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A B S T R A C T   

Background: The liver has a unique role in blood glucose regulation in postprandial, postabsorptive, and fasting 
states. In the context of diabetes technology, current maximal models of glucose homeostasis lack a proper 
dynamical description of main glucose-related fluxes acting over and from the liver, providing a rather simplistic 
estimation of key quantities as endogenous glucose production and insulin and glucagon clearance. 
Methods: Using a three-phase well-established phenomenological-based semi-physical modeling (PBSM) meth-
odology, we built a detailed physiological model of hepatic glucose metabolism, including glucose utilization, 
endogenous glucose production through gluconeogenesis and glycogenolysis, and insulin and glucagon clear-
ance. Mean absolute errors (MAE) were used to assess the goodness of fit of the proposed model against the data 
from three different in-vivo experiments -two oral glucose tolerance tests (OGTT) and a mixed meal challenge 
following overnight fasting-in healthy subjects. 
Results: Needing little parameter calibration, the proposed model predicts experimental systemic glucose mean ±
std 5.4 ± 5.2, 7.5 ± 6.8, and 7.5 ± 7.5 mg/dL, in all three experiments. Low MAEs were also obtained for insulin 
and glucagon at the hepatic vein. 
Conclusions: The quantitative concordance of our model to the experimental data exhibits a potential for its use in 
the physiological study of glucose liver metabolism. The model structure and parameter interpretability allow the 
union with other semi-physical models for a better understanding of whole-body glucose homeostasis and its use 
in developing diabetes technology tools.   

1. Introduction 

In healthy subjects, blood glucose levels are maintained within a 
narrow range of around 70–110 md/dL thanks to a sophisticated natural 
closed feedback loop involving mainly the gastrointestinal (GI) tract, 
pancreas, kidneys, liver, and peripheral tissues, despite complex dis-
turbances caused mainly by glucose-containing meals and a lack of 
physical activity. In this complex orchestration, the liver plays a key 
role, acting as a buffer in all fasting, postprandial, and post-absorptive 
states through hepatic glucose production and utilization (glycogenol-
ysis, glycolysis, glycogenesis, and gluconeogenesis) [1,2]. In this com-
plex and intertwined metabolic process, insulin and glucagon (viz. the 
glucose-lowering hormone and its antagonist) are used and degraded. 

Insulin and glucagon are the main regulatory hormones in glucose 
homeostasis. In what seems an indirect process, insulin acts on adipose 
tissue lipolysis by suppressing free fatty acids, which in turn modulate 
(suppress) hepatic glucose production [1]. Glucagon, on the other hand, 
promotes hepatic glycolysis as a response to hypoglycemia. Moreover, 
major insulin and glucagon clearance takes place in the liver [3,4], being 
the latter process less known and quantified in humans than the former 
[3]. 

Understanding hepatic glucose metabolism is key in explaining the 
main mechanisms of glucose regulation and to provide useful and 
actionable insight to treat impaired glucose conditions such as Type 1 
Diabetes (T1D) and Type 2 Diabetes (T2D). Although T1D (a.k.a. insulin- 
dependent diabetes) is a widespread autoimmune disease, the 
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prevalence of T2D is increasing at alarming rates due mainly to the 
modern lifestyle, among other well studied causes [5]. According to the 
International Diabetes Federation (IDF) as of 2019, 463 million people 
had diabetes with a 51% estimated increase in 2045 (~ 700 million) [5]. 

Digital therapeutics have emerged in recent years as a promising 
alternative for diabetes care [6,7] This encompasses a variety of tools 
including apps for decision support systems and automatic insulin de-
livery (a.k.a. the artificial pancreas) and the widespread use of the 
Internet to provide specific targeted treatment. Behind-the-scenes, 
mathematical models of (or related to) glucose homeostasis play a key 
role in the design, testing, and implementation of these technologies. 
Specifically, computer simulation has, undoubtedly, accelerated the 
development of such technologies and has, for the specific case of the 
artificial pancreas, replaced the animal trials in the preclinical testing 
phase [8,9]. 

The mathematical representation of glucose homeostasis either in 
healthy subjects or in T1D/T2D has been a subject of intense research for 
over 40 years now [10,8]. Although numerous investigations have 
contributed to building the body of knowledge regarding such a complex 
mechanism, there is still some important that remains unknown/not 
thoroughly understood; e.g., the effect of different types of physical 
activities in endogenous glucose production and glucose utilization, 
glucagon metabolism, and accurate dynamical representations of insulin 
and glucagon secretion, among others. 

Despite the key role of the liver in glucose homeostasis, there is, as 
yet, no accurate simulation model of the glucose-related hepatic meta-
bolism, representing known physiological aspects and with the possi-
bility of being individualized (identified) with specific field data. In this 
work, we propose a novel physiologic mathematical model of the 
glucose hepatic metabolism developed by a well established modeling 
methodology [11,12]. Key aspects such as Endogenous Glucose Pro-
duction (EGP), hepatic glucose utilization, and insulin and glucagon 
clearance are integrated into this mathematical model together with 
metabolic and hormonal regulation. We show the prediction ability of 
the model by replicating in the simulation the results from three 
different experimental setups available in the literature [13,14,15] for a 
median hypothetical subject with minimal parameter calibration. 

2. Role of the liver in glucose metabolism 

The liver receives the mainstream of nutrients, including carbohy-
drates, right after reaching the bloodstream from the intestine. As such, 
it dampens both carbohydrate and several hormone fluxes through 
different pathways [16]. Specifically, glucose enters hepatocytes via 
Glucose transporter 2 (GLUT2), a bidirectional transporter that allows 
passive entry and exit by concentration difference rather than by insulin 
action, a common mechanism elsewhere [17]. 

Once inside the hepatocytes, glucose can be stored as glycogen, used 
to produce energy or fatty acid synthesis [18]. The first step in hepatic 
glucose metabolism is its phosphorylation to Glucose 6 phosphate (G6P) 
by Glucokinase (GK), a low molecular weight enzyme that is not 
inhibited by its product, G6P, and has a lower affinity for glucose 
compared to other hexokinases [19]. G6P can then undergo isomeriza-
tion to Glucose 1 phosphate (G1P) or Fructose 6 phosphate (F6P) or 
oxidation to gluconolactone. In the postprandial period, about 50% of 
the ingested glucose will be converted to glycogen through the G1P 
pathway (direct route) [20], but the storage capacity of glycogen in the 
liver is limited and excess glucose from the diet goes in part to fatty acid 
synthesis [21]. Also, in the postprandial period, the liver is not pre-
dominantly oxidative, which causes the amount of glucose to be 
metabolized through the F6P pathway to be very small [22]. 

