
 

 

1 INTRODUCTION 

Marine structures in the icy waters must withstand the 

impact loads induced by floating ice features. How-

ever, design against ice impact in marine engineering 

applications is still challenging due to the uncertain-

ties associated with the varied compositional and mi-

crostructural properties of ice, as well as the phase 

transition and microstructural transformations in dif-

ferent loading conditions. Numerical methods, in-

cluding Finite Element Methods (FEM) in particular, 

are extensively used to simulate and study the struc-

tural and dynamic behaviour of marine/offshore 

structures subject to ice impact. The accuracy of such 

simulations is highly dependent on the ice material 

model. However, there is no universal or widely ac-

cepted ice material model due to the complex and ra-

ther stochastic mechanical behaviour of ice. 

Although several studies have reported viscoelas-

tic behaviour for ice under compressive loading 

(Jordaan et al. 1999, Jordaan 2001, O'Rourke et al. 

2016, Sinha 1978a, b, 1983, Sinha 1988, Taylor 2010, 

Xiao and Jordaan 1996, Xiao 1997), the most com-

mon practice employs plastic rheology to model the 

inelastic deformations of ice in ice-structure collision 

simulations (Cammaert et al. 1983, Cao et al. 2016, 

Gagnon and Derradji-Aouat 2006, Gagnon 2007, 

2010, 2011, Gagnon and Wang 2012, Han et al. 2017, 

Kim and Kedward 1999, Kim and Kedward 2000, 

Kim 2015, Kim et al. 2015, Kim and Quinton 2016, 

Kim and Kim 2019, Liu et al. 2011, Obisesan and 

Sriramula 2018, Price et al. 2021, Schulson 2001, 

Wang et al. 2008).  
Crushable foam (Deshpande and Fleck 2000), 

Drucker-Prager (1952), Mohr-Coulomb and a Tsai-
Wu yield surface-based material model proposed by 
Liu et al. (2011) are the plasticity models that are 
commonly employed for ice behaviour simulations in 
the ice-structure collision simulations in marine ap-
plications. Among these, the model proposed by Liu 
et al. is the only one that has been specifically devel-
oped for ice materials. The crushable foam model was 
originally developed for metallic foams (Deshpande 
and Fleck 2000), Drucker-Prager model deals with 
plastic deformation of soils (Drucker and Prager 
1952), and Mohr-Coulomb model is usually utilized 
to simulate rock, soil, concrete, and other similar ge-
omaterials (Bai and Wierzbicki 2010). Nevertheless, 
these models (i.e., crushable foam, Drucker-Prager, 
and Mohr-Coulomb) have been employed in several 
studies to simulate the crushing ice behaviour since 
they are among the very few material models readily 
available in commercial software that in theory could 
approximate the pressure-dependent crushing ice be-
haviour.  

Han et al. (Han et al. 2017) showed that the crush-
able foam model is in general more suited to model 
the ice-crushing process as opposed to Drucker-
Prager and Mohr-Coulomb models. Mokhtari et al. 
(2022) compared the crushable foam model with the 
model proposed by Li et al. in a systemic study and 
found that the crushable foam model cannot simulate 
the confining pressure in crushing ice. On the other 
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hand, the model proposed by Liu et al. could capture 
the confining pressure and thus returned good agree-
ments with the physical test data.   

Despite the good performance of the model pro-
posed by Liu et al., it is still rate independent. Conse-
quently, it requires recalibration for different collision 
velocities because ice mechanical behaviour is rate-
dependent, especially at lower loading rates. There-
fore, this elastoplastic material model is modified in 
the present study by developing a rate and pressure 
dependent yield criterion incorporated in the consti-
tutive laws to account for the loading rate effects.  

2  METHODOLOGY 

2.1 Constitutive model 

To simulate the ice-crushing behaviour using Abaqus 
explicit solver (Dassault Systèmes SIMULIA User 
Assistance, Abaqus  2019), a vectorised user material 
(VUMAT) was written in Fortran. The VUMAT was 
developed based on the constitutive model presented 
in this section.  

