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A B S T R A C T

A novel mixed-mode cohesive law derived from a potential function is presented. The potential
function is formulated using physical parameters that can be extracted from any fracture
mechanics test capable of providing R-curves in terms of the J-integral as a function of the
normal and tangential end-openings. The proposed cohesive law is able to describe the fracture
behaviour of composites with large fracture process zones, including fibre bridging. As such, it
is capable of describing both the crack tip, as well as the bridging region. An important aspect of
the formulation is that the shape of the mixed-mode cohesive laws are derived and not assumed.
The mixed-mode cohesive law was tested using synthetic data emulating mixed-mode fracture
mechanics tests. The cohesive tractions extracted from the method exhibited characteristics
which were not seeded on the model such as negative normal tractions under pure mode shear
loading and non-zero shear loading under pure normal mode loading.

. Introduction

Cohesive zone modelling is widely used in modelling of fracture problems ranging from micro-scale [1] to structural scale [2–
]. In cohesive zone modelling, the entire fracture process zone (FPZ) is described by a traction–separation law [5], also known
s cohesive law. A cohesive law includes both the strength (peak traction value) and fracture energy (the combined work of the
ohesive tractions). Thus, one of the main advantages of cohesive zone modelling is that both crack initiation and crack growth can
e simulated [6]. This has led to the development of a large number of, mainly idealised, cohesive laws where the traction–separation
aws are formulated as simple functions e.g. linear (and bi-linear) softening [7,8], trapezoidal [9,10] and exponential [11,12]
unctions.

A common feature of idealised cohesive laws is that the shape of the normal and shear tractions are coupled in a specific,
redefined manner, or uncoupled from each other so that the normal traction, 𝜎𝑛, depends only on the normal opening, 𝛿𝑛, and the
hear traction, 𝜎𝑡, depends on the tangential opening displacement 𝛿𝑡. However, in its most general form, fracture develops as mixed-
ode (i.e. a combination of normal and tangential openings). In order to model mix-mode fracture, uncoupled cohesive laws can

ecome ‘‘weakly coupled’’ by implementing a mix-mode failure criterion [3,13], or interaction criterion for onset and failure [14–16].
uch an approach implies that pure modes are fully-decoupled, but mixed-modes are not. Previous experimental studies suggest that
ixed-mode cohesive laws are coupled, i.e. both normal and shear traction depend on each other [17,18]. Without knowledge of

he physics of specific fracture to be modelled, it is difficult to prescribe a priori coupled mixed-mode cohesive laws. An alternative
pproach to the use of idealised cohesive laws is to derive the cohesive tractions from a coupled potential function [1,8,9,11,12,19].
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Fig. 1. Schematic of characteristic R-curve behaviour (fracture resistance as a function of magnitude of end-opening) of a crack with large scale bridging for
pure (a) Mode I, (b) Mode II.

In the literature, this type of cohesive laws are commonly referred to as potential-based cohesive laws. With such an approach, one
defines the potential function and the cohesive tractions are obtained by partial differentiation.

For large-scale bridging problems, the FPZ contains both a crack-tip zone and a bridging zone. For quasi-brittle materials (such
s resins) the crack-tip is often small enough to be enclosed by the K-dominated region so that it conforms to linear elastic fracture
echanics (LEFM). However, the bridging region is several orders of magnitude larger than the K-dominated region, which means

hat the small-scale assumption, and hence LEFM, does not apply. It follows that for large-scale bridging cracking energy is dissipated
oth at the crack-tip and in the bridging zone. The rate at which energy is dissipated at each of the regions is quite different. The
rack-tip typically observes large tractions (101−102 MPa) at very small openings (100−101 μm), while the bridging region observes

small tractions (10−1 −100 MPa) at very large openings (100 −101 mm). Due to the very large openings related to an active bridging
regime, the combined work of the cohesive tractions in the bridging regime is comparable (or even several times larger) than that
of the crack-tip. A mixed-mode cohesive law should properly embody both fracture process zone regimes. This is often not the case
in the literature, where most cohesive laws describe either the work dissipated by the crack tip or by the bridging region. Most
published cohesive laws do not explicitly make a distinction between the crack-tip and bridging zone for mixed-mode cracking.

When a cohesive traction is defined a priori, as is the case for idealised cohesive laws, then the traction–separation law is fully
determined by the combined work of the peak tractions and a critical opening (for piece-wise bi-linear laws). Then, the shape,
and thus the peak traction(s), are also predefined. Furthermore, it is often difficult (or not possible for some of the idealised
laws) to recover the characteristic shape of experimental R-curves from predefined/idealised cohesive tractions. The shape of a
cohesive law may not be important in small-scale fracture problems [9,20]; however, it becomes important for large-scale problems
e.g. delamination of fibre composites structures [21]. In particular, the shape of the cohesive law determines the stability of a
structure under crack propagation [22].

By first determining a potential function that fits the shape of experimentally measured R-curves closely, we then, ensure that
the combined work of the cohesive tractions closely matches the fracture resistance of the materials. In a way, the potential function
is determined empirically, and the cohesive laws are derived from the potential function. It has been shown that for cohesive laws
derived from a potential function, 𝛷, the J-integral evaluated locally around the FPZ equals the potential function evaluated at
the normal and tangential end-openings [23,24]. J-integral solutions are available for standardised test configurations such as the
double cantilever beam (DCB), and mixed-mode bending (MMB) among others. Sørensen and Jacobsen [25] used the J-integral based
approach [24] to determine empirically mixed-mode bridging laws from measurements of the fracture resistance as a function of
normal and tangential end-openings.

Measured fracture resistance of composites, expressed in terms of the J integral as a function of end-opening has several
characteristics that are not well described by idealised cohesive laws. The crack initiation which occurs for very small openings
is shown in R-curves as an ‘‘initiation’’ value, denoted 𝐽0. With increasing opening, the fracture resistance 𝐽𝑅 increases as a result of
fibre bridging, eventually reaching a steady-state value 𝐽𝑠𝑠 once the bridging zone is fully developed. Both 𝐽0 and 𝐽𝑠𝑠 increase with
increasing mixed-mode (increasing tangential opening displacements) and the shape of the R-curves also changes with increasing
mixed-mode as schematically depicted in Fig. 1. It changes from a shape with decreasing slope for normal openings (Fig. 1(a)) to
a near-constant slope for near full tangential opening displacements (Fig. 1(b)). These characteristics should be reproduced by the
mixed-mode cohesive laws. A model that describes accurately such decay is lacking in the literature.

In an earlier study [25], it was proposed to determine mixed-mode cohesive laws from experimental mixed-mode fracture
resistance curves using a potential function, which was expressed in terms of a sum of products of the Chebyshev polynomials.
The potential function was determined as the best fit to the combined fracture resistance data of all mix-mode experiments. That
approach is rather general and does not put any restrictions on the shape and coupling of mixed-mode cohesive laws. However, the
2
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Fig. 2. Schematic of a crack under mix-mode loading and exhibiting large scale bridging (a) Definition of normal, tangential, and combined end-openings, (b)
Integration paths for the evaluation of the J-integral.

method requires fracture resistance data for a wide range of mixed-modes, and limited amount of data will limit the highest degree
of the Chebyshev polynomials.

