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A B S T R A C T

Three different micromechanically-based computational models for fracture in porous ductile
solids are compared and assessed. Model A is a unit cell model of a porous ductile solid
comprising a uniform periodic distribution of voids subjected to normal macroscopic loading.
Models B and C, on the other hand, are unit-cell type models that represent an imperfection
band governed by a doubly periodic array of voids separating two non-porous outer blocks.
The outer blocks have a finite size in Model B and are semi-infinite in Model C. The non-
porous material surrounding the voids, and the material of the outer blocks in Model B and
Model C, are considered as an elasto-plastic isotropic material. Numerical simulations are
performed for a wide range of macroscopic stress states. For each model, various criteria for
determining the onset of ductile failure are evaluated to demonstrate their impact on the failure
predictions. The results show that the failure loci strongly depend on the computational model
and failure criterion employed. Thus, these three models cannot be used interchangeably –
neither to investigate failure mechanisms nor to develop or calibrate fracture models – and an
unambiguous failure criterion must be chosen.

. Introduction

Structural metals often fail in a ductile manner. Although several mechanisms may be active in the ductile failure process (Noell
t al., 2018), a commonly observed mechanism is transgranular fracture due to nucleation, growth, and coalescence of microscopic
oids, where voids nucleate either by decohesion or cracking of intermetallic particles (Tipper, 1949; Rogers, 1960; Gurland and
lateau, 1963; Garrison and Moody, 1987). The ductile failure process can occur in various ways, which can broadly be categorized
s localization-driven or coalescence-driven (see e.g. Tekoğlu et al. (2015) or Pineau et al. (2016) for reference) depending on
hether coalescence takes place subsequent to localization or not.

In the former category of mechanisms, localized deformation occurs first due to a mechanical instability or material imperfection,
nd ductile failure subsequently progresses within the localization bands. The localization may be preceded by material softening
r be a mere consequence of heterogeneous plastic flow. This mechanism has been observed in studies by Morgeneyer et al. (2014,
016, 2021) using advanced imaging techniques, and was well reproduced in finite element simulations adopting a crystal plasticity
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constitutive model (Morgeneyer et al., 2021) that allows for heterogeneous material properties in the numerical model. A detailed
numerical study on this type of mechanism was undertaken by Tekoğlu et al. (2015). Their work, based on a finite element model
of the imperfection band analysis formulated by Rice (1976), shows that strain localization either precedes, or takes place at the
same time, as void coalescence depending upon the stress triaxiality.

In the latter category of mechanisms, strain localization is caused by void coalescence and thus occurs after the material has
tarted to soften due to void growth. This type of mechanism can be observed e.g. in studies by Babout et al. (2004), Weck et al.
2008), and Maire et al. (2011) using in situ imaging techniques. It was also discussed in the study by Vishwakarma and Keralavarma

(2019) whose numerical analyses based on a multi-surface plasticity model (Keralavarma, 2017) indicate that strain localization
could be initiated by void coalescence.

The underlying failure mechanisms must be properly accounted for in the micromechanical models in order to obtain reliable
results and to facilitate development of predictive damage and failure models for large-scale applications. Since the seminal work
of Needleman (1972), which gave the first detailed account of the interaction between neighbouring voids using finite element unit
cell analyses, numerical modelling and simulations have been instrumental for expanding the knowledge regarding the underlying
mechanisms of ductile fracture in metal alloys. A large body of literature is devoted to examining the influence of various mechanical
quantities and microstructural features on the microstructural evolution and predictions of material failure. For a detailed list of
references, we refer to the comprehensive reviews by Benzerga and Leblond (2010), Benzerga et al. (2016) and Pineau et al. (2016).

A general conclusion from such micromechanically-based numerical studies, which support observations from earlier experimen-
tal work (e.g. Clausing (1970), Mackenzie et al. (1977), Hancock and Brown (1983), Thomson and Hancock (1984) and Bao and
Wierzbicki (2004)), is that the stress state has a large influence on the material’s ductility. More specifically, unit cell simulations
show that the failure strain, usually associated with some material instability reflected by the model, decreases with the stress
triaxiality ratio (e.g. Koplik and Needleman (1988), Kim et al. (2004), Gao and Kim (2006)) and varies greatly with the Lode
parameter for low and intermediate values of the stress triaxiality ratio (e.g. Barsoum and Faleskog (2007, 2011) and Dunand and
Mohr (2014)). This stress state dependence also provides an explanation for the non-monotonic appearance of the fracture locus in
plane stress observed by e.g. Bao and Wierzbicki (2004), which arises due to the simultaneous change of the stress triaxiality and
the Lode parameter when the admissible states of plane stress are traversed. Further, unit cells subjected to non-proportional loading
(e.g. Benzerga et al. (2012) and Dæhli et al. (2016)) have shown that the fracture loci derived from micromechanical analyses are
generally path dependent and not intrinsic to the material.

In addition to being a valuable tool for mechanism-based studies, micromechanical simulations have also been utilized to
calibrate and develop ductile fracture models and porous plasticity models (e.g. Koplik and Needleman (1988), Faleskog et al.
(1998), Steglich et al. (2010), Brünig et al. (2013), Bomarito and Warner (2015) and Dæhli et al. (2018)). A caveat with respect
to such procedures is that the results depend on the computational model that is applied. While the effect of stress triaxiality is
consistent, it seems that the influence of the Lode parameter on ductility observed in micromechanical studies has not been fully
elucidated. For instance, the unit cell simulations conducted by Yu et al. (2016) and Dæhli et al. (2018) display a monotonic increase
of the failure strain with respect to the Lode parameter, while those performed by Barsoum and Faleskog (2007, 2011), Dunand
and Mohr (2014), and Dæhli et al. (2017b) display a non-monotonic fracture locus that usually exhibit a minimum ductility for
shear-dominated stress states. This discrepancy is rooted in the underlying formulation of the computational models used in the
different studies.

Since most numerical studies have been based on unit cell models, i.e. models where the distribution of voids (or particles)
is assumed to be uniform, the boundary conditions have a major impact on the results. More recently, Cadet et al. (2021) have
performed numerical simulations based on representative volume elements containing many voids. This facilitates a representation
of the complex interplay between voids that invariably takes place in real materials. Their analyses show that the fracture locus
is very sensitive to the spatial void distribution. Further, a non-monotonic fracture locus with respect to the Lode parameter was
obtained even when a macroscopic normal stress state was imposed to the model, i.e. no macroscopic shear stresses were permitted.
This result is in contrast to unit cell models subjected to similar boundary conditions.

A key motivation for the current work is to highlight the differences between the numerical predictions of three micromechanical
models that are all relevant in the context of porous ductile solids. The study is focussed on unit cell models, since these are used
in the majority of previous studies in the literature. We use identical material properties in the various computational models
and impose a range of loading conditions to elucidate their differences. The results demonstrate that the similarities between the
predictions depend on several aspects, such as the adopted failure criterion and the imposed macroscopic loading. The failure loci
for the three models are rather similar when the Lode parameter is kept constant. However, the influence of the Lode parameter on
the predicted failure loci depends upon the adopted micromechanical model and the measure used to predict failure.

The paper is organized as follows. Section 2 provides the scope and overview of the work. Section 3 includes a short presentation
of the matrix constitutive model and a description of the three micromechanical models used throughout the study. Results and
discussion are found in Section 4, while Section 5 presents some concluding remarks.

2. Scope and overview

In this work, we utilize three different micromechanically-based finite element models to examine the ductile failure of an
aluminium alloy. We assume that the material initially contains voids and disregard any effects associated with the presence of a
particle. This assumption is justified for materials with loosely bonded particles subjected to intermediate and high stress triaxiality
ratios, for which void nucleation occurs at small deformations (see e.g. Tekoğlu and Pardoen, 2010, and the references therein). An
overview of the computational models is shown in Fig. 1.
2
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Fig. 1. Overview of three computational models for micromechanical studies of ductile fracture. Model A corresponds to a unit cell for an idealized material
containing a uniform, triply periodic void distribution; the unit cell is subjected only to normal loads. Model C is an FE implementation of the imperfection
band model of Rice (1976), where a thin planar band containing a doubly periodic array of voids lies between two semi-infinite outer blocks made of the same
non-porous material. Finally, Model B can be viewed either as a version of Model A where the unit cell is subjected to normal and shear loads or a version of
Model C with finite-size outer blocks.

A. a voided unit cell model subjected to normal loads (blue),
B. an imperfection band analysis model – with finite-sized outer blocks separated by the band – subjected to normal and shear

loads (orange),
C. an imperfection band analysis model – with semi-infinite outer blocks separated by the band – subjected to normal and shear

loads (green).

