition 3.4
The proofis an adaptation of the Schauder fixed-point argument used to prove existence

for MFGs. We will use a direct consequence of Theorems 6.4 and 6.5:

Corollary 7.1 Assume (v0),(v1), (L1)—(L2), (H1), (F2), (M), V is given by Proposition
6.1, and m;,h[,u] is defined by (26). Then, there is C, e > 0, such that for any

weC(q0, T, PRY)) andt,s € [0, T],

do(m, [ (1), m, ,[11(5))

< Cphe-

The point is that p, h, € are fixed in this result.

/R W) dm, () +

Proof of Proposition 3.4 Let

Ci={nec,1; PR : 1(0) = mo,

do(u(t), u(s))
Ji=s]

where C, j, ¢ is defined in Corollary 7.1. For i € C, letu, [ 1] be solution of (18) and

u;’ 5] defined by (22). Then, m;’ 5 = S(u) is defined to the corresponding solution
Elol:;ﬂ
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of (24). Note that a fixed point of S will give a solution (u«, m) of the scheme (27). We
now conclude the proof by applying Schauder’s fixed-point theorem since:

1. (C is a convex, closed, compact set). It is a convex and closed by standard
arguments and compact by the Prokhorov and Arzela—Ascoli theorems.

2. (S isaself-map on C). The map S maps C into itself by Corollary 7.1 (tightness
and equicontinuity), and Lemma 3.3 (positivity and mass preservation).

3. (S is continuous). Let u, — w in C. By Theorem 5.2 (comparison) and (F2),

”up,h[l/‘n] _up,h[M]HO
<T Sup |F(x, wn (1)) — F(x, w(@®))| + sup |G(x, un(T)) — G(x, n(T))]

<TLf s?pdo(un(t), w(t)) + L do(pun(T), u(T)) — 0.

Then, sup, |M1k[Mn] ui—jklpnl — uiglpl— Mz okl | — 0 uniformly for |i — j| = 1,

0
||Du;,h[un] Du® h[u]||0 — 0, and ﬁna]ly by Lemma 6.6,

sup [lmS ,Lial(t, ) = mS ,[ul(t, ) o1 gy
t€[0,T]

cKT
=—° "2\ Du yLien] = Du, 4 [ulllo = O.

Hence, S is continuous. O

7.2 Proof of the Convergence: Theorems 4.1 and 4.3

The main structure of the proofs is similar, so we present the proofs together. We
proceed by several steps.

Step 1. (Compactness of m;’; .n,) Inview of Theorems 6.4 and 6.5, m;q ;, 1S precompact

in C([0, T], P(R%)) by the Prokhorov and Arzela—Ascoli Theorem. Hence, there
exists a subsequence {m;”‘hh”} and m in C([0, T], P(RY)) such that

ms', —m in C([0, T], P(R')).

This proves Theorem 4.3 (a) (ii) and the first part of Theorem 4.1 (a) (ii).
If MM’) holds with p = oo, then Theorem 6.7 and Helly’s weak * compactness
theorem imply that {me 1} is weak x precompact in L*([0, ] x R) and there is a

subsequence {m ! } and function m such that m " ! Zmin L0, T]xR). If (M’)
holds with p € (1 oo) then {m ) 18 equi- 1ntegrable in [0, T] x R by Theorems 6.4
and 6.7 and de la Vallée Poussm s theorem. By Dunford—Pettis’ theorem, it is then
weakly precompact in L' ([0, T] x R) and there exists a subsequence {m*" on n,} and
function m such that m;’:“ p, M in L' ([0, T]x R). The second part of Theorem 4.1 (a)
(ii) follows.
FoE'ﬂ
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Step 2. (Compactness and limit points foru, p,, ) Part (i) and limit points u as viscosity
solutions in part (iii) of both Theorems 4.1 and 4.3 follow from step 1 and Theorem
5.6 (i).