GK is a widely regulated enzyme in the liver; whole activation occurs 
by Fructose 1 phosphate (F1P) and its gene transcription is subject to 
hormonal regulation (insulin and glucagon). Direct and indirect inhi-
bition are mediated by Glucokinase regulatory protein (GKRP) and 
Fructose 1–6 biphosphate (FBP), respectively. In the presence of F6P, 

GKRP binds to form an inhibitory complex, which separates in the 
presence of F1P losing its activity. During the postprandial period, F1P 
levels are high, facilitating the flow of glucose into the cell by concen-
tration difference [23]. Also, GK concentration is higher in the cyto-
plasm, where high levels of insulin increase its transcription [24]. In 
contrast, in the post absorptive period, GK remains inside the nucleus 
from which it cannot exert its action on glucose [25], where high levels 
of glucagon repress its transcription. 

After an oral carbohydrate intake, the activity of Glucose 6 phos-
phatase (G6Pase) is partially suppressed by insulin [26], but glucose 
stimulates G6Pase and, paradoxically, this seems to be necessary to 
maintain high levels of G6P, which in turn, is needed to switch from 
glycogenolysis to glycogenogenesis [27]. The mechanism used by the 
liver to transition from being a glucose-producing organ to a glucose 
storing organ is similar to that of a switch; it is a matter of debate 
whether the effector is glucose or insulin. However, the action is parallel 
to glucose concentration. In spite of this, insulin is necessary to achieve 
the maximum glycogen concentration in the presence of glucose [28]. 
Although glycogen’s main route comes directly from the metabolism of 
ingested carbohydrates, glucose produced via gluconeogenesis may 
represent up to 25% of the total amount of glycogen production in fed 
and fasting states [20]. 

3. Methods 

In this section, we discuss the steps taken to build a 
phenomenological-based semi-physical model (PBSM) accounting for 
the role of the liver in glucose homeostasis. We used a three-phase 
methodology to build the model [29]. In the pre-construction phase, 
we described the process to be modeled and the model’s objective, 
proposed a modeling hypothesis, stated the level of detail, and defined 
the process systems. In the construction phase, we applied the conser-
vation principle, obtaining the model’s basic structure. We then classi-
fied the symbols forming the equations selected for the basic structure as 
variables, structural parameters, and constants. We used constitutive 
and assessment equations to define the unknown parameters of every 
process system. A constitutive equation approximates the response of a 
physical quantity to external stimuli using a law or principle. An 
assessment equation is a mathematical relation to assess a parameter’s 
numerical value. In the final step of the construction phase, the model’s 
degrees of freedom are verified. In the final phase, we constructed a 
computational model and contrasted its results against experimental 
data available in the literature. Examples of previous models following 
this methodology are available elsewhere [30,31,32,11,12]. This 
methodology makes it possible to build a mathematical model based on 
the current knowledge of physiology, with interpretable parameters and 
a unique and modular basic structure. This enables the model to be used 
for different purposes. 

3.1. Model pre-construction 

3.1.1. Process description and model aim 
Unlike any other organ, the liver receives blood from two sources, 

the portal vein and the hepatic artery. The blood from the portal vein 
flows from the splanchnic bed. In the post-absorptive state, the species 
concentrations resemble the ones in the systemic circulation. After a 
carbohydrate-containing meal, portal vein blood contains a high con-
centration of glucose, fatty acids, or amino acids, depending on the type 
of food. Oxygen-rich blood from the peripheral circulation enters via the 
hepatic artery with a more or less constant glucose concentration. The 
hepatic artery’s terminal branches and the portal vein (portal triad) 
empties its blood content into small channels called sinusoids. These 
low-pressure vascular tunnels carry blood from the portal triads toward 
the central hepatic vein. One hepatic lobule contains millions of sinu-
soids lined by highly fenestrated endothelial cells and surrounded by 
hepatocytes, as depicted in Fig. 1. This configuration allows the 
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exchange of nutrients, metabolism-related substances, and oxygen to 
flow between blood and the hepatocytes. 

In healthy individuals, a blood glucose concentration of around 90 
mg/dL (~ 72–180 mg/dL) is maintained, in part, due to the liver’s 
ability to store and produce glucose. As described earlier, the glucose 
storage process is mainly active in the postprandial period where 50% of 
the ingested glucose is converted to glycogen [20]. But most glucose 
(both ingested and circulating) is used in other metabolic routes such as 
fat production. In fasting, the liver breaks down glycogen to supply 
glucose and can produce glucose from non-hexose precursors such as 
lactate [34]. Part of that circulating glucose is used by the liver to supply 
its energy requirements. 

All the physiologic phenomena of glucose metabolism in the liver, e. 
g., glycolysis (energy production), glycogenesis (glycogen storage), 
glycogenolysis (glycogen breakdown to produce glucose), and gluconeo-
genesis (glucose production from non-hexose precursors) coexist and are 
regulated by the intermediated products of different reactions such as 
G6P and by hormones secreted by the pancreas (insulin and glucagon). 
In the postprandial period, high levels of insulin and glucose promote 
glucose storage and decrease glucose production. During fasting, low 
circulating glucose concentration, decreasing/increasing insulin/ 
glucagon production from the pancreas, blocks glucose storage and fa-
cilitates endogenous glucose production (EGP). 

In our model, all four described physiological phenomena as well as 
the regulatory influence of insulin and glucagon on the liver are 
considered in both postprandial and fasting states. 

3.1.2. Model hypothesis and level of detail 
All glucose metabolism within the liver occurs in the hepatocytes, in 

a dynamic process that involves an exchange of substances between 
blood and cells. The hepatocyte is considered here as the elemental brick 
forming the sinusoid, therefore allowing the scaling-up of millions of 
sinusoids to represent the entire liver. The process/physiology analogy 
to develop the model is shown in Fig. 2. Blood entering the hepatic 
sinusoid gathers flows 1 and 2 (hepatic artery and portal vein, respec-
tively). Here, blood volume and density are assumed to be constant due 
to the circulation’s regulatory mechanisms that in usual conditions 
maintain strict control in human blood pressure, temperature, and 
density [35]. The hepatic sinusoid is considered a continuously stirred 
tank, and it is where the exchange of model’s substances of interest takes 
place. The total amount of hepatocytes in a sinusoid is regarded as a 
two-zone continuous stirred tank reactor. In the upper part, it behaves 
like a regular continuously stirred reactor where all chemical reactions 
take place. In the lower part, it maintains perfect agitation and acts as a 
glycogen reservoir. The metabolic zonation of hepatic glucose meta-
bolism [36] is not considered here since we aim at a net effect of the 

Fig. 1. Representation of a liver sinusoid. Figure reproduced from Frevert, U. et al. [33], in line with Creative Commons Attribution License - CC BY 4.0..  