The present paper proposes a novel way of getting mixed-mode cohesive laws. In comparison with the earlier method, the fit
is slightly more restrictive in terms of the shape of the potential function, but it includes features that closely matches measured
fracture resistance: A crack tip region with 𝐽0 (resulting in high tractions and small openings) and a bridging zone (with small
tractions and large openings) where the R-curve has a much lower slope. As such the new method is based on physical parameters.
Furthermore, unlike previous similar formulations the proposed formulation covers both the crack-tip and fibre bridging regions.
The potential function used in the proposed formulation is represented using cylindrical coordinates which allows to separate
the potential functions into functions of the opening displacement and the phase angle. This allowed us to describe the bridging
regime with a simple relationship that uses identifiable fracture parameters that characterise the R-curve behaviour for pure and
mixed-modes.

Based on the above, the aim of the present study is to develop a somewhat generalised coupled mixed-mode cohesive law derived
from a potential function, which avoids idealisations with respect to the cohesive law shapes and mixed-mode fracture criterion and
at the same time includes both the crack tip fracture process zone and the fibre bridging zone. The parameters describing the
mixed-mode cohesive law are a combination of well-defined material properties, and fitting parameters which can be extracted
from standardised test configurations for which 𝐽 can be calculated under large-scale bridging.

The paper is organised as follows. First, in Section 2, we develop the theory of the mixed-mode cohesive law based on cylindrical
coordinates. Next in Section 3, we test the accuracy of the method using synthetic data. In Section 4, the potential function 𝛷, and
cohesive tractions, 𝜎𝑛, 𝜎𝑡 are presented in the 𝛿𝑛 − 𝛿𝑡 space, as well as plots for a selected number of phase angles 𝜑. The results are
followed by a discussion in Section 5. Finally, in Section 6 the conclusions are presented.

2. Derivation of mixed-mode cohesive laws

2.1. Problem statement

Interface fracture of unidirectional composites with fibre bridging (see Fig. 2(a)) will be used as an example to build the potential
function based on cylindrical coordinates, i.e. expressed in terms of the magnitude of the end-openings and their corresponding phase
angle. Nonetheless, the approach is fairly general and can represent mixed-mode fracture of many interfaces. The fibres bridging
at the wake of the crack lead to a large fracture process zone. Under mixed-mode fracture, the crack openings and corresponding
tractions are present in both the normal and tangential directions as can be seen in Fig. 2(b). When a crack exhibits a large FPZ,
linear elastic fracture mechanics (LEFM) fails to describe the fracture process. However, as explained by Suo et al. [26] problems
under large FPZ can be analysed by the J-integral introduced by Rice [27]. The J-integral is defined as a path-independent contour
integral, which takes the same value irrespective of which integration contour is used around a FPZ. Therefore, it can provide
information about the state of the cohesive zone based on knowledge of the loads at the external boundaries.

Here, we consider a crack with a fibre bridging under mix-mode as depicted in Fig. 2(a). The J-integral evaluated along a path
just outside the cohesive zone, 𝛤𝑙𝑜𝑐 , establishes a connection to the cohesive laws for the given interface and an evaluation of the
J integral along the external boundaries connected to the applied loads. This is depicted in Fig. 2(b), where 𝛤𝑙𝑜𝑐 (integration path)
includes both the bridging tractions and the crack-tip.

The magnitude of the normal and tangential end-openings and the phase angle between these two are defined as,

𝛿∗ =
√

𝛿∗𝑛
2 + 𝛿∗𝑡

2, (1)

𝜑∗ = 𝑡𝑎𝑛−1
( 𝛿∗𝑡

∗

)

. (2)
3

𝛿𝑛
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Note that the opening displacements at any point within the FPZ and the corresponding phase angles are denoted 𝛿 and 𝜑
without the superscript *).

Assuming that the cohesive tractions can be derived from an energy potential

𝛷 = 𝛷(𝛿𝑛, 𝛿𝑡), (3)

𝛷(0, 0) = 0, (4)

o that [28],

𝜎𝑛
(

𝛿𝑛, 𝛿𝑡
)

=
𝜕Φ

(

𝛿𝑛, 𝛿𝑡
)

𝜕𝛿𝑛
, (5)

𝜎𝑡
(

𝛿𝑛, 𝛿𝑡
)

=
𝜕Φ

(

𝛿𝑛, 𝛿𝑡
)

𝜕𝛿𝑡
. (6)

an application of the J integral around the FPZ during cracking yields [24]:

𝐽𝑙𝑜𝑐 = ∫

𝛿∗𝑛

0
𝜎𝑛

(

𝛿𝑛, 𝛿𝑡
)

𝑑𝛿𝑛+∫

𝛿∗𝑡

0
𝜎𝑡

(

𝛿𝑛, 𝛿𝑡
)

𝑑𝛿𝑡, (7)

Inserting Eqs. (5), and (6) into Eq. (7) and carrying out the integration, gives [24],

𝐽𝑙𝑜𝑐 = Φ
(

𝛿∗𝑛 , 𝛿
∗
𝑡
)

, (8)

Eq. (8) implies that we can determine the potential function from measurements of the J-integral, 𝛿∗𝑛 , and 𝛿∗𝑡 . Thus, during
cracking, 𝐽𝑙𝑜𝑐 equals to the fracture resistance of the material 𝐽𝑅. Then, the equation becomes [24]

𝐽𝑅 = 𝐽𝑙𝑜𝑐 = 𝛷(𝛿∗𝑛 , 𝛿
∗
𝑡 ), (9)

Eq. (9) implies that the potential function Φ evaluated at the end-openings 𝛿∗𝑛 , and 𝛿∗𝑡 is identical to the J-integral. It follows that
an experiment where 𝐽𝑅, 𝛿∗𝑛 , and 𝛿∗𝑡 increase monotonically from zero gives the potential function along the opening trace of 𝛿∗𝑛 ,
and 𝛿∗𝑡 [24]. Data sets from several experiments with different end-opening histories (different 𝜑∗’s) maps 𝛷(𝛿∗, 𝜑∗) as a function
of the magnitude of the end-opening, 𝛿∗ and the phase angle 𝜑∗. From Eq. (9) it can be observed that both the crack-tip and the
bridging region are determined by the potential function Φ

(

𝛿𝑛, 𝛿𝑡
)

.
The cohesive tractions from Eqs. (5), and (6) can be visualised in a 3D Cartesian space with the normal and tangential openings

on the x-y plane and the tractions perpendicular to the plane. However, for some standardised fracture tests (e.g. double cantilever
beam with uneven bending moments DCB-UBM) the macroscopic normal and tangential end-openings evolve in a near proportional
manner, and a cylindrical representation of the fracture resistance 𝐽𝑅 is more natural. If the end-openings increase proportionally,
hen the ratio between them remains constant and so does the phase angle between them, 𝜑∗ given by (2). As such, a cylindrical

representation of the fracture resistance as a function of 𝛿∗ with a fixed 𝜑∗ makes it easy to swipe through the opening plane
𝛿∗𝑛 − 𝛿∗𝑡 . This can be visualised in Fig. 3, where the straight lines represent tests at different phase angles 𝜑∗

1−3, and the circles
represent coordinate pairs (𝛿∗𝑛 , 𝛿

∗
𝑡 ) or (𝛿∗, 𝜑∗). It follows that more lines, i.e. tests, would be needed for a 3D surface interpolation

using Cartesian coordinates (shown Fig. 3(a)), than cylindrical coordinates (shown in Fig. 3(b)). It is therefore presumed that a
cylindrical representation of the fracture resistance would yield a better surface interpolation fit.