Step 3. (Consistency for m;’;,hn) Let (u#, m) be a limit point of {(u;’;,hn, m;';,hn)}ﬂ'
Then by step 2, u is a viscosity solution of the HIB equation in (1). We now show that
m is a very weak solution of the FPK equation in (1) with u as the input data, i.e., m
satisfies (3) fort € [0, T] and ¢ € C°°(Rd) In the rest of the proof, we use p, h,r,e
instead of oy, hy, 1y, €, to simplify. We also let mn=me w = uE” [m] and take

th = [h_,,]h" Then, we note that

ph’

n—1
/ ¢ (x)din (1) (x) = / ¢ (0)dmo(x) + ) / ¢ ()d[M(1r41) — M),
R4 R4 k=0 R4

so to prove (3), we must estimate the sum on the right.

By the midpoint approximation and (26), the scheme (24), and (25) combined with
linear/multilinear interpolation, and finally midpoint approximation again, we find
that

fR L HC0dm(ty) dZml k1 / ¢ (x)dx = Zm, k10 () + O(0%)

P iezd

=Y o) Y mjx By LHy(. Dw)IG, j. k) + O(p?)

i J

_ijk(

Arh
> Z[qxcb, L) F @5 )]

1 — —Arh
* +r e ¢(xj + z)v(dz)) + O(p?)
mj k e Mh . o
- ; ra /E (5 ASORLICAIEN
1 —eMh
T ¢ (x + z)v(dz))dx + O + Eg + E,
r |z|>r

where d> 1s defined in (23), CDE ;(x) =x—h (H (x, Dw(t, x))+B") +hdo?,
and E¢ + E is the error of the last midpoint approximation.

Since ¢ is smooth, u, , uniformly Lipschitz (Lemma 5.5 (a)), ID*wllyp <

ClIDup.hllo :
—— =, and by assumption (H2),

1 €,+
9@~ /E,. @0

D¢l h||D¢||0
Lo Ej p? E;
Fol:rﬂ
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— Dy H(x, Dw(ty, x))|dx
h
< Kp(1+h(lHppllollD*wlo + | Hpxllo)) < Kp(1 + z”Dup,h”O),
and hence Eq = O( P) Similarly, E, = O(hp*i,) = O("2- kol
From the above estimates, we find that

—Ah d

= = € € €~
/Rdmx)d(m(zkﬂ)—muk))(x):/w( > ;[¢(¢k:;)(x)+¢(cbk:p)(x)

_ a—Arh

1 2
—2¢(0)]+ —¥ /I (p(x+2) — ¢(x))v(d2)>dH1(lk)(x)

h hp?
+O(p2+?p+i).

rO’

By a similar argument as in (29) and using Lemma 3.1,

DO + (P )() = 20(x) = —2h(D(x) - Dy H (x, Dw(tg, )

+ BY - DY) + 2hL,9106) + O3 4 b=,

Hence using (31) and (32), we have
/R A (te1) = M (1)) (x)
=h /ﬂ;{d [ — D¢(x) - DpH(x, Dw(tx, x)) + Lr[¢](x) + ﬁr[¢](X)]d%(tk)(X)
P 2 1-20 2 2-20 2, ho hp? 2 2-2 3—0o
+ O r ° +h°r + h°r )+O(p +?+r_"+h r +hr°77%).
Summing from k = 0 to k = n — 1 and approximating sums by integrals, we obtain
[ b (x)dm (1) (x) — / ¢ (x)d7ni(to)
R4 R4

=hy_ /R [ = Do) DpH(x, Dwte, 1)) + LIp1(x)]dm (t) (x)
k=0

hp  hp?
+n0O(p* + ?p + 2 o)

ro’
/ / — D¢(x) - D,H(x, Dw(s, x)) + z:[¢](x)]d;77(s)(x) ds

+h
+O( + P i +r3“’) +E, 43)