Fig. 2. Process/Physiology analogy used to build the mathematical model.  
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entire liver rather than a specific contribution from a given hepatocyte. 

3.1.3. Definition of process systems (PS) 
A Process System (PS) is an engineering abstraction of the real object 

allowing for the statement of a set of differential equations laying out the 
model’s basic structure. Every PS is naturally a part of the modeled 
process, a volume where the properties of the substances of interest 
change [37]. Regarding the liver, three PSs were defined, see Fig. 3. PSI 
is a mixing point merging the two blood streams entering the liver, the 
hepatic artery (stream 1) and portal vein (stream 2). The blood inflow to 
the hepatic sinusoids (PSIII) is hypothesized as a single flow represented 
by flow 3. We assume that all substances of interest, i.e., all substances 
playing a role in the glucose metabolism, diffuse across the blood ves-
sels’ walls irrigating the liver tissue to reach the hepatocytes (PSII). This 
transport is represented with stream 4. Once in the hepatocytes, the 
necessary biochemical reactions take place and the products generated 
in these reactions return to the sinusoids via the mass flow 5, to be later 
discharged from PSIII to the bloodstream via stream 6. 

3.2. Model construction 

3.2.1. The conservation principle 
Mass balances were applied in mass units to PSI and PSIII for 

simplicity. We resorted to molar units in PSII to handle all biochemical 
reactions of interest. Total mass balance and mass balance for each 
substance of interest were also formulated as shown below.  

A. Hepatic sinusoid inlet (PSI). All mass flows will be represented by 
ṁk, with k as the number or stream as in Fig. 3.  
(i) Total mass balance. The total mass balance of PSI is given by: 

dMI

dt
= ṁ1 + ṁ2 − ṁ3 (1) 

with MI the total mass of substances contained in PSI, ṁ1 the oxygen- 
rich blood flow supply from the hepatic artery from the systemic cir-
culation, and ṁ2 the blood flow from the portal vein coming from the 
intestine with the absorbed nutrients. dMI

dt = 0 given the constant blood 
volume and density. In this way, the total mass balance for the PSI yields: 

ṁ3 = ṁ1 + ṁ2 (2)    

(ii) Component mass balance. Glucose concentration from the 
splanchnic bed changes dynamically as per the mixing of the 
meal-related carbohydrate absorption and bloodstream coming 
from the systemic circulation. Essential hormones from the 
pancreas such as insulin and glucagon as well as non- 
carbohydrate gluconeogenesis precursors (i.e., lactate, gluta-
mine, alanine, glycerol) are also included into the balances and 
generalized as 

dMj,I

dt
= ṁ1 wj,1 + ṁ2 wj,2 − ṁ3 wj,3 (3) 

where wj,k is the mass fraction of component j in the stream k, with j: 
glucose (G), insulin (Ins), glucagon (Gluca), lactate (Lac), glutamine 
(Glut), alanine (Ala), and glycerol (Gly). Only amino acids from the 
systemic circulation are taken into account because amino acids from 
diet had little or no effect on hepatic glucose production [38]. Total mass 
of component j can be expressed as Mj,I = wj,IMI. Obtaining the deriva-
tive on this expression, considering perfect agitation (wj,I = wj,3) and 
dMI
dt = 0 (total mass balance), Eq. (3) becomes 

dwj,3

dt
= (ṁ1 wj,1 + ṁ2 wj,2 − ṁ3 wj,3)

1
MI

(4)    

B. Hepatocytes (PSII): In this PS, we consider the main biochemical 
reactions within the liver playing a role in glucose regulation. The 
liver keeps a similar EGP ratio from non-carbohydrate precursors in 
both postprandial and post-absorptive states. The stoichiometric 
balance for this glucose production is somehow equivalent to that 
occurring in the kidneys [11]. The remaining biochemical reactions 
present the following stoichiometric balances:  
a. Glycogenesis (i = 1). The moles of glucose are phosphorylated to 

form moles of glycogen in the hepatocytes, with conversion of 
adenosine triphosphate (ATP) to adenosine diphosphate (ADP) 

Glucose - 1 - P + ATP + Glycogenn + H2O → Glycogenn+1 + ADP + 2⋅ 
Pi.  

b. Glycogenolysis (i = 2). Glycogen dephosphorylates to form glucose 

Glycogenn + Pi → Glycogenn− 1 + Glucose - 1 - P.  

c. Gluconeogenesis (i = 3). Stoichiometric balances via every non- 
carbohydrate precursor are reported elsewhere [11].  

d. Insulin clearance and glucagon degradation (i = 5 and i = 6, 
respectively). These are equimolar reactions as follows 

Insulin → Insulin*Glucagon → Glucagon* 
where Insulin* and Glucagon* are inactivated insulin and glucagon 

molecules, respectively.  

e. Glycolysis (i = 6). Hepatocytes consume glucose at a constant rate 
during the postprandial state.  

f. Lipogenesis (i = 7). Once glycogen stores in the liver reach their 
maximum capacity in the postprandial state, glucose is synthesized 
by an alternate metabolic pathway to form fat. This reaction also 
occurs during fasting when the hepatocytes catch half of the amount 
of glucose entering the sinusoid to form nicotine adenine dinucleo-
tide phosphoric acid (NADPH). In both states, we consider an equi-
molar reaction as 

Glucose → G* 
with G* being the fatty acids produced from glucose. 
Fig. 4 summarizes the reactions taking into account in the model.  

