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Abstract

We construct a large family of Fourier interpolation bases for functions analytic in a
strip symmetric about the real line. Interesting examples involve the nontrivial zeros of
the Riemann zeta function and other L-functions. We establish a duality principle for
Fourier interpolation bases in terms of certain kernels of general Dirichlet series with
variable coefficients. Such kernels admit meromorphic continuation, with poles at a
sequence dual to the sequence of frequencies of the Dirichlet series, and they satisfy
a functional equation. Our construction of concrete bases relies on a strengthening
of Knopp’s abundance principle for Dirichlet series with functional equations and a
careful analysis of the associated Dirichlet series kernel, with coefficients arising from
certain modular integrals for the theta group.
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1 Introduction

The Riemann—Weil explicit formula (sometimes also called the Guinand—Weil explicit
formula) expresses the familiar duality between the prime numbers and the nontrivial
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zeros of the Riemann zeta function ¢ (s) in the following compelling way:
r'a/4+it/2) i —i
— —lo dt = —
/ f()<F(1/4+t/2) g”) +f(2>+f<2>

LS () ) ()

(1.1

Here f(z) is a function analytic in the strip |[Im z| < 1/2 + ¢ for some ¢ > O,
| f(z)] < (14 |z])~'~% for some 8§ > 0 when |Re z| — oo, and

7 = / F)e gy

A(n) is the von Mangoldt function defined to be log p if n = p*, p a prime and
k > 1, and zero otherwise, while the second sum in (1.1) runs over the nontrivial
zeros p of ¢(s) (counting multiplicities in the usual way). The Riemann—Weil formula
generalizes the classical Riemann—von Mangoldt explicit formula [4, Ch. 17] and
arose to prominence from Weil’s work [30], in which it appeared in a considerably
more general form.

Our nontraditional emplacement of the two series in (1.1) on one side of the equation
is made to connect the Riemann—Weil formula to the object of study of this paper, the
prototype of which is another Fourier duality relation involving the nontrivial zeros
of ¢ (s). We follow the convention of denoting these zeros by p = 8 + iy, but instead
of accounting for multiple zeros (if any) in the usual way, we associate with each p the
multiplicity m (p) of the zero of ¢ (s) at p. We let H; denote the space of functions f(z)
that are analytic in the strip |Im z| < 1/2 + ¢ and satisfy the integrability condition

0
sup / |f(x +iy)|(1+ [x[)dx < o0
|y|<1/24¢e J—0o0

for some ¢ > 0. Functions /(z) on C with the property that
h(x +iy) Ky (1+ [x)~

for every real y and positive / will be said to be rapidly decaying. To simplify matters,
we state our result only for even functions.

Theorem 1.1 There exist two sequences of rapidly decaying and even entire functions
Un(2),n=1,2,..,and V, j(2), 0 < j < m(p), with p ranging over the nontrivial

zeros of ¢ (s) with positive imaginary part, such that for every even function f in 'H
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and every z = x + iy in the strip |y| < 1/2 we have

> logn mo p—1/2
— a ; () — .
f(z)—Zf(4n )Un(z>+kgn;o > Z f ( l. )Vp,,@
n=1 O<y<Ty j=0
(1.2)
for some increasing sequence of positive numbers Ty, T», . .. tending to oo that does

not depend on neither f nor on z. Moreover, the functions Uy(z) and V, ;(z) enjoy
the following interpolatory properties:

U (P+1/2 —0, ﬁ,,(“fﬂ" = Sy,

" (£=1/2 1.3)
(" '—1/2 —~ lo (
Voli (p 72) =800 V. ( 1) =0,

with p, p' ranging over the nontrivial zeros of £ (s) with positive imaginary part, j, j'
over all nonnegative integers less than or equal to respectively m(p) — 1, m(p’) — 1,
and n, n’ over all positive integers.

As an immediate corollary we get the following result that appears to be difficult
to obtain without relying on the interpolation formula from Theorem 1.1.

Corollary 1.1

(i) If an even function f in 'H; satisfies ]"\(%) = f(j)(p_T.l/z) = 0foralln > 1 and
0 < j < m(p), where p ranges over the nontrivial zeros of £ (s), then f vanishes
identically.

(ii) Anevenfunction f inH thatis divisible by ;(% ~+is) (inthe sense that f(s)/;(% +
is) is holomorphic for |Im z| < 1/2 + &) is uniquely determined by the values

f(%),n > 1L

It is worth emphasizing that both Theorem 1.1 and the above corollary are rather
sensitive to the choice of interpolation points and break down if one removes any
single point from the set {]i‘j; " }n>1 or from the (multi)set of nontrivial zeros of ¢ (s).

Both (1.1) and (1.2) rely crucially on the functional equation

7T (s /)¢ () = VPRI = 9)/2)¢ (1 - 9),

but a principal distinction between them is that the deduction of the Riemann-Weil
formula starts from the Euler product representation of ¢ (s), while formula (1.2) is
tied to the Dirichlet series representation of ¢(s). Hence we may think of the two
formulas as expressing respectively a multiplicative and an additive duality relation
between the zeta zeros and a distinguished sequence of integers. We observe that
the sequence of integers involved in (1.1) (the prime powers n = p*, corresponding
to the nontrivial terms A (n) f( lz(fr ") in (1.1)) is a rather sparse subsequence of the
corresponding sequence appearing in (1.2) (the square-roots of the positive integers,
corresponding to f(%ﬁ) in (1.2)).

In view of this inclusion, we may think of (1.1) as arising from (1.2) in the following
way: The left-hand side of (1.1) defines a linear functional on H, while the right-hand

@ Springer



Constructive Approximation

side gives the representation of this functional with respect to the basis functions of
Theorem 1.1. This is the rationale for our way of writing the Riemann—Weil formula.

Assuming for a moment the truth of the Riemann hypothesis and that all the zeta
zeros are simple, we may think of a formula like (1.2) as a confirmative answer to
the following Fourier analytic question: Is it possible to recover, in a non-redundant
way, any sufficiently nice function f on the real line from samples of f and its
Fourier transform falong two suitably chosen sequences in respectively the time and
frequency domain? Here the recovery being non-redundant means that it fails as soon
as any point is removed from either of the two sequences. Clearly, such a favorable
situation requires a delicate interplay between the two sequences.

Radchenko and Viazovska [25] have shown that one obtains a Fourier interpolation
formula of desired type by choosing both sequences to be &./n with n ranging over
the nonnegative integers. For simplicity, we restrict again to the case of even functions.

Theorem A ([25]) There exists a sequence of even Schwartz functions a,: R — R
with the property that for every even Schwartz function f : R — R we have

f@) =" f(Wman) + Y F(/n)an ). (14)

n=0 n=0

where each of the two series on the right-hand side converges absolutely for every
real x. The functions ay, satisfy the following interpolatory properties: a,(/m) = 8,.m
and @, (\/m) = 0 when m > 1, and in addition

ap(0) =ap(0) = %, a,2(0) = —a,2(0) = —1, a,(0) = —a,(0) =0 otherwise.
(1.5)

The non-redundancy of the representation (1.4) follows from the specific properties
of the functions a,, as shown in [25]. We note in passing that the methods developed
in the present paper allow us to sharpen this result considerably (see Sect. 7 below).

Returning to the general discussion, we note that the properties (1.5) show that (1.4)
becomes the Poisson summation formula when evaluated at x = 0. We have therefore
a curious analogy between the Poisson summation and Riemann—Weil formulas: They
canboth be viewed as representing distinguished linear functionals in terms of a Fourier
interpolation basis. Both formulas owe their existence and importance to an inherent
algebraic structure, which in the first case is additive (periodicity) and in the latter
multiplicative.

To construct our interpolation formulas, we will use weakly holomorphic modular
forms for the theta group. The core ingredient in our construction is a function of two
complex variables w and s, which in the case of even functions takes the form

D(w,s) =Y Bals)n™ "2,

n=1

with B, (s) being the Fourier coefficients of a certain 2-periodic analytic function on the
upper half-plane that is related through a Mellin transform to the functions F;(x, 7)
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considered in [25]. The Dirichlet series w — D(w, s) converges absolutely in a half-
plane depending on s and has a meromorphic extension to C with simple poles at the
three points 1, s, 1 — s. A crucial point is that D(w, s) is related to the Riemann zeta
function in the following precise way:

H(w,s) = &D(w, s) (1.6)
¢(w)
satisfies the functional equations H(l — w,s) = —H(w,s) and H(w, 1 — 5) =

H(w, s). These properties of H (w, s), along with suitable estimates for D(w, s) and
a familiar contour integration argument applied to

1 1/2+&+ioo

w—1/2 .
— fl—=)Hw,iz+1/2)dw, (L.7)
27 J1j24e—ico l

are what we will use to establish Theorem 1.1. It is essential that H (w, s) is a Dirichlet
series in w so that (1.7) produces a weighted sum of Fourier transforms of f.

We may now observe that if we replace ¢ (s)/¢{(w) by F(s)/F(w) in (1.6), with
F(s) an L-function satisfying a functional equation of the form

O T(s/2)F(s) = Q"1 ((1 — 5)/2)F(1 —5)

for some positive O, then we still have a Dirichlet series in the variable w that is
amenable to our method of proof. This observation allows us to associate Fourier
interpolation bases with the nontrivial zeros of all such L-functions. Hence the single
function D(w, s) generates an abundance of Fourier interpolation bases. We stress
that this situation relies on a special multiplicative structure inherent in the present
setting, namely that the class of Dirichlet series over exponentials of the form n—*/2
is closed under multiplication.

The general phenomenon of Fourier interpolation bases may be thought of as rang-
ing from Theorem A via our Theorem 1.1 to the “degenerate” situation related to the
cardinal series

ad sin(z — n)
> =
n=—oo
We find it enlightening to place our results in this more general context by consider-
ing two necessary conditions for a pair of sequences to generate Fourier interpolation
bases. First, we show that the existence of a kernel function with properties similar to
those of the function H (w, s) is a prerequisite for Fourier interpolation. This observa-
tion yields a precise notion of duality between the two sequences involved in a Fourier
interpolation basis, closely aligned with modular relations as for example studied
in some generality by Bochner [3]. Second, we discuss a recent density theorem of
Kulikov [20], which is a version of the uncertainty principle valid for Fourier inter-
polation bases. We observe that there is a precise correspondence between Kulikov’s
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density condition and the Riemann—von Mangoldt formula for the density of the non-
trivial zeros of zeta and L-functions.

Outline of the paper

We will begin our discussion in Sect. 2 with some general considerations as outlined
in the preceding paragraph. We have included in this section also a brief subsection
pointing out that Fourier interpolation bases generate families of “crystalline” mea-
sures, a topic that in our context goes back to Guinand [9] and that recently has received
notable attention. See for example the recent papers of Kurasov and Sarnak [21], Lev
and Olevskii [22], and Meyer [23].

We then proceed in Sect. 3 to construct the modular integrals that are used to build
the Dirichlet series D(w, s) referred to above. This requires a fairly comprehensive
discussion of modular forms for the theta group. This section builds largely on ideas
that go back to Knopp [15], with an important additional ingredient from [25], namely,
the construction of modular integrals using contour integrals with modular kernels.

Based on the groundwork laid in Sect. 3, we may proceed to prove a weak version
of Theorem 1.1. By this we mean the following: We may prove that (1.2) holds for
functions f that are analytic in a sufficiently wide strip and that has sufficient decay
at o0. This is our rationale for proceeding to the proof of Theorem 1.1 in Sect. 4.2
and the corresponding results for other L-functions and Dirichlet series in Sect. 5,
postponing the most technical part of the proof to the later Sect. 6. We hope this
choice of exposition will give the reader easier access to the main ideas underlying
formula (1.2).

Section 6 contains precise estimates for the coefficients of D(w, s), including
bounds for associated partial sums. The estimates obtained in this section appear to
be close to optimal. Indeed, in certain ranges of the parameters that are involved, this
may be concluded up to a logarithmic factor. By the results of this section, we obtain
the precise quantitative restrictions on the function f in Theorem 1.1. We also obtain,
as will be shown in the final Sect. 7, a new version of Theorem A with rather mild
constraints on the function f being represented by the Fourier interpolation formula
(1.4).

2 Generalities on Fourier Interpolation

The main purpose of this section is to show that Fourier interpolation bases generically
arise from certain kernels that we will refer to as Dirichlet series kernels for suggestive
reasons. We do not explicitly use the results of this section anywhere else in the paper,
but it does provide motivation for some of our constructions.
We start from the assumption that any “reasonable” function f can be represented
as R
F@ =Y FOI0+ D T o), @.1)

AEA AEA*
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where A and A™* are two sequences of real numbers with no finite accumulation
point and the associated functions g, (x) and k= (x) also are “reasonable”, so that
convergence of the two series is ensured. We also require that this representation
behaves in the expected way under Fourier transformation, so that

Fo =Y frwaw+ Y. FoHhe).

AEA A*EN*

The basic phenomenon that we observe is that the two (general) Dirichlet series

Z hk*(x)e—Zni)»*Z and Z h)L* (x)e—ZHiA*Z

A*>0 A*¥<0

admit meromorphic extension to C for every x, with simple poles at x and at the
points of the dual sequence A. Moreover, the two Dirichlet series are intertwined by
a functional equation. By duality, an analogous result holds if we reverse the roles of
the two sequences and replace /;+(x) by g, (). Conversely, as will be demonstrated
in concrete terms in later sections of this paper, Dirichlet series kernels with such
properties generate, by contour integration, Fourier interpolation formulas, with the
range of validity depending on specific quantitative properties of these kernels.

Guided by the canonical case when the two sequences A and A* consist of the
same points £/, n = 0, 1, 2, ..., we will assume that one of the sequences satisfies
a sparseness condition asserting that there is an entire function vanishing on A whose
growth is at most of order 2 and finite type in any horizontal strip. In what follows,
we will let A be the sequence enjoying this property.

Before turning to precise results about general Dirichlet series kernels, we would
like to point out that more liberal assumptions could certainly be made, such as A
and A* be multisets (so that derivatives appear in (2.1)) or the sequence A be located in
astrip. The assumptions of Theorem 2.1 below represent a trade-off between describing
a general phenomenon and avoiding excessive technicalities and inessential difficul-
ties.

2.1 The Dirichlet Series Kernel Associated with A

In what follows, we use the convention that a prime on a summation sign, like in Z;*,
means that a possible term corresponding to A* = 0 should be divided by 2, while all
other terms are summed in the usual way.

Theorem 2.1 Let A be a sequence of distinct real numbers such that there exists an
entire function G p vanishing on A and satisfying the growth estimate G p (x +1iy) <y
ecx’ for some positive c in every strip |y| < n. Let A* be another locally finite subset of
the real line, and suppose there exist associated sequences of functions g : R — C,
A€ Aandhyx : R — C, * € A* with the following properties:

(a) There exists a positive number ng such that for every real x, the two Dirichlet series
Ei(x,z) :=2mi Z;FA*ZO hyx(x)e™ 22 converge absolutely for -1Im z > 1.
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(b) Foreverye > 0andx inR, g;h(x)e_g)‘2 — 0 when |A| — oo.