The computational models are based on idealistic descriptions of the material microstructure, represented by voids that are either
embedded within a homogeneous matrix or situated within a thin planar imperfection band. These models are used to various extent
in conjunction with micromechanical modelling of ductile fracture, but they often serve similar purposes: to undertake mechanism-
based studies of ductile fracture, to derive failure loci and make ductile fracture assessments, and to calibrate ductile fracture models.
However, these models differ in various ways and their predictions cannot a priori be assumed to coincide neither quantitatively
nor qualitatively. Some key differences and characteristics of the three models can be briefly summarized as:

• Model A considers only normal loading components and is consequently restricted to scenarios where void coalescence takes
place on planes that are normal to the major principal loading direction, i.e. a normal coalescence mode corresponding to void
coalescence by internal necking. This type of model is frequently employed in the literature (see e.g. Brünig et al. (2013), Liu
et al. (2016), Yu et al. (2016), Dæhli et al. (2018) and Frodal et al. (2019)), which serves as the key motivation for including
it herein although it is quite restrictive in terms of possible failure modes.

• Models B and C account for a shear deformation mode that facilitates void rotation and shearing, and thus enable a description
of strain localization and void coalescence in directions that are rotated with respect to the principal loading axes. These two
models represent similar failure mechanisms, but differ in the imposed boundary conditions and unit cell geometry.

• Model B can be viewed in two ways: either as (i) a version of the imperfection band analysis with finite-size outer blocks
separated by the band, or (ii) a unit cell model for a ductile material containing a triply periodic void distribution, subjected
to a stress state that includes three normal and one shear loading components. The latter view is conceptually similar to Model
A, but allows for void shearing and rotation that has a marked influence on the macroscopic response of the unit cell. Note
that this hints at Model A being a restricted version of Model B, as also discussed in Section 3.3.

• Model C is a detailed FE implementation of the imperfection band model (Rice, 1976) and describes a uniform, non-porous, and
isotropic material subjected to a homogeneous deformation that fails due to strain localization within an infinitesimal planar
imperfection band. In this sense, the porosity of the material is zero although the imperfection band is explicitly modelled with
a non-zero void volume fraction, and the material would appear to fail by sudden localization of deformation for an external
observer probing the macroscopic response.

Due to these inherent differences, we believe it is essential to compare these three models and assess their predictive capabilities in
terms of both macroscopic material response and ductile failure.

3. Numerical modelling

3.1. Matrix constitutive model

An extruded AA6063-T6 aluminium alloy recently characterized by Thomesen et al. (2021) is used to describe the matrix
behaviour. The inherent plastic anisotropy due to extrusion is disregarded in this study, and the material test data is merely used
3
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Table 1
Overview of the material parameters used for matrix behaviour.
𝐸 [GPa] 𝜈 𝜎0 [MPa] 𝑄1 [MPa] 𝐶1 𝑄2 [MPa] 𝐶2 𝑓0
70 0.3 221.7 54.3 35.4 36.1 0.77 0.0063

Fig. 2. Matrix flow stress as a function of the accumulated plastic strain. The material parameters pertain to an AA6063-T6 aluminium alloy, see Table 1.

to impose relevant material properties in the numerical simulations. The alloy’s particle area fraction is used as a reference value
for the initial porosity (𝑓0), see Table 1.

The matrix is modelled as an elasto-plastic solid based on the 𝐽2 flow theory with a hypoelastic formulation of the generalized
Hooke’s law and an extended Voce hardening rule. The flow stress of the material is given by

𝜎M = 𝜎0 +
2
∑

𝑖=1
𝑄𝑖

(

1 − exp
(

−𝐶𝑖𝑝
)

)

(1)

where 𝑝 is the accumulated plastic strain, 𝜎0 is the yield stress, and 𝑄𝑖 and 𝐶𝑖 are the work hardening parameters. Material parameters
governing the matrix behaviour and the initial porosity are listed in Table 1 and the resulting matrix flow stress curve is shown in
Fig. 2. We have utilized the built-in material model of Abaqus/Standard in all the simulations, while a UHARD user subroutine is
used to update the matrix flow stress throughout the numerical simulations.

3.2. Macroscopic loading conditions

The macroscopic loading is defined in terms of stress state parameters that are evaluated from the macroscopic Cauchy stress
tensor (𝜮). In the sequel, we refer to the stress triaxiality ratio (𝑇 ) and the Lode parameter (𝐿):

𝑇 =
𝛴I + 𝛴II + 𝛴III

3𝛴eq
, 𝐿 =

2𝛴II − 𝛴I − 𝛴III
𝛴I − 𝛴III

(2)

which have become standard stress state parameters in ductile fracture models. In Eq. (2), 𝛴eq is the macroscopic von Mises
equivalent stress and 𝛴I ≥ 𝛴II ≥ 𝛴III are the ordered principal values of the macroscopic stress tensor. The Lode parameter yields
stress states of generalized tension for 𝐿 = −1, generalized shear for 𝐿 = 0, and generalized compression/biaxial tension for 𝐿 = 1.

The three computational models are subjected to various states of macroscopic proportional loading to elucidate the differences
between them. To examine the effects of the hydrostatic stress, we have imposed stress triaxiality ratios corresponding to 𝑇 =
{0.6, 0.75, 1.0, 1.5, 2.0} for 𝐿 = −1. Further, the effects of the deviatoric stress are examined by imposing 𝑇 = {0.75, 2.0} for
𝐿 = {−1,−1∕2, 0, 1∕2, 1}.

3.3. Model A – a voided unit cell model subjected to normal loads

The modelling framework for Model A corresponds to a triply periodic stacking of voids subjected to loading conditions governed
by macroscopic normal stress components. This type of unit cell models are widely used for micromechanically-based studies in
the literature (see e.g. Needleman (1972), Koplik and Needleman (1988), Becker et al. (1989), Kuna and Sun (1996), Søvik and
Thaulow (1997), Zhang et al. (2001), Kim et al. (2004), Gao and Kim (2006), Lin et al. (2006), Steglich et al. (2008), Gao et al.
(2010), Steglich et al. (2010), Yerra et al. (2010), Keralavarma et al. (2011), Lecarme et al. (2011), Benzerga et al. (2012), Dæhli
et al. (2016), Kristoffersen et al. (2016), Shinohara et al. (2016), Yu et al. (2016), Frodal et al. (2019) and Morin et al. (2019)). An
illustration of the modelling framework and the meshed FE model are shown in Fig. 3. Note that the boundary conditions imposed in
4
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Fig. 3. Model A. Illustration of the unit cell model and the associated 3D FE model. A 2D view is shown to the left to aid the interpretation of the various
quantities associated with the model. The FE model corresponds to a cube cut out from a triply periodic arrangement of equally-spaced spherical voids. As only
normal stresses are imposed on the unit cell in Model A, the triply periodic void distribution is accounted for by employing a one-eighth unit cell model whose
external surfaces are kept straight and parallel to their original planes during the entire loading.

Model A preclude shear localization and failure is consequently restricted to occur by internal necking driven by the tensile stresses,
i.e. a normal coalescence mode. It can be questioned whether these simplified boundary conditions are appropriate for general
three-dimensional loading cases, but similar models are still used in several studies of recent date, which is the key motivation for
including it in the current study.

The initial geometry comprises a cube with dimensions 2𝐿1 = 2𝐿2 = 2𝐿3 = �̄� and a spherical, centred void with radius 𝑅. The
void spacing is thus equal in all directions, and the initial void volume fraction of the unit cell is given by 𝑓0 = 4𝜋𝑅3∕3�̄�3 and
corresponds to the value listed in Table 1. We further assume that the unit cell, and thus the stacking direction of the voids, is
aligned with the macroscopic principal stress directions such that the unit cell is loaded by macroscopic normal stress components
(𝛴𝑖). As only normal stresses are imposed, the triply periodic void distribution is accounted for by employing a one-eighth unit cell
model whose external surfaces are kept straight and parallel to their original planes during the entire loading. Based on a mesh
convergence study conducted on beforehand, we used an FE mesh that contains approximately 3000 linear solid elements with
selectively reduced integration (C3D8) in the numerical simulations. This mesh density corresponds to that used in the central part
of Model B in order to achieve the same level of accuracy.