(i) Total mass balance. The total mass balance of the PSII is written 
generically as 

Fig. 3. Block diagram of process systems taken for modeling the liver’s role in 
glucose metabolism. 1: Blood from the hepatic artery, 2: Blood from the portal 
vein, 3: Blood entering hepatic sinusoid, 4: Substances entering hepatocytes, 5: 
Substances leaving hepatocytes, 6: Blood to central hepatic vein. 
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dNII

dt
= ṅ4 − ṅ5 +

∑
(riσi,j) (5) 

where NII is the total mass of the substance in kg − mol. ṅ4 is the 
molar flow of substance entering the hepatocytes in corresponding units. 
The amount of glucose from the blood in the sinusoids entering to the 
hepatocytes varies from around 50% in the fasting state to 30% after a 
meal [22]. In the fasting state, the liver prioritizes glucose consumption 
for energy production [22]. Most of the glucagon and insulin meta-
bolism occurs in the liver; around 80% of the insulin and 58% of 
glucagon entering the liver undergo clearance in the hepatocytes [39,4, 
40]. All the non-carbohydrate precursors for gluconeogenesis enter the 
reactor on. The products of the reactions in the hepatocytes are repre-
sented by ṅ5 ri is the reaction rate for glycolysis, glycogenesis, glyco-
genolysis, and gluconeogenesis, and also for insulin and glucagon 
inactivation. σi,j represents the stoichiometric coefficients, with (+) sign 
for products and (− ) sign for reactants. Subindices i and j represent the 
chemical reactions and reaction products, respectively. All insulin and 
glucagon that enters into the hepatocytes undergo proteolysis. Instead of 
including unnecessary additional balances, the model replaces the same 
amount of insulin and glucagon that enters through ṅ4 into inactive 
products in ṅ5, so there is no accumulation. Also, the model describes the 
liver clearance for both hormones with a positive sign (+) for products 
and a negative sign (− ) for reactants.  

(ii) Component mass balance. In this PS, glycogen also enters into play. 
Component mass balances for all species of interest in this PS can 
be written as 

dNj,II

dt
= ṅ4 xj,4 − ṅ5 xj,5 +

∑
(σi,jri) (6) 

with Nj,II the total moles of every component of interest and xj,5 the 
molar fraction of component j leaving the hepatocytes. For the sake of 
simplicity, the terms are written in molar flows of specific substance 
instead of molar fractions and total flows yielding 

dNj,II

dt
= ṅj,4 − ṅj,5 +

∑
(σi,jri) (7) 

where inactive glucose (G*) produced via lipogenesis and Ins* and 
Gluca* do not enter the hepatocytes since they are reaction products, 
therefore ṅ4 = 0. The balance for G*, Ins*, and Gluca* might be 
rewritten as 

dNj,II

dt
= − ṅj,5 +

∑
(σi,jri) (8) 

Once insulin, glucagon, and non-carbohydrates precursors enter the 
hepatocytes, they react and are converted into other substances not 
considered here. In this sense, ṅj,5 = 0 and the mass balance for j = Ins, 
Gluca, Glut, Lac, Ala, and Gly becomes 

dNj,II

dt
= ṅj,4 +

∑
(σi,jri) (9) 

Glycogen is phosphorylated and dephosphorylated only within the 
hepatocytes. Henceforth, there is no glycogen input/output. In this re-
gard, the mass balance for glycogen is written as 

dNj,II

dt
=

∑
(σi,jri) (10)    

C. Hepatic sinusoid (PSIII). As mentioned earlier, for this PS balances 
are performed in mass units for simplicity.  
(i) Total mass balance. Following the nomenclature in Fig. 3, the total 

mass balance for PSIII can be written as 

dMIII

dt
= ṁ3 + ṁ5 − ṁ4 − ṁ6 (11) 

In this PS there is no mass accumulation (blood density and volume 
remain constant), therefore dMIII

dt = 0 and 

ṁ6 = ṁ3 + ṁ5 − ṁ4 (12)    

(ii) Component mass balance. In this PS, the focus is on in the species 
leaving the sinusoids via the hepatic vein. The component mass 
balances can be written in a general form as 

dMj,III

dt
= ṁ3 wj,3 + ṁ5 wj,5 − ṁ4 wj,4 − ṁ6 wj,6 (13) 

with Mj,III being the mass of component of interest j in the hepatic 
sinusoid. Using the perfect mixing condition of all substances into the 
hepatic sinusoid, the equivalence wj,III = wj,6 and Mj,III = wj,III MIII can be 
applied to solve the derivative of Mj,III, with MIII constant. Replacing this 
derivative solution in Eq. (13), the component mass balance in the PSIII 
becomes 

dwj,6

dt
= (ṁ3 wj,3 + ṁ5 wj,5 − ṁ4 wj,4 − ṁ6 wj,6)

1
ρb Vb

(14) 

in case j = G. With the above in mind, the mass balance for insulin, 
glucagon, and non-carbohydrates precursors yields 

dwj,6

dt
= (ṁ3 wj,3 − ṁ4 wj,4 − ṁ6 wj,6)

1
ρb Vb

(15) 

For inactive insulin (Ins*) and glucagon (Gluca*) and fatty acids 
produced via lipogenesis (G*), the balance reads as 

dwj,6

dt
= (ṁ5 wj,5 − ṁ6 wj,6)

1
ρb Vb

(16)  

Fig. 4. Main biochemical reactions within the liver playing a role in glucose regulation.  
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3.2.2. The basic structure of the model 
The basic structure of the model comes from the active balances 

detailed in the previous section. The equations with relevant informa-
tion for each PS are described as follows.  

● PSI: Eqs. (3) and (5). The latter generates seven equations, one for 
every component j: glucose, insulin, glucagon, lactate, glutamine, 
alanine, and glycerol.  

● PSII: Eqs. (5) and (7) (for glucose), (8) (one for every inactive 
component j = G*, Ins*, and Gluca*), (9) (for j = Ins, Gluca, Glut, Lac, 
Ala, and Gly), and (10) for glycogen.  

● PSIII: Eqs. (12), (14) and (15) (for j = Ins, Gluca, Glut, Lac, Ala, Gly), 
(16) (one for every inactive component j = Ins*, Gluca*, and G*). 

In this sense, the basic structure of the model is composed of 31 
equations as summarized in Table 1. 

3.2.3. Variables, structural parameters, and structural constants 
As detailed in Ref. [41], PBSMs is composed of variables, structural 

parameters, and constants. The structural parameters can be opened 
further to obtain a deeper level of detail. In the methodology used in this 
study [29], the parameters and constants that emerged from the appli-
cation of the conservation principle are deemed as structural. While 
those that appear once the structural parameters have been defined are 
deemed as functional parameters. The classification of the model com-
ponents are reported in Table 2. 