(c) Foreverye > 0and z satisfying | Im z| > no, the function f. ;(x) := e‘”z/(z—x)
can be represented as

For) =Y fozMg ) + Y for e (x). 2.2)

AEA AFEN*

Then for every x, the functions 7 — E4(x, z) extend to meromorphic functions with
simple poles at x and every point A in A with respective residues +1 and £g, (x), and
the functional equation

Ei(x,2)=—FE_(x,2)

holds.

Note that the two assumptions (a) and (b) guarantee that the two series in (2.2)
converge absolutely.

Proof of Theorem 2.1 We fix x and consider the function

Fe(2) =) fecMg(x),

reEA

which by (b) represents a meromorphic function in C. By (2.2), we may write
Fo(@) = for) = Y Foz(Hhie(x) 2.3)
AFEAT

when | Im z| > no. We may use assumption (a) to control the sum on the right-hand
side of (2.3) on the two lines Im z = =£ng. To this end, assume first that Im z = nq.
Then since

3/2; 0
fer(&) = _ZHT/Z e miws gl T ) gy, (2.4)
€ —00
we have
. 2rnoé £<0
e bl f— b
Jez(§) K L_NZSISZ, £ 0. 2.5
uniformly when Im z = np and 0 < ¢ < 1, say. The same argument applies to
3/2;
fer(6) = 27:;’ / ¥ etmingpmnte € -u) gy, (2.6)
€ Jo
when Im z = —ng, and hence, by (2.3) and (a), F; (z) is uniformly bounded on | Im z| =

no for 0 < ¢ < 1. This along with our assumption on the sequence A implies that the
function

Fo(2)Ga(R)e™

@ Springer



Constructive Approximation

is bounded on | Im z| = 7o, uniformly for 0 < ¢ < 1. It is also clear by assumption
(b) and the sparseness of A that there exist #, — oo such that F¢(t, + iy) — 0 for
any fixed ¢, uniformly when |y| < ng. Similarly, there exist 7, — —oo such that
F¢(t, +iy) — O for any fixed ¢, uniformly when |y| < no. Hence, by the maximum
modulus principle, F:(z)G A(z)e‘“Z2 is bounded in the strip |Imz| < no. Now a
normal family argument shows that when ¢ — 0, F¢(z) tends locally uniformly to a
meromorphic function F(z) with simple poles at the sequence A. On the other hand,
it follows from (2.4) and (2.6) along with the uniform bound (2.5) that

F(z) = {ﬁ + E+(x,2), Imz=no

1 - _
ZT)C_E_('X’Z)’ ImZ— no.
This relation yields the asserted meromorphic continuation of the two functions
E. (x, z) as well as the functional equation E (x, z) = —E_(x, 2). O

2.2 The Dirichlet Series Kernel Associated with A*

In the preceding section, we put a sparseness condition on A to control the growth of
the entire function G . In contrast, the dual sequence A* could be arbitrarily dense,
and this means that the Phragmén-Lindel6f-type argument used above would not work
to establish an analogue of Theorem 2.1. This obstacle may be circumvented by relying
instead on Theorem 2.1. To avoid unnecessary technicalities, we begin by stating a
result that follows quite easily from Theorem 2.1 without giving the exact analogue
that we are aiming for.
In what follows, we will use the function

ino )
d(x, w) = f TV E_(x, 2)dz

ino

several times. Here the integral is to be interpreted in the principal value sense, should
z +— E_(x, z) have a simple pole at 0. We observe that w +— ®(x, w) is an entire
function for every real x. It will also be convenient to employ the usual notation H (x)
for the Heaviside step function.

Theorem 2.2 Let the assumptions be as in Theorem 2.1 and assume in addition the

following:

(d) There exists a positive number vo such that the two Dirichlet series EX (x, w) 1=
2 Z;:AZO g)h(x)eZm)Lw

(e) We have E+(x,t, +in) < eClinl for some ¢ > 0, uniformly for |n| < no and for
suitable sequences {t,},>1 tending to £oo.

converge absolutely for +=Im w > vy.

Then

2T (w=1%)

EX(x, w) = —27mie”™ "V H (x) + Z ;W(x)W

A*>0
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271 no(w—21*)

+2ﬁwu> + @ (x, w)
1*¥<0 )
E* (x,w) = —2mie?™ ¥V — EY(x, w).

We see from the latter two expressions that the two functions E7 (x, w) have
meromorphic extensions to C. We also observe that in order to obtain the desired coun-
terpart to the functional equation E (x, z) = —E_(x, z), we should apply Fourier
transformation in the variable x. Such a step would require some additional mild
assumptions that we prefer not to specify. If we take this step for granted and denote
the Fourier transforms of x — EX (x, w) by Ei(é w), then we get the desired equa-
tion Ei(é w) = —E* (&, w) and also that Ei(é w) has simple poles at & and each
point —A* of —A* with respective residues +1 and + A (8).

One could imagine situations in which assumption (d) fails, for instance because
the nodes A come arbitrarily close to each other. This could be remedied by using
only assumption (e) to define E7 (x, w) in a slightly more involved way in terms of
convergence of sequences of partial sums. We find that nothing essential is lost by
refraining from entering such technicalities.

Proof of Theorem 2.2 We set

1 oo—ing )
Fi(w) = — TVIE (%, 2)dz
27i J_ing

when Im w > 0. This function is well-defined since E_ (x, z) is uniformly bounded on
the line of integration by assumption (a) of Theorem 2.1. By absolute convergence of
the Dirichlet series representation of E_(x, z), we may integrate termwise and obtain

that
27{ no(w—21*)

Fy(w)= —— Z e () = —— W (2.7)
L =0
Here the series on the right-hand side converges absolutely when w is not one of the
points A*, and hence F'(w) extends to a meromorphic function in C with poles at 1*
with A* > 0. Adding the constraint that Im w > max(c, vg), we now move the line
of integration to z = & + ing, & > 0. Using the functional equation E(x,z) =
—E_(x, z) and assumption (e), we then find by the residue theorem that

F+(u)) — _eZNiwa(x) _ Z/gk(x)eZNi)uw
A=>0
1 [ootino D(x, w)

-—— TEL (x,2)dz + ———. (2.8)
278 Jing 2mi

Hence using the Dirichlet series representation of E (x, z) and integrating termwise in
the first integral on the right-hand side of (2.8), we obtain the alternate representation

F+(w) — eZm'wa(x) _ Z’gk(x)eZniAw
=0

@ Springer



Constructive Approximation

—27”70(1,() %) <I>(x, w)
+_ Z e ()° (w — A%) L

A*>0

Combining this with (2.7), we find that

, . e—2mno(w— —1%)
EY (x,w) 1= 2mi Z 2 (0)eZTM — _ 27T IXW b () 4 Z h;\*(x)ﬁ
A>0 A*>0
27”70(10 —1%)
+ Z By (1) e 4 @(x, w), (2.9)
A*¥<0

which yields the required expression for £7 (x, w). By similar calculations applied to
the function

1 —ino .
F_(w) := PTVIE (x, 2)dz
27i —oo—ing

for Im w < max(c, vp), we arrive at the representation

) 7271170(111 %)
E* (x, w) = — 2wie?™ W H (—x) — Z By ()
A*>0 )
2ﬁn0(w %)
- Z hx*(x) e — ®(x, w).

A*¥<0

Combining this formula with (2.9), we obtain the required relation between E i (x, w)
and E* (x, w). ]

2.3 Examples

We illustrate the above discussion with two examples where the corresponding Fourier
interpolation identity is known: the Whittaker—Shannon interpolation formula and the
Fourier interpolation formula from [25]. Theorem 1.1, one of the main results of this
paper, yields a third example that will be treated in Sect. 4; a large family of related
formulas will then be presented in the subsequent Sect. 5.3.

2.3.1 The Paley-Wiener Case

Suppose that f is such that the periodized function

F(y) =Y fy+n

nez
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is well-defined and in L?(—1/2, 1/2). Then we may express f as

fx) = Z f(n) sinc(w (x — n)) +/ (f(y) — FO)L_1/2.1/21()) 2V gy
nez —00
= Z S (n) sinc(rw (x — n))
nez
+/ FOE (1 =3 1p_1/2m (y)e= 27 gy,
y|>1/2 ( ,%(:) [n—1/2,n+1/2] )

We may think of this formula as representing the degenerate case when A = Z and
A* = (=00, —1/2]U[1/2, 00). The associated kernels are

Ei(x,z) :=2mi / e—2niy(z—x)<1 _ Z Tin1/2.041/2] (y)e—Znixn>dy’
Fy>1/2 o

oo
Ei (¢, w) = 1[—1/2,1/2](5)(711’ +2mi ZeiZHin(w—g))'

n=1
We may in this case compute their meromorphic continuations explictly:

eni(z—x) n,e—niz
Ei(x,2) = :F< — — sinc 7 (z — x)),
—X SINTTZ

EL (€, w) = £al_1/2.1/2(E) cotw(w — &).

The latter kernel has a pole of residue +1 at &; all other poles are located in A*, and
the collection of all such poles when & varies in [—1/2, 1/2] is indeed the entire set
A*.

2.3.2 The /n Case

We can reinterpret the results of [25] in terms of Dirichlet series kernels as follows.
As A = A* = {£/n},ez, all of the identities can be symmetrized over x >
—x. In particular, this implies that we may assume E_(x,z) = E4+(—x, —z). It is
convenient to split the kernels into even and odd parts. First, we look at the even
kernels %(EJr (x, z) + E4+(—x, z)). Since for all even Schwartz functions f we have

f&) =) a0 () + Y @) f(Vn),

n>0 n>0

we get

%(E+(X, z) + E+(—x, 7)) = 2mi Z@(X)QZn[ﬁz’

n>0
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1 .
5 (EL(x,2) + B (=x, 2)) = 2 3, ()2,

n>0

Theorem 2.1 and Theorem 2.2 in this case tell us that the functions z — E(x, z) and
z = E’ (x,2), given by a general Dirichlet series over eIV > 0 in the upper
half-plane extend to meromorphic functions in C with simple poles at &4/n, as well
as a simple pole at £x. Moreover, the analytic extension to the lower half-plane in
each case is given by a general Dirichlet series over e 27! Viz p > 0.

One can treat the odd kernels %(EJ,_ (x,2) — E4+(—x, z)) similarly. In this case we
use the interpolation formula for odd functions [25, Thm. 7]

fx) =colx

£10) +i f'(0) f(Jn) PN AN
>f+2cn<x> o —’;cnu) N

n>1

From this we obtain

1 N ) Cn(x .
LB 0 — By—x, 2) = Qi) (- @00 (rin) — 3 28 2miviz)
2 = N

and an analogous expression for the dual odd kernel %(Ei (x,2) — EX(=x,2)). A
new feature in the odd case is a pole of order two at z = 0, which corresponds to the
fact that the interpolation formula involves f’(0) and f'(0).

2.4 The Joint Density of A and A*

We now come to a basic necessary condition for existence of formulas like (2.1), that
was recently established by Kulikov [20]. This condition yields a joint bound for the
two counting functions N (T) and N=(W), which we define as the number of points
from the respective sequences to be found in the two intervals [—-T', T] and [-W, W].
Kulikov made the assumptions that N (') < T for some positive integer L and that
the functions g, (x) be polynomially bounded in the two variables A and x. Assuming
also the validity of (2.1) for all functions f with C°°-smooth and compactly supported
Fourier transform, he showed that for every n > 0, there exists a positive constant C
such that

NA(T) + Npx(W) = 4WT —Clog2+’7(4WT) (2.10)

holds whenever W, T > 1. This result relies on sharp estimates of Karnik, Romberg,
and Davenport [ 13] for the eigenvalue distribution of time-frequency localization oper-
ators. We may view (2.10) as a manifestation of the uncertainty principle as discussed
for instance in the work of Slepian [27]. To simplify matters, we have again suppressed
the possibility that A and A* be multi-sets which however is accounted for in [18].
We observe that in the i/n case, NA(T) = 272 + O(1) and Np«(W) = 2W?2 +
O(1), so that (2.10) holds since T? + W2 > 2WT. To relate Kulikov’s bound to
Theorem 1.1, we let A consist of the points (o0 — 1/2)/i and A™* be the sequence of
points +(logn)/(4m) forn > 1.Then Np(T) = 2N(T)and Np«(W) = ¢V 40(1),
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where we in the first relation use the standard notation N (7') for the usual counting
function for the nontrivial zeros of ¢ (s). Then (2.10) yields

IN(T) + ¥V > AWT — Clog®t"(4WT).

If we now set W = (log T — log(2m))/(4m), then we get

T T
N(T) > — log — — Clog®>*" T,
2 2me

which clearly holds in view of the Riemann-von Mangoldt formula
T T
N(T) = —log— + O(logT). (2.11)
2 2re

There is a similar precise relation between Kulikov’s bound (2.10) and the Riemann-
von Mangoldt formula for any L-function to which the methods developed in this
paper apply. We will return to this point in Sect. 5.3.

We should like to emphasize that Kulikov does not assume minimality of the system
of functions g (x) and %+ (x). It seems reasonable to expect that an assumption about
minimality should imply a sparseness condition that would complement (2.10). It
would be interesting to see if a general version of the Riemann—von Mangoldt formula
(2.11) (though with a less precise remainder term) could be obtained as a consequence
of (2.10) along with such a sparsity condition.

2.5 Fourier Interpolation and Crystalline Measures

It is immediate that a formula like (2.1) should imply that the distributional Fourier
transform of

My =08y — ng(x)ak

rEA

will be

= ) @,

AreAx

where as usual 8¢ is the unit mass at the point £. This means that any Fourier interpola-
tion formula as a byproduct generates a whole family of measures that are crystalline
in an appropriate sense. We refer to [21-23] for some interesting recent results on
crystalline measures and Fourier quasicrystals. It is our impression that the results
of the present paper, while perhaps shedding some light on Dyson’s thoughts on the
Riemann hypothesis in his acclaimed lecture [6], adds further evidence to the common
belief (see [21]) that a classification of such measures would probably be very difficult
to obtain.
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3 Modular Integrals for the Theta Group

In this section we construct a family of special functions (modular integrals) on the
complex upper half-plane H := {r € C: Im 7 > 0} whose Mellin transforms form
the building blocks for our Dirichlet series kernels.