To proceed, we apply the chain rule on Eqs. (5), and (6), and using Eq. (9) we get

𝜎𝑛 (𝛿, 𝜑) = cos (𝜑) 𝜕𝛷
𝜕𝛿

−
sin(𝜑)
𝛿

𝜕𝛷
𝜕𝜑

, (10)

𝜎𝑡 (𝛿, 𝜑) = sin (𝜑) 𝜕𝛷
𝜕𝛿

+
cos(𝜑)
𝛿

𝜕𝛷
𝜕𝜑

, (11)

Note, that for this formulation it is not sufficient to determine the variation in 𝛷 as a function of 𝛿, the variation with respect
o the phase angle 𝜑 must also be determined. It is should be noted that the above equations are valid for cases where the phase
ngle between normal and tangential openings remains constant. Having a constant phase angle across the small and large-scale is
simplification made for the present formulation.

.2. Definition of fracture resistance

The cohesive tractions as derived above are based on a potential function in a cylindrical form 𝛷 = 𝛷(𝛿, 𝜑). A schematic of
the 3D potential function is shown in Fig. 4(b), and a 2D schematic plot for a given phase angle 𝜑∗ is shown in Fig. 4(a). From
Eq. (9) it follows that such a potential function corresponds to the combined work of the cohesive tractions. The potential function
is defined as a piece-wise continuous function using two different functions in order to represent the fracture processes at both the
crack tip and bridging regime. Nonetheless, the potential function is defined so that it is a continuous function from zero opening
to the end-opening where a steady state fracture is attained at 𝛿𝑠𝑠. Continuity of the potential function is physically relevant, given
that it is formulated from an energy perspective. The potential function is then

Φ(𝛿, 𝜑) =

{

Φ𝐶𝑇 (𝛿, 𝜑) 𝑓𝑜𝑟 (0 < 𝛿 ≤ 𝛿0 , 0 ≤ 𝜑 ≤ 2𝜋)
(12)
4

Φ𝐵(𝛿, 𝜑) 𝑓𝑜𝑟 (𝛿0 < 𝛿 ≤ 𝛿𝑠𝑠 , 0 ≤ 𝜑 ≤ 2𝜋)
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Fig. 3. Mix-mode opening plane at different end-opening phase angles (a) Cartesian coordinates (b) cylindrical coordinates.

Fig. 4. Schematic of the potential function in (a) 2D for a fixed 𝜑 and (b) in 3D for any phase angle.

where subscript 𝐶𝑇 , and 𝐵 indicate the crack tip and the bridging region respectively.
Based on previous experimental crack-tip fracture resistance curves [29] the fracture resistance at the crack-tip is approximated

sing a 3rd degree polynomial for the potential function in the crack-tip region 𝛷𝐶𝑇 . This also allows for smother transitions between
the crack-tip and bridging traction. The potential function is

𝛷𝐶𝑇 (𝛿, 𝜑) = 𝐶3(𝜑)𝛿3 + 𝐶2(𝜑)𝛿2 + 𝐶1(𝜑)𝛿 + 𝐶0(𝜑), (13)

where the variables 𝐶0(𝜑) −𝐶3(𝜑) are continuous and differentiable functions (for 0 < 𝛿 ≤ 𝛿0) of the phase angle 𝜑 only. The partial
derivatives of 𝛷𝐶𝑇 with respect to the magnitude of end-openings and the phase angle are

𝜕𝛷𝐶𝑇 = 3𝐶 (𝜑)𝛿2 + 2𝐶 (𝜑)𝛿 + 𝐶 (𝜑), (14)
5
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Fig. 5. Schematic of the required fracture parameters to fit the potential function as a function of the magnitude of the openings.

and,
𝜕𝛷𝐶𝑇
𝜕𝜑

=
𝜕𝐶3
𝜕𝜑

𝛿3 +
𝜕𝐶2
𝜕𝜑

𝛿2 +
𝜕𝐶1
𝜕𝜑

𝛿 +
𝜕𝐶0
𝜕𝜑

. (15)

The crack-tip potential function, 𝛷𝐶𝑇 , does not explicitly use physical parameters. Nonetheless, to determine the coefficients
0 − 𝐶3 physical parameters such as 𝛿00, 𝐽00, 𝛿0, and 𝐽0 are used. This is shown in Fig. 5 where the points 1–4 are defined using

he physical parameters previously mentioned from an experimental R-curve. In the section below it will be explained how these
oints are obtained.

In the bridging region (denoted with a subscript 𝐵), a power law equation is proposed. The equation is formulated using physical
arameters, such as the fracture resistance and opening at the onset of cracking, and at steady-state fracture resistance (using
ubscripts 0, and 𝑠𝑠 respectively), but also a shape parameter, 𝜁 . These are obtained from experimental R-curves in terms of the
nd-openings and the J-integral. The proposed equation for the potential function representing the bridging zone, 𝛷𝐵 , is

𝛷𝐵 (𝛿, 𝜑) = 𝛷0 + Δ𝛷𝑠𝑠

(

𝛿 − 𝛿0
𝛿𝑠𝑠

)𝜁
, (16)

here the parameters 𝛷0, 𝛥𝛷𝑠𝑠, 𝛿0, 𝛿𝑠𝑠, and 𝜁 all are functions of the phase angle 𝜑 only. After partial differentiation with respect
o the end opening we get

𝜕𝛷𝐵
𝜕𝛿

=
𝛥𝛷𝑠𝑠
𝛿𝑠𝑠

𝜁
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)𝜁−1
, (17)

and after partial derivation with respect to the phase angle and some algebraic re-arrangements,

𝜕𝛷𝐵
𝜕𝜑

=
𝜕𝛷0
𝜕𝜑

+
𝜕(Δ𝛷𝑠𝑠)
𝜕𝜑

𝐷 + Δ𝛷𝑠𝑠

[

𝐴
𝜕𝛿0
𝜕𝜑

+ 𝐵
𝜕𝛿𝑠𝑠
𝜕𝜑

+ 𝐶
𝜕𝜁
𝜕𝜑

]

, (18)

where the parameters 𝐴, 𝐵, 𝐶 and 𝐷 are given by

𝐴 = −𝐷𝜉 1
𝛿 − 𝛿0

, (19)

𝐵 = −𝐷
𝜁
𝛿𝑠𝑠

, (20)

𝐶 = ln
{

𝛿 − 𝛿0
𝛿𝑠𝑠

}

𝐷, (21)

𝐷 =
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)𝜁
. (22)

Note that both 𝛷𝐶𝑇 , and 𝛷𝐵 are continuous and differentiable functions. As such 𝛷 is also continuous, and differentiable within
the ranges 0 < 𝛿 < 𝛿 and 𝛿 < 𝛿 < 𝛿 , but it does not need to be differentiable at the border of 𝛷 , and 𝛷 (at 𝛿 = 𝛿 for any 𝜑).
6
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Fig. 6. Example of extraction of fracture parameters from a given set of experimental R-curve data (Step 1), 𝐽𝑅 as a function of magnitude of end-openings.
Source: Experimental data from [32].