3.2.4. Constitutive and assessment equations for structural and functional 
parameters. Definition of constants 

As mentioned earlier, functional parameters show up once structural 
parameters are defined. The set of new equations proposed here to 
complete the whole structure of the model is labeled as an extended 
structure of the model. Mathematical expressions used to define a 
parameter in terms of new parameters are often known as constitutive 
equations. We use the term assessment equation to the assign a func-
tional parameter with a given value either from the literature or from an 

assumption. Table 3 reports the set of constitutive equations used to 
define the structural parameters. In this table,“instances” refers to the 
number of equations generated given the different components of in-
terest in that particular stream. Functional parameters can in turn be re- 
defined in terms of new constitutive equations when deemed necessary. 
Table 4 details which functional parameters are re-defined. Finally, 
Table 5 summarizes all parameters with a fixed numerical value or 
defined by using an assessment equation as well as all model constants. 

3.2.5. Analysis of degrees of freedom 
The analysis of degrees of freedom in the model helps to establish the 

model closure in terms its computational solution. In this regard, our 
goal is to find whether the number of unknowns is equivalent to the 
number of equations (including variables and model parameters). For 
the purpose of the present model, we present the analysis of the degrees 
of freedom in Table 6, where a final 0 DoF is obtained. It is worth 
clarifying that the sole purpose of this analysis is to evaluate whether the 
model can be implemented in simulation. For identifiability purposes, 
the model can be parameterized with only twelve parameters. These 
tunable parameters must be defined by a numerical value that must be 
identified to provide a specific dynamic behavior. 

3.3. Simulation of the computational model 

3.3.1. Construction of the computational model 
The model was programmed and solved using MatLab@ version 

9.8.0 - R2020a (Natick, Massachusetts: The MathWorks Inc.). 

3.3.2. Model validation 
In this initial stage, we contrasted the model response with experi-

mental data found from three different in-vivo experiments [13,14,15]. 
Further details will be presented in the Results Section. 

4. Results 

We presented a detailed Phenomenological-Based Semi-physical 
Models (PBSM) of the human hepatic glucose metabolism for healthy 
subjects accounting for the two major hormones involved in glucose 
regulation, insulin and glucagon. Results from three different experi-
ments available in the literature were used to assess the prediction 
ability of the proposed model [13,14,15]. It is worth mentioning that 
since the three experimental conditions are different, the types of stimuli 
and observations also differ from one another. In this case, since we are 
interested in assessing the physiological coherence of the model, we 
replicated at replicating the median traces of the experimental outputs 
by considering a hypothetical “median” virtual subject. 

Fig. 5 shows the results of our model in reconstructing the experi-
mental results presented in Ref. [15], where 11 subjects underwent an 
Oral Glucose Tolerance Test (OGTT) following an overnight fast. The 
purpose of the experiment was to measure the rate of oral glucose 
appearance, splanchnic glucose uptake, suppression of hepatic glucose 
production, and peripheral glucose uptake using hepatic vein 

Table 1 
Equations of the model’s basic structure.  

Process 
system 

Equations Component 

PSI ṁ3 = ṁ1 + ṁ2    

dwj,3

dt
= (ṁ1 wj,1 + ṁ2 wj,2 − ṁ3 wj,3)

1
ρb Vb  

j = G, Ins, Gluca, Glut, Lac, 
Ala, Gly 

PSII dNII

dt
= ṅ4 − ṅ5 +

∑
(ri σj,i)

dNj,II

dt
= ṅj,4 − ṅ5 xj,5 +

∑
(ri σj,i)

j = G  

dNj,II

dt
= − ṅ5 xj,5 +

∑
(ri σj,i)

j = G*, Ins*, Gluca*  

dNj,II

dt
= ṅj,4 +

∑
(ri σj,i)

j = Ins, Gluca, Glut, Lac, 
Ala, Gly  

dNj,II

dt
=

∑
(ri σj,i)

j = Glycogen 

PSIII ṁ6 = ṁ3 + ṁ5 − ṁ4    

dwj,6

dt
= (ṁ3 wj,3 + ṁ5 wj,5 − ṁ4 wj,4 −

ṁ6 wj,6)
1

ρb Vb  

j = G  

dwj,6

dt
= (ṁ3 wj,3 − ṁ4 wj,4 − ṁ6 wj,6)

1
ρb Vb  

j = Ins, Gluca, Glut, Lac, 
Ala, Gly  

dwj,6

dt
= (ṁ5 wj,5 − ṁ6 wj,6)

1
ρb Vb   

j = G*, Ins*, Gluca* 

The indexes are j = G, Ins, Gluca, Gluta, Lac, Ala, Gly, G*, Ins*, Gluca*, 
Glycogen; i (hepatic biochemical reactions): 1 = Glycogenesis, 2 = Glycogen-
olysis, 3 = Gluconeogenesis, 4 = Insulin clearance, 5 = Glucagon clearance, 6 =
Glycolisis, 7 = Lipogenesis. 

Table 2 
Model variables, structural parameters, and structural constants.   

PSI PSII PSIII Total 

Variables ṁ3,wj,3  NII, Nj,II ṁ6,wj,6  31 
Structural 

Parameters 
ṁ1,ṁ2,wj,1,wj,2,ρb,

Vb  

ṅ4,ṅ5,ṅj,4,xj,5,

ri  

ṁ4, ṁ5,wj,4,

wj,5  

42 

Structural 
Constants 

– σj,i – 26 

The indexes are j = G, Ins, Gluca, Gluta, Lac, Ala, Gly, G*, Ins*, Gluca*, 
Glycogen; i (hepatic biochemical reactions): 1 = Glycogenesis, 2 = Glycogen-
olysis, 3 = Gluconeogenesis, 4 = Insulin clearance, 5 = Glucagon clearance, 6 =
Glycolisis, 7 = Lipogenesis. 
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catheterization and a double-tracer technique. For the considered sce-
nario, absolute errors of (mean ± std) 5.4 ± 5.2 mg/dL, 38.7 ± 28.4 
pmol/L, and 41.1 ± 101.6 μmol were obtained for systemic glucose, 
systemic insulin, and glycogen, respectively, when comparing the model 
output with respect to the available experimental data. 

Fig. 6 shows the results of the developed model in reproducing the 
experimental setup in Ref. [14], where 88 healthy subjects (46 male - 42 
female) underwent an OGTT. The rate of glucose appearance was esti-
mated from a two-tracer protocol. For the considered scenario, absolute 
errors of (mean ± std) 7.5 ± 6.8 mg/dL and 15.3 ± 15.4 pmol/L were 
obtained for systemic glucose and systemic insulin, respectively, when 
comparing the model output with respect to the available experimental 
data. 