The definition of these functions is most naturally viewed in terms of Eichler coho-
mology for the theta group. Nevertheless, they have a simple elementary description:
we are interested in 2-periodic analytic functions F: H — C that are of moderate
growth (see below) and satisfy

F(t) —e(z/i) *F(=1/7) = (/i) — e(z/i)* . (3.1)

Here ¢ € {1}, k > 0, and s € C. In what follows, we will always interpret the
expression (z/i)“ for z € H as the principal branch, i.e., (z/i)% takes the value x“ for
z =ix,x > 0 (equivalently, (z/i)% = e* 102/

The condition (3.1) is not sufficient to uniquely pinpoint the function F. Neverthe-
less, it determines F uniquely modulo a finite-dimensional space of modular forms if
we additionally require F to be of moderate growth. Following Knopp [15], we say
that a function ¢ : H — C is of moderate growth if

p(0) < Im(D) ™+ |7f, teH,

where « and 8 are some positive constants. Equivalently, ¢ is of moderate growth if
and only if for some r > 0 we have |<p(iﬁ)| < (1 —|z|)7" for all z in the unit disk
lz| < 1.

For a 2-periodic function F' moderate growth is tantamount to having a Fourier
expansion

F(t):Zane”i’”, T eH,

n>0

where the sequence {a, },>0 has polynomial growth. To make the solution unique, we
require in addition that the first few coefficients a, vanish. More precisely, we require
a, = 0 forn < v,, where we set

vo = v_(k) == L%J vy = vy (k) = L#J. (3.2)

Theorem 3.1 If ¢: H — C is an analytic function of moderate growth, then for any
k > 0 and e € {1} there exists a unique 2-periodic analytic function F: H — C of
moderate growth with a Fourier expansion of the form

F(r) = Zanem”, teH

n>ve

such that
F(v) — e(t/i)y *F(=1/7) = o(v) — e(r/i) Fo(~1/7). (3.3)
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The proof of uniqueness will come as a simple corollary of some basic properties of
modular forms for the theta group (see Proposition 3.1), while the proof of existence
follows from Proposition 3.3.

Let us denote the function F from Theorem 3.1 by F,f (z, ¢).Since g4 (t) = (v /i)~*
is of moderate growth in H for any s € C, there is a unique function Fki(r, §) =
F ki (z, ¢y) with a Fourier expansion

Fki(r, §) = Z otni_’k(s)e”"”r

nzvy

such that
Ff(t,s) —e(t/i) FFE(=1/t,5) = (t/i) ™5 — e(r/i)* k.

This is exactly the function that we are interested in.

Remark For k > 2 the existence part of Theorem 3.1 follows from the results of
Knopp on Eichler cohomology [15]. Instead of this we use a construction with contour
integrals as in [25] (in Sect. 3.3 below we will sketchily explain the motivation behind
this construction). The main reason for doing this is, first, because the construction
works for all £ > 0, and second, since it can be used to give relatively good estimates
for the size of the coefficients ocni’ «(8) asn — oo, at least in the range 0 < k < 2.

Let us also note that for £ = 0 the existence of the decomposition (3.3) is related
to the result of Hedenmalm and Montes-Rodriguez [11] that the system of functions
eI PliTn/X p e 7 s weak-star complete in L (R).

3.1 Preliminaries on the Theta Group

The group SL2(R) of 2 x 2 real matrices with determinant 1 acts in the usual way on
the upper half-plane H by

at+b _<ab

Al . d) € SLo(R).

Since the matrix —1 = ( ’Ol _0] ) acts trivially, we will work with the group PSL> (R) :=
SL,(R)/{+£1} instead, but we still prefer to write the elements of PSL; (R) as matrices.

Let us denote
0-—1 11
s=(03) =)

The theta group Iy C PSL,(Z) is the subgroup generated by S and T2. The
group 'y consists of all the elements of PSL;(Z) congruent to ((1)(1)) or ((1) (])) mod-
ulo 2 (see [17, p.7 Cor. 4]). The only relation between the generators of Iy is
§% = 1. This implies that any element y € I'g can be written in a unique way as
y = §% T2 gT2m2  §T2Mk§e1  where g; € {0, 1}, which we call the canonical
word or the canonical representation for y.
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T-2F F T°F
T-2SF i T2SF
B . | 0 1 2 3

Fig. 1 Fundamental domain for I'y and some of its translates

A fundamental domain for I'g is given by (see Fig. 1)
Fi={zeH: —1<Rez<l1, |z| > 1}.

Since F is a fundamental domain for the group I'g, for any v € H there exists an
element y = y, € I'g such that y 7 is in F. Moreover, if T does not belong to the set
UyeF , 0F (which is nowhere dense and of measure 0), then the element y is unique,
and otherwise there are at most two such elements: {y, Sy} or {y, T2y }. The element
yr can be found by repeatedly performing the following operation: first apply some
power of T2 to get T into the strip {| Re 7| < 1}, and then, if the resulting point is not
yet in the fundamental domain, apply the inversion S.

3.2 Modular Forms for the Theta Group

In this subsection we will collect the necessary basic facts about modular forms for
the theta group. A more detailed exposition can be found in [2, Ch. 6].
Let 6(7) be the Jacobi theta function

0(7) := Z et

nez

The function 6 : H — C is holomorphic, and it satisfies the transformations
(/) Po(=1/1) =0(r),  O(r +2) =0(2),

which correspond to the two generators of the theta group I'g. More generally, for any
y =(%%) eTywithc > 0o0rc=0,d > 0, we have

at +b
O(r) = cr+d_1/29<—>,

(1) =& ( ) T 1d
where (¢t 4 d)~'/? is the principal branch and ¢y is a certain 8th root of unity that
can be written explicitly in terms of Jacobi symbols (see [24, Th. 7.1]). Finally, as

(1)

> 2o)n*(z/2)’
n(r) = q1/24 ]_[nZl (1 — ¢™) is the Dedekind eta function, and thus we see that 6(7)

a corollary of the Jacobi triple product identity, one has 6(t) = where
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does not vanish anywhere in H. Here and in what follows we define the nome ¢ by

g = ¥ and for arbitrary rational number r we will interpret ¢” as e>7"7.

3.2.1 The Theta Automorphy Factor

We define the theta automorphy factor jy (7, y) by

o(1)

—, yely.
O(y7)

Jo(T,y) =

It satisfies jo (T, y112) = jo (T, v2) jo (21, y1) and jo(t, y)® = (ct +d)~*. We define
the slash operator in weight k£ with theta automorphy factor by

(flen)(@) = jF @ ) f (o).

It is easy to see that this formula defines a right action of I'y on the space of functions
f:H — C. More generally, let x.: 'y — {£1}, where ¢ = %1 be the homomor-
phism defined by . (T%) =1 and x,(S) = &. We then define

(FEN@) = 2 i @ v) f(y).

Note that all of the above definitions remain valid for real k¥ > 0 (and in fact for all
021((.[)
0% (yt)

" . T 9/(1)
0%(t) :=exp (a /ioo 80 dz) , a eC.

3.2.2 Modular Forms for Mg

complex k), if we interpret jezk (tr,y)as and %% () using the principal branch,

ie.,

We define M (Tg, ¢) to be the space of holomorphic modular forms of weight k with
respect to the above slash action, i.e., f: H — Cis in My (I'g, ¢) if and only if f is
a holomorphic function of moderate growth and f|{y = f forall y € I'y. We also
denote by M }((Fg, &) the space of weakly holomorphic modular forms of weight k: a
holomorphic function f: H — C belongs to M,!C(I‘g, e)if flyy = fforally € Ty
and its Fourier expansion at each of the cusps has at most finitely many negative powers
of g (i.e., f has at worst poles at the cusps).
Ifwelet J (1) = Jo(7) == me) = (%)12 and J_(t) := 1 —2A(t), where
A(7) is the modular lambda invariant, then J is in M(!)(Fe, +). Moreover, J4 (1) is
a Hauptmodul for the group I'g and it maps the fundamental domain F conformally
onto the cut plane C \ (—o0, 64], as shown in Fig. 2. In particular, since J(7) is a
Hauptmodul, any f € M]!((Fg, 4) can be written as f(7) = 92k(r)Ji(r)P(J(r)),
where P is some Laurent polynomial. (A priori P can be a rational function, but since
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—1 1
Fig.2 J(z) as a conformal map

f has poles only at the cusps and J(t) takes values 0 and oo at the two cusps, the
poles of P must be contained in {0, co}.) Note that the identity

M} (Tg, +) = 0% JLC[J, J 1]

makes sense for all complex values of k if we interpret 2% (7) as the principal branch.

Since J(t) has a pole at the cusp at oo, if f € My(I'g,¢), then f(r) =
92]‘(1)]5 (r)p(1/J (7)), where p(x) € C[x] is now a polynomial (without constant
term if ¢ = +). From

—12 1 2 3
=277J( = 1) =q+24¢" + 300" + ..., 3.4)
8J_(1 -1y =¢7'24+20¢'% —62¢%* + ...

we see that f is in My (I'g, +) if and only if deg(p) < v4 (k) and f is in Mx(T'g, —)
if and only if deg(p) < v_(k) — 1. Thus we get the following (see [2, Thm. 6.3]).

Proposition 3.1 We have dim My (I'y, €) = v (k), where vy are definedin (3.2). More-
over, any f € My(Ty, ) with a Fourier expansion of the form f(t) = Y Tint

n>vy Cne
must vanish identically.

Note that this immediately implies uniqueness in Theorem 3.1, since any two 2-
periodic solutions of the functional equation (3.3) differ by an element of My (I'y, ¢),
which must vanish by Proposition 3.1.

Finally, let us record some simple asymptotic relations between various functions
in the fundamental domain F. For z — ioco, we have Im(1 — 1/z) = Im(z)|z] % <
Im(z)~! and J(1 — 1/z) ~ —4096¢%"2, so that log |J (z)| < —Im(z)~!, as z tends
to £1 in the fundamental domain. From this we deduce that, when expressed in terms
of w = J(z), as w — 0 (which again corresponds to z — =1 inside the fundamental
domain), we have Im(z) =< 1;,1, and therefore

og w1
67 = [w]/*log lw™|.

Moreover, since J_(z)2 = 1 — 64/J(z), we get that J_(z) = /1 — 64/w.
We also record here the following identity

J(2) = —7i 0*(2)J(2)J_(2). (3.5)
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b
lo

()

—]./T 62

- 1

Fig.3 Deforming the contour of integration

In particular, this implies that if we set w = J(z), then
0*(2)dz = 7 w264 — w) " dw. (3.6)

3.3 Modular Kernels

We define the following two-variable meromorphic functions on the upper half-plane:

J+(z) J(t)J_ >
= L Py

n=v4

J'-(2) J(r)J_ ad

3.7

n=v_

Here we view the series on the right as formal power series in the variable ¢'/2.
Note that by construction IC,:f(r, z) is a meromorphic modular form of weight &k in 7
(respectively of weight 2 — k in z) for each fixed z (respectively 7). For fixed 7 it has
simple poles for z € I'gt and no other singularities in H. Moreover, (3.5) implies that
the residue of ICki (t,z) at z = 7 is (wi)~'. From the above estimates for 6(z) and
J(2) near the cusp at z = *1, we get that for any fixed 7 the function IC,:f(t, 7) 18
rapidly decreasing as z — %1 non-tangentially.
Let us also record some important properties of the coefficients gi (D).

Proposition 3.2 The functions gik: H — C, n > vy belong to Mé_k (To, F), vanish
at the cusp at £1, and satisfy

gE () =g+ 0@ V), 1o, (3.8)

Proof The first two claims follow trivially from the definition, while the last statement
is proved in exactly the same way as Theorem 3 in [25] (see also earlier papers by
Asai, Kaneko, and Ninomiya [1, Sec. 3] and by Zagier [31] where analogues of g,f i
for the full modular group appear). i
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Proposition 3.3 If ¢: H — C is a holomorphic function of moderate growth, then

1 1
Fki(r, @) = 3 / 1 IC,:f(r, De@)dz, tTelF, (3.9)

where the integral is taken over a semicircle in the upper half-plane, admits an analytic
continuation to H that satisfies the conditions of Theorem 3.1.

Proof We only sketch the proof, since it essentially repeats the proof of Proposition 2
in [25]. The main idea is to show that the contour integral in (3.9) extends analytically
from F to the neighboring fundamental domain S, that the extension satisfies (3.3)
in F U SF, and from there to extend it iteratively to all of H using the functional
equation.

Note that the integral is well-defined since /Cki(r, z) has exponential decay in
Im(z)~!' as z — =1 non-tangentially and ¢ is bounded there by some power of
Im(z)~ L. Let us denote the right-hand side of (3.9) by Go(7), t € F. Since the only
singularities of the kernel z +— ICki (r,z) are at z € 'y, Go(7) extends analytically
across the vertical lines t € H, Ret = =1 and the resulting analytic extension is
2-periodic. Let us show that it also extends across the semicircle and the extension
satisfies the functional equation (3.3).

Let £y denote the semicircle, and consider two other paths ¢; and ¢> as in Fig. 3
such that ¢; is the image of £1 under the inversion z — —1/z, with all three paths
oriented from —1 to 1. Let us define G1(7) := %le ICki(r, 72)¢(z)dz. Note that G
defines an analytic function in the region U/ (the shaded region in Fig. 3) between £
and ¢;. Let T be a point in the region between £o and £1. Then the residue theorem
tells us that

Go(1) = G1(1) = ¢(7),

so that G1(t) + ¢(7) provides an analytic extension of G¢ to /. Moreover, we auto-
matically get (3.3) since G1(r) = +(t/i)*Gi(—1/7) for T € U because of the
corresponding property of lejE (7, 2).

To obtain an analytic extension to all of H we simply define F(z) fort € y~'F
as G0|,fy + ¢, , where {¢, }, ery is the I'g-cocycle generated by @72 = 0 and ¢g =
© — <p|,fS (see Sect. 6.2). Since the neighboring regions of y~!F are y ~!SF and
y ~IT*2F, the above continuation properties of F imply that F is well-defined and
analytic on H.

Finally, since ¢ is of moderate growth and F(7) is an automorphic integral for the
cocycle generated by ¢, by the main result of [16] we get that Fk:t(‘l,', @) = F(r)is
also of moderate growth. O

We will prove more precise statements about the growth of F; ki(t, @) in Sect. 6.

Remark Let us give a brief explanation of why one would expect a formula like (3.9).
Assume thatk = 0 and the sign is “+”. Then the function that we are looking for, when
written in terms of w = J (7), is a holomorphic function on C \ [0, 64] with prescribed
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jumps along the segment [0, 64]. By the classical Sokhotski-Plemelj formula, such a
function is given by an integral f064 3(_2 ds, where A(s) is the jump at the point s.
When expressed in terms of the upper half-plane variables 7 and z, the Cauchy kernel
simply becomes IC(J)r (7, z) and we obtain (3.9). To get the formula in the general case
we simply divide both sides of the functional equation (3.3) by 6% (1) J. (1) J" (¢) for
an appropriate value n € Z to reduce to the case k = 0, ¢ = +. Let us also mention
that, in the case of PSL2(Z), such integrals have previously appeared in a work of

Duke, Imamoglu, and Téth [5].