The ratios between the macroscopic stress components are kept at fixed values, such that the unit cell is subjected to
macroscopically proportional loading governed by the constant values of 𝑇 and 𝐿 listed in Section 3.2. The loading control is
enforced by nonlinear multi-point constraints implemented as an MPC user subroutine in the implicit FE solver Abaqus/Standard.
Details of this procedure have been presented elsewhere (see e.g. Faleskog et al. (1998), Cheng and Guo (2007), Dæhli et al. (2016),
Liu et al. (2016), Dæhli et al. (2017a)) and will not be repeated here.

3.4. Model B – an imperfection band analysis model with finite-sized outer blocks

The modelling framework for Model B was presented in detail by Dæhli et al. (2017b) and closely follows the work of Barsoum
and Faleskog (2007, 2011) and Dunand and Mohr (2014). Similar unit cell models have also been used in other studies related to
micromechanical modelling of ductile fracture (e.g. Leblond and Mottet, 2008; Scheyvaerts et al., 2011; Tekoğlu, 2014; Bomarito
and Warner, 2015; Wong and Guo, 2015; Bomarito and Warner, 2017; Guo and Wong, 2018; Zhu et al., 2018; Vishwakarma and
Keralavarma, 2019). In a recent study, Luo and Gao (2018) have also assessed the effect of relaxing the material imperfection by
including discrete voids of slightly smaller initial size in the outer blocks above and below the imperfection band. Fig. 4 provides
an overview of Model B and an illustration of the FE model used in the numerical analyses.

The illustration to the left in Fig. 4 implies that the model can be viewed in two different ways:

• as an approximation to the imperfection band analysis of Rice (1976),
• as a unit cell cut out from a periodic material microstructure subjected to combined normal and shear loading.

The two main differences of Model B from the original analysis of Rice (1976) are that the outer blocks above and below the
imperfection band are assumed to have a finite size, and the orientation of the imperfection band does not evolve during loading.
That is, for a normal band where the orientation angle naturally remains 𝛹 = 𝛹 = 0◦ throughout the entire loading history, the
5
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Fig. 4. Model B. Illustration of the imperfection band model with finite-sized outer blocks and the associated 3D FE model. A 2D view is shown to the left
to aid the interpretation of the various quantities associated with the model. The FE model cuts through the imperfection band such that it encompasses the
entire band region and extends some distance into the material outside the band. Zero shear tractions and normal displacement increments are applied to the
surfaces of the FE model having a normal along the 𝑥3-direction. The mid-plane cutting through the void is modelled as a symmetry plane, while a uniform
displacement is applied to the back surface. Periodic boundary conditions (PBCs) are assigned between Top and Bottom, and Right and Left surfaces.

predictions of Model B converge to those of Rice’s analysis as the ratio 𝐿2∕𝐿1 increases. In this regard, the first view seems to be
the most natural interpretation when 𝐿2 is notably larger than 𝐿1, i.e. for slender unit cells, and is in line with the model used
by e.g. Barsoum and Faleskog (2007, 2011) and Dunand and Mohr (2014). The second view is more in the spirit of Model A, but
permits prescription of a macroscopic shear stress such that effects of void shearing on the mechanical response can be studied (see
e.g. Leblond and Mottet (2008), Scheyvaerts et al. (2011), Tekoğlu (2014) and Bomarito and Warner (2015)). In the second view,
varying the unit cell aspect ratio corresponds to changing the distance between neighbouring voids in different directions. Note that
Model B reduces to Model A if the shear stress is specified to be zero and the unit cell dimensions are equal in all three directions.
However, since unit cell models similar to Model A are widespread in the literature, we have chosen to treat it as an independent
model herein.

The principal stress directions coincide with the coordinate axes 𝑥𝑖 in such a way that 𝛴1 = 𝛴III, 𝛴2 = 𝛴I, and 𝛴3 = 𝛴II. The
fixed global coordinate system of the FE model is taken to coincide with the local coordinate system �̂�𝑖 that describes the band
orientation, i.e. the FE model is aligned with the imperfection band. Further, we use an FE model that cuts through the hypothetical
imperfection band such that it encompasses the entire band region and extends some distance into the material outside the band.
The band region is represented by a cube with dimensions �̄�× �̄�× �̄�, where the band size �̄� is defined such that 2𝐿1 = 2𝐿3 = �̄�. The
height is taken to be twice the width, i.e. 𝐿2 = 2𝐿1 = �̄�. Thus, the initial unit cell geometry comprises a rectangular parallelepiped
with a spherical void of radius 𝑅 located at the centre, i.e. in the centre of the band region. To ensure conformity between the
models, it is necessary to maintain the same size of the intervoid ligament in the various models. The initial void radius is thus
determined by assuming that the void volume fraction listed in Table 1 applies to the band region, such that 𝑓 b

0 = 4𝜋𝑅3∕3�̄�3.
Since strain localization takes place on material planes with a unit normal vector 𝐧 that is perpendicular to the intermediate

principal stress direction for isotropic materials (Rudnicki and Rice, 1975; Rice, 1976; Perrin and Leblond, 1993), we assume that
�̂�3 = 𝑥3 and utilize this symmetry condition to model only half the unit cell, as shown in Fig. 4. The band orientation is then uniquely
determined by the band angle 𝛹0 and the unit normal to the band is given by 𝐧0 = [− sin𝛹0, cos𝛹0]T. Note that the band angle is kept
fixed in the numerical simulations to conform with previous studies (e.g. Barsoum and Faleskog (2007, 2011) and Wong and Guo
(2015)). Zero shear tractions and normal displacement increments are applied to the symmetry planes of the band (i.e. the surfaces
having a normal along the 𝑥3-direction). The mid-plane cutting through the void is defined as a symmetry plane and consequently
kept fixed in 𝑥3-direction, while the back surface is subjected to a non-zero normal displacement. Periodic boundary conditions
(PBCs) are assigned between Top and Bottom, and Right and Left surfaces, as indicated in Fig. 4.

With these modelling assumptions, the unit cell is subjected to four distinct macroscopic stress components: three normal
components (�̂�11, �̂�22, �̂�33 = 𝛴3) and one shear component (�̂�12). Macroscopic proportional stress states governed by the values of
𝑇 and 𝐿 given in Section 3.2 are maintained throughout the analyses. The procedure for controlling the loading path is presented
in Dæhli et al. (2017a) and only a brief summary will be given here. The ratios between the macroscopic principal stress components
are defined by 𝜌II = 𝛴II∕𝛴I and 𝜌III = 𝛴III∕𝛴I. The macroscopic stress components �̂�𝑖𝑗 acting on the unit cell are then readily found
from coordinate transformations, viz.

�̂� =
(

sin2 𝛹 + 𝜌 cos2 𝛹
)

𝛴 (3a)
6
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Fig. 5. Model C. Illustration of the imperfection band model and the associated 3D FE model. Owing to the doubly periodic void distribution in the band, the
FE model is a parallelepiped with a spherical void at its centre. Boundary conditions are indicated on the surfaces of the FE mesh (right figure), apart from the
mid-plane that lies parallel to the band, which is subjected to anti-symmetry conditions. A 2D view is shown to the left to aid the interpretation of the various
quantities.

�̂�22 =
(

cos2 𝛹0 + 𝜌III sin
2 𝛹0

)

𝛴I (3b)

�̂�33 = 𝜌II𝛴I (3c)

�̂�12 = cos𝛹0 sin𝛹0
(

1 − 𝜌III
)

𝛴I (3d)

When the band orientation is assumed to be fixed, and with the ratios 𝜌II and 𝜌III being constant due to the macroscopically
proportional loading paths, also the ratios between the macroscopic stress components �̂�𝑖𝑗 remain constant. These loading conditions
are enforced in the analyses by the use of non-linear kinematic constraints, which were implemented in an MPC user subroutine
available in Abaqus/Standard (Barsoum and Faleskog, 2007, 2011; Dunand and Mohr, 2014; Wong and Guo, 2015; Dæhli et al.,
2017a). Several band orientations 𝛹0 are imposed for each stress state, and the band orientation that gives the lowest strain to failure
within an interval governed by 𝛥𝛹0 = 1◦ is assumed to be critical and thus referred to as the critical orientation. As will become
apparent from Section 4.2, failure can be defined in various ways in these numerical analyses, and the definition has implications for
the results; it does not only affect the failure strain value itself, but also the critical orientation. To maintain coherence with Model
C, we have chosen to define the critical orientation as the initial orientation with the lowest strain to localization. The numerical
criterion for determining the onset of localization will be apparent from the discussion in Section 4.2. Only the results pertaining
to the critical orientation will be presented and discussed in Section 4.