3. Methods

3.1. Extraction of fracture parameters

The extraction of the parameters that describe the potential function is carried out in two steps (1) determination of fracture
and fitting parameters for the individual phase angle of the end-openings, 𝜑∗, and (2) determination of smooth functions that cover
the full range (0◦ ≤ 𝜑∗ ≤ 90◦) of the tested phase angles. In Step (1) the initiation, and steady-state fracture parameters are simply
read from the R-curves at a given phase angle, i.e., 𝐽0(𝜑∗

1), 𝛿0(𝜑
∗
1), 𝐽𝑠𝑠(𝜑

∗
1), 𝛿𝑠𝑠(𝜑

∗
1) (See Fig. 6). This requires some criteria to define

racture onset and steady-state. The determination of these parameters is a non-trivial process, nonetheless, it is out of the scope of
he present work, and as such, it is assumed that onset and steady-state are known, well-defined points in the R-curves. It should
e noted that high precision measurements (in the order of a micron) are required to characterise the fracture resistance at the
rack-tip region. Experimental R-curves with the sufficient accuracy and precision have been measured in the past [29–31]. Having
efined the openings at crack initiation and at steady-state, then the shape parameter, 𝜁 , can be fitted to the experimental 𝐽𝑅 − 𝛿∗

ata (using Eq. (16)) for each 𝜑∗ (independently for each experiment). A non-linear least-squares solver can be used to fit Eq. (16)
sing 𝜁 as a fitting variable. Then, in step 2, a polynomial is fitted to these parameters (the set of measurements listed above) in
rder to cover the entire fracture resistance data. With these parameters represented in a continuous polynomial form as a function
f 𝜑∗, then the potential function can be represented as a 3D continuous function 𝛷 = 𝛷(𝛿∗, 𝜑∗) (or 𝛷 = 𝛷(𝛿𝑛, 𝛿𝑡) since 𝛿∗ has
ndergone all values of 𝛿 for 𝜑 = 𝜑∗). The polynomial fits of the parameters produce a set of coefficients representing each of the
itted fracture parameters as shown in Table 1.

.2. Example of application

Fig. 6, shows an example of the process of extracting the parameters given a measured R-curve, as well as the fitting variable. In
ig. 6, the grey markers represent measured values of 𝐽𝑅 as a function of the magnitude of the end-opening, 𝛿∗, while the solid line
epresents the fitted 𝐽𝑅 (for a fixed phase value 𝜑∗). The coordinate points required to calculate the coefficients for the polynomial
it of the crack-tip fracture resistance (Eq. (13)) are shown in Fig. 6(a), while the fracture parameters required for the fracture
esistance of the bridging zone are shown in 6(b). Step 1 is repeated for each tested specimen (covering different 𝜑∗’s), which
rovides a set of discrete data points for each parameter.

In order to investigate the feasibility of the method, the proposed mix-mode cohesive law is first tested using synthetic 𝐽𝑅 − 𝛿∗

ata. Such data was constructed based on the polynomials of the fracture and fitting parameters needed to define the potential
unction (see Eqs. (16), (13) and Figs. 4 and 5) for the entire opening range. In the present study the parameters 𝐽0(𝜑∗), 𝐽𝑠𝑠(𝜑∗),
00(𝜑∗), 𝛿0(𝜑∗), 𝛿𝑠𝑠(𝜑∗), 𝛿00(𝜑∗), 𝜁 (𝜑∗) are chosen somewhat arbitrarily but such that the obtained potential function mimics the
haracteristic shape of typical experimental R-curves from mixed-mode fracture mechanics test. Two different data sets, namely
ata Set 1 and Data Set 2 are used in order to test the sensitivity of the formulation to different input parameters. The coefficients
f the imposed parameter’s polynomials of Data Set 1 and Data Set 2 are listed in Table 1.

Each set of data in Table 1 constitutes a complete set of parameter which are required for the proposed formulation. Note that
hese values were imposed in order to test the method; however, in the determination of mixed-mode cohesive laws these parameters
hould be extracted from measured R-curves as described in Section 3.1. The parameters listed in Table 1 are plotted in Fig. 7 with
he solid lines representing the Data Set 1, and the dashed lines representing Data Set 2. Note that the polynomials in Figs. 7(a),
nd 7(b) are normalised with their maximum values corresponding to each data set.

The functions 𝐶0−𝐶3, which define the potential function at the crack tip region (see Eq. (13)) are obtained by fitting a 3rd-degree
olynomial using 4 points (already available from Step 1) of the 𝐽 −𝛿∗ data at a given phase angle as shown in Fig. 5. These points
7
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Table 1
Fracture and fitting parameter coefficients for Data Set 1 and Data Set 2.

𝑓 (𝜑∗) = 𝑎𝑛 × 𝜑∗ 𝑛 + 𝑎𝑛−1 × 𝜑∗ 𝑛−1 + ... + 𝑎0
𝐽0(𝜑∗) 𝐽𝑠𝑠(𝜑∗) 𝛿0(𝜑∗) 𝛿𝑠𝑠(𝜑∗) 𝛿00(𝜑∗) 𝐽00(𝜑∗) 𝜁 (𝜑∗)

1

𝑎4 7.6E−7 0 4.7E−8 0.0 0.0 0.0 0.0
𝑎3 −9.85E−5 0.0 −6.70E−6 0.0 0.0 0.0 0.0
𝑎2 3.0E−3 −7.0E−4 3.0E−4 9.0E−4 0.0 0.0 0.0
𝑎1 4.7E−2 1.57E−1 −1.4E−3 4.22E−2 7.9E−4 1.67E−2 6.0E−3
𝑎0 2.5E−1 5.85E−1 2.17E−2 2.0E+0 3.38E−3 1.0E−1 3.75E−1

2

𝑎4 0.0 0.0 0.0 0.0 0.0 0.0 0.0
𝑎3 6.77E−6 0.0 −1.1E−7 0.0 0.0 0.0 0.0
𝑎2 −1.49E−3 −7.0E−4 −2.3E−6 9.0E−4 0.0 0.0 0.0
𝑎1 1.1E−1 1.57E−1 2.6E−3 4.22E−2 7.9E−4 1.67E−2 5.6E−3
𝑎0 1.03E−1 5.85E−1 1.24E−2 2.0E+0 3.38E−3 1.0E−1 5.6E−1

Fig. 7. Input fracture parameters from Table 1, with Data Set 1 plotted in solid lines and Data Set 2 with the dashed lines (a) Fracture resistance (b) Openings
c) Shape parameter.

re (0, 0), (𝛿00, 𝐽00), (𝛿0, 𝐽0), and (𝛿4, 𝐽4). The subscript ‘‘00’’ indicates the point at which the potential function has the largest gradient
ithin the crack-tip zone, that is when 𝑑𝛷 = 0. The ordinary derivative of the potential function at the crack-tip, 𝛷𝐶𝑇 is

𝑑𝐽𝑅 = 𝑑𝛷 =
𝜕𝛷𝐶𝑇
𝜕𝛿∗

𝑑𝛿∗ + 𝜕𝛷
𝜕𝜑∗ 𝑑𝜑

∗ (23)

and during a tests with proportional end-openings the phase angle is constant, then 𝑑𝜑∗ = 0 so that

𝑑𝐽𝑅 = 𝑑𝛷 =
𝜕𝛷𝐶𝑇
𝜕𝛿∗

𝑑𝛿∗ (24)

The corresponding coordinate point (opening, and corresponding fracture resistance) is then considered as the point with the
argest gradient (a local maximum). The subscript 4 represents the immediate point next to (𝛿0, 𝐽0) (see Fig. 5), which is only used

to try and obtain a smooth transition from the crack-tip to the bridging region.
8
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Fig. 8. Recovery of noisy fracture resistance from Data Set 1 for (a) 𝜑∗ = 0◦ (b) 𝜑∗ = 90◦. Note that Fit 2 curve is on top of Fit 1 so that the later is not easily
observed.