Remark The functions ICki(r, z) are sometimes called Green’s functions, see, e.g.,
Eichler’s paper [7, p. 121]. For k > 2 one can instead use the Poincaré series

eTIVT 4 o7z

eTivT _ pmiz’

1 ~
PE@i=o ) xxWig o)
y€lg,0\l'o

(where I'y « denotes the subgroup of I'y generated by T?) which differs from ICki (1,2)
by an element of M,i(Fg, ) ® Mé_k Tg, ).

3.4 Definition and Basic Properties of F;(E (1,5)

Using the result of Proposition 3.3 we can now precisely define the special func-
tions Fki
For k > 0 we define Fki: Hx C— Cby

1
Fki(r, §) = %/le(T, D(z/i)¥dz, TeF (3.10)

and by analytic continuation in 7 if 7 is in H \ . The function F ki(-, s) is 2-periodic
and has a Fourier expansion

(e.¢]
FE(rs)= Y oy ()™, 3.11)

n=v4

where a: «(8) are given by

1 1
%i,k(s) = Eﬁlgik(z)(Z/i)‘sdz, (3.12)

and gnjf « are weakly holomorphic modular forms of weight 2 — k defined by (3.7). The
coefficients a,f « (s) are of polynomial growth in n for any fixed s € C and

FE(r, )T (/i) FFE(—1/t,9) = ¢/ F (¢ /i), el (3.13)
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Finally, for any fixed € H the function Fki(r, s) is an entire function of s and it
satisfies
FE(r,k —s5) = FFE(x, 9). (3.14)

The last claim follows from the uniqueness part of Theorem 3.1 since F, ki(r, k—s)is
2-periodic in T and satisfies the same functional equation as Fki(r, s), up to sign.

Finally, we remark that a,fk (s) is an entire function of exponential type. More
precisely, by making a change of variable z = ie?™" in (3.12) we obtain

1/4 ) )
aik(s) - —7 / g,fk(iez””)e‘h”“_l)dt, (3.15)
—1/4

so that oz,f 4 (s) is the Fourier transform of a C°°-smooth function with support in
[—1/4,1/4]. An analogous calculation also shows that for t € F the function
s — F ki(t, s) is also the Fourier transform of a smooth function with support in
[—1/4, 1/4]. Similarly, we get the following result.

Proposition 3.4 Let k > 0. Then there exists ¢ > 0 such that for all x > 1 we have
|Fki(ix, §) — “({k(sﬂ & e2Imslgmmx—cy/Ims]

Proof Making the change of variable z = ¢!’ in the definition we get

1 r© ) ) ) )
Fi(ix,s) — oy (s) = 5/ (i (ix.ie'") — gg i) (e e S,

—/2

If x > 2, then using the leading terms of the asymptotic expansions (3.4) and the fact
that J(ix) > 100 for x > 2, we get

|IC (ix, te”) — gOk(ze N < exp(—mx — te(—m/2,1m/2),

COSI)

where k4 := 27 (1 — {k/4}) and «k_ := 27 (1 — {(k — 2)/4}). Thus we have

/2
|FEix, 5) — o ()] <k e*’”‘/ e msli=7 gy
' 0

/2
Z|Ims| —mx / —\Imslt
—e2 e smtd[
0

< % % Ims\e—nxe—L/Killms\’
where we have used the inequalities r%” > % and at + br—! > 24/ab. Since k1. > 0,
this proves the claim.

/4

If 1 < x < 2, then we split the integral as | xpn T an e Then we use the same

estimate for the first integral, while the second integral is of size <j exllms |, which
can be seen by deforming the contour of integration (similarly to what was done in the
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proof of Proposition 3.3) so as to avoid large values of the denominator J(7) — J(2)
in ICki(r, 2). O

3.4.1 Relation to the Interpolation Bases for the ./n Case

Next, let us relate Ol;:f . (5) to the functions b and d constructed in [25]. If we define

1! )
B (3.16)

1 ! 2
dni(x) = 5 / ) g,:f3/2(z)xemzx dz,

(the sign notation differs from that of [25] so that b and d:° in our context coincide
with respectively b and d,F from [25]) then a routine calculation shows that

TR($)a, ) 5(s/2) =2 / bE(x)x*~ldx,

0. (3.17)

TR($)a; 3,5 (s/2) =2 / dE (x)x*dx,
' 0

where we again use the notation I'r(s) := 7520 (s /2). We remark here that in [25,
Prop. 1, Prop. 3] itis proved that bni (x) isaneven Fourier eigenfunction with eigenvalue
Fl1, d;—L (x) is an odd Fourier eigenfunction with eigenvalue +i, and moreover that

bE(Sm) = dE(Jm) =8 m, m =1 (3.18)

All these properties can be easily checked directly from the definition, using (3.8).

3.4.2 Special Values

We conclude this section by giving explicit evaluations of F; ki (7, s) for some special
values of s. We do this using the fact that (3.11) and (3.13) uniquely determine FkjE (,9)
as a function of 7, so that if we can find a 2-periodic function f(7) that satisfies (3.13),
then necessarily Fki(r, s) — f(v) belongs to My (I'y, £).

Actrivial example is s = 0, where we cantake f(7) = 1. Thus Fki(r, 0) =1—g(1),
where g(t) = 0if v4 = Oand otherwise g(t) is the unique modular formin My (T'g, %)
with the g-expansion g(t) = 1 4+ 0(g"+/?). In particular,

F (1,0) =1, Fl(z,0)=1-0%(1), 0<k<2. (3.19)

Similarly, from (3.13) we see that F,:r (t,k/2) is in My (I'g, +) and looking at the
g-expansion, we see that in fact

F(t,k/2) =0, 0<k<2.
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A more interesting example is the identity
_ 7T
Fy(r, 1) = g(—Ez(f/Z) +5E5(1) — 4E2(21)),

where E» is the weight 2 Eisenstein series, Ex(t) = 1 — 24 anl o(n)q" (here
o(n) = Zdln d is the divisor sum function). To see this we use that by the well-
known functional equation

) 6 .
Ex(t) —t " Ex(—1/7) = ;(f/l)

we have F, (t,1) — %’Ez(r) € M»(I'g, —) and note that the space M>(I'g, —) is
one-dimensional, spanned by E>(t/2) —4E>(t) +4E2(21). As a corollary, we have

a;z(l):871(0(11)—50(n/2)+4o(n/4)), n>1,

where we define o (x) = 0if x ¢ N.

4 The Dirichlet Series Kernel Associated with Zeros of {(s)

In this section we assume that the weight & is a positive real number and consider the
function F ki(r, s) given by the Fourier expansion

FE(z,s) = Z oy ()e™ T,
n=v4
where, as before, v_ = |[(k+2)/4] and vy = | (k+4)/4]. For convenience we extend

the definition of o, (s) to all n > 0 by setting oz, (s):=0,0 < n < vs.

4.1 The Mellin Transform of F5 (1, 5)

Let us define A,ﬂf(w, s) by

oo +
Af(w, ) :=/ (FEGit,s) — i (s)1* " dr = n_wF(w)Za'Lw(S). (4.1)
A :

n>1 n
Since for fixed s the sequence {a,fk(s)} grows polynomially, the above Dirichlet
series converges absolutely for sufficiently large Re w. Similarly, for fixed s we have
(by (3.13))
Fki(it, s) = a(fk(s) + 0™, t — 00,

FE(it, s) = dog ()t + 1557 0@ ke "), t — 0+,
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and hence the integral in (4.1) converges absolutely for Re w > max(k, Re s, Re(k —

s)).

Proposition 4.1 The function w +— .A,jf(u), s) extends to a meromorphic function in
C with simple poles at w = s, k — s with respective residues 1, F1, and at most simple
poles at w = 0, k with respective residues —ot(j)[k (s), :I:otatk (s). Moreover, the function

A,jf satisfies the two functional equations

Aki(k—w,s) =:|:.A,jf(w,s), “2)

.A,f(w,k—s) =:|:A,jf(w,s). '
Finally, the function w +— A,jf(w, s) is bounded in lacunary vertical strips {u + iv |
a <u < b, |v| = T} for sufficiently large T > O.

Proof The claims follow from the general result of Bochner [3, Th. 4] combined
with (3.13).

More specifically, using the standard trick (see, e.g., [32]) by splitting the integral
defining .A,f(w, s) as fol + floo and applying (3.14) to the part fol we obtain

A (w, ) = —ag (D ' Ek —w) ™) + (w—5)"kk —w—s)7!

pt 4.3
+/ (FE(Git,s) — ag () (e =57 Dar, )
| ,

Since the integral defines an analytic function of (w, s), this immediately implies
meromorphic continuation with given simple poles, and since the integral is clearly
bounded in vertical strips, we also obtain boundedness in lacunary strips for w
Af (w, s). Finally, the functional equations (4.2) follow trivially from (4.3) and (3.14).

|

Note that aafk(s) =0fork > 0and a&k(s) = 0 for k > 2 hence in these cases

(which correspond to v+ > 0) the only singularities of w — Aki(w, s) are the simple
poles at s and k — s.

Remark Bochner’s Converse Theorem [2, Th. 7.1], [3, Th. 4] implies that the function
w > A,ﬂf(w, s) is essentially uniquely defined by the first equation in (4.2) and
its poles. Let us make this precise in the case when vy > 0: assume that ¢ (w) =
an” . apn” " is convergent in some right half-plane and extends to a meromorphic
function in C such that (w — s)(w — k + s)y (w) is entire of finite order and ¥ (w) =
7T (w) Y (w) satisfies ¥ (k — w) = =W (w). Then ¥ (w) is a multiple of A,f(w, s).
Thus we see that these functions are in some sense universal: if ¥ (w) is any Dirichlet
series such that ¥ (w) P(w) is entire of finite order for some polynomial P and such
that ¥ (k — w) = =¥ (w), then

i
W(w) = Ls(w) + Zc,-WA,f(w, 57)
j C
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forsomec;, s; € C,where f € M;(I'g, ) and L p(w) = fooo(f(it)—ao(f))zwfldt,
This gives a considerable strengthening of the abundance principle of Knopp [19].

Using the estimates from Sect. 6 we get quite precise information about the behavior
of w—~ .A,:f (w, s) in vertical strips.

Lemma 4.1 Suppose that k/2 < Res < k < 2 and let k = max(k, 1) . Then
A +iv,5)] < CEOT T +iv)|(1+ )™, k—k—e<u<k+e,

for every ¢ > 0 and all sufficiently big |v|, where C(s) > O depends only on s.

A weaker version of Lemma 4.1, with a cruder bound on the growth in the vertical
direction, may be obtained directly from Proposition 3.3. This would in turn suffice
to establish a weaker version of Theorem 1.1, as alluded to in the introduction.

Proof of Lemma 4.1 By the Cauchy—Schwarz inequality, we have

2

Yo et =200 N g ()]

2’§n<2l+1 215n<2’+1

Therefore, by applying Proposition 6.4 from Sect. 6 we get

3l ()2 <y A Tog,

n=<x

and thus the Dirichlet series representing w A,:{t(w, s) converges absolutely for
Rew > k. Let us set

nw

D(w) := ()

A,f(w, ).

Note that D(w) can have poles only at w = k, s, k — s, since the potential pole at
w = 01is canceled by the pole at w = 0 of I'(w). Since the Dirichlet series converges
absolutely for Re w > «, for arbitrary fixed ¢ > 0 we have

Dk +¢&+iv) <1 and Dk —k — e +iv) < (1 + |v])2K+2,

Here the second inequality follows because of the absolute convergence of the Dirichlet
series, and the second follows by the functional equation for .A,f (k —w,s). Now

F(w) := Dw)(w — D(w —s)(w — (k —5))
is an entire function satisfying

Fk +e4iv) < (1+v)’ and Fk —k — e +iv) < (14 |v|)2H*+3+2¢,

@ Springer



Constructive Approximation

The deduction of the functional equation for D(w, s) implies the crude bound
|F(u+iv)| < [P0+ iv)| ™!

in the strip k — k — & < u < k + ¢. We may therefore use the Phragmén—

Lindelof principle in a familiar way (see for example [28, Sect. 5.65]) to conclude

that F(w)((k 4+ 2& — w)i)® %973 is a bounded analytic function in that strip. O

To conclude the discussion of .Azf(w, s), note that, as a corollary of (3.19), we
obtain

nm o0 (4.4)
nw

Al (w,0) = —n_wF(w)Z

n>1

where r;(n) is the number of representations of n as a sum of squares of / integers. In
particular, A]"/z(w, 0) = —277"I"(w)¢ 2w). Similarly, (3.19) implies

.Al_/z(w, 0) = Al_/z(w, 1/2) =0, [=1,2,3. 4.5)

Using the results from Sect. 3.4.2 one can also easily obtain explicit expressions for
A,%(w, 0) for other values of /.

4.2 Construction of the Dirichlet Series Kernels

We will now construct, in accordance with the general setup of Sect. 2, the Dirichlet
series kernels corresponding to the interpolation formula of Theorem 1.1. This will
provide us with an explicit construction of the functions U, (z) and V,_;(z) and will
be used to prove our main result.

We define the Dirichlet series kernels Hi (w, s) by

H_(w,s) := g*(s) A]_/z(w/z, 5/2)

:Zh;(s) S £0.1,

2 g“*(w) = nw/2”’
c*(s) f A L (w/2,5/2) hE(s)
Hyw,s) = 5 (S —alipd) = Y s s £ 0L

n>2

(4.6)
where ¢*(s) = I'r(s)¢(s) is the completed zeta function. Formulas (4.4) and (4.5)
show that both functions extend analytically also to s = 0, 1. Note that the coefficients
h,f (s) can be computed using Mobius inversion as

nEo = S wet g 6/2) @)
d?|n

From this and (4.4), (4.5) we see that k- (s),n > 1 are entire (we also set 1} (s) := 0).
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Since ¢*(1 — s) = £*(s), the functional equations (4.2) imply

Hi(l1 —w,s) =+Hi(w,s),

4.8)
Hi(w,1—5)=FHL(w,s).
Moreover, from (4.3) and the fact that £ *(w) has simple poles at w = 0, 1, we see that
for a fixed s the function w +— Hi(w, s) has simple polesat w = sand w =1 — s
with residues 1 and 1, and a pole at w = p of order at most m(p) for each nontrivial
zero p of £(s).

From the above discussion we see that, if we define E (w, s) = Hy(w, s)ZH_(w, s),
then w — E(w,s) (respectively w — E_(w, s)) is a Dirichlet series with poles
at w = p for nontrivial zeros of ¢ and at w = s (respectively w = 1 — ). Accord-
ing to the setup of Sect. 2, this suggests that E4(w, s) (up to an appropriate linear
change of variables that maps the critical line to R) are Dirichlet series kernels asso-
ciated to a Fourier interpolation formula with A = {(p — 1/2)/i: ¢*(p) = 0} and
A* ={£logn/(4m)},>1. Motivated by this we define U,f(z) as

Uy (2) == I (1/2 + i2). 4.9)

Similarly, we define V", (2) by

me)=1 iyt
! (2)
He(w,1/2+iz) = s

+01), w—p,

or, equivalently,

1 i~i(w—p)/ )
VE () = — — " H_(w,1/2+iz)dw, 4.10
5@ 271 e i +(w, 1/2 +iz)dw (4.10)

where ¢ is chosen so that ¢ < |p — 1/2=+z| and ¢ < |p — p/| for all p” # p such that

¢*(p") = 0.
We now turn to rigorously proving Theorem 1.1.