3.5. Model C – an imperfection band analysis model with semi-infinite outer blocks

The FE imperfection band model adopted here follows the work of Tekoğlu et al. (2015) and is a three-dimensional FE
implementation of the general theory derived by Rice (1976). Similar models have been used by Tvergaard (1989) and Tvergaard
(2015) in the case of plane strain and by Tvergaard and Legarth (2020) in a fully three-dimensional setting. Also, a version of the
imperfection band model with finite-sized outer blocks was recently employed by Reboul et al. (2020) to study effects of strain rate
sensitivity on strain localization. An illustration of the model and the corresponding FE model are shown in Fig. 5.

The imperfection band is placed within an infinite material block made from a homogeneous, non-porous material governed by
the material properties compiled in Section 3.1 and contains a doubly periodic array of initially spherical voids. With reference to
Fig. 5, we introduce a local coordinate system �̂�𝑖 that is attached to the band and follows the band rotation caused by deformation
of the outer blocks above and below the band. A parallelepiped unit cell1 is cut out from the band, as shown in Fig. 5. The initial
void volume fraction within the band and the size of the intervoid ligament is identical to that used in Models A and B, which
implies that the unit cell has height and width equal to �̄� in the local coordinate system (�̂�𝑖). The initial width 𝐿1 and initial height
𝐿2 of the unit cell in the global coordinate system (𝑥𝑖) depend upon the initial band orientation 𝛹0, viz.

2𝐿1 = �̄� cos𝛹0, 2𝐿2 =
�̄�

cos𝛹0
(4)

1 Note that a rectangular unit cell aligned with the band could also have been used. Both types of model were used in the work of Tvergaard and Legarth
(2020) and they were found to yield similar results.
7
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Note that only 1∕4 of the entire unit cell is modelled by the use of symmetry conditions on the front face and anti-symmetry
conditions on the mid-plane defined by a cut through the void parallel to the band, respectively. The material outside the band is
loaded along the principal stress axes (𝑥𝑖) and subjected to macroscopic proportional loading governed by the constant values of 𝑇
nd 𝐿 listed in Section 3.2. Strain and stress quantities outside the band are denoted 𝐸𝑖 and 𝛴𝑖, respectively. Since the material is

assumed to be isotropic, the imperfection band has unit normal vector 𝐧 that is perpendicular to the intermediate principal stress
direction (Rudnicki and Rice, 1975; Rice, 1976; Perrin and Leblond, 1993). In the model, we have chosen to align 𝑥3 with the
direction of the intermediate principal stress, i.e. 𝛴II = 𝛴3 (with reference to Fig. 5). Further, we let 𝑥1 and 𝑥2 correspond to the
directions of the minor and major principal stresses, such that 𝛴1 = 𝛴III and 𝛴2 = 𝛴I. The main equations of the FE model will be
presented next.

The unit normal to the band 𝐧 (parallel to the �̂�2-direction in Fig. 5) describes the current band orientation and evolves according
to

𝐧 =
𝐧0 ⋅ 𝐅−1

||𝐧0 ⋅ 𝐅−1
||

(5)

where 𝐧0 denotes the band normal in the initial configuration and 𝐅 refers to the deformation gradient outside the band. The band
normal 𝐧 is uniquely defined by the band angle 𝛹 (see Fig. 5 for reference) through 𝐧 = [− sin𝛹, cos𝛹 ]T, and the band normal in the
reference configuration 𝐧0 is accordingly linked to the initial value of the band angle 𝛹0. In an updated reference frame, where the
deformation gradient instantaneously coincides with the unit tensor (𝐅 = 𝟏) and the rate of the deformation gradient corresponds to
the velocity gradient (�̇� = 𝐋), the traction continuity and compatibility conditions are expressed by the two tensor equations (Rice,
976; Mear and Hutchinson, 1985; Needleman and Rice, 1978; Yamamoto, 1978; Morin et al., 2018)

𝐧 ⋅ �̇�b = 𝐧 ⋅ �̇� (6a)

𝐋b = 𝐋 + �̇�⊗ 𝐧 (6b)

where superscript ‘‘b’’ refers to band quantities. The nominal stress tensor and velocity gradient are denoted by 𝐏 and 𝐋, respectively,
while �̇� represents a non-uniformity of the velocity gradient across the imperfection band. Eqs. (6a) and (6b) imply that the
mechanical quantities inside and outside the band evolve differently, which is a key characteristic of the imperfection band analysis.
The difference between the velocity gradient inside the band 𝐋b and outside the band 𝐋 is given by the velocity gradient jump
𝜟𝐋 = �̇�⊗ 𝐧 and varies only in the �̂�2-direction (Rudnicki and Rice, 1975; Rice, 1976).

The numerical analysis consists of calculating mechanical quantities for the outer blocks and transfer these quantities onto the
and such that traction continuity and compatibility, i.e. Eqs. (6a) and (6b), are fulfilled. To this end, we first calculate the stress
𝛴𝑖) and strain (𝐸𝑖) history in the outer blocks for a given loading condition (defined by 𝑇 and 𝐿) using the material model outlined

in Section 3.1. The strain components in the outer blocks are calculated from the stretch components (𝜆𝑖) according to 𝐸𝑖 = ln(𝜆𝑖).
Next, we calculate the evolution of the band angle (𝛹 ) from the strain history outside the band, viz.

tan(𝛹 ) = exp
(

𝐸2 − 𝐸1
)

tan
(

𝛹0
)

(7)

and subsequently the traction components,2

𝑡1 = −𝛴1 sin𝛹 = −𝛴III sin𝛹, 𝑡2 = 𝛴2 cos𝛹 = 𝛴I cos𝛹 (8)

from the band angle and stress quantities outside the band. The traction components 𝑡𝑖 are imposed directly onto the top surface,
while the displacement components 𝑢1 and 𝑢2 on the top surface are constrained to vary linearly with the �̂�1-coordinate.3 PBCs are
assigned between the right and left surfaces to permit localization in the band direction and compatibility is enforced by specifying
the relative displacement between corresponding nodes on the right and left surfaces according to

𝑢right
1 − 𝑢left

1 = 2𝐿1
(

exp(𝐸1) − 1
)

(9a)

𝑢right
2 − 𝑢left

2 = 2𝐿1
(

exp(𝐸1) tan𝛹 − tan𝛹0
)

(9b)

The symmetry condition, in addition to Eq. (6b), implies that the displacement components on the surfaces with normal in
𝑥3-direction are given by

𝑢back
3 = −𝐿3

(

exp(𝐸3) − 1
)

(10a)

𝑢front
3 = 0 (10b)

where ‘‘back’’ refers to the external surface and ‘‘front’’ refers to the mid-section cutting through the void, both having a unit normal
in the 𝑥3-direction.

Following the notation of Tekoğlu et al. (2015), the displacements and displacement rates in the region above and below the
imperfection band are written

𝑢𝑖 =
(

𝜆𝑖 − 1
)

𝑋𝑖 ± 𝛥𝑖 ⇔ �̇�𝑖 = �̇�𝑖𝑋𝑖 ± �̇�𝑖 (11)

2 Note that the traction components depicted in Fig. 5, 𝑡𝑖, are given in the local coordinate system.
3 The top and bottom surfaces of the band are expected to slightly perturb by the periodic array of voids within the band, which is neglected here; see

lso Tekoğlu et al. (2015).
8
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where 𝑋𝑖 are the reference coordinates, (𝜆𝑖−1)𝑋𝑖 represents the continuation of the uniform deformation across the band region, and
𝑖 are additional rigid displacements of the outer blocks due to the imperfection. The additional displacements and their rates (𝛥𝑖, �̇�𝑖)
re expressed in the global coordinate system. The values for �̇�1 and �̇�2 are generally non-zero, while it follows from compatibility
equirements that �̇�3 ≡ 0. Then, the non-uniformity across the band can be written

�̇�𝑖 =
2�̇�𝑖
𝑙

(12)

where 𝑙 corresponds to the current thickness of the band, i.e. the height of the unit cell in the direction of �̂�2 (see Fig. 5) in the
deformed configuration. Using the compatibility condition Eq. (6b), the components of the velocity gradient jump in the global
system, 𝛥𝐿𝑖𝑗 = �̇�𝑖𝑛𝑗 , are given by

𝛥𝐿11 = −
2�̇�1 sin𝛹

𝑙
, 𝛥𝐿22 =

2�̇�2 cos𝛹
𝑙

, 𝛥𝐿12 =
2�̇�1 cos𝛹

𝑙
, 𝛥𝐿21 = −

2�̇�2 sin𝛹
𝑙

(13)

which then yield expressions for the rate-of-deformation components inside the band, viz.