4. Results

In this section the results are presented in terms of the potential function, 𝛷(𝛿𝑛, 𝛿𝑡), the fracture resistance, 𝐽𝑅(𝛿∗, 𝜑∗), and the
ohesive tractions, 𝜎𝑛(𝛿𝑛, 𝛿𝑡), 𝜎𝑡(𝛿𝑛, 𝛿𝑡).

.1. Test robustness of synthetic data

In order to test if the method is capable to handle noisy data that are common in experiments, noise was added to the generated
mooth fracture resistance data, and then reconstructed by fitting (finding 𝜁 from Eq. (16) given the noisy 𝐽𝑅−𝛿∗) the noisy fracture
esistance. The noise was added to the smooth 𝐽𝑅(𝛿∗, 𝜑∗) data that was computed using the parameters given in Table 1. Such noise
as added to each 𝐽𝑅 value using a random number, 𝑅, (lying in the range between 0 and 1) and a scaling factor, 𝛼, as shown

below

𝐽𝑅−𝑛(𝛿∗) = 𝐽𝑅(𝛿∗) + 𝛼
(

𝑅 − 1
2

)

𝐽0 (25)

Two noise levels were used to generate the noisy fracture resistance 𝐽𝑅−𝑛. This process is shown in Fig. 8 for the fracture resistance
alues obtained from Data Set 1. The light grey dashed line represents the largest noise level with an 𝛼2 = 1.25, and the dark blue
ine the lower noise level with an 𝛼1 = 0.75. This data was fitted back to reconstruct a smooth 𝐽𝑅 − 𝛿∗ (black solid line). This
rocedure is shown in Fig. 8 for pure normal and tangential opening modes. The same approach is used for all individual 𝐽𝑅 − 𝛿∗

ata sets (different 𝜑∗’s). The resulting fitted 𝐽𝑅 values (black solid lines in Fig. 8) are almost identical to the original values (before
oise) for both noise levels 𝛼1 and 𝛼2. Note that noise was added to the J value, but in reality, it can also be present in the data
f the end-openings. This, however, was not investigated in the present study given that the proposed method requires monotonic
ncrements of the end-openings, and such noise could be reduced during a data reduction process.

.2. Potential function from synthetic data sets

A 3D surface plot of the fracture resistance computed using the parameters from Data Set 1 and Data Set 2 (see Table 1) are
hown in Figs. 9(a) and 9(b) respectively for the entire end-opening range (𝛿∗𝑛 , 𝛿

∗
𝑡 ). For illustration purposes, the value of the potential

unction is highlighted for pure mode I and II with a solid black line, and mixed-mode values of 𝜑 = 30◦ and 𝜑 = 60◦ are highlighted
ith a dashed black line. The mixed-mode onset of fracture and steady-state values, 𝛷0 = 𝐽0(𝜑

∗ ) and 𝛷𝑠𝑠 = 𝐽𝑠𝑠(𝜑
∗ ), are highlighted

ith solid red and blue lines respectively. It can be noticed that the potential function is continuous in the entire end-opening space
ncluding the transition point between the crack tip and the bridging zone. From the plots, it can be observed that the maximum
alue of the potential function corresponds to pure mode II, and the lowest fracture resistance occurs at pure mode I. The largest
ifferences between the two potential functions (from Data Set 1 and Data Set 2) are located in the crack-tip region especially for
arge values of 𝜑. This is somewhat expected given that the difference between the two sets are in the polynomial of the parameters
0, 𝐽0.

For a better quantitative representation, curves of the potential function evaluated at 𝜑 = 0◦, 𝜑 = 30◦, 𝜑 = 60◦, and 𝜑 = 90◦ are
lotted in Figs. 10(a) and 10(b) for Data Set 1 and 2 respectively. In both figures, the values corresponding to the crack tip region
𝐶𝑇 are shown in red, while the values at the bridging region are plotted in blue 𝛷𝐵 . The steady-state fracture resistance values,
eyond which the material is considered as completely failed (and the cohesive tractions are zero), is also plotted with a dashed
lack line. Fig. 10 shows a large variation of the potential function shape for various values of 𝜑, and representative values such as
, and 𝐽 as a function of the phase angle.
9

0 𝑠𝑠



Engineering Fracture Mechanics 271 (2022) 108632R. Erives et al.
Fig. 9. Potential function 𝛷(𝛿𝑛 , 𝛿𝑡) for (a) Data Set 1 and (b) Data Set 2.

Fig. 10. Contour plots of potential function, 𝛷 as a function of the end-opening, 𝛿∗ with the crack tip region in red, and the bridging region in blue for (a)
Data Set 1 and (b) Data Set 2.

4.3. Cohesive tractions from synthetic data sets

The cohesive tractions, 𝜎𝑛
(

𝛿𝑛, 𝛿𝑡
)

, and 𝜎𝑡(𝛿𝑛, 𝛿𝑡), computed using Data Set 1, are plotted in Figs. 11(a) and 11(b) respectively.
The corresponding plots from Data Set 2 are shown in Figs. 12(a) and 12(b). These 3D plots are shown with the traction (the
z-axis) cut-off in order to appreciate the shape of the bridging tractions. This is needed because the peak tractions are one order
of magnitude larger than the bridging tractions (see Figs. 11 and 12). Note that both tractions 𝜎𝑛 and 𝜎𝑡 depend on both 𝛿𝑛 and
𝛿𝑡; the derived mixed-mode cohesive laws are coupled indeed. Note also that the normal cohesive tractions from both data sets,
gives negative tractions for small (near) mode II openings, and slowly reaches to a near-zero value, while 𝜎𝑡 sets to a near constant
(non-zero) value for large 𝛿𝑡; similar results have been found in other studies [25].

Contour lines of the normal and shear tractions are plotted in Fig. 13 for phase angles of 𝜑 = 0◦, 𝜑 = 30◦, 𝜑 = 60◦, and
𝜑 = 90◦ for both Data Sets. The same red/blue colouring convention to identify the crack-tip and the bridging region was used also
in Fig. 10. A thin black line was placed under these curves to serve as a reference. The computed cohesive tractions have (small)
discontinuities at the border between the tractions in the crack-tip and the bridging zone. As expected, each of the data sets resulted
in different cohesive tractions. However, for both data sets, the maximum shear traction occurs for pure mode II (at 𝜑 = 90◦), while
the maximum normal traction is not corresponding to pure mode I (at 𝜑 = 90◦). Also, in both instances a negative normal traction
was found for pure mode II. This is further discussed in the following sections.