4.3 Proof of Theorem 1.1
As in the proof of Lemma 4.1 we will use certain estimates for the coefficients af’ ()

that are somewhat technical and are proved in Sect. 6.
We define the auxiliary functions

a;l/z(s/2)

D_(w,s) = B 3

2 nw/2
n>1
+ +
I'r(s) 9y 2(s/2) —op 2(5/2)
D, s) 1= == 3 e

n>1

@ Springer



Constructive Approximation

and note that

Hi(w,s) := &Di(w, s).

¢ (w)

Lemma 4.2 Suppose that 1/2 < Res < 1. Then

|Ds(u+iv,s)| < C(s)(1+ w2 w <2+, (4.11)
Hi(l+¢e+iv,s)= Zh,f(s);r“““”)/2 + 0((1 + u)x—¢/3) (4.12)
n=<x

for every ¢ > 0, where C(s) is a positive constant that depends only on s.
Proof The first claim follows from Lemma 4.1. We next prove (4.12). Set A(x) :=
anx hff (s). Using summation by parts, we get
w o0
Hi(w.s) =Y hy(s)n™"*+ E/ (A(y) — A(x)y /> ldy
X

n<x

when Re w > 1, so it suffices to show that
A(X) <<5X1/2+8/6
for every ¢ > 0. But this holds because
A(x) = 0] Z n(d) Z at ,(s/2) € /x Z L Vx log x
2 n,1/2 d =~

d<./x n<x/d? d<./x

when 1/2 < Res < 1 by Proposition 6.5. i

We also require an additional lemma which is a result from a paper by Ramachandra
and Sankaranarayanan [26, Thm. 2].

Lemma 4.3 There exists a positive constant ¢ such that

. . -1 2
t < loglog T
L min L max (5o +in]T! < exp (c(loglog T)?)

holds for all sufficiently large T.

We now consider a general function f in H; and prove a representation that splits
naturally into an even and an odd part, so that the even part yields Theorem 1.1. We

set
F(s) = f (s — 1/2>

i
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let

Fow = TOFIUED g p o PO 2 U2

be respectively the even and odd part of F(s). The proof naturally splits into three
parts.

Proof of (1.2)

Consider the operator
1 c+ioo
(Rs F5)(s) := —/ [H-s(w,s) — H-5(1 —w,s)] Fs(w)dw,  (4.13)
471 Jo—ioo

where § = :andboth 1 —c¢ < Res < candc > 1. The proof follows the usual scheme
of computing these integrals in two different ways. First, using the functional equation
for Hy (1 —w, s), we express the integrand in (4.13) as Fs(w) times a Dirichlet series
in w. We then apply (4.12) and the assumption that f is in H; to infer that

c+ioco
(Rs Fy)(s) = —— / H_s(w, $) Fs (w)dw

— 2]_[[ (S(S)/ *w/zFS(w)dw + 0()(76/3) (414)

= Z(M— Fs)(V/mh,*(s) + O (x =),

n<x

where M ™! Fj is the inverse Mellin transform of Fj. Since U, (z) = U 7 (z) are defined
by (4.9), this gives the first sum on the right-hand side of (1.2) .

On the other hand, by viewing the integral in (4.13) as two contour integrals and
using the residue theorem, we find that

(RsF5)(s) = Fs(s)+ ) Resu—p H s(w,)Fs(w) + E(s,T),  (4.15)
p:0<y<T

where

E(s,T) < max |¢<u+iT)|—1T“/4“+/ |f (e +inl(1 + o) 2ay
I/ZSMSZ \U|>T

for & small enough. Indeed, D_s(u + iv,s) < (1 + |v|)3/4+'3 by Lemma 4.2 and

Fs(u + iv) < (1 + |v])~! for sufficiently small & by the assumption that f is in ;.
Given a large positive integer k, we choose Ty in [2%, 2¥+1] such that

max_|¢(u+iTo)| ™" < exp (c(loglog Tp)?),
1/2<u<2
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which is feasible in view of Lemma 4.3. Let us define U,, = U + and Vo= V+
asin (4.9) and (4.10). Then we obtain (1.2) by comparing the rlght hand 51des of 4. 14)
and (4.15) and letting k — oo.

Rapid decay of the basis functions U, () and V,, (2)

By (4.7), the functions hi(s) have rapid decay in vertical strips since [¢*(o + it)| =
O (1% ¢~ ™'/*) and by (3.15) we have that |am 1p((0+in/2)| = O™ /*(1+ )75
for all k£ > 0. Thus U, (z) is rapidly decaying.

To get the corresponding property of V, ;j(z), we use (4.10) to infer that it is
sufficient to show that s — ;“*(s)Af/z(w, s) is rapidly decaying in vertical strips
(uniformly for w in compact sets). In view of (4.3), it is enough to check that

oo
S = C*(S)/ (Fki(it,s) — a(:)tk(s))(twilﬂ:tkiwfl)dt
1 ’
is rapidly decaying in vertical strips. This is clear from Proposition 3.4.

The interpolatory properties (1.3)

From (3.17) and (4.7) we see that h,jf(s) is the Mellin transform of

w0y (0) =) Y wld)b o (k).

k=1 d2|n

Therefore, form, n > 1, from the interpolatory properties of b, (x) (3.18) we conclude
that

1, m=n,

() = 33 @b/ = 37 p@ =1

=1 2 Noo

Since U, is an even function and UAn(é ) = n~1/4emé u, (e¥%), this implies the inter-
logm . By definition /2 (s) vanishes at s = p to the same

polatory properties of U,, at
order as Z*(s), and we therefore also get that U(])(p 1/2) 0for0 < j < m(p).
Next, let us check the interpolatory properties of Vp,.,' (z). From (4.10) we imme-
diately see that V(j,)(p,_l/z) = 0for 0 < j' < m(p'), where p/ # pisa
different nontrivial zero of ¢ with Im o’ > 0. The property V(] )(p 1/ 2) = §; j for

0 < j' < m(p) again follows from (4.10), since for any & > O such that e<lp—p|
for all p’ # p, the difference

) 1 i7"~ (w — p)/ &7 H_
Vi) — — 1/2+iz)d
EAS v /|w e ! a5 (W 120w
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isequalto O fore < |p — 1/2:tz| andto §; ;s fore > [p — 1/24z|.
logn

Finally, we need to verify that Vp j(£75) = 0. To this end, we consider

Yz by (kx)

nw/2

Us(w,x) :=Tr(w) Y

n>1

and note that Hy (w, s) is the Mellin transform in x of Uy (w, x)/¢*(w). The function
Ui (w, x) continues analytically to a meromorphic function of w in C since it is the
Mellin transform of F' 1j;2 (it, ¢x), where @, (z) = %(9 (zx) — 1). Setting x = /m and
using (3.18), we obtain

Us(w, /m) =Tr(w) Y w/2 = *(wym ™"
n>1
n:kzm
first for Re w sufficiently large, and then, by analytic continuation, for all w # 0, 1.
The numbers V,, ;(§), j = 0 are simply the coefficients of the principal part of the

Laurent series of w — U (w, e**)/¢*(w) at w = p. Since for & = l(fm the latter
function specializes to an entire function w > m~"/2, we get that V,, ; (£'%2) = 0.
This concludes the proof of Theorem 1.1. O

4.4 Relation with the Riemann-Weil Formula

We return briefly to the viewpoint mentioned in the introduction, namely that we may
think of the Riemann—Weil explicit formula as expressing a linear functional W in
terms of our interpolation basis. This functional W acts on functions f in H; and is
defined by the left-hand side of (1.1):

[ (B s () ()

By the equality in (1.1) and the interpolatory properties of the basis functions, we then
find that

WU, = 7 'An)//n, na squ.are
0, otherwise,
while
2, j=0
WVp’j = .
0, j>0.

It would be interesting to know whether these curious properties of the basis functions
could be obtained without resorting to the Riemann—Weil formula. In the same vein,
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it may be worthwhile searching for further relations between our Fourier interpolation
formula and the Riemann—Weil explicit formula.

5 Fourier Interpolation with Zeros of Dirichlet L-Functions and Other
Dirichlet Series

The methods developed above give without much additional effort Fourier interpola-
tion formulas associated with the nontrivial zeros of Dirichlet L-functions and, more
generally, of functions that are representable by Dirichlet series and satisfy a functional
equation of the form L*(k — s) = £L*(s), for

L*(s) = r*’Tr(s)L(s) or L*(s) = r*’T'c(s)L(s)

where r is some positive number. Here we use the common notation I'r(s) :=
77521 (5/2), Tc(s) = 2(2m)*T'(s). We will now present some key results of this
kind, with emphasis on features that have not appeared earlier in our treatise.

We begin with the case of Dirichlet characters x. We recall that the gamma factor
appearing in the functional equation for L (s, x) differs depending on whether x is even
or odd, i.e., on whether x (—n) = x(n) or x (—n) = —x(n). This leads to a principal
difference between the respective Fourier interpolation bases, and it is natural to treat
the two cases separately. In either case, however, we will need the following analogue
of Lemma 4.3.

Lemma 5.1 Let x be a primitive Dirichlet character. There exists a positive constant
¢ = ¢y such that

i L it, x)L i1, )7 < log log T)? 5.1
ré?é%mé%@z' (o +it, x)L(o +it,X)|” <exp(c(loglogT)*)  (5.1)

holds for all sufficiently large T.

The proof is word for word the same as that in [26], with ¢{(s) replaced by
L(s, x)L(s, x). We could prove the same bound for miny <,<27 maxi,2<¢<2 |L(0 +
it, x)|~!, which would suffice when x is real. In the complex case, however, (5.1) is
useful because we integrate along segments that cross the critical strip. Invoking the
functional equation for L(s, x), we then need lower bounds for both |L(s, x)| and
|L(s, x)| along such segments.

5.1 Fourier Interpolation Bases Associated with Even Primitive Characters

Theorem 1.1 only deals with even functions, but the result extends painlessly to arbi-
trary functions in 1, as there is a similar interpolation formula for odd functions.
In the case of complex characters, it is less natural to decompose the interpolation
formula into even and odd parts. We therefore take the opportunity to state and prove
in one stroke an interpolation formula for arbitrary functions.
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Theorem 5.1 Let x be a primitive even Dirichlet character to the modulus q for some
q > 2. There exist two sequences of rapidly decaying entire functions U,(2), n € Z,
and V, j(z), 0 < j < m(p), with p ranging over the nontrivial zeros of L(x, s), such
that for every function f in Hy and every z = x + iy in the strip |y| < 1/2 we have

(sgn(n)(log In| + 10gq)> U, (2)

S@=jim. > T =

0<|n|<N
FifD) /)
+(L*<0, 0 T 0

) Uo(z)

mp)=1 p—1/2
tlim > 2 fm( l. )Vp,j@ (5:2)

lyI=Ti j=0

for some increasing sequence of positive numbers Ty, T, ... tending to oo that is
independent of f and z. Moreover, the functions U, (z) and V, ;(z) enjoy the following
interpolatory properties:

ul (p—i1/2 — o0, 0, (Sgn(n Mog[tlozg) ) — 5, . 53
G (=12 _ 7 ((semodoglnl+logg) | _ '
Vol ( 7 ) = 80w Vo ( I =0,

with p, p’ ranging over the nontrivial zeros of L(s, x), j, j' over all nonnegative
integers less than or equal to respectively m(p) — 1, m(p’) — 1, and n,n’ are in

7~ {0}.

The distinguished function Uy(z) satisfies Up(0) = Up(1) = 1/2 as well as

S p—1)2 _ I I
Uy <—p e ):0 and Uo<sgn(")(°i'"|+ qu)>=o (5.4)
l TT

when, as above, p ranges over the nontrivial zeros of L(s, x), j over all nonnegative
integers less than or equal to m(p) — 1, and n over all integers different from 0. The
formula takes however a more involved and interesting form at the special points 0
and 1 as will be exhibited after we have established the theorem. As in the proof
of Theorem 1.1, we will resort to the change of variable z = (s — 1/2)/i and use
Mellin instead of Fourier transform. Most of the proof follows the same lines as that
of Theorem 1.1, and we therefore omit some of the computations.

Proof sketch of Theorem 5.1 We set

L*(s,
Hs(w, s; x) == %A’f/z(w/lw%,

where L*(s, x) = ¢*/ 2I'r(s)L(s, x). These kernels satisfy the functional equations

Hs(w,s; x) = dw(x)Hs(1 —w, s; %), (5.5
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where w () is the root number of L(s, x). We now consider the operator

1 c+ioo
(Ty F)(s) 1= [Hy(w, s 0 F(w) + wOOHy (1 — w510 F(1 — w)] dw
Tl Je—ioco
1 c+ioco

[H-(w,s; )F (W) —wGO)H-(1 —w, s; ) F(1 —w)]dw,
(5.6)

470 Jo—ico

where both 1 — ¢ < Res < ¢ and ¢ > 1, with the additional assumption that F (s) is
analyticin 1 —c <Res < cand

o
sup / |F(o +it)|(1 4+ |t)dt < oo.

l—c<o<cJoo

Following the corresponding computation in Sect. 4.3, we may compute the integrals
on the right-hand side of (5.6) and get

1 o
(Ty F)(s) = 7L7(5, 0 Y (M E)(@m') 3 i@ x @)@t o () + @, ()

n=1 d%|n

1 o
+ L6 0w00 ;w—lF)((an‘ﬂ)(qn)—l/?
D DX @y, o) =) (5),

d?|n

where we have set oeﬁE (s) := a;f 1 /2(s /2). On the other hand, viewing the two integrals

on the right-hand side of (5.6) as contour integrals, we may use the functional equations
(5.5) and the residue theorem to deduce that

y F@© F(l
(TXF)(S):f(s)—aa(s)qb/zL(s,X)( ©) + @ )

L*0, ) L*(1,x)

1
+ — lim (Reswzp Hy(w,s; x)F(w) + Resy=p H-(w, s; )()F(w))
2 k—)oo|V|<Tk

for some sequence 7y — o0. To achieve this, we use the sub-convexity bound L (1/2+
it) < ql/zltll/6 log(g|t|) (see [10, p. 149]), along with Lemma 4.2 and Lemma 5.1.
We arrive at (5.2) by equating our two expressions for (7 F)(s) and changing back

to Fourier transforms and the variable z = (s — 1/2)/i. O

To evaluate (5.2) at s = 1, we recall from (4.4) that
Al p(w/2,1/2) = =20 (w).
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Plugging this into (5.2), we arrive at

. L*(1, x)
f(_l/2)+L*(0 f@i/2)

1 + 51
= 4L, ) Z(qn)‘”zf(ognz—nogq) [Tct - x(en
n=1 pin

i _s—logn — 11
— "L, w(x) Z(qn)*‘/zf(%) [Ta—xwp
n=1 pln

g (w)
+ql/2L(1 X) llm ||2:T Resy—p mf(U)), 5.7
vI=Tk

which has a curious resemblance with the Riemann—Weil Formula.