FoE'ﬂ
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where E is Riemann sum approximation error. Let I (x) := —D¢(x) - D, H(x, Dw
(tx, x)) +L[P](x) and use time-continuity m in the do-metric (Theorem 6.5), that
w(-, x) is constant on [#, fe11), (H1), (H2) and | D2wljg < HP4enlo
that for s € [#, fx+1)

, to conclude

Tie+1 ~ ~
/ f I (x)d (m (1) — m(s)) (x)ds
[ R4

< h(Ikllo + IDIkllo)Co  sup /s — 1

SE[tg,tet1)

< Kh(l + | Dwllo + ||Dzw||o)¢ﬁ < Kh(l + %)\/ﬁ

Summing over k, we have E = |ZZ;(1) t:‘“ Jra Ik(x)d(r/’ﬁ(tk) — ﬁ(s)) (x)ds| =
IO

Since m converges to m in C([0, T], P(R?)) and ¢ € CZ?O(Rd) implies L[¢] €
Cp(RY), we have

In = n— 00 !
/ / LIP1(0)dR(s)(x) =5 f / LI dms) ). ()
R4 JO r4 Jo

It now remains to show convergence of the D, H-term and pass to the limit in (43) to
get that m is a very weak solution satisfying (3).

Step 4 (Proof of Theorem 4.1 (a) (iii)). Now d = 1 and part (ii) of Theorem 4.1
(a) implies that 7i—m in L2([0, 1] x R) if mg € L®(R), or m—m in L' ([0, 1] x
R) if mg € LP(R) for p € (1,00). We also have Dw(t, x) = Du;’h(t,x) —
Du(t, x) almost everywhere in [0, T] x R by Theorem 5.6 (ii). Since D¢ € C°(R)
and D, H (-, Dw) uniformly bounded, by the triangle inequality and the dominated
convergence Theorem we find that

In
/ f D¢ (x) - DpH(x, Dw(s, x)) din(s)(x)
R JO

t
—>// D¢ (x) - DpH (x, Du(s, x)) dm(s)(x).
RJO

Then by passing to the limit in (43) using the above limit, (44), and the CFL conditions

’;1—2, r%, ‘/TE = o(1) (note that p2 < h for large n), we see that (3) holds and m is a very

weak solution of the FPK equation. This completes the proof of Theorem 4.1 (a) (iii).
Step 5(Proof of Theorem 4.3(iii)). Now (U) holds and Dw = Du;’h — Du locally
uniformly by Theorem 5.6 (iii). Since D¢ € Cfo(Rd) and fRd dl?'i(s)(x) =1, by
FoC'T
e
@ Springer |03



Foundations of Computational Mathematics

continuity and uniform boundedness of D, H (-, Dw), it follows that

I .
‘/ / Dé(x) - DpH(x, Du(s, x)) din(s)(x)
R4 JO
In
—/ / D(x) - DyH (x, Duts, ) din(s)(x)| (45)
R4 JO

< T1D8101 Dy Hloli D ~ Dl e [ 4R (5) ) —> 0.
R

Since i — m in C([0, T, P(RY)) and D¢ - D, H(-, Du)(t) € Cp(R?) by (U), we
get

In
[ / qu(x)~DpH(x,Du(s,x))d177(s)(x)
R4 JO
t
— /1/ D¢ (x) - DpH(x, Du(s, x)) dm(s)(x).
R4 JO

Then by passing to the limit in (43) using the above limit, (45), (44), and the CFL

2
conditions %, er */TE = o(1), we see that (3) holds and m is a very weak solution of

the FPK equation. This completes the proof of Theorem 4.3(iii).