The peak tractions, (�̂�𝑛, and �̂�𝑡) and maximum bridging tractions for all 𝜑 are plotted in Figs. 14(a) and 14(b) respectively. As
mentioned earlier the peak normal traction occurs at a mixed-mode phase angle of approximately 𝜑 = 11◦ and 𝜑 = 13◦ for Data
Set 1 and 2 respectively, while the lowest peak normal traction values are found at 𝜑 = 90◦ in both data sets. The maximum peak
shear traction occurs at pure mode II for both data sets, while the minimum value is found at 𝜑 = 0◦ for set 1 and 𝜑 = 5◦ for Data
Set 2. The maximum peak normal traction in the bridging region is located at 𝜑 = 6◦ and 𝜑 = 0◦ for Data Set 1 and 2, while the
minimum value is found at 𝜑 = 90◦ and 𝜑 = 52◦ respectively. The peak shear tractions in the bridging region show a maximum
value at 𝜑 = 5◦ and 𝜑 = 0◦ for Set 1 and Set 2, and a minimum value at 𝜑 = 90◦ for both data sets.
10
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Fig. 11. Cohesive tractions from Data Set 1 where (a) 𝜎𝑛 is the normal traction, and (b) 𝜎𝑡 is the shear traction as a function of 𝛿𝑛 and 𝛿𝑡.

Fig. 12. Cohesive traction from Data Set 2 where (a) 𝜎𝑛 is the normal traction, and (b) 𝜎𝑡 is the shear traction as a function of 𝛿𝑛 and 𝛿𝑡.

5. Discussion

5.1. Mathematical formulation of potential function

As mentioned in the derivation part, the proposed formulation does not require a differentiable potential function across its
entire range. This might result in discontinuous cohesive tractions. The authors see no issue in having discontinuous tractions (as is
the case in Fig. 13) given that discontinuities do occur in fracture (e.g. fibre snap). Nonetheless, if continuity of tractions is required
for numerical reasons, then a condition can be put obtain either continuous or smother cohesive tractions in the border of 𝛷𝐶𝑇 , and
𝛷𝐵 . A strict application of such a constrain on experimental data may be difficult or not possible for materials with a pronounced
kink at 𝛿0. Scatter on the experimental data may also make it difficult to apply such a condition. Such a constraint would only be
important for the numerical implementation of the cohesive law where large discontinuities in cohesive tractions should be avoided.

5.2. Restrictions on potential the potential function and cohesive laws

It is relevant to contemplate what restrictions should be imposed on the mixed-mode cohesive laws from a physics point of
view. In LEFM, where the presence of the FPZ is completely ignored, linearity and symmetry arguments lead to the situation that
a symmetric DCB specimen, loaded symmetric will only possess normal stresses (no shear stresses) and only normal crack opening
displacement at the crack tip (Mode I). Likewise, a symmetric DCB specimen loaded asymmetric will have only shear stresses (no
normal stresses) and a pure tangential crack opening displacement (Mode II) ahead of the crack tip. These symmetry arguments
only hold under large-scale fracture process zone in case the interface undergoing fracture also possesses symmetry. In case the
interface does not possess symmetry in the way it develops damage, there are no reason why a pure normal opening could not
develop a shear traction, and likewise, there are no reason why a pure tangential opening could not induce a normal traction (M.D.
Thouless, private communication [33]). For instance, a laminate made of non-crimp fabrics has backing bundles on one face only
and if such fabrics are oriented with the same face up, the interface is not strictly symmetric and the decoupling into pure modes
vanishes. Another example is that an interface may develop a rough fracture surface which at the micro-scale will not be symmetric;
11
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Fig. 13. Normal and shear tractions at selected phase angle values for Data Set 1 (a) and (b) and Set 2 (c) and (d)

Fig. 14. Peak cohesive traction as a function of the phase angle value 𝜑 for (a) the crack-tip region and (b) the bridging regime.

conversely a pure tangential crack opening may develop a normal traction (a negative normal traction – compression – would be
expected in this case [18]).

5.3. On the model assumptions

The proposed formulation is fairly general in the sense that by adapting the functional form of the potential function the same
approach could potentially be used to obtain cohesive tractions of many different types of materials. However, the applicability of
the method is limited to materials that do not show history dependence. Furthermore, a central assumption of the proposed method
is that the 𝜑∗ remains constant in each experiment. Previous experimental studies [25] have shown that for bridge cracks, the phase
12



Engineering Fracture Mechanics 271 (2022) 108632R. Erives et al.

e
r
d
o
f
a

w
u
t
d

a
m
f
T
(
u
C
t
f
w

6

s
p
o

angles are indeed near constant in the bridging regime. Also, the principles of LEFM would suggest that the phase angles across
the crack-tip region would also be constant. Yet, having a constant phase angle across the small and large scale is an assumption
(and a limitation) of the method in its current form. It is expected that in the crack-tip regime the phase angle 𝜑∗ would conform
with LEFM, but this may not be the case in the bridging region. Future work should address the form of 𝛷𝐶𝑇 and establish a better
connection between small scale fracture (where 𝜑∗ is presumed to be identical to 𝜓 of LEFM) and large-scale bridging, where 𝜑∗ is
near-constant but different from 𝜓 . Note that although the proposed approach analyses 𝐽𝑅 data for a fixed 𝜑∗, it does not assume
that the phase angle of the tractions do not follow 𝜑∗; this could lead to path-dependent mixed-mode cohesive laws [34].

Implicit in the model is the assumption of the existence of a potential function which leads to Eqs. (5) and (6). This implies that the
cohesive tractions are independent of the opening-displacements history (i.e. path-independent). Path-dependent cohesive tractions
have been proposed in some fracture phenomena such as plasticity and frictional sliding [35]; however, the path dependency (or
lack thereof) of interface bridged fracture is to the best knowledge of the authors an unresolved problem. Path dependency is a
fundamental topic that should be addressed in the future.

5.4. Model capabilities

The synthetic data from both data sets represent typical experimental data where the mode II behaviour is very different from
mode I, and where there is a large variation with the phase angle, i.e. mixed-mode. Unlike other empirically determined cohesive
tractions the proposed formulation is able to describe both the shape of the cohesive traction in the crack-tip, and the bridging
zone. This can be seen in Fig. 13 which shows about an order of magnitude difference between the crack-tip and bridging cohesive
tractions. There are a number of features of the proposed formulation which can result in a better prediction of a composite interface
when loaded in a completely different configuration. For instance, determining the stability of a structure (e.g. buckling) would
depend on the ability of describing accurately the shape of a cohesive traction [22]. Another examples could be the modelling of
parallel cracks, where the peak stress of all interfaces needs to be known [36].

5.5. Experimental implementation

The functional form of the potential functions 𝛷𝐶𝑇 , and 𝛷𝐵 have been proposed based on empirical observations (from the
literature) of the R-curves of delamination of composite materials. Since these potential functions are fitted using experimental
data, then the computed cohesive tractions (obtained from the partial differentiation of 𝛷) are empirically determined instead
of assumed. A direct measurement of mixed-mode cohesive tractions is very complicated, however, the direct measurement of
the fracture resistance using the 𝐽 -integral is quite standard for large scale fracture mechanics tests (e.g. DCB-UBM). Nonetheless,
xperimental determination of cohesive traction by the J integral approach is challenging for small openings, i.e., at the crack tip
egion. First, the crack opening displacements are small, in the order of a few microns. Accurate measurement of the end-opening
isplacements can be made by conducting fracture experiments under optical or scanning electron microscopes where the crack
pening displacements can be measured at high magnification. Second, for wide DCB specimens, the anticlastic bending makes the
racture process zone develop non-uniformly across the width [37]. This can be reduced by decreasing the beam depth (going from
plate-like geometry towards a more beam like geometry) [37].