5.2 Fourier Interpolation Bases Associated with 0dd Characters

In this case of odd characters, the gamma factor for L (s, x) is 7 —¢+1/ 2 ((s + 1)/2),
and thus we will use the function A3 /2(w+1 SH) which involves the same gamma
factor. Note that the abscissa of convergence and the abscissa of absolute convergence
of w — A3 2(erl 1 +1) are both equal to 2, and we therefore need to require that
functions be analytic in a strip of width 3 4 €. As in the preceding cases, we need
a growth condition in the strip, but we may require less at the boundary of the strip
because the Dirichlet series kernel converges absolutely there. We find it convenient
to restrict to functions f that are analytic in the strip | Im z| < 3/2 4 ¢ and satisfy

If(x+iy)| < 1+ [x)~e

for some ¢ > 0, where we in the latter inequality assume that |y| < (3 + ¢€)/2. We
let H> denote the space of all such functions.

Theorem 5.2 Let x be a primitive odd Dirichlet character to the modulus g for some
q > 3. There exist two sequences of rapidly decaying entire functions U,(2), n € Z,
and V, j(z), 0 < j < m(p), with p ranging over the nontrivial zeros of L(x, s), such
that for every function f in Hy and every 7 = x + iy in the strip |y| < 1/2 we have

f(Z)=A}E“OO Z f<sgn(n)(logln|+10gq)>Un(Z)

4
0<|n|<N

F=3i/2) fGig2)
U,
* ( L0, 0 L, x)) 0@

m(p)—1 )
+ i DD fm( )Vp,j(Z) (5.8)

O<|y|=Tk j=0
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for some increasing sequence of positive numbers Ty, T», ... tending to oo that does
not depend on neither f nor on z. Moreover, the functions Uy (z) and V, ;(z) enjoy
the following interpolatory properties:

o~

U(j) p=1/2 =0, U, (sgn(n’)(loiinq-i-logq) -5

U (=172 _ 7 . [ sgn(m)(og|n|+logq) ) __
Vp,j( i = 8.0 Vo (T =0,

1

(5.9)

with p, p’ ranging over the nontrivial zeros of £ (s), j, j' over all nonnegative integers
less than or equal to respectively m(p) — 1, m(p’) — 1, and n, n’ are in 7 ~. {0}.

As in the case of even characters, the distinguished function Uy(z) satisfies (5.4),
and we also have Up(£3i/2) = 1/2. The formula at the special points £3i /2 will be
somewhat more complicated than (5.7) and will instead of ¢ (w) involve the Dirichlet
series

oo
— Z r3(nyn~WHD/2,
n=1
where r3(n) is the number of representations of n as the sum of squares of 3 integers.

Proof We define the Dirichlet series kernel

L*(s, x) w+1 s+1
Hs(w, 5; x) = 2/2( : )
2L*%(w, x) 2 2
and follow the same argument as in Theorem 5.1. O

5.3 Fourier Interpolation with Zeros of Other Dirichlet Series

We may deduce an abundance of further Fourier interpolation formulas based on the
techniques developed in Sect. 4, as will now be briefly explained. Detailed analysis
of these generalizations falls outside the scope of this paper, so we only sketchily
outline the details, and in each case, we will only indicate the construction of the
corresponding Dirichlet series kernels Hi (w, s) that lead to the interpolation formula
with A being the (multi-)set given by a suitable rotation of the nontrivial zeros of L(s).

5.3.1 Dedekind Zeta Functions of Imaginary Quadratic Fields and Hecke L-Functions
of Modular Forms

First, we obtain Fourier interpolation formulas associated with zeros of Dedekind zeta
functions ¢ (s) for imaginary quadratic fields K. In this case we define

g ()

Hi(w,s) = C}z(w)

Af(w, s),
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where g (s) = |A k|*2Tc(s)ck (s) is the completed zeta function and I'c(s) =
2(2w)7ST'(s). More generally, this construction applies to products of two Dirich-
let L-functions whose (primitive) characters have different parity, i.e., L(s) =
L(s, x1)L(s, x2) where xi is an even character and y; is an odd character. In
this case the corresponding sequence of points on the Fourier side is A* =
{:I:log(2n«/ﬁ)/(2n)}, where N is the conductor, i.e., N = |Ag]| for L(s) = ¢k (s)
and N = q1q> for L(s) = L(s, x1)L(s, x2).

Next, using .Ak (w, s) for an even integer k > 2 we can construct Fourier inter-
polation formulas associated to zeros of Hecke L-functions of modular forms. More
precisely, let f in S;(I'o(N)) be a normalized Hecke newform. Then L(s, f) =
Y n>1ann~* admits an analytic continuation to C and satisfies L*(k — s, f) =
L*(s, f), where L*(s, f) = N*/?T'c(s)L(f, s) is the completed L-function. In this
case, we define Hi (w, s) as

L*(Gs, f)

Hj:(u), S) = m

Aki(w, s).

The formula again involves the sequence A* = {+log(2n V'N)/(2n)).

5.3.2 Dirichlet Series Without Euler Products

Furthermore, we may obtain a continuous family of Fourier interpolation formulas
associated with the sequence of points A* = {0, £(logn)/(4w),n > 1} by starting
from kernels of the form

N .Ai(s/z, S())

+ . +e
HE  (w.5) = T A /2.9, (5.10)

where sq is some fixed point satisfying 0 < Resg < k. The (multi-)set A dual to A*
will now be a suitable rotation and translation of the zero set of Ai (w/2, s0).

We may however need to put more severe restrictions on the functions represented
by Fourier interpolation formulas associated with kernels such as those defined by
(5.10). Indeed, since the denominator of (5.10) in general can not be represented as
an Euler product, the techniques from [26] must be abandoned. In the absence of
a multiplicative structure, we may resort to the following classical argument, yield-
ing a much cruder bound than that of Lemma 4.3. We use then that the function
A(w) = Ai(w/2, so) grows polynomially in the vertical direction, and hence, by
Jensen’s formula, the number of zeros in a strip of width 1 at height 7 is O(log T).
An application of the Borel-Carathéodory theorem shows that

AWl
[Ty —ri<ils = pl

@ Springer



Constructive Approximation

for some constant C when |Imw — T'| < 1/2. Hence we can find an n, |n| < 1/2,
such that

o0 o0
/ |F(o +i(T+n)| 'do < T€ / [] lo+i@+n—p)'do < TelgleT

1m0 170 y—1)<1
(5.11)
for some constant c¢. The bound in (5.11) is our replacement for Lemma 4.3, and,
consequently, we need to require that functions decay accordingly.

The individual basis functions arising from kernels of the form (5.10) will have
additional poles at s = 2s9 and s = 2(k — s9), and hence they do not belong to any
nice function space. The situation is particularly bad in the most natural case when
5o is on the line of symmetry Re s = k/2. Then the inverse Fourier transform of any
basis function is neither integrable nor in any L? space for p < oo. This is a less
attractive feature of “basis decompositions” stemming from (5.10).

5.3.3 Further Extensions and More Complicated Gamma Factors

Further extensions are obtained if we apply algebraic operations that preserve func-
tional equations in a suitable way. We may for instance take linear combinations
of L-functions that satisfy the same functional equation. Moreover, we may, for an
arbitrary polynomial P of degree n, multiply for example a Dirichlet L-function by
P52 p(r=6=1/2)y with r > 1 an integer and P(0) % 0. Then the polynomial

Q@) =7"P(1/2)

will appear in the functional equation, where n is the degree of P. In other words, any
complex arithmetic progression with common difference 27/ log » may be adjoined
to a given multi-set A stemming from the nontrivial zeros of an L-function to which
our methods apply. This allows us, in particular, to establish a Fourier interpolation
formula associated with every Dirichlet L-function L(s, x), irrespective of whether x
is primitive or not. As should be clear from the preceding two subsections, by adjoining
such an arithmetic progression, we will find that both the negative and positive part of
the sequence A* are “pushed away” by log r/(4m) from the origin.

We can also treat Dirichlet series with more complicated gamma factors, although
in this case the results are less satisfactory in the sense that while we get a Fourier
interpolation formula, in general the resulting functions U, and V) ; will no longer
form a basis, and we will not get the interpolatory properties like in (1.3). For example,
let L(s) satisfy L*(1 —s) = L*(s) where L*(s) = N*/°T'g (s)I'¢ (s)L(s), and let
Lo be another Dirichlet series such that L{(s) = NS/ZF]&‘ - ($)T'E (s)Lo(s). Then we
can form a Dirichlet series kernel

L*(s)

Hy(w,s):= ng(w)Af/z(w/z, 5/2),

which has the expected poles and leads to a Fourier interpolation formula with zeros
of L(s) and A* = {0, £ 220NN 1y >
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5.3.4 Density of Interpolation Nodes

Let us finally note that Kulikov’s inequality for A and A* (see (2.10)) will hold in
the same marginal way as when A consists of the zeros of ¢(s), whenever these
sequences (or multisets) are constructed as indicated above. Indeed, we may in all the
above cases establish a Riemann—von Mangoldt formula. We may for instance observe
that the number of nontrivial zeros p = 8 + iy of A(w) satisfying |y| < T will be

T T
—log — + O(log 7).
b4 2re

We follow the standard approach to prove this, i.e., we apply the argument princi-
ple along with the functional equation, and we use the Hadamard product of A(w)
to control its logarithmic derivative. If we adjoin arithmetic progressions to A by
multiplying, say, a Dirichlet L-function by /2P (r=~1/2))  then there will be an
additional term

nT
—logr
b4
in the Riemann—von Mangoldt formula, balancing the “repulsion” by n log r /(4r) of

the sequence A* from the origin.

6 Estimates for the Fourier Coefficients of F,f (1, 5)

In this section we will derive estimates for the growth of ozi () and certain related
quantities as a function of n. As before, we assume that k > 0.

First, it will be convenient to define two quantities related to y;, which we recall is
the (generically unique) element of I'y that maps v € H to the fundamental domain F.
The first quantity is I(7), the imaginary part of y; 7, i.e.,

I(7) := Im y, 7.
Itis easy to see that the function I: H — R is continuous and I'g-invariant. The second
quantity is N: H — Zx¢, which we define as one plus the number of inversions S that
appear in the canonical representation of y., i.e.,

N(r):=j +e0+e1, yp=SOT¥MST ST g1,

In cases when y; is not uniquely defined, i.e., for t € I'9dF, we set N(7) to be the
larger of the two possible values.

6.1 Estimates for the Contour Integral

Our first step is to show that FklL (7, s) is bounded for T € F. We prove this for the
slightly more general functions F ki(r, @) from Theorem 3.1, as long as ¢ is bounded
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Fig.4 The domain D

on the domain D illustrated in Fig. 4. Explicitly we set

D:={r eH: |Ret| < 1, /3/4 < || < /4/3, |t£1/2| > 1/2};

the particular shape of D is not important as long as it contains the geodesic from —1
to 1 and lies in F U SF.

Proposition 6.1 Letk > 0 and ¢ : H — C be analytic such that |¢(t)| < Cy, for T in
D, where D is defined as above. Then for T € F we have

+ Co, kxl ¢ 1447,
B (o)l <& {C(p Im(z)~ L, otherwise .
Proof Without loss of generality we may assume that Re 7 is in (—1,0), |7] > 1,
and that |t —i| > 1/10 (for t close to i we get the claimed bound using the contour
deformation from Fig. 3). We will also assume that Imt < 1/2 (for Imt > 1/2 the
claim follows from the same argument, but with simpler estimates). By definition of
FkjE (7, ¢) we have

1 i
g =5 [ KEC DT/ o1 /)=

Set 91 (2) = %((p(z):F(z/i)’%(—l/z)). Note that ¢4 (i) = 0. Since D is invariant
under z — —1/z, by assumption we have

lp+(2)] <k Cy, z€D.

To estimate the integral, we change the variable of integration to w = J(z) and
deform the contour of integration in w from the segment [0, 64] to a curve ¢ in the
lower half-plane (see Fig. 2) in such a way that its preimage under J in F U SF lies
in D. Using (3.6) to make the change of variables, we obtain

J_(1)0%*k(t) [ J"-(2) 1
J-"l(@) J_1 0% () J(r) - J(2)
1J_(06*@) (1 ¢ (t(w)

T (o) Jo 0ZXGw) J(x) —w

9_(2)0*(2)dz

Fk_(rv ‘P) =

w’= 1264 — w) 2w,
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where #(w) is the inverse function to z — J(z). Since J(7) belongs to the upper
half-plane and w belongs to the lower, we have |J (7) —w| > /|J (7)|? + |w|2. From

this we get
| ()% (7)] lw[*-~12|64 — w|~1/2

== Je 102kt w) VT (@2 + w2

|J7(‘L')92k(‘f)| —ie”! |w|v7—(k+2)/4|64 _ w|—l/2
® v_—1 ( k dw)

[Jv-—1(1)] 0 logk |w=1V|J (T) 2 + |w|?
J (0)6% (1 el —k+2)/4)
< C(,J—| (167 )|(1+/ 1og*’€(f1)—dt)_
0

|Jv-=1(1)] VIT@)? + 12

From this we obtain (using Lemma 6.1 below), for k ¢ 2 + 4Z,

F (1, 9)| < Cy

<k C

|J_(0)6%* (1)

k
mlm(f) <<k C‘ﬂ

|Fe (T 9)| < Cy

when t approaches the real line inside the fundamental domain. For k € 2 +4Z using
the same argument we obtain

|F (t,9)| <k CpIm(n) ™"
For F, ,j we calculate

_ 0o (TR @ s
ST L T -1 O
L 0@ M g tw))
Tl Jy 0% w) J(t) —w

Fl(t,9)

w"+dw

and again using Lemma 6.1 we get

0% (1) lor @) Jw]™+!
[T+ @) Jo 10% @) /1T (0)12 + |w]2

1 _
< C w(l + ‘ log_k(t_l)ﬂdt)
Y1) 0 '

VI +12

|FF (T, 0)| <

Thus for k ¢ 47 we have

|F (z, )] <& C |(ﬂkﬂlmm" < C
e 1A a

and for k € 4Z we get |F;' (1, ¢)| <k Cy Im(r) 1. O

In the proof above we have used the following simple lemma.
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Lemma 6.1 Let « be a real number and B be a number in (—1,0]. Thenas T — o0

=

/e‘ Plog?h [T PlgrT. <0,
0o NT2412 log®™' T, p=0, a# -1
Proof. For 8 < 0 we have
e ! B ae—1 7! e!
tPlog¥(t™") / -1 -1 -1
—=— dr=T P log¥(t )dt—l—f P 1og¥ (7 Ndt
/0 VT2 412 0 £ 7-1 &

logT
= TE_o((14pB)logT)log't® T +f e P x%dx < T Plog® T,
1

—Xx

where E,(x) := loo %tdt ~ “—,x — 400, and the implied constants only depend
on « and B. Similarly, for 8 = 0 we have

e ! o rp—1 a+1
log“(t™") 14 log®™*(T) 1
—= At =TE_,ogT)log' T + =~ —1og*TIT. O
fo VT2 112 «(logT)log o+ 1 J

In particular, since ¢(t) = (/i) ~* is obviously bounded in D, the above proposi-
tion applies to F, ki(r, s) and shows that it is bounded in F.