8 Numerical Examples

For numerical experiments, we look at

—uy — 02 Lu+ Suy? = f(t,x) + K ¢5 xm(t,x) in(0,T) x [a, b],
m; —o2L*m — div(muy) = 0 in (0,T) x [a,b], (46)
u(T,x)=Gx,m(T)), m(x,0) = my(x) in [a, b],

2

X
L o 22 K some

821
real number, and f is some bounded smooth function. We will specify these quantities

in the examples below.

where a < b are real numbers, L is a diffusion operator, ¢5 =

Artificial Boundary Conditions

Our schemes (18) and (24) for approximating (46) are posed in all of R. To work in a
bounded domain, we impose (artificial) exterior conditions:

(U1) u = luollo + T - | fll L0, 1) (a.p)) in (R\[a, b]) x [0, T,
M1) m =0in (R\[a, b]) x [0, T], and m is compactly supported in [a, b].

Condition (U1) penalize being in [a, b]¢ ensuring that optimal controls « in (18) are
such that x; — ha =+ Vho, € [a, b]. Condition (M1) ensures that the mass of m is
FoC
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contained in [a, b] up to some finite time, and there is no contribution from [a, b]¢
when we compute L£*m. Note that some mass will leak out due to nonlocal effects
(and then vanish by the 0 exterior condition), but this leakage is very small: By the
decay of the Lévy measures v at infinity, the contributions to nonlocal operators (of
m and u) from [a, ] will be small far from the boundary.

We will present numerical results from a region of interest that is far away from the
boundary of [a, b], and where the influence of the (artificial) exterior data is expected
to be negligible.

Evaluating the Integrals

To implement the scheme, we need to evaluate the integral

[ i+ 2@ = 3 fiatog i
|Z|Zf jEZ

where, ®j_j, = Bj—i(z)v(dz),
lz|=r

see (17). In addition, we need to compute the values of o,, b, and A, [see (9), (8),
and (11)]. To compute the weights w;_; ,, we use two different methods. For the
fractional Laplacians, we use the explicit weights of [47], while for CGMY diffusions,
we calculate the weights numerically using the inbuilt integral function in MATLAB.
When tested on the fractional Laplacian, the MATLAB integrator produced an error
of less than 10~1. Below the quantities o, by, A, are computed explicitly, except in
the CGMY case where we use numerical integration.

Solving the Coupled System

We use a fixed-point iteration scheme: (i) Let 1 = myg, and solve for u, 5 in (18)—(20).
(i1) With approximate optimal control Du;’ , asin (21), we solve for m;’ 5 i (24). (iii)
Let tipew = (m;’ 5 T 1) /2, and repeat the process with & = finew. We continue until
we have converged to a fixed point to within machine accuracy.

Remark 8.1 Instead pipew = m; s We take fnew = (m; p +m)/2. That is, we use a

fixed-point iteration with some memory. This gives much faster convergence in our
examples.

Example 1 Problem (46) with [0, T] x [a,b] = [0,2] x [0,1], G = 0, f(t,x) =
(x—0.5)2

5(x — 0.5(1 — sin(271)))?, mo(x) = Ce 012, where C is such that fab mo = 1.
Furthermore, in accordance with the CFL-conditions of Theorem 4.1, weleth = p =
0.005, 7 = h*, e = vh ~0.0707,0 =0.09,8 = 0.4, K = 1.

For the diffusions, we consider £ = (—A)% fors = 0.5,1.5,1.9, L = A, and
L = 0. In Fig. 1, we plot the different solutions at time t = 0.5 and ¢t = 1.5.

In Fig. 2, we plot the solution with s = 1.5 on the time interval [0, 2].
Elol:;ﬂ
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o t=0.50 t=150
i — No diffuson =
s=05 No diffuson

10 seis , 2208

N s=19 20 \ e
8 I 1 = — Laplacian

) A\ |

A 15
o \

'S

N
//”

i
L] LA\

(@A t=05 (b)t=15

Fig. 1 The solutions m in Example 1 for different fractional Laplacians

(a) m(t, ) (b) u(t,x)