𝐷b
11 = �̇�1 −

�̇�1 tan (𝜓)
𝑙2

(14a)

𝐷b
22 = �̇�2 +

�̇�2
𝑙2

(14b)

2𝐷b
12 =

�̇�1 − �̇�2 tan (𝜓)
𝑙2

(14c)

where �̇�𝑖 refer to the strain rate components outside the band and 𝑙𝑖 denote the unit cell dimensions in the deformed configuration
xpressed in the global (non-rotating) coordinate system. The shear components 𝐷b

12 inside the band are only governed by the
dditional displacement rates 𝛥𝑖, since there is no shear strain in the outer blocks. We note that the expressions given in Equation
2.11) in Tekoğlu et al. (2015) are retrieved if Eqs. (14a)–(14c) are transformed to the local coordinate system �̂�𝑖.

Macroscopic localization coincides with the instance when the analysis terminates due to a diverging solution. Prior to the
nset of macroscopic localization, the increments of 𝛥1 and 𝛥2 follow from the prescribed stresses and strains in the outer blocks
nd the requirements of equilibrium and compatibility (see Eqs. (6a) and (6b)). Beyond the onset of macroscopic localization, the
eformation of the band is not unique in that it depends on the unknown constraints of the outer blocks. Following the approach
f Tekoğlu et al. (2015), the simulations are continued beyond macroscopic localization by prescribing the displacement increments
f the band in a proportional manner governed by the ratio �̇�1∕�̇�2 calculated from the last increment prior to the onset of macroscopic
ocalization.

For every macroscopic stress state (𝑇 and 𝐿), we impose a range of initial band orientations 𝛹0 and search for the orientation
hat gives the lowest strain at localization with a precision corresponding to 𝛥𝛹0 = 1◦. The orientation that gives the lowest strain
t localization is referred to as the critical orientation. Since the numerical simulations are associated with finite increments, the
redictions for macroscopic localization are slightly conservative but this difference is considered negligible in the current context.
or further details regarding the FE band model, the reader is advised to consult the article by Tekoğlu et al. (2015).

. Results and discussion

The equivalent stress and strain quantities referred to in the following are calculated from the volume-average stress and strain
omponents according to

𝛴eq =
√

3
2
𝛴′
𝑖𝑗𝛴

′
𝑖𝑗 , 𝐸eq = ∫

𝑡

0

√

2
3
𝐷𝑖𝑗𝐷𝑖𝑗d𝑡 (15)

where 𝛴′
𝑖𝑗 are components of the deviatoric Cauchy stress tensor and 𝐷𝑖𝑗 are the components of the rate of deformation (Eulerian

strain rate) tensor. Note that the equivalent stress and strain measures are not work conjugate and are only used to present the
results. In the data corresponding to Models B and C, we make use of superscript ‘‘b’’ to label quantities that are calculated from
inside the band. These are referred to as band quantities. Unless otherwise stated, quantities without a superscript correspond to
volume averages over the entire material body associated with each model. These are referred to as macroscopic quantities. In the
case of Model A, there is no distinction between macroscopic and band quantities. In the case of Model C, calculating the volume
average over the entire model corresponds to calculating the quantities belonging to the outer blocks, due to the a priori assumption
of infinite extension. All results presented for Models B and C pertain to the critical orientation of the unit cell, i.e. the initial
orientation that yields the lowest strain at localization, as defined in the last paragraphs of Sections 3.4 and 3.5.

4.1. Mechanical behaviour

Figs. 6 and 7 present the evolution of the equivalent stress (top row) and the void volume fraction (bottom row) as a function
of the equivalent strain for the three models. Fig. 6 corresponds to varying stress triaxiality 𝑇 for a generalized tension loading
𝐿 = −1, whereas Fig. 7 corresponds to varying Lode parameter 𝐿 for a stress triaxiality 𝑇 = 0.75. For Models B and C, the curves
indicated with solid lines correspond to macroscopic quantities, whereas dashed lines refer to band quantities. Only a single, solid
9
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a

Fig. 6. Normalized stress–strain and void volume fraction data for all three models at different stress triaxiality ratios and a Lode parameter of 𝐿 = −1.

Fig. 7. Normalized stress–strain and void volume fraction data for all three models at different values of the Lode parameter and a stress triaxiality ratio of
𝑇 = 0.75.

line is drawn for Model A, since quantities within the band coincide with the macroscopic ones. The macroscopic stress is not plotted
beyond the onset of macroscopic localization for Model C.

We readily see from Figs. 6 and 7 that all models share some common features. The stress–strain curves display a peak stress,
which separates the material response into a stable hardening phase and a softening phase. The softening phase introduces a
possibility for a mechanical instability (Rice, 1976) that causes a rapid loss of load-carrying capacity and an associated rapid increase
of the void volume fraction.

Besides certain commonalities, the three models display important differences, rooted in the assumptions governing each model.
For Models B and C, the band quantities in Figs. 6 and 7 are seen to clearly differ from their macroscopic counterparts. While the
void volume fraction and equivalent strain are larger in the band, the equivalent stress is larger in the outer blocks. This causes a
different slope of the stress–strain curve inside the band compared to the macroscopic stress–strain curve, which is most pronounced
in the softening phase. The difference between macroscopic quantities and band quantities increases with increasing stress triaxiality
ratio, as inferred from Fig. 6. This tendency is also implied in the work of Tekoğlu et al. (2015), where they report that the instance
of macroscopic localization coincides with the onset of void coalescence for lower values of stress triaxiality (𝑇 ⪅ 1 in their work)
nd becomes increasingly different with increasing stress triaxiality. Since the material inside the band can yield by volumetric
10
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b

Fig. 8. Evolution of quantities inside the band with respect to the equivalent strain: stress triaxiality 𝑇 b (left), Lode parameter 𝐿b (middle), and band angle 𝛹
(right). The markers plotted on the graphs indicate the point of macroscopic strain localization.

deformation, whereas the outer blocks cannot, the effect of the porosity inside the band becomes more visible when the hydrostatic
stress component increases. As the stress triaxiality increases, the material outside the band undergoes less plastic deformation
while the material inside the band continues to yield by volumetric plastic straining. This increases the mismatch between the field
quantities inside and outside the band. If the macroscopic stress triaxiality ratio is sufficiently high, the band material would yield
by plastic deformation while the outer blocks are still in the elastic domain. This suggests that the material displays a quasi-brittle
failure mode for high stress triaxiality ratios, as previously discussed by Morin et al. (2018).

Although the band has a finite porosity that evolves with the macroscopic deformation, the macroscopic void volume fraction in
Model C is zero because the two outer blocks are semi-infinite (or, conversely, the imperfection band is infinitely thin), as indicated
in Figs. 6 and 7. Model C thus represents an abrupt and strong material imperfection in the otherwise homogeneous and non-porous
solid that gives rise to a larger difference between the quantities inside and outside the imperfection band. This is indicated by the
rapid evolution of the stress triaxiality ratio (𝑇 b) and the Lode parameter (𝐿b) within the band in the case of Model C, as shown in
Fig. 8. Conversely, Model B exhibits a slower evolution of the quantities inside the band, since the finite extension of the unit cell
model in that case represents a weaker material imperfection.

In the case of Model C, the transition from the pre-localization step to the post-localization step is associated with an apparent
jump in the band quantities. When the onset of macroscopic localization is reached, the analyses are continued by prescribing the
deformation increments of the band, as explained in Section 3.5. This causes a jump in the stress state that is readily confirmed from
the evolution of 𝑇 b and 𝐿b shown in Fig. 8. The transition from the pre-localization step to the post-localization step is highlighted
by markers (▿,□) on the graphs. Model B displays a more gradual transition because the unit cell is finite-sized and is subjected to
the same macroscopic boundary conditions throughout the simulation.

An important difference between Models B and C, apart from the finite-sized outer blocks in the former, is that the spatial
orientation of the imperfection band (𝛹 ) is kept fixed in Model B, as shown in the rightmost plot in Fig. 8. The imperfection band
in Model C, on the other hand, rotates with the macroscopic deformation, and only becomes fixed in the post-localization stage.
Interestingly, the critical band orientation angles for Models B and C are rather close, although the initial angle (𝛹0) for Model C is
very different, as seen from Fig. 8.

4.2. Influence of failure criterion

Micromechanically-based computational models are frequently used to predict ductility associated with material instability.
However, establishing a rigorous criterion that provides precise predictions for various models at the microstructural level has proven
difficult, which is reflected by the diversity in the failure criteria previously proposed and used in the literature. This difficulty is
highlighted in a study by Dæhli et al. (2017b), where the authors have shown that the predicted failure loci change both shape and
magnitude depending upon the criterion used to evaluate failure initiation in the numerical analyses. Also, the work of Luo and
Gao (2018) discusses the influence of the adopted failure criterion in unit cell studies. This section compiles some of the criteria
that are found in the literature and demonstrates how the mechanical quantities associated with each criterion evolve during the
simulations and affect the failure predictions.