6.2 Estimates for Flf (7, @) Near the Real Line

To estimate F, ki(r, @) away from the fundamental domain we repeatedly apply peri-
odicity and the functional equation (3.3). Let us denote by | the slash operator |,:f in
weight k twisted by the character of I'y that sends S to £1. To further simplify the
notation we will write F () instead of F; ki(r, ).

Letus denote ¥ = 2¢+. We define a 1-cocycle {1/, }, er, in sucha way that g = ¥
and Y72 = 0. In other words, the functions v, satisfy

Yoy =V + Uy ly2, v1,v2 € To.

Any such 1-cocycle is uniquely determined by s and {72 since I'g is generated by S
and T2, and since the only relation between the generators is S = 1 and by definition
Y satisfies ¥ + ¥/|S = 0, the family of functions {¥r, },, is indeed well-defined. Note
that, more generally, for y1, ..., ¥y € 'y we have

W)/u/z...y,. = wyn + 1//%1—1 [V + -+ 1/’)/1 V2. Vn. 6.1)

Since y + F — F|y and y + 3, are l-cocycles that take equal values on the
group generators, we have F — F|y =, forall y € TI'y.

Let T € H be such that Ret € (—1, 1) and |t| < 1, and consider the element
y € Iy that sends 1y € UjeZ(Zj + F) to T. Let us write y as ST?"»S ... T>™§,
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m; € Z~ {0}, which we can assure by changing 7y by a translation, if necessary. Then,
using (6.1) and the fact that 72 = 0 we get

Yy =Y Y| TMS 4 TP TS, (6.2)
Note that the slash action has the property

Im()/t)k/2
Im(7)k/2 °

|(fley)(@ = 1f(y D)

In particular, (6.2) implies
1Yy (70)| Im(20)¥/% < 19 (20) | Tm(20)*/? + |y (x) [ Tm (2 )/ + - 4 |9 (z) | T (7)¥/2,

where 7; = T2mi§ .. T2 S1p, and T = ST,,. Therefore,

|F (@) Tm(0)*? < |F (x0) Im(20)*/* + ¥ (10)| Tm (20)*/> + ) [y (zi) | Tm(z)"2.
= 6.3)

Proposition 6.2 With the above notation assume that |\ (z)| < C for |z| > 1/2. Then

CI(D)*?2 + N(v)!=#/2) k € (0,2),
|F (D) Im(0)"? <« { CA(z) +log(1 + Im(x)"Y)) &k =2, 6.4)
CI()*? +1) k> 2.

Proof Since |ty] > 1 by induction we see that for j > 1 we have Im 7; < 1 and

|| = 1. By Proposition 6.1 the first two terms on the right of (6.3) are < C(1 +
I(r)k/ 2) and the remaining sum is trivially bounded by C ZJNSI) Im(z j)k/ 2 Note that
Imzt; <2/(2j — 1) (see Lemma 2 in [25]), so that n < Im(t)~'. Thus

n (n+ DEP2 ke (0,2),
Zlm(rj)k/2 <k {log(n +1) k=2,
Jj=1 1 k> 2.

Since n + 1 = N(7) and n < Im(7) ™! this implies the claim. O

6.3 Estimates for the Fourier Coefficients

From now on we concentrate on the case ¢(t) = (r/i)~*. Using the estimates for
I(7r) and N(7) from Sects. 6.4 and 6.5 below, we will now obtain various estimates
for &, (s). For 0 < Res < k define

c(s) := max |(z/i) " £(z/i)* K| < 2kHlmImsl/2, (6.5)
|z|>1/2
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Proposition 6.3 Letk > 0 and 0 < Res < k. Then

c()n*2(1 +log?>*n), ke (0,2),
aik(s) <Lk c(s)n(1 + logn), k=2,
c(s)nk1, k> 2,

where c(s) is defined in (6.5).

Proof We have a,ﬁ;k(s) = %fll/:jll Fki(r, $)e "7 dt . Therefore, for 0 < k < 2 we
have

1
o ()] <k nm% / A(x +i/m*? + NGx +i/n) ") dx
’ —1

<k c(s)nk/z(l + logz’k n),

where we have used Proposition 6.6 and Corollary 6.1. Similarly, for k = 2 we have

4 c(s) (! .

o 2 () e n—="[ (Ax +i/n) +logn)dx K e(s)n(1 +logn),
-1
and for k > 2 we have
+ k2 €(s) ! . k)2 k—1
|an)k(s)| < n - Ax +i/n)" 4+ Ddx < c(s)n" ™,
-1

as claimed. O

Similarly, we get an estimate for sums of squares of the coefficients.

Proposition 6.4 Let k € (0,2) and 0 < Res < k. Then for x > 2 we have

Dl @ < e)* 1 og? .

n<x

Proof Using Proposition 6.2 we get

Z |ar:l‘:’k(s)|2tke*2ﬂnl‘

n>0

1+it 1
- 5/ |F(0))? Im(z)*dT < c(s)2/ A(x + i) + N(x +it)> *)dx.
—1+it —1

By Proposition 6.6 and Corollary 6.1 the integral on the right is bounded by
1~ %=110g?(1/t). Setting t = 1/x gives the claim. O
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Note that from the proof of Lemma 4.1 it follows that for k > 1 and 0 < Res < k
the Dirichlet series defining .A,f(w, s) converges absolutely for Re w > k. Since for
1 < k < 2 the function w — Ak_(w, s) has a pole at w = k, we see that the above
bound is optimal up to powers of log x in this range.

Finally, we give an approximation to the partial sums ), _ aik (s).

Proposition6.5 Ler0 <k <2andk/2 <Res < k. Then

k s
Dy (s) = ia({k(s)r((z)j: 5 + F((Z)—C: 5 + 0(c(s)x* 1ogx).

n=<x

Proof Letx = N + 1/2, where N € Z and define S(x) = Zn<x 0 k(s) To simplify

it —Nmit

the notation we will write F(t) = Fki(r, s). Since Z,]y:o —winT — eeﬂT we
have

1 1+i/x em’r _ eme'r i 1+i/x efxnir
S(x) = 5/ F(1)——dr = -/ F(t)———dr.
1

—14i/x et —1 4 J 1tisx sin %F
(The 1ntegral f 1;1/,);)6 i?f,ie_mf - Zm>1 f lTjr/l);x F(t)e™™Tdt clearly vanishes.)
_ 2 . . .
Note that W ==+ O(r)fort € [-1+i/x,1+4i/x], and integrating the O ()

term gives an error of the order at most O (x*/2 log?x) as in the proof of Proposition 6.3.

After applying the identity (3.13) to the part of the integral with % we are left with

1 i+1/x eTxr
EFG/rr ™+ r 575

270 Jig1yx

By inverse Laplace transform we have

1 ico+1/x e (n,x)a
T ' RN dr = T 1 s (66)
Tl J_ico+1/x T (a+1)
and thus
e T S Fr e gy = (wx)” T (Tt +0()
LTI T CGs+1) Thk—s+1) '

Thus it remains to estimate

e ! tx2 +ix .
+— F(—) it + 1/x) K lem™it gy
7 f_l T 2x2 (it+1/x) e

We split this 1ntegra1 into two parts: [f| < 3 [ and 1 > |t] > 7 To estimate the

integral for |7]| < 5 f we plug in the Fourier expansion of F. By (6.6) the constant
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term gives a contribution of

k
iagfk(s)% + 0 (x*?.

The rest of the terms are a;—L ()1, where

1
1 . 2
2Vx (—nnx—f—mntx ) . —k—1 wxif
exp —— = Vit +1/x e"dt.
2 J- 1 P 1+ 12x? SRR

We claim that /, < e~ ""x*=D/2 whenx > 16, say. To see this, we begin by observing
that, by symmetry and a trivial estimate, it suffices to consider

. 25 —mnx 4+ wintx?\ k1 mxit
Jn = /-; exp (W)(ll + l/x) e dt (67)

X

and show that J,, <« e ™"x*=1D/2_ To this end, we set

—TTnx . —k—1
B(t) = eXp(m)llt‘l‘l/)d ,

A() _ it + mxt — (k + 1) Imlog(it + 1/x)
= — m s
T 2.2 TX og(i X

so that the integrand in (6.7) can be written as B(¢) exp(i A(¢)). We observe that
B(t) << e—ﬂnx—(k+l)/2
uniformly for |¢| < 1/(24/x). Moreover,

1/x2 — 12 (k41
mn(/x )—i—nx—Imu«nx

A0 =TT o i+ 1/x

uniformly for 2/x <t < 1/(24/x). A calculus argument shows that B(r)/A’(¢) is a
decreasing function on that interval, whence a classical bound for oscillatory integrals
[29, Lem. 4.3] yields the asserted bound

B(1)

max — g ey k=h/2,
2/x<t<1/2yx) |A'(1)]

In L

Summing this over all n > 1, we obtain the asserted contribution O (x k=1)/ 2).
Finally, we split the integral over || > ﬁ} into intervals [Tlﬂ’ ﬁ], n<.x+

1/2. Using the change of variables ¢ ﬁ which sends [—1, 1] to [ﬁ, 2n]—_1],
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1.2,
and noting that % is very close to 2n + ¢ + —l we get

/ < Z = 1/ |F(t +4n’i/x)|dt < x*/?log?x Z n-
|t\_zf n<Jx+1 Wy

k/2

L x log X.

This concludes the proof. O

6.4 Estimate for I(7)

Proposition 6.6 For(0 <y < 1/2 we have

. 11 a € (0,1),
f I(x +iy)%dx <o {logy™) a =1, (6.8)
- yl— a > 1.
Proof Fix y = N~'. Since Im 422 = _ImT_ 454 y(r) € F if and only if Im y (1)

i ) ct+d T Jcr+d)?
is maximal among all y € I'y, we see that

I(x) :=1(x +iy) =max{( 4

———— | (c,d) =1, 2|cd ¢ .
cx —d)? + c?y? (. d) |C}

Without loss of generality we only consider (c, d) withc¢ > 0. Note that N ™! < I(x) <
N forall x € [—1, 1]. Let I(x) > T > 2. Therefore (cx —d)? + 2N2 < N~1T7-!

for some ¢, d with ¢ > 0, which implies ¢ < «/N/T - 1F
. . . ,
is a different pair with ¢’ < /N/T such that |x — d'/c’| < VW then

1 2

1 1
—_ < d C_d/ C/ < + < R
= </ Jel= cNT  /NT ~— cc'T

which is impossible. Hence the above inequality can hold only for one pair (c, d) with
¢ < 4/N/T.Conversely, if |x —d/c| < CJ% andc < /N/T,thenI(x) > T /2. Let
us denote

2 2¢(c)
u(T) = —— Z ,
NT c<«/NJT ¢

where ¢ is Euler’s totient function. Then a simple estimate shows that u(7) < 4/T
for T < N. Moreover, for T > 2 the measure of the set I_l([T, N1) belongs to the
interval [u(2T), u(T)]. From this we see that for k > 1

p@H(2K, 2Ky < w2y < 227K,
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so that

1
/ I%(x)dx < 2% Z pl@=Dk 4 ol+a
- k<log,(N)

which immediately implies (6.8). i
6.5 Estimate for N(7)

Proposition 6.7 We have

1
2
f N(x +iy)dx = = log?y + O(logy), y — 0.
—1

Corollary 6.1 Fory € (0, 1) we have

1
/ NG+ iy)dx < log*(1+y™), 0<a=<l,
—1
1
/ N(x 4 iy)%dx <o y' ™% log?(1 +y™", «a>1.
—1

Proof For 0 < « < 1 the claim follows from Proposition 6.7 by Holder’s inequality.
Since N(x +iy) <« 1 + y~!, fora > 1 we have

1 1
/ N(x + iy)dx < (14 y~He! / NG + in)dx < (v/2)' " log>(1 + y 1),
1 1

from which we obtain the second claim. O

Proof of Proposition 6.7 We setUd; := {t: |t| < 1, N(t) > j+1}. From the definition
of N(7) it follows that i/; = D = {t € H: |t| < 1}. Moreover, from the description
of the greedy algorithm for computing y;, we have N(t) = N(—1/t) 4+ 1 for |7| < 1,
which leads to the recursion i 1| = |_|n7£0 S TZ”Z/{ ;. This implies that

U= || st ...s7D, j=o0.

By the definition of U/}, we have

N@) =1+ Iy () =1+ Lypr). |l <1, (6.9)

Jj=1 yeC

where C denotes the set of all elements of the form y = ST?" ... ST for j > 0
withny,...,n; #0.
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Note that the preimage (in I'g) of (¢, d) under the map (¢ Z) N (c, d) is the coset
T2%( a Z ). Any such coset contains exactly one element of the form ST ... ST?"1 8.
A simple inductive argument shows thatif ( ¢ Z) € C,then|c| < |d|,andif (¢ Z) eCS,
then |c| > |d|. Thus r provides a bijection between C and the set A of all pairs (c, d)
with |¢| < |d|, gcd(c,d) = 1, and ¢ # d (mod 2), modulo the equivalence relation
(c,d) ~ (—c,—d).

Define @ (y) := fil N(x + iy)dx and for Res > 1 consider

W(s):= /O (@) —2)y"~'dy.

For y = (‘;Z) € I'g, y(D) is a half-disk with endpoints y (£1) and radius %|y(l) —
y(—D| = |c2 — d2|_1. An elementary calculation then shows that for y = (¢ Z) we
have

1 TGs/2)I'(3/2)

1 00
L, py(x +iy)y “ldydx = |c* —d?| ™5~ .
L/o yONE YAy T((s +3)/2)

Combined with (6.9) and the above description of C we get

_ T(s/2T(/2) T o T(s/2)T(3/2) ¢2yls +1)

W(s) = ,
YT 2y (5 +3)/2) Goaa(2s +2)

where oad(s) = Y_,~;(2n — 1)™*. To obtain this identity we have used the bijection
(¢,d) = (¢ —d, c+ d) between N and the set of all pairs of coprime odd integers
(m, n) with opposite signs, again modulo (m, n) ~ (—m, —n). The function W (s) is
meromorphic in the half-plane Res > —1/2 with the only singularity at s = 0 with
principal part

4 ¢ Cl
V)= —F53+5+—+00), s—>0
T=s S S

for some c1, c» € R. Since |W(u + iv)| <y |v|>/* foru > —1/2, by a standard
application of the inverse Mellin transform we obtain

D (y) =27 2log>y —calogy +c1 + 2+ 0.(y'/>7%), y— 0.
The constants c1, ¢ are explicit, albeit complicated, for instance,

_ 124-4log2 —24logm —288¢'(—1)

32 = 1.180066... .
T

2
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7 The Fourier Interpolation Basis of Theorem A Revisited

It was shownin [25, Prop. 4] that (1.4) holds if one assumes f (x), f(x) < (1+|x |)_13.
Using the estimates from Sect. 6.2 we may now weaken these constraints.