A more realistic setup where 16 healthy subjects were challenged 
with a mixed meal after overnight fasting was considered by Basu et al. 
in Ref. [13]. This experiment provided information following a more 
conventional meal and reports useful information such as the rate of 
glucose appearance (Ra) and C-peptide concentration, estimated by 
means of a triple-tracer technique, allowing the estimation of pancreatic 
insulin within the portal vein after the meals. Fig. 7 shows the perfor-
mance of our model in reproducing such results. Absolute errors of 
(mean ± std) 7.5 ± 7.5 mg/dL, 30.9 ± 48.5 pmol/L, and 0.49 ± 0.45 
pmol/L were obtained for systemic glucose, systemic insulin, and sys-
temic glucagon, respectively, when comparing the model output with 
respect to the available experimental data. 

Table 3 
Constitutive equations for structural parameters of the model.  

# Description Constitutive/Assessment Equation Instances Ref. 

1 Mass flow rate of blood entering in the liver from the hepatic artery (stream 1). ṁ1 = ρb V̇ab  1 [42] 

2 Mass flow rate of blood entering in the liver from the portal vein (stream 2). ṁ2 = ρb V̇vb  1 [42] 

3 Mass fraction of components of interest entering in the liver via the hepatic artery. wj,1 = Cj,1
1
ρb

Mj  
7 UC 

4 Mass fraction of components of interest entering in the liver via the portal vein. wj,2 = Cj,2
1
ρb

Mj  
7 UC 

5 Density of the blood. ρb = 1060 kg/m3 1 [43] 
6 Volume of blood irrigating the liver. Vb = 0.25 vol 1  
7 Molar flow of substances of interest involved in glucose metabolism entering 

hepatocytes from sinusoids. 
ṅ4 =

∑
ṅj,4  1 [42] 

8 Molar flow of substances of interest out of the hepatocytes towards the sinusoids ṅ5 = V̇5 ρ5  1 [42] 

9 Reaction velocity of insulin and glucagon clearance, and gluconeogenesis occurring in 
the liver. ri = k0,i Nj,II e

− Eai

RT  
3 [42] 

10 Rate of glycogenogenesis reaction occurring in the liver in both postprandial and 
postabsorptive states. r1 =

⎧
⎨

⎩

0 if CG,2 ≤ CG,1 ∧ NGlgn,II > 500 mol

k0,1xG,4e
− Ea1

RT if CG,2 > CG,1  

1 [44, 
45] 

11 Rate of glucose production from glycogen stored in the liver. 

r2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k0,2 NGlgn,II e
− Ea2

RT if CG,2 ≤ CG,1

∧ CGluca > 77 pmol/L

∧ NGlgn,II > NGlgn,IImin

0 if CG,2 > CG,1

∨ NGlgn,II ≤ NGlgn,IImin

∧ CGluca > 77 pmol/L

∧ CG,2 ≤ CG,1

.  

1 [44, 
45] 

12 Rate of glucose consumption by hepatocytes (glycolysis). 
r6 =

⎧
⎨

⎩

0 if CG,2 ≤ CG,1

k0,6 xG,4 e
− Ea6

RT if CG,2 > CG,1  

1 [46] 

13 Fat production rate by lipogenesis due to excess glucose in the liver. 

r7 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k0,7 xG,4 e
− Ea7

RT if CG,2 ≤ CG,1

0 if CG,2 > CG,1

∧ NGlgn,II ≤ 500 μmol

k0,7 NG,II e
− Ea7

RT if CG,2 > CG,1

∧ NGlgn,II > 500 μmol  

1 [44, 
45] 

14 Molar flow of glucose entering the hepatocytes. 
ṅG,4 =

{
PUGpa ṅG,3 if CG,2 ≤ CG,1
PUGpp ṅG,3 if CG,2 > CG,1  

1 A 

15 Molar flow of insulin entering the hepatocytes. ṅIns,4 = PCIns ṅIns,3  1 [47] 
16 Molar flow of glucagon entering the hepatocytes. ṅGluca,4 = PCGluca ṅGluca,3  1 A 
17 Molar flow of non-carbohydrate precursor entering the hepatocytes. ṅj,4 = Cj,3 V̇hep PCj  4 [44] 

18 Molar fraction of glucose (G), inactive glucose (G*), inactive insulin (Ins*), and inactive 
glucagon (Gluca*) leaving the hepatocytes. 

xj,5 =
Nj,II

NII  

4 [42] 

19 Mass flow rate of substances of interest entering the hepatocytes. ṁ4 =
∑

(ṅ4 Mj) 1 UC 
20 Mass flow rate of the reaction products returning to the bloodstream from the 

hepatocytes. 
ṁ5 = ṅ5 M5  1 UC 

21 Mass fraction of component j entering the hepatocytes by stream 4. wj,4 = ṅj,4 Mj
1

ṁ4  

7 UC 

22 Mass fraction of component j leaving the hepatocytes by stream 5. 
wj,5 = xj,5

Mj

M5   

10 UC 

Abbreviations. UC: Unit conversion, A: Assumed. Indexes j = G, Ins, Gluca, Gluta, Lac, Ala, Gly, G*, Ins*, Gluca*, Glgn. Indexes i (biochemical reactions): 1 = Glu-
cogenogenesis, 2 = glycogenolysis, 3 = Gluconeogenesis, 4 = Insulin clearance, 5 = Glucagon clearance, 6 = Glycolysis, 7 = Lipogenesis. 
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5. Discussion 

This work presents a phenomenological-based model describing the 
flows of glucose, insulin, and glucagon in both fasting and postprandial 
states in non-diabetic individuals and the changes in liver glycogen 
concentrations. The simulation results showed the model’s ability in 
reproducing results from several experimental setups involving different 
measurement methods, stimuli, and measured variables. Despite the 
crucial role that the liver plays in glucose metabolism, most mathe-
matical models available in the literature have typically described parts 
of that role through compartmental models (either minimal or 
maximal). 