The experimental characterisation of mixed-mode fracture commonly entails large testing campaigns. In an earlier study [25], it
as concluded that a minimum of 8 different phase angles (and thus tests) are required to appropriately fit the potential function
sing Chebyshev polynomials. This number was given to reduce a wobbling effect which was observed in large intervals without
est data. The minimum number of experiments to describe a potential function based on the proposed formulation is given by the
egree of the highest polynomial for the fracture parameters in the 𝜑∗-direction. For instance, if the largest polynomial degree is

of 4th order (as is the case in Data Set 1 used in the study), then in principle a minimum of 5 tests at different phase angle values
would be required to fully determine the fracture parameters that are used to calculate the potential function, i.e., 𝐽0, 𝐽𝑠𝑠, 𝛿0, 𝛿𝑠𝑠,
nd 𝜁 as a function of 𝜑∗. That would be a reduction in the minimum number of tests. Clearly, the polynomial forms of different
aterials may involve different polynomial fit, yet the use of a cylindrical form of the fracture resistance means that the potential

unction is fitted only to the magnitude of the end-openings as opposed to fitting it to both the normal and tangential end-openings.
his is possible for DCB-UBM test where the phase angle between the normal and tangential openings come out being near constant
at least for large-scale bridging) through the test. The wobbling effect which was observed (in large intervals without test data)
sing Chebyshev polynomials does not appear for the proposed formulation. This is due to the fact that the approach based on the
hebyshev polynomial allows the potential function to take any shape, which gives a lot of freedom on the shape of the cohesive
ractions. As a result, much more experimental data is required to compensate for it. In the proposed formulation, we ‘‘help’’ the
itting of the potential function by assigning a more restrictive shape (of the potential function, not of the cohesive tractions), yet,
ith sufficient freedom to accurately represent experimental R-curves for any mixed-mode.

. Summary and conclusions

The derivation of a novel mix-mode cohesive law capable of capturing both the crack-tip cohesive stress, as well as the bridging
tress is presented. The approach was tested using synthetic data, where the fracture and fitting parameters were represented as
olynomial distributions in terms of the phase angle of the end-openings. The proposed method is fairly general and the shape
13
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parameters from experimental R-curves is briefly described in the present work, an example is presented in Fig. 6 where it is shown
that the input parameters for the potential function can be extracted from measured R-curves. Note that the fitted potential function
lays practically on top of the experimental data of the fracture resistance.

Despite not making many simplifications during the derivation of the cohesive law, the obtained mixed-mode cohesive laws can
e easily implemented in a finite element framework. The method is flexible and allows for different shapes of fits to the measured
racture resistance data. The method is robust against noise in the 𝐽𝑅 data, giving almost identical fitted potential functions from
wo noise levels as shown in Fig. 8. After testing the proposed method, a number of conclusions can be drawn:

• The potential function can have mixed-mode dependent crack growth initiation values (𝐽0 and peak traction values) as well
as mixed-mode dependent representation of large-scale bridging.

• The method can be implemented relatively easily as it uses only R-curves, i.e. 𝐽𝑅 − 𝛿∗ at different phase angles of the end-
openings as input. That means that in principle the method can be implemented for different mixed-mode fracture mechanics
test configurations for which the normal and tangential openings evolve proportionally, and the 𝐽 -integral can be calculated.
Furthermore, the constitutive stiffness matrix is given in the Appendix, so its implementation as a cohesive element in FEM
should be straightforward.

• The proposed potential function is capable of describing cohesive tractions both in the crack tip and bridging region. The model
can represent crack tip peak traction values that are an order of magnitude larger than the tractions within the bridging zone.

• The method can be implemented using a relatively small number of mixed-mode fracture mechanics tests (different phase
angles of opening). A minimum of 5 and 4 tests would be sufficient to fully describe the fracture resistance (and thus cohesive
tractions) from Data Set 1 and 2 respectively.

• The constitutive stiffness matrix is given in the Appendix, so that the implementation of the cohesive law into a CZM in FEM
should be straightforward.
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ppendix. Cohesive stiffness matrix

The constitutive stiffness matrix 𝐾 is provided for direct implementation of the cohesive law in a standard finite element code.
he constitutive stiffness matrix is defined as

𝐾 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜕𝜎𝑛
𝜕𝛿𝑛

𝜕𝜎𝑡
𝜕𝛿𝑛

𝜕𝜎𝑛
𝜕𝛿𝑡

𝜕𝜎𝑡
𝜕𝛿𝑡

⎤

⎥

⎥

⎥

⎥

⎦

, (26)

or expressed in term of the potential function

𝐾 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜕2𝛷
𝜕𝛿𝑛2

𝜕2𝛷
𝜕𝛿𝑛𝜕𝛿𝑡

𝜕2𝛷
𝜕𝛿𝑛𝜕𝛿𝑡

𝜕2𝛷
𝜕𝛿𝑡2

⎤

⎥

⎥

⎥

⎥

⎦

, (27)

with
𝜕2𝛷

2
= 𝑐𝑜𝑠2(𝜑) 𝜕

2𝛷
2
+
𝑠𝑖𝑛2(𝜑)

2
𝜕2𝛷

2
− 2𝑐𝑜𝑠(𝜑)

𝑠𝑖𝑛(𝜑) 𝜕2𝛷 +
𝑠𝑖𝑛2(𝜑) 𝜕𝛷 + 2𝑐𝑜𝑠(𝜑)

𝑠𝑖𝑛(𝜑)
2

𝜕𝛷 , (28)
14

𝜕𝛿𝑛 𝜕𝛿 𝛿 𝜕𝜑 𝛿 𝜕𝛿𝜕𝜑 𝛿 𝜕𝛿 𝛿 𝜕𝜑
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a

𝜕2𝛷
𝜕𝛿𝑛𝜕𝛿𝑡

= 𝑐𝑜𝑠(𝜑)𝑠𝑖𝑛(𝜑) 𝜕
2𝛷
𝜕𝛿2

− 𝑐𝑜𝑠(𝜑)
𝑠𝑖𝑛(𝜑)
𝛿2

𝜕2𝛷
𝜕𝜑2

+
𝑐𝑜𝑠2(𝜑) − 𝑠𝑖𝑛2(𝜑)

𝛿
𝜕2𝛷
𝜕𝛿𝜕𝜑

−
𝑐𝑜𝑠(𝜑)𝑠𝑖𝑛(𝜑)

𝛿
𝜕𝛷
𝜕𝛿

−
𝑐𝑜𝑠2(𝜑) − 𝑠𝑖𝑛2(𝜑)

𝛿2
𝜕𝛷
𝜕𝜑

, (29)

𝜕2𝛷
𝜕𝛿𝑡2

= 𝑠𝑖𝑛2(𝜑) 𝜕
2𝛷
𝜕𝛿2

+
𝑐𝑜𝑠2(𝜑)
𝛿2

𝜕2𝛷
𝜕𝜑2

+ 2𝑐𝑜𝑠(𝜑)
𝑠𝑖𝑛(𝜑)
𝛿

𝜕2𝛷
𝜕𝛿𝜕𝜑

+
𝑐𝑜𝑠2(𝜑)
𝛿2

𝜕𝛷
𝜕𝛿

− 2𝑐𝑜𝑠(𝜑)
𝑠𝑖𝑛(𝜑)
𝛿2

𝜕𝛷
𝜕𝜑

. (30)