Fig.2 Solution m and u in Example 1 with diffusion parameter s = 1.5

Example 2 Problem (46) with the same cost functions as in Example 1, but different
diffusions with parameter s = 1.5:

i) L=02(-A)2,
(i) £ = 07Cas filux + ) = u(x) = Du) - yLiy 1] Lo, o0 55
(iii) £=0%Cys [plu(x +y) —ux) — Du(x) - yLjyj<1]11{-05,0.5) I;lifyﬁ
(iv) £ = 02Cuy fplulx + ) — u(x) — Du(x) - yly o ]e 10 =" G

|y‘l+s’

where Cy s is the normalizing constant for the fractional Laplacian (see [47]). Case
(1) is the reference solution, a symmetric and uniformly elliptic operator. Case (ii) is
nonsymmetric and nondegenerate, case (iii) is symmetric and degenerate, and case
(iv) is a CGMY-diffusion (see, e.g., [36]). We have plotted m att = 0.5and ¢t = 1.5
in Fig. 3.

Example 3 (Long time behavior). Under certain conditions (see, e.g., [22, 23]), the
solution of time dependent MFG systems will quickly converge to the solution of the
FolCT
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(a)t=105 (b)t=15

Fig.3 The solutions m in Example 2 for different nonlocal operators

(@ f (b) f+0.4¢5

Fig. 4 Long time behavior and turnpike property. The solution m in Example 3 with different right hand
sides

corresponding stationary ergodic MFG system, as the time horizon T increases. We
check numerically that this is also the case for nonlocal diffusions. In (46), we take
L= (=A)2, withs = 1.5, [0, T] x [a, b] = [0, 10] x [—1,2], G(x) = (x — 2),
ft,x) = x2, and mo(x) = 1p1,21(x). We expect (from the cost functions f and G)
that the solution m will approach the line x = 0 quite fast, and then travel along this
line, until it goes toward the point x = 2 in the very end. Our numerical simulations
show that this is the case also for nonlocal diffusions. Here, we have considered the
cases K = 0 (no coupling in the u equation) and K = 0.4 (some coupling). The
parameters used in the simulations are 7 = p = 0.01, € = «/Z, r = hl/25 and the
results are shown in Fig. 4.

The players want to avoid each other in the case of K = 0.4, so the solution is more
spread out in space direction than in the case of K = 0.

Example 4 We compute the convergence rate when f, G, mq are as in Example 1,
s =1.5,v=0.2,5 = 0.4, and the domain [0, T'] X [a, b] = [0, 0.5] x [0, 1]. We take
1
p = h,r = h2, and for simplicity ¢ = (0.25.
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We calculate solutions for different values of /, and compare with a reference
solution computed at 4 = 279, We calculate L> and L' relative errors restricted to
the x-interval [%, %] (to avoid boundary effects), and t = O for u and t = T for m:

o o Meen @) = rer©@ Dl 3)
T MOl 2y

lm (T, ) — meer(T, 11 2
ERR,, = — G.3)

”mref(T, ')”Ll(' %)

3

The results are given in the table below.

h 22 273 24 25 26 27 28 29

ERRy 0.3155 0.1951 0.0920 0.0446 0.0218 0.0097 0.0035 0.0013
ERR;; 0.8055 0.4583 0.2886 0.1869 0.1023 0.0596 0.0300 0.0186

We see that when we halve h, the error is halved, i.e., we observe an error of order
O (h).
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Appendix
A Proof of Lemma 5.6 (ii) and (iii)

Fix (t,x) € [0, T] x R and consider a sequence (t, xx) — (t,x).Forany y € R4,
a Taylor expansion shows that