Single-compartment models have shown limitations in recreating 
hepatic glucose production, especially in the non-steady state. Two- 
compartment models were developed to describe this dynamic during 
an intravenous glucose tolerance test (IVGTT) [53]. Although minimal 
models are parsimonious, the simplistic mathematical structure makes 
them prone to averaging the data instead of providing an actual expla-
nation for the experiment. Moreover, in spite of the involvement of 
certain physiological knowledge (arguably, compartmental modeling is 
usually built upon strong assumptions to keep the model structure 
simple), its extension to slightly different conditions is usually not 
straightforward. The Sorensen model [54] is one of the most complex 
physiological compartmental models used to describe whole body 
glucose homeostasis. In the model, two different compartments 

Table 4 
Constitutive equations for functional parameters of the model.  

# Description Constit. 
Equation 

Instances Ref. 

1 Volumetric flow rate of blood 
entering the liver from the hepatic 
artery. 

V̇ab =

10
mL

kg − min  

1 [48] 

2 Volumetric flow rate of blood 
entering the liver from the portal 
system. 

V̇vb =

20
mL

kg − min  

1 [48] 

3 Circulating blood volume. Vol = 80 BW 1 [48] 
4 Volumetric flow rate out of 

hepatocytes. 
V̇5 =

∑
(V̇ri )+

∑
(V̇4)

1 O 

5 Average molar density of flow out of 
hepatocytes (stream 5). 

ρ5 =
1

∑xj,5

ρj  

1 O 

6 Molar fraction of component j 
entering the hepatocytes. xj,4 =

ṅj,4

ṅ4  

3 UC 

7 Molar flow of j = G, Ins, and Gluca 
entering the hepatic sinusoids via 
stream 3. 

ṅj,3 =

wj,3
1

Mj
ṁ3  

3 UC 

8 Molar-volumetric concentration of 
component j = G, Ins, and Gluca 
entering the hepatic sinusoids. 

Cj,3 =

wj,3 ρb
1

Mj  

3 UC 

9 Volumetric flow entering the 
hepatocytes. 

V̇hep = 0.6 V̇b  1 [48] 

10 Total molar mass of components 
leaving liver and returning the 
hepatic sinusoids via stream 5 

M5 =
∑

(xj,5 Mj)

1 [42] 

11 Volumetric flow due to reaction i. V̇ri = σG,i ri
1
ρG  

3 A 

12 Volumetric flow in the stream 4. V̇4 = ṅ4
1
ρ4  

1 A 

13 Total volumetric flow of blood 
entering the liver. 

V̇b = V̇ab + V̇vb  1 O 

14 Average molar density of stream 4 
that enters the hepatocytes. 

ρ4 =
1

∑
(
xj,4

ρj
)

1 O 

15 Molar flow of stream 4. ṅ4 =
∑

(ṅj,4) 1 [42] 

Abbreviations. O: Own equation. UC: Unit conversion, A: Assumed. Indexes j =
G, Ins, Gluca, Gluta, Lac, Ala, Gly, G*, Ins*, Gluca*, Glgn. Indexes i (biochemical 
reactions): 1 = Glucogenogenesis, 2 = glycogenolysis, 3 = Gluconeogenesis, 4 =
Insulin clearance, 5 = Glucagon clearance, 6 = Glycolysis, 7 = Lipogenesis. 

Table 5 
Assessment equations for functional parameters of the model. The numerical 
values are fixed parameters in the model. Constants of the model are also re-
ported in this table shown in the “value” column.  

Symbol Description Value Instances Ref. 

Cj,1 Molar-volumetric 
concentration of 
component j in systemic 
circulation entering the 
liver via stream 1. 

Experimental data was 
considered for j = G 
and Ins. 

2 [13, 
15] 

CGluca,1 Molar-volumetric 
concentration of 
glucagon in systemic 
circulation entering the 
liver via stream 1. 

Experimental data was 
considered for j =
Gluca when 
information was 
available. Otherwise, a 
concentration of 100 
pmol/L was 
considered. 

1 [44] 

CGluta,1 Molar-volumetric 
concentration of 
glutamine in systemic 
circulation entering the 
liver via stream 1. 

0.6 mmol/L 1 [49] 

CLac,1 Molar-volumetric 
concentration of lactate 
in systemic circulation 
entering the liver via 
stream 1. 

0.8 mmol/L 1 [49] 

CAla,1 Molar-volumetric 
concentration of 
alanine in systemic 
circulation entering the 
liver via stream 1. 

0.3 mmol/L 1 [49] 

CGly,1 Molar-volumetric 
concentration of gly in 
systemic circulation 
entering the liver via 
stream 1. 

0.1 mmol/L 1 [49] 

Cj,2 Molar-volumetric 
concentration of 
component j in portal 
venous system entering 
the liver via stream 2. 

Experimental data was 
considered for j = G, 
Ins, and Gluca. For j =
precursors, 
concentrations are 
considered the same 
values of Cj,1 

3 [13, 
14, 
15] 

Mj  Molar mass of 
component j (known 
value).  

7 A 

k0,i Theconstant rate of 
glucose production and 
consumption due to 
biochemical reactions 
involved in glucose 
metabolism and that 
take place in the liver.  

7 I 

Eai Activation energy for 
glucose production and 
consumption via 
biochemical reactions 
involved in glucose 
metabolism and taking 
place in the liver.  

7 I 

PUG,pa Percentage of glucose 
uptake in the liver in 
post-absorptive state. 

50% 1 [20] 

PUG,pp Percentage of glucose 
uptake in the liver in 
postprandial state. 

21% 1 [20] 

PCIns Percentage of insulin 
clearance in the liver. 

71%. Range reported 
in the literature 
20–80% 

1 I 

PCGluca Percentage of glucagon 
clearance in the liver. 

58% 1 A 

PCj Uptake percentage of 
non-carbohydrate 
precursors in the liver.  

4 I 

(continued on next page) 
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represent glucose and insulin metabolism. However, the liver’s role is 
simplified to a mass balance equation preventing the model from 
obtaining estimations of other hepatic processes such as hepatic glucose 
production. 

In [55], the authors developed a maximal compartmental model to 
describe the so-called glucose-insulin system after a glucose load in both 
healthy subjects and those with T2D. This model version, which later 
gave way to the well-known UVA-Padova simulator did not include the 
glucagon action. In this model, the glucose liver’s glucose production is 
presented in terms of glucose and insulin signals. Several parameters 
need to be identified from multiple tracer experiments, such as the 
effectiveness of liver glucose effectiveness, amplitude of the action of 
insulin on the liver, amplitude of the action of the portal insulin on the 
liver, and the delay between insulin signal and insulin action. Hepatic 
insulin metabolism is also incorporated through two clearance terms 
involving the portal insulin secreted by the pancreas and a more difficult 
to interpret “delayed” insulin signal Id. The role of glucagon and the use 
of the simulation model in subjects with T1D is included in Ref. [56]. 