The onset of material softening, i.e. d𝛴eq = 0, is a possible definition of ductile failure that has been widely used in unit cell
studies (see e.g. Dahl et al. (2012), Nielsen et al. (2012), Tvergaard (2012), Bomarito and Warner (2015, 2017) and Xiao et al.
(2021)). This criterion is generally rather conservative and corresponds to the earliest possible point of material instability for an
isotropic solid obeying the associated flow rule (Rice, 1976; Needleman and Rice, 1978). However, the graphs in Figs. 6 and 7 show
that for Model C, and also for Model B if 𝐿2 ≫ 𝐿1, the heterogeneity embodied in the framework of the imperfection band analyses
permits localization to occur for positive macroscopic hardening values. Thus, in the case of Model C, we have used the peak value
of the average stress within the band region rather than the macroscopic value.4

4 The predictions using macroscopic peak stress would coincide with macroscopic localization – which is accounted for by another failure indicator presented
11
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Perhaps the most widely used criterion, stemming from the work of Koplik and Needleman (1988), is to associate failure by void
oalescence with the instance when the macroscopic deformation shifts to a uniaxial straining mode (see e.g. Søvik and Thaulow
1997), Kim et al. (2004), Gao and Kim (2006), Gao et al. (2010), Steglich et al. (2010), Zhang and Skallerud (2010), Keralavarma
t al. (2011), Benzerga et al. (2012), Tekoğlu (2014), Dæhli et al. (2016), Morin et al. (2019), Frodal et al. (2019) and Dæhli
t al. (2020)). In the case of computational models similar to Model A, the shift to uniaxial straining corresponds to plastic flow
ocalization in the intervoid ligaments, which is usually followed by a rapid drop in the macroscopic stress and accelerated void
rowth, as observed in Figs. 6 and 7. This facilitates void coalescence by internal necking. However, a shift to uniaxial straining
ode never occurs for some stress states (i.e. for some 𝑇 and 𝐿 combinations, see also Tekoğlu (2014)). Therefore, despite its clear
hysical interpretation, this criterion cannot be used for all loading conditions.

Failure in band-type models, such as Models B and C, can be associated with a rapid increase of some measure of the deformation
ate inside the band compared to that in the outer blocks (Needleman and Tvergaard, 1992). Such a definition of failure has been
sed in many numerical studies based on micromechanical modelling of ductile fracture (see e.g. Barsoum and Faleskog (2007,
011), Dunand and Mohr (2014), Tvergaard (2015) and Dæhli et al. (2017b)). To this end, we define the ratio between the equivalent
train rate inside and outside the band, viz.

𝜉D =
�̇�b
eq

�̇�o
eq

≈
𝛥𝐸b

eq

𝛥𝐸o
eq

(16)

where �̇�eq =
√

2∕3𝐷𝑖𝑗𝐷𝑖𝑗 is the equivalent strain rate. Note that the distinction between 𝛥𝐸o
eq and 𝛥𝐸eq, i.e. outside and macroscopic,

is only relevant for Model B, since the region outside the band is of finite size. Strain localization in the band is then, in theory,
associated with the instance when 𝜉D → ∞, but we assume that the asymptotic value is reached at a threshold value of 𝜉D = 50. A
similar criterion has been adopted in the unit cell study by Luo and Gao (2018), but in that case failure was defined as the instance
when the strain in the two outer layers reaches a constant level. For any practical purpose, this corresponds to 𝜉D reaching a large
value.

Wong and Guo (2015) and Liu et al. (2016) proposed to define failure in unit cell analyses from energy considerations. Following
their approach, we define the ratio between the rate of strain energy �̇�e and the plastic dissipation �̇�p, viz.

𝜉W =
�̇�e

�̇�p
≈
𝛥𝑊e
𝛥𝑊p

(17)

As stated by Liu et al. (2016), the ratio 𝜉W gives three distinct states:

(1) 𝜉W > 0 indicates elastic loading,
(2) 𝜉W = 0 indicates neutral loading,
(3) 𝜉W < 0 indicates elastic unloading.

ailure could potentially take place as long as 𝜉W < 0, and the strain level when 𝜉W = 0 for the first time is then judged as
a conservative estimate of the fracture strain. Note that for Model C, the strain energy and plastic work is calculated over the
band region, and not over the entire model, because the material outside the band continuously strain hardens until the onset of
localization. That is, the ratio 𝜉W would not become negative – and failure would not be detected – if it were to be calculated over
he entire model. The results of Wong and Guo (2015) and Liu et al. (2016) show that the shift to a uniaxial straining mode coincides
ith the instance when 𝜉W reaches a minimum, i.e. 𝜉W = 𝜉W,min. From a physical point-of-view, the rationale for this failure criterion

s that void coalescence is associated with plastic flow localization in the intervoid ligament and a rapid release of strain energy.
Figs. 9 and 10 show graphs for the evolution of four different quantities that can be used to define failure. Fig. 9 pertains to

eneralized tension, i.e. 𝐿 = −1, and various stress triaxiality ratios, whereas Fig. 10 pertains to varying values of the Lode parameter
nd a stress triaxiality ratio of 𝑇 = 0.75. The first row in these figures corresponds to the normalized intermediate principal strain
|𝐸II|∕max(|𝐸II|)) and the point where uniaxial straining takes place is indicated by a square marker (□). The evolution of the

strain rate ratio 𝜉D is shown in the second row and the associated point of failure, taken to be 𝜉D = 50, is highlighted by a triangular
arker (▿). This criterion cannot be evaluated for Model A due to the equivalence between the macroscopic and band quantities,

nd the ratio is consequently set to unity. In the third row, graphs pertaining to the ratio between elastic and plastic power (𝜉W) are
hown and the points associated with incipient neutral loading (i.e. 𝜉W = 0) and the minimum value (𝜉W = 𝜉W,min) are indicated by
iamond (◊) and circle (#) markers, respectively. The last row shows the evolution of the ratio between the volume that undergoes
lastic straining 𝑉p and the total volume of the band region 𝑉tot .5 All the points associated with the four failure criteria are plotted
n top of these graphs (𝑉p∕𝑉tot) to facilitate a comparison. The equivalent strain is calculated from the band quantities in Model C
nd from the macroscopic quantities for Models A and B.

Tekoğlu et al. (2015) have shown that macroscopic localization and void coalescence are distinct phenomena that could occur
imultaneously, depending upon the stress state. While both phenomena refer to the localization of deformation, they take place
t different scales. Macroscopic localization corresponds to the shift from a homogeneous macroscopic deformation to a localized
training mode, where the continuing deformation primarily takes place within a zone whose size is set by the microstructural
eterogeneity (see e.g. Tekog̃lu and Nielsen (2019), Andersen et al. (2020) and Çelik et al. (2021)). This corresponds to the size

5 This means the entire FE model for Models A and C, while it refers to the middle region of Model B, see Fig. 4.
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Fig. 9. Evolution of different failure indicator quantities, with the macroscopic equivalent strain for Models A and B, and with the equivalent strain in the band
for Model C. The Lode parameter is set to 𝐿 = −1 for all the curves, while the stress triaxiality ratio changes from 𝑇 = 0.6 to 1.5.

of the entire unit cell in the current work, which is dictated by the void spacing in the periodic void array. Although macroscopic
localization could occur in zones that span several voids,6 the analyses herein are restricted to localization taking place across a
single array of voids. Void coalescence corresponds to plastic flow localization emanating from neighbouring voids and progressing
through the intervoid ligaments. Thus, void coalescence occurs due to strain localization within the unit cell in a zone that is smaller
than the overall unit cell size and with a width set by the void size. Given the scope of this study, it is imperative to adopt the same
failure criteria to each model to facilitate an unbiased comparison between them.

In Model C, onset of macroscopic localization follows naturally from the analyses when the continuing equilibrium and
compatibility conditions can no longer be satisfied. This corresponds to 𝜉D → ∞, as seen from Figs. 9 and 10. Similar conditions
pertain to Model B, where a rapid increase of 𝜉D suddenly takes place. In Model A, however, there is no such point and incipient
macroscopic localization cannot be evaluated. In a material comprising a uniform void distribution, such as Model A, it might
be argued that macroscopic localization coincides with onset of void coalescence. However, this argument cannot be extended to
general cases since material heterogeneities that give rise to macroscopic strain localization invariably exist in real materials. Two
possible definitions of macroscopic strain localization for Model A could be either the peak stress or the point where 𝜉W = 0. Since
either of these generally conform with the criterion governing Models B and C, they will not be adopted herein. The only viable
lternative would be to establish the material tangent stiffness for the unit cell in Model A at each increment of the analysis, and
valuate the determinant of the acoustic tensor such that det(𝐧 ⋅𝐂t ⋅ 𝐧) = 0 (e.g. Zhu et al., 2020a,b), but this method is not pursued
erein.