€n

g g L) (e, xic 4+ 9) — s [ 1ty xi) — Duy {1 (tic, X) -y
1 1
= /0 (Du:;,l“hn [n ]ty Xk + 5Y) — Du;';’hn [in ]k, xk)) cyds = ]{; I(s) - yds.
(47)
EOE';W
@Springer Lﬁjog


http://creativecommons.org/licenses/by/4.0/

Foundations of Computational Mathematics

Using first Lemma 5.5 (a) and then part two of Lemma 5.5 (b), we find that

Pn

enlyl
/ I(s) - yds <2||Duf [Mnlllo—n <2((Lp+ LT + Lc;)@
0

€n
1

1
IOn
/pn I(s) - de<C]f (|Sy| + )dS—Cl|)’| / s |y|2 2)ds

enlyl €n IyI

1
<cilyl / s +—s7)ds < iyl

enlyl

By Lemma 5.5 (a), the sequence Du;"n ., Ln1(tc, xi0) is precompact. Now take any
convergent subsequence as n, k — oo and f—;’ = o(1). If p is the limit, then by passing
to the limit in (47) along this subsequence we have

ulpl(x +y) —ulpl(x) — p-y < cily|* forevery yeR?,

and p € DT u[u](t, x), the superdifferential of u[1t](¢, x). At points (x, t) where u[ ]
is differentiable, DV u[u](t, x) = {Du[u](t, x)} and p = Du[u](t, x), and then since
the subsequence was arbitrary in the above argument and all limit points p coincide,

lim sup D”Z,hn [n (i, x1)

(T »x )= (t,x),n—>00

= liminf  DuS , [l 1) (48)

(tg,x;)— (t,x),n—00
= Du(t, x).
We conclude that D”;:,hn [1n] = Dul[p] at (¢, x). Part (ii) now follows since u[u] is
Lipschitz in space by Proposition 2.5 (c) and then x-differentiable for a.e. x and every
t.
To prove part (iii), we note that u is c! by (U), so now (48) holds for every (¢, x).

Then in view of the uniform Lipschitz estimate from Lemma 5.5 (a), local uniform
convergence follows from [11,Chapter V, Lemma 1.9]. The proof is complete.

B Proof of Lemma 6.9
We first show strong separation between any two characteristics ®¢*: By Lemma 6.8,
2
|<I>j <I>€i| ‘ j—x,-:I:«/ZG,:Fx/ZUr—h(DpH(xj,Du;’h(tk,xj))-I-B;’

2
— DpH (x;, Duj, , (tx, x;)) — Bf)

v

by =212 =2 (D H (x5, Du 15, 57)) = Dy H (51, Daty (1, x0)) ) —x0)

(1 — coh)|xj — xi|*.

v
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Hence, we have

min{|c1>j.:; — o0 @5 — cpf;,;|} > JT—cohlj—ilp > py/T—coh. (49)
The result now holds following the proof of [24,Lemma 3.8]. We give the proof for
completeness.

Since the diameter of the support of a (hat) basis functions §; is 2p, by (49) there
can be at most 3 characteristics inside the supp(B;) for small enough /. The result
is trivial if there is only one in characteristic supp(B;). When supp(B;) contains 2
characteristics, say <I>§1 and ®$ 7, we see by (49) (check the different orderings of

X, @51, @) that

J2 k’

Juk> Tk
_(De+‘ _(bs+‘
Ji:k J2.k
ﬁt(cbjlk)+,31(q)12k)_l T“"l_
,+
‘ijlk cbj'z,k‘
<o LR PR o T —coh < 1+ Koh.
0

Finally, assume support(B;) contains 3 characteristics CD;J?(, CIDZJr and df . By

(49) that all three characteristics cannot be on one side (left or right) of x;. Wlthout

loss of generality we assume CI> k <xi < CD;;?{ < CD; J?(, and find

Bi(@S ) + Bi (@51 + Bi (@5 F)

E_,+ €+ Xi CDGH;C — X

- 1= — Jl’k_i_l_ J2.k +1—
P P

et et et et
P VR R VI Y

P
3—2/1—coh < 1+2(1 —/1—coh) <1+ Koh.

Combining all three cases, we get

IA

Zﬁi(cbjj) <1+ Koh foranyi € Z.
JEZ

The estimate of ) jez Bi (CD;.”;) is similar. This completes the proof.
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