Theorem 7.1 Suppose f is an even integrable function on R such that also fis inte-
grable.

Suppose also that both f and fare absolutely continuous and that the two inte-
grability conditions

f L/ I+ 1xD 2 1log? (e + |x])dx < oo

fl@ﬁMH%Wm@@HW%<w (7.1)

hold. Then we may represent f as in (1.4) for every real x, with the two series in (1.4)
being in general only conditionally convergent.

The proof of this theorem relies on the following proposition.

Proposition 7.1 For x > 0 and N > 1 we have

Z bE(x) = £2b7 (x)N'2+ 0 (N"*10g* N)+ O (min(x~2N* N'/2)), (7.2)

n<N

where bni are defined by (3.16) and the implied constants in the O terms are absolute.

The proposition remains true when x = 0, but in that case it is better to use the two
expressions

N N
an_(O) =0 and Zb;(O) =-2N'"2 4+ 0(1), (7.3)
n=1 n=1

which are obvious consequences of the facts that b, (0) = O for all » > 1 and
b (0) = =2 if n is a square and otherwise b, (0) = 0.

Proof of Proposition 7.1 From [25, Prop. 2] it follows that that F(t) = ano b,jf (x)emint
is of moderate growth and

FO (/i) V2F(=1/1) = " T (¢ /i)~ V27 ¥ (= 1/0) (7.4)

Therefore, we have F (1) = Flj;z(r, @), where ¢(7) = eT°TSince ¢(t) is bounded
for |t| > 1/2, Proposition 6.2 implies that (6.4) holds for k = 1/2 and hence

IbE(x)| < n"*(1 4 log? n).
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Then we repeat the argument from the proof of Proposition 6.5, the only difference
being that after applying (7.4) we get, along with the two first terms on the right-hand
side of (7.2), the term

i+1/N N
LT 2 (1.5)
278 J_iv1yNn r

The first term in the integrand in (7.5) yields trivially a contribution that is O (log N),
and this can be absorbed in the first O term in (7.2). We estimate the contribution
from the second term in the integrand of (7.5) trivially if x < N~!/2 and see that
we then get a term that is O (N I/ 2). When x > N~ 1/2, we estimate the contribution
to the integral from the interval |Imr| < max(1,2xN ~!/2) trivially and use again
the bound for oscillatory integrals from [29, Lem. 4.3] to deal with the remaining
part. We obtain then a term that is O (x~'/2N!/4) which yields the latter O term in
(7.2). O

Proof of Theorem 7.1 We begin by showing that the two series in (1.4) converge. By
symmetry, it suffices to consider the first of them. By partial summation, we find that

N N 1
Y. fWmayx) = FW/N)AWN) = fF(VE)AK) — f F' WP 5=AGy,
n=K+1 K ﬁ
(7.6)

where A(N) := an ~ @n(x). By Proposition 7.1 and the relation a, (x) = (b (x)+
b, (x))/2, we have
AW) = =by (0)y'? + 0y *log’y) (7.7)

when y # 0, but in view of (7.3), this is also true for y = 0. Since the first term on
the right-hand side of (7.7) is smooth, we may now use integration by parts in (7.6)
along with a change of variables to deduce that

N
Y fWa ) < I fF NN o N + | F(VE)IK Y * log’ K

n=K+1

N N 1/27..3
+ d +/ ' log>ydy. (7.8
/K L f(n)Idy - |f 1y “log’ydy (7.8)

The first two terms on the right-hand side of (7.8) tend to O when K, N — oo because

= * & 1/2 A 1/21..3

fo=- f Df(&)ds <y~ logy / IDFEIA+ €D og’ (e + |E])dE.
y y

Here the integral to the right tends to 0 when y — oo in view of (7.1). The two
integrals on the right-hand side of (7.8) also tend to O when K, N — oo by the
respective integrability conditions on f and f’.
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We now turn to the proof that equality holds in (1.4). To this end, we follow the
proof of [25, Prop. 4]. We write

o0
Rm f(x) = Ml/zf”xzm/ FOr = ye ™M gy
—00
and
™7 1/2 B _ 2 M—r M2
Ry f(x):=M" f Flx = y)e TGP M=mMy? g
—0o0

It is plain that Ry f(x) — f(x) when M — oo, and hence it suffices to prove that
S RufWn) = F(Vm)an(x) =0 and > (Rar f(V/n) — F(/m)an(x) — 0
n=0 n=0

when M — oo. We consider only the latter convergence, as the two cases are almost
identical. For convenience, we write

Anf() :=Ruf() — f(y) and Dg:=g'

By the same argument of partial summation and integration as used in the first part of
the proof, we find that

> EnFmam < [ 1EnFody
n=1

+/1 IDAMFO)I (1 + )72 log? (e + y)dy. (7.9)

A routine argument, using that fis integrable, shows that the first integral on the
right-hand side of (7.9) tends to 0 when M — oo. To deal with the second integral,
we write

DA (y) = M"Y / (DF(y = v) — DF))e ™M

—00
+ M2 /oo Df(y — v)(e TOM _1)emmMY gy
—00

oo
+ Ml/zf T —02m(y — v)M e M =M gy (7 1)
—00

and apply again routine arguments, along with our integrability assumptions on fand

D f, to show that each of the corresponding three terms tends to 0 when M — oco. We

give the details only for the last term in (7.10). To this end, it suffices to observe that
(143 loghe +y) < |y = vl + v’

@ Springer



Constructive Approximation

for some 8, 1/2 < § < 1, so that

o0 o0
/ M'/z)/ f(y—v)27r(y—v)M’le’”(y’“)z/Me’”Mvzdv‘(l +y)]/210g3(e+y)dy
1 —0

< (M‘S/z /Oo

2 o 2 -
ot [ e )i 7,
—00 —00

and the latter term tends to O when M — oo since § < 1. O

As was observed in the introduction, formula (1.4) reduces to the Poisson summa-
tion formula when x = 0 in view of (1.5). Since we have the more precise formula
(7.3) (instead of (7.7)) in that case, the above Qroof therefore shows that the Poisson
summation formula is valid when f, f’, f (f)’ are all integrable. Somewhat related
and refined conditions can be found in the work of Kahane and Lemarié-Rieusset [12].
See also Grochenig’s paper [8], where it is shown that the Poisson summation formula
holds for functions in the Feichtinger algebra.

On the other hand, by a classical example of Katznelson [14], there exist functions
f with both f and fin L' for which the Poisson summation formula fails. This shows
that we need indeed an additional assumption, beyond integrability of f and f, for
the Fourier interpolation formula (1.4) to hold for every real x.

Funding Open access funding provided by NTNU Norwegian University of Science and Technology (incl
St. Olavs Hospital - Trondheim University Hospital)

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Asai, T., Kaneko, M., Ninomiya, H.: Zeros of certain modular functions and an application. Comment.
Math. Univ. St. Paul. 46(1), 93—101 (1997)

2. Berndt, B.C., Knopp, M.1.: Hecke’s Theory of Modular Forms and Dirichlet Series. World Scientific,
Singapore (2008)

3. Bochner, S.: Some properties of modular relations. Ann. Math. 53(2), 332-363 (1951)

4. Davenport, H.: Multiplicative Number Theory, 3rd ed, Revised and with a preface by Hugh L. Mont-
gomery, Graduate Texts in Mathematics, vol. 74. Springer, New York (2000)

5. Duke, W., Imamo?lu, O., T6th, A.: Cycle integrals of the j-function and mock modular forms. Ann.
Math. 173(2), 947-981 (2011)

6. Dyson, F.: Birds and frogs. Not. Am. Math. Soc. 56, 212-223 (2009)

7. Eichler, M.: The basis problem for modular forms and the traces of the Hecke operators. In: Modular
Functions of One Variable I. LNM, vol. 320, pp. 75-152. Berlin, New York (1973)

8. Grochenig, K.: An uncertainty principle related to the Poisson summation formula. Stud. Math. 121,
87-104 (1996)

9. Guinand, A.: Concordance and the harmonic analysis of sequences. Acta Math. 101, 235-271 (1959)

10. Heath-Brown, D.R.: Hybrid bounds for Dirichlet L-functions. Invent. Math. 47, 149-170 (1978)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Constructive Approximation

11.

14.
15.

16: Knopp, M.: Modular Functions in Analytic Number Theory, 2nd edn. AMS Chelsea Publishing (1993)
18.
19.
20.
21.
22.
23.
24.
25.
26.

27.

28.
29.

30.
31.

32.

Hedenmalm, H., Montes-Rodriguez, A.: Heisenberg uniqueness pairs and the Klein-Gordon equation.
Ann. Math. 173(2), 15071527 (2011)

Kahane, J.-P., Lemarié-Rieusset, P.-G.: Remarques sur la formule sommatoire de Poisson. Stud. Math.
109, 303-316 (1994)

. Karnik, S., Romberg, J., Davenport, M.A.: Improved bounds for the eigenvalues of prolate spheroidal

wave functions and discrete prolate spheroidal sequences. Appl. Comp. Harm. Anal. 55,97-128 (2021)
Katznelson, Y.: Une remarque concernant la formule de Poisson. Stud. Math. 29, 107-108 (1967)
Knopp, M.: Some new results on the Eichler cohomology of automorphic forms. Bull. Am. Math. Soc.
80, 607-632 (1974)

Knopp, M.: On the growth of entire automorphic integrals. Result Math. 8, 146-152 (1985)

Knopp, M.: On Dirichlet series satisfying Riemann’s functional equation. Invent. Math. 117, 361-372
(1994)

Knopp, M.: Hamburger’s theorem on ¢ (s) and the abundance principle for Dirichlet series with func-
tional equations, Number theory, pp. 201-216, Trends Mathematics. Birkhduser, Basel (2000)
Kulikov, A.: Fourier interpolation and time-frequency localization. J. Fourier Anal. Appl. 27, Article
No. 58 (2021)

Kurasov, P., Sarnak, P.: Stable polynomials and crystalline measures. J. Math. Phys. 61(8), 083501
(2020)

Lev, N., Olevskii, A.: Quasicrystals and Poisson’s summation formula. Invent. Math. 200, 585-606
(2015)

Meyer, Y.: Measures with locally finite support and spectrum. Proc. Natl. Acad. Sci. USA 113, 3152—
3158 (2016)

Mumford, D.: Tata Lectures on Theta: Jacobian theta functions and differential equations. Progress in
Mathematics. Birkhduser (1983)

Radchenko, D., Viazovska, M.: Fourier interpolation on the real line. Publ. Math. Inst. Hautes Etudes
Sci. 129, 51-81 (2019)

Ramachandra, K., Sankaranarayanan, A.: Notes on the Riemann zeta-function. J. Indian Math. Soc.
N.S. 57, 67-77 (1991)

Slepian, D.: Some comments on Fourier analysis, uncertainty and modeling. STAM Rev. 25, 379-393
(1983)

Titchmarsh, E.C.: The Theory of Functions, 2nd edn. Oxford University Press, Oxford (1939)
Titchmarsh, E.C.: The Theory of the Riemann Zeta-Function, 2nd edn. Oxford University Press, New
York, Edited and with a preface by D. R. Heath-Brown (1986)

Weil, A.: Sur les “formules explicites” de la théorie des nombres premiers, Comm. Sém. Math. Univ.
Lund [Medd. Lunds Univ. Mat. Sem.] (1952), Tome Supplémentaire, pp. 252-265

Zagier, D.: Traces of singular moduli, in Motives, pp. 211-244. Part I, International Press Lecture
Series, Polylogarithms and Hodge Theory (2002)

Zagier, D.: The Mellin transform and other useful analytic techniques, Appendix to E. Zeidler, Quantum
Field Theory I: Basics in Mathematics and Physics. A Bridge Between Mathematicians and Physicists,
pp. 305-323. Springer, Berlin (2006)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Fourier Interpolation with Zeros of Zeta and L-Functions
	Abstract
	1 Introduction
	Outline of the paper

	2 Generalities on Fourier Interpolation
	2.1 The Dirichlet Series Kernel Associated with Λ
	2.2 The Dirichlet Series Kernel Associated with Λ*
	2.3 Examples
	2.3.1 The Paley–Wiener Case
	2.3.2 The sqrtn Case

	2.4 The Joint Density of Λ and Λ*
	2.5 Fourier Interpolation and Crystalline Measures

	3 Modular Integrals for the Theta Group
	3.1 Preliminaries on the Theta Group
	3.2 Modular Forms for the Theta Group
	3.2.1 The Theta Automorphy Factor
	3.2.2 Modular Forms for Γθ

	3.3 Modular Kernels
	3.4 Definition and Basic Properties of Fkpm(τ,s)
	3.4.1 Relation to the Interpolation Bases for the sqrtn Case
	3.4.2 Special Values


	4 The Dirichlet Series Kernel Associated with Zeros of ζ(s)
	4.1 The Mellin Transform of Fkpm(τ,s)
	4.2 Construction of the Dirichlet Series Kernels
	4.3 Proof of Theorem 1.1
	Proof of (1.2)
	Rapid decay of the basis functions Un(z) and Vρ,j(z)
	The interpolatory properties (1.3)

	4.4 Relation with the Riemann–Weil Formula

	5 Fourier Interpolation with Zeros of Dirichlet L-Functions and Other Dirichlet Series
	5.1 Fourier Interpolation Bases Associated with Even Primitive Characters
	5.2 Fourier Interpolation Bases Associated with Odd Characters
	5.3 Fourier Interpolation with Zeros of Other Dirichlet Series
	5.3.1 Dedekind Zeta Functions of Imaginary Quadratic Fields and Hecke L-Functions of Modular Forms
	5.3.2 Dirichlet Series Without Euler Products
	5.3.3 Further Extensions and More Complicated Gamma Factors
	5.3.4 Density of Interpolation Nodes


	6 Estimates for the Fourier Coefficients of Fkpm(τ,s)
	6.1 Estimates for the Contour Integral
	6.2 Estimates for Fkpm(τ,) Near the Real Line
	6.3 Estimates for the Fourier Coefficients
	6.4 Estimate for I(τ)
	6.5 Estimate for N(τ)

	7 The Fourier Interpolation Basis of Theorem A Revisited
	References