 The yield strength of ice is demonstrated to be a 

pressure and rate dependent property (Derradji-Aouat 

2000, Derradji-Aouat and Evgin 2001, Derradji-

Aouat 2003, Derradji-Aouat 2005, Derradji-Aouat et 

al. 2015, Golding et al. 2010, Gratz and Schulson 

1997, Iliescu and Schulson 2004, Sain and 

Narasimhan 2011, Sammonds et al. 1998, Schulson 

1990, Schulson and Gratz 1999, Timco and 

Frederking 1986, Weiss and Schulson 1995). Based 

on experimental data obtained from triaxial testing of 

around 300 isotropic ice samples under a wide range 

of strain rates (10−6< <10−1 s−1) and hydrostatic 

pressures (0.1<p<85.0 MPa), Derradji-Aouat 

(Derradji-Aouat 2000) reported that the failure/yield 

stress data plotted in p- oct  space follow an elliptical 

curve. The octahedral shear stress,
oct
 , is defined by  

3

s sij ij
oct
 =  (1) 

where s
ij

 denotes a component in the deviatoric stress 

tensor. Accordingly, an elliptical yield surface based 

on the Tsai-Wu yield criterion (Tsai and Wu 1971) 

can be expressed for isotropic ice by 
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where  , max ,  , and cp  are constants ( 0 = ).  

Equation (2) can be rewritten in the p-s space as  
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where ( ),p sΦ  is the yield surface or the plastic 

potential  function (associated flow rule); s is the von 

Mises stress; ( )
2

c tp p
B A 

+
= =  determines the el-

lipse vertical semiaxis (along the s-axis in Figure 1a); 

B

A
 =  denotes the shape factor determining the rela-

tive magnitude of the semiaxes; A  is the ellipse hor-

izontal semiaxis (along the p-axis); 0
2

c tp p
p

−
=  is 

the ellipse centre on the p-axis found from tp  and cp

which respectively are the ice material strength under 

hydrostatic tension and hydrostatic compression ( cp  

is always positive).   is related to the yield stress in 

uniaxial compression, c , failure strength in hydro-

static compression, cp , and the failure strength in hy-

drostatic tension, tp ,  by  

3
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provided that 

0<k<3  & 0kt  (5) 

While B  increases with the strain rate in ice (ex-

cept for the ductile-to-brittle transition phase), tp  

and cp  are known to be insensitive to strain rate 

(Derradji-Aouat 2000, Derradji-Aouat and Evgin 

2001, Derradji-Aouat 2005, Derradji-Aouat et al. 

2015). As such, for a set of strain rates, a set of con-

centric elliptical yield loci exist (Figure 1b). In triax-

ial compressive testing of ice specimens, the strain 

rate hardening of ice is disrupted at a certain range of 

strain rates. This is known as the ‘ductile-to-brittle 

transition’ strain rate.  The transition strain rate is re-

ported to be between 10−4 and 10−2 s−1  in different 

studies (Cai et al. 2020, Gagnon and Gammon 1995, 

Gupta and Bergström 2002, Ince, Kumar and Paik 

2017, Ince, Kumar, Park, et al. 2017, Jones 2007, 

Michel and Toussaint 1977, Schulson 2001, Snyder 

et al. 2016). In the transition phase, ice yield strength 

remains unchanged or slightly decreases and then 

continues to rise in the brittle regime, but with a rate 

less than in the ductile regime (Figure 1c). This be-

haviour of ice is reflected in the constitutive model 

using Jones’ relation (Jones 2007) for the ductile re-

gime ( 0.001   in Equation (6)) and Shazly et al. 

equation (Shazly et al. 2009) for the brittle regime (

0.001   in Equation (6)). These equations are based 

on more than 100 physical tests on freshwater poly-

crystalline ice, including iceberg ice samples. 
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With 
c  obtained from Equation (6), the yield 

stress, 
ys , for given pressures and strain rates can be 

found from Equation (3). The trial stresses exceeding 

the yield stress, 
ys , are mapped back on the yield sur-

face using the Cutting Plane Algorithm (CPA), and 

the strains are updated accordingly. The mathematical 

framework for stress-strain correction using CPA is 

thoroughly explained in (Mokhtari et al. 2022).    