Onset of void coalescence in unit cell simulations is traditionally associated with the shift to a macroscopic uniaxial straining
ode following the work of Koplik and Needleman (1988). It is however not certain that this criterion applies to all the different
odels studied here, as implied by the results shown in Figs. 9 and 10. Consider the graphs in the bottom row, which show the

6 This could be included by modelling several voids across the height of the band.
13
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Fig. 10. Evolution of different failure indicator quantities, with the macroscopic equivalent strain for Models A and B, and with the equivalent strain in the
band for Model C. The stress triaxiality ratio is set to 𝑇 = 0.75 for all the curves, while the Lode parameter changes from 𝐿 = −1 to 1.

evolution of the ratio 𝑉p∕𝑉tot with the equivalent strain. The failure points associated with the various failure criteria are plotted
on top of each curve to aid the interpretation and assessment of their impact on the resulting predictions. In the case of Model A,
we find a general conformity between the onset of uniaxial straining (□) and the point where 𝜉W = 𝜉W,min (#), corroborating the
results in Liu et al. (2016). When 𝐿 = 1, a state of uniaxial straining is not attained, which makes it impossible to use uniaxial
straining as a void coalescence criterion for Model A. For Model B, uniaxial straining (□) usually takes place somewhere between
the points where 𝜉D = 50 (▿) and 𝜉W = 𝜉W,min (#), with an exception pertaining to 𝐿 = 0. The slight variation could be a numerical
effect due to the finite threshold value chosen to indicate uniaxial straining, but it seems natural that uniaxial straining becomes
coincident with macroscopic localization when the unit cell is relatively high (i.e. 𝐿2 ≫ 𝐿1). This is substantiated by the results
for Model C, where the onset of uniaxial straining coincides with the point where 𝜉D → ∞ since the deformations outside the band
cease when macroscopic localization initiates. The criterion based on uniaxial straining thus has different physical interpretation
depending upon the unit cell model. In the case of Model C, using uniaxial straining as a coalescence criterion is synonymous to
stating a priori that macroscopic localization and void coalescence occur simultaneously. Since void coalescence is associated with
localization of plastic flow within the unit cell, the number of integration points that have a non-zero plastic strain rate �̇� > 0, i.e. the
volume that undergoes plastic straining 𝑉p, should reach a nearly constant value during void coalescence. From the lower row of
graphs in Figs. 9 and 10, we observe that 𝜉W = 𝜉W,min is typically reached when 𝑉p tends to saturate. It transpires that 𝜉W = 𝜉W,min
is a more promising void coalescence criterion.

To summarize, in this study:

• macroscopic localization is defined by 𝜉D = 50 in Model B, and is associated with the termination of the first loading step in
Model C,

• void coalescence is defined by 𝜉W = 𝜉W,min.

In the sequel, we also present results pertaining to the point of peak stress, since this criterion is widely used and generally gives
14

rather different results than the other two.
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Fig. 11. Macroscopic equivalent stress–strain curves for the various models at different values of the stress triaxiality ratio in generalized tension (𝐿 = −1).
Points for peak stress (✩), macroscopic localization (▿), and void coalescence (#) are indicated on the graphs. The results correspond to Model A (top row),

odel B (middle row), and Model C (bottom row).

.3. Distinction between peak stress, macroscopic localization and void coalescence

Macroscopic equivalent stress–equivalent strain curves are plotted in Fig. 11 for 𝐿 = −1 and varying 𝑇 , and in Fig. 12 for
𝑇 = 0.75 and varying 𝐿. Data pertaining to Model A are shown in the top row, Model B in the middle row, and Model C in the
bottom row. The points where peak stress (✩), macroscopic localization (▿), and void coalescence (#) take place are highlighted
on each graph. Solid lines and filled markers are used for the macroscopic quantities, while dashed lines and open markers are used
for band quantities. Note that there is no point associated with macroscopic localization for Model A, since it cannot be determined
with the criterion adopted here. For Model C, the macroscopic response is only plotted up the onset of macroscopic localization.

The graphs show that peak stress, macroscopic localization, and onset of void coalescence are generally distinct points based on
the current failure criteria. In general, the strain at peak stress is a conservative estimate for the ductility. However, the difference
between the strain at peak stress, macroscopic localization, and void coalescence depends upon the stress state, the model employed,
and whether macroscopic or band quantities are considered. In Model A, the difference between the strains at peak stress and at
void coalescence is very large, but diminishes with decreasing stress triaxiality. In Models B and C, the failure strain predicted from
the various failure criteria depends upon whether we consider the macroscopic quantities or the band quantities. The difference
between the strains at peak stress, macroscopic localization, and void coalescence is smaller in terms of macroscopic quantities than
in terms of band quantities. Except for loading cases with a high stress triaxiality or with 𝐿 = 0 using Model C, the peak stress
inside the band is reached sooner than the macroscopic peak stress due to the void-induced softening. For Model C, the macroscopic
strains at peak stress, macroscopic localization, and void coalescence coincide.

The distinction between macroscopic localization and void coalescence was clearly presented by Tekoğlu et al. (2015). In their
work, void coalescence was defined as the instance when the ratio between the maximum and minimum plastic strain rate at the
void surface first exceeded a value of 15. This criterion clearly reflects key characteristics of the void coalescence process, but is
susceptible to local differences in the spatial field quantities and the mesh size in the void region. In the current study, onset of
void coalescence is defined by 𝜉W = 𝜉W,min (cf. Section 4.2), which is based on average properties from inside the band and is
15

less affected by mesh size. Note that this criterion still reflects the local concentration of plastic straining within the band. Despite
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Fig. 12. Macroscopic equivalent stress–strain curves for the various models at three different values of the Lode parameter (𝐿 = −1, 0, 1) when 𝑇 = 0.75. Points
or peak stress (✩), macroscopic localization (▿), and void coalescence (#) are indicated on the graphs. The results correspond to Model A (top row), Model B
middle row), and Model C (bottom row).

he use of a different coalescence criterion, the results of Model C are in agreement with the results reported by Tekoğlu et al.
2015). In terms of band quantities, the onset of macroscopic localization and void coalescence are distinct, but coincide when the
tress triaxiality is reduced. A somewhat conflicting result was reported by Guo and Wong (2018), where the onset of macroscopic
ocalization and void coalescence was found to coincide for high values of stress triaxiality. They employed a unit cell similar to
odel B, but used a different criterion for the onset of macroscopic localization, which is rather similar to the criterion 𝜉W = 0

iscussed in Section 4.2. Since the same trend is not found for Model B in the current study, this demonstrates that the choice of
ailure criterion has significant influence on the results.

It should be noted that the observations from the numerical simulations are also influenced by whether we consider macroscopic
uantities or band quantities. From a practical viewpoint, the macroscopic quantities are probably most important, since they are
robed in experiments and structural assessments. However, more local measurements would be needed to evaluate and model
he material behaviour beyond macroscopic localization. Based on the results of Model C, one would conclude that macroscopic
ocalization and void coalescence are always simultaneous if the macroscopic quantities were considered. On the contrary, the finite
ize of the unit cell in Model B causes a more gradual transition from macroscopic localization to void coalescence, and macroscopic
ocalization and void coalescence are thus always distinct. Note that Model B facilitates a variety of gauge sizes – either by changing
he height of the unit cell or by volume-averaging quantities over sub-regions in the model – and would become quite similar to
odel C if 𝐿2 ≫ 𝐿1. It follows that a clear distinction between macroscopic localization and void coalescence, as reported in previous

tudies (e.g. Tekoğlu et al. (2015) and Guo and Wong (2018)), depends on the resolution of the measured quantities. In reality,
tructural components and test specimens have finite dimensions and weaker initial imperfections than assumed in Models B and
, which would relax the difference between the outer blocks and the band. In turn, the results would be qualitatively more similar
o Model B, and the distinction between macroscopic localization and void coalescence then follows accordingly.