The partial derivatives of the proposed crack-tip potential function 𝛷𝐶𝑇 are

𝜕2𝛷𝐶𝑇
𝜕𝛿2

= 6𝐶1𝛿 + 2𝐶2, (31)

𝜕2𝛷𝐶𝑇
𝜕𝜑2

=
𝜕2𝐶3

𝜕𝜑2
𝛿∗3 +

𝜕2𝐶2

𝜕𝜑2
𝛿∗2 +

𝜕2𝐶1

𝜕𝜑2
𝛿 +

𝜕2𝐶0

𝜕𝜑2
, (32)

and,

𝜕2𝛷𝐶𝑇
𝜕𝛿𝜕𝜑

= 3
𝜕𝐶1
𝜕𝜑

𝛿2 + 2
𝜕𝐶2
𝜕𝜑

𝛿 +
𝜕𝐶3
𝜕𝜑

. (33)

For the bridging zone the partial derivatives of the potential function 𝛷𝐵 are

𝜕2𝛷𝐵
𝜕𝛿2

=
𝛥𝛷𝑠𝑠𝜁 (𝜁 − 1)

𝛿2𝑠𝑠

(

𝛿 − 𝛿0
𝛿𝑠𝑠

)𝜁−2
, (34)

𝜕2𝛷𝐵
𝜕𝛿𝜕𝜑

=
𝜕𝛥𝛷𝑠𝑠
𝜕𝜑

𝜕𝐷
𝜕𝛿

+ 𝛥𝐽𝑠𝑠

[

𝜕𝛿0
𝜕𝜑

𝜕𝐴
𝜕𝛿

+
𝜕𝛿𝑠𝑠
𝜕𝜑

𝜕𝐵
𝜕𝛿

+
𝜕𝜁
𝜕𝜑

𝜕𝐶
𝜕𝜑

]

, (35)

nd,

𝜕2𝛷𝐵
𝜕𝜑2

=
𝜕2𝛷0

𝜕𝜑2
+
𝜕𝛥𝛷𝑠𝑠
𝜕𝜑

𝜕𝐷
𝜕𝛿

+
𝜕𝛥𝛷𝑠𝑠
𝜕𝜑

[

𝐴
𝜕𝛿0
𝜕𝜑

+ 𝐵
𝜕𝛿𝑠𝑠
𝜕𝜑

+ 𝐶
𝜕𝜁
𝜕𝜑

]

+𝛥𝛷𝑠𝑠

[

𝜕𝐴
𝜕𝜑

𝜕𝛿0
𝜕𝜑

+ 𝐴
𝜕2𝛿0
𝜕𝜑2

+ 𝜕𝐵
𝜑
𝜕𝛿𝑠𝑠
𝜕𝜑

+ 𝐵
𝜕2𝛿𝑠𝑠
𝜑2

+ 𝜕𝐶
𝜕𝜑

𝜕𝜁
𝜕𝜑

+ 𝐶
𝜕2𝜁
𝜕𝜑2

]

.

(36)

The partial derivatives of the fracture resistance parameters 𝜕𝛷0∕𝜕𝜑, 𝜕𝛥𝛷𝑠𝑠∕𝜕𝜑, 𝜕𝛿0∕𝜕𝜑, 𝜕𝛿𝑠𝑠∕𝜕𝜑, 𝜕𝜁∕𝜕𝜑, as well as the partial
derivatives of the functions 𝜕𝐶0−3∕𝜕𝜑, are simple polynomial derivatives and are thus not presented.

The partial derivatives of the coefficients A, B, C, and D are shown below
𝜕𝐴
𝜕𝛿

= −𝐷
𝜁 (𝜁 − 1)
(𝛿0 − 𝛿)2

(37)

𝜕𝐴
𝜕𝜑

=
−𝐷𝜁
𝛿 − 𝛿0

[

𝜕𝜁
𝜕𝜑

𝑙𝑛
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)

+
𝜁𝛿𝑠𝑠
𝛿 − 𝛿0

(

− 1
𝛿𝑠𝑠

𝜕∗𝛿0
𝜕𝜑

− 1
𝛿2𝑠𝑠

(𝛿 − 𝛿0)
𝜕𝛿𝑠𝑠
𝜕𝜑

)]

− 𝐷
𝛿 − 𝛿0

𝜕𝜁
𝜕𝜑

−
𝐷𝜁

(𝛿 − 𝛿0)2
𝜕𝛿0
𝜕𝜑

(38)

𝜕𝐵
𝜕𝛿

= −
𝜁2

𝛿𝑠𝑠
𝐷

𝛿 − 𝛿0
(39)

𝜕𝐵
𝜕𝜑

= −
𝐷𝜁
𝛿𝑠𝑠

[

𝜕𝜁
𝜕𝜑

𝑙𝑛
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)

+
𝜁𝛿𝑠𝑠
𝛿 − 𝛿0

(

− 1
𝛿𝑠𝑠

𝜕𝛿0
𝜕𝜑

−
(𝛿 − 𝛿0)
𝛿2𝑠𝑠

𝜕𝛿𝑠𝑠
𝜕𝜑

)]

− 𝐷
𝛿𝑠𝑠

𝜕𝜁
𝜕𝜑

+ 𝐷𝛿
𝛿2𝑠𝑠

𝜕𝛿𝑠𝑠
𝜕𝜑

(40)

𝜕𝐶
𝜕𝛿

= 𝐷
𝛿 − 𝛿0

+
𝜁𝐷
𝛿 − 𝛿0

𝑙𝑛
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)

(41)

𝜕𝐶
𝜕𝜑

=
−𝐷𝛿𝑠𝑠
𝛿 − 𝛿0

[

1
𝛿𝑠𝑠

𝜕𝛿0
𝜕𝜑

+
(𝛿 − 𝛿0)
𝛿2𝑠𝑠

𝜕𝛿𝑠𝑠
𝜕𝜑

]

+ 𝑙𝑛
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)

𝐷

[

𝜕𝜁
𝜕𝜑

𝑙𝑛
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)

−
𝜁𝛿𝑠𝑠
𝛿 − 𝛿0

(

𝜕𝛿0
𝜕𝜑

1
𝛿𝑠𝑠

+
(𝛿 − 𝛿0)
𝛿2𝑠𝑠

𝜕𝛿𝑠𝑠
𝜕𝜑

)]

(42)

𝜕𝐷
𝜕𝛿

=
𝜁
𝛿𝑠𝑠

[

𝛿 − 𝛿0
𝛿𝑠𝑠

]𝜁−1
(43)

𝜕𝐷
𝜕𝜑

= 𝐷

[

𝜕𝜁
𝜕𝜑

𝑙𝑛
(

𝛿 − 𝛿0
𝛿𝑠𝑠

)

−
𝜁𝛿𝑠𝑠
𝛿 − 𝛿0

[

1
𝛿𝑠𝑠

𝜕𝛿0
𝜕𝜑

+
𝛿 − 𝛿0
𝛿2𝑠𝑠

𝜕𝛿𝑠𝑠
𝜑

]]

(44)
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