To determine the failure of the ice material, a gen-

eral form (Equation (7)) of the failure model proposed 

by Liu et al. (2011) is employed. 

2
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where f  is the failure strain while 0  is the refer-

ence/initial failure strain and M and N are constants. 

If the equivalent plastic strain, 
p , exceeds the failure 

strain in an element (i.e., 
p

f  ), erosion is acti-

vated, and the element is disregarded in the rest of the 

analysis. The equivalent plastic strain can be de-

scribed by  

2
:

3

p p p = e e  (8) 

where p
e  is the deviatoric plastic strain tensor. Note 

that the nodes of eroded elements become free-flying 

point masses that could transfer momentum to the ac-

tive contact faces (Dassault Systèmes SIMULIA User 

Assistance, Abaqus  2019). 

2.2 Finite element modelling 

To validate the constitutive model presented in the 
present study, two ice-crushing tests carried out by 
Kim et al. (Kim et al. 2015) are simulated. These tests 
use flat rigid indenters (Figure 2) moving with two 
different speeds of 100 and 1 mm/s. The first test with 
V=100 mm/s better represents the loading rates in col-
lision scenarios. However, the second test was simu-
lated to investigate the rate sensitivity of the constitu-
tive model. 

Considering the geometrical and load symmetries, 
a quarter finite element model of the conical ice sam-
ple is developed (Figure 2) for computational effi-
ciency. Note a sensitivity study with both a quarter 
model and a full model was first carried out to ensure 
the quarter and full models produce very similar re-
sults. The model is discretised into 76344 linear hex-
ahedral elements with reduced integration (C3D8R) 
based on the mesh sensitivity analysis presented in 
(Mokhtari et al. 2022).  

                        
Figure 1. Yield locus of freshwater and iceberg ice material in the p-s space (a) and its evolution in the principal stress space 

( 1 2 3- -   ) (b), which is governed by the strain rate hardening formulation plotted in (c). 



 

 

The uniform mesh in Figure 2 was generated 
through a manual, incremental meshing process, 
known as ‘bottom-up meshing’. This uniformly 
meshed model ensures more efficient and accurate 
simulations as opposed to automatically meshed 
models. The automatic meshing of the conical geom-
etry produces elements with significantly different 
sizes, shapes and aspect ratios, not desirable for test-
ing the constitutive model. Besides, the automatic 
meshing could generate poor-quality elements that 
significantly slow down the processing or cause its 
failure due to large element distortions. The boundary 
conditions imposed by the ice holder are illustrated in 
Figure 2. 

A list of input parameters for the material model is 
provided in Table 1. Young’s modulus, E, elastic 
Poisson’s ratio, νe, and the initial density, ρ0, were ob-
tained from (Liu et al. 2011); pc and pt for the plastic-
ity model were taken from (Derradji-Aouat 2000). 
With these input parameters, M and N were found 
from a calibration study.   

 

 
Figure 2. Conical ice sample for crushing tests in the experi-
mental study (Kim et al. 2015) (a) and the finite element simu-
lation (b). 

 
Table 1.  Material parameters of the proposed model for the con-
ical ice sample in the present study. 

E (MPa) νe ρ0 (kg/m3) pc (MPa) pt (MPa) M N 

9500  0.3  900  100.0 10.0 1.0 0.5 

3 RESLUTS, VALIDATION AND DISCUSSION 

The experimental and numerical force-displacement, 

F-D, curves are compared in Figure 3, where F is the 

normal force due to the contact pressure and is a func-

tion of indenter speed, V, and displacement, D (i.e., 

( )F ,f V D ). At two points in Figure 3, the experi-

mental forces fall abruptly which is due to pausing the 

indentation for data collection (Kim et al. 2015). The 

tests were resumed after the data collection. These in-

terruptions are not simulated in the present study.  

Disregarding these discontinuities in the experi-

mental curves, the numerical results produced by the 

proposed model correlate closely with the experi-

mental data for both indentations speeds.  