In spite of the considerable effort to obtain a model of first principles, 
we ended up with a highly descriptive model with parameter inter-
pretability and few parameters to calibrate (individualize). As shown in 
Figs. 5–7, the predictions made for a virtual averaged subject coincide 
with the observed behavior in three different, unrelated experiments. 

Other compartmental models involving different aspects of the he-
patic glucose metabolism can be found elsewhere [57], or using data 
related to pharmacokinetics/pharmacodynamics rather than experi-
ments made under physiological conditions [58]. Chalhoub et al. pro-
posed a model for the key reactions of carbohydrates metabolism and 
transport in the liver [57]. This model was built with information from 
previous models and intended to explain carbohydrate metabolism 
changes related to high-intensity exercise. In addition, this model rec-
reates hepatocytes zonation, a characteristic not included in our model 
as we were interested in the net effect of the entire liver. The ability of 
our model to reproduce data from an experiment that measured glucose 

concentration in the hepatic vein [15] suggests that liver metabolic 
zonation can be simplified if the modeling objective is the contribution 
of the entire organ in the glucose metabolism. 

Mathematical models can also be used to explain the kinetics of the 
reactions that take place in glucose metabolism. Glycogen synthesis and 
degradation are essential for gluconeogenesis. El-Refai [59] and col-
laborators proposed a detailed six-compartmental model to explain 
glycogen formation from glucose and vice-versa using plasma glucose 
concentration, liver glycogen level, and a chemical reaction rate. The 
model made it possible to describe different liver-related insulin actions 
to glucose metabolism and carbon incorporation to the glycogen for-
mation cycle via simulation. Fig. 5 shows how our model can recreate 
the liver’s glycogen formation after a meal using stoichiometric bal-
ances. This information can determine the glucose production rate via 
glycogenolysis during the fasting state, allowing more extended simu-
lations to be performed. 

Mechanistic detailed models like the proposed here can be used to 
obtain clinically meaningful information. One of the most detailed 
models for the role played by the liver in glucose metabolism was pro-
posed by König and collaborators. It made it possible to simulate liver 
carbohydrate metabolism at the molecular level with hormonal regu-
lation [44]. This “stand-alone” liver model was then used to explain the 
possible mechanisms behind the augmented hypoglycemia risk seen in 
patients with type 2 diabetes mellitus under insulin treatment [60]. As 
with König’s model, our model agrees with the experimental data from 
the liver’s internal process, including the hepatic glucose production, 
hepatic glucose utilization, and hormonal control, and it recreates both 
postprandial and fasting states. Unfortunately, to the best of the authors 
knowledge, a detailed explanation of the set of differential equations is 
currently unavailable which hampers further comparisons. 

Extended models can theoretically have a better predictive ability as 
they incorporate more physiological information. The proposed model 
can be integrated with additional models via the circulation to form a 
digital copy of the human glucose metabolism. Further investigation will 
be needed to reach a the level of progress of currently available simu-
lation models [55,61,62,56]. However, in these models, the role of the 
liver in glucose homeostasis has been simplified to the main functions of 
glucose uptake and production with less consideration to hormonal and 
metabolic modulation of these processes; some of these models even 
consider a constant rate of glucose production. Our model incorporates 
both hormonal and metabolic modulation in glucose production and 
uptake, leading to a more precise recreation of the liver’s role in glucose 
homeostasis. 

6. Conclusion 

The liver plays an important role in glucose regulation in the human 
body, but its physiological aspects have been reduced in the existing 
mathematical models for simplicity. A phenomenological-based model 
able to reproduce not only the key metabolic pathways but also the 
complex hormonal regulation can have several applications, for 
example, in the study the physiology in healthy and non healthy sub-
jects, as well as in the development of therapeutic interventions for 
people with diabetes. The methodological approach proposed in this 
work allows having parameters interpretability resulting in an easy way 
to adjust the kinetics parameters of the model. It is also versatile due to 
its basic structure allowing its adaptation to different conditions. 
Perhaps the only limitation of the model is the large number of pa-
rameters, which makes it difficult to implement in some practices. 
Finally, this model could be combined with other models to form a 
whole-body glucose metabolism model. 
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Table 5 (continued ) 

Symbol Description Value Instances Ref. 

BW Body weight. 70 kg 1 A 
ρj  Molar density of 

component j.  
4 A 

R Universal constant for 
ideal gas. 

8.314 J/molK 1 [42] 

T Blood temperature. 37 ◦C 1 [50] 
σj,i Stoichiometric 

coefficient for 
component j in the 
reaction i where is 
consumed. 

− 1 6 [51, 
52, 
52] 

σj,i Stoichiometric 
coefficient for 
component j in the 
reaction i where is 
produced. 

1 5 [51, 
52, 
52] 

Abbreviations. A: Assumed. I: Identified. Indexes j = G, Ins, Gluca, Gluta, Lac, 
Ala, Gly, G*, Ins*, Gluca*, Glgn. Indexes i (biochemical reactions): 1 = Gluco-
genogenesis, 2 = glycogenolysis, 3 = Gluconeogenesis, 4 = Insulin clearance, 5 
= Glucagon clearance, 6 = Glycolysis, 7 = Lipogenesis. 

Table 6 
Degrees of freedom.   

V SP FP Net DoF 

Equations 31 23 57 111 0 
Unknowns 31 23 57 111  

Abbreviations. V: variables, SP: structural parameters, FP: functional parame-
ters, Net: sum of SP + FP + V, and DoF: degrees of freedom (difference between 
unknowns and equations). 
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Fig. 5. Panels A–C represent the inputs: (A) arterial glucose concentration (aG), (B) venous glucose concentration (vG), and (C) venous insulin concentration (vI). 
Panels D–F depict the model outputs: (D) systemic glucose (sysG), (E) systemic insulin (sysI), and (F) Glycogen. 

Fig. 6. Panels A–D represent the inputs: (A) arterial glucose concentration (aG), (B) venous glucose concentration (vG), (C), arterial insulin concentration (aI) and 
(D) venous insulin concentration (vI). Panels E–F depict the model outputs: (E) systemic glucose (sysG) and (F) systemic insulin (sysI). 
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