.4. Failure loci

Figs. 13–15 plot the failure strain at peak stress (left), at macroscopic localization (middle), and at the onset of void coalescence
16

right) with respect to the macroscopic stress state. Graphs indicated by blue lines with circle markers (#) correspond to Model A,
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Fig. 13. Failure loci as a function of the stress triaxiality ratio 𝑇 for a Lode parameter of 𝐿 = −1.

Fig. 14. Failure loci as a function of the Lode parameter 𝐿 for a stress triaxiality ratio of 𝑇 = 0.75.

range lines with square markers (□) correspond to Model B, and green lines with triangular markers (▿) correspond to Model C.
The macroscopic and the band quantities are plotted using solid and dashed lines, respectively. To highlight the effect of the stress
state on the failure predictions, the failure loci are plotted either as a function of 𝑇 while keeping the Lode parameter constant at
𝐿 = −1 (Fig. 13) or as a function of 𝐿 with constant stress triaxiality ratios 𝑇 = 0.75 (Fig. 14) and 𝑇 = 2.0 (Fig. 15).

The failure loci predicted from all three models appear rather similar in shape and display an exponential decrease of the failure
train with respect to the macroscopic stress triaxiality ratio (see Fig. 13) when the Lode parameter is kept constant. Note that we
estrict the discussion to 𝐿 = −1 here. The magnitude of the failure strain differs significantly between the models. Model C always
ives the lower limit, whereas Model A usually gives the upper limit. The failure loci evaluated from band quantities are elevated
ompared to their macroscopic counterparts, which is reasonable due to the presence of the void. However, the shape of the failure
oci are similar regardless of the quantities used for reference.

The qualitative conformity between the three models is interesting since it implies that these models can be used interchangeably,
rovided that the Lode parameter is fixed and that the failure locus is scaled to rule out the difference in magnitude seen from the
raphs in Fig. 13. There are ductile failure models still used today that are not explicitly dependent on the Lode parameter (e.g. the
uctile fracture criteria proposed by Cockroft and Latham (1968) and Johnson and Cook (1985)), or any other suitable measure of
he deviatoric stress state. Such failure models could, at least in principle, be calibrated from either of the three models with limited
nfluence on the numerical predictions since the shape of the failure locus would be similar. However, neither of the computational
odels should be used without at least one parameter being determined from material tests to scale the failure locus appropriately.

The three models display more pronounced differences when the stress triaxiality is kept constant and the Lode parameter is
aried. The failure strain is highly dependent on the Lode parameter in all three models, as seen in Figs. 14 and 15, and the influence
f the Lode parameter is greater when the stress triaxiality ratio is low (Barsoum and Faleskog, 2011; Dunand and Mohr, 2014; Luo
17

nd Gao, 2018). States of generalized tension (𝐿 = −1) always give a lower failure strain than states of generalized compression
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Fig. 15. Failure loci as a function of the Lode parameter 𝐿 for a stress triaxiality ratio of 𝑇 = 2.

𝐿 = 1), which conforms with previous studies in the literature (Gao and Kim, 2006; Barsoum and Faleskog, 2011; Wong and Guo,
015; Tekoğlu et al., 2015; Vishwakarma and Keralavarma, 2019). In the case of Model A, the failure strain increases monotonically
ith the Lode parameter. This was also observed in other numerical studies (Gao and Kim, 2006; Yu et al., 2016; Dæhli et al., 2018)
nd was included in a heuristic extension of the Gurson model (Dæhli et al., 2018). In contrast, the failure loci of Models B and C
re both non-monotonic and asymmetric with respect to the Lode parameter. This difference in shape between the failure loci of
odel A and Models B and C is due to the preclusion of shear deformation in Model A. If a macroscopic shear stress is included in
odel A, the results would become more similar to those of Model B.

In general, Models B and C exhibit a minimum failure strain for a stress state between generalized tension (𝐿 = −1) and
generalized shear (𝐿 = 0). Lower stress triaxiality ratios typically lead to a minimum ductility close to generalized shear, whereas
higher stress triaxiality ratios tend to drive the minimum ductility towards a state of generalized tension. Similar observations
were reported by Dæhli et al. (2017b) and Morin et al. (2018). This effect manifests the underlying mode of localization: while
a low stress triaxiality promotes localization by shearing between the upper and lower outer blocks surrounding the imperfection
band, a high stress triaxiality promotes localization by an opening mode governed by extension of the imperfection band in the
direction of the band normal. With reference to Eq. (12), if the components of the non-uniformity vector �̇�𝑖 were transformed to the
local coordinate system (see �̂�𝑖 in Fig. 5 for reference), lower stress triaxiality ratios entail that ̇̂𝑞1 is dominant, while higher stress
triaxiality ratios entail that ̇̂𝑞2 is dominant. This change of operative failure mode in Model C (from shear-type to extension-type)
lso has an interesting effect on the failure loci derived from the band quantities. As seen in Fig. 15, the failure locus inside the
and displays a monotonic increase with respect to the Lode parameter, which is similar to the behaviour of Model A. Since the
xtension mode dominates over the shear mode when the stress triaxiality is high, the band is subjected to predominant normal
oading, which is exactly what is imposed to Model A from the outset. A similar reasoning can explain the results pertaining to the
nset of void coalescence in Model B at high stress triaxialities, as seen from the rightmost plot in Fig. 15.

The results elucidate that the influence of the Lode parameter on ductile failure depends on the boundary conditions used in the
omputational model. This dependency translates to ductile failure models intended for large-scale applications if micromechanical
nalyses are used to generate data for the calibration process or the development of new models. It transpires that the connection
etween micromechanically-based models and macroscopic models for ductile failure requires careful consideration in order to
roperly reflect the relevant failure mechanisms and give reliable predictions of the ductile failure strain. As a general remark,
omputational models similar to Model A might be appropriate in analyses of void growth or in conjunction with calibration of
orous plasticity models without effects of shear deformation (e.g. the Gurson model), whereas Models B and C reflect the important
echanical phenomena of macroscopic localization and void coalescence and thus seem more appropriate for direct modelling of
uctile failure.

. Concluding remarks

We have examined the mechanical response and ductile failure predictions of three different micromechanically-based compu-
ational models for fracture in porous ductile solids. Model A is a unit cell model that represents a triply periodic distribution of
pherical voids subjected to normal macroscopic loading, whereas Models B and C are finite-sized and semi-infinite finite element
odels of the imperfection band analysis (Rice, 1976). The models differ from the outset but are used somewhat interchangeably

n the literature to study effects of microstructural features and loading conditions on ductile fracture. Numerical simulations have
een performed for a range of macroscopic loading conditions. The main findings are summarized as follows:
18
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• The applied computational model is decisive for the predicted mechanical response and the failure strain. Models B and C
display non-monotonic and asymmetric failure loci with respect to the Lode parameter, whereas Model A exhibits a monotonic
increase of the failure strain with the Lode parameter. This difference is rooted in the assumption of zero macroscopic shear
stresses in Model A, which precludes shear localization and thus restricts the possible failure modes. However, the predicted
failure loci of the three models are qualitatively similar when the stress triaxiality is varied while the Lode parameter is fixed.

• Various failure criteria to determine the onset of ductile failure have been expounded and shown to be of great significance
for the failure strain predictions. This suggests that the failure criterion should be carefully chosen to obtain unambiguous
results. Ultimately, we selected three different failure criteria that were used in the assessment:

(i) peak stress (d𝛴eq = 0),
(ii) macroscopic localization (𝜉D → ∞),

(iii) void coalescence (𝜉W = 𝜉W,min).

• The numerical simulations show that the strains at peak stress, macroscopic localization, and void coalescence are generally
distinct. However, in the case of Model C, they coincide when the macroscopic quantities are considered.

• In Model B, and in Model C when the band quantities are considered, macroscopic localization usually takes place between
the instance of peak stress and the onset of void coalescence, but may coincide with the former and/or the latter depending
upon the stress state, the computational model, and the quantities used for reference. In Model C, the onset of macroscopic
localization and void coalescence coincide when the stress triaxiality is intermediate, while macroscopic localization precedes
void coalescence as the stress triaxiality increases. This finding corroborates the results of Tekoğlu et al. (2015).

• The predictions of Models B and C depend upon whether macroscopic quantities or band quantities are used in the assessment,
and the failure strain is consistently larger when band quantities are considered.

In conclusion, this study shows that the three computational models give quite different results in terms of the evolution of
mechanical quantities and the failure loci derived from the numerical analyses. As such, these models cannot be used interchangeably
to examine effects of microstructural features and loading conditions on ductile failure. It further elucidates that micromechanical
modelling and simulations should always be used cautiously in conjunction with calibration and development of ductile failure
models used for large-scale simulations.
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