Figure 3 shows regular oscillation in the numerical 

reaction forces superimposed with very high-fre-

quency noise. High-frequency noise is typical in ex-

plicit collision simulations (Dassault Systèmes 

SIMULIA User Assistance, Abaqus  2019) while the 

force oscillation is due to element erosion. Conse-

quently, the frequency and amplitude of the force os-

cillation largely depend on the element size. How-

ever, the mean reaction force is unlikely to be much 

sensitive to the element size when the proposed 

model is applied according to a mesh sensitivity anal-

ysis by (Mokhtari et al. 2022).  
In Figure 3, the experimental reaction force from 

the 1 mm/s test is relatively smaller than that from the 
100 mm/s test, which is replicated by the proposed 
model. To more closely evaluate the influence of in-
dentation speed on the reaction force, noise-filtered 
numerical F-D curves are compared relative to each 
other in Figure 4. Note that the noise/oscillation was 
removed using Butterworth filter (Dassault Systèmes 
SIMULIA User Assistance, Abaqus  2019) with a cut-
off frequency of 0.5 Hz. The relative difference be-
tween the reaction forces is also plotted in Figure 4, 
which was calculated by 

( , ) ( , )0R ( , , )
0 ( , )0

f V D f V D
r V V D

f V D

−
 =  (9) 

where R is the relative difference as a function of D, 

V, and the reference indentation speed, V0, which is 1 

mm/s in the present study. In Figure 4, R fluctuates 

significantly until D≈11 mm, and then stabilizes. Af-

ter the stabilization, R fluctuates between 10.5% and 

13.4%. 

The improvement made to the original model by 

adding the strain rate dependency formulation to it is 

obvious when Figure 4 is compared with Figure 5. In 

Figure 5, the noise-filtered numerical F-D curves ob-

tained from the original, rate-independent model are 

presented. The yield surface in the original material 

model is fixed and 
c  must be provided to the model 

as a single scalar value. With 
c  set to 22.8 MPa and 



 

 

without changing the other material parameters, the 

original model produced almost the same F-D curve 

for the 100 mm/s study as the modified model. How-

ever, it was not able to capture the reaction force drop 

caused by the slower loading rate in the 1 mm/s study 

such that R in Figure 5 fluctuates around just 4.3% 

after D≈11 mm. Note that this was around 12% for 

the results produced by the modified material model 

(Figure 4).  
 

 

 
Figure 3. Force vs. displacement from the experimental study 
(Kim et al. 2015) and the modified (rate-dependent) material 
model presented in this study. 

 

 
Figure 4. Numerical F-D curves by the modified (rate-depend-
ent) material model after noise removal using Butterworth filter 
and their relative difference, R. 

 
 

 
Figure 5. Numerical F-D curves by the original (rate-independ-
ent) material model after noise removal using Butterworth filter 
and their relative difference, R. 

4 CONCLUSIONS 

A rate and pressure dependent yield criterion is pro-

posed in the present study to improve the elastoplastic 

modelling of the ice-crushing process in ice-structure 

collision simulations. The yield criterion is based on 

the Tsai-Wu yield surface which is herein formulated 

to evolve with the strain rate. The strain rate-strength 

data is obtained from the literature and is based on 

more than 100 physical tests on freshwater polycrys-

talline ice, including iceberg ice samples. These tests 

covered a wide range of strain rates (~10−8< <~103 

s−1) in both ductile and brittle regimes. Combined 

with a general form of the failure model of Liu et al., 

the proposed model was written in Fortran. Then, it 

was implemented in Abaqus/Explicit finite element 

code to simulate two physical ice crushing tests on 

conical ice samples with different indentation speeds, 

1 and 100 mm/s.  

Comparative analyses of the numerical and experi-

mental results demonstrated that the proposed model 

can replicate the loading rate effect on the reaction 

force. The numerical reaction force was dropped by 

around 12% on average when the indention speed was 

reduced from 100 mm/s to 1 mm/s. Overall, the nu-

merical results in terms of force-displacement simu-

lated using the proposed model correlated closely 

with the experimental data.  
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